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��� 514.132� ������� ��������������� ����������������������������∗)�. �. � ©£®­ ª®¢ , �. �. �¥¤­ëå1. �¢¥¤¥­¨¥�« áá¨ç¥áª ï ä®à¬ã«  �¥à®­  ¢ëà � ¥â ¯«®é ¤ì ¥¢ª«¨¤®¢  âà¥-ã£®«ì­¨ª  ç¥à¥§ ¤«¨­ë ¥£® áâ®à®­. �­¤¨©áª¨© ¬ â¥¬ â¨ª ¨  áâà®­®¬�à å¬ £ã¯â  ¢ á¥¬­ ¤æ â®¬ ¢¥ª¥ ¯®«ãç¨«  ­ «®£¨ç­ãî ä®à¬ã«ã ¤«ï¢ë¯ãª«®£® ç¥âëà¥åã£®«ì­¨ª , ¢¯¨á ­­®£® ¢ ®ªàã�­®áâì. �¥¬¥æª¨©¬ â¥¬ â¨ª � à« �à¥âè­ ©¤¥à ¢ 1842 £. ­ è¥« ¯«®é ¤ì ¯à®¨§¢®«ì­®-£® ¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª  ç¥à¥§ ¤«¨­ë ¥£® áâ®à®­ ¨ áã¬¬ã ¤¢ãå¯à®â¨¢®¯®«®�­ëå ã£«®¢. �¥«ì ­ áâ®ïé¥© à ¡®âë ¯®«ãç¨âì  ­ «®£ â¥®-à¥¬ë �à¥âè­ ©¤¥à  ¢ áä¥à¨ç¥áª®© £¥®¬¥âà¨¨.� �­®áâì § âà®­ãâ®© §¤¥áì â¥¬ â¨ª¨ ®¡®á­®¢ë¢ ¥âáï á«¥¤ãîé¨-¬¨ ¯à¨ç¨­ ¬¨. �¤­¨¬ ¨§  ªâã «ì­ëå ­ ¯à ¢«¥­¨© á®¢à¥¬¥­­®© £¥®-¬¥âà¨¨ ï¢«ï¥âáï ¨§ãç¥­¨¥ ¬­®�¥áâ¢  á®áâ®ï­¨© ¬¥å ­¨ç¥áª¨å á¨áâ¥¬¨«¨, çâ® â® �¥ á ¬®¥, £¥®¬¥âà¨ç¥áª¨å ª®­ä¨£ãà æ¨©. �â® ¬­®�¥áâ¢®,ª ª ¯à ¢¨«®, § ¢¨á¨â ®â ª®­¥ç­®£® ç¨á«  ¯ à ¬¥âà®¢ ¨ ¯à¥¤áâ ¢«ï¥â ¨§á¥¡ï ¬­®£®®¡à §¨¥ á ®á®¡¥­­®áâï¬¨, ª®â®à®¥ ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ¯à¨­ï-â® ­ §ë¢ âì ª®­¨ç¥áª¨¬ ¬­®£®®¡à §¨¥¬ ¨«¨ ®à¡¨ä®«¤®¬. �® ¬­®£¨åá«ãç ïå áâà®¥­¨¥ ®à¡¨ä®«¤  ®¯¨áë¢ ¥âáï áà¥¤áâ¢ ¬¨ í«¥¬¥­â à­®© ¥¢-ª«¨¤®¢®© ¨«¨ ­¥¥¢ª«¨¤®¢®© £¥®¬¥âà¨©, çâ® ¨ ¯à¨¢®¤¨â ª ­¥®¡å®¤¨¬®-áâ¨ ¢®ááâ ­®¢«¥­¨ï ª« áá¨ç¥áª¨å â¥®à¥¬ ãª § ­­®£® ¢ëè¥ â¨¯ .
∗) � ¡®â  ¯®¤¤¥à� ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®-¤ë ¯à®¥ªâ®¢ 12{01{00210 ¨ 10{01{00642) ¨ �®¢¥â®¬ ¯® £à ­â ¬ ¯à¨ ¯à¥§¨¤¥­â¥�®áá¨©áª®© �¥¤¥à æ¨¨ (£à ­âë ��{4447.2012.1 ¨ ��{921.2012.1).
© 2012 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.



4 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.�â® �¥ ®â­®á¨âáï ¨ ª £¥®¬¥âà¨¨ ã§«®¢, § «®�¥­­®© ¢ à ¡®â å�. � ©«¨ ¨ �. �¥àáâ®­  ¢ ¯®á«¥¤­¥© ç¥â¢¥àâ¨ ¤¢ ¤æ â®£® ¢¥ª . � ­-­®¥ ­ ¯à ¢«¥­¨¥  ªâ¨¢­® à §¢¨¢ ¥âáï ­®¢®á¨¡¨àáª®© £¥®¬¥âà¨ç¥áª®©èª®«®© (á¬. [1{3℄).�á¥ ¨§«®�¥­­ë¥ ­¨�¥ ä ªâë ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë â ª�¥ ¨¤«ï ¢ëç¨á«¥­¨ï ®¡ê¥¬®¢ ¬­®£®£à ­­¨ª®¢ ¢ ¯à®áâà ­áâ¢ å ¯®áâ®ï­­®©ªà¨¢¨§­ë (á¬., ­ ¯à¨¬¥à [3{5℄).� á«¥¤ãîé¥¬ ¯ã­ªâ¥ ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ ä ªâë ¨§ ª­¨£¨ [6℄, ­ -¯¨á ­­®© ¢ 1886 £. �â  § ¬¥ç â¥«ì­ ï ª­¨£  ­ ¢¥à­ïª  ­¥¤®áâã¯­ ¡®«ìè¨­áâ¢ã ç¨â â¥«¥©. Ǒ®íâ®¬ã ¤«ï ã¤®¡áâ¢  ¨§«®�¨¬ ­¥®¡å®¤¨¬ë¥á¢¥¤¥­¨ï ¨§ ãª § ­­®© ¬®­®£à ä¨¨, á®¯à®¢®¤¨¢ ¨å ááë«ª ¬¨ ­  á®¢à¥-¬¥­­ãî ¬®­®£à ä¨î [7℄.2. �â¥à¥®£à ä¨ç¥áª ï ¯à®¥ªæ¨ï� �­ ï ¬®¤¥«ì áä¥à¨ç¥áª®© ¯«®áª®áâ¨ ¯®«ãç ¥âáï á ¯®¬®éìî áâ¥-à¥®£à ä¨ç¥áª®© ¯à®¥ªæ¨¨. �¯à®¥ªâ¨àã¥¬ ¥¤¨­¨ç­ãî áä¥àã S2 : x20 +
x21 + x22 = 1 ¢ ¯à®áâà ­áâ¢¥ E3 ¨§ ¥¥ î�­®£® ¯®«îá  O = (−1, 0, 0) ­ ¯«®áª®áâì E2 : x0 = 0. �á«¨ â®çª  ­  áä¥à¥ § ¤ ¥âáï ª®®à¤¨­ â ¬¨A = (x0, x1, x2), â® ¥¥ ¯à®¥ªæ¨ï ­  ¯«®áª®áâì ¨¬¥¥â ¢¨¤ a = (y1, y2), £¤¥

y1 = x1
x0 + 1 , y2 = x2

x0 + 1 . (1)�¡®§­ ç¨¬ ãª § ­­®¥ ¯à®¥ªâ¨à®¢ ­¨¥ ç¥à¥§ �, ¯®« £ ï �(A) = a. Ǒ®«ì-§ãïáì ä®à¬ã« ¬¨ (1), ¬®�­® ­ ©â¨ ¬¥âà¨ªã ¢ E2, ¨­¤ãæ¨à®¢ ­­ãî á¯®¬®éìî � ¬¥âà¨ª®© ds2 = dx20 + dx21 + dx22 áä¥àë S2. �«ï ­¥¥ ¯®«ã-ç¨âáï ¢ëà �¥­¨¥ [7, á. 40℄
ds2 = dy21 + dy22(1 + y21 + y22)2 . (2)�®à¬ã«  (2) ¯®ª §ë¢ ¥â, çâ® ®â®¡à �¥­¨¥ � á®åà ­ï¥â ã£«ë ¬¥�-¤ã ªà¨¢ë¬¨. �â® �¥ ®¡áâ®ïâ¥«ìáâ¢® ¬®�­® ¢ë¢¥áâ¨ ¨ ¨§ â®£® ä ªâ ,çâ® � ï¢«ï¥âáï ®£à ­¨ç¥­¨¥¬ ­  S2 ¨­¢¥àá¨¨ ¯à®áâà ­áâ¢  E3. �¥­âàíâ®© ¨­¢¥àá¨¨ | â®çª  O,   ­¥¯®¤¢¨�­®¥ ¬­®�¥áâ¢® | áä¥à  à ¤¨ãá 



� ä®à¬ã«¥ �à¥âè­ ©¤¥à  ¤«ï áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  5
√2 á æ¥­âà®¬ ¢ â®çª¥O [6, á. 162; 7, á. 42℄. �âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â¨ ¤àã£®¥ ¢ �­®¥ á¢®©áâ¢® ®â®¡à �¥­¨ï �: ®­® ¯¥à¥¢®¤¨â ®ªàã�­®áâ¨­  áä¥à¥ S2 ¢ ®ªàã�­®áâ¨ ¨«¨ ¯àï¬ë¥ ­  ¯«®áª®áâ¨ E2.3. �â¥à¥®£à ä¨ç¥áª ï ¯à®¥ªæ¨ï áä¥à¨ç¥áª®£®âà¥ã£®«ì­¨ª Ǒãáâì ABC | áä¥à¨ç¥áª¨© âà¥ã£®«ì­¨ª. �¡®§­ ç¨¬ ç¥à¥§ A′ ¨ B′â®çª¨, ¤¨ ¬¥âà «ì­® ¯à®â¨¢®¯®«®�­ë¥ â®çª ¬ A ¨ B á®®â¢¥âáâ¢¥­­®.�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®�¥¬ áç¨â âì, çâ® A′ = O, â. ¥. A ï¢«ï¥âáïýá¥¢¥à­ë¬ ¯®«îá®¬þ áä¥àë S2. Ǒà¨ íâ®¬ ®â®¡à �¥­¨¥ � ¯à®¥ªâ¨àã-¥â áâ®à®­ë AB ¨ AC ¢ ¯àï¬ë¥ ab ¨ ac, ¨ áâ®à®­ã BCB′ | ¢ ¤ã£ã®ªàã�­®áâ¨ bcb′. Ǒà®¢¥¤¥¬ ª á â¥«ì­ë¥ bt, ct ç¥à¥§ â®çª¨ b ¨ c íâ®©®ªàã�­®áâ¨. Ǒ®áª®«ìªã � | ª®­ä®à¬­®¥ ®â®¡à �¥­¨¥, ã£«ë bac, tba¨ tca à ¢­ë ã£« ¬ A,B,C á®®â¢¥âáâ¢¥­­® (à¨á. 1). Ǒà®¢®¤ï å®à¤ë bc¨ b′c ¨ ¯®«ì§ãïáì â¥®à¥¬®© ® â®¬, çâ® ¢¥«¨ç¨­  ¢¯¨á ­­®£® ã£«  à ¢­ ¯®«®¢¨­¥ ¤ã£¨, ­  ª®â®àãî ®­ ®¯¨à ¥âáï, ¯®«ãç¨¬ [6, á. 163℄

A+B + C − π = 2tbc = 2bb′c. (3)
A

B`

B

O

C
b a

ct

b`

�¨á. 1. �ä¥à¨ç¥áª¨© âà¥ã£®«ì­¨ª.�âáî¤  ã£®« bb′c à ¢¥­ ¯®«®¢¨­¥ áä¥à¨ç¥áª®£® ¨§¡ëâª  âà¥ã£®«ì-­¨ª¥ ABC. � ¬¥â¨¬, çâ® ¯®áª®«ìªã ªà¨¢¨§­  ¥¤¨­¨ç­®© áä¥àë S2



6 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.à ¢­  +1, â® áä¥à¨ç¥áª¨© ¨§¡ëâ®ª A+B +C − π à ¢¥­ ¯«®é ¤¨ âà¥-ã£®«ì­¨ª  ABC.�¡®§­ ç¨¬ ç¥à¥§ a, b, c ¤«¨­ë áâ®à®­ áä¥à¨ç¥áª®£® âà¥ã£®«ì­¨ª 
ABC ¨ ¢ëà §¨¬ ç¥à¥§ ­¨å ¤«¨­ë áâ®à®­ ¥¢ª«¨¤®¢ëå âà¥ã£®«ì­¨ª®¢
abc ¨ ab′c. �ç¨âë¢ ï, çâ® à ¤¨ãá áä¥àë S2 à ¢¥­ 1, ¨¬¥¥¬

ab = tgAOB = tg c2 (4)¨
ac = tgAOC = tg b2 . (5)� ¬¥ç ï, çâ® âà¥ã£®«ì­¨ª¨ BOC ¨ bOc ¯®¤®¡­ë, ¯®«ãç¨¬

bc = BC · ob

OC
= BC

ob ·OB
OB ·OC = 2BC

OB ·OC′ ,£¤¥ Ob ·OB = (√2)2 = 2. Ǒ®íâ®¬ã
bc = sin a2
os b2 
os c2 . (6)Ǒãáâì ac ¯¥à¥á¥ª ¥â ®ªàã�­®áâì bcb′ ¢ â®çª¥ c′. �®£¤  ¯à®¥ªæ¨ï c′â®çª¨ C′ ¤¨ ¬¥âà «ì­® ¯à®â¨¢®¯®«®�­  â®çª¥ C′. � ª ª ª ã£®« BOB′¯àï¬®©, ¨¬¥¥¬

ab′ = tgAOB′ = 
ot c2 , (7)¨
ac′ = tgAOC′ = 
ot b2 . (8)Ǒ®íâ®¬ã
bb′ = ab+ ab′ = 2 
ose
 c, (9)¨
cc′ = ac+ ac′ = 2 
ose
 b, (10)  â ª�¥

b′c = 2B′C

OB′ ·OC = 
os a2
os b2 sin c2 . (11)�á­®, çâ® ¥á«¨ ab′c | ¯à®¥ªæ¨ï âà¥ã£®«ì­¨ª  AB′C, â® abc′ |¯à®¥ªæ¨ï ABC′. �«¥¤®¢ â¥«ì­®, à ¢¥­áâ¢  (7), (8) ¨ (11) á«¥¤ãîâ ¨§ãà ¢­¥­¨© (4), (5) ¨ (6). �àã£®© á¯®á®¡ ¨å ¤®ª § â¥«ìáâ¢  á®áâ®¨â ¢â®¬, çâ® ¨§ à ¢¥­áâ¢  Oa = 1 ¢ë¢®¤ïâáï á®®â­®è¥­¨ï ab · ab′ = 1 ¨
ac · ac′ = 1,   â ª�¥ bb′ = Ob ·Ob′ ¨ cc′ = Oc ·Oc′.



� ä®à¬ã«¥ �à¥âè­ ©¤¥à  ¤«ï áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  74. Ǒ«®é ¤ì áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª � áá¬®âà¨¬ ç¥âëà¥åã£®«ì­¨ª ABCD, áâ®à®­ë AB, BC, CD, DAá®®â¢¥âáâ¢ãîâ a, b, c, d. Ǒà®¢¥¤¥¬ ¤¨ £®­ «¨ AC, BD ¨ ®¡®§­ ç¨¬ ¨å¤«¨­ë ç¥à¥§ δ ¨ δ′ á®®â¢¥âáâ¢¥­­®.� ¯®¬®éìî áâ¥à¥®£à ä¨ç¥áª®© ¯à®¥ªæ¨¨ á¯à®¥ªâ¨àã¥¬ ç¥âëà¥å-ã£®«ì­¨ª ­  ¯«®áª®áâì. �®§ì¬¥¬ â®çªã A, ¤¨ ¬¥âà «ì­® ¯à®â¨¢®¯®-«®�­ãî æ¥­âàã ¯à®¥ªæ¨¨ O. �®£¤  ¯à®¥ªæ¨ï ¡ã¤¥â á®áâ®ïâì ¨§ ¤¢ãå¯àï¬®«¨­¥©­ëå ®âà¥§ª®¢ ¨ ¤¢ãå ¤ã£ ®ªàã�­®áâ¥©. �á«¨ ¯à®¢¥¤¥¬ ª -á â¥«ì­ë¥ bt ¨ ct ª ¤ã£¥ bc ¨ ª á â¥«ì­ë¥ ct′, dt′ ª ¤ã£¥ cd, â® ¢ á¨«ã (3)¯®«ãç¨¬ à ¢¥­áâ¢®
S = A+B + C +D − 2π = 2tcd+ 2t′cd = 2bc′d,£¤¥ c ¨ c′ â®çª¨ ¯¥à¥á¥ç¥­¨ï ®ªàã�­®áâ¨, ¢ ª®â®àë¥ ¯à®¥ªâ¨àãîâáï

BC ¨ CD. �§ à áá¬®âà¥­¨ï ¥¢ª«¨¤®¢  âà¥ã£®«ì­¨ª  bc′d ¨¬¥¥¬sin2 S4 = sin2 bĉ′d = (bd+ bc′ − dc′)(bd+ dc′ − bc′)4bc′ · dc′ .�®á¯®«ì§ã¥¬áï à ¢¥­áâ¢ ¬¨
bd = sin δ′2
os a2 
os d2 , bc′ = 
os b2
os a2 sin δ′2 , dc′ = 
os c2
os d2 
os δ2 .�âáî¤  ¯«®é ¤ì S áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  ABCD ®¯à¥¤¥«ï-¥âáï ¯® ä®à¬ã«¥ [6, á. 165℄:sin2 S4 = 14 
os a2 
os b2 
os c2 
os d2

×
(sin δ2 sin δ′2 + 
os a2 
os c2 − 
os b2 
os d2)

×
(sin δ2 sin δ′2 − 
os a2 
os c2 + 
os b2 
os d2) (12)�â  ä®à¬ã«  ¢ëà � ¥â ¯«®é ¤ì áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  ç¥-à¥§ ¤«¨­ë ¥£® áâ®à®­ ¨ ¤¨ £®­ «¥©.



8 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.5. �¥®à¥¬  �à¥âè­ ©¤¥à �« áá¨ç¥áª ï â¥®à¥¬  �à¥âè­ ©¤¥à  [8℄ ãâ¢¥à�¤ ¥â, çâ® ¯«®é ¤ì
S ¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª  á® áâ®à®­ ¬¨ a, b, c, d ¨ ¯à®â¨¢®«¥� -é¨¬¨ ã£« ¬¨ A ¨ C ­ å®¤¨âáï ¯® ä®à¬ã«¥

S2 = (p− a)(p− b)(p− c)(p− d)− abcd 
os2 A+ C2 ,£¤¥ p = a+b+c+d2 | ¯®«ã¯¥à¨¬¥âà ç¥âëà¥åã£®«ì­¨ª  (á¬. ¤®ª § â¥«ì-áâ¢® ¢ [9, á. 89℄.�â¬¥â¨¬, çâ® ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë ­¥ ¨§¬¥­¨âáï, ¥á«¨ áã¬¬ã A+
C § ¬¥­¨âì áã¬¬®© ¤àã£®© ¯ àë ¯à®â¨¢®¯®«®�­ëå ã£«®¢ B +D. �â®á«¥¤ã¥â ¨§ à ¢¥­áâ¢  A + B + C +D = 2π, á¯à ¢¥¤«¨¢®£® ¤«ï «î¡®£®¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª . Ǒ®áª®«ìªã

A+ C2 = A+ C + 2π −B −D4 = π2 + A−B + C −D4 ,â¥®à¥¬ã �à¥âè­ ©¤¥à  ¬®�­® ¯¥à¥¯¨á âì ¢ á«¥¤ãîé¥¬, ¡®«¥¥ á¨¬¬¥â-à¨ç­®¬ ¢¨¤¥
S2 = (p− a)(p− b)(p− c)(p− d)− abcd sin2 A−B + C −D4 .�¬¥­­® íâ®â ¢ à¨ ­â ¤®¯ãáª ¥â ®¡®¡é¥­¨¥ ­  á«ãç © ­¥¥¢ª«¨¤®¢  ç¥-âëà¥åã£®«ì­¨ª , áã¬¬  ã£«®¢ ª®â®à®£® ã�¥ ­¥ à ¢­  2π.� ¬¥â¨¬, çâ® ç áâ­ë¬ á«ãç ¥¬ ¯à¨¢¥¤¥­­®© ¢ëè¥ ä®à¬ã«ë ï¢«ï-¥âáï ä®à¬ã«  �à å¬ £ã¯âë S2 = (p−a)(p−b)(p−c)(p−d), ¢ëà � îé ï¯«®é ¤ì ¢¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª  (á«ãç © A + C = B + D). �¥¬®�­® à áá¬ âà¨¢ âì ª ª ¥áâ¥áâ¢¥­­®¥ ®¡®¡é¥­¨¥ ä®à¬ã«ë �¥à®­ .�á­®¢­ë¬ à¥§ã«ìâ â®¬ ­ áâ®ïé¥© áâ âì¨ ï¢«ï¥âáï á«¥¤ãîé ï�¥®à¥¬  1. Ǒ«®é ¤ì S áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  á® áâ®-à®­ ¬¨ a, b, c, d, ã£« ¬¨ A,B,C,D ¨ ¯®«ã¯¥à¨¬¥âà®¬ p = a+b+c+d2 ­ -å®¤¨âáï ¯® ä®à¬ã«¥sin2 S4 = sin p−a2 sin p−b2 sin p−c2 sin p−d2
os a2 
os b2 
os c2 
os d2

− tg a2 tg b2 tg c2 tg d2 sin2 A−B + C −D4 .



� ä®à¬ã«¥ �à¥âè­ ©¤¥à  ¤«ï áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  9�®ª § â¥«ìáâ¢®. Ǒà®¤®«�¨¬ áâ®à®­ë AB ¨ AD áä¥à¨ç¥áª®£®ç¥âëà¥åã£®«ì­¨ª  ¤® ¯¥à¥á¥ç¥­¨ï ¨å ¢ â®çª¥ A′, áâ®à®­ë CB ¨ CD |¤® ¯¥à¥á¥ç¥­¨ï ¢ â®çª¥ C′. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ áä¥à¨ç¥áª¨© ç¥âë-à¥åã£®«ì­¨ª C′BA′D á ¤«¨­ ¬¨ áâ®à®­ áâ®à®­ ¬¨ π − b, π − a, π − d,
π − c ¨ ã£« ¬¨ C, 2π −B, A, 2π −D (à¨á. 2).

�¨á. 2. �ä¥à¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª.�«¨­ë ¤¨ £®­ «¥© C′A′ ¨ BD íâ®£® ç¥âëà¥åã£®«ì­¨ª  à ¢­ë á®-®â¢¥âáâ¢¥­­® 2π − e ¨ f , £¤¥ e ¨ f | ¤«¨­ë ¤¨ £®­ «¥© ç¥âëà¥å-ã£®«ì­¨ª  ABCD. �¡®§­ ç¨¬ ¯«®é ¤ì áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì-­¨ª  C′BA′D ç¥à¥§ S′. �¬¥¥¬ S′ = 2π−C − (2π−B)−A− (2π−D) =
−(2π+A−B+C−D), ®âªã¤  sin2 S′4 = 
os2 A−B+C−D4 . � ¤àã£®© áâ®à®-­ë, ¢ëç¨á«ïï sin2 S′4 ¯® ä®à¬ã«¥ (9) ¨ ãç¨âë¢ ï, çâ® sin π−a2 = 
os a2 ,  sin 2π−e2 sin f2 = sin e2 sin f2 , ¯®«ãç¨¬sin2 S′4 = (sin e2 sin f2 )2 − (sin a2 sin c2 − sin b2 sin d2)24 sin a2 sin b2 sin c2 sin d2 .�âáî¤ 
os2 A−B + C −D4 = (sin e2 sin f2 )2 − (sin a2 sin c2 − sin b2 sin d2)24 sin a2 sin b2 sin c2 sin d2 . (13)¨ sin2 A−B + C −D4 = −

(sin e2 sin f2 )2 + (sin a2 sin c2 + sin b2 sin d2)24 sin a2 sin b2 sin c2 sin d2 .� â®�¥ ¢à¥¬ï ¤«ï ¯«®é ¤¨ S áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª ABCD¨¬¥¥¬ sin2 S4 = (sin e2 sin f2 )2 − (
os a2 
os c2 − 
os b2 
os d2)24 
os a2 
os b2 
os c2 
os d2 . (14)



10 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.�áª«îç ï ¯à®¨§¢¥¤¥­¨¥ (sin e sin f)2 ¨§ ä®à¬ã«ë (13) ¨ ¯®¤áâ ¢«ïï¥£® ¢ ä®à¬ã«ã (14), ¯®«ãç¨¬sin2 S4 = 14 
os a2 
os b2 
os c2 
os d2 (sin a2 sin c2 + sin b2 sin d2)2
−
(
os a2 
os c2 − 
os b2 
os d2)2

− 4 sin a2 sin b2 sin c2 sin d2 sin2 K2 ,£¤¥ K = A−B+C−D2 . Ǒ®áª®«ìªã
(sin a2 sin c2 + sin b2 sin d2)2

−
(
os a2 
os c2 − 
os b2 
os d2)2= 4 sin p− a2 sin p− b2 sin p− c2 sin p− d2 ,â¥®à¥¬  ¤®ª § ­ .Ǒà¨¢¥¤¥¬ ­¥áª®«ìª® á«¥¤áâ¢¨© ¤®ª § ­­®© â¥®à¥¬ë.� ¯®¬­¨¬, çâ® áä¥à¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª á ã£« ¬¨ A,B,C ¨

D ¢¯¨á ­ ¢ ®ªàã�­®áâì â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A+B = C +D[10, á. 79℄, çâ® ¢ ­ è¨å ®¡®§­ ç¥­¨ïå à ¢­®á¨«ì­® ãá«®¢¨î K = 0. �â®¯®§¢®«ï¥â ¤®ª § âì á«¥¤ãîé¨© áä¥à¨ç¥áª¨©  ­ «®£ ä®à¬ã«ë �à å¬ -£ã¯âë.�«¥¤áâ¢¨¥ 1. Ǒ«®é ¤ì ¢¯¨á ­­®£® áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì-­¨ª  á® áâ®à®­ ¬¨ a, b, c, d ­ å®¤¨âáï ¯® ä®à¬ã«¥ [6, á. 164℄sin2 S4 = sh p−a2 sh p−b2 sh p−c2 sh p−d2
h a2 
h b2 
h c2 
h d2 ,£¤¥ p = a+b+c+d2 .�«¥¤áâ¢¨¥ 2. �á«¨ áä¥à¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª á® áâ®à®­ ¬¨
a, b, c ¨ d ¢¯¨á ­ ¢ ®¤­ã ®ªàã�­®áâì ¨ ®¯¨á ­ ®ª®«® ¤àã£®©, â® ¥£®¯«®é ¤ì ­ å®¤¨âáï ¯® ä®à¬ã«¥tg2 S4 = tg a2 tg b2 tg c2 tg d2 .�®ª § â¥«ìáâ¢®. � á«ãç ¥ ®¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª  ¨¬¥¥â¬¥áâ® á«¥¤ãîé¥¥ á®®â­®è¥­¨¥ ­  ¤«¨­ë ¥£® áâ®à®­: a+c = b+d, â®£¤ 
p − a = c, p − b = d, p − c = a, p − d = b ¨ à¥§ã«ìâ â ¢ëâ¥ª ¥â ¨§¯à¥¤ë¤ãé¥£® á«¥¤áâ¢¨ï.



� ä®à¬ã«¥ �à¥âè­ ©¤¥à  ¤«ï áä¥à¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  11�«¥¤áâ¢¨¥ 3. �ä¥à¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª á® áâ®à®­ ¬¨ a, b, c¨ d ¨¬¥¥â ¬ ªá¨¬ «ì­ãî ¯«®é ¤ì â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ ¢¯¨á ­¢ ®ªàã�­®áâì [10, á. 81℄.�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 2 ¢¥«¨ç¨­  tg2 S4 ¤®áâ¨£ ¥â¬ ªá¨¬ «ì­®£® §­ ç¥­¨ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  K = 0, çâ® á®-®â¢¥âáâ¢ã¥â á«ãç î ¢¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª .����������1. Milnor J. Hyperboli
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� ä®à¬ã«¥ �à¥âè­ ©¤¥à  ¤«ï £¨¯¥à¡®«¨ç¥áª®£® 4-ã£®«ì­¨ª  13®¤­®© ¢ �­®© ®¡« áâìî ¨å ¯à¨¬¥­¥­¨ï ï¢«ï¥âáï £¥®¬¥âà¨ç¥áª ï â¥®-à¨ï ã§«®¢ (á¬., ­ ¯à¨¬¥à, [3{5℄).2. �¡é¨¥ á¢¥¤¥­¨ï ¨§ £¨¯¥à¡®«¨ç¥áª®©£¥®¬¥âà¨¨� ª ç¥áâ¢¥ ¬®¤¥«¨ £¨¯¥à¡®«¨ç¥áª®© ¯«®áª®áâ¨ à áá¬®âà¨¬ ¥¤¨­¨ç-­ë© ªàã£ U = {z ∈ C : |z| < 1}, á­ ¡�¥­­ë© ¬¥âà¨ª®© Ǒã ­ª à¥
ds = |dz|1−|z|2 . �¥®¤¥§¨ç¥áª¨¬¨ (¨«¨ ­¥¥¢ª«¨¤®¢ë¬¨ ¯àï¬ë¬¨) ¢ íâ®¬á«ãç ¥ á«ã� â ¤ã£¨ ®ªàã�­®áâ¥© ¨«¨ ¯àï¬ëå, ®àâ®£®­ «ì­ëå ¥¤¨­¨ç-­®© ®ªàã�­®áâ¨ (à¨á. 1). Ǒãáâì z ¨ w | ¯à®¨§¢®«ì­ë¥ â®çª¨ ªàã£  U ,  0 | ¥£® æ¥­âà. �®£¤  ­¥¥¢ª«¨¤®¢ë à ááâ®ï­¨ï ¬¥�¤ã ãª § ­­ë¬¨â®çª ¬¨ ­ å®¤ïâáï ¯® á«¥¤ãîé¨¬ ä®à¬ã« ¬ [6, á. 122, 123℄:sh2 ρ(z, w)2 = |z − w|2(1− |z|2)(1− |w|2) , th ρ(0, z)2 = |z|, th ρ(0, w)2 = |w|. (1)Ǒ®¤áâ ¢«ïï ¤¢¥ ¯®á«¥¤­¨¥ ä®à¬ã«ë ¢ ¯¥à¢ãî, ¯®á«¥ ¨§¢«¥ç¥­¨ï ª¢ ¤-à â­®£® ª®à­ï ¯®«ãç¨¬

|z − w| = sh ρ(z,w)2
h ρ(0,z)2 
h ρ(0,w)2 . (2)

�¨á. 1. �¨¯¥à¡®«¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª.



14 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.� áá¬®âà¨¬ £¨¯¥à¡®«¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ªABCD, ¨§®¡à �¥­-­ë© ­  à¨á. 1. �¡®§­ ç¨¬ ­¥¥¢ª«¨¤®¢ë ¤«¨­ë ç¥âëà¥åã£®«ì­¨ª  ç¥à¥§
a, b, c ¨ d,   ¤«¨­ë ¥£® ¤¨ £®­ «¥© ç¥à¥§ e ¨ f . �ã¤¥¬ áç¨â âì, çâ® ¥£®¢¥àè¨­  A ­ å®¤¨âáï ¢ â®çª¥ 0. �¢ª«¨¤®¢® à ááâ®ï­¨¥ |A−B| ¬¥�¤ãâ®çª ¬¨ A ¨ B ¡ã¤¥¬ âà ¤¨æ¨®­­® ®¡®§­ ç âì ç¥à¥§ AB.Ǒ®«ì§ãïáì ä®à¬ã«®© (2), ¢ëà §¨¬ ¤«¨­ë áâ®à®­ ¥¢ª«¨¤®¢  ç¥âë-à¥åã£®«ì­¨ª  ABCD ç¥à¥§ ¢¥«¨ç¨­ë a, b, c, d, e ¨ f . �¬¥¥¬

AB = th a2 , BC = sh b2
h a2 
h e2 , CD = sh c2
h e2 
h d2 , AD = th d2 . (3)ǑãáâìC⋆ | â®çª , á¨¬¬¥âà¨ç­ ï C ®â­®á¨â¥«ì­® ¥¤¨­¨ç­®© ®ªàã�-­®áâ¨. �«ï ­ å®�¤¥­¨ï ¥¢ª«¨¤®¢ëå à ááâ®ï­¨© BC⋆ ¨ DC⋆ ¢®á¯®«ì-§ã¥¬áï à ¢¥­áâ¢®¬ C⋆ = 1
C
¨ á«¥¤ãîé¥© ä®à¬ã«®© ¨§ ­¥¥¢ª«¨¤®¢®©£¥®¬¥âà¨¨ [6, á. 123℄: th ρ(z, w)2 = ∣∣∣∣ z − w1− zw

∣∣∣∣ . (4)� à¥§ã«ìâ â¥ ¨§ (2) ¨ (4) ¯®«ãç¨¬
∣∣∣∣z −

1
w

∣∣∣∣ = |z − w|
|w| th ρ(z,w)2 = 
h ρ(z,w)2
h ρ(0,z)2 sh ρ(0,w)2 . (5)�âáî¤ 

BC⋆ = 
h b2
h a2 sh e2 , DC⋆ = 
h c2
h d2 sh e2 (6)3. �¥®à¥¬  �à¥âè­ ©¤¥à �« áá¨ç¥áª ï â¥®à¥¬  �à¥âè­ ©¤¥à  ãâ¢¥à�¤ ¥â, çâ® ¯«®é ¤ì S¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª  á® áâ®à®­ ¬¨ a, b, c, d ¨ ¯à®â¨¢®«¥� é¨-¬¨ ã£« ¬¨ A ¨ C ­ å®¤¨âáï ¯® ä®à¬ã«¥
S2 = (p− a)(p− b)(p− c)(p− d)− abcd 
os2 A+ C2 ,£¤¥ p = a+ b+ c+ d2 | ¯®«ã¯¥à¨¬¥âà ç¥âëà¥åã£®«ì­¨ª  (á¬. [2, á. 89℄.



� ä®à¬ã«¥ �à¥âè­ ©¤¥à  ¤«ï £¨¯¥à¡®«¨ç¥áª®£® 4-ã£®«ì­¨ª  15�â¬¥â¨¬, çâ® ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë ­¥ ¨§¬¥­¨âáï, ¥á«¨ áã¬¬ã A+
C § ¬¥­¨âì áã¬¬®© ¤àã£®© ¯ àë ¯à®â¨¢®¯®«®�­ëå ã£«®¢ B+D. Ǒ®«ì-§ãïáì à ¢¥­áâ¢®¬ A + B + C +D = 2π, á¯à ¢¥¤«¨¢ë¬ ¤«ï «î¡®£® ¥¢-ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª , â¥®à¥¬ã �à¥âè­ ©¤¥à  ¬®�­® ¯¥à¥¯¨á âì¢ á«¥¤ãîé¥¬, ¡®«¥¥ á¨¬¬¥âà¨ç­®¬ ¢¨¤¥

S2 = (p− a)(p− b)(p− c)(p− d)− abcd sin2 A−B + C −D4 .�¬¥­­® íâ®â ¢ à¨ ­â ¤®¯ãáª ¥â ®¡®¡é¥­¨¥ ­  á«ãç © £¨¯¥à¡®«¨ç¥áª®£®ç¥âëà¥åã£®«ì­¨ª , áã¬¬  ã£«®¢ ª®â®à®£® ã�¥ ­¥ à ¢­  2π.� �­ë¬ ç áâ­ë¬ á«ãç ¥¬ ¯à¨¢¥¤¥­­®© ¢ëè¥ ä®à¬ã«ë ï¢«ï¥âáïä®à¬ã«  �à å¬ £ã¯âë S2 = (p − a)(p − b)(p − c)(p − d), ¢ëà � îé ï¯«®é ¤ì ¢¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª  (á«ãç © A + C = B + D). �¥¬®�­® à áá¬ âà¨¢ âì ª ª ¥áâ¥áâ¢¥­­®¥ ®¡®¡é¥­¨¥ ä®à¬ã«ë �¥à®­ .�¨¯¥à¡®«¨ç¥áª¨©  ­ «®£ ä®à¬ã«ë �à å¬ £ã¯âë ¯®«ãç¥­ ¢ à ¡®â¥ [1℄.�á­®¢­ë¬ à¥§ã«ìâ â®¬ ­ áâ®ïé¥© áâ âì¨ ï¢«ï¥âáï á«¥¤ãîé ï�¥®à¥¬  1. Ǒ«®é ¤ì S £¨¯¥à¡®«¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  á®áâ®à®­ ¬¨ a, b, c, d, ã£« ¬¨ A,B,C,D ¨ ¯®«ã¯¥à¨¬¥âà®¬ p = a+b+c+d2­ å®¤¨âáï ¯® ä®à¬ã«¥sin2 S4 = sh p−a2 sh p−b2 sh p−c2 sh p−d2
h a2 
h b2 
h c2 
h d2 − th a2 th b2 th c2 th d2 sin2 K4 ,£¤¥ K = A−B + C −D.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¥¢ª«¨¤®¢ ç¥âëà¥åã£®«ì­¨ªABCD¨ á®¥¤¨­¨¬ ¥£® ¢¥àè¨­ë B ¨D ®âà¥§ª ¬¨ ¥¢ª«¨¤®¢ëå ¯àï¬ëå á ¢¥àè¨-­®© C⋆ (á¬. à¨á. 1). �¡®§­ ç¨¬ ã£«ë, ®¡à §®¢ ­­ë¥ ¤ã£®© ⌣

BC ¨ å®à¤®©
BC ç¥à¥§ x,   ã£«ë ¬¥�¤ã ¤ã£®© ⌣

CD ¨ å®à¤®© CD| ç¥à¥§ y. �â¬¥â¨¬,çâ® ã£«®¢ ï ¬¥à  ¤ã£¨ ⌣

BC à ¢­  2x,   ¤ã£¨ ⌣

CD | 2y. �ç¨âë¢ ï, çâ®¢¥«¨ç¨­  ¢¯¨á ­­®£® ¢ ®ªàã�­®áâì ã£«  à ¢­  ¯®«®¢¨­¥ ¤«¨­ë ¤ã£¨,­  ª®â®àãî ®­ ®¯¨à ¥âáï, ¯®«ãç¨¬, çâ® ã£«ë BC⋆C ¨ CC⋆D à ¢­ëá®®â¢¥âáâ¢¥­­® x ¨ y. �¡®§­ ç¨¬ ç¥à¥§ A,B,C ¨ D ¢­ãâà¥­­¨¥ ã£-«ë £¨¯¥à¡®«¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  ABCD, ç¥à¥§ Â, B̂, Ĉ ¨ D̂ |



16 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.¢­ãâà¥­­¨¥ ã£«ë á®®â¢¥âáâ¢ãîé¥£® ¥¬ã ¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª 
ABCD. �¬¥¥¬ à ¢¥­áâ¢ 

Â = A, B̂ = B + x, Ĉ = C + x+ y, D̂ = D + y. (7)� ¯®¬­¨¬, çâ® ¢ £¨¯¥à¡®«¨ç¥áª®¬ ç¥âëà¥åã£®«ì­¨ª¥ ¢á¥£¤  ¢ë-¯®«­¥­® ­¥à ¢¥­áâ¢® A+B+C+D < 2π, ¢ â® ¢à¥¬ï ª ª Â+B̂+Ĉ+D̂ =2π. �§ (7) ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¯®«ãç¨¬ ãà ¢­¥­¨¥ A+B+C+D+2x+ 2y = 2π. �âªã¤ 
x+ y = 2π −A−B − C −D2 = S2 , (8)£¤¥ S | ¯«®é ¤ì £¨¯¥à¡®«¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª  ABCD. � ©¤¥¬¢¥«¨ç¨­ã ã£«  x + y ¨§ à áá¬®âà¥­¨ï ¥¢ª«¨¤®¢  âà¥ã£®«ì­¨ª  BC∗D.�¬¥¥¬ sin2 x+ y2 = sin2 S4 = BD2 − (BC∗ −DC∗)24BC∗ ·DC∗ ,®âªã¤ , ¢ëà � ï ¥¢ª«¨¤®¢ë ¤«¨­ë ç¥à¥§ ­¥¥¢ª«¨¤®¢ë ¯® ä®à¬ã« ¬(3) ¨ (6), ¯®«ãç¨¬sin2 S4 = (sh e2 sh f2 )2 − (
h a2 
h c2 − 
h b2 
h d2)24 
h a2 
h b2 
h c2 
h d2 . (9)�â  ä®à¬ã«  ¢ëà � ¥â ¯«®é ¤ì £¨¯¥à¡®«¨ç¥áª®£® ç¥âëà¥åã£®«ì­¨ª ç¥à¥§ ¤«¨­ë ¥£® áâ®à®­ ¨ ¤¨ £®­ «¥©. � ©¤¥¬  ­ «®£¨ç­®¥ ¢ëà �¥­¨¥¤«ï sin2 K4 , £¤¥ K = A−B+C−D. �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï á®®â­®è¥-­¨¥¬ �à¥âè­ ©¤¥à  ¤«ï ¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª  ABCD (á¬. [7,á. 85℄):(AC ·BD)2 = (AB ·CD)2+(BC ·AD)2−2AB ·BC ·CD ·AD ·
os(Â+ Ĉ).Ǒ®áª®«ìªã

Â+ Ĉ = A+ C + x+ y = π + A−B + C −D2 ,¨¬¥¥¬ 
os(Â+ Ĉ) = − 
os A−B + C −D2 = − 
os K2 .



� ä®à¬ã«¥ �à¥âè­ ©¤¥à  ¤«ï £¨¯¥à¡®«¨ç¥áª®£® 4-ã£®«ì­¨ª  17�â® ¤ ¥â 
os K2 = (AC ·BD)2 − (AB · CD)2 − (BC · AD)22AB ·BC · CD ·AD ,®âªã¤  sin2 K4 = (AB · CD +BC · AD)2 − (AC ·BD)24AB ·BC · CD ·AD .� ª ¨ ¢ëè¥, ¯¥à¥å®¤ï ¯® ä®à¬ã« ¬ (3) ¨ (6) ®â ¥¢ª«¨¤®¢ëå ¤«¨­ ª­¥¥¢ª«¨¤®¢ë¬, ¨¬¥¥¬sin2 K4 = (sh a2 sh c2 + sh b2 sh d2)2 − (sh e2 sh f2 )24 sh a2 sh b2 sh c2 sh d2 . (10)�áª«îç ï ¨§ ä®à¬ã« (9) ¨ (10) ¢¥«¨ç¨­ã (sh e2 sh f2 )2 ¨ ¯®«ì§ãïáìä®à¬ã« ¬¨ ¯à¨¢¥¤¥­¨ï, ®ª®­ç â¥«ì­® ¯®«ãç¨¬sin2 S4 = sh p−a2 sh p−b2 sh p−c2 sh p−d2
h a2 
h b2 
h c2 
h d2 − th a2 th b2 th c2 th d2 sin2 K4 .Ǒà¨¢¥¤¥¬ ­¥áª®«ìª® á«¥¤áâ¢¨© ¨§ ¤®ª § ­­®© â¥®à¥¬ë. � ¯®¬-­¨¬, çâ® £¨¯¥à¡®«¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª á ã£« ¬¨ A,B,C ¨ D ï¢«ï-¥âáï ¢¯¨á ­­ë¬ ¢ ®ªàã�­®áâì, ®à¨æ¨ª« ¨«¨ ¢ ®¤­ã ¢¥â¢ì íª¢¨¤¨áâ ­âëâ®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A+B = C+D [8, 9℄. � ­ è¨å ®¡®§­ ç¥­¨ïåíâ® à ¢­®á¨«ì­® ãá«®¢¨î K = 0.�â® ¯®§¢®«ï¥â ¤®ª § âì á«¥¤ãîé¨© £¨¯¥à¡®«¨ç¥áª¨©  ­ «®£ ä®à-¬ã«ë �à å¬ £ã¯âë (á¬. â ª�¥ [1℄).�«¥¤áâ¢¨¥ 1. Ǒ«®é ¤ì S ¢¯¨á ­­®£® £¨¯¥à¡®«¨ç¥áª®£® ç¥âëà¥å-ã£®«ì­¨ª  á® áâ®à®­ ¬¨ a, b, c, d ­ å®¤¨âáï ¯® ä®à¬ã«¥sin2 S4 = sh p−a2 sh p−b2 sh p−c2 sh p−d2
h a2 
h b2 
h c2 
h d2 ,£¤¥ p = a+b+c+d2 .�é¥ ®¤­® á«¥¤áâ¢¨¥ ¢ëà � ¥â ¯«®é ¤ì ®¯¨á ­­®£® ç¥âëà¥åã£®«ì-­¨ª  ç¥à¥§ áâ®à®­ë ¨ áã¬¬ã ¯à®â¨¢®«¥� é¨å ã£«®¢.



18 � ©£®­ ª®¢  �. �., �¥¤­ëå �. �.�«¥¤áâ¢¨¥ 2. Ǒ«®é ¤ì S ®¯¨á ­­®£® £¨¯¥à¡®«¨ç¥áª®£® ç¥âëà¥å-ã£®«ì­¨ª  á® áâ®à®­ ¬¨ a, b, c, d ¨ ã£« ¬¨ A,B,C,D ­ å®¤¨âáï ¯® ä®à-¬ã«¥ sin2 S4 = th a2 th b2 th c2 th d2 
os2 A−B + C −D4 .�®ª § â¥«ìáâ¢®. � á«ãç ¥ ®¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª  ¨¬¥-îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â­®è¥­¨ï ­  ¤«¨­ë ¥£® áâ®à®­: a+ c = b+ d,â®£¤  p − a = c, p − b = d, p − c = a, p − d = b. �ç¨âë¢ ï, çâ®1− sin2 K4 = 
os2 K4 , ¯® â¥®à¥¬¥ 1 ¯®«ãç¨¬sin2 S4 = th a2 th b2 th c2 th d2 − th a2 th b2 th c2 th d2 sin2 K4= th a2 th b2 th c2 th d2 
os2 K4 .�«¥¤áâ¢¨¥ 3. �á«¨ £¨¯¥à¡®«¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª á® áâ®à®-­ ¬¨ a, b, c ¨ d ¢¯¨á ­ ¢ ®¤­ã ®ªàã�­®áâì ¨ ®¯¨á ­ ®ª®«® ¤àã£®©, â®¥£® ¯«®é ¤ì ­ å®¤¨âáï ¯® ä®à¬ã«¥sin2 S4 = th a2 th b2 th c2 th d2 .�®ª § â¥«ìáâ¢®. Ǒ®áª®«ìªã ¤«ï ¢¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® K = A − B + C −D = 0, à¥§ã«ìâ â á«¥¤ã¥â ¨§¯à¥¤ë¤ãé¥£® ãâ¢¥à�¤¥­¨ï.�«¥¤ãîé¨© à¥§ã«ìâ â å®à®è® ¨§¢¥áâ¥­ [9{11℄. �¤­ ª® ¢ æ¨â¨àã¥-¬ëå à ¡®â å ®­ ¤®ª §ë¢ ¥âáï «¨¡® ç¥à¥§ ¨§®¯¥à¨¬¥âà¨ç¥áª¨¥ ­¥à ¢¥­-áâ¢ , «¨¡® á ¯®¬®éìî ¨áá«¥¤®¢ ­¨ï ­  íªáâà¥¬ã¬ äã­ªæ¨© ­¥áª®«ìª¨å¯¥à¥¬¥­­ëå. �¨�¥ ¬ë ¯à¨¢®¤¨¬ í«¥¬¥­â à­®¥ ¤®ª § â¥«ìáâ¢®.�«¥¤áâ¢¨¥ 4. �¨¯¥à¡®«¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª á® áâ®à®­ ¬¨
a, b, c ¨ d ¨¬¥¥â ¬ ªá¨¬ «ì­ãî ¯«®é ¤ì â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­¢¯¨á ­ ¢ ®ªàã�­®áâì, ®à¨æ¨ª« ¨«¨ ®¤­ã ¢¥â¢ì íª¢¨¤¨áâ ­âë.�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 1 ¢¥«¨ç¨­  tg2 S4 ¤®áâ¨£ ¥â¬ ªá¨¬ «ì­®£® §­ ç¥­¨ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  K = 0, çâ® á®-®â¢¥âáâ¢ã¥â á«ãç î ¢¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª .�­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï ¨ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥.
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��� 514.755� �������� ����� Ǒ��� Ǒ������������Ǒ������ ��������� Ǒ���������� Ǒ���������� Ǒ������������. �. �ã¡ïª¨­, �. �. �¨ª¨â¨­ � áá¬®âà¨¬ ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P 5 ¯ïâ¨¯ à ¬¥âà¨ç¥áª®¥á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© | ¯ïâ¨¬¥à­ë© ª®¬¯«¥ªá K5. �®¬-¯«¥ªáãK5 ¯à¨ £à áá¬ ­®¢®¬ [1℄ ®â®¡à �¥­¨¨ µ á®®â¢¥âáâ¢ã¥â ¯ïâ¨¬¥à-­®¥ ¬­®£®®¡à §¨¥ V 5, ¯à¨­ ¤«¥� é¥¥  «£¥¡à ¨ç¥áª®¬ã ¬­®£®®¡à §¨î
(2, 5). �­®£®®¡à §¨¥ V 5 ¢ ª �¤®© á¢®¥© â®çª¥ l ¨¬¥¥â ¯ïâ¨¬¥à­ãîª á â¥«ì­ãî ¯«®áª®áâì TlV
5. Ǒà®¥ªâ¨¢¨§ æ¨ï ¯«®áª®áâ¨ TlV

5 á æ¥­-âà®¬ ¢ â®çª¥ l ¯à¥¤áâ ¢«ï¥â á®¡®© ç¥âëà¥å¬¥à­ãî ¯«®áª®áâì PTlV
5.� §«¨ç­ë¬ ¢¨¤ ¬ ¢§ ¨¬­®£® à á¯®«®�¥­¨ï ¯«®áª®áâ¨ PTlV

5 ¨ ¬­®£®-®¡à §¨ï �¥£à¥ Sl(2, 2) [2℄ á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¥ ª« ááë ª®¬¯«¥ªá®¢
K5. �­®£®®¡à §¨¥ �¥£à¥ Sl(2, 2) ¯à¥¤áâ ¢«ï¥â á®¡®© ç¥âëà¥å¬¥à­ãî «£¥¡à ¨ç¥áªãî ¯®¢¥àå­®áâì è¥áâ®£® ¯®àï¤ª , ­¥áãéãî ¤¢  ¤¢ã¯ à -¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢  ¤¢ã¬¥à­ëå ¯«®áª¨å ®¡à §ãîé¨å. Ǒà¨ íâ®¬¤¢¥ ®¡à §ãîé¨¥, ¯à¨­ ¤«¥� é¨¥ à §«¨ç­ë¬ á¥¬¥©áâ¢ ¬, ¨¬¥îâ ®¡-éãî â®çªã,   ¤¢¥ ®¡à §ãîé¨¥, ¯à¨­ ¤«¥� é¨¥ ®¤­®¬ã á¥¬¥©áâ¢ã, ­¥¯¥à¥á¥ª îâáï. Ǒ®áª®«ìªã ¬­®£®®¡à §¨¥ �¥£à¥ Sl(2, 2) ï¢«ï¥âáï  «£¥¡-à ¨ç¥áª®© ¯®¢¥àå­®áâìî è¥áâ®£® ¯®àï¤ª , ¢ ®¡é¥¬ á«ãç ¥ ¯«®áª®áâì
PTlV

5 ¯¥à¥á¥ª ¥â íâ® ¬­®£®®¡à §¨¥ ¢ è¥áâ¨ â®çª å. �â¨ â®çª¨ ®¯à¥-¤¥«ïîâ ­  ¬­®£®®¡à §¨¨ V 5 è¥áâì ¯®«¥© ­ ¯à ¢«¥­¨©, ¨­â¥£à «ì­ë¬ªà¨¢ë¬ ª®â®àëå ­  ª®¬¯«¥ªá¥ K5 á®®â¢¥âáâ¢ã¥â è¥áâì á¥¬¥©áâ¢ â®à-á®¢ [2℄, ®¡à §®¢ ­­ëå ¤¢ã¬¥à­ë¬¨ á®¯à¨ª á îé¨¬¨áï ¯«®áª®áâï¬¨ ª­¥ª®â®à®© ªà¨¢®©. Ǒà¨ íâ®¬ ç¥à¥§ ª �¤ãî ®¡à §ãîéãî ª®¬¯«¥ªá 
K5 ¯à®å®¤¨â è¥áâì â®àá®¢, ¯® ®¤­®¬ã ¨§ ª �¤®£® á¥¬¥©áâ¢ . � �¤ë©
© 2012 �ã¡ïª¨­ �. �., �¨ª¨â¨­  �. �.



� áâà®¥­¨¨ ®¤­®© ¯ àë ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ 21â®àá ª®¬¯«¥ªá  ®¯à¥¤¥«ï¥â ¢ ¤¢ã¬¥à­®© ®¡à §ãîé¥© L ª®¬¯«¥ªá  K5å à ªâ¥à¨áâ¨ç¥áªãî ¯àï¬ãî ¨ âà¥å¬¥à­ãî å à ªâ¥à¨áâ¨ç¥áªãî ¯«®á-ª®áâì, ¯à®å®¤ïéãî ç¥à¥§ ¯«®áª®áâì L.Ǒãáâì ωp
i (i = 0, 1, 2; p = 3, 4, 5) | «¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ä®à¬ë, ®¯à¥¤¥«ïîé¨¥ ¯¥à¥¬¥é¥­¨¥ ¯«®áª®áâ¨ L = A0∧A1 ∧A2 ¢ ¯à®-áâà ­áâ¢¥ P 5. �®£¤  ¯®áª®«ìªã à §¬¥à­®áâì à áá¬ âà¨¢ ¥¬®£® ª®¬-¯«¥ªá  K5 à ¢­  ¯ïâ¨, ­  ­¥¬ ¡ã¤ãâ ¢ë¯®«­ïâìáï ç¥âëà¥ ­¥§ ¢¨á¨¬ëåãà ¢­¥­¨ï: �αi

p ω
p
i = 0, (1)£¤¥ α = 1, 2, 3, 4. �â¨ �¥ ãà ¢­¥­¨ï ®¯à¥¤¥«ïîâ ç¥âëà¥å¬¥à­ãî ¯«®á-ª®áâì PTlV

5 ¢ ¯à®áâà ­áâ¢¥ P 8 = PTl
(2, 5).�¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© L ¯à¥¤-áâ ¢«ï¥â á®¡®© âà¥å¬¥à­ãî ¯®¢¥àå­®áâì á ¤¢ã¬¥à­ë¬¨ ¯«®áª¨¬¨ ®¡à -§ãîé¨¬¨. �â  ¯®¢¥àå­®áâì ï¢«ï¥âáï â®àá®¬, ¥á«¨ ®­  â ­£¥­æ¨ «ì­®¢ëà®�¤¥­­ ï à ­£  ®¤¨­. �®àáã ­  ¬­®£®®¡à §¨¨ 
(2, 5) á®®â¢¥âáâ¢ã¥âªà¨¢ ï, ª á â¥«ì­ë¥ ª ª®â®à®© á«ã� â ¯àï¬®«¨­¥©­ë¬¨ ®¡à §ãîé¨-¬¨ íâ®© ¯®¢¥àå­®áâ¨. � ­­ ï ªà¨¢ ï á®¢¯ ¤ ¥â á  á¨¬¯â®â¨ç¥áª®©«¨­¨¥© ¬­®£®®¡à §¨ï 
(2, 5). Ǒ®íâ®¬ã ¢ ¯à®¨§¢®«ì­®© â®çª¥ íâ®© «¨-­¨¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® rang(ωp
i ) = 1. (2)�«¥¤®¢ â¥«ì­®, ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï â®àá®¢ ¢ ¯à®áâà ­áâ¢¥

P 5 ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
ωp

i = aix
p dt. (3)� �¤ë© â®àá, ¯à®å®¤ïé¨© ç¥à¥§ ¯«®áª®áâì L, ®¯à¥¤¥«ï¥â ­  ­¥© å -à ªâ¥à¨áâ¨ç¥áªãî ¯àï¬ãî ¯¥à¥á¥ç¥­¨ï ¤¢ãå ¡¥áª®­¥ç­® ¡«¨§ª¨å ®¡à -§ãîé¨å ¨ âà¥å¬¥à­ãî å à ªâ¥à¨áâ¨ç¥áªãî ¯«®áª®áâì, ª á â¥«ì­ãî ªâ®àáã.� áá¬®âà¨¬ ¯ àã ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ C51 ¨ C52 , ¤«ï ª �¤®©®¡à §ãîé¥© ª®â®àëå ç¥âëà¥å¬¥à­ë¥ ¯«®áª®áâ¨ PTl1V 5 ¨ PTl2V 5 ¯¥-à¥á¥ª îâ ¬­®£®®¡à §¨ï �¥£à¥ Sl1(2, 2) ¨ Sl2(2, 2) ¯® ¤¢ã¬ ¤¢ã¬¥à­ë¬



22 �ã¡ïª¨­ �. �., �¨ª¨â¨­  �. �.®¡à §ãîé¨¬ à §«¨ç­ëå á¥¬¥©áâ¢ [3℄. �¡®§­ ç¨¬ â ªãî ¯ àã ª®¬¯«¥ª-á®¢ ç¥à¥§ C. �ë¡¥à¥¬ à¥¯¥à â ª, çâ®¡ë ¢¥àè¨­ë A0, A1, A2 ¯à¨­ ¤-«¥� «¨ ®¡à §ãîé¥© L21 ª®¬¯«¥ªá  C51 ,   ¢¥àè¨­ë A4, A5, A6 «¥� «¨ ¢®¡à §ãîé¥© L22 ª®¬¯«¥ªá  C52 . �®£¤  ãà ¢­¥­¨ï â ª®© ¯ àë ª®¬¯«¥ªá®¢¬®�­® ¯à¨¢¥áâ¨ ª ¢¨¤ã
ωr

k = 0, ωk
r = 0, (4)£¤¥ k = 1, 2; r = 3, 4 ¨ ä®à¬ë ωr0, ω5k, ω50 á«ã� â ®¤­®à®¤­ë¬¨ ª®®à¤¨-­ â ¬¨ â®çª¨ ¯«®áª®áâ¨ PTl1V 5,   ä®à¬ë ω0r , ωk5 , ω05 | ®¤­®à®¤­ë¬¨ª®®à¤¨­ â ¬¨ â®çª¨ ¯«®áª®áâ¨ PTl2V 5. �âáî¤  á«¥¤ã¥â, çâ® ¤¢ã¬¥à-­ë¥ α- ¨ β-®¡à §ãîé¨¥ [1℄ ¬­®£®®¡à §¨© �¥£à¥ Sl1(2, 2) ¨ Sl2(2, 2) á®®â-¢¥âáâ¢¥­­® ¢ ¯«®áª®áâïå PTl1V 5 ¨ PTl2V 5 ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨ï¬¨

ω5k = 0, ωr0 = 0 (5)¨
ωk5 = 0, ω0r = 0. (6)�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (4), ¯®«ãç¨¬

ω0k ∧ ωr0 + ω5k ∧ ωr5 = 0, (7)
ω0r ∧ ωk0 + ω5r ∧ ωk5 = 0, (8)®âªã¤  ­¥¯®áà¥¤áâ¢¥­­® ¯®«ãç ¥¬
ω0k = αω5k, ωr5 = −αωr0, (9)
ωk0 = βωk5 , ω5r = −βω0r , (10)Ǒà®¤®«� ï íâ¨ ãà ¢­¥­¨ï, ¡ã¤¥¬ ¨¬¥âì

(
dα+ ω05 + α

(
ω00 − ω55)− α2ω50) ∧ ω5k = 0, (11)

(
dα+ ω05 + α

(
ω00 − ω55)− α2ω50) ∧ ωr0 = 0, (12)¨ (

dβ + ω50 + β
(
ω55 − ω00)− β2ω05) ∧ ωk5 = 0, (13)
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(
dβ + ω50 + β

(
ω55 − ω00)− β2ω05) ∧ ω0r = 0, (14)Ǒ®áª®«ìªã ä®à¬ë ωr0 ¨ ω5k «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  ª®¬¯«¥ªá¥ C51 ,   ä®à-¬ë ω0r ¨ ωk5 «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  ª®¬¯«¥ªá¥ C52 , â® á®®â¢¥âáâ¢¥­­®¨§ (11) ¨ (12) á«¥¤ã¥â, çâ® ­  ¯ à¥ C ª®¬¯«¥ªá®¢ C51 ¨ C52 ¢ë¯®«­ïîâáïà ¢¥­áâ¢ 

dα+ ω05 + α
(
ω00 − ω55)− α2ω50 = 0, (15)

dβ + ω50 + β
(
ω55 − ω00)− β2ω05 = 0. (16)�à ¢­¥­¨ï (9), (10) ¯®ª §ë¢ îâ, çâ® ¤«ï ¯ àë C ¨­¢ à¨ ­â­ë¥âà¥å¬¥à­ë¥ ¯«®áª®áâ¨ A0 ∧ A1 ∧ A2 ∧ A5 ¨ A3 ∧ A4 ∧ A5 ∧ A0 á®®â-¢¥âáâ¢¥­­® ­  ª®¬¯«¥ªá å C51 ¨ C52 ®¯¨áë¢ îâ ª®­£àãí­æ¨¨ Q1 ¨ Q2 á¡ §¨á­ë¬¨ ä®à¬ ¬¨ ω30 , ω40 ¨ ω15 , ω25 ,   ¨­¢ à¨ ­â­ë¥ ¯àï¬ë¥ A1 ∧A2¨ A3 ∧ A4 á®®â¢¥âáâ¢¥­­® ­  ª®¬¯«¥ªá å C51 ¨ C52 ®¯¨áë¢ îâ ¯á¥¢¤®-ª®­£àãí­æ¨¨ PQ1 ¨ PQ2, ­  ª®â®àëå ¡ §¨á­ë¬¨ ï¢«ïîâáï ä®à¬ë ω51 ,

ω52 ¨ ω03 , ω04 . �®­£àãí­æ¨¨ Q1 ¨ Q2 ¯¥à¥á¥ª îâáï ¯® ª®­£àãí­æ¨¨ Q,®¡à §ãîé¥© ª®â®à®© á«ã�¨â ¯àï¬ ï A0 ∧ A5,   ¡ §¨á­ë¬¨ ï¢«ïîâáïä®à¬ë ω30 , ω40 , ω15 , ω25 . �¨­¥©­ ï ®¡®«®çª  ¯àï¬®«¨­¥©­ëå ®¡à §ãî-é¨å ¯á¥¢¤®ª®­£àãí­æ¨© PQ1 ¨ PQ2 ¯à¥¤áâ ¢«ï¥â á®¡®© âà¥å¬¥à­ãî¯«®áª®áâì A1 ∧ A2 ∧ A3 ∧ A4, ª®â®à ï ®¯¨áë¢ ¥â ¯á¥¢¤®ª®­£àãí­æ¨î
PQ, ­  ª®â®à®© ¡ §¨á­ë¬¨ ¡ã¤ãâ ä®à¬ë ω51 , ω52, ω03 , ω04 . Ǒà¨ íâ®¬ ª®­-£àãí­æ¨ï Q â ª®£® â¨¯ , çâ® ­  ¥¥ ®¡à §ãîé¥© ¨¬¥¥âáï ¤¢  ¤¢®©­ëåä®ªãá , ®¯¨áë¢ îé¨å âà¥å¬¥à­ë¥ ä®ªãá­ë¥ ¯®¢¥àå­®áâ¨, ª á â¥«ì-­ë¥ âà¥å¬¥à­ë¥ ¯«®áª®áâ¨ ª®â®àëå á®¢¯ ¤ îâ á âà¥å¬¥à­ë¬¨ ¯«®á-ª®áâï¬¨ A0 ∧ A1 ∧ A2 ∧ A5 ¨ A3 ∧ A4 ∧ A5 ∧ A0, ¯¥à¥á¥ª îé¨¬¨áï ¯®¯àï¬®© A0 ∧ A5. Ǒá¥¢¤®ª®­£àãí­æ¨ï PQ â ª®¢ , çâ® ç¥à¥§ ª �¤ãî¥¥ âà¥å¬¥à­ãî ®¡à §ãîéãî ¯à®å®¤¨â ¤¢¥ ¤¢®©­ëå ä®ªãá­ëå £¨¯¥à-¯«®áª®áâ¨, å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ®¡à § ¬¨ ª®â®àëå ï¢«ïîâáï ¯àï¬ë¥
A1∧A2 ¨ A3∧A4, «¨­¥©­ ï ®¡®«®çª  ª®â®àëå ®¯à¥¤¥«ï¥â âà¥å¬¥à­ãî¯«®áª®áâì A1 ∧A2 ∧A3 ∧A4.�  ®á­®¢¥ £à áá¬ ­®¢  ®â®¡à �¥­¨ï ­ ©¤¥¬ ¨§®¡à �¥­¨¥ ª®­£àã-í­æ¨¨ Q ­   «£¥¡à ¨ç¥áª®¬ ¬­®£®®¡à §¨¨ 
(1, 5) ⊂ P 14 ¨ ¯á¥¢¤®ª®­-£àãí­æ¨¨ PQ ­   «£¥¡à ¨ç¥áª®¬ ¬­®£®®¡à §¨¨ 
(3, 5) ⊂ P 14. �«ï



24 �ã¡ïª¨­ �. �., �¨ª¨â¨­  �. �.ª®­£àãí­æ¨¨ Q, ®¯à¥¤¥«ï¥¬®© ãà ¢­¥­¨ï¬¨ (9), ¯¥à¥á¥ç¥­¨¥ ¯«®áª®áâ¨
PTl1V 4 ¨ ¬­®£®®¡à §¨ï �¥£à¥ Sl1(1, 3) ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬rang(−βωk5 ωr0

ωk5 −αωr0 ) = 1.�âáî¤  ¢ ®¡é¥¬ á«ãç ¥, â. ¥. ¥á«¨ αβ− 1 6= 0, ¯®«ãç ¥¬, çâ® ¯«®áª®áâì
PTl1V 4 ¯¥à¥á¥ª ¥â ¬­®£®®¡à §¨¥ �¥£à¥ Sl1(1, 3) ¯® ¤¢ã¬ áªà¥é¨¢ î-é¨¬áï ¯àï¬®«¨­¥©­ë¬ ®¡à §ãîé¨¬:

ωk5 = 0 ¨ ωr0 = 0.�«ï ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ, ®¯à¥¤¥«ï¥¬®© ãà ¢­¥­¨ï¬¨ (10), ¯¥-à¥á¥ç¥­¨¥ ¯«®áª®áâ¨ PTl3V 4 ¨ ¬­®£®®¡à §¨ï �¥£à¥ Sl3(3, 1) ®¯à¥¤¥«ï-¥âáï ãá«®¢¨¥¬: rang(αω5k ω5k
ω0r βω0r ) = 1.�âáî¤  ¢ ®¡é¥¬ á«ãç ¥, â. ¥. ¥á«¨ αβ − 1 6= 0, á«¥¤ã¥â, çâ® ¯«®áª®áâì

PTl3V 4 ¯¥à¥á¥ª ¥â ¬­®£®®¡à §¨¥ �¥£à¥ Sl3(3, 1) ¯® ¤¢ã¬ áªà¥é¨¢ î-é¨¬áï ¯àï¬®«¨­¥©­ë¬ ®¡à §ãîé¨¬:
ω5k = 0 ¨ ω0r = 0.�â ª, ¯ à  C ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ C51 ¨ C52 , á®®â¢¥âáâ¢¥­­® ¤¢ã-¬¥à­ëå ¯«®áª®áâ¥© L1 = A0 ∧ A1 ∧ A2 ¨ L2 = A3 ∧ A4 ∧ A5, ®¯à¥¤¥«ï-¥â â ªãî ¯ àã ª®­£àãí­æ¨¨ Q ¨ ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ, ¤«ï ª®â®àëå¯«®áª®áâ¨ PTl1V 4 ¨ PTl3V 4 ¯¥à¥á¥ª îâ á®®â¢¥âáâ¢¥­­® ¬­®£®®¡à §¨ï�¥£à¥ Sl1(1, 3) ¨ Sl3(3, 1) ¯® ¤¢ã¬ áªà¥é¨¢ îé¨¬áï ¯àï¬ë¬.� ª¨¬ ®¡à §®¬, ¯ à  C ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ C51 ¨ C52 á®®â¢¥â-áâ¢¥­­® ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© L1 = A0 ∧A1 ∧A2 ¨ L2 = A3 ∧A4 ∧A5¯à¥¤áâ ¢«ï¥â á®¡®© ¯ àã ª®¬¯«¥ªá®¢, ª �¤ ï ¤¢ã¬¥à­ ï ®¡à §ãîé ïª®â®à®© ¯¥à¥á¥ª ¥â ¯àï¬ãî L1 ª®­£àãí­æ¨¨ Q ¢ â®çª¥, ®â«¨ç­®© ®âä®ªãá ,   âà¥å¬¥à­ãî ¯«®áª®áâì L3 ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ ¯® ¯àï-¬®©, ®â«¨ç­®© ®â ¥¥ å à ªâ¥à¨áâ¨ç¥áª®© ¯àï¬®©. Ǒà¨ íâ®¬ ¯àï¬ ï

L1 ¨ âà¥å¬¥à­ ï ¯«®áª®áâì L3 â ª®¢ë, çâ® ®­¨ ­¥ ¯¥à¥á¥ª îâáï,   ¨å



� áâà®¥­¨¨ ®¤­®© ¯ àë ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ 25«¨­¥©­ ï ®¡®«®çª  ®¯à¥¤¥«ï¥â ¯ïâ¨¬¥à­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢®
P 5. �®ª �¥¬ ®¡à â­®¥ ãâ¢¥à�¤¥­¨¥. �ë¡¥à¥¬ à¥¯¥à â ª, çâ®¡ë â®çª¨
αA0 +A5, A0 + βA5 ¡ë«¨ ¯®¬¥é¥­ë ¢ ä®ªãáë ª®­£àãí­æ¨¨ Q,   âà¥å-¬¥à­ë¥ ¯«®áª®áâ¨ A0 ∧A1 ∧A2 ∧A5 ¨ A3 ∧A4 ∧A5 ∧A0 á®¢¬¥áâ¨«¨áì áª á â¥«ì­ë¬¨ âà¥å¬¥à­ë¬¨ ¯«®áª®áâï¬¨ á®®â¢¥âáâ¢ãîé¨å ä®ªãá­ëå¯®¢¥àå­®áâ¥©. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨ï ª®­£àãí­æ¨¨ Q ¯à¨¬ãâ ¢¨¤
ω35 + αω30 = 0, ω45 + αω40 = 0, ω10 + βω15 = 0, ω20 + βω25 = 0, (17)  ä®à¬ë ω30 , ω40 , ω15 , ω25 ¬®�­® ¢ë¡à âì ¢ ª ç¥áâ¢¥ ¡ §¨á­ëå ­  ª®­£àã-í­æ¨¨ Q. � «¥¥ á¯¥æ¨ «¨§¨àã¥¬ à¥¯¥à â ª, çâ®¡ë £¨¯¥à¯«®áª®áâ¨

A1 ∧A2 ∧A3 ∧A4 ∧A5 + αA0 ∧A1 ∧A2 ∧A3 ∧A4¨
βA1 ∧A2 ∧A3 ∧A4 ∧A5 +A0 ∧A1 ∧A2 ∧A3 ∧A4ï¢«ï«¨áì ä®ªãá­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨ ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ,   ¯àï-¬ë¥ A1 ∧A2 ¨ A3 ∧A4 á®¢¯ ¤ «¨ á®®â¢¥âáâ¢¥­­® á ¨å å à ªâ¥à¨áâ¨ç¥-áª¨¬¨ ¯àï¬ë¬¨. �®£¤  ãà ¢­¥­¨ï ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ § ¯¨èãâáïâ ª:

ω01 − αω51 = 0, ω02 − αω52 = 0, ω53 − βω03 = 0, ω54 − βω04 = 0, (18)£¤¥ ä®à¬ë ω51 , ω52 , ω03 , ω04 ¬®�­® ¯à¨­ïâì ¢ ª ç¥áâ¢¥ ¡ §¨á­ëå ­  ¯á¥¢-¤®ª®­£àãí­æ¨¨ PQ.�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ (17) ¨ (18), ¯®«ãç¨¬
(
dα+ ω05 + α

(
ω00 − ω55)− α2ω50) ∧ ωr0 + (αβ − 1)ωr

k ∧ ωk5 = 0,(αβ − 1)ωk
r ∧ ωr0 + (dβ + ω50 + β

(
ω55 − ω00)− β2ω05) ∧ ωk5 = 0,

(
dα+ ω05 + α

(
ω00 − ω55)− α2ω50) ∧ ω5k + (1− αβ)ωr

k ∧ ω0r = 0,(1− αβ)ωk
r ∧ ω5k + (dβ + ω50 + β

(
ω55 − ω00)− β2ω05) ∧ ω0r = 0.�¢¨¤ã â®£®, çâ® ­  ª®¬¯«¥ªá å C51 ¨ C52 á¨áâ¥¬ë ä®à¬ ω30 , ω40 , ω51 ,

ω52 ¨ ω15 , ω25 , ω03 , ω04 «¨­¥©­® ­¥§ ¢¨á¨¬ë, ¨§ ¯®«ãç¥­­ëå ª¢ ¤à â¨ç­ëå



26 �ã¡ïª¨­ �. �., �¨ª¨â¨­  �. �.á®®â­®è¥­¨© ¢ ®¡é¥¬ á«ãç ¥, â. ¥. ¥á«¨ αβ − 1 6= 0, ¯®«ãç¨¬, çâ® ­ ¯ à¥ ª®¬¯«¥ªá®¢ C51 ¨ C52 ¢ë¯®«­ïîâáï ãà ¢­¥­¨ï (9), (10) ¨ (15), (16).�â¨ ãà ¢­¥­¨ï ®¯à¥¤¥«ïîâ ¯ àã C ª®¬¯«¥ªá®¢ C51 ¨ C52 .� ª¨¬ ®¡à §®¬, áâà®¥­¨¥ ¯ àë C ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à-­ëå ¯«®áª®áâ¥© ¬®�­® ®¯¨á âì â ª.�¥®à¥¬  1. Ǒ à  ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©ï¢«ï¥âáï ¯ à®© C â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª �¤ ï ¥¥ ¤¢ã¬¥à­ ï ®¡-à §ãîé ï ¯¥à¥á¥ª ¥â ¯àï¬ãî L1 ª®­£àãí­æ¨¨ Q ¢ â®çª¥ ¨ âà¥å¬¥à­ãî¯«®áª®áâì L3 ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ ¯® ¯àï¬®©. Ǒà¨ íâ®¬ â®çª  ¯¥à¥-á¥ç¥­¨ï 
 ®¡à §ãîé¥© L1 ª®­£àãí­æ¨¨ Q ®â«¨ç­  ®â ä®ªãá ,   ¯àï¬ ï¯¥à¥á¥ç¥­¨ï á âà¥å¬¥à­®© ®¡à §ãîé¥© L3 ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ ­¥á®¢¯ ¤ ¥â á å à ªâ¥à¨áâ¨ç¥áª®© ¯àï¬®©.�§®¡à �¥­¨¥ ¯ àë C ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®-áâ¥© ¯à¨ £à áá¬ ­®¢®¬ ®â®¡à �¥­¨¨ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à -§®¬.�¥®à¥¬  2. Ǒ à  ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©ï¢«ï¥âáï ¯ à®© C â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¯ àë ª®­£àãí­æ¨¨
Q ¨ ¯á¥¢¤®ª®­£àãí­æ¨¨ PQ ¯«®áª®áâ¨ PTl1V 4 ¨ PTl3V 4 ¯¥à¥á¥ª îâá®®â¢¥âáâ¢¥­­® ¬­®£®®¡à §¨ï �¥£à¥ Sl1(1, 3) ¨ Sl3(3, 1) ¯® ¤¢ã¬ áªà¥-é¨¢ îé¨¬áï ¯àï¬ë¬. ����������1. �ª¨¢¨á �. �. � ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ £à áá¬ ­®¢  ¬­®£®®¡à §¨ï //Tensor. 1982. V. 38. P. 273{282.2. Akivis M. A., Goldberg V. V. Proje
tive di�erential geometry of submanifolds.Amsterdam: North-Holland, 1993.3. Hartshorne R. Algebrai
 geometry. Berlin: Springer-Verl., 1977.£. �ªãâáª 22 ¤¥ª ¡àï 2011 £.



��� 517.95������ Ǒ����������������������� ������ ������������� ��������������Ǒ�������������� ���������∗)�. �. �£®à®¢, �. �. �ä¨¬®¢ Ǒ à ¡®«¨ç¥áª¨¬ ãà ¢­¥­¨ï¬ á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥-­¨ ¯®á¢ïé¥­  ®¡è¨à­ ï «¨â¥à âãà  [1{8℄. �¥â®¤ � «�¥àª¨­  ¤«ï ­¥áâ -æ¨®­ à­ëå ãà ¢­¥­¨© ¨§ãç «áï ¢® ¬­®£¨å à ¡®â å [9℄, ¢ ç áâ­®áâ¨,ãáâ ­®¢«¥­ë ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¬¥â®¤  � «�¥àª¨­  ¤«ï ­¥áâ æ¨®­ à-­ëå ãà ¢­¥­¨© [10℄.� ­­ ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«�¥­¨¥¬ áâ âì¨  ¢â®à®¢ [7℄. �«ï¯à¨¡«¨�¥­­ëå à¥è¥­¨©, ¯®áâà®¥­­ëå ¢ [7℄, ãáâ ­®¢«¥­  ®æ¥­ª  ¯®-£à¥è­®áâ¨ áâ æ¨®­ à­®£® ¬¥â®¤  � «�¥àª¨­  ¤«ï ®¤­®£® ¢ëà®�¤ îé¥-£®áï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª .Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ R
n á £« ¤ª®© £à ­¨æ¥© S, 
t =
 × {t} ¤«ï 0 6 t 6 T , ST = S × (0, T ). � æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨

Q = 
× (0, T ) à áá¬®âà¨¬ ãà ¢­¥­¨¥ ¯ à ¡®«¨ç¥áª®£® â¨¯ 
Lu ≡ k(x, t)ut −△u+ c(x, t)u = f(x, t). (1)�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1) ¤®áâ â®ç­® £« ¤-ª¨¥ ¢ Q, ¨ ¢¢¥¤¥¬ ¬­®�¥áâ¢ 

S±0 = {(x, 0) : k(x, 0) ≷ 0, x ∈ 
}, S±
T = {(x, T ) : k(x, T ) ≷ 0, x ∈ 
}.

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï ¨­ ãª¨ �®áá¨©áª®© �¥¤¥à æ¨¨ (ª®¤ ¯à®¥ªâ  ü 02.740.11.0609).
© 2012 �£®à®¢ �. �., �ä¨¬®¢  �. �.



28 �£®à®¢ �. �., �ä¨¬®¢  �. �.�à ¥¢ ï § ¤ ç . � ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨ Q â -ª®¥, çâ®
u|ST

= 0, u|
S
+0 = 0, u|

S
−

T

= 0. (2)� à ¡®â¥ [7℄ ¤®ª § ­ �¥®à¥¬  1. Ǒãáâì
c− 12kt > 0, c+ 12kt > δ > 0, f ∈ W 0,12 (Q)¨ ¨¬¥¥â ¬¥áâ® ®¤¨­ ¨§ á«¥¤ãîé¨å á«ãç ¥¢:

k(x, 0) > 0, k(x, T ) 6 0, f(x, 0) = 0, f(x, T ) = 0¨«¨ k(x, 0) > 0, k(x, T ) > 0, f(x, 0) = 0,¨«¨ k(x, 0) 6 0, k(x, T ) > 0,¨«¨ k(x, 0) 6 0, k(x, T ) 6 0, f(x, T ) = 0.�®£¤  ªà ¥¢ ï § ¤ ç  (1), (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u(x, t)¨§ W 2,12 (Q) ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 
‖u‖2,1 6 C1(‖f‖+ ‖ft‖), C1 > 0.� ¬¥â¨¬, çâ® à¥è¥­¨¥ u(x, t) ªà ¥¢®© § ¤ ç¨ (1), (2), £ à ­â¨à®-¢ ­­®¥ â¥®à¥¬®© 1, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ut ∈

◦
W

1,02 (Q) [7℄.� ¯®¬®éìî â¥®à¥¬ë 1 ­¨�¥ ¤®ª �¥¬ â¥®à¥¬ã ® ¯®¢ëè¥­¨¨ £« ¤-ª®áâ¨, ª®â®à ï ¯®§¢®«ï¥â ¯®«ãç¨âì ®æ¥­ªã ¯®£à¥è­®áâ¨ áâ æ¨®­ à­®£®¬¥â®¤  � «�¥àª¨­ . �«ï íâ®£® à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî ªà ¥¢ãî§ ¤ çã:
L̃v ≡ kvt −�v + (c+ kt)v = g(x, t), (x, t) ∈ Q, (3)

v|ST
= 0, v|

S
+0 = 0, v|

S
−

T

= 0. (4)�¥à¥§ Ŵ 1,12 (Q) ®¡®§­ ç¨¬ ¯®¤¯à®áâà ­áâ¢® W 1,12 (Q), ¢ë¤¥«¥­­®¥ªà ¥¢ë¬¨ ãá«®¢¨ï¬
η̈|ST

= 0, η|
S

−0 = 0, η|
S
+
T

= 0.



�æ¥­ª  ¯®£à¥è­®áâ¨ 29�¯à¥¤¥«¥­¨¥ 1. �ã­ªæ¨ï v(x, t) ¨§ ◦
W

1,02 (Q) ­ §ë¢ ¥âáï ®¡®¡-é¥­­ë¬ à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (3), (4), ¥á«¨ ¢ë¯®«­¥­® â®�¤¥áâ¢®
∫

Q

[
− kvηt + n∑

i=1 vxi
ηxi

+ cvη

]
dQ = (g, η) ∀η ∈ Ŵ 1,12 (Q),£¤¥ g(x, t) ∈ L2(Q).�¥®à¥¬  2. Ǒãáâì c(x, t) > c0 > 0, (x, t) ∈ Q, ¨ ¨¬¥¥â ¬¥áâ® ®¤¨­¨§ á«¥¤ãîé¨å á«ãç ¥¢: k(x, t) > 0, (x, t) ∈ Q, ¨«¨ k(x, t) 6 0, (x, t) ∈ Q.�®£¤  ªà ¥¢ ï § ¤ ç  (3), (4) ¬®�¥â ¨¬¥âì ­¥ ¡®«¥¥ ®¤­®£® ®¡®¡-é¥­­®£® à¥è¥­¨ï ¨§ ◦

W
1,02 (Q).�®ª § â¥«ìáâ¢®. �­ ç «  à áá¬®âà¨¬ á«ãç © k(x, t) > 0. � ¨­-â¥£à «ì­®¬ â®�¤¥áâ¢¥ ¨§ ®¯à¥¤¥«¥­¨ï 1 ¯®«®�¨¬ g ≡ 0 ¨

η(x, t) = T∫

t

e−2λτv(x, τ) dτ ∈ Ŵ 1,12 (Q).�­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬0 = ∫
Q


ke−2λtv2 + λe2λt

n∑

i=1 T∫

t

e−2λτvxi
dτ




2
+(λc+ 12ct)e2λt




T∫

t

e−2λτv dτ




2
 dQ+ 12 ∫
0  n∑

i=1 T∫0 e−2λτvxi
dτ




2 + c




T∫0 e−2λτv dτ




2
 dx.�âáî¤ , ¢ë¡¨à ï ¯®«®�¨â¥«ì­®¥ λ â ª, çâ® λc+ 12ct > δ0 > 0, ¯®«ãç¨¬

T∫
t

e−2λτv dτ = 0 ¢ Q. �¥¬ á ¬ë¬ v(x, t) = 0 ¤«ï ¯®çâ¨ ¢á¥å (x, t) ∈ Q.�«ãç © k(x, t) 6 0 à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®, ¥á«¨ ¯®«®�¨âì
η(x, t) = t∫0 e2λτv dτ ∈ Ŵ 1,12 (Q)



30 �£®à®¢ �. �., �ä¨¬®¢  �. �.¨ ¢ë¡à âì λ > 0 â ª®¥, çâ® λc− 12ct > δ1 > 0. �¥®à¥¬  2 ¤®ª § ­ .�¥®à¥¬  3. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï f ∈ W 0,22 (Q),
c > c0 > 0, c− 12kt > 0, c+ 12kt > δ > 0, c+ 32kt > δ > 0¨ ¨¬¥¥â ¬¥áâ® ®¤¨­ ¨§ á«¥¤ãîé¨å á«ãç ¥¢:
k(x, t) > 0, k(x, 0) > 0, k(x, T ) > 0, f |t=0 = ft|t=0 = 0¨«¨ k(x, t) 6 0, k(x, 0) < 0, k(x, T ) < 0, f |t=T = ft|t=T = 0.�®£¤  ¤«ï à¥è¥­¨ï u(x, t) ∈ W 2,12 (Q) ªà ¥¢®© § ¤ ç¨ (1), (2) ¨¬¥¥â¬¥áâ®

ut ∈W 2,12 (Q), utt ∈
◦
W

1,02 (Q).�®ª § â¥«ìáâ¢®. �­ ç «  à áá¬®âà¨¬ á«ãç ©
k(x, t) > 0, k(x, 0) > 0, k(x, T ) > 0.� á¨«ã â¥®à¥¬ë 1 ªà ¥¢ ï § ¤ ç  (1), (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

u(x, t) ∈ W 2,12 (Q). � ãà ¢­¥­¨¨ (3) ¯®«®�¨¬ g(x, t) = ft(x, t)− ctu(x, t).�®£¤  äã­ªæ¨ï ut(x, t) ï¢«ï¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨(3), (4).� ¬¥â¨¬, çâ® ªà ¥¢ ï § ¤ ç  (3), (4) ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨-ï¬ â¥®à¥¬ë 1, á«¥¤®¢ â¥«ì­®, ®­  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ v ∈
W 2,12 (Q). � á¨«ã â¥®à¥¬ë 2 ¯®«ãç ¥¬, çâ® ut = v, â. ¥.

ut ∈W 2,12 (Q), utt ∈
◦
W

1,02 (Q).�â®à®© á«ãç © à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®. �¥®à¥¬  3 ¤®ª § ­ .� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥-¬ë 3. �«¥¤ãï [7℄, ¯à¨ k(x, t) > 0, k(x, 0) > 0, k(x, T ) > 0 ¢ ª ç¥áâ¢¥¡ §¨á­ëå ¡¥à¥¬ äã­ªæ¨¨ ϕk(x, t), ª®â®àë¥ ï¢«ïîâáï à¥è¥­¨¥¬ á¯¥ª-âà «ì­®© § ¤ ç¨
−ϕktt −�ϕk = λϕk, (x, t) ∈ Q, (5)

ϕk|ST
= 0, ϕk|t=0 = 0, ϕkt|t=T = 0. (6)



�æ¥­ª  ¯®£à¥è­®áâ¨ 31Ǒà¨ íâ®¬ äã­ªæ¨¨ ϕk(x, t) ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ L2(Q),  á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¥ ç¨á«  â ª®¢ë, çâ® 0 < λ1 6 λ2 6 . . . ¨
λk → +∞ ¯à¨ k → ∞.�® ¢â®à®¬ á«ãç ¥ ªà ¥¢ë¥ ãá«®¢¨ï (6) ¨¬¥îâ ¢¨¤

ϕk|ST
= 0, ϕkt|t=0 = 0, ϕk|t=T = 0.Ǒà¨¡«¨�¥­­ë¥ à¥è¥­¨ï uN(x, t) ªà ¥¢®© § ¤ ç¨ (1), (2) ¡ã¤¥¬ ¨á-ª âì ¢ ¢¨¤¥
uN (x, t) = N∑

k=1 cNk ϕk(x, t),¢ ª®â®à®¬ cNk ®¯à¥¤¥«ïîâáï á¨áâ¥¬®© «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-­¥­¨© (LuN , ϕl) = (f, ϕl), l = 1, N. (7)�¥®à¥¬  4. Ǒãáâì ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 3. �®£¤  á¯à -¢¥¤«¨¢  ®æ¥­ª 
‖u− uN‖1,0 6 C2(‖f‖+ ‖ft‖+ ‖ftt‖)λ−1/2

N+1 , C2 > 0, (8)£¤¥ u(x, t) | â®ç­®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1), (2).�®ª § â¥«ìáâ¢®. �­ ç «  à áá¬®âà¨¬ á«ãç ©
k(x, t) > 0, k(x, 0) > 0, k(x, T ) > 0.Ǒãáâì u(x, t) | â®ç­®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1), (2), £ à ­â¨à®¢ ­-­®¥ â¥®à¥¬®© 3. � ¬¥â¨¬, çâ® äã­ªæ¨ï u(x, t) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ àï¤ �ãàì¥:

u(x, t) = ∞∑

k=1 ckϕk(x, t),ª®â®àë© á¨«ì­® áå®¤¨âáï ¢W 12 (Q) ¨ L2(Q). Ǒà¨ íâ®¬ ∞∑
k=1 ckλkϕk á¨«ì­®áå®¤¨âáï ¢ L2(Q) ¨ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® Ǒ àá¥¢ «ï

∞∑

k=1 c2kλ2k = ‖utt +�u‖2 <∞. (9)



32 �£®à®¢ �. �., �ä¨¬®¢  �. �.� á¨«ã à ¢¥­áâ¢  (9) ¨ â¥®à¥¬ 1, 3 ¢¥à­  ®æ¥­ª 
∞∑

l=1 c2l λ2l 6 C3[‖f‖2 + ‖ft‖2 + ‖ftt‖2℄, C3 > 0. (10)� ¤àã£®© áâ®à®­ë, ¤«ï äã­ªæ¨¨ u(x, t) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï(Lu, ϕl) = (f, ϕl), l = 1, 2, . . . . (11)Ǒãáâì HN | «¨­¥©­ ï ®¡®«®çª  í«¥¬¥­â®¢ ϕ1, . . . , ϕN ,   PN |¯à®¥ªâ®à ¢ L2(Q) ­  HN . � á¨«ã (7), (11) ¨¬¥¥¬(LuN , η) = (f, η), (Lu, η) = (f, η) ∀η ∈ HN .�âáî¤  ¯à¨ η = v − uN , v ∈ HN ¯®«ãç ¥¬(L(u− uN ), v − uN) = 0,¨«¨ (L(u− uN), u− uN ) = (L(u− uN), u − v). (12)� á¨«ã «¥¬¬ë 1 ¢ [7℄ ¨§ (12) á«¥¤ã¥â, çâ®
‖u− uN‖21,0 6 C4(‖f‖+ ‖ft‖)‖u− v‖, C4 > 0, (13)¤«ï ¢á¥å v ∈ HN . �¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
‖u− PNu‖2 = ∞∑

k=N+1 c2k 6 λ−2
N+1 ∞∑

k=N+1 c2kλ2k. (14)Ǒ®« £ ï ¢ ­¥à ¢¥­áâ¢¥ (13) v = PNu ¨ ãç¨âë¢ ï (10) ¨ (14), ¯®«ã-ç ¥¬ ®æ¥­ªã ¯®£à¥è­®áâ¨ áâ æ¨®­ à­®£® ¬¥â®¤  � «�¥àª¨­  (8). �â®à®©á«ãç © à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®. �¥®à¥¬  4 ¤®ª § ­ .� ¬¥ç ­¨¥. �â¬¥â¨¬, çâ® â¥®à¥¬  4 á¯à ¢¥¤«¨¢ , ¥á«¨ ¢ ãà ¢­¥-­¨¨ (1) ®¯¥à â®à � ¯« á  § ¬¥­¨âì «¨­¥©­ë¬ í««¨¯â¨ç¥áª¨¬ ®¯¥à -â®à®¬ ¢â®à®£® ¯®àï¤ª  ¡®«¥¥ ®¡é¥£® ¢¨¤  [9℄. Ǒà¨ íâ®¬ ª®íää¨æ¨¥­â
c > 0 ­¥®¡å®¤¨¬® ¢ë¡à âì ¤®áâ â®ç­® ¡®«ìè¨¬.



�æ¥­ª  ¯®£à¥è­®áâ¨ 33����������1. �¨ª¥à  �.� ¥¤¨­®© â¥®à¨¨ ªà ¥¢ëå § ¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢-­¥­¨© // � â¥¬ â¨ª . 1963. �. 7. ü 6. �. 99{121.2. �«¥©­¨ª �. �., � ¤ª¥¢¨ç �. �. �à ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  á ­¥®âà¨æ â¥«ì­®©å à ªâ¥à¨áâ¨ç¥áª®© ä®à¬®© // � â¥¬ â¨ç¥áª¨©  ­ «¨§. �.: ������, 1971.�. 7{252. (�â®£¨ ­ ãª¨).3. �¥àá¥­®¢ �. �. Ǒ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥-¬¥­¨. �®¢®á¨¡¨àáª: � ãª , 1985.4. �£®à®¢ �. �., �¥¤®à®¢ �. �. �¥ª« áá¨ç¥áª¨¥ ãà ¢­¥­¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨-ª¨ ¢ëá®ª®£® ¯®àï¤ª . �®¢®á¨¡¨àáª: �§¤-¢® �� �� ���, 1995.5. �£®à®¢ �. �., �â¥¯ ­®¢  Ǒ. �. � ¬¥â®¤¥ � «�¥àª¨­  ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨-ç¥áª¨å ãà ¢­¥­¨© // � â. § ¬¥âª¨ ���. 2008. �. 15, ¢ë¯. 2. �. 19{26.6. �£®à®¢ �. �. Ǒà¨¬¥­¥­¨¥ ¬¥â®¤  � «�¥àª¨­  ª âà¥âì¥© ªà ¥¢®© § ¤ ç¥ ¤«ïí««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï // � â. § ¬¥âª¨ ���. 2009. �. 16,¢ë¯. 1. �. 22{27.7. �£®à®¢ �. �., �ä¨¬®¢  �. �. �â æ¨®­ à­ë© ¬¥â®¤ � «�¥àª¨­  ¤«ï ¯ à ¡®«¨ç¥-áª®£® ãà ¢­¥­¨ï á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ // � â. § ¬¥âª¨ ���.2011. �. 18, ¢ë¯. 2. �. 41{46.8. � åãè¥¢ �. �. � ¤ ç¨ á® á¬¥é¥­¨¥¬ ¤«ï ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå.�.: � ãª , 2006.9. � ¤ë�¥­áª ï �. �. �à ¥¢ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1973.10. �¨­®£à ¤®¢  Ǒ. �., � àã¡¨­ �. �. �æ¥­ª  ¯®£à¥è­®áâ¨ ¬¥â®¤  � «�¥àª¨­  ¤«ï­¥áâ æ¨®­ à­ëå ãà ¢­¥­¨© // �ãà­. ¢ëç¨á«¨â. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨.2009. �. 49, ü 9. �. 1643{1651.£. �ªãâáª 27 ï­¢ àï 2012 £.



��� 517.946������� ������ � ��������������������� Ǒ� ����������Ǒ������������ ������Ǒ����������������������∗)�. �. �ãª¨­ �áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨ ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç ¤«ï ¯ -à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¯à¨¢«¥ª ¥â ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï ¢­¨¬ ­¨¥ ¬­®-£¨å  ¢â®à®¢ (á¬. [1{6℄). �à ¥¢ë¥ § ¤ ç¨ á ­¥«®ª «ì­ë¬¨ ãá«®¢¨ï¬¨­ ¨¡®«¥¥ ®¡é¥£® ¢¨¤  u(x, 0) = Bu+ u0(x), £¤¥ B | ­¥ª®â®àë© «¨­¥©-­ë© ®¯¥à â®à, ¨áá«¥¤®¢ ­ë �. �. �®� ­®¢ë¬ [7℄ ¤«ï «¨­¥©­ëå ¯ à ¡®-«¨ç¥áª¨å ãà ¢­¥­¨©, �. �. �¢ à®¢®© [8℄ ¤«ï í¢®«îæ¨®­­ëå ãà ¢­¥­¨©.� ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ã¥âáï ªà ¥¢ ï § ¤ ç  ¤«ï ã«ìâà ¯ à ¡®«¨-ç¥áª¨å ãà ¢­¥­¨© á ­¥«®ª «ì­ë¬¨ ãá«®¢¨ï¬¨ ¯® ®¤­®© ¨§ ¢à¥¬¥­­�ëå¯¥à¥¬¥­­ëå. � ­¥¥ â ª¨¥ § ¤ ç¨ ­¥ à áá¬ âà¨¢ «¨áì.Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  R
n á £à ­¨æ¥© �,

Q = 
 × (0, T1) × (0, T2), 0 < T1 < +∞, 0 < T2 < +∞, G = 
 × (0, T2),
S = ∂
 × (0, T1) × (0, T2). � «¥¥, ¯ãáâì c(x, t, τ), f(x, t, τ) | § ¤ ­­ë¥äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ x ∈ 
, t ∈ [0, T1℄, τ ∈ [0, T2℄, � | ®¯¥à â®à� ¯« á  ¯® ¯¥à¥¬¥­­ë¬ x1, . . . , xn, B | «¨­¥©­ë© ®¯¥à â®à, áâ ¢ïé¨©¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨¨ v(x, t, τ) äã­ªæ¨î (Bv)(x, τ), â®ç­ë¥ ãá«®¢¨ï­  ª®â®àë© ãª § ­ë ­¨�¥.

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï ¨­ ãª¨ �®áá¨©áª®© �¥¤¥à æ¨¨ (ª®¤ ¯à®¥ªâ  ü 02.740.11.0609).
© 2012 �ãª¨­  �. �.



�à ¥¢ ï § ¤ ç  35�à ¥¢ ï § ¤ ç . � ©â¨ äã­ªæ¨î u(x, t, τ), ï¢«ïîéãîáï ¢ Qà¥è¥­¨¥¬ ãà ¢­¥­¨ï
ut + uτ −�u + c(x, t, τ)u = f(x, t, τ) (1)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï

u(x, 0, τ) = Bu+ u0(x, τ), x ∈ 
, τ ∈ (0, T2), (2)
u(x, t, 0) = 0, x ∈ 
, t ∈ (0, T1), (3)

u(x, t, τ)|S = 0, t ∈ (0, T1), τ ∈ (0, T2). (4)�¡®§­ ç¨¬ ¤«ï ªà âª®áâ¨
V0 =W 2,1,12,x,t,τ (Q), V1 =W 2,1,22,x,t,τ (Q);­®à¬ë ¢ ¯à®áâà ­áâ¢ å V0, V1 | áâ ­¤ àâ­ë¥ ­®à¬ë ¢  ­¨§®âà®¯­®¬á®¡®«¥¢áª®¬ ¯à®áâà ­áâ¢¥.�¥®à¥¬ . Ǒãáâì

c(x, t, τ) ∈ C1(Q), c(x, t, τ) > c0 > 0 ¯à¨ (x, t, τ) ∈ 
× [0, T1℄× [0, T2℄,(5)¨ ¯ãáâì ®¯¥à â®à B ¨¬¥¥â ¢¨¤ Bu = B1u+B2u, £¤¥ B1, B2 | «¨­¥©­ë¥®¯¥à â®àë, ®¯à¥¤¥«¥­­ë¥ ­  ¯à®áâà ­áâ¢¥ V0, ¤«ï ª®â®àëå ¢ë¯®«­ï-îâáï ãá«®¢¨ï:
‖B1u‖2L2(G) 6 b1‖u‖2L∞(0,T1;L2(G)); (6)

‖B2u‖2L2(G) 6 b2 n∑

i=1 ‖uxi
‖2L2(0,T1;L2(G)) + b3‖u‖2L2(0,T1;L2(G)); (7)

∂

∂xi
(Bu) = B1uxi

+B2uxi
+ B3,iu,

‖B3,iu‖2L2(G) 6 b0(‖u‖2L∞(0,T1;L2(G)) + ‖u‖2L2(Q)); (8)
∂

∂τ
(Bu) = B1uτ +B2uτ +B3u,

‖B3u‖2L2(G) 6 b0(‖u‖2L∞(0,T1;L2(G)) + ‖u‖2L2(Q)); (9)
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Bv = 0 ¯à¨ x ∈ �, τ ∈ (0, T2) ¤«ï «î¡®© äã­ªæ¨¨ v(x, t, τ) ∈ V0 â ª®©,çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (4),

∂

∂τ
(Bv) = 0 ¯à¨ x ∈ 
, τ = T2 ¤«ï «î¡®© v(x, t, τ) ∈ V0,
Bv = 0 ¯à¨ x ∈ 
, τ = 0 ¤«ï «î¡®© v(x, t, τ) ∈ V0; (10)2b1 < 1, b2 < 1, b3 < c0; (11)

f(x, t, τ) ∈ L2(Q), fτ (x, t, τ) ∈ L2(Q); (12)
u0(x, τ) ∈ W 12 (G), u0(x, 0) = 0, u0τ (x, T2) = 0 ¯à¨ x ∈ 
,

u0(x, τ) = 0 ¯à¨ x ∈ �, τ ∈ (0, T2). (13)�®£¤  ªà ¥¢ ï § ¤ ç  (1){(4) ¨¬¥¥â à¥è¥­¨¥ u(x, t, τ), ¯à¨­ ¤«¥-� é¥¥ ¯à®áâà ­áâ¢ã V0.�®ª § â¥«ìáâ¢®. � §à¥è¨¬®áâì à áá¬ âà¨¢ ¥¬®© ªà ¥¢®© § ¤ -ç¨ ¤«ï ãà ¢­¥­¨ï (1) ¤®ª �¥¬, ¨á¯®«ì§ãï ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨.Ǒãáâì ε|ä¨ªá¨à®¢ ­­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®. � áá¬®âà¨¬ ªà -¥¢ãî § ¤ çã á ¯ à ¬¥âà®¬ ε: ­ ©â¨ äã­ªæ¨î u(x, t, τ), ï¢«ïîéãîáï¢ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï
−εuττ + ut + uτ −�u+ c(x, t, τ)u = f(x, t, τ) (14ε)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2){(4) ¨ ãá«®¢¨¥

uτ (x, t, T2) = 0, x ∈ 
, t ∈ (0, T1). (15)� §à¥è¨¬®áâì § ¤ ç¨ (14ε), (2){(4), (15) ¯à¨ ä¨ªá¨à®¢ ­­®¬ ε ¢¯à®áâà ­áâ¢¥ V1 ¨§¢¥áâ­  [7℄. �«ï ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯à¨ ε → 0­¥®¡å®¤¨¬® ¯®«ãç¨âì à ¢­®¬¥à­ë¥ ¯® ε  ¯à¨®à­ë¥ ®æ¥­ª¨. Ǒ®ª �¥¬¨å ­ «¨ç¨¥. �­¤¥ªá ε ã à¥è¥­¨© § ¤ ç¨ (14ε), (2){(4), (15) ¢à¥¬¥­­®®¯ãáâ¨¬.� áá¬®âà¨¬ à ¢¥­áâ¢®
t∫0 ∫G [−εuττ+uξ+uτ−�u+c(x, ξ, τ)u℄u dxdτdξ = t∫0 ∫G f(x, ξ, τ)u dxdτdξ,



�à ¥¢ ï § ¤ ç  37®âªã¤ , ¨­â¥£à¨àãï ¯® ç áâï¬, ¨á¯®«ì§ãï ãª § ­­ë¥ ¢ëè¥ £à ­¨ç­ë¥¨ ­ ç «ì­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ u(x, t, τ) ¨ ãá«®¢¨¥ (5), ¯à¨¬¥­ïï­¥à ¢¥­áâ¢® �­£ ,   â ª�¥ ãç¨âë¢ ï ¢¨¤ ®¯¥à â®à  B, ¯à¨å®¤¨¬ ª­¥à ¢¥­áâ¢ã12 ∫
G

u2(x, t, τ) dxdτ + ε

t∫0 ∫

G

u2τ dxdτdξ + n∑

i=1 t∫0 ∫G u2xi
dxdτdξ+ c0 t∫0 ∫

G

u2 dxdτdξ + 12 t∫0 ∫
 u2(x, ξ, T2) dxdξ
6
(1+δ21)[ ∫

G

(B1u)2 dxdτ+∫
G

(B2u)2 dxdτ]+ 12(1+ 1
δ21)∫

G

u20(x, τ) dxdτ+ δ222 t∫0 ∫G u2 dxdτdξ + 12δ22 t∫0 ∫G f2 dxdτdξ,¢ ª®â®à®¬ δ1, δ2 | ¯à®¨§¢®«ì­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« .�ç¨âë¢ ï ãá«®¢¨ï (6), (7), ¯®«ãç ¥¬12 ∫
G

u2(x, t, τ) dxdτ + ε

t∫0 ∫

G

u2τ dxdτdξ + n∑

i=1 t∫0 ∫G u2xi
dxdτdξ+ c0 t∫0 ∫

G

u2 dxdτdξ + 12 t∫0 ∫
 u2(x, ξ, T2) dxdξ
6
(1 + δ21)[b1vraimax06t6T1 ∫

G

u2(x, t, τ) dxdτ + b2 n∑

i=1 ∫Q u2xi
dxdtdτ+ b3 ∫

Q

u2 dxdtdτ] + 12(1 + 1
δ21)∫

G

u20(x, τ) dxdτ+ δ222 t∫0 ∫G u2 dxdτdξ + 12δ22 t∫0 ∫G f2 dxdτdξ.



38 �ãª¨­  �. �.Ǒ®áª®«ìªã t ¯à®¨§¢®«ì­®, ¨§ ¯à¥¤ë¤ãé¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â
[12 −

(1 + δ21)b1]vraimax06t6T1 ∫
G

u2(x, t, τ) dxdτ + ε

∫

Q

u2τ dxdtdτ+ (1− b2) n∑

i=1 ∫Q u2xi
dxdtdτ +(c0 − b3 − δ222 )∫

Q

u2 dxdtdτ+12 T1∫0 ∫
 u2(x, t, T2) dxdt 6
12(1+ 1

δ21)∫
G

u20(x, τ) dxdτ+ 12δ22 ∫
Q

f2 dxdtdτ.�¨ªá¨àãï ç¨á«  δ1 = ( 14b1 − 12) 12 , δ2 = (
c0−b32 ) 12 , ­¥âàã¤­® ¯®«ãç¨âì®æ¥­ªãvrai max06t6T1 ∫

G

u2(x, t, τ) dxdτ + ε

∫

Q

u2τ dxdtdτ+ n∑

i=1 ∫Q u2xi
dxdtdτ + ∫

Q

u2 dxdtdτ 6 M1 (16)á ¯®áâ®ï­­®© M1, ®¯à¥¤¥«ï¥¬®© «¨èì äã­ªæ¨ï¬¨ c(x, t, τ), f(x, t, τ),
u0(x, τ),   â ª�¥ ç¨á« ¬¨ b1, b2, b3.�  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ à ¢¥­áâ¢®

−
t∫0 ∫G [−εuττ + uξ + uτ −�u + c(x, ξ, τ)u℄(�u + uττ ) dxdτdξ= −

t∫0 ∫

G

f(�u+ uττ ) dxdτdξ,ª®â®à®¥ ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ç áâï¬ ¬®�­® ¯à¥®¡à §®¢ âì ª ¢¨¤ã12 n∑

i=1 ∫G u2xi
(x, t, τ) dxdτ − 12 n∑

i=1 ∫G u2xi
(x, 0, τ) dxdτ+ 12 n∑

i=1 t∫0 ∫
 u2xi
(x, ξ, T2) dxdξ + (ε+ 1) n∑

i=1 t∫0 ∫G u2xiτ dxdτdξ



�à ¥¢ ï § ¤ ç  39+ t∫0 ∫G (�u)2 dxdτdξ + 12 ∫
G

u2τ (x, t, τ) dxdτ − 12 ∫
G

u2τ (x, 0, τ) dxdτ+ 12 t∫0 ∫
 u2τ (x, ξ, 0) dxdξ + ε

t∫0 ∫G u2ττ dxdτdξ + t∫0 ∫G c(x, ξ, τ)u2τ dxdτdξ= t∫0 ∫

G

c(x, ξ, τ)u�u dxdτdξ − t∫0 ∫

G

cτ (x, ξ, τ)uuτ dxdτdξ

−
t∫0 ∫G f�u dxdτdξ+ t∫0 ∫

G

fτuτ dxdτdξ+ t∫0 ∫
 f(x, ξ, 0)uτ (x, ξ, 0) dxdξ.�á¯®«ì§ãï ãá«®¢¨ï (5){(9), ­¥à ¢¥­áâ¢® �­£ , ¨ ®æ¥­ªã (16),   â ª�¥ãç¨âë¢ ï ¢¨¤ ®¯¥à â®à  B, ¯®«ãç ¥¬12 n∑

i=1 ∫G u2xi
(x, t, τ) dxdτ + 12 n∑

i=1 t∫0 ∫
 u2xi
(x, ξ, T2) dxdξ+ (ε+1) n∑

i=1 t∫0 ∫G u2xiτ dxdτdξ + t∫0 ∫G (�u)2 dxdτdξ + 12 ∫
G

u2τ (x, t, τ) dxdτ+ 12 t∫0 ∫
 u2τ (x, ξ, 0) dxdξ + ε

t∫0 ∫G u2ττ dxdτdξ + c0 t∫0 ∫

G

u2τ dxdτdξ
6

(1 + δ232 ) n∑

i=1 ∫G [(B1uxi
)2 + (B2uxi

)2 + F1℄ dxdτ+(1 + δ242 )∫
G

[(B1uτ )2 + (B2uτ )2 + F2℄ dxdτ + δ252 t∫0 ∫G (�u)2 dxdtdτ+ M12δ25 maxQ
[c2(x, t, τ)℄ + δ252 t∫0 ∫

G

u2τ dxdτdξ + M12δ25 maxQ
[c2τ (x, t, τ)℄



40 �ãª¨­  �. �.+ δ262 t∫0 ∫G (�u)2 dxdτdξ + 12δ26 t∫0 ∫

G

f2 dxdτdξ + δ262 t∫0 ∫G u2τ dxdτdξ+ 12δ26 t∫0 ∫G f2τ dxdτdξ + δ272 t∫0 ∫
 u2τ (x, ξ, 0) dxdξ+ 12δ27 t∫0 ∫
 f2(x, ξ, 0) dxdξ,¢ ª®â®à®¬ δj , j = 3, 7, | ¯à®¨§¢®«ì­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« , F1, F2 |¢¥«¨ç¨­ë, ª®­¥ç­ë¥ ¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë ¨ ®æ¥­ª¨ (16). � ãç¥â®¬ãá«®¢¨© (6), (7) ¨¬¥¥¬12 n∑

i=1 ∫G u2xi
(x, t, τ) dxdτ + 12 n∑

i=1 t∫0 ∫
 u2xi
(x, ξ, T2) dxdξ+ (ε+1) n∑

i=1 t∫0 ∫G u2xiτ dxdτdξ + t∫0 ∫G (�u)2 dxdτdξ + 12 ∫
G

u2τ (x, t, τ) dxdτ+ 12 t∫0 ∫
 u2τ (x, ξ, 0) dxdξ + ε

t∫0 ∫G u2ττ dxdτdξ + c0 t∫0 ∫

G

u2τ dxdτdξ
6

(1 + δ232 )[b1vrai max06t6T1 n∑

i=1 ∫G u2xi
(x, t, τ) dxdτ + b2 ∫

Q

(�u)2 dxdtdτ+ b3 n∑

i=1 ∫Q u2xi
dxdtdτ

] +(1 + δ242 )[b1vrai max06t6T1 ∫
G

u2τ (x, t, τ) dxdτ+ b2 n∑

i=1 ∫Q u2xiτ dxdtdτ + b3 ∫
Q

u2τ dxdtdτ] + δ252 t∫0 ∫

G

(�u)2 dxdtdτ+ M12δ25 maxQ
[c2(x, t, τ)℄ + δ252 t∫0 ∫G u2τ dxdτdξ + M12δ25 maxQ

[
c2τ (x, t, τ)]



�à ¥¢ ï § ¤ ç  41+ δ262 t∫0 ∫G (�u)2 dxdτdξ + 12δ26 t∫0 ∫

G

f2 dxdτdξ + δ262 t∫0 ∫G u2τ dxdτdξ+ 12δ26 t∫0 ∫G f2τ dxdτdξ + δ272 t∫0 ∫
 u2τ (x, ξ, 0) dxdξ+ 12δ27 t∫0 ∫
 f2(x, ξ, 0) dxdξ.� á¨«ã ¯à®¨§¢®«ì­®áâ¨ t ¨§ ¯à¥¤ë¤ãé¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â
[12 −

(1 + δ232 )b1]vraimax06t6T1 n∑

i=1 ∫G u2xi
(x, t, τ) dxdτ+ 12 n∑

i=1 T1∫0 ∫
 u2xi
(x, t, T2) dxdt + [ε+ 1− (1 + δ242 )b2] n∑

i=1 ∫Q u2xiτ dxdtdτ+ [1− (1 + δ232 )b2 − δ252 − δ262 ] ∫
Q

(�u)2 dxdtdτ+ [12 −
(1 + δ242 )b1]vraimax06t6T1 ∫

G

u2τ (x, t, τ) dxdτ+ [12 − δ272 ] T1∫0 ∫
 u2τ (x, t, 0) dxdt+ ε

∫

Q

u2ττ dxdtdτ+ [c0 − (1 + δ242 )b3 − δ252 − δ262 ] ∫
Q

u2τ dxdtdτ 6
M12δ25 maxQ

[c2(x, t, τ)℄+ M12δ25 maxQ

[
c2τ (x, t, τ)] + 12δ26 ∫

Q

f2 dxdtdτ+ 12δ26 ∫
Q

f2τ dxdtdτ + 12δ27 T1∫0 ∫
 f2(x, t, 0) dxdt.



42 �ãª¨­  �. �.�âáî¤  ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ®æ¥­ª (ε+ 1) n∑

i=1 ∫Q u2xiτ dxdtdτ + ∫
Q

(�u)2 dxdtdτ + ε

∫

Q

u2ττ dxdtdτ 6 M2 (17)á ¯®áâ®ï­­®© M2, ®¯à¥¤¥«ï¥¬®© «¨èì äã­ªæ¨ï¬¨ c(x, t, τ), f(x, t, τ),
u0(x, τ),   â ª�¥ ç¨á« ¬¨ b1, b2, b3.Ǒ®á«¥¤­ïï ®æ¥­ª  ∫

Q

u2t dxdtdτ 6 M3 (18)¢ëâ¥ª ¥â ¨§ ¤®ª § ­­ëå ­¥à ¢¥­áâ¢ (16) ¨ (17).�ª®­ç â¥«ì­ ï ®æ¥­ª  ¨¬¥¥â ¢¨¤vrai max06t6T1 ∫
G

u2(x, t, τ) dxdτ + ε

∫

Q

u2τ dxdtdτ + n∑

i=1 ∫Q u2xi
dxdtdτ+ ∫

Q

u2 dxdtdτ + (ε+ 1) n∑

i=1 ∫Q u2xiτ dxdtdτ + ∫
Q

(�u)2 dxdtdτ+ ε

∫

Q

u2ττ dxdtdτ + ∫
Q

u2t dxdtdτ 6 M0. (19)�¯à¨®à­®© ®æ¥­ª¨ (19) ¢¯®«­¥ ¤®áâ â®ç­® ¤«ï ¯¥à¥å®¤  ¢ á¥¬¥©-áâ¢¥ à¥è¥­¨© § ¤ ç¨ (14ε), (2){(4), (15) ª ¯à¥¤¥«ã ¯à¨ ε→ 0. Ǒà¥¤¥«ì-­ ï äã­ªæ¨ï u(x, t, τ) ¡ã¤¥â à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (1){(4), ¯à¨­ ¤-«¥� é¨¬ ¯à®áâà ­áâ¢ã V0.�¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥ 1. Ǒà¨¬¥à ¬¨ ®¯¥à â®à®¢, ª ª®â®àë¬ ¯à¨¬¥­¨¬  ¤®-ª § ­­ ï â¥®à¥¬ , ï¢«ïîâáï
Bu = m∑

k=1αk(x, τ)u(x, tk , τ), Bu = T1∫0 b(x, t, τ)u(x, t, τ) dt,
Bu = T1∫0 (∫G b1(x, t, τ)u(x, t, τ) dxdτ) dt.



�à ¥¢ ï § ¤ ç  43�¤¥áì αk(x, τ), k = 1, . . . ,m, b(x, t, τ), b1(x, t, τ) | § ¤ ­­ë¥ ®£à ­¨-ç¥­­ë¥ äã­ªæ¨¨, ¨¬¥îé¨¥ ®£à ­¨ç¥­­ë¥ ¯à®¨§¢®¤­ë¥. �ë¯®«­¥­¨¥ãá«®¢¨© (6){(11) ¤«ï íâ¨å ®¯¥à â®à®¢ ®¡¥á¯¥ç¨¢ ¥âáï ãá«®¢¨ï¬¨ ¬ «®-áâ¨ ¤«ï äã­ªæ¨© αk(x, τ), k = 1, . . . ,m, b(x, t, τ), b1(x, t, τ).� ¬¥ç ­¨¥ 2. �­ «®£¨ç­® ¬®�­® ¨áá«¥¤®¢ âì à §à¥è¨¬®áâì ­¥«®-ª «ì­®© ªà ¥¢®© § ¤ ç¨ ¤«ï ã«ìâà ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© (1) áãá«®¢¨ï¬¨ (2), (3) ¨ á § ¬¥­®© ãá«®¢¨ï (4) ãá«®¢¨¥¬
∂u(x, t, τ)

∂ν
+ σ(x, t, τ)u(x, t, τ)∣∣∣∣

S

= 0, t ∈ (0, T1), τ ∈ (0, T2),¢â®à®© ¨«¨ âà¥âì¥© ªà ¥¢®© § ¤ ç¨.����������1. �¥à¥ä®¢ �. �. �¥«®ª «ì­ë¥ £à ­¨ç­ë¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©// �¨ää¥à¥­æ. ãà ¢­¥­¨ï. 1979. �. 5, ü 1. �. 74{78.2. Chabrowski J. On nonlo
al problems for paraboli
 equations // Nagoya Math. J.1984. V. 93. P. 109{131.3. Chabrowski J. On the nonlo
al problem with a fun
tional for paraboli
 equation //Funk
. Ekva
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§ 1. �¢¥¤¥­¨¥�ë à áá¬ âà¨¢ ¥¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë ¢¨¤ 

Lu = 1
g(x)L0u, x ∈ (a, b), (1.1)£¤¥ L0 | ®¡ëª­®¢¥­­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯®àï¤ª  2m, ª®-â®àë© ®¯à¥¤¥«¥­ ¤¨ää¥à¥­æ¨ «ì­ë¬ ¢ëà �¥­¨¥¬

L0u = m∑

i,j=0 di

dxi
aik

dju

dxj
, x ∈ (a, b), (1.2)¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

Bku = 2m−1∑

i=0 (αiku
(i)(a) + βiku

(i)(b)) = 0 (k = 1, 2, . . . , 2m),
Bku = 2m−1∑

i=0 αiku
(i)(a) = 0 (k = 1, 2, . . . ,m),

Bku = 2m−1∑

i=0 βiku
(i)(b) = 0 (k = 1, 2, . . . ,m), (1.3)

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012{2014 ££. (¯à®¥ªâ ü 4402) ¨ ��Ǒý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (�� ü 02.740.11.0609).
© 2012 � àª®¢ �. �.



�¥ª®â®àë¥ á¢®©áâ¢  ®¯¥à â®à®¢ �âãà¬  | �¨ã¢¨««ï 45�¤¥áì ¯¥à¢®¥ ãá«®¢¨¥ ¨á¯®«ì§ã¥âáï ¢ á«ãç ¥ ®£à ­¨ç¥­­®£® ¨­â¥à¢ « (a, b), ¢â®à®¥ | ¢ á«ãç ¥ b = +∞,   âà¥âì¥ | ¯à¨ a = −∞. �®§¬®�¥­á«ãç © (a, b) = R. �¥é¥áâ¢¥­­ ï äã­ªæ¨ï g(x) ¨§ (1.1), ¢®®¡é¥ £®¢®àï,¬¥­ï¥â §­ ª ­  ¨­â¥à¢ «¥ (a, b). �ã¤¥¬ à áá¬ âà¨¢ âì á«ãç ©, ª®£¤ ®¯¥à â®à L à ¢­®¬¥à­® J-¤¨áá¨¯ â¨¢¥­ ¢ ¯à®áâà ­áâ¢¥ �à¥©­  F0 =
L2,g(a, b), ¢ ª®â®à®¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ¨­¤¥ä¨­¨â­ ï ¬¥âà¨ª ®¯à¥¤¥«ïîâáï á ¯®¬®éìî à ¢¥­áâ¢(u, v)0 = b∫

a

|g(x)|u(x)v(x) dx, [u, v℄0 = b∫

a

g(x)u(x)v(x) dx.� ª¨¬ ®¡à §®¬, Re[−Lu, u℄0 > 0 ¤«ï ¢á¥å u ∈ D(L). �¯¥ªâà «ì­ë¥§ ¤ ç¨ �âãà¬  | �¨ã¢¨««ï á ­¥§­ ª®®¯à¥¤¥«¥­­®© ¢¥á®¢®© äã­ªæ¨-¥© g(x) (¨ í««¨¯â¨ç¥áª¨¥ § ¤ ç¨ íâ®£® ¢¨¤ ) ¡ë«¨ ¯à¥¤¬¥â®¬ ¬­®£¨å¨áá«¥¤®¢ ­¨©. �â¨ ¯à®¡«¥¬ë ¢®§­¨ª îâ ¢® ¬­®£¨å ®¡« áâïå ä¨§¨ª¨¨ ¯à¨ª« ¤­®© ¬ â¥¬ â¨ª¨. �®áâ â®ç­® ¯®«­ ï ¡¨¡«¨®£à ä¨ï ¬®�¥â¡ëâì ­ ©¤¥­  ¢ [1, 2℄.�àã£¨¥ ¢®¯à®áë, ¢®§­¨ª îé¨¥ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¤¨ää¥à¥­æ¨ «ì-­ëå ®¯¥à â®à®¢ ¢¨¤  (1.1) | ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¬ ªá¨¬ «ì­ëåá¥¬¨¤¥ä¨­¨â­ëå (â. ¥. ®¯à¥¤¥«¥­­®£® §­ ª ) ¨­¢ à¨ ­â­ëå ¯®¤¯à®-áâà ­áâ¢ ®¯¥à â®à  L ¢ ¯à®áâà ­áâ¢¥ �à¥©­  F0 ¨ ¢®¯à®á ¯®¤®¡¨ï ¤ ­-­®£® ®¯¥à â®à  ¢¨¤  (1.1) á ¬®á®¯àï�¥­­®¬ã ¨«¨ ­®à¬ «ì­®¬ã ®¯¥à -â®àã. �â¨ ¤¢  ¢®¯à®á  â¥á­® á¢ï§ ­ë,   ¢ á«ãç ¥ á ¬®á®¯àï�¥­­®£®®¯¥à â®à  L0 ¤ �¥ íª¢¨¢ «¥­â­ë [3, ¯à¥¤«®�¥­¨¥ 2.2℄. � á«ãç ¥, ª®-£¤  ®¯¥à â®à L0 á ¬®á®¯àï�¥­ ¢ L2(a, b) ¨ ®¯¥à â®à R : L2,g(a, b) →
L2,g(a, b), Ru = L−10 g(x)u, ¢¯®«­¥ ­¥¯à¥àë¢¥­, ¢®¯à®á ® áãé¥áâ¢®¢ -­¨¨ ¬ ªá¨¬ «ì­ëå á¥¬¨¤¥ä¨­¨â­ëå ¯®¤¯à®áâà ­áâ¢ ¢ ¯à®áâà ­áâ¢ å�à¥©­  â ª�¥ íª¢¨¢ «¥­â¥­ ¡ §¨á­®áâ¨ ¯® �¨ááã ¢ ¯à®áâà ­áâ¢¥ L2,g(a, b)á®¡áâ¢¥­­ëå äã­ªæ¨© á¯¥ªâà «ì­®© § ¤ ç¨ L0u = λg(x)u. �á®¡¥­­®âàã¤­ë¬¨ ï¢«ïîâáï á¨­£ã«ïà­ë¥ á«ãç ¨, ª®£¤  0 /∈ ρ(L).�®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¬ ªá¨¬ «ì­ëå ¨­¢ à¨ ­â­ëå ¯®¤¯à®áâà ­áâ¢¤«ï ®¯¥à â®à®¢, § ¤ ­­ëå ¢ ¯à®áâà ­áâ¢ å �à¥©­  ¨«¨ Ǒ®­âàï£¨­ ,­ ç « ¨áá«¥¤®¢ âì �. �. Ǒ®­âàï£¨­. �£® à¥§ã«ìâ âë ¢¯®á«¥¤áâ¢¨¨



46 � àª®¢ �. �.®¡®¡é «¨áì ¬­®£¨¬¨  ¢â®à ¬¨, ¢ ç áâ­®áâ¨, ¢ à ¡®â å �. �. �à¥©­ ,�. �. � ­£¥à , �. �. �§¨§®¢ , �. �. �ª «¨ª®¢  ¨ ¤à. �®�­® ®â¬¥â¨âìà ¡®âë [4, 5℄, á®¤¥à� é¨¥ ¤®áâ â®ç­® ¯®«­ãî ¡¨¡«¨®£à ä¨î ¨ àï¤ ¨­-â¥à¥á­ëå à¥§ã«ìâ â®¢. � á«ãç ¥ áãé¥áâ¢®¢ ­¨ï íâ¨å ¯®¤¯à®áâà ­áâ¢®¯¥à â®à ¤®¯ãáª ¥â à §«®�¥­¨¥ ­  áã¬¬ã ª®¬¬ãâ¨àãîé¨å ®¯¥à â®à®¢,®¯à¥¤¥«¥­­ëå ¢ á®®â¢¥âáâ¢ãîé¨å ¯®¤¯à®áâà ­áâ¢ å, ¯à¨ ®¯à¥¤¥«¥­-­ëå ãá«®¢¨ïå íâ¨ ®¯¥à â®àë á â®ç­®áâìî ¤® ã¬­®�¥­¨ï ­  −1 ï¢«ï-îâáï £¥­¥à â®à ¬¨  ­ «¨â¨ç¥áª¨å ¯®«ã£àã¯¯. Ǒ®á«¥¤­¨© ä ªâ ¯®§¢®-«ï¥â ¨áá«¥¤®¢ âì á ¬ë¥ à §­ë¥ ¢®¯à®áë, á¢ï§ ­­ë¥ á à §à¥è¨¬®áâìîãà ¢­¥­¨©, ¢ ª®â®àëå íâ®â ®¯¥à â®à ¢å®¤¨â.� ¡®â, ¯®á¢ïé¥­­ëå ¯à¨«®�¥­¨ï¬ à¥§ã«ìâ â®¢ ª â¥®à¨¨ ®¯¥à â®-à®¢ ¢¨¤  (1), ªà ©­¥ ¬ «® ¢ á¨«ã §­ ç¨â¥«ì­ëå âàã¤­®áâ¥©, ¢®§­¨ª î-é¨å ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¯®¤®¡­ëå § ¤ ç. �§ãç¥­ «¨èì àï¤ ¯à®áâ¥©è¨å®¯¥à â®à®¢ (á¬. [6{18℄) ¨ § ç áâãî ¢ á¨âã æ¨¨, ª®£¤  ®¯¥à â®à L0 á ¬®-á®¯àï�¥­ ¢ F0. � ¯®á«¥¤­¨¥ £®¤ë ¢®§­¨ª àï¤ ¨­â¥à¥á­ëå ¯à¨«®�¥­¨©,á¢ï§ ­­ëå á ¨áá«¥¤®¢ ­¨¥¬ ®¯¥à â®à®¢ �à¥¤¨­£¥à  á â®ç¥ç­ë¬¨ δ- ¨
δ′-¢§ ¨¬®¤¥©áâ¢¨ï¬¨. � á«ãç ¥ g(x) ≡ 1 (â. ¥. à áá¬ âà¨¢ ¥âáï §­ ª®-®¯à¥¤¥«¥­­ë© á«ãç ©) íâ®¬ã ¯®á¢ïé¥­ë, ­ ¯à¨¬¥à, à ¡®âë [19{23℄,  ¤«ï äã­ªæ¨¨ g, ¬¥­ïîé¥© §­ ª, | à ¡®âë [6{8℄. � ¯®á«¥¤­¥¬ á«ãç ¥®¡« áâì ®¯à¥¤¥«¥­¨ï L á®¤¥à�¨â, ¢®®¡é¥ £®¢®àï, à §àë¢­ë¥ äã­ªæ¨¨,ã¤®¢«¥â¢®àïîé¨¥ ®¯à¥¤¥«¥­­ë¬ ãá«®¢¨ï¬ áª«¥©ª¨ ¢ â®çª å ¢§ ¨¬®-¤¥©áâ¢¨ï.�®¯à®áë, à áá¬ âà¨¢ ¥¬ë¥ ¢ ¤ ­­®© à ¡®â¥, ¨áá«¥¤®¢ ­ë ç áâ¨ç-­® ¨ «¨èì ¢ á«ãç ¥ á ¬®á®¯àï�¥­­®£® ®¯¥à â®à  L0 ¢â®à®£® ¯®àï¤ª .Ǒà¨ ¤®ª § â¥«ìáâ¢¥ ®á­®¢­ëå â¥®à¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë¨§ [1, 2, 24℄.� § 2 á®¤¥à� âáï ®¯à¥¤¥«¥­¨ï ¨ ¢á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë. �«ïã¤®¡áâ¢  ç¨â â¥«ï ¢ § 3 ¯à¨¢®¤ïâáï ãá«®¢¨ï à¥£ã«ïà­®áâ¨ â®ç¥ª ¯®¢®-à®â  ¨§ [25{28℄. �« ¢­ë¥ à¥§ã«ìâ âë ¯à¥¤áâ ¢«¥­ë ¢ § 4. �®ª § ­®(â¥®à¥¬  4.1), çâ® ¯®çâ¨ ¢® ¢á¥å á«ãç ïå áãé¥áâ¢®¢ ­¨¥ ¬ ªá¨¬ «ì­ëå¨­¢ à¨ ­â­ëå ¯®¤¯à®áâà ­áâ¢ ­¥ § ¢¨á¨â ®â ¢¨¤  £à ­¨ç­ëå ãá«®¢¨©(1.3). Ǒ®çâ¨ ¢á¥ ®¡®§­ ç¥­¨ï áâ ­¤ àâ­ë (á¬. [29℄).
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§ 2. �¯à¥¤¥«¥­¨ï ¨ ¢á¯®¬®£ â¥«ì­ë¥à¥§ã«ìâ âë�¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® H , £¤¥ ­ àï¤ã á ®¡ëç­ë¬ áª «ïà­ë¬¯à®¨§¢¥¤¥­¨¥¬ (·, ·) § ¤ ­® â ª�¥ ¨­¤¥ä¨­¨â­®¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥-­¨¥ (¨­¤¥ä¨­¨â­ ï ¬¥âà¨ª ) [x, y℄ = (Jx, y), £¤¥ J = P+ − P− ¨ P± |®àâ®¯à®¥ªâ®àë ¢H , P++P− = I (á¬. [31℄), ­ §ë¢ ¥âáï ¯à®áâà ­áâ¢®¬�à¥©­ .Ǒ«®â­® ®¯à¥¤¥«¥­­ë© ®¯¥à â®à A : H → H ­ §®¢¥¬ ¤¨áá¨¯ -â¨¢­ë¬ (áâà®£® ¤¨áá¨¯ â¨¢­ë¬, à ¢­®¬¥à­® ¤¨áá¨¯ â¨¢­ë¬), ¥á«¨

−Re(Au, u) > 0 (−Re(Au, u) > 0, −Re(Au, u) > δ‖u‖2, δ > 0) ¤«ï ¢á¥å
u ∈ D(A), ¨ J-¤¨áá¨¯ â¨¢­ë¬ (áâà®£® J-¤¨áá¨¯ â¨¢­ë¬, à ¢­®¬¥à­®
J-¤¨áá¨¯ â¨¢­ë¬), ¥á«¨ ®¯¥à â®à JA ¤¨áá¨¯ â¨¢¥­ (áâà®£® ¤¨áá¨¯ â¨-¢¥­, à ¢­®¬¥à­® ¤¨áá¨¯ â¨¢¥­). �¯¥à â®à A : H → H ­ §®¢¥¬ ¬ ªá¨-¬ «ì­ë¬ ¤¨áá¨¯ â¨¢­ë¬ (¬ ªá¨¬ «ì­ë¬ J-¤¨áá¨¯ â¨¢­ë¬), ¥á«¨ ®­¤¨áá¨¯ â¨¢¥­ (J-¤¨áá¨¯ â¨¢¥­) ¨ ­¥ ¤®¯ãáª ¥â ­¥âà¨¢¨ «ì­ëå ¤¨áá¨-¯ â¨¢­ëå (J-¤¨áá¨¯ â¨¢­ëå) à áè¨à¥­¨©. �¯à¥¤¥«¥­¨ï á®¡®«¥¢áª¨å¯à®áâà ­áâ¢ W k

p (a, b) (a, b ∈ R) ¨ ◦
W k

p(a, b) (1 6 p 6 ∞), ¨á¯®«ì§ã¥¬ëå­¨�¥, ¬®£ãâ ¡ëâì ­ ©¤¥­ë ¢ [7℄. �á«¨ A,B | ­¥ª®â®àë¥ ¡ ­ å®¢ë ¯à®-áâà ­áâ¢ , â® ¯®¤ (A,B)θ,2 ¯®­¨¬ ¥¬ ¯à®áâà ­áâ¢®, ¯®áâà®¥­­®¥ ¯à¨¯®¬®é¨ ¬¥â®¤  ¢¥é¥áâ¢¥­­®© ¨­â¥à¯®«ïæ¨¨ [15℄. �¨¬¢®«®¬ L(A,B)¡ã¤¥¬ ®¡®§­ ç âì ¯à®áâà ­áâ¢® «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¨§
A ¢ B. �á«¨ A = B, â® ¢¬¥áâ® L(A,A) ¯¨è¥¬ L(A). �¡« áâì ®¯à¥¤¥-«¥­¨ï ¨ ®¡« áâì §­ ç¥­¨© ®¯¥à â®à  M ®¡®§­ ç îâáï ç¥à¥§ D(M) ¨
R(M). Ǒãáâì H1, H0 (H1 ⊂ H0) | £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢  ¨ ¢«®�¥-­¨¥ H1 ¢ H0 ¯«®â­®. Ǒ®¤ H ′1 ¯®­¨¬ ¥¬ ­¥£ â¨¢­®¥ ¯à®áâà ­áâ¢® ª H1,â. ¥. ¯®¯®«­¥­¨¥ H0 ®â­®á¨â¥«ì­® ­®à¬ë ‖u‖H′1 = sup

v∈H1 |(u, v)|/‖v‖H1 ,£¤¥ áª®¡ª¨ (·, ·) ®¡®§­ ç îâ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ H0. � ¯®¬­¨¬[29℄, çâ® (H1, H ′1)1/2,2 = H0. (2.1)Ǒãáâì J | ª ­®­¨ç¥áª ï á¨¬¬¥âà¨ï ¢ ­¥ª®â®à®¬ ¯à®áâà ­áâ¢¥ �à¥©-­  K. Ǒãáâì F1 | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ¨ ¢«®�¥­¨¥ F1 ⊂ F0 ¯«®â-



48 � àª®¢ �. �.­®. �¬¥áâ¥ á ­¥£ â¨¢­ë¬ ¯à®áâà ­áâ¢®¬ ¬®�­® ¯®áâà®¨âì J-­¥£ â¨¢­®¥¯à®áâà ­áâ¢® ª ª ¯®¯®«­¥­¨¥ F0 ®â­®á¨â¥«ì­® ­®à¬ë
‖u‖F−1 = sup

v∈F1 |[u, v℄0|/‖v‖F1 .Ǒ®«®�¨¬ Fs = (F1, F0)1−s,2.�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîéãî «¥¬¬ã (á¬. [1, «¥¬¬ë 3.17, 4.1;2, 30℄).�¥¬¬  2.1. �á«¨ áãé¥áâ¢ã¥â s0 > 0 â ª®¥, çâ® J ∈ L(Fs0 , Fs0 )(P+ ∈ L(Fs0 , Fs0) ¨«¨ P− ∈ L(Fs0 , Fs0 )), â®(F1, F−1)1/2,2 = F0. (2.2)�î¡®¥ ¨§ ¢«®�¥­¨© (F1, F−1)1/2,2 ⊂ F0, (F1, F−1)1/2,2 ⊃ F0 ¢«¥ç¥â (2.2).Ǒà¥¤¯®« £ ¥¬, çâ® ­ ©¤¥âáï ç¨á«® q0 ∈ [1,∞℄ â ª®¥, çâ® g(x) ∈
Lq0(a, b), ¨ áãé¥áâ¢ãîâ ®âªàëâë¥ ¯®¤¬­®�¥áâ¢  G+ ¨ G− ¬­®�¥áâ¢ 
G = (a, b), á®áâ®ïé¨¥ ¨§ ª®­¥ç­®£® ç¨á«  ­¥¯¥à¥á¥ª îé¨åáï ¨­â¥à¢ -«®¢, â ª¨¥, çâ® g(x) > 0 ¯. ¢. ¢G+, g(x) < 0 ¯. ¢. ¢G− ¨G+∪G+ = [a, b℄.�®çª  x0 ∈ ∂G+ ∩ ∂G− ­ §ë¢ ¥âáï â®çª®© ¯®¢®à®â . �¡®§­ ç¨¬ â®ç-ª¨ ¯®¢®à®â  ç¥à¥§ {xi}N

i=1. � ­®­¨ç¥áª ï á¨¬¬¥âà¨ï J ¢ ¯à®áâà ­áâ¢¥
L2,g(a, b) § ¤ ¥âáï à ¢¥­áâ¢®¬ J = χG+ − χG− , £¤¥ χG± | å à ªâ¥à¨-áâ¨ç¥áª¨¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¨å ¬­®�¥áâ¢. �«ï ¯à®áâ®âë áç¨-â ¥¬, çâ® ª®íää¨æ¨¥­âë ®¯¥à â®à  L0 | ¤®áâ â®ç­® £« ¤ª¨¥ äã­ª-æ¨¨; ¡®«¥¥ â®ç­®, aik ∈ W

max(i,k)
∞ (a, b) ∀i, k, am,m, 1/am,m ∈ L∞(a, b) ¨(−1)mam,m > 0 ¯. ¢. �â¨ ãá«®¢¨ï £« ¤ª®áâ¨ ¬®£ãâ ¡ëâì ®á« ¡«¥­ë(á¬., ­ ¯à¨¬¥à, [32, 33℄). Ǒãáâì {yk}N0

k=1 | ­ ¡®à â®ç¥ª ¨§ (a, b), ç áâìª®â®àëå ¬®�¥â á®¢¯ ¤ âì á â®çª ¬¨ ¯®¢®à®â . �á«¨ b =∞, â® áç¨â ¥¬,çâ® N0 = ∞, ¯®á«¥¤®¢ â¥«ì­®áâì {yk} ­¥ã¡ë¢ îé ï ¨ lim
k→∞

yk = b ( ­ -«®£¨ç­ë¥ ãá«®¢¨ï ­  â®çª¨ ¢§ ¨¬®¤¥©áâ¢¨ï à áá¬ âà¨¢ îâáï ¢ [21℄).�á«¨ b 6= ∞, â® áç¨â ¥¬, çâ® ç¨á«® â®ç¥ª {yk} ª®­¥ç­®. Ǒ®«®�¨¬
y0 = a.�¡®§­ ç¨¬ ç¥à¥§ W̃ s

q (a, b) ¯à®áâà ­áâ¢® äã­ªæ¨© u ∈ Lq(a, b) â -
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q (yi−1, yi) ¤«ï ¢á¥å i = 1, 2, . . . ¨

‖u‖q

W̃ s
q (a,b) = N0∑

i=1 ‖u‖q
W s

q (yi−1,yi) <∞.�¥£ª® ¯à®¢¥à¨âì, çâ® W̃ s
q (a, b) | ¡ ­ å®¢® ¯à®áâà ­áâ¢®. Ǒà¨¢¥¤¥¬àï¤ ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à�¤¥­¨©. � «¥¬¬¥ ­¨�¥ ¯à¨¢¥¤¥­ë ¯à®áâ¥©-è¨¥ ¨­â¥à¯®«ïæ¨®­­ë¥ ­¥à ¢¥­áâ¢  ¨ â¥®à¥¬ë ¢«®�¥­¨ï ¤«ï ª« áá®¢à §àë¢­ëå äã­ªæ¨© W̃ s

q (a, b).�¥¬¬  2.2. Ǒãáâì u ∈ W̃ s
q (a, b). �®£¤  ­ ©¤¥âáï ¯®áâ®ï­­ ï c > 0â ª ï, çâ®

‖u(i)‖Lq(a,b) 6 c‖u‖θ

W̃ s
q (a,b)‖u‖1−θ

Lq(a,b), θ = i/s, s > i.Ǒà¨ q ∈ [1,∞) ¨ s > 1/q ¨¬¥¥â ¬¥áâ® ¢«®�¥­¨¥ W̃ s
q (a, b) ⊂ Lp(a, b) ¤«ï¢á¥å p ∈ [q,∞℄.�â¢¥à�¤¥­¨¥ «¥¬¬ë ¤®ª §ë¢ ¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ á®®â¢¥âáâ¢ã-îé¨å ¢«®�¥­¨© ­  ª �¤®¬ ¨§ ¨­â¥à¢ «®¢ (yi−1, yi), § ¬¥­ ¯¥à¥¬¥­­ëå(à áâï�¥­¨ï ¨­â¥à¢ « ) ¨ áã¬¬¨à®¢ ­¨¥¬ á®®â¢¥âáâ¢ãîé¨å ®æ¥­®ª.�¡®§­ ç¨¬ ç¥à¥§ Dq(a, b) ª« áá äã­ªæ¨© u ∈ Lq(a, b) â ª¨å, çâ®

u ∈ W̃ 2m
q (a1, b1) ¤«ï ª �¤®£® ®£à ­¨ç¥­­®£® ¨­â¥à¢ «  (a1, b1) â ª®£®,çâ® [a1, b1℄ ⊂ [a, b℄, u ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ (2) ¨ ãá«®¢¨ï¬áª«¥©ª¨

Uku = 2m−1∑

i=0 (αk
jiu

(i)(yk + 0)− βk
jiu

(i)(yk − 0)) = 0, (2.3)£¤¥ j = 0, 1, . . . , 2m− 1, k = 1, 2, . . . ¨ ¬ âà¨æë {αk
ji

}2m−1
i,j=0 , {βk

ji

}2m−1
i,j=0­¥¢ëà®�¤¥­­ë ¤«ï «î¡®£® k.�®§ì¬¥¬ p0 = 2q0/(1+q0). � ¤ ¤¨¬ ®¡« áâì ®¯à¥¤¥«¥­¨ï ®¯¥à â®à 

L ª ª ª« áá äã­ªæ¨© u ∈ L2,g(a, b) â ª¨å, çâ® u ∈ W̃m2 (a, b) ∩Dp0(a, b)¨ Lu ∈ L2,g(a, b). �¡®§­ ç¨¬ ­®à¬ã ¢ W̃m2 (a, b) á¨¬¢®«®¬ ‖ · ‖m.



50 � àª®¢ �. �.Ǒãáâì (u, v) = b∫
a

u(x)v(x) dx. � áá¬®âà¨¬ ¯®«ãâ®à «¨­¥©­ãî ä®à-¬ã
a(u, v) = m∑

j,k=0(aj,ku
(i), v(k)) + ∞∑

i=1 m−1∑

j=0 (U i
juv

(j)(yi + 0)− V i
j uv

(j)(yi − 0)),£¤¥ ª �¤ë© ¨§ ®¯¥à â®à®¢ U i
ju, V i

j u | «¨­¥©­ ï ª®¬¡¨­ æ¨ï ¢¥«¨ç¨­(u(yi+0), u(yi−0), u′(yi+0), u′(yi−0), . . . , u(m−1)(yi+0), u(m−1)(yi−0)).�ç¨â ¥¬, çâ® ä®à¬  a(u, v) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î[−Lu, v℄ = a(u, v) (2.4)¤«ï ¢á¥å äã­ªæ¨© u, v ∈ D(L), ¨¬¥îé¨å ®£à ­¨ç¥­­ë© ­®á¨â¥«ì, ¨­ ©¤ãâáï ¯®áâ®ï­­ë¥ δ0, c0 > 0 â ª¨¥, çâ®
c0‖u‖2m > Re a(u, u) > δ0‖u‖2m ∀u ∈ D(L). (2.5)�¥âàã¤­® ã¢¨¤¥âì, çâ® ¥á«¨ à ¢¥­áâ¢® (2.4) ¢ë¯®«­¥­® ¤«ï ¢á¥å u, v,¨¬¥îé¨å ®£à ­¨ç¥­­ë© ­®á¨â¥«ì, â® ®­® ¢¥à­® ¨ ¤«ï ¢á¥å u, v ∈ D(L).�®«¥¥ â®£®, íâ® à ¢¥­áâ¢® ¡ã¤¥â ¢ë¯®«­¥­®, ­ ¯à¨¬¥à, ¨ ¤«ï äã­ªæ¨©

u ∈ D1 ∩ W̃m2 (a, b). �¥©áâ¢¨â¥«ì­®, ¯ãáâì, ­ ¯à¨¬¥à, (a, b) = (−∞,∞).� áá¬®âà¨¬ ¢ (2.4) ¢¬¥áâ® v äã­ªæ¨î ¢¨¤  vϕ(x/R), £¤¥ ϕ ∈ C∞0 (R),
ϕ(x) = 1 ¯à¨ |x| 6 1, ϕ(x) = 0 ¯à¨ |x| > 2. �­â¥£à¨àãï ¯® ç áâï¬ ¨§ â¥¬ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ R → ∞ ¢ (2.4), ¯®«ãç¨¬ âà¥¡ã¥¬®¥.�¥¬¬  2.3. �¯¥à â®à L : L2,g(a, b) → L2,g(a, b) ¬ ªá¨¬ «ì­ë©
J-¤¨áá¨¯ â¨¢­ë©, ¨ 0 ∈ ρ(L).�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ® 0 ∈ ρ(L) (á¬. [31℄).�¡®§­ ç¨¬ ç¥à¥§ W̃m02(a, b) § ¬ëª ­¨¥ D(L) ¢ ­®à¬¥ ‖ · ‖m. �«ï ¢á¥å
u, v ∈ D(L) ¢ë¯®«­¥­® (2.5). � ª¨¬ ®¡à §®¬, ä®à¬  a(u, v) ã¤®¢«¥â¢®-àï¥â ãá«®¢¨ï¬ â¥®à¥¬  � ªá  | �¨«ì£à ¬ . �â¬¥â¨¬, çâ® f ∈ F0.�¬¥¥¬ ®æ¥­ªã

|(gf, v)| 6 ‖f‖0‖v‖0 6 ‖f‖0‖g‖Lq0(a,b)‖v‖Lp1(a,b) 6 c‖v‖m,



�¥ª®â®àë¥ á¢®©áâ¢  ®¯¥à â®à®¢ �âãà¬  | �¨ã¢¨««ï 51£¤¥ p1 = 2q0/(q0 − 1) ¨ p1 = ∞ ¯à¨ q0 = 1. Ǒ® â¥®à¥¬¥ � ªá  |�¨«ì£à ¬  
ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u ∈ W̃m02(a, b) § ¤ ç¨
a(u, v) = (gf, v)0 ∀v ∈ W̃m02(a, b).�á¯®«ì§ãï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à , ¯®«ãç¨¬ fg ∈ Lp0(a, b). � ª¨¬ ®¡-à §®¬, ­  ª �¤®¬ ¨§ ¨­â¥à¢ «®¢ (yi−1, yi) äã­ªæ¨ï u ¥áâì ®¡®¡é¥­­®¥à¥è¥­¨¥ ãà ¢­¥­¨ï L0u = gf ∈ Lp0(yi−1, yi). �§ ¨§¢¥áâ­ëå á¢®©áâ¢®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ¨ ãá«®¢¨© £« ¤ª®áâ¨ ­ ª®íää¨æ¨¥­âë L0 ¢ëâ¥ª ¥â, çâ® u ∈ W 2m

p0 (yi−1, yi) ¨ L0u = gf ¯. ¢.­  (yi−1, yi). �¡ëç­ë¬ ®¡à §®¬, ¨á¯®«ì§ãï ä®à¬ã«ã �à¨­  (á¬. [2℄),§ ¯¨á ­­ãî ¢ â®¬ ç¨á«¥ á ãç¥â®¬ ãá«®¢¨© áª«¥©ª¨ ¢ â®çª å yi, ¯®ª -§ë¢ ¥âáï, çâ® äã­ªæ¨ï u ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ ¨ ãá«®¢¨ï¬áª«¥©ª¨. �¥¬ á ¬ë¬ u ∈ D(L), §­ ç¨â, L | ¬ ªá¨¬ «ì­ë© ¤¨áá¨¯ -â¨¢­ë© ®¯¥à â®à.Ǒãáâì M ⊂ (a, b) | ®âªàëâ®¥ ¬­®�¥áâ¢® ¨(u, v)M = ∫
M

u(x)v(x) dx, [u, v℄M = (g(x)u, v)M .�á«¨ ¢ëà �¥­¨¥ Bku á®¤¥à�¨â §­ ç¥­¨ï äã­ªæ¨¨ u ¨ ¥¥ ¯à®¨§-¢®¤­ëå â®«ìª® ¢ ®¤­®© ¨§ â®ç¥ª a ¨«¨ b, â® ­ §ë¢ ¥¬ £à ­¨ç­®¥ ãá«®-¢¨¥ Bku = 0 «®ª «ì­ë¬. �á«¨ ¢á¥ £à ­¨ç­ë¥ ãá«®¢¨ï Bku = 0 ¯à¨
k = 1, . . . , s0 «®ª «ì­ë (®­¨ ¢á¥£¤  «®ª «ì­ë ¢ á«ãç ¥ ­¥®£à ­¨ç¥­­®£®¨­â¥à¢ «  (a, b)), â® £®¢®à¨¬, çâ® £à ­¨ç­ë¥ ãá«®¢¨ï «®ª «ì­ë. � ¯à®-â¨¢­®¬ á«ãç ¥ ­ §ë¢ ¥¬ £à ­¨ç­ë¥ ãá«®¢¨ï ­¥«®ª «ì­ë¬¨. Ǒãáâì
F1 = W̃m02(a, b) ¨ F−1 | J-­¥£ â¨¢­®¥ ¯à®áâà ­áâ¢®, â. ¥. ¯®¯®«­¥­¨¥
F0 ¯® ­®à¬¥ ‖u‖F−1 = sup

v∈F1 |[u, v℄0|/‖v‖F1 .�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ à¥§ã«ìâ âë ¨§ [1, 2℄ (á¬. â ª�¥«¥¬¬ë 9, 10 ¢ [24℄).�¥®à¥¬  2.1. Ǒà¨ ¢ë¯®«­¥­¨¨ ¢ëè¥¯à¨¢¥¤¥­­ëå ãá«®¢¨© ­  ª®-íää¨æ¨¥­âë ãà ¢­¥­¨ï ¨ ¢¥á®¢ãî äã­ªæ¨î g ®¯¥à â®à L ¤®¯ãáª ¥â



52 � àª®¢ �. �.¢ë¤¥«¥­¨¥ ¬ ªá¨¬ «ì­ëå à ¢­®¬¥à­® ¤¥ä¨­¨â­ëå ¯®¤¯à®áâà ­áâ¢ â®-£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (F1, F−1)1/2,2 = F0. (2.6)�á«¨ ãá«®¢¨¥ (2.6) ¢ë¯®«­¥­®, â® áãé¥áâ¢ãîâ ¬ ªá¨¬ «ì­ë¥ à ¢­®¬¥à-­® ¯®«®�¨â¥«ì­®¥ ¨ à ¢­®¬¥à­® ®âà¨æ â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢  M±¯à®áâà ­áâ¢  F0, ¨­¢ à¨ ­â­ë¥ ®â­®á¨â¥«ì­® L, â ª¨¥, çâ®
C± ⊂ ρ(L|M±), F0 =M+ +M−,£¤¥ áã¬¬  ¯àï¬ ï ¨ ®¯¥à â®àë ±L|M± | £¥­¥à â®àë  ­ «¨â¨ç¥áª¨å¯®«ã£àã¯¯.

§ 3. �á«®¢¨ï à¥£ã«ïà­®áâ¨�á¯®«ì§ã¥¬ ãá«®¢¨ï à¥£ã«ïà­®áâ¨ â®ç¥ª ¯®¢®à®â  ¨§ [25{28℄.(1) �«ï ª �¤®© â®çª¨ xk ∈ ∂G+ ∩ ∂G− áãé¥áâ¢ã¥â ¯à ¢ ï ®ªà¥áâ-­®áâì (xk, xk + δ) = I ¨«¨ «¥¢ ï ®ªà¥áâ­®áâì (xk − δ, xk) = I íâ®© â®çª¨â ª¨¥, çâ® I ⊂ G+∪G− ¨ ¤«ï ­¥ª®â®à®£® ω ∈ (0, 1) ¯à¨ «î¡ëå η ∈ (0, δ)¨«¨ η ∈ (−δ, 0) ¢ë¯®«­¥­®
∣∣∣∣∣∣

xk+ωη∫

xk

|g(τ)| dτ ∣∣∣∣∣∣ 6
12 ∣∣∣∣∣∣ xk+η∫

xk

|g(τ)| dτ ∣∣∣∣∣∣ . (3.1)� ­¥ª®â®àëå á«ãç ïå ­ã�­® ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥ à¥£ã«ïà­®áâ¨£à ­¨ç­®© â®çª¨.(2) �à ­¨ç­ ï â®çª  a 6= −∞ (b 6= ∞) à¥£ã«ïà­  ¢ á«¥¤ãîé¨åá«ãç ïå:(a) áãé¥áâ¢ã¥â ¯à ¢ ï ®ªà¥áâ­®áâì I = (a, a + δ) â®çª¨ a («¥¢ ï®ªà¥áâ­®áâì I = (b − δ, b) â®çª¨ b) â ª ï, çâ® ¤«ï ­¥ª®â®à®£® ω ∈ (0, 1)¢ë¯®«­¥­®
a+ωη∫

a

|g(τ)| dτ 6
12 a+η∫

a

|g(τ)| dτ ∀η ∈ (0, δ) (3.2)



�¥ª®â®àë¥ á¢®©áâ¢  ®¯¥à â®à®¢ �âãà¬  | �¨ã¢¨««ï 53(á®®â¢¥âáâ¢¥­­®
b∫

b−ωη

|g(τ)| dτ 6
12 b∫

b−η

|g(τ)| dτ ∀η ∈ (0, δ)). (3.3)(b) (a, x0) ⊂ G0 ((x0, b) ⊂ G0) ¤«ï ­¥ª®â®à®£® x0 ∈ (a, b) ¨ áãé¥-áâ¢ã¥â ¯à ¢ ï ®ªà¥áâ­®áâì I = (x0, x0+ δ) â®çª¨ x0 («¥¢ ï ®ªà¥áâ­®áâì
I = (x0 − δ, x0) â®çª¨ x0) â ª ï, çâ® I ⊂ G+ ∪ G− ¨ ¤«ï ­¥ª®â®à®£®
ω ∈ (0, 1) ¢ë¯®«­¥­®

x0+ωη∫

x0 |g(τ)| dτ 6
12 x0+η∫

x0 |g(τ)| dτ ∀η ∈ (0, δ) (3.4)(á®®â¢¥âáâ¢¥­­®
x0∫

x0−ωη

|g(τ)| dτ 6
12 x0∫

x0−η

|g(τ)| dτ ∀η ∈ (0, δ).) (3.5)�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ãá«®¢¨ï à¥£ã«ïà­®áâ¨ (1) ¨ (2) ­ ¬­®£®á« ¡¥¥ ¨á¯®«ì§®¢ ­­ëå ¢ [34℄. � á«¥¤ãîé¥© â¥®à¥¬¥ ®¯¨è¥¬ íª¢¨¢ -«¥­â­ë¥ ãá«®¢¨ï à¥£ã«ïà­®áâ¨ ¨§ [25{28℄. �â®¡ë ã¯à®áâ¨âì ¨§«®�¥-­¨¥, ä®à¬ã«¨àã¥¬ ¨å ¤«ï â®çª¨ x0 = 0 ¨ ¨­â¥à¢ «  (0, 1). �¥à ¢¥­-áâ¢  (3.1){(3.5) f(η) = η∫0 |g(τ)| dτ , áä®à¬ã«¨à®¢ ­­®¥ ¤«ï ¯à®¨§¢®«ì­®©â®çª¨.�¥®à¥¬  3.1. �«ï ­¥ã¡ë¢ îé¥© äã­ªæ¨¨ f : (0, 1) → R+ á«¥¤ã-îé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:(a) ∀γ ∈ (0, 1) ∃ω ∈ (0, 1) : ∀ε ∈ (0, 1) f(ωε) 6 γf(ε);(b) ∃ω ∈ (0, 1) : ∀ε ∈ (0, 1) f(ωε) 6 f(ε)/2;(
) ∃β ∈ (0, 1) ∃ω ∈ (0, 1) : ∀ε ∈ (0, 1) f(ωε) 6 βf(ε);(d) ∃c, d > 0 : f∀0 < η 6 ξ < 1 (η) 6 c
(

η
ξ

)d
f(ξ);(e) ­¥ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâ¥© an, bn â ª¨å, çâ® 0 < an <

bn < 1 ¨
an/bn → 0, f(an)/f(bn) → 1 ¯à¨ n→ ∞.



54 � àª®¢ �. �.�ª¢¨¢ «¥­â­®áâì (b), (d) ¨ (e) ¤®ª § ­  ¢ â¥®à¥¬¥ 6 ¨§ [25℄. Ǒ®«­®¥¤®ª § â¥«ìáâ¢® ¬®�¥â ¡ëâì ­ ©¤¥­® ¢ [28℄.Ǒãáâì g(x) ∈ L1(0, 1) ¨ g(x) > 0 ¯. ¢. ­  (0, 1). �¡®§­ ç¨¬ ç¥à¥§
W

m2 (0, 1) ¯®¤¯à®áâà ­áâ¢®Wm2 (0, 1), ¢ª«îç îé¥¥ äã­ªæ¨¨ u(x) â ª¨¥,çâ® u(i)(0) = 0 ¯à¨ 0 6 i 6 m− 1.�¥®à¥¬  3.2. [27, 28℄ �î¡®¥ ¨§ ãá«®¢¨© (a){(e), áä®à¬ã«¨à®¢ ­-­®¥ ¤«ï äã­ªæ¨¨ f(η) = η∫0 |g(τ)| dτ , íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã: áãé¥-áâ¢ã¥â θ ∈ (0, 1), ¤«ï ª®â®à®£®
(
Wm2 (0, 1), L2,g(0, 1))1−θ,2 = (Wm2 (0, 1), L2,g(0, 1))1−θ,2.�«¥¤áâ¢¨¥ 3.1. Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 3.2 áãé¥áâ¢ã¥â

θ ∈ (0, 1), ¤«ï ª®â®à®£®
( ◦
W

m2 (0, 1), L2,g(0, 1))1−θ,2 = (Wm02(0, 1), L2,g(0, 1))1−θ,2,£¤¥ Wm02(0, 1) = {u ∈Wm2 (0, 1) : u(i)(1) = 0, i = 0, 1, . . . ,m− 1}.
§ 4. �« ¢­ë¥ à¥§ã«ìâ âë�¥®à¥¬  4.1. Ǒãáâì ¢ë¯®«­¥­® ®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:a) £à ­¨ç­ë¥ ãá«®¢¨ï «®ª «ì­ë ¨ ª �¤ ï ¨§ â®ç¥ª xk (k = 1, 2,

. . . , N) à¥£ã«ïà­ ;b) £à ­¨ç­ë¥ ãá«®¢¨ï ­¥«®ª «ì­ë, ®¤­  ¨§ £à ­¨ç­ëå â®ç¥ª ¨ª �¤ ï ¨§ â®ç¥ª xk (k = 1, 2, . . . , N) à¥£ã«ïà­ë.�®£¤  áãé¥áâ¢ãîâ ¬ ªá¨¬ «ì­ë¥ à ¢­®¬¥à­® ¯®«®�¨â¥«ì­®¥ ¨à ¢­®¬¥à­® ®âà¨æ â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢  M± ¯à®áâà ­áâ¢  F0, ¨­-¢ à¨ ­â­ë¥ ®â­®á¨â¥«ì­® L, â ª¨¥, çâ®
C± ⊂ ρ(L|M±), F0 =M+ +M−,£¤¥ áã¬¬  ¯àï¬ ï ¨ ®¯¥à â®àë ±L|M± | £¥­¥à â®àë  ­ «¨â¨ç¥áª¨å¯®«ã£àã¯¯.



�¥ª®â®àë¥ á¢®©áâ¢  ®¯¥à â®à®¢ �âãà¬  | �¨ã¢¨««ï 55�®ª § â¥«ìáâ¢®. �­ ç «¥ ¯à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¤«ï á«ãç ï«®ª «ì­ëå ªà ¥¢ëå ãá«®¢¨©. Ǒãáâì xk | ¯à®¨§¢®«ì­ ï â®çª  â ª ï,çâ® xk ∈ ∂G+∩∂G−. �®£¤  «¨¡® ­  ¨­â¥à¢ «¥ O−
k = (xk−ε, xk), «¨¡® ­ 

O+
k = (xk, xk+ε) ¢ë¯®«­¥­® ãá«®¢¨¥ (1) (áç¨â ¥¬, çâ® ¯ à ¬¥âà ε ¬¥­ì-è¥, ç¥¬ δ ¨§ ãá«®¢¨ï (1)). Ǒãáâì, ­ ¯à¨¬¥à, íâ® ¡ã¤¥â ¯¥à¢ë© ¨§ â ª¨å¨­â¥à¢ «®¢. � á«ãç ¥ ¢â®à®£® ¨­â¥à¢ «  à ááã�¤¥­¨ï ­¥ ¬¥­ïîâáï.�®£¤ , ã¬¥­ìè ï ε, ¥á«¨ ­¥®¡å®¤¨¬®, ¬®�¥¬ áç¨â âì, çâ® (xk − ε, xk℄ ∈

G+ ¨«¨ [xk −ε, xk) ∈ G−, ¯à¨ç¥¬ (xk, xk +ε℄ ∈ G− ¨«¨ (xk, xk +ε℄ ∈ G+á®®â¢¥âáâ¢¥­­®. Ǒ®«®�¨¬ Ok = O+
k ∪O−

k ∪ {xk}, ®¯à¥¤¥«¨¬ ¯à®áâà ­-áâ¢® W1 ª ª ¯®¤¯à®áâà ­áâ¢® äã­ªæ¨© ¨§ u ∈Wm2 (Ok) â ª¨å, çâ® ­ ©-¤¥âáï äã­ªæ¨ï v ∈ W̃m02(a, b) â ª ï, çâ® v|Ok
= u. �¥£ª® ã¢¨¤¥âì, çâ®¥á«¨ xk ­¥ ï¢«ï¥âáï â®çª®© ¢§ ¨¬®¤¥©áâ¢¨ï, â® W1 = Wm2 (Ok). �á«¨�¥ xk | â®çª  ¢§ ¨¬®¤¥©áâ¢¨ï, â®W1 á®áâ®¨â ¨§ äã­ªæ¨© u ∈ L2,g(Ok)â ª¨å, çâ® u ∈ Wm2 (O+

k )∩Wm2 (O−
k ) ¨ ¢ â®çª¥ xk ¢ë¯®«­¥­® ®¯à¥¤¥«¥­-­®¥ ª®«¨ç¥áâ¢® ãá«®¢¨© ¢¨¤  (2.3), á®¤¥à� é¨å «¨èì ¯à®¨§¢®¤­ë¥ ®â

u ¤® ¯®àï¤ª  m − 1. Ǒ®«®�¨¬ Ws = (W1,W0)1−s,2. Ǒ®ª �¥¬, çâ®­ ©¤¥âáï s0 > 0 â ª®¥, çâ® ®¯¥à â®àë
S±

k u = { u, x ∈ G± ∩Ok,0, x ∈ G∓ ∩Ok,­¥¯à¥àë¢­ë ª ª ®¯¥à â®àë ¨§ Ws ¢ Ws ¯à¨ ¢á¥å s ∈ [0, s0℄. �¯à¥¤¥-«¨¬ ¢á¯®¬®£ â¥«ì­ë¥ ¯à®áâà ­áâ¢ . Ǒ®«®�¨¬ A1 = Wm2 (O−
k ), A0 =

L2,g(O−
k ), A01 = {u ∈ A1 : u(l)(xk) = 0 (l = 0,m− 1)}. �§ á«¥¤áâ¢¨ï 3.1¨ ãá«®¢¨ï (1) ¢ëâ¥ª ¥â, çâ® ­ ©¤¥âáï s0 > 0 â ª®¥, çâ®

As = (A1, A0)1−s,2 = A0
s = (A01, A0)1−s,2.�¯à¥¤¥«¨¬ ®¯¥à â®à P0 : Ws → As , P0u = u|O−

k
. �ç¥¢¨¤­®, çâ® P0 ∈

L(Ws, As) ¤«ï ¢á¥å s. �¯à¥¤¥«¨¬ â ª�¥ ®¯¥à â®à
P1 : A0

s →Ws, P1u = { u, x ∈ O−
k ,0, x ∈ O+
k .� ª�¥ ®ç¥¢¨¤­®, çâ® P1 ∈ L

(
A0

s,Ws

) ¤«ï ¢á¥å s ∈ [0, 1℄. �®£¤  P1P0 ∈
L(Ws) ¯à¨ s < s0. �® ¯® ¯®áâà®¥­¨î P1P0u = S−

k u ¨«¨ P1P0u = S+k u.
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k ¨ S+k ¯à¨­ ¤«¥� â ª« ááã L(Ws) ¯à¨ ¢á¥å

s < s0.Ǒ®áâà®¨¬ ¤«ï ª �¤®© â®çª¨ xk ∈ ∂G+∩∂G− ®ªà¥áâ­®áâì Ok á ¢ë-è¥¯à¨¢¥¤¥­­ë¬¨ á¢®©áâ¢ ¬¨. � â¥¬ ¯®áâà®¨¬ äã­ªæ¨¨ ϕk ∈ C∞0 (Ok)â ª¨¥, çâ® ϕk = 1 ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ xk ¨ suppϕ′
k ∈ G+∪G−. Ǒ®¯®áâà®¥­¨î ®ªà¥áâ­®áâ¥© Ok íâ® ¢®§¬®�­®. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨¬®�¥¬ áç¨â âì, çâ® à §«¨ç­ë¥ ®ªà¥áâ­®áâ¨ Ok ­¥ ¯¥à¥á¥ª îâáï ¨ ¨å§ ¬ëª ­¨ï ­¥ á®¤¥à� â £à ­¨ç­ëå â®ç¥ª a, b. Ǒ®ª �¥¬, çâ® ­ ©¤¥âáï

s0 > 0 â ª®¥, çâ® ®¯¥à â®à
S : u→

{
u, x ∈ G+,0, x ∈ G−,­¥¯à¥àë¢¥­ ª ª ®¯¥à â®à ¨§ Fs ¢ Fs ¤«ï ¢á¥å s < s0. �®§ì¬¥¬ ¢ ª ç¥-áâ¢¥ s0 ¬¨­¨¬ «ì­ãî ¨§ â¥å ¯®áâ®ï­­ëå s0, ª®â®àë¥ ¡ë«¨ ®¯à¥¤¥«¥­ë¢ ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢ . � ä¨ªá¨àã¥¬ s < s0. � áá¬®âà¨¬ ®¯¥à -â®àë Sku = ϕku. �ç¥¢¨¤­®, çâ® Sk ∈ L(F1) ∩ L(F0) ¨, á«¥¤®¢ â¥«ì­®,

Sk ∈ L(Fs) ¤«ï ¢á¥å s ∈ [0, 1℄. �à®¬¥ â®£®, ­®á¨â¥«¨ äã­ªæ¨© Rku«¥� â ¢ á®®â¢¥âáâ¢ãîé¨å ®ªà¥áâ­®áâïå Ok. �âáî¤  Sk ∈ L(Fs,Ws)(¯à®áâà ­áâ¢  Ws ¬¥­ïîâáï ®â ®ªà¥áâ­®áâ¨ ª ®ªà¥áâ­®áâ¨). �®£¤  ¯®¤®ª § ­­®¬ã S+k , Sk ∈ L(Fs,Ws). Ǒ®áâà®¨¬ äã­ªæ¨¨ ϕ̃k ∈ C∞0 (Ok) â -ª¨¥, çâ® ϕ̃k = 1 ¢ ­¥ª®â®àëå ®ªà¥áâ­®áâïå suppϕk. �¥£ª® ã¢¨¤¥âì, çâ®®¯¥à â®àë S̃k : u→ ϕ̃ku, £¤¥ äã­ªæ¨¨ ϕ̃ku ¤¥©áâ¢ãîâ ­  ¢¥áì ¨­â¥à¢ «(a, b), ®¡« ¤ îâ á¢®©áâ¢®¬ S̃k ∈ L(Ws, Fs). �âáî¤  S̃kS
+
k Sk ∈ L(Fs).� áá¬®âà¨¬ ®¯¥à â®à

P : u→
(1− N∑

k=1ϕk

)
u(x).�áå®¤ï ¨§ ®¯à¥¤¥«¥­¨©, «¥£ª® ¯®ª § âì, çâ® P ∈ L(Fs) ¤«ï ¢á¥å s ∈[0, 1℄. �à®¬¥ â®£®, ¨§ ¯®áâà®¥­¨ï ¢ëâ¥ª ¥â, çâ® SP ∈ L(Fs) ¤«ï ¢á¥å

s ∈ [0, 1℄. �®£¤  ®¯¥à â®à
S = SP + N∑

k=1 S̃kS
+
k Sk



�¥ª®â®àë¥ á¢®©áâ¢  ®¯¥à â®à®¢ �âãà¬  | �¨ã¢¨««ï 57®¡« ¤ ¥â á¢®©áâ¢®¬ S ∈ L(Fs). �®á¯®«ì§®¢ ¢è¨áì «¥¬¬®© 2.1 ¨ â¥®à¥-¬®© 2.1, ¯®«ãç¨¬ âà¥¡ã¥¬®¥.� áá¬®âà¨¬ á«ãç © ­¥«®ª «ì­ëå ªà ¥¢ëå ãá«®¢¨©. Ǒãáâì, ­ ¯à¨-¬¥à, â®çª  x = a à¥£ã«ïà­ . Ǒãáâì (a, a + δ) | ¨áª®¬ ï ®ªà¥áâ­®áâì¨§ ®¯à¥¤¥«¥­¨ï à¥£ã«ïà­®áâ¨. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â ¥¬, çâ®(a, a+ δ℄ ⊂ G+ ¨«¨ (a, a+ δ℄ ⊂ G−. �®§ì¬¥¬ ϕ(x) ∈ C∞[a, a+ δ℄ â ªãî,çâ® suppϕ(x) ⊂ [a, a+ δ) ¨ ϕ(x) à ¢­  1 ­  ­¥ª®â®à®¬ ¬­®�¥áâ¢¥ ¢¨¤ [a, a + δ1℄ (δ1 < δ). Ǒ®ª �¥¬, çâ® ­ ©¤¥âáï s0 > 0 â ª®¥, çâ® ®¯¥à â®à
Su = ϕ(x)u(x) ­¥¯à¥àë¢¥­ ª ª ®â®¡à �¥­¨¥ ¨§ Fs ¢ Fs ¯à¨ s < s0.Ǒ®áâà®¨¬ ®¯¥à â®à P1, á®¯®áâ ¢«ïîé¨© u ∈ F1 äã­ªæ¨î ϕ(x)u ∈
W

m2 (a, a+ δ) = {u ∈ Wm2 (a, a+ δ) : u(i)(a+ δ) = 0, i = 0, 1, . . . ,m− 1}.�ç¥¢¨¤­®, çâ® P1 ∈ L
(
F1,Wm2 (a, a + δ)) ∩ L

(
L2,g(a, b), L2,g(a, a + δ)).�«¥¤®¢ â¥«ì­®, P1 ∈ L

(
Fs,W

ms2 (a, a+ δ)), £¤¥
W

r2(a, a+ δ) = (Wm2 (a, a+ δ), L2,g(a, a+ δ))1−r/m,2.� á¨«ã à¥£ã«ïà­®áâ¨ a ­ ©¤¥âáï s0 > 0 â ª®¥, çâ® W sm2 (a, a + δ)) =
◦
W sm2 (a, a+δ) ¯à¨ ¢á¥å s < s0. �¯¥à â®à P2, á®¯®áâ ¢«ïîé¨© äã­ªæ¨¨
u ∈

◦
W sm2 (a, a+ δ) ¥¥ ¯à®¤®«�¥­¨¥ ­ã«¥¬ ­  ¢¥áì ¨­â¥à¢ « (a, b), ®¡« -¤ ¥â á¢®©áâ¢®¬ P2 ∈ L

( ◦
W sm2 (a, a + δ), Fs

) ¤«ï ¢á¥å s. �®£¤  ®¯¥à â®à
P2P1u = Su ®¡« ¤ ¥â á¢®©áâ¢®¬ S ∈ L(Fs) ¯à¨ ¢á¥å s < s0. � «¥¥¯®¢â®àï¥¬ à ááã�¤¥­¨ï ¤«ï á«ãç ï «®ª «ì­ëå ªà ¥¢ëå ãá«®¢¨©. �¯¥-à â®àë P ¨ SP , ¨á¯®«ì§®¢ ­­ë¥ ¢ ¤®ª § â¥«ìáâ¢¥, ¡ã¤ãâ ¢ íâ®¬ á«ãç ¥®¡« ¤ âì á¢®©áâ¢ ¬¨ P, SP ∈ L(Fs) ¯à¨ s < s0.����������1. �£®à®¢ �. �., Ǒïâª®¢ �. �., Ǒ®¯®¢ �. �. �¥ª« áá¨ç¥áª¨¥ ®¯¥à â®à­®-¤¨ää¥-à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï. �®¢®á¨¡¨àáª: � ãª , 2000.2. Pyatkov S. G. Operator theory. Non
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��� 517.929.4������ ������� ������ ���������������� ������������������������� � ��Ǒ�������������������� � Ǒ����������∗)�. �. � â¢¥¥¢ , �. �. �¥£«®¢ � áá¬®âà¨¬ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á § ¯ §¤ë¢ -îé¨¬  à£ã¬¥­â®¬ á«¥¤ãîé¥£® ¢¨¤ :
d

dt
y(t) = µA(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > τ > 0, (1)£¤¥ A(t), B(t) | ¬ âà¨æë à §¬¥à  n×n á ­¥¯à¥àë¢­ë¬¨ T -¯¥à¨®¤¨ç¥-áª¨¬¨ í«¥¬¥­â ¬¨, â. ¥.

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t),á¯¥ªâà ¬ âà¨æë A(t) ¯à¨­ ¤«¥�¨â «¥¢®© ¯®«ã¯«®áª®áâ¨ C− = {λ ∈
C : Reλ < 0} ¤«ï «î¡®£® t ∈ [0, T ℄, µ > 0 | ¯ à ¬¥âà, F (t, u, v) |¢¥é¥áâ¢¥­­®§­ ç­ ï ­¥¯à¥àë¢­ ï ¢¥ªâ®à-äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ïãá«®¢¨î �¨¯è¨æ  ¯® u ¨
‖F (t, u, v)‖ 6 q1‖u‖+ q2‖v‖1+ω, q1, q2 > 0, ω > 0 | ¯®áâ®ï­­ë¥. (2)�áá«¥¤ã¥¬  á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï á¨-áâ¥¬ë (1) ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà®¢ µ, q1, q2, ω. �ª �¥¬ ¬­®�¥áâ¢®¯à¨âï�¥­¨ï ­ã«¥¢®£® à¥è¥­¨ï ¨ ¯®«ãç¨¬ ®æ¥­ª¨ à¥è¥­¨© á¨áâ¥¬ë (1),å à ªâ¥à¨§ãîé¨¥ áª®à®áâì ã¡ë¢ ­¨ï ¯à¨ t→ ∞.
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ ��Ǒ ý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (£®á. ª®­âà ªâ ü16.740.11.0127),�®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (¯à®¥ªâë ü 10-01-00035,ü 10-01-00132), �� ��� (¬¥�¤¨áæ¨¯«¨­ à­ë© ¯à®¥ªâ ü 80) ¨ Ǒà®£à ¬¬ëǑà¥§¨¤¨ã¬  ��� (¯à®¥ªâ 17.1).
© 2012 � â¢¥¥¢  �. �., �¥£«®¢  �. �.
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§ 1. Ǒà¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï� ­ áâ®ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï ®ç¥­ì ¡®«ìè®¥ ç¨á«® à ¡®â ¯® ¨§ãç¥-­¨î ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ãà ¢­¥­¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬(á¬., ­ ¯à¨¬¥à, [1{8℄ ¨ ¡¨¡«¨®£à ä¨î ¢ íâ¨å ¨áâ®ç­¨ª å). � â¥®à¨¨ãáâ®©ç¨¢®áâ¨  ªâ¨¢­® ¯à¨¬¥­ï¥âáï  ¯¯ à â äã­ªæ¨© �ï¯ã­®¢  | � -§ã¬¨å¨­  ¨ äã­ªæ¨®­ «®¢ �ï¯ã­®¢  | �à á®¢áª®£®, ®á­®¢ ­­ë© ­ ¨¤¥ïå ¨§ à ¡®â �. �. � §ã¬¨å¨­  [9℄ ¨ �. �. �à á®¢áª®£® [10℄.�à ¢­¥­¨ï á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¯à¥¤áâ ¢«ïîâ ®â¤¥«ì-­ë© ¨­â¥à¥á. � [11℄ ¢¢¥¤¥­ äã­ªæ¨®­ « �ï¯ã­®¢  | �à á®¢áª®£®, á¨á¯®«ì§®¢ ­¨¥¬ ª®â®à®£® ¯à®¢¥¤¥­ë [11, 12℄ ¨áá«¥¤®¢ ­¨ï  á¨¬¯â®â¨-ç¥áª®© ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© á¨áâ¥¬ «¨­¥©­ëå ¨ ­¥«¨­¥©­ëå ¤¨ää¥-à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬ ¢¨¤ 

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > τ > 0,£¤¥ A(t), B(t) | ¬ âà¨æë á T -¯¥à¨®¤¨ç¥áª¨¬¨ í«¥¬¥­â ¬¨, ¢¥ªâ®à-äã­ªæ¨ï F (t, u, v) ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

‖F (t, u, v)‖ 6 q‖u‖1+ω, q, ω > 0.C ãç¥â®¬ à¥§ã«ìâ â®¢ ¨§ [13, 14℄ ¢ à ¡®â å [11, 12℄ ¯®«ãç¥­ë ¤®áâ â®ç-­ë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥­¨ï, ãª -§ ­ë ¬­®�¥áâ¢  ¯à¨âï�¥­¨ï ­ã«¥¢®£® à¥è¥­¨ï ¨ ãáâ ­®¢«¥­ë ®æ¥­-ª¨ íªá¯®­¥­æ¨ «ì­®£® ã¡ë¢ ­¨ï à¥è¥­¨© ­  ¡¥áª®­¥ç­®áâ¨. �«¥¤ã¥â®â¬¥â¨âì, çâ® ¢¥«¨ç¨­ë, å à ªâ¥à¨§ãîé¨¥ £à ­¨æë ¬­®�¥áâ¢ ¯à¨âï-�¥­¨ï ¨ áª®à®áâì ã¡ë¢ ­¨ï à¥è¥­¨© ­  ¡¥áª®­¥ç­®áâ¨, ¢ëç¨á«ïîâáïª®­áâàãªâ¨¢­®. Ǒ®íâ®¬ã ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë íää¥ªâ¨¢­® ¯à¨¬¥-­ïîâáï ­  ¯à ªâ¨ª¥ ¤«ï ¨áá«¥¤®¢ ­¨ï ª®­ªà¥â­ëå á¨áâ¥¬ ãà ¢­¥­¨©á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬.� ­ áâ®ïé¥© à ¡®â¥ ¯à®¤®«�¨¬ ¨áá«¥¤®¢ ­¨ï  á¨¬¯â®â¨ç¥áª®©ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á § ¯ §-¤ë¢ îé¨¬  à£ã¬¥­â®¬ á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¢ «¨­¥©-­ëå ç«¥­ å ¨ ¯ à ¬¥âà ¬¨. � [12, 15, 16℄ à áá¬ âà¨¢ «¨áì «¨­¥©­ë¥
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d

dt
y(t) = µA(t)y(t) +B(t)y(t − τ), t > τ > 0, (3)£¤¥ ¡ë«¨ ãª § ­ë ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¨ ¯®«ãç¥-­ë ®æ¥­ª¨ íªá¯®­¥­æ¨ «ì­®£® ã¡ë¢ ­¨ï à¥è¥­¨©. �«ï ä®à¬ã«¨à®¢ª¨á®®â¢¥âáâ¢ãîé¨å ãâ¢¥à�¤¥­¨© ¯®âà¥¡ã¥âáï ¢¢¥áâ¨ ­¥ª®â®àë¥ ®¡®§­ -ç¥­¨ï. Ǒ®áª®«ìªã ¤«ï «î¡®£® t ∈ [0, T ℄ á¯¥ªâà ¬ âà¨æë A(t) ¯à¨-­ ¤«¥�¨â «¥¢®© ¯®«ã¯«®áª®áâ¨ C−, á®£« á­® ªà¨â¥à¨î �ï¯ã­®¢  ¤«ï«î¡®£® ä¨ªá¨à®¢ ­­®£® t ∈ [0, T ℄ áãé¥áâ¢ã¥â à¥è¥­¨¥ H(t) = H∗(t) > 0¬ âà¨ç­®£® ãà ¢­¥­¨ï �ï¯ã­®¢ 

HA(t) +A∗(t)H = −I.�¡®§­ ç¨¬ Hmax = max
t∈[0,T ℄ ‖H(t)‖, νmax = max

t∈[0,T ℄ ν(H(t)), £¤¥ ν(H(t)) =
‖H(t)‖‖H−1(t)‖ | ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æë H(t).�¥®à¥¬  1. Ǒãáâì N â ª®¥, çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®max

|t−s|6 T
N

‖A(t)−A(s)‖ 6
14Hmax√νmax . (4)�®£¤  ¯à¨ ¢á¥å µ, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã

µ

(1− (νmax)N exp(− µT2Hmax)) > 4eτ/2Hmax (νmax)N max
t∈[0,T ℄ ‖B(t)‖,(5)­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (3)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.� áá¬®âà¨¬ ¤«ï á¨áâ¥¬ë (3) á«¥¤ãîéãî ­ ç «ì­ãî § ¤ çã:

d

dt
y(t) = µA(t)y(t) +B(t)y(t− τ), t > τ,

y(t) = ϕ(t), t ∈ [0, τ ℄, y(τ + 0) = ϕ(τ), (6)£¤¥ ϕ(t) ∈ C[0, τ ℄ | § ¤ ­­ ï ¢¥ªâ®à-äã­ªæ¨ï.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤  ¤«ï à¥-è¥­¨ï § ¤ ç¨ (6) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
‖y(t)‖2 6 l−11 (t) exp−

t∫

τ

ε(ξ)
‖L(ξ)‖ dξ v(τ, ϕ), t > τ,



�æ¥­ª¨ à¥è¥­¨© 63£¤¥ L(t) | T -¯¥à¨®¤¨ç¥áª®¥ ¯à®¤®«�¥­¨¥ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨
{ d

dtL+ µLA(t) + µA∗(t)L = −I, 0 < t < T,

L(0) = L(T ) > 0, (7)
l1(t) > 0 | ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ ç¨á«® ¬ âà¨æë L(t),

ε(t) = min{12 − 2eτ‖B(t)‖2‖L(t)‖2, ‖L(t)‖} > 0,
v(τ, ϕ) = 〈L(τ)ϕ(τ), ϕ(τ)〉 + 12 τ∫0 e−(τ−s)‖ϕ(s)‖2 ds.�«¥¤ã¥â ®â¬¥â¨âì, çâ® ãá«®¢¨ï â¥®à¥¬ë 1 £ à ­â¨àãîâ ®¤­®§­ ç-­ãî à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (7) ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-­¥­¨ï �ï¯ã­®¢ . �¥©áâ¢¨â¥«ì­®, ª ª ¯®ª § ­® ¢ [15℄, ¯à¨ ¢á¥å µ >2NHmax

T ln νmax ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨- «ì­ëå ãà ¢­¥­¨©
d

dt
y = µA(t)y, t > 0, á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. �®£¤  ¢ á¨«ã ªà¨â¥à¨ï  á¨¬¯â®â¨ç¥áª®©ãáâ®©ç¨¢®áâ¨ [13℄ ¯à¨ â ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà  µ ªà ¥¢ ï § ¤ ç  (7)¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ L(t) = L∗(t) > 0. Ǒà¨ç¥¬, ª ª ¯®ª § ­® ¢[15℄, ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

‖L(t)‖ 6
2Hmax (νmax)N

µ

(1− (νmax)N exp(− µT2Hmax))−1
. (8)�ç¥¢¨¤­®, ¥á«¨ µ ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (5), â® µ > 2NHmax

T ln νmax.� [16℄ à áá¬ âà¨¢ «¨áì ­¥«¨­¥©­ë¥ á¨áâ¥¬ë ¢¨¤  (1), £¤¥ ¢¥ªâ®à-äã­ªæ¨ï F (t, u, v) ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥ (2) á ω = 0. �  ¯ à ¬¥âàë µ,
q1 ¨ q2 ãª § ­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ¬®�­® £ à ­â¨à®¢ âì  á¨¬¯â®-â¨ç¥áªãî ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï á¨áâ¥¬ë, ¨ ¯®«ãç¥­ë ®æ¥­ª¨íªá¯®­¥­æ¨ «ì­®£® ã¡ë¢ ­¨ï à¥è¥­¨©. �¥«ì ­ áâ®ïé¥© à ¡®âë| ¯à®-¢¥áâ¨ ¨áá«¥¤®¢ ­¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥­¨ïá¨áâ¥¬ë (1), ãª § âì ¬­®�¥áâ¢® ¯à¨âï�¥­¨ï ­ã«¥¢®£® à¥è¥­¨ï ¨ ¯®-«ãç¨âì ®æ¥­ª¨ à¥è¥­¨© á¨áâ¥¬ë (1), å à ªâ¥à¨§ãîé¨¥ áª®à®áâì ã¡ë-¢ ­¨ï ¯à¨ t→ ∞.



64 � â¢¥¥¢  �. �., �¥£«®¢  �. �.�¢â®àë ¢ëà � îâ £«ã¡®ªãî ¡« £®¤ à­®áâì ¯à®ä¥áá®àã �. �. �¥-¬¨¤¥­ª® §  ¯®«¥§­ë¥ ¤¨áªãáá¨¨.
§ 2. �á­®¢­ë¥ à¥§ã«ìâ âë� íâ®¬ ¯ à £à ä¥ ¤®ª �¥¬ ®á­®¢­®¥ ãâ¢¥à�¤¥­¨¥ à ¡®âë.�¥®à¥¬  3. Ǒãáâì N â ª®¥, çâ® ¢ë¯®«­¥­® (4), 0 < α < 1 ¨ ¯ à -¬¥âàë µ, q1, q2 ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã

µ

(1− (νmax)N exp(− µT2Hmax)) > 2Hmax(νmax)N
×
(√(

q1 +√q21 + q22)2 + 41− α
eτ max

t∈[0,T ℄ ‖B(t)‖2 + (q1 +√q21 + q22)).(9)�®£¤  ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¨ ¬­®-�¥áâ¢® ¢¥é¥áâ¢¥­­®§­ ç­ëå äã­ªæ¨©E = {ϕ(t) ∈ C[0, τ ℄ : max{(q1 +√q21 + q22)( max
t∈[0,τ ℄‖ϕ(t)‖)2ω

,

(
q1 +√q21 + q22)( v(τ, ϕ)min

t∈[0,T ℄ l1(t))ω}
6 min

t∈[0,T ℄( αe−τ2‖L(t)‖)} (10)ï¢«ï¥âáï ¬­®�¥áâ¢®¬ ¯à¨âï�¥­¨ï ­ã«¥¢®£® à¥è¥­¨ï. Ǒà¨ íâ®¬ ¤«ïà¥è¥­¨ï á¨áâ¥¬ë (1) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ϕ(t) ∈ E ¨¬¥¥â ¬¥áâ®®æ¥­ª 
‖y(t)‖2 6 l−11 (t) exp−

t∫

τ

δ(ξ)
‖L(ξ)‖ dξ v(τ, ϕ),£¤¥

δ(t) = min{12− 21− α
eτ‖B(t)‖2‖L(t)‖2−(q1+√q21 + q22)‖L(t)‖, ‖L(t)‖}.(11)�®ª § â¥«ìáâ¢®. Ǒ®  ­ «®£¨¨ á [12℄ ®¯à¥¤¥«¨¬ á«¥¤ãîé¨© äã­ª-æ¨®­ « �ï¯ã­®¢  | �à á®¢áª®£®:

v(t, y) = 〈L(t)y(t), y(t)〉 + 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds, (12)



�æ¥­ª¨ à¥è¥­¨© 65£¤¥ L(t) | T -¯¥à¨®¤¨ç¥áª®¥ ¯à®¤®«�¥­¨¥ à¥è¥­¨ï § ¤ ç¨ (7). �¨ä-ä¥à¥­æ¨àãï ¯® t ¢¤®«ì à¥è¥­¨ï y(t) á¨áâ¥¬ë (1), ¨¬¥¥¬
d

dt
v(t, y) ≡ 〈( d

dt
L(t) + µL(t)A(t) + µA∗(t)L(t) + 12I)y(t), y(t)〉+ 〈L(t)B(t)y(t− τ), y(t)〉 + 〈B∗(t)L(t)y(t), y(t − τ)〉

− 12e−τ‖y(t− τ)‖2 − 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds+ 2Re〈L(t)F (t, y(t), y(t− τ)), y(t)〉.Ǒ®áª®«ìªã L(t) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (7), ¯®«ãç¥­­®¥ â®�¤¥áâ¢®¬®�­® § ¯¨á âì ¢ ¢¨¤¥
d

dt
v(t, y) ≡ −

〈
C(t)( y(t)

y(t− τ)) ,( y(t)
y(t− τ))〉

− 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds+ 2Re〈L(t)F (t, y(t), y(t− τ)), y(t)〉, (13)£¤¥
C(t) = ( 12I −L(t)B(t)

−B∗(t)L(t) 12e−τI

)
.� á¨«ã (2) ¯®«ãç ¥¬

d

dt
v(t, y) 6 −

〈
C(t)( y(t)

y(t− τ)) ,( y(t)
y(t− τ))〉−12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds+ (2q1‖y(t)‖2 + 2q2‖y(t− τ)‖1+ω‖y(t)‖)‖L(t)‖.�¥âàã¤­® ¯®ª § âì, çâ® ¤«ï «î¡®£® 0 6 α < 1
C(t) >

( 12I − 21−αe
τL(t)B(t)B∗(t)L(t) 00 α2 e−τ I

)
.Ǒãáâì 0 < α < 1. �®£¤ 

d

dt
v(t, y) 6 −c1(t)‖y(t)‖2 − c2‖y(t− τ)‖2 − 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds+ (2q1‖y(t)‖2 + 2q2‖y(t− τ)‖1+ω‖y(t)‖)‖L(t)‖,
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c1(t) = 12 − 21− α

eτ‖B(t)‖2‖L(t)‖2, c2 = α2 e−τ . (14)�¥âàã¤­® ¯®ª § âì, çâ® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 2q1‖y(t)‖2 + 2q2‖y(t− τ)‖1+ω‖y(t)‖
6
(
q1 +√q21 + q22)(‖y(t)‖2 + ‖y(t− τ)‖2+2ω).�«¥¤®¢ â¥«ì­®,

d

dt
v(t, y) 6 −c1(t)‖y(t)‖2 − c2‖y(t− τ)‖2 − 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds+ (q1 +√q21 + q22)(‖y(t)‖2 + ‖y(t− τ)‖2+2ω)‖L(t)‖= −
(
c1(t)− (q1 +√q21 + q22)‖L(t)‖)‖y(t)‖2 − 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds
−
(
c2 − (q1 +√q21 + q22)‖y(t− τ)‖2ω‖L(t)‖)‖y(t− τ)‖2. (15)Ǒãáâì t ∈ [τ, 2τ ℄. �®£¤  y(t− τ) = ϕ(t− τ). �á«¨ ϕ(t) ¯à¨­ ¤«¥�¨â¬­®�¥áâ¢ã E , ®¯à¥¤¥«¥­­®¬ã ¢ (10), â® á ãç¥â®¬ ®¡®§­ ç¥­¨© (14)

c2 − (q1 +√q21 + q22)‖ϕ(t− τ)‖2ω‖L(t)‖ > 0, t ∈ [τ, 2τ ℄.�®£¤ 
d

dt
v(t, y) 6 −

(
c1(t)− (q1 +√q21 + q22)‖L(t)‖)‖y(t)‖2

− 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds, t ∈ [τ, 2τ ℄. (16)� ¬¥â¨¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (9) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
c1(t)− (q1 +√q21 + q22)‖L(t)‖ > 0, t > 0.�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã (8) ¨ (9) ¯à¨ t > 0 ¨¬¥¥¬

‖L(t)‖ < (√(q1 +√q21 + q22)2 + 41− α
eτ‖B(t)‖2 + (q1 +√q21 + q22))−1

.



�æ¥­ª¨ à¥è¥­¨© 67�«¥¤®¢ â¥«ì­®, á ãç¥â®¬ ®¡®§­ ç¥­¨© (14) ¯®«ãç ¥¬
c1(t)− (q1 +√q21 + q22)‖L(t)‖ = 12 − 21− α

eτ‖B(t)‖2‖L(t)‖2
−
(
q1 +√q21 + q22)‖L(t)‖ > 0, t > 0.�ç¨âë¢ ï ®¯à¥¤¥«¥­¨¥ äã­ªæ¨®­ «  v(t, y), ¨¬¥¥¬ ®æ¥­ªã

d

dt
v(t, y) 6 − δ(t)

‖L(t)‖v(t, y),£¤¥ δ(t) > 0 ®¯à¥¤¥«¥­® ¢ (11). �âáî¤  ¯à¨ t ∈ [τ, 2τ ℄ ¯®«ãç ¥¬ ­¥à -¢¥­áâ¢®
v(t, y) 6 exp−

t∫

τ

δ(ξ)
‖L(ξ)‖ dξ v(τ, ϕ). (17)� á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨®­ «  (12) ¨§ ¯®«ãç¥­­®© ®æ¥­ª¨ ¯à¨ t ∈[τ, 2τ ℄ ¨¬¥¥¬

‖y(t)‖2 6 l−11 (t) exp−
t∫

τ

δ(ξ)
‖L(ξ)‖ dξ v(τ, ϕ). (18)Ǒãáâì t ∈ [2τ, 3τ ℄. �®£¤  ¨§ ãª § ­­®© ¢ëè¥ ®æ¥­ª¨ ¢ëâ¥ª ¥â ­¥à -¢¥­áâ¢®

‖y(t− τ)‖2 6 l−11 (t− τ) exp−
t−τ∫

τ

δ(ξ)
‖L(ξ)‖ dξ v(τ, ϕ). (19)�á«¨ ϕ(t) ∈ E , â® ­¥âàã¤­® ¯®ª § âì, çâ®

c2 − (q1 +√q21 + q22)‖y(t− τ)‖2ω‖L(t)‖ > 0. (20)�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã (19) ¯®«ãç ¥¬
‖y(t− τ)‖2ω 6

( min
t∈[0,T ℄ l1(t))−ω

vω(τ, ϕ).�á«¨ ϕ(t) ∈ E , â® á ãç¥â®¬ ®¡®§­ ç¥­¨© (14) á¯à ¢¥¤«¨¢  ®æ¥­ª 
(
q1 +√q21 + q22)( min

t∈[0,T ℄ l1(t))−ω
vω(τ, ϕ) 6 min

t∈[0,T ℄( c2
‖L(t)‖).



68 � â¢¥¥¢  �. �., �¥£«®¢  �. �.�âáî¤  ¯®«ãç ¥¬ (20). �¥¬ á ¬ë¬ ¨§ (15) á«¥¤ã¥â ­¥à ¢¥­áâ¢®
d

dt
v(t, y) 6 −

(
c1(t)− (q1 +√q21 + q22)‖L(t)‖)‖y(t)‖2

− 12 t∫

t−τ

e−(t−s)‖y(s)‖2 ds, t ∈ [2τ, 3τ ℄.� ãç¥â®¬ (16) ®­® ¢¥à­® ¯à¨ t ∈ [τ, 3τ ℄. Ǒà®¢®¤ï à ááã�¤¥­¨ï, ¨§«®-�¥­­ë¥ ¢ëè¥, ¯à¨ t ∈ [τ, 3τ ℄ ¯®«ãç ¥¬ (17) ¨ (18).Ǒ®¢â®àïï  ­ «®£¨ç­ë¥ à ááã�¤¥­¨ï, ¯®«ãç ¥¬ ®æ¥­ªã (18) ¯à¨
t > τ , ¨§ ª®â®à®© ¢ëâ¥ª ¥â  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ­ã«¥¢®£®à¥è¥­¨ï á¨áâ¥¬ë (1).�¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥. �á«¨ q1 = q2 = 0, â® ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë 3 á®¢¯ -¤ ¥â á ãâ¢¥à�¤¥­¨ï¬¨ â¥®à¥¬ 1 ¨ 2, ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ ¬®�­®¢§ïâì α = 0. ����������1. �à á®¢áª¨© �. �. �¥ª®â®àë¥ § ¤ ç¨ â¥®à¨¨ ãáâ®©ç¨¢®áâ¨ ¤¢¨�¥­¨ï. �.: �¨§-¬ â£¨§, 1959.2. �«ìá£®«ìæ �. �., �®àª¨­ �. �. �¢¥¤¥­¨¥ ¢ â¥®à¨î ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-­¨© á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬. �.: � ãª , 1971.3. �®«¬ ­®¢áª¨© �. �., �®á®¢ �. �. �áâ®©ç¨¢®áâì ¨ ¯¥à¨®¤¨ç¥áª¨¥ à¥�¨¬ë à¥£ã-«¨àã¥¬ëå á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬. �.: � ãª , 1981.4. �¥©« ��. �¥®à¨ï äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �.: �¨à,1984.5. �®à¥­¥¢áª¨© �. �. �áâ®©ç¨¢®áâì ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¯à¨ á«ãç ©­ëå ¢®§¬ã-é¥­¨ïå ¯ à ¬¥âà®¢. �«£¥¡à ¨ç¥áª¨¥ ªà¨â¥à¨¨. �¨¥¢: � ãª. ¤ã¬ª , 1989.6. Kolmanovskii V. B., Myshkis A. D. Introdu
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��� 517.956������������ �������� ��������� ��������� �������� Ǒ������∗)�. �. �¨ª®« ¥¢� ¡®â  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î à §à¥è¨¬®áâ¨ «¨­¥©­ëå ®¡à â-­ëå § ¤ ç ¤«ï ãà ¢­¥­¨© âà¥âì¥£® ¯®àï¤ª , ­ §ë¢ ¥¬ëå í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨¬¨, ¨«¨ �¥ (2l+1)-¯ à ¡®«¨ç¥áª¨¬¨ (¯à¨ l = 0 íâ¨ ãà ¢-­¥­¨ï ï¢«ïîâáï ®¡ëç­ë¬¨ ¯ à ¡®«¨ç¥áª¨¬¨) [1, 2℄. � ¬¥â¨¬, çâ® ¤«ï¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© «¨­¥©­ë¥ ¨ ­¥«¨­¥©­ë¥ ®¡à â­ë¥ § ¤ ç¨å®à®è® ¨§ãç¥­ë (á¬., ­ ¯à¨¬¥à, [3{7℄), ­® ¤«ï (2l+1)-¯ à ¡®«¨ç¥áª¨å¯à¨ l > 0 íâ® ­¥ â ª.Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  R
n á £« ¤ª®© £à -­¨æ¥© �, S = � × (0, T ), Q | æ¨«¨­¤à 
 × (0, T ) ª®­¥ç­®© ¢ëá®âë T .� «¥¥, ¯ãáâì hk(x, t), k = 1, . . . ,m, h(x, t), c(x), f(x, t), K(t) | § ¤ ­-­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ x ∈ 
, t ∈ [0, T ℄, t1, . . . , tm | § ¤ ­­ë¥ç¨á«  â ª¨¥, çâ® 0 < t1 < · · · < tm 6 T .�¡à â­ ï § ¤ ç  I. � ©â¨ äã­ªæ¨¨ u(x, t), q1(x), . . . , qm(x), á¢ï-§ ­­ë¥ ¢ æ¨«¨­¤à¥ Q ãà ¢­¥­¨¥¬

uttt +�u− c(x)u = f(x, t) + m∑

k=1 qk(x)hk(x, t), (1)¯à¨ ¢ë¯®«­¥­¨¨ ¤«ï äã­ªæ¨¨ u(x, t) ªà ¥¢ëå ãá«®¢¨©
u(x, 0) = ut(x, 0) = u(x, T ) = 0, x ∈ 
, (2)

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012{2014 ££. (¯à®¥ªâ ü 4402) ¨ ��Ǒý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (�� ü 02.740.11.0609).
© 2012 �¨ª®« ¥¢ �. �.
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u(x, t)|S = 0, (3)  â ª�¥ ãá«®¢¨© ¯¥à¥®¯à¥¤¥«¥­¨ï

u(x, tk) = 0, k = 1, . . . ,m, x ∈ 
. (4)�¡à â­ ï § ¤ ç  II. � ©â¨ äã­ªæ¨¨ u(x, t) ¨ q(x), á¢ï§ ­­ë¥ ¢æ¨«¨­¤à¥ Q ãà ¢­¥­¨¥¬
uttt +�u− c(x)u = f(x, t) + q(x)h(x, t), (5)¯à¨ ¢ë¯®«­¥­¨¨ ¤«ï äã­ªæ¨¨ u(x, t) ªà ¥¢ëå ãá«®¢¨© (2), (3),   â ª�¥ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥­¨ï

T∫0 K(t)u(x, t) dt = 0, x ∈ 
. (6)� áá¬®âà¨¬ ®¡à â­ãî § ¤ çã I. �ë¯®«­¨¬ ­¥ª®â®àë¥ ä®à¬ «ì­ë¥¤¥©áâ¢¨ï. Ǒ®«®�¨¬ ¢ (1) ¯®®ç¥à¥¤­® t = tj , j = 1, . . . ,m, ¨ ¯ãáâì ®¯à¥-¤¥«¨â¥«ì ¬ âà¨æë {hk(x, tj)}m
k,j=1 ®â«¨ç¥­ ®â ­ã«ï ¢áî¤ã ¢ 
. �®£¤ ¯®á«¥ ­¥á«®�­ëå ¢ëª« ¤®ª ­¥âàã¤­® ¯®«ãç¨âì à ¢¥­áâ¢ 

qk(x) = αk(x) + m∑

j=1 βkj(x)uttt(x, tj), k = 1, . . . ,m, (7)á ­¥ª®â®àë¬¨ ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¬¨ äã­ªæ¨ï¬¨ αk(x) ¨ βkj(x), ¢ë-ç¨á«ï¥¬ë¬¨ ç¥à¥§ äã­ªæ¨¨ f(x, tj) ¨ hk(x, tj), k, j = 1, . . . ,m.Ǒ®¤áâ ¢«ïï (7) ¢ (1), ¯®«ãç¨¬ ý­ £àã�¥­­®¥þ [8, 9℄ ãà ¢­¥­¨¥
uttt +�u− c(x)u = f1(x, t) + m∑

k=1 h1k(x, t)uttt(x, tk), (8)£¤¥
f1(x, t) = f(x, t) + m∑

k=1αk(x)hk(x, t), h1k(x, t) = m∑

j=1 βjk(x)hj(x, t).Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
f(x, 0) = ft(x, 0) = f(x, T ) = 0, x ∈ 
,
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hk(x, 0) = hkt(x, 0) = hk(x, T ) = 0, x ∈ 
, k = 1, . . . ,m.Ǒà¨ íâ®¬ ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

uttt(x, 0) = utttt(x, 0) = uttt(x, T ) = 0, x ∈ 
. (9)�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨¥ (8) âà¨�¤ë ¯® t, ®¡®§­ ç ï v(x, t) =
uttt(x, t), ~hk(x, t) = h1kttt(x, t),   â ª�¥ ãç¨âë¢ ï à ¢¥­áâ¢  (9), ¯à¨å®-¤¨¬ ª á«¥¤ãîé¥© § ¤ ç¥: ­ ©â¨ äã­ªæ¨î v(x, t), ï¢«ïîéãîáï ¢ æ¨-«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

vttt +�v − c(x)v = g(x, t) + m∑

k=1 ~hk(x, t)v(x, tk) (10)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï
v(x, 0) = vt(x, 0) = v(x, T ) = 0, x ∈ 
, (11)

v(x, t)|S = 0. (12)Ǒ®ª �¥¬, çâ® íâ  § ¤ ç  à §à¥è¨¬  ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ¢¯à®áâà ­áâ¢¥ V =W 2,32 (Q). �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«-�¥­¨ï ¯® ¯ à ¬¥âàã. Ǒãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0,1℄. � áá¬®âà¨¬§ ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ãà ¢­¥­¨ï
vttt +�v − c(x)v = g(x, t) + λ

[
m∑

k=1 ~hk(x, t)v(x, tk)] (13)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (11) ¨ (12).�á«¨ ¯à¨ λ = 0 § ¤ ç  à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V ¨ ¨¬¥¥â ¬¥áâ® ¯à¨®à­ ï ®æ¥­ª  ¢ â®¬ �¥ ¯à®áâà ­áâ¢¥, â® § ¤ ç  à §à¥è¨¬  ¯à¨
λ ∈ [0, 1℄ [10℄.�«ï ªà âª®áâ¨ ®¡®§­ ç¨¬ �(x, t) = m∑

k=1 ~hk(x, t)v(x, tk).Ǒà¨ λ = 0 § ¤ ç  à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V [1, 2, 11℄.
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T∫0 ∫
 (vτττ +�v − c(x)v)(vτττ +�v) dxdτ= λ

T∫0 ∫
 �(vτττ +�v) dxdτ + T∫0 ∫
 g(x, τ)(vτττ +�v) dxdτ. (14)Ǒà¨¬¥­ïï ä®à¬ã«ã ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬,   â ª�¥ ãç¨âë¢ ï ªà -¥¢ë¥ ãá«®¢¨ï (11), (12), ¤ ­­®¥ à ¢¥­áâ¢® ¬®�­® ¯à¨¢¥áâ¨ ª ¢¨¤ã
T∫0 ∫
 v2τττ dxdτ + T∫0 ∫
 (�v)2 dxdτ + n∑

i=1 ∫
 v2xit(x, T ) dx+ 12 ∫
 c(x)v2t (x, T ) dx+ n∑

i=1 T∫0 ∫
 c(x)v2xi
dxdτ − 12 T∫0 ∫
 �c(x)v2 dxdτ= λ

T∫0 ∫
 �(vτττ +�v) dxdτ + T∫0 ∫
 g(x, τ)(vτττ +�v) dxdτ.Ǒà¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£ , ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ¬®�¥¬ ¯à¥®¡à §®-¢ âì ¢ ­¥à ¢¥­áâ¢®
T∫0 ∫
 v2τττ dxdτ + T∫0 ∫
 (�v)2 dxdτ + n∑

i=1 ∫
 v2xit(x, T ) dx+ 12 ∫
 c(x)v2t (x, T ) dx+ n∑

i=1 T∫0 ∫
 c(x)v2xi
dxdτ − 12 T∫0 ∫
 �c(x)v2 dxdτ

6
δ212 T∫0 ∫
 v2τττ dxdτ + 12δ21 T∫0 ∫
 g2(x, τ) dxdτ + δ222 T∫0 ∫
 (�v)2 dxdτ+ 12δ22 T∫0 ∫
 g2(x, τ) dxdτ + δ232 T∫0 ∫
 v2τττ dxdτ + 12δ23 T∫0 ∫
 �2 dxdτ
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 (�v)2 dxdτ + 12δ24 T∫0 ∫
 �2 dxdτ.Ǒ®«®�¨¬ hk,0 = max
Q

|~hk(x, t)|. �®£¤ �2 = ( m∑

k=1 h̃k(x, t)v(x, tk))2
6 m

m∑

k=1h2k,0v2(x, tk),
T∫0 ∫
 �2 dxdτ 6 m

m∑

k=1h2k,0 T∫0 ∫
 v2(x, tk) dxdt= mT
m∑

k=1 h2k,0 ∫
 v2(x, tk) dx.�¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
∫
 v2(x, t) dx 6 2T 4(1 + T 2) T∫0 ∫
 v2τττ dxdτ.�ç¨âë¢ ï ¥£®, ¯®«ãç ¥¬

T∫0 ∫
 v2τττ dxdτ + T∫0 ∫
 (�v)2 dxdτ + n∑

i=1 ∫
 v2xit(x, T ) dx+ 12 ∫
 c(x)v2t (x, T ) dx+ n∑

i=1 T∫0 ∫
 c(x)v2xi
dxdτ − 12 T∫0 ∫
 �c(x)v2 dxdτ

6
δ212 T∫0 ∫
 v2τττ dxdτ + 12δ21 T∫0 ∫
 g2(x, τ) dxdτ + δ222 T∫0 ∫
 (�v)2 dxdτ+ 12δ22 T∫0 ∫
 g2(x, τ) dxdτ + δ232 T∫0 ∫
 v2τττ dxdτ
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k=1 h2k,0 T∫0 ∫
 v2τττ dxdτ + δ242 T∫0 ∫
 (�v)2 dxdτ+ 12δ24 2mT 5(1 + T 2) m∑

k=1 h2k,0 T∫0 ∫
 v2τττ dxdτ.Ǒ®«®�¨¬ K0 = 2mT 5(1 + T 2) m∑
k=1 h2k,0, ¨ ¯ãáâì K0 < 12 .Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

c(x) > c0 > 0, �c(x) 6 0, x ∈ 
.� ä¨ªá¨àã¥¬ δ1{δ4:
δ212 = 12 (12 −K0) , δ222 = 14 , δ3 = δ4 = 1.�®£¤ 

T∫0 ∫
 v2τττ dxdτ + T∫0 ∫
 (�v)2 dxdτ + n∑

i=1 ∫
 v2xit(x, T ) dx+ ∫
 v2t (x, T ) dx+ n∑

i=1 T∫0 ∫
 v2xi
dxdτ + T∫0 ∫
 v2 dxdτ 6 C‖g‖2L2(Q), (15)£¤¥ C | ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â äã­ªæ¨© ~hk(x, t), k = 1, . . . ,m.�§ ®æ¥­ª¨ (15) á®£« á­® â¥®à¥¬¥ ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à -¬¥âàã [10℄ á«¥¤ã¥â, çâ® ªà ¥¢ ï § ¤ ç  (13), (11), (12) à §à¥è¨¬  ¢¯à®áâà ­áâ¢¥ V ¯à¨ ¢á¥å λ ¨§ ®âà¥§ª  [0,1℄. � ç áâ­®áâ¨, ¯®«ãç ¥¬,çâ® à §à¥è¨¬®© ¢ ¯à®áâà ­áâ¢¥ V ¡ã¤¥â § ¤ ç  (10){(12).Ǒ®ª �¥¬, çâ® á ¯®¬®éìî à¥è¥­¨ï v(x, t) ¬®�­® ¯®áâà®¨âì à¥è¥-­¨¥ {u(x, t), q1(x), . . . , qm(x)} ¨áå®¤­®© ®¡à â­®© § ¤ ç¨ (1){(4). �¬¥¥¬

v(x, t) = uttt(x, t),
u(x, 0) = ut(x, 0) = u(x, T ) = 0, x ∈ 
,

u(x, t)|S = 0.
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d3
dt3 (uttt +�u − c(x)u − f1(x, t) − m∑

k=1h1k(x, t)uttt(x, tk)) = 0.Ǒ®«®�¨¬
ω(x, t) = uttt +�u− c(x)u − f1(x, t)− m∑

k=1 h1k(x, t)uttt(x, tk).�«ï ω(x, t) ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï
ω(x, 0) = ω(x, T ) = ωt(x, 0) = 0.�âáî¤  ω(x, t) ≡ 0 ¢ Q. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï u(x, t) ï¢«ï¥âáï ¢ Qà¥è¥­¨¥¬ ãà ¢­¥­¨ï (8).�ë¯®«­¥­¨¥ ¤«ï äã­ªæ¨¨ u(x, t) ãá«®¢¨© ¯¥à¥®¯à¥¤¥«¥­¨ï (4) ¯®-ª §ë¢ ¥âáï â ª �¥, ª ª ¨ ¢ [6℄.�¥¬ á ¬ë¬ ¨¬¥¥â ¬¥áâ®�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

f(x, t), ft(x, t), ftt(x, t), fttt(x, t) ∈ L2(Q),
hk(x, t), hkt(x, t), hktt(x, t), hkttt(x, t) ∈ L2(Q), k = 1, . . . ,m,

f(x, 0) = ft(x, 0) = f(x, T ) = 0, x ∈ 
,
hk(x, 0) = hkt(x, 0) = hk(x, T ) = 0, x ∈ 
, k = 1, . . . ,m,

c(x) > c0 > 0, �c(x) 6 0, x ∈ 
,2mT 5(1 + T 2) m∑

k=1 h2k,0 < 12 ,
∣∣ det ({hk(x, tj)}m

k,j=1)∣∣ > m0 > 0, x ∈ 
.�®£¤  ®¡à â­ ï § ¤ ç  (1){(4) ¨¬¥¥â à¥è¥­¨¥ {u(x, t), q1(x), . . . , qm(x)}â ª®¥, çâ®
u(x, t) ∈ V, qk(x) ∈ L2(
), k = 1, . . . ,m.



�áá«¥¤®¢ ­¨¥ ®¡à â­®© § ¤ ç¨ 77Ǒ¥à¥©¤¥¬ ª ®¡à â­®© § ¤ ç¥ II.�¬­®�¨¬ ãà ¢­¥­¨¥ (5) ­  K(t) ¨ ¯à®¨­â¥£à¨àã¥¬ ¥£® ¯® t. Ǒ®«ã-ç¨¬
T∫0 K(t)uttt dt+ T∫0 K(t)�u dt− c(x) T∫0 K(t)u dt= T∫0 K(t)f(x, t) dt+ q(x) T∫0 K(t)h(x, t) dt.�á¯®«ì§ãï ãá«®¢¨¥ (6), ¯¥à¥¯¨è¥¬ ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ¢ ¢¨¤¥

T∫0 K(t)uttt dt = α1(x) + q(x)β1(x),£¤¥
α1(x) = T∫0 K(t)f(x, t) dt, β1(x) = T∫0 K(t)h(x, t) dt.�âáî¤  ­ ©¤¥¬ q(x):

q(x) = 1
β1(x) −α1(x) + T∫0 K(t)uttt dt


 = ~α(x) + ~β(x) T∫0 K(t)uttt dt,£¤¥ ~α(x) = −α1(x)

β1(x) , ~β(x) = 1
β1(x) ¨ β1(x) 6= 0 ¯à¨ x ∈ 
. Ǒ®¤áâ ¢¨¬ q(x)¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (5). Ǒ®«ãç¨¬

uttt +�u− c(x)u = f(x, t) +~α(x) + ~β(x) T∫0 K(t)uttt dt


h(x, t).�¡®§­ ç¨¬~f(x, t) = f(x, t) + ~α(x)h(x, t), ~h(x, t) = ~β(x)h(x, t).�®£¤  ¯®«ãç¨¬ á«¥¤ãîéãî § ¤ çã: ­ ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéã-îáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

uttt +�u− c(x)u = ~f(x, t) + ~h(x, t) T∫0 K(τ)uτττ dτ, (16)



78 �¨ª®« ¥¢ �. �.¯à¨ ¢ë¯®«­¥­¨¨ ¤«ï äã­ªæ¨¨ u(x, t) ªà ¥¢ëå ãá«®¢¨© (2){(3).Ǒ®ª �¥¬, çâ® íâ  § ¤ ç  à §à¥è¨¬  ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå¢ ¯à®áâà ­áâ¢¥ V = W 2,32 (Q). �«ï ¤®ª § â¥«ìáâ¢  ¥¥ à §à¥è¨¬®áâ¨¢­®¢ì ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã. Ǒãáâì λ |ç¨á«® ¨§ ®âà¥§ª  [0,1℄. � áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ªæ¨î u(x, t),ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï
uttt +�u− c(x)u = ~f(x, t) + λ~h(x, t) T∫0 K(τ)uτττ dτ (17)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2) ¨ (3).�á«¨ ¯à¨ λ = 0 § ¤ ç  à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V ¨ ¨¬¥¥â ¬¥áâ® ¯à¨®à­ ï ®æ¥­ª  ¢ â®¬ �¥ ¯à®áâà ­áâ¢¥, â® § ¤ ç  à §à¥è¨¬  ¯à¨

λ ∈ [0, 1℄ [10℄. Ǒà¨ λ = 0 § ¤ ç  à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V [1, 2, 11℄.� áá¬®âà¨¬ à ¢¥­áâ¢®
T∫0 ∫
 (uttt +�u − c(x)u)(uttt +�u) dxdt = T∫0 ∫
 ~f(x, t)(uttt +�u) dxdt+ λ

T∫0 ∫
 ~h(x, t) T∫0 K(τ)uτττdτ


 (uttt +�u) dxdt.Ǒà¨¬¥­ïï ä®à¬ã«ã ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬,   â ª�¥ ãç¨âë¢ ï ªà -¥¢ë¥ ãá«®¢¨ï (2), (3), ¤ ­­®¥ à ¢¥­áâ¢® ¬®�­® ¯à¨¢¥áâ¨ ª ¢¨¤ã

T∫0 ∫
 u2ttt dxdt + T∫0 ∫
 (�u)2 dxdt+ n∑

i=1 ∫
 u2xit(x, T ) dx+ 12 ∫
 c(x)u2t (x, T ) dx+ n∑

i=1 T∫0 ∫
 c(x)u2xi
dxdt

− 12 T∫0 ∫
 �c(x)u2 dxdt = T∫0 ∫
 ~f(x, t)(uttt +�u) dxdt



�áá«¥¤®¢ ­¨¥ ®¡à â­®© § ¤ ç¨ 79+ λ

T∫0 ∫
 ~h(x, t) T∫0 K(τ)uτττdτ


 (uttt +�u) dxdt.�á¯®«ì§ãï ­¥à ¢¥­áâ¢  �­£  ¨ ��¥«ì¤¥à , ¯®«ãç¥­­®¥ à ¢¥­áâ¢®¬®�¥¬ ¯à¥®¡à §®¢ âì ¢ ­¥à ¢¥­áâ¢®

T∫0 ∫
 u2ttt dxdt + T∫0 ∫
 (�u)2 dxdt+ n∑

i=1 ∫
 u2xit(x, T ) dx+ 12 ∫
 c(x)u2t (x, T ) dx+ n∑

i=1 T∫0 ∫
 c(x)u2xi
dxdt− 12 T∫0 ∫
 �c(x)u2 dxdt

6
δ212 T∫0 ∫
 u2ttt dxdt+ 12δ21 T∫0 ∫
 ~f2(x, t) dxdt + δ222 T∫0 ∫
 (�u)2 dxdt+ 12δ22 T∫0 ∫
 ~f2(x, t) dxdt + δ232 T∫0 ∫
 u2ttt dxdt+ 12δ23 ∫
 


T∫0 ~h2(x, t)dt T∫0 K2(t)dt T∫0 u2ttt(x, t)dt dx+ δ242 T∫0 ∫
 (�u)2 dxdt+ 12δ24 ∫
 


T∫0 ~h2(x, t)dt T∫0 K2(t)dt T∫0 u2ttt(x, t)dt dx.Ǒ®«®�¨¬
H0 = max

Q

T∫0 ~h2(x, t) dt, K0 = max
Q

T∫0 K2(t) dt, M0 = H0K0,¨ ¯ãáâì M0 < 12 . Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
c(x) > c0 > 0, �c(x) 6 0, x ∈ 
.



80 �¨ª®« ¥¢ �. �.� ä¨ªá¨àã¥¬ δ1{δ4:
δ212 = 12 (12 −M0) , δ222 = 14 , δ3 = δ4 = 1.�®£¤ 

T∫0 ∫
 u2ttt dxdτ + T∫0 ∫
 (�u)2 dxdt+ n∑

i=1 ∫
 u2xit(x, T ) dx+ 12 ∫
 u2t (x, T ) dx+ n∑

i=1 T∫0 ∫
 u2xi
dxdt + 12 T∫0 ∫
 u2 dxdt 6 C1‖ ~f‖2L2(Q), (18)£¤¥ C1 | ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â äã­ªæ¨¨ h(x, t) ¨ K(t).�§ ®æ¥­ª¨ (18) á®£« á­® â¥®à¥¬¥ ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥â-àã á«¥¤ã¥â, çâ® ªà ¥¢ ï § ¤ ç  (17), (2), (3) à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥

V ¯à¨ ¢á¥å λ ¨§ ®âà¥§ª  [0,1℄. � ç áâ­®áâ¨, ¯®«ãç ¥¬, çâ® à §à¥è¨-¬®© ¢ ¯à®áâà ­áâ¢¥ V ¡ã¤¥â § ¤ ç  (16), (2), (3). �¥è¥­¨¥ u(x, t) íâ®©§ ¤ ç¨ ¨ äã­ªæ¨ï q(x), ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬
q(x) = ~α(x) + ~β(x) T∫0 K(t)uttt dt,¤ ¤ãâ ¨áå®¤­®¥ à¥è¥­¨¥ ®¡à â­®© § ¤ ç¨ II. �ë¯®«­¥­¨¥ ãá«®¢¨ï ¯¥-à¥®¯à¥¤¥«¥­¨ï ¯®ª §ë¢ ¥âáï â ª �¥, ª ª ¨ ¢ [7℄.�¡®§­ ç¨¬

H0 = max
Q

T∫0 ~h2(x, t) dt, K0 = max
Q

T∫0 K2(t) dt.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
f(x, t) ∈ L2(Q), h(x, t) ∈ L2(Q),

|β1(x)| > β1 > 0, c(x) > c0 > 0, �c(x) 6 0, x ∈ 
,
H0K0 < 12 .
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� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç 83§ ¤ ­­ ï ­  ¬­®�¥áâ¢¥ 
, K(x, y, t) | äã­ªæ¨ï, § ¤ ­­ ï ¯à¨ x ∈ 
,
y ∈ 
, t ∈ [0, T ℄.�à ¥¢ ï § ¤ ç  I. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­-¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

Lu ≡ ∂

∂t
(u−�u)− a(x, t)�u + c(x, t)u = f(x, t) (1)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï

u(x, 0) = u0(x), x ∈ 
, (2)
u(x, t)|(x,t)∈S = ∫
 K(x, y, t)u(y, t) dy∣∣∣∣(x,t)∈S

. (3)�à ¥¢ ï § ¤ ç  II. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨-«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáïãá«®¢¨ï (2) ¨ ãá«®¢¨¥
∂u(x, t)
∂ν(x) ∣∣∣∣(x,t)∈S

= ∫
 K(x, y, t)u(y, t) dy∣∣∣∣(x,t)∈S

, (4)£¤¥ ν(x) = (ν1, . . . , νn) | ¢¥ªâ®à ¢­ãâà¥­­¥© ­®à¬ «¨ ª � ¢ â¥ªãé¥©â®çª¥. � §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ I�¯à¥¤¥«¨¬ ®¯¥à â®à M ¯® ä®à¬ã«¥(Mu)(x, t) = u(x, t)− ∫
 K(x, y, t)u(y, t) dy.�¯¥à â®à M ®¤­®§­ ç­® ¨ ­¥¯à¥àë¢­® ®¡à â¨¬ ª ª ®¯¥à â®à ¨§ L2(
)¢ L2(
) ¯à¨ ¢á¥å t ∈ [0, T ℄, ¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥
m1, m2 â ª¨¥, çâ® ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

m1 ∫
 u2(x, t) dx 6

∫
 [Mu(x, t)℄2 dx 6 m2 ∫
 u2(x, t) dx (5)



84 Ǒ®¯®¢ �. �.¯à¨ «î¡ëå t ∈ [0, T ℄ ¨ u(x, t) ∈ L∞(0, T ;L2(
)).Ǒãáâì
V = {v(x, t) : v ∈ W 2,12 (Q) ∩ L∞

(0, T ;W 22 (
)), vt ∈ L2(0, T ;W 22 (
))}| ¯à®áâà ­áâ¢® á ­®à¬®©
‖v‖V = ‖v‖W 2,12 (Q) + ‖vt‖L2(0,T ;W 22 (
) + ‖v‖L∞(0,T ;W 22 (
)).�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

LMu(x, t)−MLu(x, t) = �(x, t, u), w =Mu¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® w:
Lw = g(x, t) + �(x, t,M−1w),£¤¥ g(x, t) =Mf , ª®â®à®¥, ª ª ¯®ª § ­® ­¨�¥, íª¢¨¢ «¥­â­® ¨áå®¤­®¬ããà ¢­¥­¨î (1).�¬¥¥¬�(x, t, u) = ∫
 [−Kt(x, y, t) + �xKt(x, y, t) + a(x, t)�xK(x, y, t)

− c(x, t)K(x, y, t) + c(y, t)K(x, y, t)℄u(y, t) dy+ ∫
 �xK(x, y, t)ut(y, t) dy − ∫
 K(x, y, t)a(y, t)�yu(y, t) dy
−
∫
 K(x, y, t)�yut(y, t) dy.Ǒãáâì

w0(x) = u0(x) − ∫
 K(x, y, 0)u0(y) dy,¨ ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï
P0 = max

t∈[0,T ℄ ∫
 ∫
 (�xK)2(x, y, τ) dxdy,
Q0 = max

t∈[0,T ℄ ∫
 ∫
 K2(x, y, τ) dxdy. (6)



� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç 85�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (5),
a(x, t), c(x, t) ∈ C1(Q),

a(x, t) > a0 > 0, c(x, t) > c0 > 0 ¯à¨ (x, t) ∈ Q;
K(x, y, t) ∈ C3(
× 
× [0, T ℄),1− δ20 − P0

δ20m1 > 0, 1− Q0
δ20m1 > 0 ¯à¨ δ0 ∈ (0, √22 );

f(x, t) ∈ L2(Q), w0(x) ∈ ◦
W

22(
). (7)
�®£¤  ªà ¥¢ ï § ¤ ç  I ¨¬¥¥â à¥è¥­¨¥ u(x, t), ¯à¨­ ¤«¥� é¥¥ ¯à®-áâà ­áâ¢ã V , ¨ íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî ªà ¥¢ãî § ¤ -çã: ­ ©â¨ äã­ªæ¨î w(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢-­¥­¨ï

Lw = g(x, t) + �1(x, t, w) (8)¨ ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬
w(x, t)|S = 0, w(x, 0) = w0(x), x ∈ 
, (9)£¤¥

u(x, 0)− ∫
 K(x, y, 0)u(y, 0) dy = u0(x)− ∫
 K(x, y, 0)u0(y) dy = w0(x),�1(x, t, w) = �(x, t,M−1w).�®ª �¥¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë ªà ¥¢ ï § ¤ -ç  (8), (9) à §à¥è¨¬  ¢ ª« áá¥ W = {v(x, t) : v(x, t) ∈ V, w(x, t) =
Mv(x, t) ∈ V } ¤«ï «î¡®© äã­ªæ¨¨ g(x, t) ¨§ ¯à®áâà ­áâ¢  L2(Q). �®á-¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã. �¬¥­­®, ¤«ï ç¨á¥«
λ ¨§ ®âà¥§ª  [0, 1℄ ®¯à¥¤¥«¨¬ á¥¬¥©áâ¢® ®¯¥à â®à®¢ {Lλ}: Lλw = g +
λ�1(x, t, w). � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ­ ©â¨ äã­ªæ¨î w(x, t), ï¢-«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

Lλw = g(x, t) + λ�1(x, t, w) (7λ)



86 Ǒ®¯®¢ �. �.¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (9). �¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® â¥å ç¨á¥«
λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ï ª®â®àëå ªà ¥¢ ï § ¤ ç  (7λ), (9) à §à¥è¨¬ ¢ ª« áá¥ W ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ g(x, t) ¨§ ¯à®áâà ­áâ¢  L2(Q).Ǒ®ª �¥¬, çâ® ¬­®�¥áâ¢® � á®¢¯ ¤ ¥â á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄,   íâ®, ¢á¢®î ®ç¥à¥¤ì, ®§­ ç ¥â à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (8), (9) ¢ âà¥¡ã-¥¬®¬ ª« áá¥.�¡¥¤¨¬áï ¯à¥�¤¥ ¢á¥£®, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®. � áá¬®âà¨¬ªà ¥¢ãî § ¤ çã: ­ ©â¨ äã­ªæ¨î w(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Qà¥è¥­¨¥¬ ãà ¢­¥­¨ï

Lw = g(x, t)¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (9).� ª á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ à ¡®â [12{14℄, ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©â¥®à¥¬ë íâ  § ¤ ç  ¨¬¥¥â à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­áâ¢ã V .Ǒãáâì w(x, t) | à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (7λ), (9) ¨§ ¯à®áâà ­-áâ¢  V . �á«¨ ¨¬¥¥â ¬¥áâ®  ¯à¨®à­ ï ®æ¥­ª  ¢ â®¬ �¥ ¯à®áâà ­áâ¢¥ V ,â® § ¤ ç  à §à¥è¨¬  ¯à¨ λ ∈ [0, 1℄ (á¬. [15℄).�«ï ¯®«ãç¥­¨ï  ¯à¨®à­®© ®æ¥­ª¨ ã¬­®�¨¬ ãà ¢­¥­¨¥ (7λ), § ¯¨-á ­­®¥ ¢ ¯¥à¥¬¥­­ëå x ¨ τ , ­  äã­ªæ¨î wτ −�wτ ¨ à¥§ã«ìâ â ¯à®¨­-â¥£à¨àã¥¬ ¯® ®¡« áâ¨ 
 ¨ ¯® ¯¥à¥¬¥­­®© τ ¢ ¯à¥¤¥« å ®â 0 ¤® t. � ª¨¬®¡à §®¬, ¯à¥®¡à §ã¥¬ à ¢¥­áâ¢®
t∫0 ∫
 Lλw(wτ −�wτ ) dxdτ = t∫0 ∫
 (g + λ�1)(wt −�wτ ) dxdτ.�­â¥£à¨àãï ¯® ç áâï¬, á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© (9) ¯à¨¤¥¬ ª à ¢¥­-áâ¢ã

t∫0 ∫
 [(wτ )2 + 2 n∑

i=1(wxiτ )2 + (�wτ )2] dx dt+ 12 ∫
 (�w)2(x, t) dx + 12 n∑

i=1 ∫
 [a(x, t) + c(x, t)℄w2
xi
(x, t) dx



� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç 87+ 12 ∫
 c(x, t)w2(x, t) dx = 12 t∫0 ∫
 aτ (�w)2 dxdτ+ n∑

i=1 t∫0 ∫
 [(aτ + cτ )w2
xi

− axi
wxi

wτ − cxi
wwxiτ

]
dxdτ+ t∫0 ∫
 cτw

2 dxdτ + 12 ∫
 c(x, 0)w20 dx+ 12 ∫
 a(x, 0)(�w0)2 dx+ 12 n∑

i=1 ∫
 [a(x, 0) + c(x, 0)℄w20xi
dx+ t∫0 ∫
 (g + λ�1)(wτ −�wτ ) dxdτ.(10)�«ï ¯®«ãç¥­¨ï  ¯à¨®à­®© ®æ¥­ª¨ ¨§ à ¢¥­áâ¢  (10) à áá¬®âà¨¬ ®æ¥­ªã¨­â¥£à « 

t∫0 ∫
 u2τ (y, τ) dydτç¥à¥§ äã­ªæ¨î w. �§ à ¢¥­áâ¢  w =Mu ¨¬¥¥¬
uτ (y, τ) − ∫
 K(y, z, τ)uτ (z, τ) dz = wτ (y, τ) + ∫
 Kτ (y, z, τ)u(z, τ) dz.�á¯®«ì§ãï (5) ¨ ­¥à ¢¥­áâ¢® �­£ , ¯®«ãç¨¬
∫
 u2τ (y, τ) dy 6

1
m1 ∫
 [

wτ (y, τ)− ∫
 Kτ (y, z, τ)u(z, τ) dz]2 dy
6

1
m1 [∫
 w2

τ (y, τ) dy + 2 ∫
 |wτ (y, τ)| · ∣∣∣∣ ∫
 Kτ (y, z, τ)u(z, τ) dz∣∣∣∣dy++ ∫
 (∫
 Kτ (y, z, τ)u(z, τ)dz)2
dy

]
6

1
m1 [ ∫
 w2

τ (y, τ) dy+ δ21 ∫
 w2
τ (y, τ) dy + 1

δ21 ∫
 (∫
 Kτ (y, z, τ)u(z, τ) dz)2
dy
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 (∫
 Kτ (y, z, τ)u(z, τ)dz)2
dy

]

6
1 + δ21
m1 ∫
 w2

τ (y, τ) dy + C(δ1) ∫
 u2(y, τ) dy, (11)£¤¥ ¬ «®¥ δ1 > 0 ¯®¤¡¥à¥¬ ¯®§�¥,   ¯®á«¥¤­¨© ¨­â¥£à « ®æ¥­¨¢ ¥âáïç¥à¥§ (5).�«ï â®£® çâ®¡ë ®æ¥­¨âì ¢ (10) ¨­â¥£à «
t∫0 ∫
 �1(wτ −�wτ ) dxdτ, (12)à áá¬®âà¨¬ ®æ¥­ªã ¨­â¥£à «  ®â �(x, t, u) ¢¨¤ 

∣∣∣∣∣∣

t∫0 ∫
 (∫
 �xK(x, y, τ)uτ (y, τ) dy)(wτ −�wτ ) dxdτ ∣∣∣∣∣∣
6

t∫0 ∫
 ∫
 ((�xK)2(x, y, τ) dy) 12(∫
 u2τ (y, τ) dy) 12
|wτ −�wτ | dxdτ

6
δ202 t∫0 ∫
 (wτ −�wτ )2 dxdτ+ 12δ20 t∫0 ∫
 (∫
 (�xK)2(x, y, τ) dy)(∫
 u2τ (y, τ) dy) dxdτ

6
δ202 t∫0 ∫
 (wτ −�wτ )2 dxdτ + P02δ20 t∫0 ∫
 u2τ (y, τ) dydτ, (13)£¤¥ P0 § ¤ ­® à ¢¥­áâ¢®¬ (6).



� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç 89Ǒà®¤®«� ï (13), á ãç¥â®¬ ­¥à ¢¥­áâ¢  �­£  ¨ (11) ¯®«ãç¨¬
∣∣∣∣∣∣

t∫0 ∫
 (∫
 �xK(x, y, τ)uτ (y, τ) dy)(wτ −�wτ ) dxdτ ∣∣∣∣∣∣
6
δ202 t∫0 ∫
 (wτ −�wτ )2 dxdτ + P0(1 + δ21)2δ20m1 t∫0 ∫
 w2

τ (x, τ) dxdτ+ P0C(δ1)2δ20 t∫0 ∫
 u2(x, τ) dxdτ. (14)�«ï â®£® çâ®¡ë ®æ¥­¨âì ¢ (12) ¨­â¥£à « ¢¨¤ 
t∫0 ∫
 (∫
 K(x, y, τ)�yuτ (y, τ) dy)(wτ −�xwτ ) dxdτ,¯®áâã¯ ¥¬, ª ª ¢ëè¥. �¬¥¥¬

∣∣∣∣∣∣

t∫0 ∫
 (∫
 K(x, y, τ)�yuτ (y, τ) dy)(wτ −�wτ ) dxdτ ∣∣∣∣∣∣
6
δ202 t∫0 ∫
 (wτ −�wτ )2 dxdτ + Q0(1 + δ21)2δ20m1 t∫0 ∫
 (�yuτ )2(y, τ) dydτ,(15)£¤¥ Q0 § ¤ ­® ä®à¬ã«®© (6).� ä¨ªá¨àã¥¬ δ0 ∈ (0, √22 ) ¨ ¯®âà¥¡ã¥¬ ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ (7):

p1 ≡ 1− δ20 − P0
δ20m1 > 0, p2 ≡ 1− Q0

δ20m1 > 0, (16)ª®â®àë¥, ®ç¥¢¨¤­®, ¢ë¯®«­ïîâáï ¯à¨ ¬ «ëå |�xK(x, y, t)| ¨ |K(x, y, t)|.Ǒ®¤¡¨à ï ¬ «®¥ δ1 > 0 ¨§ ­¥à ¢¥­áâ¢
p1 − P0δ1

δ20m1 > 0, p2 − Q0δ1
δ20m1 > 0, (17)



90 Ǒ®¯®¢ �. �.¯à¨¬¥­ïï ­¥à ¢¥­áâ¢®�­£  ¨ ¨á¯®«ì§ãï «¥¬¬ã �à®­ã®««  ¢ à ¢¥­áâ¢¥(10), ¯®«ãç¨¬  ¯à¨®à­ãî ®æ¥­ªã
t∫0 ∫
 [(wτ )2 + 2 n∑

i=1(wxiτ )2 + (�wτ )2] dx dt+ ∫
 [(�w)2(x, t) + n∑

i=1 w2
xi
(x, t) + w2(x, t)] dx 6 K0 T∫0 ∫
 g2(x, t) dx dt(18)á ¯®«®�¨â¥«ì­®© ¯®áâ®ï­­®©K0, ®¯à¥¤¥«ï¥¬®© «¨èì äã­ªæ¨ï¬¨ a(x, t),

c(x, t), ç¨á« ¬¨ T , a0, c0,   â ª�¥ ®¡« áâìî 
.�ç¥¢¨¤­®,  ­ «®£¨ç­ ï ®æ¥­ª  ¨¬¥¥â ¬¥áâ® ¨ ¤«ï äã­ªæ¨¨ u(x, t)
‖u‖V 6 K0‖w‖V 6 K1‖g‖L2(Q) (19)á ¯®«®�¨â¥«ì­ë¬¨ ¯®áâ®ï­­ë¬¨ K0, K1, ®¯à¥¤¥«ï¥¬®© â¥¬¨ �¥ ¢¥«¨-ç¨­ ¬¨, ª®â®àë¬¨ ®¯à¥¤¥«ïîâáï ¯®áâ®ï­­ë¥ K0.�§ ®æ¥­®ª (18), (19) á«¥¤ã¥â ®âªàëâ®áâì ¨ § ¬ª­ãâ®áâì ¬­®�¥áâ¢ � (á¬. [1, 11℄). �«¥¤®¢ â¥«ì­®, ªà ¥¢ ï § ¤ ç  (8), (9) à §à¥è¨¬  ¢ª« áá¥ W .Ǒ®ª �¥¬, çâ® á ¯®¬®éìî à¥è¥­¨ï ¢á¯®¬®£ â¥«ì­®© ªà ¥¢®© § -¤ ç¨ (8), (9) ¬®�­® ­ ©â¨ à¥è¥­¨¥ ¨áå®¤­®© ªà ¥¢®© § ¤ ç¨ (1){(3).� ª ª ª g(x, t) =Mf(x, t) ¨ ¢ á¨«ã ãá«®¢¨ï (5) á«¥¤ã¥â, çâ® ¨§ ¯à¨­ ¤-«¥�­®áâ¨ äã­ªæ¨¨ f(x, t) ¯à®áâà ­áâ¢ã L2(Q) äã­ªæ¨ïMf(x, t) â ª�¥¡ã¤¥â ¯à¨­ ¤«¥� âì ¯à®áâà ­áâ¢ã L2(Q), á®£« á­® ¤®ª § ­­®¬ã ªà ¥-¢ ï § ¤ ç  (8), (9) á â ª®© äã­ªæ¨¥© g(x, t) à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥

V . �®£¤  «¥£ª® ¯®ª § âì, çâ® ¨áå®¤­®¥ ãà ¢­¥­¨¥ (1) íª¢¨¢ «¥­â­® (8).� á ¬®¬ ¤¥«¥, ãà ¢­¥­¨¥ (8) ¨¬¥¥â ¢¨¤ LMu =Mf+�, ®âªã¤  ¯®«ãç¨¬
LMu = Mf + LMu −MLu, â. ¥. M(Lu − f) = 0. Ǒ®áª®«ìªã ®¯¥à -â®à M ¢§ ¨¬­® ®¤­®§­ ç¥­ (¨§ ãá«®¢¨ï (5)), à¥è¥­¨¥ u(x, t) ãà ¢­¥­¨ï(8) ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1). �ë¯®«­¥­¨¥ ãá«®¢¨© (2), (3) ¤«ïäã­ªæ¨¨ u(x, t) ®ç¥¢¨¤­®.�¤¨­áâ¢¥­­®áâì à¥è¥­¨© ®ç¥¢¨¤­  | ®­  ¢ëâ¥ª ¥â, ­ ¯à¨¬¥à, ¨§­¥à ¢¥­áâ¢  (19). �¥®à¥¬  ¤®ª § ­ .



� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç 91� §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ IIǑãáâì K1(x, y, t) | äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ­  ¬­®�¥áâ¢¥ 
×
×[0, T ℄ ¨ â ª ï, çâ® ¯à¨ (x, y, t) ∈ �× 
× (0, T ) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
∂K1(x, y, t)
∂ν(x) = K(x, y, t)(ª ª ¬®�­® ¯®áâà®¨âì ¤ ­­ãî äã­ªæ¨î, ®¡áã¤¨¬ ­¨�¥). � ¯®¬®éìî

K1(x, y, t) ®¯à¥¤¥«¨¬ ®¯¥à â®à M1 ¨ äã­ªæ¨î �̃(x, t, u):(M1u)(x, t) = u(x, t)− ∫
 K1(x, y, t)u(y, t) dy,�̃(x, t, u) = LM1u(x, t)−M1Lu(x, t),§­ ç¥­¨¥ ®¯¥à â®à M1 ­  äã­ªæ¨¨ u(x, t) ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ w̃ =
M1u(x, t) ¨ ®¯à¥¤¥«¨¬ ­ ç «ì­ãî äã­ªæ¨î w̃(x, 0) = w1(x):

w1(x) = u0(x)− ∫
 K1(x, y, 0)u0(y) dy.�¯¥à â®àM1 ®¤­®§­ ç­® ¨ ­¥¯à¥àë¢­® ®¡à â¨¬ ª ª ®¯¥à â®à ¨§ L2(
)¢ L2(
) ¯à¨ ¢á¥å t ∈ [0, T ℄ ¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥
m3, m4 â ª¨¥, çâ® ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

m3 ∫
 u2(x, t) dx 6

∫
 [M1u(x, t)℄2 dx 6 m4 ∫
 u2(x, t) dx (20)¯à¨ «î¡ëå t ∈ [0, T ℄ ¨ u(x, t) ∈ L∞(0, T ;L2(
)). �¬¥¥¬�̃(x, t, u) = ∫
 [−K1t(x, y, t) + �xK1t(x, y, t) + a(x)�xK1(x, y, t)
− c(x, t)K1(x, y, t) + c(y, t)K1(x, y, t)℄u(y, t) dy+ ∫
 �xK1(x, y, t)ut(y, t) dy − ∫
 K1(x, y, t) a(y, t)�yu(y, t) dy

−
∫
 K1(x, y, t)�yut(y, t) dy.
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P1 = max

t∈[0,T ℄∫
 ∫
 (�xK1)2(x, y, τ) dxdy,
Q1 = max

t∈[0,T ℄∫
 ∫
 K21 (x, y, τ) dxdy. (21)�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (20),
a(x, t), c(x, t) ∈ C1(Q),

a(x, t) > a0 > 0, c(x, t) > c0 > 0 ¯à¨ (x, t) ∈ Q;
K1(x, y, t) ∈ C3(
× 
× [0, T ℄),1− δ20 − P1

δ20m3 > 0, 1− Q1
δ20m3 > 0 ¯à¨ δ0 ∈ (0, √22 );

f(x, t) ∈ L2(Q), w1(x) ∈W 12 (
),
∂w1(x)
∂ν(x) ∣∣∣∣x∈� = 0. (22)

�®£¤  ªà ¥¢ ï § ¤ ç  II ¨¬¥¥â à¥è¥­¨¥ u(x, t), ¯à¨­ ¤«¥� é¥¥ ¯à®-áâà ­áâ¢ã V , ¨ íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî ªà ¥¢ãî § ¤ -çã: ­ ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢-­¥­¨ï
Lw̃ = g(x, t) + �̃(x, t, u) (23)¨ ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

∂w̃(x, t)
∂ν(x) ∣∣∣∣S = 0, w̃(x, 0) = w1(x), x ∈ 
, (24)£¤¥ g(x, t)| § ¤ ­­ ï äã­ªæ¨ï. � §à¥è¨¬®áâì ¤ ­­®© ªà ¥¢®© § ¤ ç¨¢ ¯à®áâà ­áâ¢¥ W ãáâ ­ ¢«¨¢ ¥âáï áâ ­¤ àâ­ë¬ (¢ à ¬ª å ­ áâ®ïé¥©à ¡®âë) á¯®á®¡®¬ | á ¯®¬®éìî ¬¥â®¤  ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã.�¥®¡å®¤¨¬ë¥  ¯à¨®à­ë¥ ®æ¥­ª¨ ¢ë¢®¤ïâáï ¨§ à ¢¥­áâ¢

t∫0 ∫
 Lλw̃(w̃τ −�w̃τ ) dxdτ = t∫0 ∫
 (g + λ�̃1)(w̃t −�w̃τ ) dxdτ,



� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç 93£¤¥ �̃1(x, t, w̃) = �̃(x, t,M−11 w̃
).� ª ¨ ¢ëè¥, ¯à¨ ®áãé¥áâ¢«¥­¨¨ áå¥¬ë ¬¥â®¤  ¯à®¤®«�¥­¨ï ¯®¯ à ¬¥âàã ®á­®¢­ ï  ¯à¨®à­ ï ®æ¥­ª  ®¯à¥¤¥«ï¥âáï ¯®«®�¨â¥«ì­®©¯®áâ®ï­­®© K3 ¢ ¯à ¢®© ç áâ¨, § ¢¨áïé¥© «¨èì ®â äã­ªæ¨© a(x, t),

c(x, t), ç¨á¥« T , a0, c0,   â ª�¥ ®¡« áâ¨ 
. �¬¥¥¬
‖u‖V 6 K3‖g‖L2(Q). (25)� ª ¨ à ­¥¥, á ¯®¬®éìî à¥è¥­¨ï ¢á¯®¬®£ â¥«ì­®© ªà ¥¢®© § ¤ ç¨(23), (24) áâà®¨¬ âà¥¡ã¥¬®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ II,   ¨¬¥­­®, á¯®¬®éìî ¢ë¡®à  äã­ªæ¨¨ g(x, t) =M1f(x, t) ¨ ¯¥à¥å®¤  ª ãà ¢­¥­¨î
M1(Lu− f) = 0.�¤¨­áâ¢¥­­®áâì à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ II ¢ ¯à®áâà ­áâ¢¥ V ®æ¥-¢¨¤­  ¨§  ¯à¨®à­®© ®æ¥­ª¨ (25). �¥®à¥¬  ¯®«­®áâìî ¤®ª § ­ .� ¬¥ç ­¨¥ 1. � â¥®à¥¬¥ 1 ãá«®¢¨ï ¬ «®áâ¨ ­  äã­ªæ¨¨K(x, y, t),�xK(x, y, t) ¬®�­® § ¬¥­¨âì ãá«®¢¨ï¬¨ á¨¬¬¥âà¨ç­®áâ¨ K(x, y, t) =

K(y, x, t) ¨ ®¡à é¥­¨ï ¢ ­ã«ì ­  £à ­¨æ¥:
K(x, y, t) = Kyi

(x, y, t) = 0 (i = 1, . . . , n) ¯à¨ y ∈ �.�­ «®£¨ç­®¥ ¢¥à­® ¤«ï äã­ªæ¨¨ K1(x, y, t) ¢ á«ãç ¥ â¥®à¥¬ë 2.� ¬¥ç ­¨¥ 2. � â¥®à¥¬ å 1 ¨ 2 ®â ãá«®¢¨© a(x, t) > a0 > 0,
c(x, t) > c0 > 0 ¬®�­® ®âª § âìáï, ­® â®£¤ , ª ª ¨ ¢ëè¥, ¯à¨ ¯®«ãç¥-­¨¨  ¯à¨®à­ëå ®æ¥­®ª ¢®§­¨ª­ãâ ãá«®¢¨ï ¬ «®áâ¨ ­  äã­ªæ¨¨ a(x, t),
c(x, t) ¨ ¨å ¯à®¨§¢®¤­ë¥.� ¬¥ç ­¨¥ 3. �ã­ªæ¨î K1(x, y, t) ¬®�­® ¯®áâà®¨âì, ­ ¯à¨¬¥à,ª ª à¥è¥­¨¥ ¢â®à®© ªà ¥¢®© § ¤ ç¨ ¤«ï ®¯¥à â®à  � ¯« á :�K1(x, y, t) = �K(x, y, t),

∂K1(x, y, t)
∂ν(x) ∣∣∣∣

x∈� = K(x, y, t)|x∈�,£¤¥ ¯¥à¥¬¥­­ë¥ y ¨ t ï¢«ïîâáï ¯ à ¬¥âà ¬¨.



94 Ǒ®¯®¢ �. �.� ª«îç¥­¨¥1. �¥â®¤ ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç I ¨ II ®á­®-¢ ­ ­  ¯¥à¥å®¤¥ ®â § ¤ ç¨ á ­¥ª« áá¨ç¥áª¨¬ ªà ¥¢ë¬ ãá«®¢¨¥¬ ª § ¤ -ç¥ á ª« áá¨ç¥áª¨¬ ãá«®¢¨¥¬, ­® ¤«ï ­¥ª« áá¨ç¥áª®£® ãà ¢­¥­¨ï | â ª­ §ë¢ ¥¬®£® ­ £àã�¥­­®£® [13℄ ãà ¢­¥­¨ï, ¤®ª § â¥«ìáâ¢¥ à §à¥è¨¬®-áâ¨ ¯®«ãç¥­­®© § ¤ ç¨ á ¯®¬®éìî ¬¥â®¤  ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã ¨ ¯à¨®à­ëå ®æ¥­®ª, ¨ ¤ «¥¥ | ª ¯®áâà®¥­¨î à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨.� ­¥¥ ¯®¤®¡­ë¥ ¬¥â®¤ë ¢ ¡«¨§ª®© á¨âã æ¨¨ íää¥ªâ¨¢­® ¨á¯®«ì§®¢ -«¨áì ¢ à ¡®â å [1{7, 9{11℄.2. � ªà ¥¢®© § ¤ ç¥ II ãá«®¢¨¥ (4) ¬®�­® § ¬¥­¨âì ãá«®¢¨¥¬
∂u(x, t)
∂ν(x) + σ(x, t)u(x, t)∣∣∣∣(x,t)∈S

= ∫
 K(x, y, t)u(y, t) dy∣∣∣∣(x,t)∈S

.3. �¥®à¥¬ë 1, 2 ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¤«ï ãà ¢­¥­¨ï ¢¨¤ 
∂

∂t
(u −�u)− n∑

i,j=1 ∂

∂xi
(bij(x, t)uxj

) + n∑

i=1 bi(x, t)uxi
+ b(x, t)u = f(x, t)¯à¨ á®®â¢¥âáâ¢ãîé¨å ®£à ­¨ç¥­¨ïå ­  ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï.����������1. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ­¥ª®â®àëå ¯à®áâà ­áâ¢¥­­® ­¥«®ª «ì­ëå ªà -¥¢ëå § ¤ ç ¤«ï «¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© // �¥áâ­. � ¬ àáª. ã­-â .�áâ¥áâ¢¥­­®­ ãç­ ï á¥à. 2008. �. 62, ü 3. C. 165{174.2. �®� ­®¢ �. �.� à §à¥è¨¬®áâ¨ ­¥ª®â®àëå ¯à®áâà ­áâ¢¥­­® ­¥«®ª «ì­ëå ªà ¥-¢ëå § ¤ ç ¤«ï «¨­¥©­ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  // �®ª«.���. 2009. �. 427, ü 6. C. 747{749.3. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç á ­¥«®ª «ì­ë¬ ãá«®¢¨¥¬ �¨-æ ¤§¥ | � ¬ àáª®£® ¤«ï «¨­¥©­ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© // �®ª«. ���.2010. �. 432, ü 6. �. 738{740.4. La�zeti�
 N. L.On 
lassi
al solutions to mixed boundary problems for one-dimensionalparaboli
 equation of se
ond order // Publ. Inst. Math., Nouv. S�er. 2000.V. 67(81). P. 53{75.5. Ǒ®¯®¢ �. �. � §à¥è¨¬®áâì § ¤ ç¨ á® á¬¥é¥­¨¥¬ ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£®ãà ¢­¥­¨ï á ­¥«®ª «ì­ë¬ ¨­â¥£à «ì­ë¬ ªà ¥¢ë¬ ãá«®¢¨¥¬ // II �á¥à®á. ­ -ãç­. ª®­ä. ¨ VII �á¥à®á. èª®« -á¥¬¨­ à áâã¤¥­â®¢,  á¯¨à ­â®¢, ¬®«®¤ëåãç¥­ëå ¨ á¯¥æ¨ «¨áâ®¢ ý� â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ à §¢¨â¨ï �¥¢¥à­ëå



� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç 95â¥àà¨â®à¨© �®áá¨©áª®© �¥¤¥à æ¨¨þ: �¥§. ¤®ª«. �ªãâáª: �¨«¨ « ¨§¤-¢  ���,��� ���, 2009. C. 68{69.6. Ǒ®¯®¢ �. �. � à §à¥è¨¬®áâ¨ ­¥ª®â®àëå § ¤ ç á® á¬¥é¥­¨¥¬ ¤«ï ¯á¥¢¤®¯ à -¡®«¨ç¥áª¨å ãà ¢­¥­¨© // � â¥à¨ «ë XLVIII �¥�¤ã­ à. ­ ãç. áâã¤¥­ç¥áª®©ª®­ä. ý�âã¤¥­â ¨ ­ ãç­®-â¥å­¨ç¥áª¨© ¯à®£à¥ááþ. � â¥¬ â¨ª  / �®¢®á¨¡¨àáª:�®¢®á¨¡¨àáª. £®á. ã­-â, 2010. �. 58{59.7. Ǒ®¯®¢ �. �. � à §à¥è¨¬®áâ¨ ­¥ª®â®àëå § ¤ ç á® á¬¥é¥­¨¥¬ ¤«ï ¯á¥¢¤®¯ à -¡®«¨ç¥áª¨å ãà ¢­¥­¨© // � â¥à¨ «ë �¥�¤ã­ à. ­ ãç. ä®àã¬  ý�®¬®­®á®¢-2010þ. � â¥¬ â¨ª . �«¥ªâà®­­ë© à¥áãàá. �.: � ªá Ǒà¥áá, 2010.8. Fridman A. Monotone de
ay of solutions of paraboli
 equations with nonlo
alboundary 
onditions // Quart. Appl. Math. 1986. V. 44, N 3. P. 401{407.9. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ á ­¥«®ª «ì­ë¬ £à ­¨ç­ë¬ãá«®¢¨¥¬ ¤«ï «¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© // �¥áâ­. � ¬ àáª. £®á.â¥å­. ã­-â . 2004. ¢ë¯. 30. �. 63{69.10. �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �. �. � ¤ ç  á® á¬¥é¥­¨¥¬ ¤«ï ãà ¢­¥­¨© ¢ç áâ­ëå ¯à®¨§¢®¤­ëå // �§¢. ¢ã§®¢. � â¥¬ â¨ª . 2007. ü 5. �. 3{26.11. �®� ­®¢ �. �., Ǒã«ìª¨­  �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç á ­¥«®ª «ì­ë¬£à ­¨ç­ë¬ ãá«®¢¨¥¬ ¨­â¥£à «ì­®£® ¢¨¤  ¤«ï ¬­®£®¬¥à­ëå £¨¯¥à¡®«¨ç¥áª¨åãà ¢­¥­¨© // �¨ää¥à¥­æ. ãà ¢­¥­¨ï. 2006. �. 42, ü 9. �. 1116{1172.12. Kozhanov A. I. Composite type equations and inverse problems. Utre
ht: VSP,1999.13. � åãè¥¢ �. �. � ¤ ç¨ á® á¬¥é¥­¨¥¬ ¤«ï ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå.�.: � ãª , 2006.14. �ªã¡®¢ �. �. �¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ë¥ ãà ¢­¥­¨ï ¨ ¨å ¯à¨-«®�¥­¨ï. � ªã: �«¬, 1985.15. �à¥­®£¨­ �. �. �ã­ªæ¨®­ «ì­ë©  ­ «¨§. �.: � ãª , 1980.£. �ªãâáª 9 ä¥¢à «ï 2012 £.



��� 517.946.4������������ �������������Ǒ������������� ����������������� Ǒ������ � ������������Ǒ��������� �������∗)�. �. Ǒ®¯®¢, �. �. �¨­ï¢áª¨©Ǒãáâì
Q±

T = R
± × (0 < t < T ), R

+ = {R, x > 0}, R
− = {R, x < 0}.� ®¡« áâ¨ QT = Q+

T ∪Q−
T à áá¬ âà¨¢ ¥âáï ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨:

n∏

k=1( ∂

∂t
+ αk(−1)m signx · ∂

2m

∂x2m

)
u = 0, αk > 0. (1)Ǒà¨ n = m = 1 ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (1) ¨§ãç «¨áì ¢ [1{3℄.Ǒà¨ m = 1 ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (1) à áá¬ âà¨¢ «¨áì ¢ [4{6℄.�§¢¥áâ­®, çâ® ¢ ªà ¥¢ëå § ¤ ç å ¤«ï áâà®£® ¯ à ¡®«¨ç¥áª¨å ãà ¢-­¥­¨© £« ¤ª®áâì ­ ç «ì­ëå ¨ £à ­¨ç­ëå ¤ ­­ëå ¡¥§ ¤®¯®«­¨â¥«ì­ëåãá«®¢¨© ­  ¤ ­­ë¥ § ¤ ç¨ ¯®«­®áâìî ®¯à¥¤¥«ï¥â ¯à¨­ ¤«¥�­®áâì à¥-è¥­¨ï £�¥«ì¤¥à®¢áª¨¬ ¯à®áâà ­áâ¢ ¬. � á«ãç ¥ ãà ¢­¥­¨© á ¬¥­ïî-é¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ £« ¤ª®áâì ­ ç «ì­ëå ¨ £à ­¨ç­ëå ¤ ­-­ëå ­¥ ®¡¥á¯¥ç¨¢ ¥â ¯à¨­ ¤«¥�­®áâì à¥è¥­¨ï â ª¨¬ ¯à®áâà ­áâ¢ ¬.Ǒà¨¬¥­¥­¨¥ â¥®à¨¨ á¨­£ã«ïà­ëå ãà ¢­¥­¨© ¤ ¥â ¢®§¬®�­®áâì ­ àï-¤ã á £« ¤ª®áâìî ¤ ­­ëå § ¤ ç¨ ãª § âì ¤®¯®«­¨â¥«ì­® ­¥®¡å®¤¨¬ë¥ ¨

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012{2014 ££. (¯à®¥ªâ ü 4402) ¨ ��Ǒý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (�� ü 02.740.11.0609).
© 2012 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.



�áá«¥¤®¢ ­¨¥ ¨â¥à¨à®¢ ­­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© 97¤®áâ â®ç­ë¥ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ¯à¨­ ¤«¥�­®áâì à¥è¥­¨ï ¯à®-áâà ­áâ¢ ¬ H
p,
x

p/2m
t ¯à¨ p > 2m. �®«¥¥ â®£®, ¯à¨¬¥­¥­¨¥¬ ¥¤¨­®£®¯®¤å®¤  ¯à¨ ®¡é¨å ãá«®¢¨ïå á®¯àï�¥­¨ï (áª«¥¨¢ ­¨ï) ¤«ï â ª¨å ãà ¢-­¥­¨© ã¤ ¥âáï ¯®ª § âì, çâ® ­¥æ¥«ë© ¯®ª § â¥«ì p − [p℄ ¯à®áâà ­áâ¢ 

H
p,
x

p/2m
t ¬®�¥â áãé¥áâ¢¥­­® ¢«¨ïâì ª ª ­  ª®«¨ç¥áâ¢® ãá«®¢¨© à §à¥-è¨¬®áâ¨, â ª ¨ ­  £« ¤ª®áâì ¨áª®¬®£® à¥è¥­¨ï ãà ¢­¥­¨ï (á¬. [7, 8℄).� ­ áâ®ïé¥© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ­ ç «ì­®-ªà ¥¢ ï § ¤ ç  ¤«ï¨â¥à¨à®¢ ­­ëå ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯  á ¬¥­ïîé¨¬áï ­ -¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ (1) ¯à¨ m > 2 ¨ ãâ®ç­ïîâáï à¥§ã«ìâ âë [9℄ ¯à¨

m = 2, 3.�à ¥¢ ï § ¤ ç . � ©â¨ ¢ QT à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®-àïîé¥¥1) ­ ç «ì­ë¬ ãá«®¢¨ï¬:
∂su

∂ts

∣∣∣∣
t=0 = ϕs(x), x > 0, ∂su

∂ts

∣∣∣∣
t=T

= ψs(x), x < 0, s = 0, . . . , n− 1;(2)2) ãá«®¢¨ï¬ áª«¥¨¢ ­¨ï:
∂2ml+iu

∂x2ml+i

∣∣∣∣
x=+0 = (−1)l ∂2ml+iu

∂x2ml+i

∣∣∣∣
x=−0, l = 0, . . . , n− 1, i = 0, . . . , 2m− 1.(3)Ǒãáâì ϕs ∈ H2ml(n−s)+α(R+), ψs ∈ H2ml(n−s)+α(R−), l > 1 æ¥«®¥.� [9℄ â ª ï § ¤ ç  ¨áá«¥¤®¢ « áì ¤«ï à §«¨ç­ëå §­ ç¥­¨© n > 1, m > 1¯à¨ 0 < α < 12 . �®�­® ¯®ª § âì [9℄, çâ® à §à¥è¨¬®áâì íâ®© § ¤ ç¨¢® ¢á¥å á«ãç ïå á«¥¤ã¥â ¨§ à §à¥è¨¬®áâ¨ § ¤ ç¨ ¯à¨ n = 1, m > 1.�¡®§­ ç¨¬

us(x, t) = n−s∏

k=1( ∂

∂t
+ αk(−1)m signx ∂2m

∂x2m

)
u= n−s∑

l=0 (−1)ml(signx)lσl(αn−s) ∂2ml

∂x2ml

∂n−s−l

∂tn−s−l
u,£¤¥ σ0 = 1, σl | í«¥¬¥­â à­ë¥ á¨¬¬¥âà¨ç¥áª¨¥ ¬­®£®ç«¥­ë í«¥¬¥­â®¢

α1, α2, . . . , αn−s ¯à¨ l > 1.



98 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.�á«¨ à¥è¥­¨¥ áãé¥áâ¢ã¥â, â®1) ¯à¨ x > 0, 0 6 s 6 n− 1
us(x, 0) = n−s∑

l=0(−1)mlσl(αn−s) ∂2ml

∂x2ml
ϕn−s−l(x) = �s(x) ∈ H2mls+α(R+),(4)

∂ius

∂xi

∣∣∣∣
x=+0 = n−s∑

l=0 (−1)mlσl(αn−s) ∂n−s−l

∂tn−s−l

∂2ml+i

∂x2ml+i
u

∣∣∣∣
x=+0, (5)

i = 0, . . . , 2m− 1;2) ¯à¨ x < 0, 0 6 s 6 n− 1
us(x, T ) = n−s∑

l=0 (−1)(m+1)lσl(αn−s) ∂2ml

∂x2ml
ψn−s−l(x)= 	s(x) ∈ H2mls+α(R−), (6)

∂ius

∂xi

∣∣∣∣
x=−0 = n−s∑

l=0 (−1)(m+1)lσl(αn−s) ∂n−s−l

∂tn−s−l

∂2ml+i

∂x2ml+i
u

∣∣∣∣
x=−0, (7)

i = 0, . . . , 2m−1. Ǒà¨ § ¤ ­­ëå �s, 	s äã­ªæ¨¨ ϕs ¨ ψs ®¯à¥¤¥«ïîâáï®¤­®§­ ç­®.� á¨«ã (3), (5), (7) ¨¬¥¥¬
∂ius

∂xi

∣∣∣∣
x=+0 = ∂ius

∂xi

∣∣∣∣
x=−0, i = 0, . . . , 2m− 1. (8)� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì § ¤ ç:

∂us

∂t
+ αn−s+1(−1)m signx∂2mus

∂x2m
= us−1 ¢ QT , u0 = 0,

us|t=0 = �s(x), x > 0, us|t=T = 	s(x), x < 0, (9)
∂ius

∂xi
|x=+0 = ∂ius

∂xi

∣∣∣∣
x=−0, i = 0, . . . , 2m− 1, s = 1, . . . , n,£¤¥ ¯à¥¤¯®« £ ¥¬, çâ® u0 = 0, un = u.Ǒãáâì s = 1. � ª ¯®ª § ­® ¢ [8, 10℄, ¯à¨ ¢ë¯®«­¥­¨¨ 2ml (m > 4)ãá«®¢¨© à §à¥è¨¬®áâ¨ ­  § ¤ ­­ë¥ äã­ªæ¨¨ �1, 	1 § ¤ ç  (9) ¨¬¥¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u1 ∈ H

2ml+α, l+α/2m
x t (Q±

T ).



�áá«¥¤®¢ ­¨¥ ¨â¥à¨à®¢ ­­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© 99�á«¨ �1 = 	1 = 0, â® u1 = 0. Ǒà®¤®«� ï íâ®â ¯à®æ¥áá ¤«ï s =2, . . . , n−1, ¯®«ãç¨¬, çâ® à¥è¥­¨¥ § ¤ ç¨ (1){(3) ¯à¨ ¢ë¯®«­¥­¨¨ 2mnlãá«®¢¨© ¢¨¤ 
Ls(ϕs, ψs) = 0, s = 1, . . . , 2mnl, (10)áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨ u ∈ H

2mnl+α, nl+α/2m
x t (Q±

T ).�â ª, ¯à¨ æ¥«®¬ m > 4 á¯à ¢¥¤«¨¢ �¥®à¥¬  1. Ǒãáâì
ϕs(x) ∈ H2ml(n−s)+α(R+), ψs(x) ∈ H2ml(n−s)+α(R−).�®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ 2mnl ãá«®¢¨© (10) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥-è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1){(3) ¨§ ¯à®áâà ­áâ¢  H2mnl+α, nl+α/2m

x t (Q±
T ).�à ¢­¥­¨ï ç¥â¢¥àâ®£® ¯®àï¤ª . �«ãç © m = 2. � ®¡« áâ¨

QT = Q+
T ∪ Q−

T à áá¬®âà¨¬ ¨â¥à¨à®¢ ­­®¥ ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ç¥â¢¥àâ®£® ¯®àï¤ª  á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨:
n∏

k=1( ∂

∂t
+ αk signx · ∂4

∂x4)u = 0, αk > 0. (11)�à ¥¢ ï § ¤ ç . � ©â¨ ¢ QT à¥è¥­¨¥ ãà ¢­¥­¨ï (11), ã¤®¢«¥-â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬ (2) ¨ ãá«®¢¨ï¬ áª«¥¨¢ ­¨ï:
∂4l+iu

∂x4l+i

∣∣∣∣
x=+0 = (−1)l ri ∂4l+iu

∂x4l+i

∣∣∣∣
x=−0, l = 0, . . . , n−1, i = 0, 1, 2, 3. (12)� ª ¯®ª § ­® ¢ [7℄, ¯à¨ ¢ë¯®«­¥­¨¨ 4l ãá«®¢¨© § ¤ ç  (9) ¯à¨

n = 1, m = 2 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u1 ∈ H
4l+α, l+α/4
x t (Q±

T )¯à¨ ¬ «ëå ¯®«®�¨â¥«ì­ëå α. � ª ¨ ¢ëè¥, à¥è¥­¨¥ § ¤ ç¨ (11), (12)¯à¨ ¢ë¯®«­¥­¨¨ 4nl ãá«®¢¨© ¢¨¤  (10) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨ u ∈
H

4nl+α, nl+α/4
x t (Q±

T ).�¥®à¥¬  2. Ǒãáâì
ϕs(x) ∈ H4l(n−s)+α(R+), ψs(x) ∈ H4l(n−s)+α(R−).



100 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.�®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ 4nl ãá«®¢¨© ¢¨¤  (10) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (2), (12) à¥è¥­¨¥ ãà ¢­¥­¨ï (11) ¨§ ¯à®-áâà ­áâ¢ 1) Hp,
x

p/4
t , p = 4nl+ α, ¥á«¨ 0 < α < 1− 4θ;2) Hq,

x
q/4
t , q = 4nl+ 1− 4θ, ¥á«¨ 1− 4θ < α < 1;3) Hq−ε,

x
(q−ε)/4
t , ¥á«¨ α = 1− 4θ, £¤¥ ε | áª®«ì ã£®¤­® ¬ « ï ¯®«®-�¨â¥«ì­ ï ¯®áâ®ï­­ ï.�¤¥áì θ = 1

π ar
tg ∣∣a(ri)
b(ri) ∣∣ ∈ (0, 14).�à ¢­¥­¨ï è¥áâ®£® ¯®àï¤ª . �«ãç © m = 3. � ®¡« áâ¨

QT = Q+
T ∪ Q−

T à áá¬ âà¨¢ ¥âáï ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ è¥áâ®£®¯®àï¤ª  á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨:
n∏

k=1( ∂

∂t
+ αk(−1) signx · ∂

6
∂x6)u = 0, αk > 0. (13)�à ¥¢ ï § ¤ ç . � ©â¨ ¢ QT à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®-àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬ (2) ¨ ãá«®¢¨ï¬ áª«¥¨¢ ­¨ï:

∂6l+iu

∂x6l+i

∣∣∣∣
x=+0 = (−1)l qi ∂6l+iu

∂x6l+i

∣∣∣∣
x=−0, l = 0, . . . , n− 1, i = 0, . . . , 5.� ª ¯®ª § ­® ¢ [7, 11℄, ¯à¨ ¢ë¯®«­¥­¨¨ 6l ãá«®¢¨© § ¤ ç  (9) ¯à¨

n = 1, m = 3 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u1 ∈ H
6l+α, l+α/6
x t (Q±

T ) ¯à¨¬ «ëå ¯®«®�¨â¥«ì­ëå α. � íâ®¬ á«ãç ¥ à¥è¥­¨¥ § ¤ ç¨ (13), (2),(14) ¯à¨ ¢ë¯®«­¥­¨¨ 6nl ãá«®¢¨© ¢¨¤  (10) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨
u ∈ H

6nl+α, nl+α/6
x t (Q±

T ).�¥®à¥¬  3. Ǒãáâì ϕs(x) ∈ H6l(n−s)+α(R+), ψs(x) ∈ H6l(n−s)+α(R−).�®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ 6nl ãá«®¢¨© ¢¨¤  (10) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (2), (14) à¥è¥­¨¥ ãà ¢­¥­¨ï (13) ¨§ ¯à®-áâà ­áâ¢ 1) Hp,
x

p/6
t , p = 6nl+ α, ¥á«¨ 0 < γ < 2− 6θ;2) Hq,

x
q/6
t , q = 6nl+ 2− 6θ, ¥á«¨ 2− 6θ < γ < 1;3) Hq−ε,

x
(q−ε)/6
t , ¥á«¨ γ = 2− 6θ, £¤¥ ε | áª®«ì ã£®¤­® ¬ « ï ¯®«®-�¨â¥«ì­ ï ¯®áâ®ï­­ ï.



�áá«¥¤®¢ ­¨¥ ¨â¥à¨à®¢ ­­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© 101�¤¥áì θ = 1
π ar
tg ∣∣a(qi)

b(qi) ∣∣ ∈ ( 16 ; 13).����������1. �¥àá¥­®¢ �. �. �¢¥¤¥­¨¥ ¢ â¥®à¨î ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯  á ¬¥­ïî-é¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨. �®¢®á¨¡¨àáª: �­-â ¬ â¥¬ â¨ª¨, 1982.2. �¥àá¥­®¢ �. �. Ǒ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥-¬¥­¨. �®¢®á¨¡¨àáª: � ãª , 1985.3. �¥àá¥­®¢ �. �. � ¯¥à¢®© ªà ¥¢®© § ¤ ç¥ ¤«ï ®¤­®£® ¯àï¬®-®¡à â­® ¯ à ¡®«¨-ç¥áª®£® ãà ¢­¥­¨ï // �®ª«. �� ����, 1991. �. 317, ü 3. �. 584{588.4. �å¬¥¤®¢ �. �. � ­¥ª®â®àëå ªà ¥¢ëå § ¤ ç å ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£®â¨¯  á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨: �¨á. . . . ª ­¤. ä¨§.-¬ â. ­ ãª:01.01.02. �®¢®á¨¡¨àáª, 1989.5. Ǒ®¯®¢ �. �.�¥«®ª «ì­ë¥ ª®­â ªâ­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ¨â¥à¨à®¢ ­­ëå ãà ¢-­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ // � â. § ¬¥âª¨ ���. 1994. �.1, ¢ë¯. 2. �. 55{65.6. Ǒ®¯®¢ �. �. �®­â ªâ­ ï § ¤ ç  ¤«ï ¨â¥à¨à®¢ ­­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤-­®áâ¨ // �ç. § ¯. ���. �¥à. ¬ â¥¬ â¨ª , ä¨§¨ª . �ªãâáª: �§¤-¢® ���, 1994.�. 24{31.7. Ǒ®¯®¢ �. �. � £« ¤ª®áâ¨ à¥è¥­¨© ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© á ¬¥­ïîé¨¬áï­ ¯à ¢«¥­¨¥¬ í¢®«îæ¨¨ // �®ª«. ���. 2005. �. 400, ü 1. �. 29{31.8. Ǒ®¯®¢ �. �., Ǒ®â ¯®¢  �. �. ��¥«ì¤¥à®¢áª¨¥ ª« ááë à¥è¥­¨© 2n-¯ à ¡®«¨ç¥áª¨åãà ¢­¥­¨© á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ í¢®«îæ¨¨ // �®ª«. ���. 2009. �. 424,ü 5. �. 594{596.9. Tersenov S. A. On a method of solving initial boundary value problems for higherorder equations // � â. § ¬¥âª¨ ���. 2010. �. 17, ¢ë¯. 1. �. 138{145.10. Ǒ®â ¯®¢  �. �., Ǒ®¯®¢ �. �. �à ¥¢ ï § ¤ ç  ¤«ï 2n-¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ í¢®«îæ¨¨ ¯à¨ n > 4 // � â. § ¬¥âª¨ ���. 2009.�. 16, ¢ë¯. 1. �. 32{55.11. Ǒ®â ¯®¢  �. �., Ǒ®¯®¢ �. �. ��¥«ì¤¥à®¢áª¨¥ ª« ááë à¥è¥­¨© ¯ à ¡®«¨ç¥áª¨åãà ¢­¥­¨© è¥áâ®£® ¯®àï¤ª  á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ í¢®«îæ¨¨ //� â. § ¬¥âª¨ ���. 2007. �. 14, ¢ë¯. 1. �. 58{81.£. �ªãâáª 10 ä¥¢à «ï 2012 £.
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 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  Rn á £« ¤ª®© £à -­¨æ¥© �, S = � × (0, T ), Q | æ¨«¨­¤à 
 × (0, T ), 0 < T < +∞, aij(x),
i, j = 1, . . . , n, a(x, t), f(x, t), h(x, t), K(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥-¤¥«¥­­ë¥ ¯à¨ x ∈ 
, t ∈ [0, T ℄.� à ¡®â¥ à áá¬ âà¨¢ ¥âáï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥¢¨¤ 

Lu = ut −
n∑

i,j=1 ∂

∂xi
(aij(x)uxj

) + a(x, t)u = f(x, t) + q(t)h(x, t), (1)
n∑

i,j=1 aij(x)ξiξj > 0, ξ = (ξ1, . . . , ξn) ∈ R
n.�¡à â­ ï § ¤ ç . � ©â¨ äã­ªæ¨¨ u(x, t), q(x), á¢ï§ ­­ë¥ ¢ æ¨-«¨­¤à¥ Q ãà ¢­¥­¨¥¬ (1) ¨ â ª¨¥, çâ® ¤«ï äã­ªæ¨¨ u(x, t) ¢ë¯®«­ïîâáï­ ç «ì­ë¥ ¨ £à ­¨ç­ë¥ ãá«®¢¨ï:

u(x, 0) = u0(x), x ∈ 
; u|S = 0,  â ª�¥ ¨­â¥£à «ì­®¥ ãá«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥­¨ï:∫
 K(x, t)u(x, t) dx = 0, t ∈ [0, T ℄.
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012{2014 ££. (¯à®¥ªâ ü 4402) ¨ ��Ǒý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (�� ü 02.740.11.0609).
© 2012 Ǒà®ª®¯ì¥¢ �. �.



� §à¥è¨¬®áâì ®¡à â­®© § ¤ ç¨ 103�¡à â­ë¥ § ¤ ç¨ ®¯à¥¤¥«¥­¨ï à¥è¥­¨ï ¨ ­¥¨§¢¥áâ­®© ¯à ¢®© ç -áâ¨ ¤«ï ¬­®£®¬¥à­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© à áá¬ âà¨¢ «¨áì¬­®£¨¬¨  ¢â®à ¬¨ [1{6℄.Ǒãáâì ¯à®áâà ­áâ¢® V | § ¬ëª ­¨¥ ¬­®�¥áâ¢  ¡¥áª®­¥ç­® ¤¨ä-ä¥à¥­æ¨àã¥¬ëå ¢ Q äã­ªæ¨© v(x, t) â ª¨å, çâ® v(x, t)|S = 0, ¯® ­®à¬¥
‖v‖V = [∫

Q

v2t (x, t) dxdt + ∫
Q

n∑

i,j=1 aijvxi
(x, t)vxj

(x, t) dxdt+ ∫
Q

v2(x, t) dxdt] 12
.�¢¥¤¥¬ ¯®­ïâ¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ¤«ïäã­ªæ¨© u(x, t) ∈ V , q(t) ∈ L2[0, T ℄.�¯à¥¤¥«¥­¨¥. �ã­ªæ¨¨ u(x, t) ∈ V , q(t) ∈ L2[0, T ℄ ­ §ë¢ îâáï®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(3), ¥á«¨ ¢ë¯®«­¥­® ¨­â¥£à «ì­®¥à ¢¥­áâ¢®

∫

Q

(
utη + n∑

i,j=1 aijuxi
ηxj

+ auη

)
dxdt = ∫

Q

(fη + qhη) dxdt¤«ï «î¡ëå η ∈ C∞(Q) ¨ η|S = 0.�¢¥¤¥¬ ­¥ª®â®àë¥ ­¥®¡å®¤¨¬ë¥ ®¡®§­ ç¥­¨ï:
f0(t) = ∫
 K(x, t)f(x, t) dx, h0(t) = ∫
 K(x, t)h(x, t) dx,
L0v(x, t) = n∑

i,j=1 ∂

∂xi
(aij(x)vxj

(x, t)) − a(x, t)v(x, t),
L0εv(x, t) = L0v(x, t) + ε�v,

h1(x, t) = −L0h(x, t)
h0(t) , h1ε(x, t) = −L0εh(x, t)

h0(t) ,

H = max[0,T ℄ ∫
 h21(x, τ) dx, Hε = max[0,T ℄ ∫
 h21ε(x, τ) dx,
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M1 = Hmax[0,T ℄ ∫
 K2

t (y, τ) dy, M1ε = Hε max[0,T ℄ ∫
 K2
t (y, τ) dy,

M2 = Hmax[0,T ℄ ∫
 K2(y, τ) dy, M2ε = Hε max[0,T ℄ ∫
 K2(y, τ) dy,
a1 = max

Q
|at(x, t)|,£¤¥ 0 < ε < ε0, ε0 | ¬ «®¥ ç¨á«®, v(x, t) | § ¤ ­­ ï äã­ªæ¨ï ¨ ν =(ν1, . . . , νn) | ¢¥ªâ®à ¢­ãâà¥­­¥© ­®à¬ «¨ ª � ¢ â®çª¥ x.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

h(x, t) ∈ C2(Q), a(x, t) ∈ C1(Q), aij(x) ∈ C2(
), i, j = 1, . . . , n,
K(x, t) ∈ C1(Q), a(x, t) > a0 > 0, n∑

i,j=1 aij(x)νiνj > 0, x ∈ �; (4)
K(x, t)|� = 0, |h0(t)| > �h0 > 0, t ∈ [0, T ℄; (5)

a02 − a20 + 12a20 (M1 + a1)−M2 > 0; (6)
∫
 K(x, 0)u0(x) dx = 0, f(x, t) ∈ L2(0, T ;W 22 (
)). (7)�®£¤  áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ u(x, t) ∈ V , q(t) ∈ L2[0, T ℄ § ¤ -ç¨ (1){(3).�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ãà ¢­¥­¨¥

Lu− ε�u = f(x, t) + q(t)h(x, t). (8)�¬­®�¨¬ (8) ­ K(x, t) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ®¡« áâ¨ 
. Ǒ®á«¥ ­¥á«®�-­ëå ¢ëª« ¤®ª á ãç¥â®¬ (3) ¨ (5) ¯®«ãç¨¬
q(t) = qε(t) = − 1

h0(x)[∫
 Kt(x, t)u(x, t) dx+ ∫
 K(x, t)L0εu(x, t) dx+ f0(x)].



� §à¥è¨¬®áâì ®¡à â­®© § ¤ ç¨ 105Ǒ®¤áâ ¢«ïï ¯®«ãç¥­­®¥ ¢ëà �¥­¨¥ ¤«ï qε(t) ¢ (8), ¨¬¥¥¬
ut(x, t)− n∑

i,j=1 ∂

∂xi
(aij(x)uxj

(x, t)) + a(x, t)u(x, t) − ε�u= f(x, t)− h(x, t)
h0(t) f0(t)− h(x, t)

h0(t) [ ∫
 Kt(x, t)u(x, t) dx+ ∫
 K(x, t)L0εu(x, t) dx]. (9)Ǒãáâì v(x, t) = L0εu(x, t). Ǒà¨¬¥­¨¬ ®¯¥à â®à L0ε ª ãà ¢­¥­¨î (9):
Lεv = vt(x, t) − L0εv(x, t) + at(x, t)u(x, t) = ~fε(x, t)+ h1ε(x, t)[ ∫
 Kt(x, t)u(x, t) dx + ∫
 K(x, t)v(x, t) dx], (10)£¤¥ ~fε(x, t) = L0εf(x, t) + h1(x, t)f0(t).Ǒ®«®�¨¬ v0ε(x) = L0εu0(x) ¨ à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ -çã: ­ ©â¨ äã­ªæ¨î v(x, t), ï¢«ïîéãîáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10) ¨ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬:

v(x, 0) = v0ε(x), x ∈ 
; v(x, t)|S = 0. (11)�¬¥¥â ¬¥áâ® à §à¥è¨¬®áâì ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¯à¨ ä¨ªá¨-à®¢ ­­®¬ ε ¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë ¢ ¯à®áâà ­áâ¢¥ W 2,12 (Q)(á¬. [7, 8℄). Ǒ®ª �¥¬ ¢ë¯®«­¥­¨¥ à ¢­®¬¥à­ëå ¯® ε  ¯à¨®à­ëå ®æ¥-­®ª.� áá¬®âà¨¬ à ¢¥­áâ¢®
t∫0 ∫
 Lεv · v(x, τ) dxdτ = t∫0 ∫
 [ ~fε(x, τ)+h1ε(x, τ)(∫
 Kτ (y, τ)u(y, τ) dy+ ∫
 K(y, τ)v(y, τ) dy)]v(x, τ) dxdτ, (12)



106 Ǒà®ª®¯ì¥¢ �. �.£¤¥ t | ¯à®¨§¢®«ì­®¥ ç¨á«® ¨§ ®âà¥§ª  [0, T ℄. �­â¥£à¨àãï ¯®ç«¥­­® ¢«¥¢®© ç áâ¨ à ¢¥­áâ¢  (12), ¯®«ãç¨¬12 ∫
 v2(x, t) dx+ t∫0 ∫
 n∑

i,j=1 aij(x)vxi
(x, τ)vxj

(x, τ) dxdτ+ t∫0 ∫
 a(x, τ)v2(x, τ) dxdτ + ε

t∫0 ∫
 n∑

i=1 v2xi
(x, τ) dxdτ= t∫0 ∫
 ~fε(x, τ)v(x, τ) dxdτ + 12 ∫
 v20ε(x) dx

−
t∫0 ∫
 at(x, τ)u(x, τ)v(x, τ) dxdτ + t∫0 ∫
 h1ε(x, τ)(∫
 Kτ (y, τ)u(y, τ) dy+ ∫
 K(y, τ)v(y, τ) dy)v(x, τ) dxdτ.Ǒà¨¬¥­ïï ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ­¥à ¢¥­áâ¢  �­£  ¨��¥«ì¤¥à , ¨¬¥¥¬12 ∫
 v2(x, t) dx+ t∫0 ∫
 n∑

i,j=1 aij(x)vxi
(x, τ)vxj

(x, τ) dxdτ+(a02 − a20 + 12a20 (M1ε + a1)−M2ε

) t∫0 ∫
 v2(x, τ) dxdτ+ ε

t∫0 ∫
 n∑

i=1 v2xi
(x, τ) dxdτ 6

12a20 t∫0 ∫
 ~f2ε (x, τ) dxdτ + 12 ∫
 v20ε(x) dx.� ª ª ª ε0 > 0 ¤®áâ â®ç­® ¬ «®, ¢ á¨«ã (6) ¬®�­® áç¨â âì, çâ®
a02 − a20 + 12a20 (M1ε + a1)−M2ε > 0.



� §à¥è¨¬®áâì ®¡à â­®© § ¤ ç¨ 107�®£¤  ¨§ ¯à¥¤ë¤ãé¥£® ­¥à ¢¥­áâ¢  á ãç¥â®¬ (6) ¯®«ãç¨¬ ®æ¥­ªã
∫
 v2(x, t) dx + t∫0 ∫
 n∑

i,j=1 aij(x)vxi
(x, τ)vxj

(x, τ) dxdτ+ t∫0 ∫
 v2(x, τ) dxdτ + ε

t∫0 ∫
 n∑

i=1 v2xi
(x, τ) dxdτ 6 M3ε‖f‖2L2(Q), (13)£¤¥ M3ε § ¢¨á¨â ®â ε, a0, a1, u0(x), h(x, t), f(x, t) ¨ K(x, t).�«ï á«¥¤ãîé¥©  ¯à¨®à­®© ®æ¥­ª¨ à áá¬®âà¨¬ à ¢¥­áâ¢®

t∫0 ∫
 Lεv·vτ (x, τ) dxdτ = t∫0 ∫
 [ ~fε(x, t)+h1ε(x, τ)(∫
 Kt(y, τ)u(y, τ)dy+ ∫
 K(y, τ)v(y, τ)dy)]vτ (x, τ) dxdτ. (14)�­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢  �­£  ¨ ��¥«ì¤¥à , ¯®-«ãç¨¬
t∫0 ∫
 v2τ (x, τ) dxdτ + 12 ∫
 n∑

i,j=1 aij(x)vxi
(x, τ)vxj

(x, τ) dx∣∣t0+ 12 ∫
 a(x, τ)v2(x, τ)dx∣∣t0 + ε2 ∫
 n∑

i=1 v2xi
(x, τ) dx∣∣t0 6

12 t∫0 ∫
 f̃2(x, τ) dxdτ+ 2a21
a20 t∫0 ∫
 v2(x, τ) dxdτ + 34 t∫0 ∫
 v2τ (x, τ) dxdτ+ 2M1 + 2a20M2

a20 t∫0 ∫
 v2(x, τ) dxdτ.



108 Ǒà®ª®¯ì¥¢ �. �.�§ ¯à¥¤ë¤ãé¥£® ­¥à ¢¥­áâ¢  á ãç¥â®¬ (13) ¨¬¥¥¬ ®æ¥­ªã
t∫0 ∫
 v2τ (x, τ) dxdτ + ∫
 n∑

i,j=1 aij(x)vxi
(x, t)vxj

(x, t) dx + ∫
 v2(x, t) dx+ ε

∫
 n∑

i=1 v2xi
(x, t) dx 6 M4ε‖f‖2L2(Q), (15)£¤¥ M4ε § ¢¨á¨â ®â ε, a(x, t), u0(x), h(x, t), f(x, t) ¨ K(x, t).� á¨«ã ¬ «®áâ¨ ε0 ç¨á«  M3ε,M4ε ®£à ­¨ç¥­ë ­¥ª®â®àë¬ M , § -¢¨áïé¨¬ ®â â¥å �¥ ¢¥«¨ç¨­ ¨ äã­ªæ¨©, çâ® ¨ M3ε ¨ M4ε, §  ¨áª«îç¥-­¨¥¬ ε.Ǒ®áª®«ìªã ­  á ¬®¬ ¤¥«¥ äã­ªæ¨ï v(x, t) ®¯à¥¤¥«ï¥âáï â ª�¥ ¯ -à ¬¥âà®¬ ε, ¨§ á¥¬¥©áâ¢  {vε(x, t)} ¬®�­® ¯®«ãç¨âì á¥¬¥©áâ¢® äã­ªæ¨©

{uε(x, t)} á ¯®¬®éìî à ¢¥­áâ¢
L0εuε(x, t) = vε(x, t), uε(x, t)|S = 0.�®£¤  ¤«ï á¥¬¥©áâ¢  {uε(x, t)} ¢ æ¥«®¬ ¨¬¥¥¬ ®æ¥­ªã

t∫0 ∫
 u2ετ (x, τ) dxdτ + t∫0 ∫
 n∑

i,j=1 aij(x)uεxi
(x, τ)uεxj

(x, τ) dxdτ+ t∫0 ∫
 u2ε(x, τ) dxdτ + ε

t∫0 ∫
 n∑

i=1 u2εxi
(x, τ) dx 6 M5, (16)£¤¥ M5 § ¢¨á¨â ®â â¥å �¥ ¢¥«¨ç¨­ ¨ äã­ªæ¨©, çâ® ¨ ç¨á«® M .�á«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥­¨ï

∫
 K(x, t)uε(x, t) dx = 0 (17)¤«ï á¥¬¥©áâ¢  {uε(x, t)} ¢ë¯®«­ï¥âáï (á¬., ­ ¯à¨¬¥à, [9℄). �®£¤  ¤«ïá¥¬¥©áâ¢  {uε(x, t)} ¢ á¨«ã (17) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
uεt(x, t)− L0εuε = f(x, t) + qε(t)h(x, t), (18)
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qε(t) = 1

h0(x)[ ∫
 K(x, t)uεt(x, t) dx −
∫
 K(x, t)L0εuε(x, t) dx − f0(x)].�¬­®�¨¬ (18) ­  ¯à®¡­ãî äã­ªæ¨î η(x, t) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® Q:

∫

Q

(
uεtη+ε n∑

i=1 uεxi
ηxi

+ n∑

i,j=1 aijuεxi
ηxj

+auεη

)
dxdt = ∫

Q

(fη+qεhη) dxdt.�§ ®æ¥­ª¨ (16) á«¥¤ã¥â, çâ® ¬®�­® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì­®-áâ¨ {εm} ¨ {um(x, t)} â ª¨¥, çâ® ¯à¨ m→ ∞
εm → 0, um(x, t) → u(x, t), umt(x, t) → ut(x, t),
aij(x)umxi

(x, t) → aij(x)uxi
(x, t) á« ¡® ¢ L2(Q),

εmumxi
(x, t) → 0 á« ¡® ¢ L2(Q),

qεm(t) → q(t) á« ¡® ¢ L2[0, T ℄.� ¯à¥¤¥«¥ ¯®«ãç¨¬ âà¥¡ã¥¬®¥ ®¡®¡é¥­­®¥ à¥è¥­¨¥.����������1. Prilepko A. I., Orlovsky D. C., Vasin I. A. Methods for solving inverse problems inmathemati
al physi
s. New York: Mar
el Dekker, 1999.2. Isakov V. Inverse problems for partial di�erential equations. Wi
hita: Springer-Verl.,2000.3. �®� ­®¢ �. �. � ¤ ç  ®¯à¥¤¥«¥­¨ï à¥è¥­¨ï ¨ ¯à ¢®© ç áâ¨ á¯¥æ¨ «ì­®£® ¢¨¤  ¢¯ à ¡®«¨ç¥áª®¬ ãà ¢­¥­¨¨ // �¡à â­ë¥ § ¤ ç¨ ¨ ¨­ä®à¬ æ¨®­­ë¥ â¥å­®«®£¨¨.�£®àáª. ¨­-â ¨­ä®à¬ æ¨®­­ëå â¥å­®«®£¨©. 2002. �. 1, ü 3. �. 13{41.4. Belov Yu Ya. Inverse problems for paraboli
 equations // J. Inverse Ill-posed Probl.1993. V. 1, N 4. P. 283{305.5. Belov Yu Ya. Inverse problems for partial di�erential equations. Utre
ht: VSP, 2002.6. Ivan
hov M. Inverse problems for equations of paraboli
 type. L'viv: VNTL Publ.,2003. (Math. Stud. Monogr. Ser.; V. 10.)7. �®� ­®¢ �. �. �¥«®ª «ì­ ï ¯® ¢à¥¬¥­¨ ªà ¥¢ ï § ¤ ç  ¤«ï «¨­¥©­ëå ¯ à ¡®-«¨ç¥áª¨å ãà ¢­¥­¨© // �¨¡. �ãà­. ¨­¤ãáâà. ¬ â¥¬ â¨ª¨. 2004. �. 7, ü 1.�. 51{60.8. Kozhanov A. I., Sa�ullova R. R. Linear inverse problems for paraboli
 and hyperboli
equations // J. Inverse Ill-posed Probl. 2010. V. 18, N 1. P. 1{24.9. Ǒ ¢«®¢ �. �. �¡à â­ ï § ¤ ç  ¢®ááâ ­®¢«¥­¨ï ¢­¥è­¥£® ¢®§¤¥©áâ¢¨ï ¢ ¬­®£®-¬¥à­®¬ ¢®«­®¢®¬ ãà ¢­¥­¨¨ á ¨­â¥£à «ì­ë¬ ¯¥à¥®¯à¥¤¥«¥­¨¥¬ // � â. § ¬¥âª¨���. 2011. �. 18, ¢ë¯. 1. �. 81{93.£.�ªãâáª 10 ä¥¢à «ï 2012 £.



��� 517.946�� �Ǒ��������� ������� ���������� Ǒ������������� ������� ������� ���� �� ����� �������Ǒ���������� ��������∗)�. �. Ǒïâª®¢, �. �. �®à¨ç¥¢áª ï�¢¥¤¥­¨¥.� à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥
ut − Lu = f(x, t), (x, t) ∈ Q = G× (0, T ), (1)£¤¥ G | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ ¯à®áâà ­áâ¢¥ Rn á £à ­¨æ¥© �, S =�× (0, T ) ¨

Lu = n∑

i,j=1 aij(x, t)uxixj
+ n∑

i=1 bi(x, t)uxi
+ c(x, t)u| í««¨¯â¨ç¥áª¨© ®¯¥à â®à, â. ¥. ­ ©¤¥âáï ¯®áâ®ï­­ ï δ0 > 0 â ª ï,çâ®

n∑

i,j=1 aij(x, t)ξiξj > δ0|ξ|2 ¤«ï ¢á¥å ξ ∈ R
n ¨ (x, t) ∈ Q.�ç¨â ¥¬, çâ® ®¡« áâì G | æ¨«¨­¤à ¢¨¤  G = 
 × (0, d). Ǒ®«®�¨¬

S0 = {(x, t) ∈ ∂Q : xn = 0}, S2 = {(x, t) ∈ ∂Q : xn = d}, S1 = ∂
 ×(0, d)× (0, T ). �à ¢­¥­¨¥ (1) ¤®¯®«­ï¥âáï ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
u|t=0 = u0(x), (2)

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ ���� (ª®¤ ¯à®¥ªâ  ü 12{01{00260 ).
© 2012 Ǒïâª®¢ �. �., �®à¨ç¥¢áª ï �. �.
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∂u

∂xn

∣∣∣∣
xn=0 = ψ(x′, t) (x′ = (x1, x2, . . . , xn−1)) (3)¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

u|S0 = ϕ0(x′, t), (4)
u|S1 = ϕ1(x, t), uxn

|S2 = ϕ2(x′, t) (5)¨«¨
u|S1 = ϕ1(x, t), u|S2 = ϕ2(x, t). (6)�ë à áá¬ âà¨¢ ¥¬ ®¡à â­ãî § ¤ çã ®¡ ®¯à¥¤¥«¥­¨¨ ¢¬¥áâ¥ á à¥è¥­¨¥¬

u ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬ (2){(5) ¨«¨ (2){(4), (6),­¥¨§¢¥áâ­®© äã­ªæ¨¨ q(x′, t), ¢å®¤ïé¥© ¢ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï ¢¨¤ 
f = f0(x, t)q(x′, t) + f1(x, t).� ª¨¥ ®¡à â­ë¥ § ¤ ç¨ ¨ ¡«¨§ª¨¥ ª ­¨¬ ¢®§­¨ª îâ ¯à¨ ®¯¨á -­¨¨ ¯à®æ¥áá®¢ â¥¯«®¬ áá®¯¥à¥­®á , ¤¨ääã§¨®­­ëå ¯à®æ¥áá®¢, ¯à®æ¥á-á®¢ ä¨«ìâà æ¨¨ ¨ ¢® ¬­®£¨å ¤àã£¨å ®¡« áâïå. � ¤ ç¨ á ãá«®¢¨ï¬¨¯¥à¥®¯à¥¤¥«¥­¨ï, § ¤ ­­ë¬¨ ­¥ ­  £à ­¨æ¥ æ¨«¨­¤à ,   ­  ­¥ª®â®àëå¢­ãâà¥­­¨å ¬­®£®®¡à §¨ïå (¢ ç áâ­®áâ¨, ­  ¯«®áª®áâïå, ¯¥à¥á¥ª îé¨å
G), à áá¬ âà¨¢ «¨áì ¢ à ¡®â å �. �. �¥«®¢ , �. �. �­¨ª®­®¢  ¨ àï¤ ¤àã£¨å  ¢â®à®¢ (á¬. [1{4℄ ¨ ¨¬¥îéãîáï â ¬ ¡¨¡«¨®£à ä¨î). �®¢®«ì-­® ¯®¤à®¡­® ®¡à â­ë¥ § ¤ ç¨ á ¤ ­­ë¬¨ �®è¨ ­  ¡®ª®¢®© ¯®¢¥àå­®áâ¨æ¨«¨­¤à  à áá¬®âà¥­ë ¢ á«ãç ¥ n = 1 (á¬. [5{11℄), ¯à¨ç¥¬ ª ª ¢ «¨­¥©-­®¬ á«ãç ¥, â. ¥. ¢ § ¤ ç¥ ®¡ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ ¨áâ®ç­¨ª  (¯à ¢®©ç áâ¨), â ª ¨ ¢ ­¥«¨­¥©­®¬ á«ãç ¥, â. ¥. ¢ § ¤ ç¥ ®¡ ®¯à¥¤¥«¥­¨¨ ª®-íää¨æ¨¥­â®¢ ãà ¢­¥­¨ï. � ç áâ­®áâ¨, àï¤ â¥®à¥¬ áãé¥áâ¢®¢ ­¨ï ¨®æ¥­®ª ãáâ®©ç¨¢®áâ¨ ¢ ¯à®áâà ­áâ¢ å ��¥«ì¤¥à  ¬®£ãâ ¡ëâì ­ ©¤¥­ë ¢¬®­®£à ä¨¨ �. �¢ ­ç®¢  [5℄. � ¬­®£®¬¥à­®© á¨âã æ¨¨ ®æ¥­ª¨ ãáâ®©-ç¨¢®áâ¨ ¤«ï à¥è¥­¨© ®¡à â­ëå § ¤ ç ®¡ ®¯à¥¤¥«¥­¨¨ ª®íää¨æ¨¥­â®¢ ¢ãà ¢­¥­¨¨ ¯® ¤ ­­ë¬ (2){(5) ¨«¨ (2){(4), (6) ¢¬¥áâ¥ á ¤®¯®«­¨â¥«ì­ë-¬¨ ãá«®¢¨ï¬¨ ¨­â¥£à «ì­®£® ¯¥à¥®¯à¥¤¥«¥­¨ï ¨¬¥îâáï ¢ [12℄. �«¨§ª ï¯®áâ ­®¢ª  â ª�¥ ¨áá«¥¤®¢ ­  ¢ [13℄. �¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨©§ ¤ ç¨ (2){(4) ¢ ¯à®áâà ­áâ¢ å ��¥«ì¤¥à  ¢ á«ãç ¥ 
 = Rn−1 ¨ d = ∞



112 Ǒïâª®¢ �. �., �®à¨ç¥¢áª ï �. �.¯à¨¢¥¤¥­  ¢ [14℄. �ï¤ à¥§ã«ìâ â®¢ ¯® ®¡à â­ë¬ § ¤ ç ¬ á ¤ ­­ë¬¨ �®-è¨ ­  ¡®ª®¢®© ¯®¢¥àå­®áâ¨ æ¨«¨­¤à  ¨§«®�¥­ ¢ [15, 16℄, £¤¥ ¢ ®á­®¢­®¬à áá¬ âà¨¢ ¥âáï á«ãç © n = 1 ¨ ­¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë ¨«¨ ¯à -¢ ï ç áâì § ¢¨áïâ «¨èì ®â ¯à®áâà ­áâ¢¥­­ëå ¯¥à¥¬¥­­ëå. �â¬¥â¨¬â ª�¥ à ¡®âë [17, 18℄, £¤¥ ¨§«®�¥­® ¬­®£® à¥§ã«ìâ â®¢, ª á îé¨åáï®¡à â­ëå ¯ à ¡®«¨ç¥áª¨å § ¤ ç, ¨ ¨¬¥¥âáï ¤®áâ â®ç­® ¯®«­ ï ¡¨¡«¨®-£à ä¨ï. �¥«ì ­ áâ®ïé¥© à ¡®âë | ¯®«ãç¨âì â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ïà¥è¥­¨© (u, q) § ¤ ç (1){(5) ¨ (1){(4), (6) ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢ .
§ 1. �¯à¥¤¥«¥­¨ï ¨ ®á­®¢­ë¥ à¥§ã«ìâ âëǑãáâì E | ¡ ­ å®¢® ¯à®áâà ­áâ¢®. �¥à¥§ Lp(G;E) (G | ®¡« áâì¢ Rn) ®¡®§­ ç ¥âáï ¯à®áâà ­áâ¢® á¨«ì­® ¨§¬¥à¨¬ëå äã­ªæ¨©, ®¯à¥¤¥-«¥­­ëå ­  G, á® §­ ç¥­¨ï¬¨ ¢ E ¨ ª®­¥ç­®© ­®à¬®© ‖‖u(x)‖E‖Lp(G)(á¬. [19℄). � ª�¥ ¨á¯®«ì§ã¥¬ ¯à®áâà ­áâ¢  Ck(G;E), á®áâ®ïé¨¥ ¨§äã­ªæ¨©, ¨¬¥îé¨å ¢ G ¢á¥ ¯à®¨§¢®¤­ë¥ ¤® ¯®àï¤ª  k ¢ª«îç¨â¥«ì­®,­¥¯à¥àë¢­ë¥ ¢ G ¨ ¤®¯ãáª îé¨¥ ­¥¯à¥àë¢­®¥ ¯à®¤®«�¥­¨¥ ­  § ¬ë-ª ­¨¥ G. �¡®§­ ç¥­¨ï ¤«ï ¯à®áâà ­áâ¢ �®¡®«¥¢  W s

p (G;E) áâ ­¤ àâ-­ë (á¬. [19℄). Ǒà¨ ­¥æ¥«ëå s ¯à®áâà ­áâ¢® �®¡®«¥¢  W s
p (G;E) á®¢-¯ ¤ ¥â á ¯à®áâà ­áâ¢®¬ �¥á®¢  Bs

p,p(G;E). �á«¨ E = R ¨«¨ E = C,â® ¯®á«¥¤­¥¥ ¯à®áâà ­áâ¢® ®¡®§­ ç ¥¬ ¯à®áâ® ç¥à¥§ Bs
p,p(G). �­ «®-£¨ç­® ¢¬¥áâ® W s

p (G;E) ¨«¨ Ck(G;E) ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨¥ W s
p (G)¨«¨ Ck(G). �«ï ¤ ­­®£® ¨­â¥à¢ «  J = (0, T ) ¯®«®�¨¬ Q = J × G¨ W s,r

p (Q) = W s
p (J ;Lp(G)) ∩ Lp

(
J ;W r

p (G)), á®®â¢¥âáâ¢¥­­® W s,r
p (S) =

W s
p (J ;Lp(�)) ∩ Lp

(
J ;W r

p (�)). �¤¥áì ¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï �, S ¨§¢¢¥¤¥­¨ï. �­ «®£¨ç­® ®¯à¥¤¥«ï¥¬  ­¨§®âà®¯­ë¥ ¯à®áâà ­áâ¢  ��¥«ì-¤¥à  ¨ �¥á®¢  (á¬. [19{21℄).Ǒà¨¢¥¤¥¬ ãá«®¢¨ï ­  ¤ ­­ë¥ § ¤ ç¨. Cç¨â ¥¬,çâ® ®¡« áâì 
 ®£à -­¨ç¥­  ¨ ∂
 ∈ C2. �¡®§­ ç¨¬ Sδ1 = ∂
× (0, δ)× (0, T ), Gδ = 
× (0, δ),
Qγ

δ = Gδ × (0, γ), Qγ = G × (0, γ), Sγ0 = ∂
 × (0, γ), Qγ0 = 
 × (0, γ).�â­®á¨â¥«ì­® ¤ ­­ëå ¯à¥¤¯®« £ ¥¬, çâ®
u0(x) ∈ B

2− 2
p

p,p (G), ϕi ∈ B
2− 1

p
,1− 12p

p,p (Si) (i = 0, 1), ψ ∈ B
1− 1

p
, 12− 12p

p,p (S0).(7)



�¡ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ ¨áâ®ç­¨ª  113� á«ãç ¥, ¥á«¨ à áá¬ âà¨¢ ¥âáï § ¤ ç  (1){(5), ¯à¥¤¯®« £ ¥¬, çâ®
ϕ2 ∈ B

1− 1
p

, 12− 12p
p,p (S2), (8)  ¢ á«ãç ¥ § ¤ ç¨ (1){(4), (6) |

ϕ2 ∈ B
2− 1

p
,1− 12p

p,p (S2). (9)Ǒãáâì
∃δ ∈ (0, d) : u0xn

∈ B
2− 2

p
p,p (Gδ), ϕ1xn

∈ B
2− 1

p
,1− 12p

p,p

(
Sδ1). (10)� «¥¥ ä¨ªá¨àã¥¬ ¢¥«¨ç¨­ã δ. �â®¡ë ã¯à®áâ¨âì ¨§«®�¥­­®¥, § ¯¨è¥¬ãá«®¢¨ï á®£« á®¢ ­¨ï ¢ ¢¨¤¥: áãé¥áâ¢ã¥â � ∈ W 2,1

p (Q) â ª ï, çâ®�xn
∈ W 2,1

p (Qδ), (11)¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (1){(5) ¨«¨ á®®â¢¥âáâ¢¥­­® (1){(4), (6).Ǒà¨¢¥¤¥¬ ãá«®¢¨ï ­  ¤ ­­ë¥ § ¤ ç¨. Ǒãáâì
f0(x, t) ∈ L∞(Q), f1(x, t) ∈ Lp(Q), f0xn

∈ L∞(Qδ), f1xn
∈ Lp(Qδ),(12)

∃δ1 > 0 : |f0(x′, 0, t)| > δ1 (13)¯à¨ ¯®çâ¨ ¢á¥å (x′, t) ∈ Q0. �ç¨â ¥¬, çâ®
ain(x′, d, t) = ain(x′, 0, t) = 0, i = 1, 2, . . . , n− 1, (x′, t) ∈ Q0, (14)
aij ∈ C(Q), bi ∈ Lr0(Q), i, j = 1, 2, . . . , n, c ∈ Lr1(Q) (15)¤«ï ­¥ª®â®àëå r0 > max(p, n+ 2), r1 > max (p, n+22 ) ¨

aijxn
∈ L∞(Qδ), bixn

∈ Lr0(Qδ) (i, j = 1, 2, . . . , n), cxn
∈ Lr1(Qδ); (16)¯®¤ ¯à®¨§¢®¤­ë¬¨ §¤¥áì ¨ ¤ «¥¥ ¯®¤à §ã¬¥¢ îâáï ®¡®¡é¥­­ë¥ ¯à®¨§-¢®¤­ë¥ ¢ á¬ëá«¥ �®¡®«¥¢ . �ä®à¬ã«¨àã¥¬ ®á­®¢­®© à¥§ã«ìâ â.�¥®à¥¬  1. Ǒãáâì p > 1 ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (7){(16). �®£¤  áã-é¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (u, q) § ¤ ç (1){(5) ¨ (1){(4), (6) â ª®¥,çâ®

u ∈W 2,1
p (Q), uxn

∈ W 2,1
p (Qδ0) ∀δ0 < δ, q ∈ Lp(Q0).
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§ 2. �®ª § â¥«ìáâ¢® ®á­®¢­ëå à¥§ã«ìâ â®¢�¥¬¬  1. � ©¤¥âáï ¯®áâ®ï­­ ï c > 0 â ª ï, çâ® ¤«ï ¢á¥å u ∈

W 2,1
p (Qγ) â ª¨å, çâ® u(x, 0) = 0, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

‖u‖Lp(0,γ;W 1
p (G)) 6 cγ1/2‖u‖W 2,1

p (Qγ).�®ª § â¥«ìáâ¢®. �â¢¥à�¤¥­¨¥ ¢ëâ¥ª ¥â ¨§ ¨­â¥à¯®«ïæ¨®­­®£®­¥à ¢¥­áâ¢ 
‖u‖W 1

p (G) 6 c‖u‖1/2
W 2

p (G)‖u‖1/2
Lp(G)(á¬. [19℄) ¨ ä®à¬ã«ë �ìîâ®­  | �¥©¡­¨æ .�¥¬¬  2. �á«¨ b ∈ Lq(Qγ) ¯à¨ q > max (p, n+22 ), â® ­ ©¤¥âáï¯®áâ®ï­­ ï c > 0 â ª ï, çâ® ¤«ï ¢á¥å u ∈ W 2,1

p (Qγ), u(x, 0) = 0, ¢ë¯®«-­¥­®
‖ub‖Lp(Qγ) 6 cγα1‖u‖W 2,1

p (Qγ ), α1 = 1− (n+ 2)/(2q). (17)�á«¨ a ∈ Lq(Qγ) ¯à¨ q > max(p, n + 2), â® ­ ©¤¥âáï ¯®áâ®ï­­ ï c > 0â ª ï, çâ® ¤«ï ¢á¥å u ∈W 2,1
p (Qγ), u(x, 0) = 0, ¢ë¯®«­¥­®

‖∇ua‖Lq(Qγ) 6 cγα2‖u‖W 2,1
p (Qγ), α2 = 1/2− (n+ 2)/(2q). (18)�®ª § â¥«ìáâ¢®. �¡  ãâ¢¥à�¤¥­¨ï ¤®ª §ë¢ îâáï ¯® ®¤­®© áå¥-¬¥. Ǒ®áª®«ìªã äã­ªæ¨¨, § ¤ ­­ë¥ ­  G, ¯à®¤®«�¨¬ë ­  Rn+ = Rn−1×(0,∞) á á®åà ­¥­¨¥¬ ª« áá  (á¬., ­ ¯à¨¬¥à, [19℄), ¡¥§ ®£à ­¨ç¥­¨ï ®¡é-­®áâ¨ áç¨â ¥¬, çâ® G = Rn+. �®ª �¥¬ ¯¥à¢®¥ ãâ¢¥à�¤¥­¨¥, ¢â®à®¥¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®. � á¨«ã ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¨¬¥¥¬

‖ub‖Lp(Qγ ) 6 ‖b‖Lq(Qγ)‖u‖L pq
q−p

(Qγ) (q > p).�¤¥« ¢ § ¬¥­ã y = x
√
γ, τ = t/γ ¢ ¯®á«¥¤­¥¬ ¨­â¥£à «¥, ¯®«ãç¨¬

‖u(x, t)‖L pq
q−p

(Qγ) = γ−(n2+1) q−p
pq ‖~u(y, τ)‖L pq

q−p
(Q1), ~u(y, τ) = u(y/√γ, τγ).Ǒ®áª®«ìªã ~u = t∫0 ~uτ (y, τ) dτ , ¨¬¥¥¬ ‖~u‖Lp(Q1) 6 c‖~uτ‖Lp(Q1). �«¥¤®¢ -â¥«ì­®, ¢ W 2,1

p (Q1) ¬®�¥¬ ¨á¯®«ì§®¢ âì íª¢¨¢ «¥­â­ãî ­®à¬ã
‖~u‖p0 = ∫

Q1 (~uτ )p + ∑

|α|=2 |Dα~u|p dydt.



�¡ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ ¨áâ®ç­¨ª  115� á¨«ã â¥®à¥¬ ¢«®�¥­¨ï (á¬., ­ ¯à¨¬¥à, [21℄) ¨¬¥¥¬ ®æ¥­ªã
‖~u‖L pq

q−p
(Q1) 6 c‖~u‖0, (19)£¤¥ ¯®áâ®ï­­ ï c ®â ~u ­¥ § ¢¨á¨â. �¤¥« ¢ § ¬¥­ã y = x

√
γ, t = γτ ,¯à¥®¡à §ã¥¬ (19) ª ­¥à ¢¥­áâ¢ã

‖u‖L pq
q−p

(Qγ) 6 cγ1−n+22q ‖u‖W 2,1
p (Qγ ),®âªã¤  ¨ ¢ëâ¥ª ¥â ãâ¢¥à�¤¥­¨¥. �æ¥­ª  (18) ¯®«ãç ¥âáï  ­ «®£¨ç­®.�¥¬¬  3. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (14), (15) ­  ª®íää¨æ¨¥­âë®¯¥à â®à  L. �®£¤  ¤«ï f ∈ Lp(Qγ) (γ ∈ (0, T ℄, p > 1) áãé¥áâ¢ã¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u ∈ W 2,1

p (Qγ) § ¤ ç (1){(3), (5) ¨ (1){(3), (6)á ®¤­®à®¤­ë¬¨ ªà ¥¢ë¬¨ ¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ ¢ æ¨«¨­¤à¥ Qγ ¨á¯à ¢¥¤«¨¢  ®æ¥­ª 
‖u‖W 2,1

p (Qγ) 6 c‖f‖Lp(Qγ), (20)£¤¥ ¯®áâ®ï­­ ï c ­¥ § ¢¨á¨â ®â γ ∈ (0, T ℄. �á«¨ ¤®¯®«­¨â¥«ì­® ¢ë¯®«-­¥­® ãá«®¢¨¥ (16) ¤«ï ­¥ª®â®à®£® δ > 0 ¨ fxn
∈ Lp(Qγ

δ ), â® ¯®«ãç¥­­®¥à¥è¥­¨¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ uxn
∈ W 2,1

p

(
Qγ

δ0) ¤«ï ¢á¥å δ0 < δ ¨ á¯à -¢¥¤«¨¢  ®æ¥­ª 
‖uxn

‖W 2,1
p (Qγ

δ0 ) 6 c(‖fxn
‖Lp(Qγ

δ
) + ‖f‖Lp(Qγ)), (21)£¤¥ ¯®áâ®ï­­ ï c ­¥ § ¢¨á¨â ®â γ, ­®, ¢®®¡é¥ £®¢®àï, § ¢¨á¨â ®â ¯ à -¬¥âà  δ0 < δ.�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ á­ ç «  γ = T . �«ï ¤®ª § â¥«ìáâ¢ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ç¥â­ë¥ ¨«¨ ­¥ç¥â­ë¥ ¯à®¤®«�¥­¨ï à¥è¥­¨ï ®â­®-á¨â¥«ì­® ¯«®áª®áâ¥© xn = 0, xn = d ¨ á¨«ì­® ã¯à®é¥­­ãî áå¥¬ã ¨§à ¡®âë [22℄. Ǒãáâì

G1 = 
×
(
− d3 , d3), G2 = 
×

(
d4 , 3d4 ), G3 = 
×

(2d3 , 4d3 ).Ǒ®áâà®¨¬ à §¡¨¥­¨¥ ¥¤¨­¨æë {ϕi}3i=1 ­  G, ϕi ∈ C∞0 (Rn), â ª®¥, çâ®suppϕ1 ⊂ R
n−1 × (− d3 , d3), suppϕ2 ⊂ R

n−1 × (d4 , 3d4 ),
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n−1 × (2d3 , 4d3 ),

ϕ1(x′,−xn) = ϕ1(x′, xn), ϕ3(x′, 2d− xn) = ϕ3(x′, xn).Ǒ®áâà®¨¬ ®¡« áâ¨ Gi0 á £à ­¨æ¥© ª« áá  C2 â ª¨¥, çâ® ®¡« áâì G10 á¨¬-¬¥âà¨ç­  ®â­®á¨â¥«ì­® ¯«®áª®áâ¨ xn = 0, ®¡« áâì G30 á¨¬¬¥âà¨ç­ ®â­®á¨â¥«ì­® ¯«®áª®áâ¨ xn = d ¨ suppϕi ∩ Gi ⊂ Gi0 ⊂ Gi (i = 1, 2, 3).� áá¬®âà¨¬, ­ ¯à¨¬¥à, § ¤ çã (1){(5), § ¤ ç  (1), (4), (6) à áá¬ âà¨-¢ ¥âáï  ­ «®£¨ç­®. Ǒà®¤®«�¨¬ ª®íää¨æ¨¥­âë ®¯¥à â®à  ¨§ ®¡« áâ¨
G1 ∩G ¢ ®¡« áâì G1 \G á«¥¤ãîé¨¬ ®¡à §®¬: ann, aij ¯à¨ i, j 6 n− 1,
bi ¯à¨ i < n ¨ c ç¥â­ë¬ ®¡à §®¬ ¯® ¯¥à¥¬¥­­®© xn (â. ¥. ­®¢ë© ª®-íää¨æ¨¥­â aij ¢ G1 \ G ®¯à¥¤¥«ï¥âáï ª ª aij(x′,−xn, t)), ain, an ¯à¨
i = 1, 2, . . . , n − 1 ­¥ç¥â­ë¬ ®¡à §®¬ ¯® ¯¥à¥¬¥­­®© xn. � á¨«ã (14)¯®«ãç ¥¬, çâ® ¯à®¤®«�¥­¨ï ª®íää¨æ¨¥­â®¢ aij (i, j 6 n) ­¥¯à¥àë¢­ë¢ ®¡« áâ¨ G10. �­ «®£¨ç­® ¯à®¤®«�¨¬ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï ¨§®¡« áâ¨ G3 ∩ G ¢ ®¡« áâì G3 \G: ª®íää¨æ¨¥­âë aij (i, j < n), ann, bi(i < n), c ç¥â­ë¬ ®¡à §®¬ ®â­®á¨â¥«ì­® ¯«®áª®áâ¨ xn = d (â ª¨¬ ®¡-à §®¬, ­®¢ë¥ ª®íää¨æ¨¥­âë ¨¬¥îâ ¢¨¤ aij(x′, 2d−xn, t), xn ∈

(
d, 4d3 )),  ª®íää¨æ¨¥­âë an, ain (i 6 n − 1) ­¥ç¥â­ë¬ ®¡à §®¬ ®â­®á¨â¥«ì­®¯«®áª®áâ¨ xn = d. �¬¥¥¬ § ¤ çã

L0u = ut − Lu = f, (22)
uxn

|S0∪S2 = 0, u|t=0 = 0, u|S1 = 0. (23)Ǒãáâì g ∈ Lp(Q). Ǒà®¤®«�¨¬ g ç¥â­ë¬ ®¡à §®¬ ¯à¨ xn < 0 ¨ ç¥â-­ë¬ ®¡à §®¬ ®â­®á¨â¥«ì­® ¯«®áª®áâ¨ xn = d, â. ¥. ¯à®¤®«�¥­¨¥ ~g§ ¤ ¥âáï ¯à¨ xn < 0 ª ª ~g(x′, xn, t) = g(x′,−xn, t) ¨ ¯à¨ xn > d ª ª~g(x′, xn, t) = g(x′, 2d − xn, t). Ǒà®¤®«�¥­¨¥ ®¡®§­ ç ¥¬ â¥¬ �¥ á¨¬¢®-«®¬ g(x, t). Ǒãáâì ψi(x) ∈ C∞0 (Rn), ψi(x) ≡ 1 ­  suppϕi ¨ suppψi∩Gi ⊂
Gi0. �é¥¬ à¥è¥­¨¥ § ¤ ç¨ (22), (23) ¢ ¢¨¤¥ u = 3∑

i=1ψi(x)ui(x, t), £¤¥
ui(x, t) | à¥è¥­¨¥ § ¤ ç¨

L0ui(x, t) = ϕig(x, t), ui|t=0 = 0, ui|∂Gi0×(0,T ) = 0, (24)



�¡ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ ¨áâ®ç­¨ª  117¯à®¤®«�¥­­®¥ ­ã«¥¬ ¢­¥ Gi0. Ǒ®áª®«ìªã ª �¤ ï ¨§ ®¡« áâ¥© Gi0 ¨¬¥¥â£à ­¨æã ª« áá  C2, á¯à ¢¥¤«¨¢ë áâ ­¤ àâ­ë¥ à¥§ã«ìâ âë ® à §à¥è¨-¬®áâ¨ (á¬, ­ ¯à¨¬¥à, [21℄) ¨ ¤«ï «î¡ëå g ∈ Lp(Q) áãé¥áâ¢ã¥â ¥¤¨­-áâ¢¥­­®¥ à¥è¥­¨¥ ui(x, t) = Ri(g) ∈ W 2,1
p (Qi) (Qi = Gi0 × (0, T )). Ǒ®-áª®«ìªã ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï ¨ ¯à ¢ ï ç áâì ¢ ®¡« áâïå G10, G30®¡« ¤ îâ ­ã�­ë¬¨ á¢®©áâ¢ ¬¨ ç¥â­®áâ¨, ¢ á¨«ã â¥®à¥¬ë ¥¤¨­áâ¢¥­-­®áâ¨

u1(x′, xn, t) = u1(x′,−xn, t), (x′, xn) ∈ G10,
u3(x′, 2d− xn, t) = u3(x′, xn, t), (x′, xn) ∈ G30, xn > d.�«¥¤®¢ â¥«ì­®, u1xn

|xn=0 = 0 ¨ u3xn
|xn=d = 0. �«ï ª �¤®© ¨§ äã­ªæ¨¨

ui(x, t) ¨¬¥¥¬ ®æ¥­ªã ¢¨¤ 
‖ui(x′, t)‖W 2,1

p (Qi) 6 c‖ϕig‖Lp(Qi) 6 c‖g‖Lp(Q). (25)�ã­ªæ¨ï u ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (23). �¬¥¥¬
L0u = 3∑

i=1 ψiL0ui + 3∑
i=1 [L0, ψi℄ui = 3∑

i=1 ψiϕig + 3∑
i=1 [L0, ψi℄ui= g + 3∑

i=1 [L0, ψi℄ui = g +R(g), (26)£¤¥ [L0, ψi℄v = L0(ψiv) − ψiL0v,   ¢ëà �¥­¨¥ R(g) | ®¯¥à â®à, á®¯®-áâ ¢«ïîé¨© äã­ªæ¨¨ g ¢ëà �¥­¨¥ ¢¨¤  3∑
i=1[L0, ψi℄ui. � á¨«ã ®æ¥­ª¨(25) íâ®â ®¯¥à â®à ­¥¯à¥àë¢¥­. �¥£ª® ¯®«ãç¨âì ®æ¥­ªã

‖R(g)‖Lp(Q) 6 c1 3∑
i=1 ‖ui‖W 1,0

p (Q) + c1 3∑
i=1 ‖ui‖Lr(Q), r = r0p

r0 − p
.�â®¡ë ®æ¥­¨âì ‖ui‖Lr(Q), ¨á¯®«ì§ã¥¬ ¢«®�¥­¨¥ W s

p (Q) ⊂ Lr(Q) (r 6(n+1)p(n+1)−sp ). Ǒ®áª®«ìªã r0 > max(p, n + 2), ¬®�¥¬ ¢ë¡à âì s < 1 â ª®¥,çâ® r0p
r0−p 6

(n+1)p(n+1)−sp . � ª¨¬ ®¡à §®¬,
‖R(g)‖Lp(Q) 6 c1 3∑

i=1 ‖ui‖W 1,0
p (Q) + c2 3∑

i=1 ‖ui‖W s
p (Q), (27)



118 Ǒïâª®¢ �. �., �®à¨ç¥¢áª ï �. �.£¤¥ s < 1. � á¨«ã ª®¬¯ ªâ­®áâ¨ ¢«®�¥­¨© W 2,1
p (Q) ⊂W 1,0

p (Q)∩W s
p (Q)(á¬. [19℄) ®¯¥à â®à R : Lp(Q) → Lp(Q) ¢¯®«­¥ ­¥¯à¥àë¢¥­. � ¤®¤®ª § âì à §à¥è¨¬®áâì ãà ¢­¥­¨ï

g +R(g) = f. (28)�á«¨ g | à¥è¥­¨¥ (28), â® äã­ªæ¨ï 3∑
i=1uiψi | à¥è¥­¨¥ § ¤ ç¨ (22),(23). Ǒ®ª �¥¬ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨© ãà ¢­¥­¨ï (28) ¨ á®è«¥¬áï ­  «ìâ¥à­ â¨¢ã �à¥¤£®«ì¬ . �¥©áâ¢¨â¥«ì­®, ¯ãáâì g | à¥è¥­¨¥ (28)á f = 0. �®£¤  á®®â¢¥âáâ¢ãîé ï äã­ªæ¨ï u = 3∑

i=1uiψi | à¥è¥­¨¥§ ¤ ç¨ (22), (23) á f = 0. �¬­®�¨¢ ãà ¢­¥­¨¥ (22) ­  ϕi, ¯®«ãç¨¬, çâ®
uϕi = ui | à¥è¥­¨¥ § ¤ ç¨ (23), £¤¥ ¢ ¯à ¢®© ç áâ¨ áâ®¨â ¢ëà �¥­¨¥
−[L0, ϕi℄u. � ª¨¬ ®¡à §®¬, ui = L−10 ([L0, ϕi℄u). �¬¥¥¬

‖u‖W 2,1
p (Qγ) 6

3∑
i=1 ‖ui‖W 2,1

p (Qγ
i
) 6

3∑
i=1 ∥∥L−10 ([L0, ϕi℄u)∥∥W 2,1

p (Qγ
i ),£¤¥ Qγ

i = Gi0 × (0, γ). � ª ¯à¨ ¯®«ãç¥­¨¨ ®æ¥­ª¨ (27), ¨á¯®«ì§ãï «¥¬-¬ã 1, ¨¬¥¥¬ (s < 1)
∥∥L−10 [L0, ϕi℄u∥∥W 2,1

p (Qγ
i ) 6 ‖[L0, ϕi℄u‖Lp(Qγ) 6 c1‖u‖W 1,0

p (Qγ)+ c2‖u‖W s
p (Qγ) 6 c1‖u‖ 12

W 2,1
p (Qγ)‖u‖ 12

Lp(Qγ) + c2‖u‖s
W 2,1

p (Qγ)‖u‖1−s
Lp(Qγ)

6 γδ0c‖u‖W 2,1
p (Qγ) (δ0 > 0).� ª¨¬ ®¡à §®¬, ¥á«¨ γδ0c < 1, â® u ≡ 0 ¢ Lp(Qγ). Ǒà®¤®«� ï à ááã�-¤¥­¨ï ¢ Q2γ

γ = G×(γ, 2γ), ¯®«ãç¨¬ u ≡ 0 ¢ Q2γ
γ ¨ â. ¤. �æ¥­ª  (20) «¥£ª®¢ëâ¥ª ¥â ¨§ ¢ëè¥¯à¨¢¥¤¥­­ëå à ááã�¤¥­¨©. �æ¥­ª  (21) ¯®«ãç ¥âáï,¥á«¨ ¨á¯®«ì§®¢ âì à ááã�¤¥­¨ï, ®á­®¢ ­­ë¥ ­  «¥¬¬¥ 4.6 ¢ [21℄. �âà®-¨¬ ç¥â­®¥ ¯à®¤®«�¥­¨¥ à¥è¥­¨ï ¨ ®æ¥­¨¢ ¥¬ ¢ Qδ ª®­¥ç­ãî à §­®áâì¯® ¯¥à¥¬¥­­®© xn:�hu = (u(x+ hen)− u(x))/h (en = (0, 0, . . . , 0, 1)).�æ¥­ª  ¤«ï íâ®© äã­ªæ¨¨ ¢«¥ç¥â ­ã�­ãî ®æ¥­ªã (21).



�¡ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ ¨áâ®ç­¨ª  119�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. Ǒãáâì u | à¥è¥­¨¥ § ¤ ç¨ (1){(4), (6) ¨§ ãª § ­­®£® ¢ â¥®à¥¬¥ 1 ª« áá . �¤¥« ¥¬ § ¬¥­ã ­¥¨§¢¥áâ­®©äã­ªæ¨¨ u = v + �, £¤¥ äã­ªæ¨ï � ¢§ïâ  ¨§ ãá«®¢¨ï (11). Ǒ®«ãç¨¬,çâ® v | à¥è¥­¨¥ § ¤ ç¨
vt − Lv = f0q(x′, t) + g(x, t), g = f1 − �t + L�, (29)

v|t=0 = 0, v|S = 0, vxn
|S0 = 0. (30)Ǒ®« £ ï ¢ (29) xn = 0, ¯®«ãç¨¬

−annvxnxn
(x′, 0, t) = f0(x′, 0, t)q(x′, t) + g(x′, 0, t),®âªã¤ 

q(x′, t) = − annvxnxn

f0(x′, 0, t) − g(x′, 0, t)
f0(x′, 0, t) . (31)�ã­ªæ¨ï v ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áã¬¬ë v = v0+v1, £¤¥ v0, v1 | à¥è¥­¨ïá«¥¤ãîé¨å § ¤ ç:

v0t − Lv0 = g(x, t), v0xn
|xn=0 = 0, v0|S\S0 = 0, v0|t=0 = 0, (32)

v1t − Lv1 = f0q(x′, t), v1|t=0 = 0, v1xn
|xn=0 = 0, v1|S\S0=0 = 0. (33)�®£¤  à ¢¥­áâ¢® (31) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

q(x′, t) = −annv1xnxn
(x′, 0, t)

f0(x′, 0, t) + g0(x′, t),
g0 = − g(x′, 0, t)

f0(x′, 0, t) − annv0xnxn
(x′, 0, t)

f0(x′, 0, t) (34)¨«¨ ¢ ¢¨¤¥ q = g0 + R(q), £¤¥ R(q) | ®¯¥à â®à, á®¯®áâ ¢«ïîé¨© q ∈
Lp

(
Qγ0) äã­ªæ¨î

R(q) = −(ann(x′, 0, t)v1xnxn
(x′, 0, t))/f0(x′, 0, t)¨ v1 | à¥è¥­¨¥ § ¤ ç¨ (33). �ç¥¢¨¤­®, çâ® ®¯¥à â®à R(q) «¨­¥¥­.�ã­ªæ¨ï v1 ®¡« ¤ ¥â á¢®©áâ¢ ¬¨, ãª § ­­ë¬¨ ¢ «¥¬¬¥ 3. �æ¥­¨¬

‖R(q)‖Lp(Qγ0 ) (γ 6 T ):
‖R(q)‖Lp(Qγ0 ) 6 c‖v1xnxn

(x′, 0, t)‖Lp(Qγ0 ).
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∈ W 2,1

p

(
Qγ

δv) (∀δ < δ0). � ç áâ­®áâ¨,
vxnxnxn

∈ Lp

(
Qγ

δ

) ¨ v1xnxn
∈ Lp

(
Qγ

δ0) ¤«ï ¢á¥å δ0 < δ. �«¥¤®¢ â¥«ì­®,®¯à¥¤¥«¥­ á«¥¤ v1xnxn
(x′, 0, t) ∈ Lp(Qγ0 ). � á¨«ã â¥®à¥¬ ¢«®�¥­¨ï [19℄

‖v1xnxn
(x′, 0, t)‖Lp(Qγ0 ) 6 c‖v1xnxn

‖Lp(0,γ;W s0
p (Gδ0 ))

6 c1‖v1xn
‖

Lp(0,γ;W 1+s0
p (Gδ0 )) (s0 > 1/p).�¨ªá¨àã¥¬ δ0 < δ. Ǒà¨¬¥­ïï ¨­â¥à¯®«ïæ¨®­­ë¥ ­¥à ¢¥­áâ¢  ¨ ¨á-¯®«ì§ãï «¥¬¬ã 3, ¯®«ãç¨¬

‖v1xn
‖

Lp(0,γ;W 1+s0
p (Gδ0 )) 6 c2‖v1xn

‖θ
W 2,1

p (Qγ

δ0 )‖v1xn
‖1−θ

Lp(Qγ
δ0 )

6 c2‖v1xn
‖θ

W 2,1
p (Qγ

δ0 )‖v1xnt‖1−θ
Lp(Qγ

δ0 )γ1−θ

6 c4γ1−θ(‖f0xn
‖L∞(Qδ)‖q‖Lp(Qγ0 ) + ‖f0‖L∞(Q)‖q‖Lp(Qγ0 ))

6 c5‖q‖Lp(Qγ0 )γ1−θ, (35)¨«¨
‖R(q)‖Lp(Qγ0 ) 6 c6γ1−θ‖q‖Lp(Qγ0 ), θ = (1 + s0)/2. (36)� ª¨¬ ®¡à §®¬, ¯à¨¬¥­¨¬  â¥®à¥¬  ® ­¥¯®¤¢¨�­®© â®çª¥, ¨, §­ ç¨â,ãà ¢­¥­¨¥ (34) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ q ¨§ Lp

(
Qγ0) ¯à¨ c6γ 1−θ2 < 1(¯®áâ®ï­­ ï c6 ®â γ ­¥ § ¢¨á¨â). Ǒ®«®�¨¬ ~q(x′, t) = { q(x′, t), t 6 γ,0, t > γ.�®£¤  ®¯¥à â®à R(q) ¬®�¥¬ § ¯¨á âì ¢ ¢¨¤¥ R(q) = R(q − ~q) + R(~q).Ǒ®«®�¨¬ q − ~q = q1. �¬¥¥¬ ãà ¢­¥­¨¥

q1 = R(q1) + g0 +R(~q)− ~q. (37)Ǒ®áª®«ìªã ¯® ¤®ª § ­­®¬ã ®¯¥à â®à R á�¨¬ îé¨© ­  (0, γ) ¨ R(~q) −~q + g0 = 0 ­  Qγ0 , â® q1 ≡ 0 ¯à¨ t < γ. �®£¤  ¨ R(q1) = 0 ¯à¨ t < γ.�®®â¢¥âáâ¢ãîé ï äã­ªæ¨ï v1 | à¥è¥­¨¥ § ¤ ç¨ (33), £¤¥ q = q1 = q−~qâ ª�¥ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ t < γ. � ª ¨ à ­¥¥, ¨¬¥¥¬ ®æ¥­ªã
‖R(q1)‖Lp(Q2γ

δ
) 6 c6γ1−θ‖q1‖Lp(Q2γ0 )(¢ ª« áá¥ äã­ªæ¨© q1, à ¢­ëå ­ã«î ¯à¨ t < γ). �¥§ ®£à ­¨ç¥­¨ï ®¡é-­®áâ¨ áç¨â ¥¬, çâ® ¯®áâ®ï­­ ï c6 ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ â  �¥ á ¬ ï, çâ®



�¡ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ ¨áâ®ç­¨ª  121ãç áâ¢®¢ «  ¢ ®æ¥­ª¥ (36). �¥©áâ¢¨â¥«ì­®,
‖R(q1)‖Lp(Q2γ0 ) 6 c1‖v1xn

‖
Lp(0,2γ;W 1+s0

p (Gδ))
6 c2‖v1xn

‖θ
W 2,1

p (Q2γ

δ
)‖v1xn

‖1−θ

Lp(Q2γ

δ
),£¤¥ θ = 1+s02 . �¤­ ª®, ¯®áª®«ìªã v1xn

= 0 ¯à¨ t 6 γ, ¨¬¥¥¬
‖v1xn

‖1−θ

Lp(Q2γ

δ
) 6 γ1−θ‖v1xnt‖Lp(Q2γ

δ
).� ª¨¬ ®¡à §®¬,

‖R(q1)‖Lp(Q2γ0 ) 6 c6γ1−θ‖q1‖Wp(Q2γ0 ).� á¨«ã ¢ë¡®à  c6γ 1−θ2 < 1. �¥¬ á ¬ë¬ ãà ¢­¥­¨¥ (37) ¨¬¥¥â ¥¤¨­-áâ¢¥­­®¥ à¥è¥­¨¥. �¤¥« ¢ ®¡à â­ãî § ¬¥­ã q − ~q = q1, ¯®«ãç¨¬, çâ®ãà ¢­¥­¨¥ (34) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ­  ¯à®¬¥�ãâª¥ [0, 2γ℄. Ǒ®-¢â®àïï à ááã�¤¥­¨ï ­  ¯à®¬¥�ãâª¥ [0, 3γ℄ ¨ â. ¤., ¤®ª �¥¬ áãé¥áâ¢®-¢ ­¨¥ à¥è¥­¨ï ãà ¢­¥­¨ï (34) ¨ ¥£® ¥¤¨­áâ¢¥­­®áâì. �ã­ªæ¨î v1 ¢®á-áâ ­®¢¨¬ ª ª à¥è¥­¨¥ § ¤ ç¨ (33), ¨á¯®«ì§ãï ã�¥ ¨§¢¥áâ­ãî äã­ªæ¨î
q ∈ Lp(Q0.) Ǒ®ª �¥¬, çâ® äã­ªæ¨ï v = v0 + v1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
v|S0 = 0. � íâ®¬ á«ãç ¥ ¯ à  u, q (u = v +�) ¡ã¤¥â à¥è¥­¨¥¬ ¨áå®¤­®©§ ¤ ç¨ (1){(4), (6). �¥©áâ¢¨â¥«ì­®, ¯®« £ ï ¢ (29), çâ® xn = 0, ¯®«ãç¨¬

vt − L′v − annvxnxn
= f0(x′, 0, t)q + g(x′, 0, t),

L′v = n−1∑
i,j=1 aijvxixj

+ cv + n−1∑
i=1 bivxi

.
(38)�« £ ¥¬ë¥ n−1∑

i=1 ani
vxixn

, bnvxn
®¡à é îâáï ¢ 0 ¯à¨ xn = 0 ¢ á¨«ã ãá«®-¢¨ï vxn

|S0 = 0. �ã­ªæ¨ï q ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (31). � ª¨¬ ®¡-à §®¬,
−annvxnxn

= f0(x′, 0, t)q + g(x′, 0, t). (39)�ëç¨â ï (38) ¨ (39), ¯®«ãç¨¬
vt(x′, 0, t)− L′v(x′, 0, t) ≡ 0,

v(x′, 0, t) ∈W 2,1
p (Q0), v|t=0 = 0, v|∂
×(0,T ) = 0.� á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ Q à¥è¥­¨© ¯ à ¡®«¨ç¥áª¨å § ¤ ç v(x′, 0, t) ≡ 0.�®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© § ¤ ç¨ (1){(5) ®áãé¥áâ¢«ï¥âáï¯® â®© �¥ á ¬®© áå¥¬¥.
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��� 512.6:519.61������������ ������������������� ������� ���������������������� ��������� (�����)�. �. �¥¤®à®¢Ǒãáâì § ¤ ­  ­¥®¤­®à®¤­ ï ����� ¢ £ ãáá®¢®© ä®à¬¥ [1℄:
a0,0x0 + a0,1x1 + a0,2x2 + a0,3x3 + a0,4x4 + . . . = b0,

a1,1x1 + a1,2x2 + a1,3x3 + a1,4x4 + . . . = b1,
a2,2x2 + a2,3x3 + a2,4x4 + . . . = b2,

a3,3x3 + a3,4x4 + . . . = b3,
. . . . . . . . . . . . . . . ,

(1)£¤¥ aj,j 6= 0 ¤«ï «î¡®£® j.� ªà âª®© § ¯¨á¨ ­¥®¤­®à®¤­ ï £ ãáá®¢  á¨áâ¥¬  (1) § ¯¨è¥âáïâ ª: ∞∑

p=0 aj,j+pxj+p = bj , j = 0, 1, 2, . . . . (2)Ǒà¨ à¥è¥­¨¨ ¡¥áª®­¥ç­ëå á¨áâ¥¬ ¬¥â®¤®¬ à¥¤ãªæ¨¨ ¢ è¨à®ª®¬á¬ëá«¥ [1℄ ¡¥áª®­¥ç­ ï á¨áâ¥¬  (1) (¨«¨ (2)) ãà¥§ ¥âáï ¤® ª®­¥ç­®©, â ªçâ®¡ë ç¨á«® ­¥¨§¢¥áâ­ëå ¡ë«® ­  ¥¤¨­¨æã ¡®«ìè¥, ç¥¬ ç¨á«® ãà ¢­¥-­¨©. Ǒ®íâ®¬ã à áá¬®âà¨¬ ãà¥§ ­­ãî á¨áâ¥¬ã (1) (¨«¨ (2)), â. ¥. ª®­¥ç-­ãî á¨áâ¥¬ã ¨§ n ¯¥à¢ëå ãà ¢­¥­¨© á n+1 ­¥¨§¢¥áâ­ë¬¨: x0, x1, . . . , xn.�«ï â ª¨å ª®­¥ç­ëå á¨áâ¥¬ ¢ [1, 2℄ ¯à¨¢¥¤¥­ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë.�¥®à¥¬  1. Ǒãáâì § ¤ ­  á«¥¤ãîé ï ª®­¥ç­ ï ����:
n−j∑

p=0 aj,j+pxj+p = bj , ajj 6= 0, j = 0, n− 1. (3)
© 2012 �¥¤®à®¢ �. �.



�¥®¤­®à®¤­ë¥ £ ãáá®¢ë ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë 125�®£¤  ­¥¨§¢¥áâ­ë¥ xi ¢ëà � îâáï ç¥à¥§ x0 á«¥¤ãîé¨¬ ®¡à §®¬:
xi = Bn−i + (−1)i+1Bn

i∏
p=1Sn−i+p

+ (−1)ix0
i∏

p=1Sn−i+p

, i = 1, n, (4)£¤¥
Bj = bn−j

an−j,n−j
−

j−1∑
p=1 an−j,n−p

an−j,n−j
Bp, B1 = bn−1

an−1,n−1 , j = 2, n, (5)
Sj = an−j,n−j+1

an−j,n−j
+ j∑

p=2 (−1)p+1an−j,n−j+p

an−j,n−j

p−1∏
k=1Sj−k

, S1 = an−1,n

an−1,n−1 , j = 2, n,(6)
x0 | ¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®.�ç¥¢¨¤­®, à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥ (5) ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

Bn−j = bj
aj,j

−
n−j−1∑

p=1 aj,n−p

aj,j
Bp = bj

aj,j
−

n−1∑
p=j+1 aj,p

aj,j
Bn−p,

B1 = bn−1
an−1,n−1 , j = 0, n− 2, (7)�á«¨ ¯à¥¤¯®«®�¨âì, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥« lim

n→∞
Bn−j = B(j) ¨¢®§¬®�¥­ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢ ¢ëà �¥­¨¨ (7), â® ¤«ï ª �¤®£® j ¨¬¥-¥â ¬¥áâ® à ¢¥­áâ¢®

B(j) = bj
aj,j

−
∞∑

p=j+1 aj,p

aj,j
B(p).Ǒ®áª®«ìªã aj,j 6= 0, ®âáî¤ , ®ç¥¢¨¤­®, á«¥¤ã¥â á®®â­®è¥­¨¥

∞∑

p=j

aj,pB(p) = bj . (8)�à ¢­¨¢ ï ¢ëà �¥­¨¥ (8) á (2), ã¡¥�¤ ¥¬áï, çâ® xj = B(j), â. ¥. B(j)ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ ­¥®¤­®à®¤­®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë (2),



126 �¥¤®à®¢ �. �.â. ¥. (1). Ǒ®ª �¥¬, çâ® B(j) ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï ç áâ­ë¬ à¥è¥-­¨¥¬ (1). �á«¨ ¤«ï à¥è¥­¨ï á¨áâ¥¬ë (1) ¯à¨¬¥­¨âì ¬¥â®¤ à¥¤ãªæ¨¨ ¢ã§ª®¬ á¬ëá«¥, ª ª íâ® á¤¥« ­® ¢ [1℄, â® ¯®«ãç¨¬
n
xj = Bn−j , (9)£¤¥ Bn−j ®¯à¥¤¥«ï¥âáï ¢ëà �¥­¨¥¬ (5).�á«¨ ¤®¯ãáâ¨âì, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥« lim

n→∞
Bn−j = B(j), â® ¨§ (9)á«¥¤ã¥â, çâ® lim

n→∞
n
xj = lim

n→∞
Bn−j = B(j), â. ¥. B(j) ï¢«ï¥âáï à¥è¥­¨¥¬á¨áâ¥¬ë (1). Ǒà¨ íâ®¬ B(j) ­¥ ¬®�¥â ¡ëâì ®¤­®¢à¥¬¥­­® à ¢­ë¬ ­ã«î¤«ï ¢á¥å j, ¢ ¯à®â¨¢­®¬ á«ãç ¥ á¨áâ¥¬  (1) ­¥á®¢¬¥áâ­ , ¯®áª®«ìªã ¢á¨«ã ¥¥ ­¥®¤­®à®¤­®áâ¨ å®âï ¡ë ®¤¨­ á¢®¡®¤­ë© ç«¥­ bj ­¥ à ¢¥­ 0.� ª¨¬ ®¡à §®¬, ¤®ª § ­ �¥¬¬ . �á«¨ áãé¥áâ¢ã¥â ¯à¥¤¥« lim

n→∞
Bn−j = B(j) ¨ ­¥ ¢á¥ B(j)à ¢­ë 0, â® B(j) ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ á¨áâ¥¬ë (1) (j = 0,∞).�á¯®«ì§ãï ª®íää¨æ¨¥­âë ¨ á¢®¡®¤­ë¥ ç«¥­ë á¨áâ¥¬ë (1), ¢¢¥¤¥¬®¡®§­ ç¥­¨ï:

b′j+p = bj+p

aj+p,j+p
, p = 0, 1, . . . ; a′n,j = aj,n

aj,j
, a′j,j = 1, 0 6 j 6 n− 1.(10)�§ ª®íää¨æ¨¥­â®¢ (10) á®áâ ¢¨¬ á«¥¤ãîé¨© ®¯à¥¤¥«¨â¥«ì B′

n−j¯®àï¤ª  n− j:
B′

n−j = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
b′j b′j+1 b′j+2 . . . b′n−2 b′n−1

a′j+1,j 1 0 . . . 0 0
a′j+2,j a′j+2,j+1 1 . . . 0 0
. . . . . . . .

a′j+k,j a′j+k,j+1 a′j+k,j+2 . . . 0 0
. . . . . . . .

a′n−2,j a′n−2,j+1 a′n−2,j+2 . . . 1 0
a′n−1,j a′n−1,j+1 a′n−1,j+2 . . . a′n−1,n−2 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (11)
£¤¥ B′1 = b′n−1.



�¥®¤­®à®¤­ë¥ £ ãáá®¢ë ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë 127�§ ®¯à¥¤¥«¨â¥«ï (11), ¨áª«îç ï ¯¥à¢ãî áâà®ªã, á®áâ ¢¨¬ ¡¥áª®-­¥ç­ãî ¬ âà¨æã A(j):
A(j) = 

a′j+1,j 1 0 . . . 0 0 .
a′j+2,j a′j+2,j+1 1 . . . 0 0 .
. . . . . . . . .

a′j+k,j a′j+k,j+1 a′j+k,j+2 . . . 0 0 .
. . . . . . . . .

a′n−2,j a′n−1,j+1 a′n−2,j+2 . . . 1 0 .
a′n−1,j a′n−1,j+1 a′n−1,j+2 . . . a′n−1,n−2 1 .
a′n,j a′n,j+1 a′n,j+2 . . . a′n,n−2 a′n,n−1 .
. . . . . . . . .




.(12)�®¯ãáª ¥¬, çâ® ¡¥áª®­¥ç­ ï ¬ âà¨æ  A(j) ¯®à®�¤ ¥â ¡¥áª®­¥ç­ë©®¯à¥¤¥«¨â¥«ì |A(j)|. �§ £« ¢­ëå ¬¨­®à®¢ ®¯à¥¤¥«¨â¥«ï |A(j)| á®áâ ¢¨¬®¯à¥¤¥«¨â¥«¨ An(j) n-£® ¯®àï¤ª , ¯à¨ íâ®¬ ¯®« £ ¥¬, çâ® A0(j) = 1(n = 1, 2, 3, . . . ):
A0(j) = 1, A1(j) = a′j+1,j , A2(j) = ∣∣∣∣ a′j+1,j 1

a′j+2,j a′j+2,j+1 ∣∣∣∣ ,
A3(j) = ∣∣∣∣∣∣ a′j+1,j 1 0

a′j+2,j a′j+2,j+1 1
a′j+3,j a′j+3,j+1 a′j+3,j+2 ∣∣∣∣∣∣ , (13)

An(j) =
∣∣∣∣∣∣∣∣∣∣∣

a′j+1,j 1 0 . . . 0 0
a′j+2,j a′j+2,j+1 1 . . . 0 0
. . . . . . . .
. . . . . . . .

a′j+n−1,j a′j+n−1,j+1 a′j+n−1,j+2 . . . a′j+n−1,j+n−2 1
a′j+n,j a′j+n,j+1 a′j+n,j+2 . . . a′j+n,j+n−2 a′j+n,j+n−1

∣∣∣∣∣∣∣∣∣∣∣

.Ǒãáâì àï¤ ∞∑
p=0(−1)p Ap(j)bj+p

aj+p,j+p
áå®¤¨âáï ¤«ï «î¡®£® j, ¯à¨ íâ®¬ ®­®¤­®¢à¥¬¥­­® ­¥ à ¢¥­ ­ã«î ¤«ï ¢á¥å j. � ª¨¬ ®¡à §®¬, ¢ë¯®«­ïîâáïãá«®¢¨ï

∞∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
<∞, j = 0, 1, . . . ,
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∞∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
6= 0, (14)£¤¥ Ap(j) | ®¯à¥¤¥«¨â¥«¨ (13) ¯®àï¤ª  p.�¥®à¥¬  2. Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (14) ­¥®¤­®à®¤­ ï £ ãáá®¢ á¨áâ¥¬  (1) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥ xj ¢¨¤ 

xj = ∞∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
, j = 0, 1, . . . , (15)£¤¥ Ap(j) | ®¯à¥¤¥«¨â¥«¨ (13) ¯®àï¤ª  p.�®ª § â¥«ìáâ¢®. � [3℄ ¯®ª § ­®, çâ® ¢¥«¨ç¨­  Bn−j , ¢ëç¨á«ï-¥¬ ï à¥ªãàà¥­â­ë¬ á®®â­®è¥­¨¥¬ (8), à ¢­  ®¯à¥¤¥«¨â¥«î (11), â. ¥.

Bn−j = B′
n−j. �«¥¤®¢ â¥«ì­®, ¥á«¨ áãé¥áâ¢ã¥â ¯à¥¤¥« lim

n→∞
Bn−j =

B(j), â® B(j) = lim
n→∞

B′
n−j = B′(j), â. ¥. ®­ ¤®«�¥­ ¡ëâì à ¢­ë¬ ¡¥á-ª®­¥ç­®¬ã ®¯à¥¤¥«¨â¥«î, ¥á«¨ ®­ áãé¥áâ¢ã¥â:

B′(j) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
b′j b′j+1 b′j+2 . . . b′n−2 b′n−1 .

a′j+1,j 1 0 . . . 0 0 .
a′j+2,j a′j+2,j+1 1 . . . 0 0 .
. . . . . . . . .

a′j+k,j a′j+k,j+1 a′j+k,j+2 . . . 0 0 .
. . . . . . . . .

a′n−2,j a′n−1,j+1 a′n−2,j+2 . . . 1 0 .
a′n−1,j a′n−1,j+1 a′n−1,j+2 . . . a′n−1,n−2 1 .
. . . . . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (16)
� ª¨¬ ®¡à §®¬, ­ ¤® ¯®ª § âì, çâ® ¡¥áª®­¥ç­ë© ®¯à¥¤¥«¨â¥«ì (16) áã-é¥áâ¢ã¥â. �«ï íâ®£® ¯® ®¯à¥¤¥«¥­¨î ¡¥áª®­¥ç­ëå ®¯à¥¤¥«¨â¥«¥© [4℄¢ëç¨á«ï¥¬ ¯® ¨­¤ãªæ¨¨ £« ¢­ë¥ ¬¨­®àë |B′

n(j)| ®¯à¥¤¥«¨â¥«ï (16).� å®¤¨¬ ¯¥à¢ë¥ ¬¨­®àë:
|B′1(j)| = b′j = 1 · bj

aj,j
= A0(j) bj

aj,j
,
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|B′2(j)| = 1 · bj

aj,j
− aj,j+1

aj,j

bj+1
aj+1,j+1= A0(j) bj

aj,j
−A1(j) bj+1

aj+1,j+1 = 1∑
p=0(−1)pAp(j) bj+p

aj+p,j+p
. (17)Ǒãáâì á®®â­®è¥­¨¥ (17) ¢¥à­® ¤«ï n, ¤®ª �¥¬, çâ® ®­® ¢¥à­® ¨ ¤«ï

n+ 1. �¥©áâ¢¨â¥«ì­®, à §« £ ï ¬¨­®à |B′
n+1(j)| ¯® (n+ 1)-¬ã áâ®«¡æã¨ ãç¨âë¢ ï á¯à ¢¥¤«¨¢®áâì (17) ¯à¨ n, â. ¥.

|B′
n(j)| = n−1∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
,¯®«ãç¨¬

|B′
n+1(j)| = (−1)1+n+1bj+n

aj+n,j+n
+ 1 · |B′

n(j)| = n∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (14) ¨¬¥¥¬lim

n→∞
|B′

n(j)| = B(j) = ∞∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
, j = 0, 1, . . . . (18)�®£« á­® «¥¬¬¥ â¥®à¥¬  2 ¤®ª § ­ .�§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â ¢ �­®¥ ¤«ï ¯à¨«®�¥­¨©�«¥¤áâ¢¨¥ 1. �á«¨ ¡¥áª®­¥ç­ ï ­¥®¤­®à®¤­ ï £ ãáá®¢  á¨áâ¥¬  (1)¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, â® íâ¨¬ à¥è¥­¨¥¬ ¡ã¤¥â ¢ëà �¥­¨¥ (15).�«¥¤áâ¢¨¥ 2. �á«¨ ­¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (14), â. ¥.

∞∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
= 0¤«ï ¢á¥å j ¨«¨

∞∑

p=0(−1)pAp(j)bj+p

aj+p,j+p
= ∞å®âï ¡ë ¤«ï ®¤­®£® j, â® á¨áâ¥¬  (1) ­¥á®¢¬¥áâ­ .



130 �¥¤®à®¢ �. �.�¥©áâ¢¨â¥«ì­®, ¢ ¯¥à¢®¬ á«ãç ¥ «¥¢ ï ç áâì ¢á¥å ãà ¢­¥­¨© á¨áâ¥-¬ë (1) à ¢­  ­ã«î,   ¯à ¢ ï bj ­¥ à ¢­  0 å®âï ¡ë ¤«ï ®¤­®£® j; ¯à®â¨-¢®à¥ç¨¥. �® ¢â®à®¬ á«ãç ¥ ­ àãè ¥âáï á ¬® ®¯à¥¤¥«¥­¨¥ ¡¥áª®­¥ç­®©á¨áâ¥¬ë, â ª ª ª àï¤ j-£® ãà ¢­¥­¨ï á¨áâ¥¬ë (1) ¡ã¤¥â à áå®¤ïé¨¬áï.�«ï ¯à¨¬¥à  à áá¬®âà¨¬ å®à®è® ¨§ãç¥­­ãî ­¥®¤­®à®¤­ãî ¯¥à¨-®¤¨ç¥áªãî á¨áâ¥¬ã, ¯à¨ç¥¬ ¥¥ ¯à®áâ¥©è¨© ¢¨¤ | £ ãáá®¢ã á¨áâ¥¬ã áà §­®áâ­ë¬¨ ¨­¤¥ªá ¬¨ [1℄:
∞∑

p=0 apxj+p = bj , a0 = 1, b > 0. (19)� áâ­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (19) ­ ©¤¥­® [1℄ ¨ ¨¬¥¥â ¢¨¤
xi = bi

∞∑
p=0 apbp

. (20)�á¯®«ì§ãï â¥®à¥¬ã 2, ­ ©¤¥¬ à¥è¥­¨¥ (20). � ¤ ­­®¬ á«ãç ¥ ¯®-á«¥¤®¢ â¥«ì­®áâì ®¯à¥¤¥«¨â¥«¥© (13) ¡ã¤¥â å à ªâ¥à¨áâ¨ç¥áª®© ¯®á«¥-¤®¢ â¥«ì­®áâìî [1℄ £ ãáá®¢®© á¨áâ¥¬ë (19) ¨ ­¥ § ¢¨á¨â ®â ¨­¤¥ªá  j:
A0 = 1, A1 = a1, A2 = ∣∣∣∣ a1 1

a2 a1 ∣∣∣∣ , A3 = ∣∣∣∣∣∣ a1 1 0
a2 a1 1
a3 a2 a1 ∣∣∣∣∣∣ , . . . ,

An = ∣∣∣∣∣∣∣∣∣ a1 1 0 . . . 0
a2 a1 1 . . . 0
. . . . . . .

an−1 an−2 an−3 . . . 1
an an−1 an−2 . . . a1 ∣∣∣∣∣∣∣∣∣ , . . . . (21)� ¬¥­ïï í«¥¬¥­âë an ®¯à¥¤¥«¨â¥«¥© An ­  (−1)nan, á®áâ ¢¨¬ ¯®-á«¥¤®¢ â¥«ì­®áâì ®¯à¥¤¥«¨â¥«¥© An:

A0 = 1, A1 = −a1, A2 = ∣∣∣∣−a1 1
a2 −a1 ∣∣∣∣ ,

A3 = ∣∣∣∣∣∣−a1 1 0
a2 −a1 1
−a3 a2 −a1 ∣∣∣∣∣∣ , . . . ,
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An = ∣∣∣∣∣∣∣∣∣ −a1 1 0 . . . 0

a2 −a1 1 . . . 0
. . . . . . .(−1)n−1an−1 (−1)n−2an−2 (−1)n−3an−3 . . . 1(−1)nan (−1)n−1an−1 (−1)n−2an−2 . . . −a1 ∣∣∣∣∣∣∣∣∣ , . . . .(22)�¥£ª® ã¡¥¤¨âìáï, çâ® An = (−1)nAn ¨ (−1)nAn = An.�á«¨ áâ¥¯¥­­®© àï¤ f(x) = ∞∑

p=0(−1)papx
p  ¡á®«îâ­® áå®¤¨âáï ¢®¡« áâ¨ |x| 6 r > 0 ¨ ­¥ ¨¬¥¥â ¢ ­¥© ­ã«¥©, â®, ª ª ¯®ª § ­® ¢ [1℄,äã­ªæ¨ï 1

f(x) à §« £ ¥âáï ¢ ãª § ­­®© ®¡« áâ¨ ¢ áâ¥¯¥­­®© àï¤:1
f(x) = ∞∑

p=0Apx
p, (23)£¤¥ Ap | å à ªâ¥à¨áâ¨ç¥áª¨¥ ®¯à¥¤¥«¨â¥«¨ (21).� á¯¨áë¢ ï à¥è¥­¨¥ (15) ¢ á«ãç ¥ á¨áâ¥¬ë (19) ¨ ãç¨âë¢ ï á®-®â­®è¥­¨ï ¬¥�¤ã ®¯à¥¤¥«¨â¥«ï¬¨ Ap ¨ Ap,   â ª�¥ ¢ëà �¥­¨¥ (23),¯®«ãç¨¬

xj = ∞∑

p=0(−1)pApb
j+p = bj

∞∑

p=0Apb
p = bj

f(x) ,£¤¥ Ap ¨ Ap | ®¯à¥¤¥«¨â¥«¨ (21) ¨ (22) á®®â¢¥âáâ¢¥­­® ¨
f(x) = ∞∑

p=0(−1)papb
p.�ç¨âë¢ ï ap = (−1)pap, ¨¬¥¥¬

f(x) = ∞∑

p=0(−1)papb
p = ∞∑

p=0(−1)p(−1)papb
p = ∞∑

p=0 apb
p.� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ á®®â­®è¥­¨¥ (20).�§ á«¥¤áâ¢¨ï 2 á«¥¤ã¥â, çâ® ¢ á«ãç ïå

∞∑

p=0 apb
p = ∞ ¨«¨ ∞∑

p=0 apb
p = 0



132 �¥¤®à®¢ �. �.à §­®áâ­ ï £ ãáá®¢  á¨áâ¥¬  (19) ­¥á®¢¬¥áâ­ .�¥©áâ¢¨â¥«ì­®, ¢ ¯¥à¢®¬ á«ãç ¥ ¯®«ãç¨¬ âà¨¢¨ «ì­®¥ à¥è¥­¨¥¯à¨¢¥¤¥­­®© á¨áâ¥¬ë (19), çâ® ¯à®â¨¢®à¥ç¨â ­¥®¤­®à®¤­®áâ¨ á¨áâ¥¬ë.�® ¢â®à®¬ á«ãç ¥ àï¤ë ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨© á¨áâ¥¬ë (19) à áå®-¤ïâáï. ����������1. �¥¤®à®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©. �®¢®á¨¡¨àáª: � ãª , 2009.2. �¥¤®à®¢ �. �. �à ­¨ç­ë© ¬¥â®¤ à¥è¥­¨ï ¯à¨ª« ¤­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨. �®¢®á¨¡¨àáª: � ãª , 2000.3. �¥¤®à®¢ �. �. � â¥®à¨¨ £ ãáá®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥-áª¨å ãà ¢­¥­¨© // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 2. �. 209{217.4. � £ ­ �. �. �á­®¢ ­¨ï â¥®à¨¨ ®¯à¥¤¥«¨â¥«¥©. �¨¥¢: �®á. ¨§¤-¢® �ªà ¨­ë,1922.£. �ªãâáª 18 ­®ï¡àï 2011 £.



��� 512.6:519.61�� ��������� ��������� ����������� ������ ���������������������� ��������� (�����)�. �. �¥¤®à®¢� à ¡®â å  ¢â®à  [1{3℄ ¢¢¥¤¥­ë ¨ ¨áá«¥¤®¢ ­ë ­¥ª®â®àë¥ ¢¨¤ë£ ãáá®¢ëå �����. � ­¨å ¯®  ­ «®£¨¨ á ª®­¥ç­ë¬¨ á¨áâ¥¬ ¬¨ á ¢¥àå-­¥© âà¥ã£®«ì­®© ¬ âà¨æ¥© ¤ ¥âáï ®¯à¥¤¥«¥­¨¥ £ ãáá®¢®© ¡¥áª®­¥ç­®©á¨áâ¥¬ë.�¯à¥¤¥«¥­¨¥ 1. �á«¨ ¬ âà¨æ  A(ai,j) ¡¥áª®­¥ç­®© á¨áâ¥¬ë «¨-­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©
∞∑

j=1 ai,jxj = bi, i = 1, 2, . . . , (1)¨¬¥¥â í«¥¬¥­âë ai,j = 0 ¤«ï ¢á¥å i > j, ¯à¨ç¥¬ í«¥¬¥­âë £« ¢­®© ¤¨ -£®­ «¨ ­¥ à ¢­ë ­ã«î, â. ¥. ai,i 6= 0, i = 1, 2, . . . , â® £®¢®à¨¬, çâ® â ª ï¡¥áª®­¥ç­ ï á¨áâ¥¬  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (1) § ¤ ­ ¢ £ ãáá®¢®© ä®à¬¥. � ª¨¬ ®¡à §®¬, ¥á«¨ ¢á¥ í«¥¬¥­âë, à á¯®«®�¥­-­ë¥ ¯®¤ £« ¢­®© ¤¨ £®­ «ìî ¡¥áª®­¥ç­®© ¬ âà¨æë A(ai,j) (aj,j 6= 0,
j = 1, 2, . . . ), à ¢­ë ­ã«î, â® â ªãî ¬ âà¨æã ­ §ë¢ ¥¬ £ ãáá®¢®© ¬ â-à¨æ¥©. � ¥á«¨ ¢á¥ í«¥¬¥­âë, à á¯®«®�¥­­ë¥ ­ ¤ £« ¢­®© ¤¨ £®­ «ìî,à ¢­ë ­ã«î, â® â ªãî ¡¥áª®­¥ç­ãî ¬ âà¨æã A ­ §ë¢ ¥¬ âà¥ã£®«ì­®©¬ âà¨æ¥©.� [3℄ ­ ©¤¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ®¤­®à®¤­®© £ ãáá®¢®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë,¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå ãª § ­­ë¥ à¥è¥­¨ï ¨¬¥îâ ¯à®áâ®© § ¬ª­ã-âë© ¢¨¤. �¥®à¨ï ­¥ª®â®àëå ª®­ªà¥â­ëå £ ãáá®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬¨§«®�¥­  ¢ ¬®­®£à ä¨¨  ¢â®à  [1℄.
© 2012 �¥¤®à®¢ �. �.



134 �¥¤®à®¢ �. �.�¬¥áâ¥ á â¥¬ ¢ ­ ãç­®© «¨â¥à âãà¥ ¢®¯à®áë ¯à¨¢¥¤¥­¨ï ®¡é¨å¡¥áª®­¥ç­ëå á¨áâ¥¬ ª á¨áâ¥¬ ¬ ¢ £ ãáá®¢®© ä®à¬¥ ­¥ à áá¬ âà¨¢ «¨áì.� ¤ ­­®© áâ âì¥ ¯®ª �¥¬ ¢®§¬®�­®áâì ¯à¨¬¥­¥­¨ï ¬¥â®¤  ¨áª«îç¥­¨ï� ãáá  ¤«ï ¯à¥®¡à §®¢ ­¨ï ¡¥áª®­¥ç­ëå á¨áâ¥¬ ¢ £ ãáá®¢ã ä®à¬ã.�á¯®«ì§ã¥¬ â¥®à¨î ¬¥â®¤  � ãáá  ¤«ï ª®­¥ç­ëå á¨áâ¥¬, ¨§«®�¥­-­ãî ¢ ¬®­®£à ä¨¨ �. �. � ­â¬ å¥à  [4℄. � á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¢¢¥¤¥¬­¥ª®â®àë¥ ®¡®§­ ç¥­¨ï ¤«ï ®¯à¥¤¥«¨â¥«¥©, á®áâ ¢«¥­­ëå ¨§ í«¥¬¥­â®¢¤ ­­®© ª®­¥ç­®© ¬ âà¨æë A(ai,k):
A

(
i1i2 . . . ip
k1k2 . . . kp

) = ∣∣∣∣∣∣∣ ai1,k1 ai1,k2 . . . ai1,kp

ai2,k1 ai2,k2 . . . ai2,kp

. . . . . .
aip,k1 aip,k2 . . . aip,kp

∣∣∣∣∣∣∣
. (2)�¯à¥¤¥«¨â¥«ì (2) ­ §ë¢ ¥âáï ¬¨­®à®¬ p-£® ¯®àï¤ª  ¬ âà¨æë A,¥á«¨ 1 6 i1 < i2 < · · · < ip 6 m ¨ 1 6 k1 < k2 < · · · < kp 6 n. Ǒàï¬®-ã£®«ì­ ï (m× n)-¬ âà¨æ  A(ai,k) ¨¬¥¥â Cp

mC
p
n ¬¨­®à®¢ p-£® ¯®àï¤ª 

A

(
i1i2 . . . ip
k1k2 . . . kp

) ( 1 6 i1 < i2 < · · · < ip 6 m1 6 k1 < k2 < · · · < kp 6 n

) ; p 6 m,n. (2′)�¨­®àë (2′), ã ª®â®àëå i1 = k1, i2 = k2, . . . , ip = kp, ­ §ë¢ îâáï £« ¢-­ë¬¨.� ®¡®§­ ç¥­¨ïå (2) ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â­®© ¬ âà¨æë |A(ai,k)|n1§ ¯¨è¥âáï â ª:
|A| = A

( 1 2 . . . n1 2 . . . n) .Ǒãáâì ¤ ­  ¬ âà¨æ  A(ai,k)n1 à ­£  r. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ -ç¥­¨ï ¤«ï ¯®á«¥¤®¢ â¥«ì­ëå £« ¢­ëå ¬¨­®à®¢ íâ®© ¬ âà¨æë:
Dk = A

( 1 2 . . . k1 2 . . . k) , k = 1, 2, . . . , n.�§¢¥áâ­® [4℄, çâ® ¢áïª ï ª¢ ¤à â­ ï ¬ âà¨æ  à §« £ ¥âáï ­  âà¥-ã£®«ì­ë¥ ¬ âà¨æë.�¥®à¥¬  1. �áïªãî ¬ âà¨æã A(ai,k)n1 à ­£  r, ã ª®â®à®© ¯¥à¢ë¥
r ¯®á«¥¤®¢ â¥«ì­ëå £« ¢­ëå ¬¨­®à®¢ ®â«¨ç­ë ®â ­ã«ï, â. ¥. Dk 6= 0,
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k = 1, 2, . . . , r, ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ­¨�­¥© âà¥-ã£®«ì­®© ¬ âà¨æë B ­  ¢¥àå­îî âà¥ã£®«ì­ãî ¬ âà¨æã C:

A = BC =  b1,1 0 . . . 0
b2,1 b2,2 . . . 0
. . . . . .

bn,1 bn,2 . . . bn,n







c1,1 c1,2 . . . c1,n0 c2,2 . . . c2,n

. . . . . .0 0 . . . cn,n


 . (3)Ǒà¨ íâ®¬

b1,1c1,1 = D1, b2,2c2,2 = D2
D1 , . . . , br,rcr,r = Dr

Dr−1 . (4)Ǒ¥à¢ë¬ r ¤¨ £®­ «ì­ë¬ í«¥¬¥­â ¬ ¬ âà¨æ B ¨ C ¬®�­® ¤ âì¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (4).� ¤ ­¨¥ ¯¥à¢ëå r ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ¬ âà¨æ B ¨ C ®¯à¥¤¥-«ï¥â ®¤­®§­ ç­® í«¥¬¥­âë ¯¥à¢ëå r áâ®«¡æ®¢ ¬ âà¨æë B ¨ ¯¥à¢ëå ráâà®ª ¬ âà¨æë C. �«ï íâ¨å í«¥¬¥­â®¢ ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë
bj,k = bk,k

A

( 1 2 . . . k − 1 j1 2 . . . k − 1 k)
A

( 1 2 . . . k1 2 . . . k) , ck,j = ck,k

A

( 1 2 . . . k − 1 k1 2 . . . k − 1 j )
A

( 1 2 . . . k1 2 . . . k) , (5)
j = k, k + 1, . . . , n, k = 1, 2, . . . , r.� á«ãç ¥ r < n (|A| = 0) ¢ ¯®á«¥¤­¨å n − r áâ®«¡æ å ¬ âà¨-æë B ¬®�­® ¢á¥ í«¥¬¥­âë ¯®«®�¨âì à ¢­ë¬¨ ­ã«î,   ¢ ¯®á«¥¤­¨å

n−r áâà®ª å ¬ âà¨æë C ¢á¥¬ í«¥¬¥­â ¬ ¤ âì ¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï,«¨¡® ­ ®¡®à®â, ¯®á«¥¤­¨¥ n− r áâà®ª ¬ âà¨æë C § ¯®«­¨âì ­ã«ï¬¨,  ¯®á«¥¤­¨¥ n− r áâ®«¡æ®¢ ¬ âà¨æë B ¢§ïâì ¯à®¨§¢®«ì­ë¬¨.�«¥¤áâ¢¨¥ 1. �á«¨ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë bk,k ¬ âà¨æë B à ¢-­ë 1 ¨ ¯¥à¢ë¥ r ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ck,k ¬ âà¨æë C à ¢­ë D1,
D2
D1 , . . . , Dr

Dr−1 ,   ¯®á«¥¤­¨¥ n − r § ¯®«­¥­ë ­ã«ï¬¨, â® ¯®«ãç¨¬ ¬¥â®¤¨áª«îç¥­¨ï � ãáá .�¥ª®â®àë¥ á¢¥¤¥­¨ï ® ¡¥áª®­¥ç­ëå ¬ âà¨æ å ¯à¨¢¥¤¥­ë ¢ [4{6℄,  ®á­®¢­ë¥ ¯®­ïâ¨ï ® ­¨å ¬®�­® ­ ©â¨ ¢ ¬®­®£à ä¨¨ �ãª  [7℄. � ¯à¨-¬¥à, ¢ íâ®© à ¡®â¥ ¤«ï ¡¥áª®­¥ç­ëå ¬ âà¨æ ¢¢¥¤¥­ë ¯®­ïâ¨ï ã¬­®�¥-­¨ï ¬ âà¨æ, ¢¥àå­¨å ¨ ­¨�­¨å âà¥ã£®«ì­ëå ¬ âà¨æ,   â ª�¥ ®¯à¥¤¥-«¥­¨¥ ®¡à â­®© ¬ âà¨æë. �¯¥à æ¨ï ã¬­®�¥­¨ï ¬ âà¨æ ¢¢®¤¨âáï â ª



136 �¥¤®à®¢ �. �.�¥, ª ª ¨ ¤«ï ª®­¥ç­ëå ¬ âà¨æ, ­® á ®£®¢®àª®© ® áå®¤¨¬®áâ¨ á®®â¢¥â-áâ¢ãîé¨å àï¤®¢.� ¯®¬­¨¬, çâ® ¯®­ïâ¨ï ¢¥àå­¨å ¨ ­¨�­¨å âà¥ã£®«ì­ëå ¬ âà¨æ(ª®­¥ç­ëå) ¢ á«ãç ¥ ¡¥áª®­¥ç­ëå ¬ âà¨æ ¢ëè¥ § ¬¥­¥­ë á®®â¢¥âáâ¢¥­-­® ¯®­ïâ¨ï¬¨ £ ãáá®¢ëå ¨ âà¥ã£®«ì­ëå ¬ âà¨æ. �®«¥¥ ¯®¤à®¡­® ®¡íâ®¬ ¬®�­® ­ ©â¨ ¢ à ¡®â¥  ¢â®à  [2℄.� á«ãç ¥ ¡¥áª®­¥ç­ëå ¬ âà¨æ â ª�¥ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¯à¥¤-«®�¥­¨ï ¤«ï ª®­¥ç­ëå ¬ âà¨æ [7℄.Ǒà¥¤«®�¥­¨¥ 1. Ǒà®¨§¢¥¤¥­¨¥ ¤¢ãå âà¥ã£®«ì­ëå ¬ âà¨æ ï¢«ï-¥âáï âà¥ã£®«ì­®© ¬ âà¨æ¥©.Ǒà¥¤«®�¥­¨¥ 2. Ǒà®¨§¢¥¤¥­¨¥ âà¥å âà¥ã£®«ì­ëå ¬ âà¨æ  áá®-æ¨ â¨¢­®.�¯à¥¤¥«¥­¨¥ 2. �á«¨ AB = I, â® B ­ §ë¢ ¥âáï ¯à ¢®áâ®à®­-­¥© ®¡à â­®© ¤«ï A,   A | «¥¢®áâ®à®­­¥© ®¡à â­®© ¤«ï B, £¤¥ I |¥¤¨­¨ç­ ï ¡¥áª®­¥ç­ ï ¬ âà¨æ .� á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ 2 ¯à ¢®áâ®à®­­ïï ®¡à â­ ï ¬ â-à¨æ  ¤«ï A ï¢«ï¥âáï à¥è¥­¨¥¬ X «¨­¥©­®£® ¬ âà¨ç­®£® ãà ¢­¥­¨ï
AX = I.�¥áª®­¥ç­ãî á¨áâ¥¬ã (1) á £ ãáá®¢®© ¬ âà¨æ¥© ¬®�­® § ¯¨á âì ¢¢¨¤¥

∞∑

p=0 aj,j+pxj+p = fj , j = 1, 2, . . . , (1′)¨«¨ ¢ ¬ âà¨ç­®© ä®à¬¥:
AX = F, (1′′)£¤¥ A | £ ãáá®¢  ¡¥áª®­¥ç­ ï ¬ âà¨æ , X , F | ¡¥áª®­¥ç­ë¥ áâ®«¡æë­¥¨§¢¥áâ­ëå ¨ á¢®¡®¤­ëå ç«¥­®¢ á¨áâ¥¬ë á®®â¢¥âáâ¢¥­­®.�«ï á¨áâ¥¬ (1) á âà¥ã£®«ì­®© ¬ âà¨æ¥© ¤®ª § ­  á«¥¤ãîé ï�¥®à¥¬  2 [7℄. �¥áª®­¥ç­ ï á¨áâ¥¬  (1) á âà¥ã£®«ì­®© ¬ âà¨æ¥©¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ¯à ¢®áâ®à®­­îî ®¡à â­ãî ¬ âà¨æã, ª®â®à ï ¡ã-



�¡  «£®à¨â¬¥ � ãáá  137¤¥â âà¥ã£®«ì­®© ¬ âà¨æ¥©, ¨ ¢á¥ ¥¥ í«¥¬¥­âë, «¥� é¨¥ ­  £« ¢­®©¤¨ £®­ «¨, à ¢­ë 1
ai,i

.�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥ 2. �á«¨ ai,i = 0 å®âï ¡ë ¤«ï ®¤­®£® §­ ç¥­¨ï i, â®¬ âà¨æ  á¨áâ¥¬ë (1) á âà¥ã£®«ì­®© ¬ âà¨æ¥© ­¥ ¨¬¥¥â ¯à ¢®áâ®à®­­¥©®¡à â­®© ¬ âà¨æë.Ǒ®áª®«ìªã á¨áâ¥¬ã (1) ¢ ®¡é¥¬ á«ãç ¥ â ª�¥ ¬®�­® § ¯¨á âì ¢¬ âà¨ç­®© ä®à¬¥ (1′′), ¨¬¥¥â ¬¥áâ®�«¥¤áâ¢¨¥ 3. � ¡¥áª®­¥ç­®© á¨áâ¥¬ë (1) á âà¥ã£®«ì­®© ¬ âà¨æ¥©áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ª®â®à®¥ ¨¬¥¥â ¢¨¤ X = A−1F , £¤¥
A−1 | ¯à ¢®áâ®à®­­ïï ®¡à â­ ï ¬ âà¨æ .� ª�¥ ¢ [7℄ ¯à¨¢¥¤¥­ë á«¥¤ãîé¨¥ § ¬¥ç ­¨ï.� ¬¥ç ­¨¥ 1. Ǒãáâì A | âà¥ã£®«ì­ ï ¬ âà¨æ , ¤«ï ª®â®à®©
ai,i 6= 0 ¤«ï ¢á¥å i, â ª çâ® á®£« á­® â¥®à¥¬¥ 2 ®­  ¨¬¥¥â ¥¤¨­áâ¢¥­-­ãî ¯à ¢®áâ®à®­­îî ®¡à â­ãî ¬ âà¨æã X . �®£¤  X ï¢«ï¥âáï â ª�¥«¥¢®áâ®à®­­¥© ®¡à â­®© ¤«ï A ¨ ¡ã¤¥â ¥¤¨­áâ¢¥­­®© ¤¢ãáâ®à®­­¥© ®¡-à â­®© ¬ âà¨æ¥© ¤«ï A.�¤­ ª® ®ç¥­ì ¢ �­®� ¬¥ç ­¨¥ 2. �¨®âªã¤  ­¥ á«¥¤ã¥â, çâ®X ï¢«ï¥âáï ¥¤¨­áâ¢¥­­®©«¥¢®áâ®à®­­¥© ®¡à â­®© ¬ âà¨æ¥© ¤«ï A.Ǒãáâì § ¤ ­  ¡¥áª®­¥ç­ ï ¬ âà¨æ  A(ai,j)∞1 á ¡¥áª®­¥ç­ë¬ ®¯à¥-¤¥«¨â¥«¥¬ [5℄. �¥â®¤®¬ � ãáá  ¯à¨¢¥¤¥¬ ¬ âà¨æã A ª £ ãáá®¢®© ä®à¬¥ ­ «®£¨ç­® â®¬ã, ª ª íâ® ¤¥« ¥âáï ¤«ï ª®­¥ç­ëå ¬ âà¨æ. Ǒà¥¤¯®-«®�¨¬, çâ® ¬ âà¨æ  A ¨¬¥¥â ¡¥áª®­¥ç­ë© à ­£, â. ¥. áãé¥áâ¢ã¥â ¥¥¡¥áª®­¥ç­ë© ®¯à¥¤¥«¨â¥«ì, ­¥ à ¢­ë© ­ã«î. � ª ¯à ¢¨«®, â ª¨¥ ¬ â-à¨æë áãé¥áâ¢ãîâ, ­ ¯à¨¬¥à, ­®à¬ «ì­ ï ¬ âà¨æ  ¨¬¥¥â ¡¥áª®­¥ç­ë©à ­£, ¥á«¨ ¤ �¥ ¥¥ ®¯à¥¤¥«¨â¥«ì à ¢¥­ ­ã«î [5℄, ¡¥áª®­¥ç­ ï £ ­ª¥«¥¢ ¬ âà¨æ  ¨¬¥¥â ª®­¥ç­ë© à ­£ â®«ìª® ¯à¨ ¢ë¯®«­¥­¨¨ ®¯à¥¤¥«¥­­ëåãá«®¢¨© [4℄. Ǒãáâì £« ¢­ë¥ ¬¨­®àë ¤ ­­®© ¡¥áª®­¥ç­®© ¬ âà¨æë ­¥



138 �¥¤®à®¢ �. �.à ¢­ë ­ã«î, â. ¥. Dk 6= 0, k = 1, . . . ,∞. �®£¤ , ¨áå®¤ï ¨§ ª®íää¨-æ¨¥­â®¢ ai,k ¤ ­­®© ¬ âà¨æë A, ¯® ä®à¬ã« ¬ (4) ¨ (5) ¬®�¥¬ ­ ©â¨ç¨á«  bj,k, ck,j ¨ á®áâ ¢¨âì ¨§ ­¨å ¡¥áª®­¥ç­ë¥ âà¥ã£®«ì­ãî ¬ âà¨æã
B ¨ £ ãáá®¢ã ¬ âà¨æã C á®®â¢¥âáâ¢¥­­®. Ǒà¨ íâ®¬ ¢ ä®à¬ã« å (4),(5) j = k, k + 1, . . . , k = 1, 2, . . . . Ǒ®ª �¥¬, çâ® ã¬­®�¥­¨¥ ¬ âà¨æë B­  C ¤ ¥â ¨áå®¤­ãî ¬ âà¨æã A, â. ¥. BC = A. � ª ª ª ¬ âà¨æ  Bâà¥ã£®«ì­ ï, ¯à¨ ã¬­®�¥­¨¨ B ­  C á®®â¢¥âáâ¢ãîé¨¥ àï¤ë ®¡àë¢ -îâáï, â. ¥. íâ¨ àï¤ë áå®¤ïâáï, â¥¬ á ¬ë¬ ®¯¥à æ¨ï ã¬­®�¥­¨ï ¤ ­­ëå¡¥áª®­¥ç­ëå ¬ âà¨æ ®áãé¥áâ¢¨¬ . �­ë¬¨ á«®¢ ¬¨, áãé¥áâ¢ã¥â ¬ â-à¨æ  A(�ai,j), à ¢­ ï ¯à®¨§¢¥¤¥­¨î BC. �¡®§­ ç¨¬ ç¥à¥§ Bn, Cn, Anª¢ ¤à â­ë¥ ¬ âà¨æë n-£® ¯®àï¤ª , á®®â¢¥âáâ¢ãîé¨¥ £« ¢­ë¬ ¬¨­®-à ¬ n-£® ¯®àï¤ª  ¬ âà¨æ B, C ¨ ¨å ¯à®¨§¢¥¤¥­¨ï A(�ai,j). Ǒ®« £ ï¤¨ £®­ «ì­ë¥ í«¥¬¥­âë bk,k ¬ âà¨æë B ¯à®¨§¢®«ì­ë¬¨ ¨ ¯à®¢®¤ï ¢ë-ç¨á«¥­¨ï ¯® ä®à¬ã« ¬ (4) ¨ (5), ¨¬¥¥¬
A =  b1,1 0 0 . . .

b1,1A
( 21)

D1 b2,2 0 . . .

b1,1A
( 31)

D1 b2,2A
( 1 31 2)

D2 b3,3 . . .
. . . . . .




×




D1
b1,1 A

( 12)
b1,1 A

( 13)
b1,1 ...0 A

( 1 21 2)
b2,2D1 A

( 1 21 3)
b2,2D1 ...0 0 A

( 1 2 31 2 3)
b3,3D2 ...

. . . ...



. (6)�¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ã¡¥�¤ ¥¬áï, çâ® ¤¢¥ ¯¥à¢ë¥ áâà®ª¨¬ âà¨æë A ®¯à¥¤¥«¥­ë â ª:�a1,1 = D1 = A

( 11) = a1,1, �a1,2 = A
( 12) = a1,2, �a1,3 = A

( 13) = a1,3, . . . ;�a2,1 = A
( 21) = a2,1, �a2,2 = A

( 21)A( 12)+D2
D1 = a2,2,�a2,3 = A

( 21)A( 13)+A
( 1 21 3)

D1 = a2,3, . . . .



�¡  «£®à¨â¬¥ � ãáá  139�á­®, çâ® ¤«ï ¯¥à¢ëå §­ ç¥­¨© n ¨¬¥¥â ¬¥áâ® A1 = A1, A2 = A2.�­¤ãªâ¨¢­® ¯®« £ ï, çâ® An−1 = An−1, ¯®ª �¥¬, çâ® An = An. �«ïíâ®£® ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 1. Ǒãáâì ¢ ­¥© à ­£ r ¬ âà¨æë A à ¢¥­ ¥¥¯®àï¤ªã n. �§ áâàãªâãàë âà¥ã£®«ì­®© ¬ âà¨æë B á«¥¤ã¥â, çâ® BnCn =
An, ­® ¯® ¯®áâà®¥­¨î ¬ âà¨æ B ¨ C ¨ ¯® â¥®à¥¬¥ 1 ¨¬¥¥¬ BnCn = An.�«¥¤®¢ â¥«ì­®, An = An, ¨ ¯® ¨­¤ãªæ¨¨ § ª«îç ¥¬ á¯à ¢¥¤«¨¢®áâìá®®â­®è¥­¨ï BC = A. � ª¨¬ ®¡à §®¬, ¤®ª § ­ �¥®à¥¬  3. �áïªãî ¬ âà¨æã A(ai,k)∞1 ¡¥áª®­¥ç­®£® à ­£ , ã ª®-â®à®© £« ¢­ë¥ ¬¨­®àë ®â«¨ç­ë ®â ­ã«ï, â. ¥. Dk 6= 0, k = 1, 2, . . . ,¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï âà¥ã£®«ì­®© ¬ âà¨æë B ­ £ ãáá®¢ã ¬ âà¨æã C:
A = BC=  b1,1 0 . . . 0 . . .

b2,1 b2,2 . . . 0 . . .
. . . . . . . . .

bn,1 bn,2 . . . bn,n . . .
. . . . . . . . .







c1,1 c1,2 . . . c1,n . . .0 c2,2 . . . c2,n . . .
. . . . . . . . .0 0 . . . cn,n . . .
. . . . . . . . .


 .Ǒà¨ íâ®¬

b1,1c1,1 = D1, b2,2c2,2 = D2
D1 , . . . , bn,ncn,n = Dn

Dn−1 . . . , (7)
bj,k = bk,k

A

( 1 2 . . . k − 1 j1 2 . . . k − 1 k)
A

( 1 2 . . . k1 2 . . . k) , ck,j = ck,k

A

( 1 2 . . . k − 1 k1 2 . . . k − 1 j )
A

( 1 2 . . . k1 2 . . . k) , (8)
j = k, k + 1, . . . ,∞; k = 1, 2, . . . ,∞.�¨ £®­ «ì­ë¬ í«¥¬¥­â ¬ ¬ âà¨æ B ¨ C ¬®�­® ¯à¨á¢®¨âì ¯à®¨§-¢®«ì­ë¥ §­ ç¥­¨ï, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (7).�«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥ ¢ �­® ¤«ï ä ªâ¨ç¥áª®£® ¢ëç¨á«¥­¨ï í«¥-¬¥­â®¢ ¬ âà¨æ B ¨ C.



140 �¥¤®à®¢ �. �.�«¥¤áâ¢¨¥ 4. �«¥¬¥­âë áâ®«¡æ®¢ ¬ âà¨æë B ¨ áâà®ª ¬ âà¨æë
C á¢ï§ ­ë á í«¥¬¥­â ¬¨ ¬ âà¨æë A à¥ªãàà¥­â­ë¬¨ á®®â­®è¥­¨ï¬¨:

bi,k = ai,k −
k−1∑
j=1 bi,jcj,k
ck,k

, i > k, i = 1, 2, . . . ,∞, k = 1, 2, . . . ,∞,

ci,k = ai,k −
i−1∑
j=1 bi,jcj,k
bi,i

, i 6 k, i = 1, 2, . . . ,∞, k = 1, 2, . . . ,∞.�«¥¤áâ¢¨¥ 5. �á«¨ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë bi,i, i = 1, 2, . . . ,∞,¬ âà¨æë B à ¢­ë ¥¤¨­¨æ¥, â® ¯®«ãç¨¬ ¬¥â®¤ ¨áª«îç¥­¨ï � ãáá .�®ª § â¥«ìáâ¢®. Ǒ®áª®«ìªã ¬ âà¨æ  B âà¥ã£®«ì­ ï, á®£« á­®§ ¬¥ç ­¨î 1 ®­  ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ¤¢ãáâ®à®­­îî ®¡à â­ãî ¬ â-à¨æã B−1. �«¥¤®¢ â¥«ì­®, ¨áå®¤ï ¨§ (1′′) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï:
AX = BCX = F ¨ B−1BCX = B−1F , ®âªã¤  CX = B−1F ¨, ªà®¬¥â®£®, ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 3 ¬ âà¨æ  C £ ãáá®¢ .����������1. �¥¤®à®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©. �®¢®á¨¡¨àáª: � ãª , 2009.2. �¥¤®à®¢ �. �. � ¬¥ç ­¨ï ® £ ãáá®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ å «¨­¥©­ëå  «£¥¡-à ¨ç¥áª¨å ãà ¢­¥­¨© (�����) // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 2.�. 202{208.3. �¥¤®à®¢ �. �. � â¥®à¨¨ £ ãáá®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥-áª¨å ãà ¢­¥­¨© (�����) // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 2. �. 209{217.4. � ­â¬ å¥à �. �. �¥®à¨ï ¬ âà¨æ. �.: � ãª , 1967.5. � £ ­ �. �. �á­®¢ ­¨ï â¥®à¨¨ ®¯à¥¤¥«¨â¥«¥©. �¨¥¢: �®á. ¨§¤-¢® �ªà ¨­ë,1922.6. Riesz F. Les syst�emes d'�equations lin�eaires �a une in�nit�e d'in
onnues. Paris: Gauthier-Villars, 1913.7. �ãª �. �¥áª®­¥ç­ë¥ ¬ âà¨æë ¨ ¯à®áâà ­áâ¢  ¯®á«¥¤®¢ â¥«ì­®áâ¥©. �.: �¨§-¬ â£¨§, 1960.£. �ªãâáª 18 ­®ï¡àï 2011 £.



��� 517.95���������� ω-��������� ��Ǒ�������� �����Ǒ. �. �¥à­¨ª®¢� áâ âì¥ [1℄ ¢¢®¤¨âáï ¯®­ïâ¨¥  ¡á®«îâ­®£® ε-à¥âà ªâ  ¢ ª« áá¥¬¥âà¨ç¥áª¨å ª®¬¯ ªâ®¢, ®¡®¡é îé¥¥ ¯®­ïâ¨¥  ¡á®«îâ­®£® à¥âà ªâ .Ǒà¨¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ ®¯à¥¤¥«¥­¨ï.� ¬ª­ãâ®¥ ¯®¤¬­®�¥áâ¢® A ª®¬¯ ªâ­®£® ¬¥âà¨ç¥áª®£® ¯à®áâà ­-áâ¢  X ­ §ë¢ ¥âáï ε-à¥âà ªâ®¬ X , ¥á«¨ ¤«ï ¢áïª®£® δ > 0 áãé¥áâ¢ã¥ââ ª®¥ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ rδ : X → A, çâ® ρ(x, rδ(x)) 6 δ ¤«ï¢á¥å x ∈ A.�®¬¯ ªâ­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® Y ­ §ë¢ ¥âáï  ¡á®«îâ­ë¬
ε-à¥âà ªâ®¬, ¥á«¨ ¢áïª®¥ § ¬ª­ãâ®¥ ¯®¤¬­®�¥áâ¢® A «î¡®£® ª®¬¯ ªâ-­®£® ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  X , £®¬¥®¬®àä­®¥ Y , ï¢«ï¥âáï ε-à¥â-à ªâ®¬ X .�®¢®ªã¯­®áâì ¢á¥å  ¡á®«îâ­ëå ε-à¥âà ªâ®¢ ®¡®§­ ç¨¬, á«¥¤ãï [1℄,ç¥à¥§ ε-AR.Ǒà¨¬¥à 1. �¡®§­ ç¨¬ ç¥à¥§ � £à¥¡¥­ªã� = {(x, y) ∈ R

2 : 0 6 y 6 1, x = 0, 1/n, n = 1, 2, . . .}
∪ {(x, 0) ∈ R

2 : 0 6 x 6 1}.�à¥¡¥­ª  � ¯à¨­ ¤«¥�¨â ε-AR, � 6∈ AR.� [1℄ ¤®ª § ­ �¥®à¥¬  1. �á«¨ ¬¥âà¨ç¥áª¨© ª®¬¯ ªâ X ¯à¨­ ¤«¥�¨â ε-AR, â®«î¡®¥ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ f : X → X ¨¬¥¥â ­¥¯®¤¢¨�­ãî â®çªã.
© 2012 �¥à­¨ª®¢ Ǒ. �.



142 �¥à­¨ª®¢ Ǒ. �.� è  æ¥«ì | à á¯à®áâà ­¨âì â¥®à¥¬ã 1 ­  ¡®«¥¥ è¨à®ª¨© ª« áá¯à®áâà ­áâ¢. �á¥ à áá¬ âà¨¢ ¥¬ë¥ ¤ «¥¥ â®¯®«®£¨ç¥áª¨¥ ¯à®áâà ­-áâ¢  ¯à¥¤¯®« £ îâáï å ãá¤®àä®¢ë¬¨. �ä®à¬ã«¨àã¥¬ ®¯à¥¤¥«¥­¨¥  ¡-á®«îâ­®£® ω-à¥âà ªâ  ¢ ª« áá¥ ¡¨ª®¬¯ ªâ­ëå ¯à®áâà ­áâ¢.Ǒãáâì X | ­¥ª®â®à®¥ ¬­®�¥áâ¢®, Y | â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­-áâ¢®. �â®¡à �¥­¨ï f, g : X → Y ­ §ë¢ îâáï α-¡«¨§ª¨¬¨, £¤¥ α |®âªàëâ®¥ ¯®ªàëâ¨¥ ¯à®áâà ­áâ¢  Y , ¥á«¨ ¤«ï ª �¤®£® x ∈ X áãé¥-áâ¢ã¥â í«¥¬¥­â U ∈ α â ª®©, çâ® f(x) ∈ U ¨ g(x) ∈ U .� ¬ª­ãâ®¥ ¯®¤¬­®�¥áâ¢® A ¡¨ª®¬¯ ªâ  X ­ §ë¢ ¥âáï ω-à¥âà ª-â®¬ X , ¥á«¨ ¤«ï ¢áïª®£® ®âªàëâ®£® ¯®ªàëâ¨ï α ¡¨ª®¬¯ ªâ  A áãé¥-áâ¢ã¥â â ª®¥ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ rα : X → A, çâ® ®â®¡à �¥­¨ï
rα|A ¨ idA α-¡«¨§ª¨.�¨ª®¬¯ ªâ Y ­ §ë¢ ¥âáï  ¡á®«îâ­ë¬ ω-à¥âà ªâ®¬, ¥á«¨ ¢áïª®¥§ ¬ª­ãâ®¥ ¯®¤¬­®�¥áâ¢® A «î¡®£® ¡¨ª®¬¯ ªâ  X , £®¬¥®¬®àä­®¥ Y ,ï¢«ï¥âáï ω-à¥âà ªâ®¬ X .�®¢®ªã¯­®áâì ¢á¥å  ¡á®«îâ­ëå ω-à¥âà ªâ®¢ ®¡®§­ ç¨¬ ç¥à¥§ ARω .� «¥¥ ¯®âà¥¡ã¥âáï�¥®à¥¬  2. Ǒãáâì Y | ª®¬¯ ªâ­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® ¨
Y ∈ ε-AR, X | ­®à¬ «ì­®¥ ¯à®áâà ­áâ¢®, A | § ¬ª­ãâ®¥ ¯®¤¬­®�¥-áâ¢® X , f : A → Y | ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥. �®£¤  ¤«ï ¢áïª®£®
δ > 0 áãé¥áâ¢ã¥â â ª®¥ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ fδ : X → Y , çâ®
ρ(f(x), fδ(x)) 6 δ ¤«ï ¢á¥å x ∈ A.�®ª § â¥«ìáâ¢®. �®�­® áç¨â âì, çâ® ª®¬¯ ªâ Y «¥�¨â ¢ £¨«ì-¡¥àâ®¢®¬ ªã¡¥ Q. �ãé¥áâ¢ã¥â ­¥¯à¥àë¢­®¥ ¯à®¤®«�¥­¨¥ g : X → Q®â®¡à �¥­¨ï f : A → Y . Ǒãáâì δ > 0. � ©¤¥âáï ­¥¯à¥àë¢­®¥ ®â®¡à -�¥­¨¥ rδ : Q → Y â ª®¥, çâ® ρ(x, rδ(x)) 6 δ ¤«ï ¢á¥å x ∈ Y . Ǒ®«®�¨¬
fδ = rδg, fδ : X → Y . �á«¨ x ∈ A, â®

ρ(f(x), fδ(x)) = ρ(f(x), rδf(x)) 6 δ.�¥®à¥¬  ¤®ª § ­ .�á¯®«ì§ãï â¥®à¥¬ã 2, ¯®ª �¥¬, çâ® ¨¬¥¥â ¬¥áâ®



�¡á®«îâ­ë¥ ω-à¥âà ªâë ¨ ­¥¯®¤¢¨�­ë¥ â®çª¨ 143�¥®à¥¬  3. �¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ ε-AR ⊂ ARω.�®ª § â¥«ìáâ¢®. Ǒãáâì Y ∈ ε-AR. Ǒ®ª �¥¬, çâ® Y ∈ ARω .Ǒãáâì X | ¡¨ª®¬¯ ªâ­®¥ ¯à®áâà ­áâ¢®, A| § ¬ª­ãâ®¥ ¯®¤¬­®�¥áâ¢®
X , £®¬¥®¬®àä­®¥ Y . � ¤® ¤®ª § âì, çâ® A| ω-à¥âà ªâ X . Ǒãáâì α|®âªàëâ®¥ ¯®ªàëâ¨¥ ¬¥âà¨ç¥áª®£® ª®¬¯ ªâ A. �¡®§­ ç¨¬ ç¥à¥§ δ (> 0)ç¨á«® �¥¡¥£  ¯®ªàëâ¨ï α. � áá¬®âà¨¬ ®â®¡à �¥­¨¥ idA : A→ A. � ªª ª A ∈ ε-AR, ¯® â¥®à¥¬¥ 2 áãé¥áâ¢ã¥â â ª®¥ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥
rδ : X → A, çâ® ρ(x, rδ(x)) 6 δ ¤«ï ¢á¥å x ∈ A, â. ¥. ®â®¡à �¥­¨ï rδ|A¨ idA α-¡«¨§ª¨. �­ ç¨â, Y ∈ ARω . �¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥. �ª«îç¥­¨¥ ε-AR ⊂ ARω, ®ç¥¢¨¤­®, áâà®£®¥ (Iτ ∈
ARω, Iτ 6∈ ε-AR ¯à¨ ¡®«ìè¨å τ , â ª ª ª ¯à¨ â ª¨å τ ªã¡ Iτ ­¥¬¥âà¨-§ã¥¬).�«¥¤ãîé ï â¥®à¥¬  ®¡®¡é ¥â â¥®à¥¬ã 1.�¥®à¥¬  4. �á«¨ ¡¨ª®¬¯ ªâX ¯à¨­ ¤«¥�¨â ARω , â® «î¡®¥ ­¥¯à¥-àë¢­®¥ ®â®¡à �¥­¨¥ f : X → X ¨¬¥¥â ­¥¯®¤¢¨�­ãî â®çªã.�®ª § â¥«ìáâ¢®. �®�­® áç¨â âì, çâ® ¡¨ª®¬¯ ªâ X «¥�¨â ¢ â¨-å®­®¢áª®¬ ªã¡¥ Iτ . �®¯ãáâ¨¬, çâ® ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ f : X →
X ­¥ ¨¬¥¥â ­¥¯®¤¢¨�­ëå â®ç¥ª, â. ¥. f(x) 6= x ¤«ï ¢á¥å x ∈ X . � -ä¨ªá¨àã¥¬ ­¥ª®â®àãî â®çªã x ∈ X . � ª ª ª ¯à®áâà ­áâ¢® X å ãá¤®à-ä®¢®, ­ ©¤ãâáï ®ªà¥áâ­®áâì Vx â®çª¨ x ¨ ®ªà¥áâ­®áâì Wx â®çª¨ f(x)¢ ¯à®áâà ­áâ¢¥ X â ª¨¥, çâ® Vx ∩Wx = ∅. �â®¡à �¥­¨¥ f : X → X­¥¯à¥àë¢­®, ¯®íâ®¬ã áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ­®áâì Ux â®çª¨ x, çâ®
Ux ⊂ Vx ¨ f(Ux) ⊂Wx. �á«¨ y ∈ Ux, â® f(y) ∈Wx ¨, §­ ç¨â, f(y) 6∈ Ux.� áá¬®âà¨¬ ®âªàëâ®¥ ¯®ªàëâ¨¥ α = {Ux}x∈X ¡¨ª®¬¯ ªâ  X . � ªª ª X ∈ ARω, áãé¥áâ¢ã¥â ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥ rα : Iτ → X â -ª®¥, çâ® ®â®¡à �¥­¨ï rα|X ¨ idX α-¡«¨§ª¨. � áá¬®âà¨¬ ®â®¡à �¥­¨¥
frα : Iτ → X . Ǒ®áª®«ìªã â¨å®­®¢áª¨© ªã¡ ®¡« ¤ ¥â á¢®©áâ¢®¬ ­¥¯®-¤¢¨�­®© â®çª¨, ­ ©¤¥âáï â ª ï â®çª  a ∈ X , çâ® f(rα(a)) = a. Ǒãáâì
α0 | ¬­®�¥áâ¢® ¢á¥å í«¥¬¥­â®¢ ¯®ªàëâ¨ï α, á®¤¥à� é¨å â®çªã rα(a).�à¥¤¨ ­¨å ­ ©¤¥âáï â ª®© í«¥¬¥­â Ub ∈ α0, çâ® rα(a), a ∈ Ub. �®¤«ï «î¡®£® í«¥¬¥­â  U ∈ α0 ¢ë¯®«­¥­® f(rα(a)) 6∈ U ¯® ¯®áâà®¥­¨î



144 �¥à­¨ª®¢ Ǒ. �.¯®ªàëâ¨ï α, §­ ç¨â, a 6∈ Ub; ¯à®â¨¢®à¥ç¨¥. �¥®à¥¬  ¤®ª § ­ .Ǒà¨¢¥¤¥¬ ­¥ª®â®àë¥ ¯à¨¬¥àë.Ǒà¨¬¥à 2. � ª ¡ë«® ®â¬¥ç¥­®, Iτ ∈ ARω .Ǒà¨¬¥à 3. Ǒà®¨§¢¥¤¥­¨¥ �× Iτ ¯à¨­ ¤«¥�¨â ARω , £¤¥ � | £à¥-¡¥­ª , ¯®áª®«ìªã X1 × X2 ∈ ARω, ¥á«¨ X1, X2 ∈ ARω . �â¬¥â¨¬, çâ®¯à®áâà ­áâ¢  Is ¨ � × Iτ à §«¨ç­ë ¢ â®¬ á¬ëá«¥, çâ® ®­¨ ­¥ £®¬¥®-¬®àä­ë. �á«¨ Is ¨ �× Iτ £®¬¥®¬®àä­ë, â® � ∈ AR, çâ® ­¥ â ª.Ǒà¨¬¥à 4. �ä¥à  Sn ­¥ ¯à¨­ ¤«¥�¨â ARω, â ª ª ª Sn ­¥ ®¡« -¤ ¥â á¢®©áâ¢®¬ ­¥¯®¤¢¨�­®© â®çª¨ (n > 0).� á¢ï§¨ á â¥®à¥¬®© 1 ¢®§­¨ª ¥â�®¯à®á 1. �ãé¥áâ¢ã¥â «¨ ª®¬¯ ªâ X 6∈ ε-AR, X ⊂ Rn (n > 1),®¡« ¤ îé¨© á¢®©áâ¢®¬ ­¥¯®¤¢¨�­®© â®çª¨?Ǒ®ª �¥¬, çâ® ¤«ï ¯à®áâà ­áâ¢ Rk, k > 2, ®â¢¥â ­  íâ®â ¢®¯à®á¯®«®�¨â¥«ì­ë©.Ǒãáâì C = C0 ∪ C1, £¤¥
C0 = {(x, y) ∈ R

2 : x = 0, −2 6 y 6 1},
C1 = {(x, y) ∈ R

2 : y = sin(1/x), 0 < x 6 1}.�ç¥¢¨¤­®, çâ® C 6∈ ε-AR.�¯à ¢¥¤«¨¢ �¥®à¥¬  5. �®¬¯ ªâ C ®¡« ¤ ¥â á¢®©áâ¢®¬ ­¥¯®¤¢¨�­®© â®çª¨.�®ª § â¥«ìáâ¢®. Ǒãáâì f : C → C | ­¥¯à¥àë¢­®¥ ®â®¡à �¥-­¨¥. �®ª �¥¬, çâ® áãé¥áâ¢ã¥â â ª ï â®çª  x0 ∈ C, çâ® f(x0) = x0.Ǒà¨ ­¥¯à¥àë¢­®¬ ®â®¡à �¥­¨ï ª®¬¯®­¥­âë «¨­¥©­®© á¢ï§­®áâ¨ ¯¥à¥-å®¤ïâ ¢ ª®¬¯®­¥­âë «¨­¥©­®© á¢ï§­®áâ¨, ¯®íâ®¬ã ¢®§¬®�­ë á«¥¤ãî-é¨¥ ç¥âëà¥ á«ãç ï:1) f(C0) ⊂ C0, f(C1) ⊂ C1;2) f(C0) ⊂ C0, f(C1) ⊂ C0;3) f(C0) ⊂ C1, f(C1) ⊂ C0;4) f(C0) ⊂ C1, f(C1) ⊂ C1.



�¡á®«îâ­ë¥ ω-à¥âà ªâë ¨ ­¥¯®¤¢¨�­ë¥ â®çª¨ 145�á«¨ ¢ë¯®«­ï¥âáï á«ãç © 1 ¨«¨ 2, â® ®â®¡à �¥­¨¥ f ¨¬¥¥â, ®ç¥-¢¨¤­®, ­¥¯®¤¢¨�­ãî â®çªã. Ǒ®áª®«ìªã ®¡à § ª®¬¯ ªâ­®£® á¢ï§­®£®¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  ¯à¨ ­¥¯à¥àë¢­®¬ ®â®¡à �¥­¨¨ ª®¬¯ ªâ¥­¨ á¢ï§¥­, á«ãç © 3 ­¥¢®§¬®�¥­. Ǒ®ª �¥¬, çâ® ¢ á«ãç ¥ 4 ®â®¡à �¥­¨¥ f¨¬¥¥â ­¥¯®¤¢¨�­ãî â®çªã. � «¥¥ ¤ã£®© ¡ã¤¥¬ ­ §ë¢ âì ¯à®áâà ­áâ¢®,£®¬¥®¬®àä­®¥ ®âà¥§ªã [0, 1℄. �ç¥¢¨¤­®, ¬­®�¥áâ¢® f(C0) | ¨«¨ ¤ã£ ,¨«¨ â®çª , ¨¬¥­­®, ª®¬¯ ªâ­ ï á¢ï§­ ï ç áâì ¬­®�¥áâ¢  C1. � ª ª ª
ρ(C0, f(C0)) > 0, áãé¥áâ¢ã¥â ®âªàëâ ï ¤ã£  �0, â. ¥. ¤ã£  ¡¥§ ª®­æ®¢,â ª ï, çâ® �0 ⊂ C1 ¨ �0 ⊃ f(C0). �­®�¥áâ¢® �0 | ®âªàëâ ï ®ªà¥áâ-­®áâì ¬­®�¥áâ¢  f(C0) ¢ ¯à®áâà ­áâ¢¥ C, ¯®íâ®¬ã f−1(�0) | ®âªàëâ®¥¯®¤¬­®�¥áâ¢® C ¨ f−1(�0) ⊃ C0. � ©¤¥âáï â ª®¥ δ > 0, çâ®

{u ∈ C : ρ(C0, u) < δ} ⊂ f−1(�0).�âáî¤  á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ç¨á«® t0 ∈ (0, 1), ¤«ï ª®â®à®£®
Ct0 = {(x, y) ∈ R

2 : y = sin(1/x), 0 < x < t0} ⊂ f−1(�0).�«¥¤®¢ â¥«ì­®,
f(Ct0) ⊂ f(f−1(�0)) ⊂ �0 ⊂ �0.� «¥¥, f(C1 \ Ct0) | ª®¬¯ ªâ­®¥ á¢ï§­®¥ ¬­®�¥áâ¢®, «¥� é¥¥ ¢ C1.� ©¤¥âáï, ®ç¥¢¨¤­®, ¤ã£  �1 ⊂ C1, ¤«ï ª®â®à®© �1 ⊃ �0 ∪ f(C1 \ Ct0),¨, §­ ç¨â, �1 ⊃ f(C1). �âáî¤  f(�1) ⊂ �1. �«¥¤®¢ â¥«ì­®, ã ®â®¡à -�¥­¨ï f |�1 : �1 → �1 ¥áâì ­¥¯®¤¢¨�­ ï â®çª . �¥®à¥¬  ¤®ª § ­ .�¥£ª® ¢¨¤¥âì, çâ® ¢ á«ãç ¥ ¯àï¬®© R1 ®â¢¥â ­  ¢®¯à®á 1 ®âà¨æ -â¥«ì­ë©.�â¬¥â¨¬, çâ® â¥®à¥¬  4 ¡ë«  ¤®«®�¥­  ­  �¥�¤ã­ à®¤­®© ª®­ä¥-à¥­æ¨¨ ý�®¢à¥¬¥­­ë¥ ¯à®¡«¥¬ë  ­ «¨§  ¨ £¥®¬¥âà¨¨þ (�®¢®á¨¡¨àáª,2009 £.) [2℄.�¢â®à ¡« £®¤ à¥­ �. �. �â®à®�ãªã §  æ¥­­ë¥ á®¢¥âë ¯® ¤®ª § -â¥«ìáâ¢ã â¥®à¥¬ë 5. ����������1. Nogu
hi H. A generalization of absolute neighborhood retra
ts // K�odai Math.Sem. Rep. 1953. V. 5, N 1. P. 20{22.



146 �¥à­¨ª®¢ Ǒ. �.2. �¥à­¨ª®¢ Ǒ. �. �¡á®«îâ­ë© ω-à¥âà ªâ ®¡« ¤ ¥â á¢®©áâ¢®¬ ­¥¯®¤¢¨�­®© â®ç-ª¨ // �¥�¤ã­ à. ª®­ä. ­®  ­ «¨§ã ¨ £¥®¬¥âà¨¨, ¯®á¢ïé. 80-«¥â¨î �. �. �¥-è¥â­ïª . �®¢®á¨¡¨àáª, 14{20 á¥­â. 2009. �¥§. ª®­ä. �®¢®á¨¡¨àáª, 2009.�®áâã¯­® ­  http://math.ns
.ru/
onferen
e/
ag09.£. �®¢®á¨¡¨àáª 1 á¥­âï¡àï 2011 £.



��� 519.635.8:532.616��������� ��������������������� ����� �������� Ǒ������� Ǒ������ � ����������� �����∗)�. �. �®¥¢®¤¨­, �. �. �à ­ª¨­ �¢¥¤¥­¨¥.� ­ áâ®ïé¥¥ ¢à¥¬ï ¬­®£® ãá¨«¨© ­ ¯à ¢«ï¥âáï ­  ¨§ãç¥­¨¥ ¨ ®á¢®-¥­¨¥ ¢®¤­ëå à¥áãàá®¢ 
¥¢¥à­ëå â¥àà¨â®à¨© (¢®¤®¥¬ë, ¡®«®â , à¥ª¨) [1℄.� ­­ ï à ¡®â  ­ æ¥«¥­  ­  ¨§ãç¥­¨¥ à¥�¨¬  «ì¤®®¡à §®¢ ­¨ï ¢ á« -¡®¯à®â®ç­ëå ¢®¤®¥¬ å [2℄.� ¬ â¥¬ â¨ç¥áª®¬ ®â­®è¥­¨¨ à¥è¥­¨¥ ¯à®¡«¥¬ë á¢®¤¨âáï ª ¨­-â¥£à¨à®¢ ­¨î ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ ¢ âà¥å ®¡« áâïå (à¨á. 1)á ­¥¨§¢¥áâ­ë¬¨ ¯®¤¢¨�­ë¬¨ £à ­¨æ ¬¨ (f1, f2, f3) ¨ ãá«®¢¨ï¬¨ á®-¯àï�¥­¨ï ­  íâ¨å £à ­¨æ å, ãç¨âë¢ ï â¥¯«®¢®© ¡ « ­á ¨ ¯¥à¥¬¥­-­ãî â¥¬¯¥à âãàã ä §®¢®£® ¯¥à¥å®¤ . �«ï à¥è¥­¨ï ¨á¯®«ì§ã¥âáï ¬¥â®¤ýá¯àï¬«¥­¨ï äà®­â þ, ¯®§¢®«ïîé¨© à¥è âì ãà ¢­¥­¨ï ¢ à¥£ã«ïà­ëå®¡« áâïå, á®®â¢¥âáâ¢ãîé¨å �¨¤ª®©, â¢¥à¤®© ä § ¬ ¢¥é¥áâ¢  ¨ á«®îá­¥�­®£® ¯®ªà®¢ . � à¥§ã«ìâ â¥ íâ®£® ¯à¥®¡à §®¢ ­¨ï ¢ ãà ¢­¥­¨ïåâ¥¯«®¯à®¢®¤­®áâ¨ ¯®ï¢«ï¥âáï ª®­¢¥ªâ¨¢­®¥ á« £ ¥¬®¥, çâ® ­ àï¤ã á®¡à §ãîé¨¬áï ¯®£à ­á«®¥¬ áãé¥áâ¢¥­­® ¢«¨ï¥â ­  ¢ë¡®à ç¨á«¥­­®£®¬¥â®¤ . �¨á«¥­­® § ¤ ç  à¥ «¨§®¢ë¢ « áì á ¯®¬®éìî ¬¥â®¤  ¢áâà¥ç-­®© ¯à®£®­ª¨.
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯à®¥ªâ  ü 4.8 Ǒà®£à ¬¬ë äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®-¢ ­¨© Ǒà¥§¨¤¨ã¬  ���.
© 2012 �®¥¢®¤¨­ �. �., �à ­ª¨­  �. �.
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�¨á. 1. �¡« áâì à¥è¥­¨ï § ¤ ç¨: 1 | ¢®¤ , 2 | «¥¤, 3 | á­¥£2. Ǒ®áâ ­®¢ª  § ¤ ç¨2.1. �á­®¢­ë¥ ãà ¢­¥­¨ï. � áá¬®âà¨¬ á« ¡®¯à®â®ç­ë© ¢®¤®-¥¬ £«ã¡¨­®© H (á¬. à¨á. 1). � á¯à¥¤¥«¥­¨¥ â¥¬¯¥à âãàë ¨ ¯à¨¬¥á¨ ¢á«®¥ ¢®¤ë 0 6 z 6 f1(t), ¢ ®¡à §ãîé¨åáï «¥¤®¢®¬ f1(t) 6 z 6 f2(t) ¨á­¥�­®¬ f2(t) 6 z 6 f3(t) ¯®ªà®¢ å ®¯¨áë¢ ¥âáï ãà ¢­¥­¨ï¬¨ â¥¯«®-¯à®¢®¤­®áâ¨:
ρwcp

∂Tw

∂t
= kw

∂2Tw

∂z2 , (1)
∂C

∂t
= d

∂2C
∂z2 , (2)

∂Tic

∂t
= a2ic ∂2Tic

∂z2 , (3)
ρsncp

∂Tsn

∂t
= ∂

∂z

(
ksn

∂Tsn

∂z

)
. (4)Ǒ«®â­®áâì ¢®¤ë ¨§¬¥­ï¥âáï ¯® £«ã¡¨­¥ ¢ § ¢¨á¨¬®áâ¨ ®â â¥¬¯¥à -âãàë ¨ ª®­æ¥­âà æ¨¨ ¯à¨¬¥á¨ [3℄:

ρw(Tw, C) = 1000, 08+ 0, 0588Tw + 0, 797C − 0, 008T 2
w

− 0, 00325TwC + 0, 00013C2 + 0, 0000477T 3
w+ 0, 0000389T 2

wC + 0, 00000288C2Tw − 0, 00000006C3.



�¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ¤¨­ ¬¨ª¨ à®áâ  149Ǒ«®â­®áâì á­¥£  § ¢¨á¨â ®â â®«é¨­ë á­¥�­®£® ¯®ªà®¢  ¨ ¯«®â­®áâ¨¢ë¯ ¤ îé¥£® á­¥£ , ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥© § ¢¨á¨¬®áâìî [4℄:
ρsn = ρoe

b(f3(t)−z).�¥¯«®¯à®¢®¤­®áâì á­¥£  § ¢¨á¨â ®â ¥£® ¯«®â­®áâ¨ ksn = 2, 9 · 10−6ρ2sn +0, 043.Ǒ®«®�¥­¨¥ ¯®¤¢¨�­ëå £à ­¨æ à §¤¥«  áà¥¤ ¢®¤ | «¥¤ f1(t), «¥¤|á­¥£ f2(t) ¨ á­¥£ |  â¬®áä¥à  f3(t) ­ å®¤¨¬ ¨§ á®®â­®è¥­¨©
f1(t) = lwa = H − lickρ, kρ = ρic

ρw
;

f2(t) = f1(t) + lic; f3(t) = f2(t) + lsn,£¤¥ lw | â®«é¨­  á«®ï ¢®¤ë, lic | ¨áª®¬ ï â®«é¨­  á«®ï «ì¤ , lsn |â®«é¨­  á«®ï á­¥£ .�ëá®â  á­¥�­®£® ¯®ªà®¢  ¬®�¥â ¡ëâì ¨§¢¥áâ­  ¨§ ­ âãà­ëå ¨§-¬¥à¥­¨©. � ª�¥ ¥¥ ¬®�­® ®¯à¥¤¥«ïâì ¨§ ¬¥â¥®à®«®£¨ç¥áª¨å ¤ ­­ëå,ç¥à¥§ ª®«¨ç¥áâ¢® á¢¥�¥¢ë¯ ¢è¨å ®á ¤ª®¢ l∗sn (¬) ¨«¨ ¢®ááâ ­ ¢«¨¢ âìç¥à¥§ ¢®¤­ë© íª¢¨¢ «¥­â W (¬¬):
lsn = ln(1 + bl∗sn)

b
, l∗sn = 0, 001W ρw

ρ◦
.�¤¥áì Tw(t, z), Tic(t, z), Tsn(t, z) | â¥¬¯¥à âãà  ¢®¤ë, «ì¤  ¨ á­¥£  á®-®â¢¥âáâ¢¥­­®, ◦ �; C(t, z) | á®«¥­®áâì, £/¤¬3; b = 1, 255; ρw, ρic, ρsn |¯«®â­®áâì ¢®¤ë, «ì¤  ¨ á­¥£ , ª£/¬3; ρo | ¯«®â­®áâì á¢¥�¥¢ë¯ ¢è¥£®á­¥£ , ª£/¬3; a2 | ª®íää¨æ¨¥­â â¥¬¯¥à âãà®¯à®¢®¤­®áâ¨, ¬2/á; kw,

kic, ksn | á®®â¢¥âáâ¢ãîé¨¥ áà¥¤¥ ª®íää¨æ¨¥­âë â¥¯«®¯à®¢®¤­®áâ¨,�â/¬◦C; d | ª®íää¨æ¨¥­â ¤¨ääã§¨¨ á®«¨ ¢ ¢®¤¥, ¬2/á.2.2. �à ­¨ç­ë¥ ¨ ­ ç «ì­ë¥ ãá«®¢¨ï. �«ï § ¬ëª ­¨ï § ¤ ç¨áâ ¢ïâáï ªà ¥¢ë¥ ãá«®¢¨ï, ®¯à¥¤¥«ïîé¨¥ ¢­¥è­¥¥ ¢®§¤¥©áâ¢¨¥ ­  £à -­¨æë ®¡« áâ¨. �ç¨â ¥¬, çâ® ­  ¤­¥ ¢®¤®¥¬  z = 0 ®âáãâáâ¢ã¥â ¯à¨â®ªâ¥¯«  ¨ ¯à¨¬¥á¨:
∂Tw

∂z

∣∣∣∣
z=0 = 0, ∂C

∂z

∣∣∣∣
z=0 = 0
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Tw = 
onst,¨áå®¤ï ¨§ £«ã¡¨­ë ¢®¤®¥¬  ¨ â¥¯«®ä¨§¨ç¥áª¨å á¢®©áâ¢ ¤®­­ëå ®â«®-�¥­¨© ¬®�­® § ¤ âì â¥¯«®¯à¨â®ª ®â ¤­  ¢®¤®¥¬ .�  ¯®¤¢¨�­®© £à ­¨æ¥ ¬¥�¤ã ¢®¤®© ¨ «ì¤®¬ z = f1(t) ¤®«�­®¢ë¯®«­ïâìáï ãá«®¢¨¥ á®¯àï�¥­¨ï:1) ª« áá¨ç¥áª®¥ ãá«®¢¨¥ �â¥ä ­ , ®¯¨áë¢ îé¥¥ â¥¯«®¢®© ¡ « ­á:

λρic
dlic
dt

= kw
∂Tw

∂z

∣∣∣∣
z=f1 − kic

∂Tic

∂z

∣∣∣∣
z=f1 ; (5)2) ¡ « ­á ¬ ááë à áâ¢®à¥­­®£® ¢ ¢®¤¥ ¢¥é¥áâ¢ :

Cf
df1
dt

= −d∂C
∂z

∣∣∣∣
z=f1 ; (6)3) à ¢¥­áâ¢® â¥¬¯¥à âãà áà¥¤ ¨ ãá«®¢¨¥ ¤«ï â¥¬¯¥à âãàë § ¬¥à-§ ­¨ï [5℄:

Tice = Tw = Tf , Tf = T ∗ − γCf . (7)�¤¥áì T ∗ | â¥¬¯¥à âãà  § ¬¥à§ ­¨ï ç¨áâ®© ¢®¤ë, T ∗ = 0◦�; Tf (t)| ä §®¢ ï â¥¬¯¥à âãà  (â¥¬¯¥à âãà  § ¬¥à§ ­¨ï ¢®¤®¥¬ ); Cf (t) |§­ ç¥­¨¥ ¯à¨¬¥á¨ ­  £à ­¨æ¥ à §¤¥«  ä §; γ | à ¢­®¢¥á­ë© ª®íää¨-æ¨¥­â à á¯à¥¤¥«¥­¨ï ¯à¨¬¥á¨, § ¢¨áïé¨© ®â å¨¬¨ç¥áª¨å ¯ à ¬¥âà®¢à áâ¢®à¥­­®£® ¢ ¢®¤¥ ¢¥é¥áâ¢  [6℄; λ | áªàëâ ï â¥¯«®â  ªà¨áâ ««¨§ -æ¨¨ ¢®¤ë, ��/ª£.�  ¯®¤¢¨�­®© £à ­¨æ¥ ¬¥�¤ã «ì¤®¬ ¨ á­¥£®¬ z = f2(t) § ¤ ¥¬à ¢¥­áâ¢® â¥¯«®¢ëå ¯®â®ª®¢ ¨ â¥¬¯¥à âãà:
kic

∂Tic

∂z

∣∣∣∣
z=f2 = ksn

∂Tsn

∂z

∣∣∣∣
z=f2 , Tic|z=f2 = Tsn|z=f2 . (8)�  ¢¥àå­¥© £à ­¨æ¥ ¬¥�¤ã á­¥£®¬ ¨  â¬®áä¥à®© z = f3(t) § ¤ ¥¬¢­¥è­îî â¥¬¯¥à âãàã Ta(t), à ¢­ãî â¥¬¯¥à âãà¥ ¢®§¤ãå  ­  ¢ëá®â¥2¬ ­ ¤ ¯®¢¥àå­®áâìî á­¥�­®-«¥¤®¢®£® ¯®ªà®¢ .� ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ à á¯à¥¤¥«¥­¨¥ â¥¬¯¥à âãàë ¯® â®«-é¨­¥ ¢ ¤¢ãå ä § å § ¤ ¥âáï ¯® «¨­¥©­®¬ã § ª®­ã ¨«¨ à ¢­® ª®­áâ ­â¥.



�¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ¤¨­ ¬¨ª¨ à®áâ  151� ç «ì­®¥ §­ ç¥­¨¥ ª®­æ¥­âà æ¨¨ ¯à¨¬¥á¨ ¯®áâ®ï­­®: C = C0. �¥¬-¯¥à âãà  ¢ë¯ ¤ îé¥£® á­¥£  ¯®áâ®ï­­  ¨ à ¢­   â¬®áä¥à­®©.�¤­®© ¨§ ®á®¡¥­­®áâ¥© ¯®¤®¡­ëå § ¤ ç ï¢«ï¥âáï ­ «¨ç¨¥ ¢ ­ ç «ì-­ë© ¬®¬¥­â ¢à¥¬¥­¨ â®«ìª® ®¤­®© ä §ë | �¨¤ª®©. �ã¤¥¬ áç¨â âì,çâ® ¯à¨ ¬ «ëå ¢à¥¬¥­­ëå ¯ à ¬¥âà å (t ≈ �t) ¤¢¨�¥­¨¥ äà®­â  § -¬¥à§ ­¨ï ¯®¤ç¨­ï¥âáï á«¥¤ãîé¥¬ã § ª®­ã:
lic(t) = α

√
t, Vf = dlic

dt
,

Vf | áª®à®áâì ¤¢¨�¥­¨ï äà®­â , α | ­¥ª®â®à ï ª®­áâ ­â , ¢ëç¨á«ï-¥¬ ï ¯® ä®à¬ã« ¬, ¯à¥¤«®�¥­­ë¬ �. �. �¨å®­®¢ë¬ ¨ �. �. � ¬ à-áª¨¬ [7℄, § ¢¨áïé ï ®â â¥¯«®ä¨§¨ç¥áª¨å á¢®©áâ¢ �¨¤ª®áâ¨, ­ ç «ì­®©â¥¬¯¥à âãàë �¨¤ª®áâ¨ ¨ ¢­¥è­¥© â¥¬¯¥à âãàë ­  £à ­¨æ¥ z = H ( â-¬®áä¥à­®© â¥¬¯¥à âãàë).3. �¥â®¤ ç¨á«¥­­®£® à¥è¥­¨ï�«ï à¥è¥­¨ï ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ýá¯àï¬«¥­¨ï äà®­â þ [8℄.Ǒ¥à¥©¤¥¬ ª ­®¢ë¬ ª®®à¤¨­ â ¬:�t = t; 0 < ξi < 1; ξi = z − fi−1(t)
fi(t)− fi−1(t) (i = 1, 2, 3);

f0(t) á®®â¢¥âáâ¢ã¥â ­¨�­¥© £à ­¨æ¥ z = 0.� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (1){(4) ¢ ­®¢ëå ª®®à¤¨­ â å:
l2w ∂Tw

∂t
= kw

ρwcp

∂2Tw

∂ξ21 − vw
∂Tw

∂ξ1 , (1′)
l2w ∂C∂t = D

∂2C
∂ξ21 − vw

∂C

∂ξ1 , (2′)
l2ic ∂Tic

∂t
= a2ic ∂2Tic

∂ξ22 − vic
∂Tic

∂ξ2 , (3′)
l2sn

∂Tsn

∂t
= ksn

ρsncpi

∂2Tsn

∂ξ23 − vsn
∂Tsn

∂ξ3 , (4′)£¤¥
vw = ξ1kρ

dlic
dt

, vic = (kρ − ξ2)lic dlic
dt

,
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vsn = (kρ − 1)lsn

dlic
dt

− ξ3 dlsn

dt
+ 1
ρsncp

dlsn

∂ξ3 .�¤¥áì vw, vic, vsn | áª®à®áâì ¨§¬¥­¥­¨ï â¥¬¯¥à âãàë ¨ ¯à¨¬¥á¨ á®®â-¢¥âáâ¢¥­­®.�á«®¢¨ï á®¯àï�¥­¨ï ­  ¯®¤¢¨�­ëå £à ­¨æ å ¯à¨¬ãâ ¢¨¤
dlic
dt

= 1
λρic

[
kw

lw

∂Tw

∂ξ1 ∣∣∣∣ξ1=1 − kic

lic

∂Tic

∂ξ2 ∣∣∣∣ξ2=0] , (5′)
kρCf

dlic
dt

= d

lw

∂C

∂ξ1 ∣∣∣∣ξ1=1, (6′)
kic∂Tic

lic∂ξ2 ∣∣∣∣ξ2=1 = ksn∂Tsn

lsn∂ξ3 ∣∣∣∣ξ3=0. (8′)4. � §­®áâ­ë¥ ãà ¢­¥­¨ïǑà¨  ¯¯à®ªá¨¬ æ¨¨ ãà ¢­¥­¨© ¯®«ãç¥­­®© á¨áâ¥¬ë ¨á¯®«ì§ãîâáï­ ¯à ¢«¥­­ë¥ à §­®áâ¨ ¤«ï ª®­¢¥ªâ¨¢­ëå á« £ ¥¬ëå (­¥ï¢­ ï áå¥¬ ,â ª ª ª à áç¥â ¢¥¤¥âáï á ¡®«ìè¨¬¨ è £ ¬¨ ¯® ¢à¥¬¥­¨, à áá¬ âà¨¢ -¥âáï §¨¬­¨© á¥§®­). � à¥§ã«ìâ â¥ ¢ ª �¤®© ®¡« áâ¨ ¯®«ãç ¥¬ á¨áâ¥¬ëà §­®áâ­ëå ãà ¢­¥­¨© ¢¨¤ 
un+1

i − un
i

τ
= K

un+1
i−1 − 2un+1

i + un+1
i+1

h2r
−
(vi − |vi|)nun+1

i+1 + 2|vi|nun+1
i − (vi + |vi|)nun+1

i−12hr
, i = 2, . . . , Nr,ª®â®àë¥ ¯¥à¥¯¨è¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

Aiu
n+1
i−1 − Ciu

n+1
i +Biu

n+1
i+1 = −Fi, (9)£¤¥ Ai, Bi, Ci, Fi ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­® ¢ § ¢¨á¨¬®áâ¨ ®â ¨áª®¬ëåäã­ªæ¨©; Nr | ª®«¨ç¥áâ¢® ã§«®¢ á¥âª¨; r = (1, 2, 3) | ­®¬¥à ®¡« áâ¨,¢®¤  | «¥¤ | á­¥£, á®®â¢¥âáâ¢¥­­®; hr | è £ ¯® ¯à®áâà ­áâ¢ã; τ |è £ ¯® ¢à¥¬¥­¨; n | ­®¬¥à è £  ¯® ¢à¥¬¥­¨; K | á®®â¢¥âáâ¢ãîé¨©¤«ï ãà ¢­¥­¨© (1′){(4′) ª®íää¨æ¨¥­â; u| á®®â¢¥âáâ¢ãîé ï ¤«ï ãà ¢-­¥­¨© (1′){(4′) ¨áª®¬ ï äã­ªæ¨ï; v | á®®â¢¥âáâ¢ãîé ï ¤«ï ãà ¢­¥­¨©



�¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ¤¨­ ¬¨ª¨ à®áâ  153(1′){(4′) áª®à®áâì. �¨áâ¥¬  ãà ¢­¥­¨© ¨¬¥¥â ¯¥à¢ë© ¯®àï¤®ª  ¯¯à®ª-á¨¬ æ¨¨ ¯® ¯à®áâà ­áâ¢ã ¨ ¢à¥¬¥­¨.� ª �¤®© ¨§ ®¡« áâ¥© áâà®¨« áì à ¢­®¬¥à­ ï á¥âª . � £ ¯® ¢à¥-¬¥­¨ ¡à «áï ¯®áâ®ï­­ë¬. �«ï ç¨á«¥­­®© à¥ «¨§ æ¨¨ § ¤ ç¨ ¨á¯®«ì-§®¢ «áï ¬¥â®¤ ¢áâà¥ç­®© ¯à®£®­ª¨ [9℄.� ®¡« áâ¨ 1 à¥è¥­¨ï ¤«ï Tw ¨ C ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
un+1

i = αw,c
i+1un+1

i+1 + βw,c
i+1, i = 1, . . . , Nr, (10)£¤¥ ¯à®£®­®ç­ë¥ ª®íää¨æ¨¥­âë áç¨â ¥¬ ¯® à¥ªãàà¥­â­ë¬ ä®à¬ã« ¬

αw,c
i+1 = Bi

Ci − αw,c
i Ai

, βw,c
i+1 = Aiβ

w,c
i + Fi

Ci − αw,c
i Ai

,á®£« á­® £à ­¨ç­ë¬ ãá«®¢¨ï¬ (6), (7): αw,c2 = 1, βw,c2 = 0.� ®¡« áâïå 2, 3 ®áãé¥áâ¢«ï¥¬ áª¢®§­ãî ¯à®£®­ªã, à¥è¥­¨¥ Tic, Tsn¨é¥¬ ¢ ¢¨¤¥
un+1

i+1 = αic,sn
i+1 un+1

i + βic,sn
i+1 , i = Nr, . . . , 1, (11)§¤¥áì ª®íää¨æ¨¥­âë

αic,sn
i = Ai

Ci − αic,sn
i+1 Bi

, βic,sn
i = Biβ

ic,sn
i+1 + Fi

Ci − αic,sn
i+1 Bi

,á®£« á­® £à ­¨ç­ë¬ ãá«®¢¨ï¬: αsn
Nr+1 = 0, βsn

Nr+1 = Ta. �®íää¨æ¨¥­âë
αic

Nr+1, βic
Nr+1 ¤«ï à áç¥â  â¥¬¯¥à âãàë ¢ á«®¥ «ì¤  ®¯à¥¤¥«ï¥¬ ç¥à¥§¯à®£®­®ç­ë¥ ª®íää¨æ¨¥­âë αsn1 , βsn1 . �­¤¥ªáë w, ic, sn á®®â¢¥âáâ¢ãîâá«®î ¢®¤ë, «ì¤ , á­¥£ .�®®â­®è¥­¨ï (10) ¯à¨ i = Nr ¨ á®®â­®è¥­¨¥ (11) ¯à¨ i = 1 ¤ «¥¥¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¢ ãá«®¢¨ïå á®¯àï�¥­¨ï ¤«ï ¢ëç¨á«¥­¨ï ¯®â®-ª®¢ â¥¯«  ­  £à ­¨æ¥ z = f1(t), ª®â®àë¥  ¯¯à®ªá¨¬¨àãîâáï ¢ ¯¥à¢®©®¡« áâ¨

∂Tw

∂ξ

∣∣∣∣
ξ=1 ≃ Tf − Tw

Nr

hw
= Tf (1− αw

Nr+1)− βw
Nr+1

hw
,

∂C

∂ξ

∣∣∣∣
ξ=1 ≃ Cf − CNr

hw
= C(1− αc

Nr+1)− βc
Nr+1

hw
,
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∂Tic

∂ξ

∣∣∣∣∣
ξ=0 ≃ T ic2 − Tf

hic
= Tf (αic2 − 1) + βic2

hic
.�â¨ ¢ëà �¥­¨ï ¤«ï ¯®â®ª  â¥¯«  ¨ ¯à¨¬¥á¨ ­  £à ­¨æ¥ ¯®¤áâ -¢¨¬ ¢ ãá«®¢¨ï á®¯àï�¥­¨ï (5′), (6′). �®£¤  ¯®«ãç¨¬ á¨áâ¥¬ã ¨§ âà¥åãà ¢­¥­¨©

Vf = ATTf +BT , VfCf = ACCf +BC , Tf = T∗ − γCf ,¨§ ª®â®àëå á«¥¤ã¥â ª¢ ¤à â­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® Cf

γATC
2
f + (AC −BT )Cf +BC = 0.� à¥§ã«ìâ â¥ à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï ¯®«ãç ¥¬ ®¤¨­ ã¤®¢«¥â¢®àïî-é¨© ä¨§¨ç¥áª¨¬ ãá«®¢¨ï¬ ª®à¥­ì [2℄

Cf = BT −AC +√(AC −BT )2 − 4γATBC2γAT
,£¤¥

AT = 1
λρic

[
kw

lwhw
(1− αw

Nr+1)− kic

lichic
(αic2 − 1)] ,

BT = − 1
λρic

[
kw

lwhw
βw

Nr+1 − kic

lichic
βic2 ] ,

AC = d(1− αc
Nr+1)

hwlwkρ
, BC = −

dβc
Nr+1

hwlwkρ
.Ǒ®«ãç¨¢ §­ ç¥­¨¥ ¯à¨¬¥á¨ ­  £à ­¨æ¥, ¨§ ãà ¢­¥­¨ï (7) ­ å®¤¨¬â¥¬¯¥à âãàã ä §®¢®£® ¯¥à¥å®¤ , á®®â¢¥âáâ¢ãîéãî â¥¬¯¥à âãà¥ �¨¤-ª®© ¨ â¢¥à¤®© ä § ­  £à ­¨æ¥. �­ ï £à ­¨ç­ë¥ ãá«®¢¨ï, ¯® (10) ¨ (11)¢®ááâ ­ ¢«¨¢ ¥¬ §­ ç¥­¨ï â¥¬¯¥à âãàë ¨ ¯à¨¬¥á¨ ­  ­®¢®¬ á«®¥. �¥¬á ¬ë¬ § ª ­ç¨¢ ¥âáï à áç¥â ­  ®¤­®¬ è £¥ ¯® ¢à¥¬¥­¨.
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�¨á. 2. � áç¥â â®«é¨­ë á­¥�­®-«¥¤®¢®£® ¯®ªà®¢  ¤«ï �®¢®á¨¡¨à-áª®£® ¢®¤®åà ­¨«¨é , 1976{1977 ££.

�¨á. 3. � áç¥â â®«é¨­ë á­¥�­®-«¥¤®¢®£® ¯®ªà®¢  ¤«ï ®§. �àªã«ì,1999{2000 £. 5. �¥§ã«ìâ âë à áç¥â®¢�à¥¡ã¥¬ë¥ ¢å®¤­ë¥ ¤ ­­ë¥: è £ ¯® ¢à¥¬¥­¨ τ ; Nr (r = 1, 2, 3) |ª®«¨ç¥áâ¢® ã§«®¢ á¥âª¨ ¢ ª �¤®© ®¡« áâ¨; H | £«ã¡¨­  ¢®¤®¥¬ ;
Ta(t) | ¬ áá¨¢ ¬¥â¥®¤ ­­ëå ¨«¨ äã­ªæ¨ï, ®¯à¥¤¥«ïîé ï  â¬®áä¥à-



156 �®¥¢®¤¨­ �. �., �à ­ª¨­  �. �.

�¨á. 4. � áç¥â â®«é¨­ë á­¥�­®-«¥¤®¢®£® ¯®ªà®¢  ¤«ï ®§. �àªã«ì, 2002{2003 ££.­ãî â¥¬¯¥à âãàã; lsn ¨«¨ l∗sn | ¢ëá®â  á­¥�­®£® ¯®ªà®¢  ¨«¨ áãâ®ç­ë¥¨§¬¥à¥­¨ï ®á ¤ª®¢ ¢ ¢®¤­®¬ íª¢¨¢ «¥­â¥, ¨«¨ ¨§¬¥à¥­­ ï â®«é¨­  á¢¥-�¥¢ë¯ ¢è¥£® á­¥£ ; à áç¥â­®¥ ¢à¥¬ï; âà¥¡ã¥¬ë¥ ­ ç «ì­ë¥ ãá«®¢¨ï |à á¯à¥¤¥«¥­¨¥ â¥¬¯¥à âãàë ¨ ¯à¨¬¥á¨ ¢ áà¥¤ å.�«ï à áç¥â  ¡ë«¨ ¢ë¡à ­ë á«¥¤ãîé¨¥ ®¡ê¥ªâë: ¯à¥á­®¥ �®¢®á¨-¡¨àáª®¥ ¢®¤®åà ­¨«¨é¥ ¨ ¬¨­¥à «¨§®¢ ­­®¥ ®§¥à® �àªã«ì � ­®¢áª®©á¨áâ¥¬ë ®§¥à. �«ï ®¯à¥¤¥«¥­¨ï ­ ç «ì­®© ¤ âë à áç¥â   ­ «¨§¨à®-¢ «¨áì â¥¬¯¥à âãà  ¢®§¤ãå  ¨ áª®à®áâì ¢¥âà  §  ­¥áª®«ìª® áãâ®ª, â ªª ª ®¡é¥¯à¨­ïâ®¥ ãá«®¢¨¥ ­ ç «  «¥¤®áâ ¢  | áà¥¤­¥áãâ®ç­ ï â¥¬¯¥-à âãà  ¢®§¤ãå  Ta < −5◦C ¨ áª®à®áâì ¢¥âà  ¬¥­ìè¥ 5¬/á.�  à¨á. 2 ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë à áç¥â®¢, ¯à®¢¥¤¥­­ëå ¯® ¤ ­-­ë¬ ¬¥â¥®¯®áâ  �à¤ë­áª®¥, ¨ á®¯®áâ ¢«¥­¨¥ á ­ âãà­ë¬¨ ¨§¬¥à¥­¨-ï¬¨. �à¥¤­ïï £«ã¡¨­  ¢®¤®åà ­¨«¨é  ¢ à ©®­¥ ¬¥â¥®áâ ­æ¨¨ 10 ¬,áà¥¤­ïï áª®à®áâì â¥ç¥­¨ï 0,2¬/á. � áç¥â â®«é¨­ë «¥¤ï­®£® ¯à®¨§¢®-¤¨«áï ¢ ¯¥à¨®¤ á ­®ï¡àï ¯® ¬ àâ 1976{1977 ££.
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�¨á. 5. � áç¥âë â®«é¨­ë «¥¤®¢®£® ¯®ªà®¢  ¤«ï �®¢®á¨¡¨àáª®£® ¢®¤®-åà ­¨«¨é , 1988{1989 ££.Ǒà¨¢¥¤¥­ë à¥§ã«ìâ âë à áç¥â®¢ ¯à®æ¥áá  ä®à¬¨à®¢ ­¨ï «¥¤®¢®-£® ¯®ªà®¢  ®§. �àªã«ì ¨ á®¯®áâ ¢«¥­¨¥ á ­ âãà­ë¬¨ ¨§¬¥à¥­¨ï¬¨(à¨á. 3, 4). �å®¤­ë¬¨ ¤ ­­ë¬¨ á«ã�¨«¨ ¬¥â¥®¤ ­­ë¥ ¯® ¬¥â¥®áâ ­-æ¨¨ ­.¯. �ã¯¨­® §¨¬ë 1999{2000 ££. (à¨á. 3), 2002{2003 ££. (à¨á. 4).� ç «ì­ ï ¬¨­¥à «¨§ æ¨ï ®§. �àªã«ì § ¤ ¢ « áì à ¢­®© C = 5 £/¤¬3[10℄.�  à¨á. 5 ¯à¥¤áâ ¢«¥­ë áà ¢­¥­¨ï ­ âãà­ëå ¨§¬¥à¥­¨© â®«é¨-­ë «¥¤®¢®£® ¯®ªà®¢  ¤«ï �®¢®á¨¡¨àáª®£® ¢®¤®åà ­¨«¨é  («¨­¨ï a )á à¥§ã«ìâ â ¬¨ à áç¥â®¢ ¯® ®¯¨á ­­®© ¬®¤¥«¨ («¨­¨ï b) ¨ à áç¥â®¢¯® ç áâ® ¨á¯®«ì§ã¥¬®© ã¯à®é¥­­®© ¬¥â®¤¨ª¥ ãç¥â  á­¥�­®-«¥¤®¢®£®¯®ªà®¢  ª ª íª¢¨¢ «¥­â­®£® á«®ï («¨­¨ï c). �  à¨áã­ª¥ ¢¨¤­®, çâ®à áç¥âë ¯® ¯à¥¤áâ ¢«¥­­®© ¬®¤¥«¨ ¡®«¥¥ â®ç­® ®¯¨áë¢ îâ ¤¨­ ¬¨ªãà®áâ  «¥¤®¢®£® ¯®ªà®¢ . ����������1. �¬ « | ¯à®¡«¥¬ë à §¢¨â¨ï. �­áâ¨âãâ ¯à®¡«¥¬ ®á¢®¥­¨ï �¥¢¥à  �� ���.�î¬¥­ì, 1993.
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eanographi
 tables and standards. UNESCOTe
hni
al Papers in Marine S
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��� 51-74������� �������� ��Ǒ������� ���Ǒ�������� ���������������������� �� ������ ������ �������� ����������������������. �. �à¨£®àì¥¢, �. �. � à¡ ­®¢�¢¥¤¥­¨¥Ǒà¨ à §à ¡®âª¥ ­¥äâï­ëå ¬¥áâ®à®�¤¥­¨© á ¯®¤®è¢¥­­®© ¢®¤®©®¤­¨¬ ¨§ ®á­®¢­ëå,   ¬®�¥â ¨ £« ¢­ë¬ ®âà¨æ â¥«ì­ë¬ ä ªâ®à®¬ ï¢-«ï¥âáï ¯®¤âï£¨¢ ­¨¥ ª®­ãá  ¢®¤ë. Ǒà¨ ¯à®àë¢¥ ª®­ãá  ¢®¤ë á­¨� ¥âáï¤¥¡¨â ¤®¡ë¢ ¥¬®© ­¥äâ¨,   â ª�¥ ¯®ï¢«ïîâáï ¤®¯®«­¨â¥«ì­ë¥ § âà -âë ¯® ¯®¤ê¥¬ã ­  ¯®¢¥àå­®áâì ¨ ãâ¨«¨§ æ¨¨ ­¥�¥« â¥«ì­®£® ä«î¨¤ .� ªá¨¬ «ì­ ï ¤¥¯à¥áá¨ï ­  ¯« áâ, ­¨�¥ ª®â®à®© ¯®¤®è¢¥­­ ï ¢®-¤  ­¥ ¤®áâ¨£ ¥â ¯¥àä®à¨à®¢ ­­®© ç áâ¨ áª¢ �¨­ë, ­ §ë¢ ¥âáï ªà¨-â¨ç¥áª®© ¤¥¯à¥áá¨¥©,   ¤¥¡¨â ¯à¨ â ª®© ¤¥¯à¥áá¨¨ | ªà¨â¨ç¥áª¨¬¤¥¡¨â®¬. �à¨â¨ç¥áª ï ¤¥¯à¥áá¨ï ®¯à¥¤¥«ï¥âáï ¯à®áâë¬ á®®â­®è¥­¨-¥¬ �Pcrit = �ρgh, £¤¥ �ρ | à §­®áâì ¯«®â­®áâ¥© ­¥äâ¨ ¨ ¢®¤ë, h |à ááâ®ï­¨¥ ®â áâ¢®«  áª¢ �¨­ë ¤® ãà®¢­ï ¢®¤®­¥äâï­®£® ª®­â ªâ . �¥¢¥«¨ç¨­  ®¡ëç­® ¨¬¥¥â ¯®àï¤®ª 0.5{3  â¬, ¯®íâ®¬ã ¤«ï ­¨§ª®¯à®­¨-æ ¥¬ëå ¯« áâ®¢ â ª ï ¤¥¯à¥áá¨ï ­¥ ®¡¥á¯¥ç¨¢ ¥â à¥­â ¡¥«ì­®£® ¤¥¡¨â ­¥äâ¨. Ǒà®¡«¥¬¥ ª®­ãá®®¡à §®¢ ­¨ï ¯®á¢ïé¥­® ¬­®�¥áâ¢® à ¡®â [1{8℄,¢ ª®â®àëå à áá¬ âà¨¢ îâáï ¢®¯à®áë ­ å®�¤¥­¨ï ¬ ªá¨¬ «ì­®£® ¡¥§-¢®¤­®£® ¤¥¡¨â  ¨ ¢à¥¬¥­¨ ¯à®àë¢  ¢®¤ë. �¤­ ª®, â ª ª ª ¢¥«¨ç¨­ ªà¨â¨ç¥áª®£® ¤¥¡¨â  ®¡ëç­® á«¨èª®¬ ¬ « , ­  ¯à ªâ¨ª¥ ¯®çâ¨ ¢á¥£¤ à ¡®â îâ á ¤¥¯à¥áá¨¥©, ¯à¥¢ëè îé¥© ªà¨â¨ç¥áªãî.
© 2012 �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �.



160 �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �.Ǒ« áâë á ¬®é­®© ¯®¤®è¢¥­­®© ¢®¤®© æ¥«¥á®®¡à §­® à §à ¡ âë-¢ âì £®à¨§®­â «ì­ë¬¨ áª¢ �¨­ ¬¨, ¯à®«¥£ îé¨¬¨ ­¥¤ «¥ª® ¯®¤ ªà®¢-«¥© ¯« áâ , çâ® ­  ¯à ªâ¨ª¥ è¨à®ª® ¤¥« ¥âáï. Ǒ®íâ®¬ã ¢ ¤ ­­®© à ¡®â¥¡ã¤¥â à áá¬ âà¨¢ âìáï ¢«¨ï­¨¥ ¤¥¯à¥áá¨¨, ¯à¥¢ëè îé¥© ªà¨â¨ç¥áª®¥§­ ç¥­¨¥, ­  ¯à®æ¥áá ¤®¡ëç¨ ­¥äâ¨ ¢ ãá«®¢¨ïå ª®­ãá®®¡à §®¢ ­¨ï ¢®-¤ë ¨¬¥­­® ¢ £®à¨§®­â «ì­ëå áª¢ �¨­ å, â ª�¥ ¥¥ ®¯â¨¬ «ì­®¥ à á¯®-«®�¥­¨¥ ¯® ¢¥àâ¨ª «¨, ¢ ç áâ­®áâ¨, ª®£¤  ¯à®­¨æ ¥¬®áâì ¢¡«¨§¨ ªà®¢-«¨ ª®««¥ªâ®à  ¬¥­ìè¥, ç¥¬ ­  ­¨�­¨å ãç áâª å ¯« áâ . � ­­ ï à ¡®â ¡ë«  á¤¥« ­  á ¯®¬®éìî ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï ­  ª®¬¬¥àç¥áª®¬¯à®£à ¬¬­®¬ ¯à®¤ãªâ¥ | ­  £¨¤à®¤¨­ ¬¨ç¥áª®¬ á¨¬ã«ïâ®à¥.1. �®¤¥«¨à®¢ ­¨¥ ª®­ãá®®¡à §®¢ ­¨ï�«ï ¨áá«¥¤®¢ ­¨ï ¯à®¡«¥¬ë ª®­ãá®®¡à §®¢ ­¨ï ¢ £¨¤à®¤¨­ ¬¨ç¥-áª®¬ á¨¬ã«ïâ®à¥ ¯®áâà®¥­  ¤¥ª àâ®¢  ¬®¤¥«ì ®¤­®à®¤­®£® ¯« áâ  à §-¬¥à®¬ 1000¬× 1000¬× 20¬ 
 ä¨§¨ª®-å¨¬¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨ ä«î¨-¤®¢ ¨ ¯ à ¬¥âà ¬¨ ¯« áâ , ¯®ª § ­­ë¬¨ ¢ â ¡«. 1, 2 ¨ å à ªâ¥à­ë¬¨¤«ï ¬¥áâ®à®�¤¥­¨© � ¯ ¤­®© �¨¡¨à¨.�®¤¥«ì ¢ë¡à ­  ¤¢ãåä §­®©: ­¥äâì ¨ ¢®¤ , | ¢ á¨«ã â®£®, çâ®§ ¡®©­®¥ ¤ ¢«¥­¨¥ ­¥ ®¯ãáª ¥âáï ­¨�¥ ¤ ¢«¥­¨ï ­ áëé¥­¨ï, à ¢­®£®144 â¬, ¨ ¯®íâ®¬ã ­¥ ¯à®¨áå®¤¨â ¢ë¤¥«¥­¨ï £ § . �à¨¢ ï ®â­®á¨â¥«ì-­®© ä §®¢®© ¯à®­¨æ ¥¬®áâ¨ ­¥äâ¨ ¨ ¢®¤ë ¢ë¡à ­ , ª ª ¯®ª § ­® ­ à¨á. 1.�¥âª  ¬®¤¥«¨ (à¨á. 2): 31×34×40 | ¤¥â «¨§¨à®¢ ­  ¡®«ìè¥ ¢¡«¨-§¨ áª¢ �¨­ë ¤«ï ¡®«¥¥ ¯à ¢¨«ì­®£® ®¯¨á ­¨ï ¯à®æ¥áá  ª®­ãá®®¡à §®-¢ ­¨ï. �à ­¨ç­ë¬ ãá«®¢¨¥¬ ¢ë¡à ­® ¯®áâ®ï­áâ¢® ¤ ¢«¥­¨ï ­  ª®­âãà¥¯¨â ­¨ï, â. ¥. ¨áª«îç ¥âáï ¯ ¤¥­¨¥ ¯« áâ®¢®£® ¤ ¢«¥­¨ï, ¯à¨â®ª  ¢®-¤ë ®â ­ £­¥â â¥«ì­ëå áª¢ �¨­,   â ª�¥ ãà®¢¥­ì ��� á® ¢à¥¬¥­¥¬ ­¥¬¥­ï¥âáï. �®¤¥«ì ¯à¥¤áâ ¢«ï¥â á®¡®© ¡¥áª®­¥ç­ë© ¯« áâ. �ª¢ �¨­ ã¯à ¢«ï¥âáï § ¡®©­ë¬ ¤ ¢«¥­¨¥¬� á¨¬ã«ïâ®à¥ à¥è ¥âáï á¨áâ¥¬  ãà ¢­¥­¨© ¤¢¨�¥­¨ï ¤¢ãå ä §�¨¤ª®áâ¥© ¢ ¯®à¨áâ®© áà¥¤¥ ¨ ãà ¢­¥­¨¥ ­¥à §àë¢­®áâ¨ [9℄. �®¤¥«ìáç¨â ¥âáï ¨§®â¥à¬¨ç¥áª®©, â. ¥. â¥¬¯¥à âãà  ¢¥§¤¥ ®¤¨­ ª®¢  ¨ ¯®íâ®-



�«¨ï­¨ï ¢¥«¨ç¨­ë ¤¥¯à¥áá¨¨ ­  ¤®¡ëçã ­¥äâ¨ 161� ¡«¨æ  1. Ǒ à ¬¥âàë ¯« áâ Ǒ à ¬¥âàë ¯« áâ Ǒ®à¨áâ®áâì 0.2�®à¨§®­â «ì­ ï ¯à®­¨æ ¥¬®áâì, ¬� 12�¥àâ¨ª «ì­ ï  ­¨§®âà®¯¨ï 0.1��¨¬ ¥¬®áâì ¯®à®¤ë, 10−5 ·  â¬−1 0.49�¥äâ¥­ áëé¥­­ ï ¬®é­®áâì Hoil, ¬ 8�®¤®­ áëé¥­­ ï ¬®é­®áâì Hwat, ¬ 12�¢ï§­ ï ¢®¤®­ áëé¥­­®áâì, swc 0.156�áâ â®ç­ ï ­¥äâ¥­ áëé¥­­®áâì, sor 0.265�â­. ¯à®­¨æ ¥¬®áâì ¢®¤ë ¯à¨ swc = sor 0.14� ç «ì­®¥ ¯« áâ®¢®¥ ¤ ¢«¥­¨¥ Pri,  â¬. 250� ¡«¨æ  2. �¢®©áâ¢  ä«î¨¤®¢�¢®©áâ¢  ä«î¨¤®¢�¡ê¥¬­ë© ª®íää¨æ¨¥­â ­¥äâ¨, ¬/¬3 1.189�ï§ª®áâì ­¥äâ¨, áǑ§ 1.26�¡ê¥¬­ë© ª®íää¨æ¨¥­â ¢®¤ë, ¬3/¬3 1.02�ï§ª®áâì ¢®¤ë, áǑ§ 0.42� ¢«¥­¨ï ­ áëé¥­¨ï ­¥äâ¨,  â¬ 144��¨¬ ¥¬®áâì ­¥äâ¨, 10−5·  â¬−1 15.3��¨¬ ¥¬®áâì ¢®¤ë, 10−5·  â¬−1 4.89Ǒ«®â­®áâì ­¥äâ¨, ª£/¬3 850Ǒ«®â­®áâì ¢®¤ë, ª£/¬3 1008Ǒ«®â­®áâì £ § , ª£/¬3 0.961¬ã ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ ­¥ ãç¨âë¢ ¥âáï:
∇(mρi ~wi) + ∂(mρisi)

∂t
= qi (1)

~wi = −kki(s)
ηi

∇(p+ ρgz) (2)
so + sw = 1, (3)£¤¥ m | ¯®à¨áâ®áâì, i ®¡®§­ ç ¥â ä §ã, ¬®�¥â ¨¬¥âì §­ ç¥­¨ï o ¨«¨

w (­¥äâì ¨«¨ ¢®¤ ), ρi | ¯«®â­®áâì i-© ä §ë, ~wi | ¢¥ªâ®à áª®à®áâ¨
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�¨á 1. �à¨¢ë¥ ��Ǒ ­¥äâ¨ ¨ ¢®¤ë.

�¨á. 2. �à¥å¬¥à­ ï ¬®¤¥«ì ¯« áâ , à §à¥§ ¯® áª¢ �¨­¥.ä¨«ìâà æ¨¨ i-© ä §ë, si | ­ áëé¥­¨¥, ¯à¨ç¥¬ ®¡ëç­® ­ áëé¥­¨¥ ¢®-¤ë ¯à®áâ® ®¡®§­ ç îâ ç¥à¥§ s, qi | ¬ áá®¢ë© ¨áâ®ç­¨ª ¨«¨ áâ®ª, p |¯®à®¢®¥ ¤ ¢«¥­¨¥, k|  ¡á®«îâ­ ï ¯à®­¨æ ¥¬®áâì, ki(s) | ®â­®á¨â¥«ì-­ ï ä §®¢ ï ¯à®­¨æ ¥¬®áâì i-© ä §ë, ηi |ª®íää¨æ¨¥­â ¤¨­ ¬¨ç¥áª®©¢ï§ª®áâ¨ i-© ä §ë. � ç «ì­ë¥ ãá«®¢¨ï ¢®¤®­ áëé¥­­®áâ¨ § ¤ ­ë ¢â ¡«. 1 ¢ ¢¨¤¥ ­ ç «ì­ëå ­¥äâ¥­ áëé¥­­ëå ¨ ¢®¤®­ áëé¥­­ëå â®«-é¨­,   â ª�¥ ¢ ¢¨¤¥ ®áâ â®ç­®© ¢®¤®­ áëé¥­­®áâ¨. � ç «ì­®¥ ãá«®¢¨¥¤ ¢«¥­¨ï ¢ ¯« áâ¥ â ª�¥ § ¤ ­® ¢ â ¡«. 1 ¢ ¢¨¤¥ ­ ç «ì­®£® ¯« áâ®-



�«¨ï­¨ï ¢¥«¨ç¨­ë ¤¥¯à¥áá¨¨ ­  ¤®¡ëçã ­¥äâ¨ 163¢®£® ¤ ¢«¥­¨ï. �à ­¨ç­ë¬ ãá«®¢¨¥¬ ¤«ï áª¢ �¨­ë, ª ª £®¢®à¨«®áì¢ëè¥, ï¢«ï¥âáï § ¡®©­®¥ ¤ ¢«¥­¨¥ ¢ áª¢ �¨­¥ | £à ­¨ç­®¥ ãá«®¢¨¥1-£® à®¤ ,   ­  £à ­¨æ¥ ¯®áâ®ï­áâ¢® ¯« áâ®¢®£® ¤ ¢«¥­¨ï. �® ¢ ¤ ­­®©à ¡®â¥, çâ®¡ë ¤®¡¨âìáï ¯®áâ®ï­áâ¢  ¤ ¢«¥­¨ï ­  £à ­¨æ¥, ®¡ê¥¬ £à -­¨ç­ëå ïç¥¥ª á¥âª¨ ¨áªãááâ¢¥­­® ã¢¥«¨ç¨¢ îâ ¤® ¡®«ìè¨å §­ ç¥­¨©,â ª¨¬ ®¡à §®¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ ï¢«ï¥âáï ãá«®¢¨¥ ­¥¯à®â¥ª ­¨ï ­ £à ­¨æ¥ | £à ­¨ç­®¥ ãá«®¢¨¥ 2-£® à®¤ . � â¥¬ â¨ç¥áª¨ ­ ç «ì­ë¥ ¨£à ­¨ç­ë¥ ãá«®¢¨ï:
sw(~x, 0) = { swc, ¥á«¨ 0 < z 6 Hoil,1, ¥á«¨ Hoil < z < Hoil +Hwat,

(4)
P (~x, 0) = Pri, (5)

P (~xwell, t) = Pwf , t > 0, (6)
∇P (~x, t)|~x=~xboundary

= 0, t > 0, (7)£¤¥ z | ª®®à¤¨­ â  ¯® ®á¨ z, ¯à¨ç¥¬ ­ ¯à ¢«¥­  ®â ªà®¢«¨ ¯« áâ ¢¥àâ¨ª «ì­® ¢­¨§, Pwf | § ¡®©­®¥ ¤ ¢«¥­¨¥, ~xwell | ª®®à¤¨­ â  áª¢ -�¨­ë, ~xboundary | ª®®à¤¨­ â  £à ­¨æ á¥âª¨.2. �«¨ï­¨¥ ¢¥«¨ç¨­ë ¤¥¯à¥áá¨¨­  ª®­ãá®®¡à §®¢ ­¨¥�«ï ¨áá«¥¤®¢ ­¨ï à ¡®âë áª¢ �¨­ë ¢ § ¢¨á¨¬®áâ¨ ®â ¤¥¯à¥áá¨¨¢ë¡¥à¥¬ à á¯®«®�¥­¨¥ £®à¨§®­â «ì­®£® áâ¢®«  áª¢ �¨­ë ­  à ááâ®ï-­¨¨ 2.5¬ ®â ªà®¢«¨ ª®««¥ªâ®à .�  ¯à ªâ¨ª¥ ®¯à¥¤¥«ïîé¥© ¢¥«¨ç¨­®© ¤«ï ¯à¨­ïâ¨ï à¥è¥­¨ï ¡ã-à¥­¨ï ­®¢®© áª¢ �¨­ë ¨«¨ § à¥§ª¨ ¡®ª®¢®£® áâ¢®«  ï¢«ï¥âáï ­ ª®¯-«¥­­ ï ¤®¡ëç  ­¥äâ¨ §  ®¯à¥¤¥«¥­­ë© ¯¥à¨®¤ ¢à¥¬¥­¨. �  ª ç¥áâ¢¥­-­®¬ ãà®¢­¥ § ¤ ç¥© ­¥äâï­®© ª®¬¯ ­¨¨ ï¢«ï¥âáï ¬ ªá¨¬ «ì­ ï ¤®-¡ëç  ­¥äâ¨ ¯à¨ ¬¨­¨¬ «ì­®© ¤®¡ëç¥ ¢®¤ë §  ®¯à¥¤¥«¥­­ë© ¯¥à¨®¤¢à¥¬¥­¨. � ª ª ª ­  ­ ª®¯«¥­­ãî ¤®¡ëçã ­¥¯®áà¥¤áâ¢¥­­® ¢«¨ï¥â § -¯ãáª­®© ¤¥¡¨â ­¥äâ¨, ¢ ¤ ­­®© à ¡®â¥ á­ ç «  à áá¬®âà¨¬ § ¯ãáª­®©¤¥¡¨â ­¥äâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â ¤¥¯à¥áá¨¨,   â ª�¥ ¢à¥¬ï ¯à®àë¢  ª®-­ãá  ¢®¤ë ¢ áª¢ �¨­ã (à¨á. 3). � ­¥äâï­ëå ª®¬¯ ­¨ïå �¥« ¥¬ë¬



164 �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �.

�¨á 3. � ¯ãáª­®© ¤¥¡¨â ­¥äâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â ¤¥¯à¥áá¨¨.å à ªâ¥à­ë¬ ¢à¥¬¥­¥¬ ®ªã¯ ¥¬®áâ¨ áª¢ �¨­ë ï¢«ï¥âáï 5 «¥â, ¯®íâ®-¬ã ¢ ¤ ­­®© § ¤ ç¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì ­ ª®¯«¥­­ãî ¤®¡ëçã ­¥äâ¨¨ ¢®¤ë §  5 «¥â à ¡®âë áª¢ �¨­ë (à¨á. 4), à ááç¨â ­­ë¥ ­  £¨¤à®¤¨-­ ¬¨ç¥áª®¬ á¨¬ã«ïâ®à¥ ¤«ï à §­ëå §­ ç¥­¨© ¤¥¯à¥áá¨¨.� ¯ãáª­®© ¤¥¡¨â, ª ª ¢¨¤¨¬ ¨§ £à ä¨ª , § ¢¨á¨â ®â ¤¥¯à¥áá¨¨ ¯àï-¬® ¯à®¯®àæ¨®­ «ì­®, â. ¥. ç¥¬ ¡®«ìè¥ ãáâ ­ ¢«¨¢ ¥âáï ¤¥¯à¥áá¨ï, â¥¬¡®«ìè¥ ­¥äâ¨ ¡ã¤¥â ¯à¨ § ¯ãáª¥ áª¢ �¨­ë. �®, ª ª ¬ë §­ ¥¬, ç¥¬¡®«ìè¥ ¤¥¯à¥áá¨ï, â¥¬ ¡ëáâà¥¥ ¯®¤âï£¨¢ ¥âáï ª®­ãá ¢®¤ë, á®®â¢¥â-áâ¢¥­­® ¡ëáâà¥¥ ®¡¢®¤­ï¥âáï ¯à®¤ãªæ¨ï.� ª®¯«¥­­ ï ¤®¡ëç  ­¥äâ¨ ®ª §ë¢ ¥âáï ¢á¥ à ¢­® ¡®«ìè¥ ¢ á«ã-ç ¥, ª®£¤  ¤¥¯à¥áá¨ï ¢ëè¥, å®âï ã�¥ § ¢¨á¨¬®áâì ­¥«¨­¥©­ ï. �®, ¢á¢®î ®ç¥à¥¤ì, ¡®«ìè¥ ¨ ­ ª®¯«¥­­ ï ¤®¡ëç  ¢®¤ë. �¥¬ á ¬ë¬ ¢ íâ®¬¢®¯à®á¥ ¤®«�­  áãé¥áâ¢®¢ âì ®¯â¨¬ «ì­ ï â®çª . � ¡®«ìè¨­áâ¢¥ á«ã-ç ¥¢ ¨§-§  ¡®«ìè¨å æ¥­ ­  ­¥äâì ¢ë£®¤­® ®ª §ë¢ ¥âáï ãáâ ­ ¢«¨¢ âì¬ ªá¨¬ «ì­ãî ¤¥¯à¥áá¨î. � �­® ®â¬¥â¨âì, çâ® ¥á«¨ ¢ ¯« áâ¥ ¬¥�-¤ã £®à¨§®­â «ì­®© áª¢ �¨­®© ¨ ¢®¤®­¥äâï­ë¬ ª®­â ªâ®¬ (���) ¯à¨-áãâáâ¢ãîâ ­¥¯à®­¨æ ¥¬ë¥ ¡ àì¥àë (¢ à¥ «ì­®áâ¨ ®ç¥­ì ç áâ® ¢áâà¥ç -îâáï), ª®â®àë¥ ï¢«ïîâáï ¤®¯®«­¨â¥«ì­ë¬ ¯à¥¯ïâáâ¢¨¥¬ ¤«ï ¯à®àë¢ ª®­ãá  ¢®¤ë, â® ¬ ªá¨¬ «ì­ ï ¤¥¯à¥áá¨ï â®�¥ «®£¨ç­ .
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�¨á 4. � ª®¯«¥­­ ï ¤®¡ëç  ¨ ¢à¥¬ï ¯à®àë¢  ª®­ãá  ¢®¤ë.�«ï ¡®«¥¥ â®ç­®£® ®¯à¥¤¥«¥­¨ï ®¯â¨¬ «ì­®© ¤¥¯à¥áá¨¨ ªà¨â¥à¨¥¬¢ë¡®à  ¤®«�¥­ ¡ëâì ¬ ªá¨¬ «ì­ë© íª®­®¬¨ç¥áª¨© íää¥ªâ.3. �«¨ï­¨¥ à á¯®«®�¥­¨ï £®à¨§®­â «ì­®©áª¢ �¨­ë ¯® ¢¥àâ¨ª «¨ ­  ¤®¡ëçã�«ãç © ®¤­®à®¤­®£® ¯« áâ . � ª ¬®�­® ¢¨¤¥âì ¨§ ¯à¥¤ë¤ã-é¥£® à §¤¥« , ¬®�­® £®¢®à¨âì ® â®¬, çâ® ¯à¨ à §à ¡®âª¥ ¯« áâ®¢ á¯®¤®è¢¥­­®© ¢®¤®© £®à¨§®­â «ì­ë¬¨ áª¢ �¨­ ¬¨ ¢ ¡®«ìè¨­áâ¢¥ á«ã-ç ¥¢ ®¯â¨¬ «ì­®© ¤¥¯à¥áá¨¥© ï¢«ï¥âáï ¬ ªá¨¬ «ì­® ¢®§¬®�­ ï. Ǒ®-íâ®¬ã ¢ ¤ ­­®¬ à §¤¥«¥ ¤«ï ¨áá«¥¤®¢ ­¨ï ¢«¨ï­¨ï à á¯®«®�¥­¨ï £®-à¨§®­â «ì­®© áª¢ �¨­ë ¯® ¢¥àâ¨ª «¨ ¢ ¬®¤¥«¨ ãáâ ­®¢¨¬ ¤¥¯à¥áá¨î¬ ªá¨¬ «ì­® ¢®§¬®�­ãî, ¯à¨ ª®â®à®© ¢ ¯« áâ¥ ¥é¥ ­¥ ¢ë¤¥«ï¥âáï£ §, â. ¥. § ¡®©­®¥ ¤ ¢«¥­¨¥ ãáâ ­®¢¨¬ à ¢­ë¬ ¤ ¢«¥­¨î ­ áëé¥­¨ï144 â¬. � áá¬®âà¨¬ ¤®¡ëçã ­¥äâ¨ ¨ ¢®¤ë §  5 «¥â à ¡®âë áª¢ �¨­ë¢ § ¢¨á¨¬®áâ¨ ®â à á¯®«®�¥­¨ï £®à¨§®­â «ì­®£® áâ¢®«  ¯® ¢¥àâ¨ª «¨.�«ï íâ®£® á¬®¤¥«¨àã¥¬ à ¡®âã áª¢ �¨­ë ¤«ï ¢®áì¬¨ à §«¨ç­ëå à á¯®-«®�¥­¨© £®à¨§®­â «ì­®£® áâ¢®«  ®â ªà®¢«¨ ¯« áâ : 0.5¬, 1 ¬, 2¬, 3¬,4¬, 5¬, 6¬, 7¬. �â¬¥â¨¬, çâ® ­¥äâ¥­ áëé¥­­ ï â®«é¨­  ¯« áâ  8¬.� ª ¢¨¤¨¬ ¨§ £à ä¨ª  (à¨á. 5), § ¯ãáª­®© ¤¥¡¨â ­¥äâ¨ ¨¬¥¥â ®¯â¨-¬ «ì­®¥ §­ ç¥­¨¥ à á¯®«®�¥­¨ï £®à¨§®­â «ì­®£® áâ¢®« , ¯à¨ç¥¬ ®­®
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�¨á 5. � ¯ãáª­®© ¤¥¡¨â ­¥äâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â à á¯®«®�¥­¨ï £®à. áª¢ -�¨­ë.

�¨á 6. � ª®¯«¥­­ ï ¤®¡ëç  ¢ § ¢¨á¨¬®áâ¨ ®â à á¯®«®�¥­¨ï £®à. áª¢ -�¨­ë.­ å®¤¨âáï ­  à ááâ®ï­¨¨ 4¬ ®â ªà®¢«¨ ª®««¥ªâ®à  (4¬ ®â ���). �®¥á«¨ ¯®á¬®âà¥âì ­ ª®¯«¥­­ãî ¤®¡ëçã ­¥äâ¨ §  5 «¥â (à¨á. 6), á ¬® §­ -ç¥­¨¥ ­¥ á¨«ì­® § ¢¨á¨â ®â à á¯®«®�¥­¨ï £®à¨§®­â «ì­®© áª¢ �¨­ë,  ¯à¨ ®ç¥­ì ¡«¨§ª®¬ à á¯®«®�¥­¨¨ ª ªà®¢«¥ ª®««¥ªâ®à  ­ ª®¯«¥­­ ï¤®¡ëç  ¤ �¥ ­¥¬­®£® ¬¥­ìè¥, ç¥¬ ¯à¨ à á¯®«®�¥­¨¨ áª¢ �¨­ë ¢ ®â-



�«¨ï­¨ï ¢¥«¨ç¨­ë ¤¥¯à¥áá¨¨ ­  ¤®¡ëçã ­¥äâ¨ 167¤ «¥­¨¨ ®â ªà®¢«¨. �â à á¯®«®�¥­¨ï áª¢ �¨­ë á¨«ì­® § ¢¨á¨â ­ ª®¯-«¥­­ ï ¤®¡ëç  ¢®¤ë, ç¥¬ ¤ «ìè¥ ®â ªà®¢«¨ ª®««¥ªâ®à  ¨ ç¥¬ ¡«¨�¥ ª���, â¥¬ ¡®«ìè¥ ¤®¡ëç  ¢®¤ë. Ǒ®íâ®¬ã á ãç¥â®¬ â®£®, çâ® ­ ª®¯«¥­-­ ï ¤®¡ëç  ­¥äâ¨ § ¢¨á¨â ®â à á¯®«®�¥­¨ï áª¢ �¨­ë ­¥§­ ç¨â¥«ì­®,  ­ ª®¯«¥­­ ï ¤®¡ëç  ¢®¤ë â¥¬ ¬¥­ìè¥, ç¥¬ ¡«¨�¥ ª ªà®¢«¥, ®¯â¨-¬ «ì­®© ¯à®¢®¤ª®© ¡ã¤¥â à á¯®«®�¨âì áª¢ �¨­ã ¬ ªá¨¬ «ì­® ¡«¨§ª®ª ªà®¢«¥ ª®««¥ªâ®à . �  ¯à ªâ¨ª¥ £®à¨§®­â «ì­ë© áâ¢®« à á¯®« £ -îâ ¯®àï¤ª  ¢ 2 ¬¥âà å ®â ªà®¢«¨ ª®««¥ªâ®à . (�«¥¤ã¥â ã¯®¬ï­ãâì,çâ® ¢ à¥ «ì­®áâ¨ ®á­®¢­®© ¯à¨ç¨­®© à á¯®«®�¥­¨ï áª¢ �¨­ë ¡«¨§-ª® ¢ ªà®¢«¥ ï¢«ï¥âáï â®, çâ® á® ¢à¥¬¥­¥¬ ãà®¢¥­ì ��� ¯®¤­¨¬ ¥âáï.�® ¢ ¤ ­­®¬ ¨áá«¥¤®¢ ­¨¨ à áá¬ âà¨¢ ¥âáï ¡¥áª®­¥ç­ë© ¯« áâ ¨ ���­¥ ¯®¤­¨¬ ¥âáï, â ª®© ¢¨¤ ¨áá«¥¤®¢ ­¨ï ¯®¬®�¥â ­ ¬ ¯®­ïâì ¢ë¢®¤ëá«¥¤ãîé¥£® à §¤¥« .)�«ãç © ­¥®¤­®à®¤­®£® ¯« áâ . � à¥ «ì­®áâ¨ ç áâ® ¢áâà¥ç -îâáï ¯« áâë, ¢ ª®â®àëå ¢¡«¨§¨ ªà®¢«¨ ª®««¥ªâ®à  ¨§-§  £«¨­¨§ æ¨¨®¡« áâì â®«é¨­®© ¯®àï¤ª  2¬ ®â ªà®¢«¨ ª®««¥ªâ®à  ¨¬¥¥â ¬¥­ìèãî¯à®­¨æ ¥¬®áâì, ç¥¬ ­¨�­ïï ç áâì ª®««¥ªâ®à . Ǒ®íâ®¬ã ¢®§­¨ª ¥â ¢®-¯à®á, ª ª ¯à®¢¥áâ¨ áª¢ �¨­ã: ç¥à¥§ ®¡« áâì á ¬¥­ìè¥© ¯à®­¨æ ¥¬®-áâìî ¨«¨ ¯®¤ íâ®© ­¨§ª®¯à®­¨æ ¥¬®© ®¡« áâìî? �â®¡ë ¯®­ïâì íâ®,à áá¬®âà¨¬ ¢á¥ âã �¥ ¬®¤¥«ì ¯« áâ  ¨ ä«î¨¤®¢, çâ® ã ­ á ¨¬¥¥âáï, ­®¯à®­¨æ ¥¬®áâì ¢¥àå­¥£® ¯à®¯« áâª  â®«é¨­®© ¢ 2 ¬ ¢®§ì¬¥¬ ¬¥­ìè¥,ç¥¬ ®á­®¢­ ï ¯à®­¨æ ¥¬®áâì. �«ï ¨áá«¥¤®¢ ­¨ï ¢ë¡¥à¥¬ á«¥¤ãîé¨¥®â­®è¥­¨ï ¯à®­¨æ ¥¬®áâ¨ ¢¥àå­¥£® ¯à®¯« áâª  ª ¯à®­¨æ ¥¬®áâ¨ ®á-­®¢­®£® ¯« áâ  (®¡®§­ ç¨¬ K): 0.1, 0.2, 0.3, 0.5, 0.75, | ®¡¥á¯¥ç¨¢ -îé¨¥ ¡®«¥¥ à ¢­®¬¥à­ë¥ è £¨ ¨§¬¥­¥­¨ï à¥§ã«ìâ â®¢ ç¨á«¥­­®£® ¬®-¤¥«¨à®¢ ­¨ï. � áá¬®âà¨¬ ¤®¡ëçã ¯à¨ à á¯®«®�¥­¨¨ £®à¨§®­â «ì­®©áª¢ �¨­ë ¢ 1¬ ®â ªà®¢«¨, ¢ ®¡« áâ¨ á® á­¨�¥­­®© ¯à®­¨æ ¥¬®áâìî¨ ¢ 2.5¬ ®â ªà®¢«¨, ­¥¯®áà¥¤áâ¢¥­­® ¯®¤ ¯à®¯« áâª®¬ á® á­¨�¥­­®©¯à®­¨æ ¥¬®áâìî.� ª ¢¨¤¨¬ ¨§ £à ä¨ª®¢ (à¨á. 7, 8), ¢ á«ãç ¥ á ¬®© ­¨§ª®© ¯à®­¨-æ ¥¬®áâ¨ ¢¥àå­¥£® ¯à®¯« áâª  K = 0.1 ¯à¨ à á¯®«®�¥­¨¨ áª¢ �¨­ë¢ íâ®© ®¡« áâ¨ § ¯ãáª­®© ¤¥¡¨â ­¥äâ¨ ¡ã¤¥â ¬¥­ìè¥ ¯®çâ¨ ¢ 4 à § ,
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�¨á. 7. � ¯ãáª­®© ¤¥¡¨â ­¥äâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â ®â­®è¥­¨ï ¯à®­¨æ ¥-¬®áâ¥©.

�¨á. 8. � ª®¯«¥­­ ï ¤®¡ëç  ¢ § ¢¨á¨¬®áâ¨ ®â ®â­®è¥­¨ï ¯à®­¨æ ¥¬®-áâ¥©.ç¥¬ ¥á«¨ à á¯®«®�¨âì áª¢ �¨­ã ­¨�¥ íâ®£® ãç áâª . � ­ ª®¯«¥­­ ï¤®¡ëç  §  5 «¥â ¡ã¤¥â ¬¥­ìè¥ ¢ 2.6 à § , ­® ­ ª®¯«¥­­ ï ¤®¡ëç  ¢®¤ë¡ã¤¥â ¬¥­ìè¥ ã�¥ ¢ 6.7 à § . � «¥¥ ¯à¨ ã¢¥«¨ç¥­¨¨ ®â­®è¥­¨ï ¯à®-­¨æ ¥¬®áâ¥© K à §­¨æ  ¢ ¤®¡ëç¥ ­¥äâ¨ ¨ ¢®¤ë ¡ã¤¥â ã¬¥­ìè âìáï.�«ï ®¯à¥¤¥«¥­¨ï ®¯â¨¬ «ì­®áâ¨ ¢ë¡®à  ¯à®¢®¤ª¨ áª¢ �¨­ë ¤®«�¥­á«ã�¨âì ¬ ªá¨¬ «ì­ë© íª®­®¬¨ç¥áª¨© íää¥ªâ, ­® ¢ ¤ ­­®¬ á«ãç ¥



�«¨ï­¨ï ¢¥«¨ç¨­ë ¤¥¯à¥áá¨¨ ­  ¤®¡ëçã ­¥äâ¨ 169¨§-§  ¢ëá®ª¨å æ¥­ ­  ­¥äâì ¬®�­® £®¢®à¨âì ® â®¬, çâ® ®¯â¨¬ «ì­ë¬¢ë¡®à®¬ ¤®«�­  ¡ëâì ¯à®¢®¤ª  ¯®¤ ¯à®¯« áâª®¬ á® á­¨�¥­­®© ¯à®­¨-æ ¥¬®áâìî. � â ª®¬ã à¥è¥­¨î ¬®�­® ¡ë«® ¯à¨©â¨ ¨ ¨§ à¥§ã«ìâ â®¢¯à¥¤ë¤ãé¥£® à §¤¥« . �ë ã§­ «¨, çâ® ¢ á«ãç ¥ ®¤­®à®¤­®£® ¯« áâ ®â à á¯®«®�¥­¨ï áª¢ �¨­ë ­ ª®¯«¥­­ ï ¤®¡ëç  ­¥äâ¨ § ¢¨á¨â ­¥§­ -ç¨â¥«ì­®. �® ¥á«¨ ¢¥àå­¨© ãç áâ®ª ¨¬¥¥â á­¨�¥­­ãî ¯à®­¨æ ¥¬®áâì,â® ¯à¨ ¯à®¢®¤ª¥ áª¢ �¨­ë ç¥à¥§ ­¥¥ ¡ã¤¥â ¯®­ïâ­®, çâ® ¤®¡ëç  ­¥äâ¨ã¯ ¤¥â, ¯®íâ®¬ã à á¯®«®�¥­¨¥ áª¢ �¨­ë çãâì ­¨�¥ ®â íâ®£® ãç áâª ¢ ®¡« áâ¨ á å®à®è¥© ¯à®­¨æ ¥¬®áâìî ¡ã¤¥â ¡®«ìè¥ ¨ ¯®íâ®¬ã ¡®«¥¥¢ë£®¤­®©. � ª«îç¥­¨¥Ǒà¨ à §à ¡®âª¥ ­¥äâï­®£® ¯« áâ  á ¯®¤®è¢¥­­®© ¢®¤®© ®¯â¨¬ «ì-­®© ¤¥¯à¥áá¨¥© ï¢«ï¥âáï ¬ ªá¨¬ «ì­® ¢®§¬®�­ ï, ª®â®à ï ®£à ­¨ç¨-¢ ¥âáï â®«ìª® â¥å­®«®£¨¥© ¤®¡ëç¨, ­ á®á­ë¬ ®¡®àã¤®¢ ­¨¥¬, â ª ª ª¯à¨ à®áâ¥ ¤¥¯à¥áá¨¨ à áâ¥â ­¥ â®«ìª® ¤®¡ëç  ¢®¤ë, ­® ¨ ¤®¡ëç  ­¥äâ¨,ª®â®à ï ¯à¨¢®¤¨â ª ¡®«ìè¥© íª®­®¬¨ç¥áª®© íää¥ªâ¨¢­®áâ¨.� ¯« áâ å á ¯®¤®è¢¥­­®© ¢®¤®© ¨ á ¢ë¤¥à� ­­®© ¯à®­¨æ ¥¬®áâìî¯® ¢¥àâ¨ª «¨ ®¯â¨¬ «ì­®© ¯à®¢®¤ª®© £®à¨§®­â «ì­®£® áâ¢®«  áª¢ �¨-­ë ï¢«ï¥âáï à á¯®«®�¥­¨¥ áª¢ �¨­ë ¬ ªá¨¬ «ì­® ¡«¨§ª® ª ªà®¢«¥ª®««¥ªâ®à , £« ¢­ë¬ ®¡à §®¬ ¨§-§  â®£®, çâ® ¢ â ª®¬ á«ãç ¥ §­ ç¨-â¥«ì­® ã¬¥­ìè ¥âáï ¤®¡ëç  ¢®¤ë. Ǒ®¤ ¢ë¤¥à� ­­®© ¯à®­¨æ ¥¬®áâìî¨¬¥¥âáï ¢ ¢¨¤ã â®, çâ® ¯à®­¨æ ¥¬®áâì ¢¡«¨§¨ ª®««¥ªâ®à  ¬®�¥â ¡ëâì¬¥­ìè¥ ¢ 2 à §  ®â­®á¨â¥«ì­® áà¥¤­¥£® §­ ç¥­¨ï ¯® ¯« áâã, â ª ª ªâ ª ï à §­¨æ  ¢ à¥ «ì­®áâ¨ ¬®�¥â ®¯à¥¤¥«ïâìáï ­¥®¤­®§­ ç­®. �®¥á«¨ ¢¡«¨§¨ ªà®¢«¨ ª®««¥ªâ®à  ¯à®­¨æ ¥¬®áâì á­¨�¥­  ­  ¯®àï¤®ª,â ª ï à §­¨æ  ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ¯® £¥®ä¨§¨ç¥áª¨¬ ¨áá«¥¤®¢ -­¨ï¬, ®¯â¨¬ «ì­ë¬ á¯®á®¡®¬ ¯à®¢®¤ª¨ ï¢«ï¥âáï à á¯®«®�¥­¨¥ áª¢ -�¨­ë ­¥¯®áà¥¤áâ¢¥­­® ¯®¤ ãç áâª®¬ á® á­¨�¥­­®© ¯à®­¨æ ¥¬®áâìî.
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��� 519.21+531.19��������������� ����������������Ǒ�. ������ � Ǒ����������. �. �ã¡ª®, �. �. � à ç ­áª ï,�. �. � à ç ­áª¨©�¢¥¤¥­¨¥Ǒ®¤ ®à¨¥­â¨à®¢ ­­®© æ¥¯ìî ¡ã¤¥¬ ¯®­¨¬ âì ¯®á«¥¤®¢ â¥«ì­®¥®¡ê¥¤¨­¥­¨¥ n ®âà¥§ª®¢-¢¥ªâ®à®¢ (§¢¥­ì¥¢) ¯à¨ ãá«®¢¨¨, çâ® ­ ç «® ¯®-á«¥¤ãîé¥£® §¢¥­  á®¢¯ ¤ ¥â á ®ª®­ç ­¨¥¬ ¯à¥¤ë¤ãé¥£®. �®çªã ­ ç « ¯®áâà®¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ §¢¥­ì¥¢ ­ §®¢¥¬ ¢¥¤ãé¨¬ í«¥¬¥­â®¬.�®§¬®�¥­ ¢ à¨ ­â, ª®£¤  ¢¥¤ãé¨© í«¥¬¥­â ­¥ ¢ ­ ç «¥ æ¥¯¨,   ¢ ®¤-­®© ¨§ â®ç¥ª á®¥¤¨­¥­¨ï §¢¥­ì¥¢. � íâ®¬ á«ãç ¥ æ¥¯ì à áá¬ âà¨¢ ¥âáïª ª à¥§ã«ìâ â áª«¥¨¢ ­¨ï ¢ íâ®© â®çª¥ ¤¢ãå ®à¨¥­â¨à®¢ ­­ëå æ¥¯¥© áç¨á«®¬ §¢¥­ì¥¢ n1, n2: n1 + n2 = n.Ǒà¨ ¯®áâ®ï­­ëå á«ãç ©­ëå ¢®§¤¥©áâ¢¨ïå ®à¨¥­â æ¨ï ª �¤®£® §¢¥-­  ¬¥­ï¥âáï á«ãç ©­ë¬ ®¡à §®¬, á® á¢®¨¬ § ª®­®¬ à á¯à¥¤¥«¥­¨ï, ­®®â­®á¨â¥«ì­® ­ ¯à ¢«¥­¨ï ¯à¥¤ë¤ãé¥£® §¢¥­ . �«¥¤®¢ â¥«ì­®, ¯®¢®-à®â ¯à¥¤ë¤ãé¥£® §¢¥­  ¬£­®¢¥­­® ¢¥¤¥â ª ¯®¢®à®âã ¢á¥å ¯®á«¥¤ãî-é¨å §¢¥­ì¥¢. �â¨¬ à áá¬ âà¨¢ ¥¬ë¥ ¬®¤¥«¨ ®â«¨ç îâáï ®â ¬®¤¥«¥©¤¨­ ¬¨ª¨ æ¥¯¥©, ¯®áâà®¥­­ëå ­  ®á­®¢¥ ­¥§ ¢¨á¨¬® ®à¨¥­â¨àãîé¨å-áï §¢¥­ì¥¢ (á¬., ­ ¯à¨¬¥à, [1℄), ¨ ®â­®áïâáï ª ª« ááã ¬®¤¥«¥© æ¥¯¥© áª®àà¥«¨à®¢ ­­®© áâàãªâãà®©. � ª¨¥ æ¥¯¨ ¡ã¤¥¬ ­ §¢ âì ®à¨¥­â¨à®-¢ ­­ë¬¨ áâ®å áâ¨ç¥áª¨¬¨ æ¥¯ï¬¨. �«¨­ë §¢¥­ì¥¢ ¬®£ãâ ¡ëâì à §-«¨ç­ë¬¨, à áâï�¨¬ë¬¨ ¨ ¨§¬¥­ïâìáï á® ¢à¥¬¥­¥¬. �â¨ ¬®¤¥«¨ ¬®£ãâ¡ëâì ¯à¨¬¥­¥­ë ¤«ï ®¯¨á ­¨ï ª áª ¤  âãà¡ã«¥­â­ëå ¢¨åà¥©, ¨§¬¥­¥-­¨ï ª®­ä¨£ãà æ¨¨ ¯®«¨¬¥à­ëå æ¥¯¥©, ¨¥à àå¨ç¥áª¨ ®à£ ­¨§®¢ ­­ëåá¨áâ¥¬ ¨ à áç¥â  ¨å å à ªâ¥à¨áâ¨ª. � ¯®«¨¬¥à­ëå æ¥¯ïå ¯à¨ ­ «¨ç¨¨
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172 �ã¡ª® �. �., � à ç ­áª ï �. �., � à ç ­áª¨© �. �.¢ ®¤­®¬ ¨§ ã§«®¢ ¬®«¥ªã«ë ¡®«¥¥ ¢ëá®ª®© ¬ ááë, ç¥¬ ¢ ¤àã£¨å ã§« å,¡®«¥¥ ¬ áá¨¢­ãî ¬®«¥ªã«ã ¬®�­® à áá¬ âà¨¢ âì ª ª ¢¥¤ãé¨© í«¥¬¥­â.�¥«ì à ¡®âë: ¯®áâà®¨âì  ­ «¨â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¨ ç¨á«¥­-­ãî à¥ «¨§ æ¨î ¤¨­ ¬¨ª¨ å à ªâ¥à¨áâ¨ª ¬®¤¥«¥© â ª®£® ª« áá  ¨ ¯à®-¤¥¬®­áâà¨à®¢ âì ¢®§¬®�­®áâì ¨å ¯à¨¬¥­¥­¨ï ¤«ï § ¤ ç ¤¨ääã§¨¨ ¢­¥ª« áá¨ç¥áª®© ¯®áâ ­®¢ª¥. �®¤¥«¨à®¢ ­¨¥ ¨§¬¥­¥­¨ï ª®­ä¨£ãà æ¨©á¢ï§ë¢ ¥¬ á ¯®«ïà­®©, ª ª ¨ ¢ à ¡®â¥ [2℄, ¨ áä¥à¨ç¥áª®© á¨áâ¥¬ ¬¨ ª®-®à¤¨­ â. �®¤¥«¨àã¥âáï ¤¨­ ¬¨ª  ¨§¬¥­¥­¨ï à §¬¥à®¢ æ¥¯¨, ª ª à á-áâ®ï­¨ï ®â ­ ç «  ¤® ª®­æ  æ¥¯¨ [3, 4℄ (¤¨­ ¬¨ç¥áª ï ¬®¤¥«ì ¨§¬¥­¥-­¨ï à §¬¥à®¢ ¯®«¨¬¥à­®£® ª«ã¡ª -£«®¡ã«ë). �á«¨ ¯¥à¢®­ ç «ì­® æ¥¯ì¯à¥¤áâ ¢«ï«  ¯àï¬ãî «¨­¨î,   ¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå ã£«®¢ ¯®¢®à®-â  §¢¥­  ¡ë«® ä¨ªá¨à®¢ ­®, â® ¯à¥¤«®�¥­­ ï ¬®¤¥«ì ¯à¨¬¥­¨¬  ¤«ï¬®¤¥«¨à®¢ ­¨ï à¥ «¨§ æ¨¨ á«ãç ©­®£® ¡«ã�¤ ­¨ï á ®£à ­¨ç¥­­®© áª®-à®áâìî §  n è £®¢ ¯® à¥¡à ¬ ¯à®áâà ­áâ¢¥­­®© à¥è¥âª¨. � áá¬®âà¥­ë¤¢¥ ¬®¤¥«¨ ¤¢¨�¥­¨ï ¯® à¥è¥âª¥ á ®£à ­¨ç¥­¨ï¬¨¬ ­  ¤®¯ãáâ¨¬ë¥ ­ -¯à ¢«¥­¨ï ¯¥à¥¬¥é¥­¨ï.� ¡®â  á®áâ®¨â ¨§ ¤¢ãå à §¤¥«®¢. � ¯¥à¢®¬ à áá¬ âà¨¢ ¥âáï ¬®-¤¥«ì ¤¨­ ¬¨ª¨ æ¥¯¨ ¢ R2 ¨ ¯à¥¤« £ ¥âáï ¬®¤¥«ì áâ®å áâ¨ç¥áª®© æ¥¯¨ ¢
R3, ¢® ¢â®à®¬ ¯à¨¢®¤ïâáï à¥§ã«ìâ âë ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï à §-¬¥à®¢ æ¥¯¨ ¨ ­¥âà ¤¨æ¨®­­ëå ¬®¤¥«¥© ¤¨ääã§¨¨.1. �¨­ ¬¨ª  ¯à®áâà ­áâ¢¥­­®© æ¥¯¨� áá¬®âà¨¬ ®à¨¥­â¨à®¢ ­­ãî æ¥¯ì ¢ R2 ®â­®á¨â¥«ì­® ­ ç «  á¨-áâ¥¬ë ª®®à¤¨­ â (à¨á. 1). � ª ç¥áâ¢¥ ¢¥¤ãé¥£® í«¥¬¥­â  ¡ã¤¥¬ áç¨â âìâ®çªã O(0, 0). �á«¨ ­ á ¨­â¥à¥áã¥â ¢¥¤ãé¨© í«¥¬¥­â, à á¯®«®�¥­­ë©­¥ ¢ ªà ©­¥© â®çª¥, â® ­¥®¡å®¤¨¬® ¯¥à¥­¥á¥­¨¥ ­ ç «  á¨áâ¥¬ë ª®®à¤¨-­ â ¢ ¨­â¥à¥áãîéãî â®çªã ¨ ¤ «ì­¥©è¥¥ à áá¬®âà¥­¨¥ ¤¢ãå áª«¥¥­­ëå¢ íâ®© â®çª¥ ®à¨¥­â¨à®¢ ­­ëå æ¥¯¥©.�¨­ ¬¨ªã æ¥¯¨ ¬®�­® å à ªâ¥à¨§®¢ âì ¢¥ªâ®à ¬¨ ~Lj(t), ª �¤ë©¨§ ª®â®àëå á¢ï§ ­ á ­ ç «®¬ ª®®à¤¨­ â ¨ ®ª®­ç ­¨¥¬ j-£® á¥£¬¥­â ,
j = 1, n. �®£¤  ¤¨­ ¬¨ª  j-£® á¥£¬¥­â  ®¯à¥¤¥«ï¥âáï ¢ëà �¥­¨¥¬

~rj(t) = ~Lj(t)− ~Lj−1(t).
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�¨á. 1. �â®å áâ¨ç¥áª ï æ¥¯ì ­  ¯«®áª®áâ¨.Ǒ® ¯®áâà®¥­¨î (á¬. à¨á. 1), ¢ ¯®«ïà­ëå ª®®à¤¨­ â å ¯à®¥ªæ¨¨
~Lj(t) ¨¬¥îâ ¢¨¤

Lj,x(t) = j∑

i=1 |~ri(t)| 
osϕj(t), Lj,y(t) = j∑

i=1 |~ri(t)| sinϕj(t),£¤¥
ϕj(t) = j∑

s=1 ϕ̃s(t),  ϕ̃s(t) | ã£®« ¯®¢®à®â  s-£® §¢¥­  ®â­®á¨â¥«ì­® ­ ¯à ¢«¥­¨ï (s−1)-£®¢ ¬®¬¥­â ¢à¥¬¥­¨ t.�®®â¢¥âáâ¢¥­­® ¤¨­ ¬¨ª  j-£® á¥£¬¥­â  ®¯à¥¤¥«ï¥âáï ¢ëà �¥­¨ï-¬¨
rj,x(t) = |~rj(t)| 
osϕj(t) = |~rj(t)| 
os( j∑

s=1 ϕ̃s(t)) ,
rj,x(t) = |~rj(t)| sinϕj(t) = |~rj(t)| sin( j∑

s=1 ϕ̃s(t)) . (1)�á«¨ n | ç¨á«® í«¥¬¥­â®¢ æ¥¯¨, â® |~Ln(t)| = Ln(t) ­ §ë¢ îâ à §-¬¥à®¬ æ¥¯¨.�§¬¥­¥­¨¥ ϕ̃s(t) ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ tk ¡ã¤¥¬ ¬®¤¥«¨-
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ϕs(tk) = ϕs(0) + k∑

m=1�ϕs(m),£¤¥ �ϕs(m) | á«ãç ©­ë¥ ¯à¨à é¥­¨ï ¢ ¬®¬¥­â t = tm; ϕs(0) ®¯à¥¤¥«ï-¥â ­ ç «ì­ë© ã£®« s-£® §¢¥­  æ¥¯¨ ®â­®á¨â¥«ì­® ­ ¯à ¢«¥­¨ï (s−1)-£®.�®£¤ 
j∑

s=1 ϕ̃s(tk) = j∑

s=1ϕs(0) + k∑

m=0 j∑

s=1�ϕs(m),¨, á«¥¤®¢ â¥«ì­®,
Lj,x(tk) = j∑

i=1 |~ri(k)| 
os( j∑

s=1ϕs(0) + k∑

m=0 j∑

s=1�ϕs(m)) ,
Lj,y(tk) = j∑

i=1 |~ri(k)| sin( j∑

s=1 ϕs(0) + k∑

m=0 j∑

s=1�ϕs(m)) ,
Lj(tk) = | ~Lj(tk)| =√L2

j,x(tk) + L2
j,y(tk), k0 = 0. (2)Ǒ¥à¥©¤¥¬ ª à áá¬®âà¥­¨î æ¥¯¨ ¢ R3. Ǒ®  ­ «®£¨¨ á ¤¢ã¬¥à­®©æ¥¯ìî (1) ¯à®¥ªæ¨¨ á¥£¬¥­â®¢ ~rj(t) ã�¥ ¡ã¤¥¬ ®¯¨áë¢ âì ¢ áä¥à¨ç¥áª®©á¨áâ¥¬¥ ª®®à¤¨­ â ¢ëà �¥­¨ï¬¨ (à¨á. 2)

rj,x(t) = |~rj(t)| 
os( j∑

s=1 ϕ̃s(t)) sin( j∑

s=1 ~θs(t)) ,
rj,y(t) = |~rj(t)| sin( j∑

s=1 ϕ̃s(t)) sin( j∑

s=1 ~θs(t)) ,
rj,z(t) = |~rj(t)| 
os( j∑

s=1 ~θs(t)) .�§¬¥­¥­¨ï ã£«®¢ ϕ̃s(t) ¨ ~θs(t) ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ tk¡ã¤¥¬ ¬®¤¥«¨à®¢ âì, ª ª ¨ ¤«ï æ¥¯¨ ¢ R2, ¢ ¢¨¤¥ áã¬¬:
ϕ̃s(tk) = ϕs(0) + k∑

m=0�ϕs(m), ~θs(tk) = θs(0) + k∑

m=0�θs(m),
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�¨á. 2. �«ãç ©­ ï ¯à®áâà ­áâ¢¥­­ ï æ¥¯ì.£¤¥ �ϕs(m) ¨ �θs(m) | á«ãç ©­ë¥ ¯à¨à é¥­¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨

t = tm. �«¥¤®¢ â¥«ì­®,
j∑

s=1 ϕ̃s(tk) = j∑

s=1ϕs(0) + k∑

m=0 j∑

s=1�ϕs(m),
j∑

s=1 θ̃s(tk) = j∑

s=1 θs(0) + k∑

m=0 j∑

s=1�θs(m).�®®â¢¥âáâ¢¥­­® ¤¨­ ¬¨ª  ¢¥ªâ®à  ~Lj(tk) ®¯¨áë¢ ¥âáï ­  ®á­®¢¥¯à®¥ªæ¨©:
Lj,x(tk) = j∑

i=1 |~ri(k)| 
os( i∑

s=1 ϕs(0) + k∑

m=0 i∑

s=1�ϕs(m))
× sin( i∑

s=1 θs(0) + k∑

m=0 i∑

s=1�θs(m)) ,
Lj,y(tk) = j∑

i=1 |~ri(k)| sin( i∑

s=1 ϕs(0) + k∑

m=0 i∑

s=1�ϕs(m))
× sin( i∑

s=1 θs(0) + k∑

m=0 i∑

s=1�θs(m)) ,
Lj,z(tk) = j∑

i=1 |~ri(k)| 
os( j∑

s=1 θs(0) + k∑

m=0 i∑

s=1�θs(m)) ,
(3)

Lj(tk) = | ~Lj(tk)| =√L2
j,x(tk) + L2

j,y(tk) + L2
j,z(tk), k0 = 0.



176 �ã¡ª® �. �., � à ç ­áª ï �. �., � à ç ­áª¨© �. �.�®¤¥«¨ ¢¨¤  (2) ¨ (3) ¯®§¢®«ïîâ ¯à®¢®¤¨âì ¬®¤¥«¨à®¢ ­¨¥ ¤¨­ -¬¨ª¨ à §¬¥à®¢ á«ãç ©­ëå æ¥¯¥© ¢ R
2 ¨ R

3.2. � ­­ë¥ ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï2.1. �®¤¥«¨à®¢ ­¨¥ ¤¨­ ¬¨ª¨ ®à¨¥­â¨à®¢ ­­®© áâ®å áâ¨-ç¥áª®© æ¥¯¨ ¢ R3. �á¯®«ì§ãï (3), ¯à®¢¥¤¥¬ ç¨á«¥­­ë© íªá¯¥à¨¬¥­â.�«ï ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï ¨á¯®«ì§®¢ ­ ï§ëª ¯à®£à ¬¬¨à®¢ ­¨ïPython, ¤«ï £à ä¨ç¥áª®£® ¯à¥¤áâ ¢«¥­¨ï | ¯ ª¥â Gnuplot.� áä¥à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨­ â £« ¢­ë¥ §­ ç¥­¨ï áä¥à¨ç¥áª¨åã£«®¢ ¨§¬¥­ïîâáï ¢ á«¥¤ãîé¨å ¯à¥¤¥« å:
ϕ ∈ [0, 2π), θ ∈ [0, π℄. (4)Ǒ®áª®«ìªã ã£®« θ ¬®�¥â ¯à¨­¨¬ âì §­ ç¥­¨ï ¨§ ¯à®¬¥�ãâª  [0, π℄,¤«ï ¢®§¬®�­®áâ¨ ¯à¨¬¥­¥­¨ï à §«¨ç­ëå ¢¨¤®¢ à á¯à¥¤¥«¥­¨ï ¯à¨à -é¥­¨ï �θ ¢ë¡¨à ¥¬ ¨§ ¯à®¬¥�ãâª  [−π/2, π/2℄ á ãá«®¢¨¥¬ θ(0) = θ0 6= 0.�á«¨ ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë-ã£«ë ¬®£ãâ ¯à¨­¨¬ âì¢ á®®â¢¥âáâ¢¨¨ á® á¢®¨¬ § ª®­®¬ à á¯à¥¤¥«¥­¨ï ¢á¥ §­ ç¥­¨ï ¨§ ®¡« -áâ¨ (4), â® ¯à¨ k = 1, 2, 3, . . . ¡ã¤¥¬ ¨¬¥âì ¬­®�¥áâ¢® à §«¨ç­ëå à¥ -«¨§ æ¨© ¤ ­­®© æ¥¯¨.� ­­ë¥ ¤«ï ¬®¤¥«¨à®¢ ­¨ï áâ®å áâ¨ç¥áª®© æ¥¯¨: ϕ1(0) =

π/2, θ1(0) = π/2, ϕs(0) = 0, θs(0) = 0 ¯à¨ s > 1; �ϕs(m) ∼ R(−π, π),�θs(m) ∼ R(−π/2, π/2); �ϕs1(m1) ¨ �θs2(m2) | ­¥§ ¢¨á¨¬ë¥ ¯à¨à -é¥­¨ï ¬¥�¤ã á®¡®© ¨ ¯à¨ à §«¨ç­ëå ¯ à å ­¥á®¢¯ ¤ îé¨å ¨­¤¥ªá®¢.� ç «ì­ë¥ ãá«®¢¨ï á®®â¢¥âáâ¢ã¥â â®¬ã, çâ® ¢á¥ §¢¥­ìï ¢ ¬®¬¥­â t = 0«¥� â ­  ®á¨ Oy ¨ ¨å ­ ¯à ¢«¥­¨ï á®¢¯ ¤ îâ á ­ ¯à ¢«¥­¨¥¬ íâ®© ®á¨.� â ¡«. 1 ®âà �¥­ë §­ ç¥­¨ï áà¥¤­¥£® Láà¥¤(n) ¤«ï ¤«¨­ë ¯®«ã-ç¨¢è¥©áï áâ®å áâ¨ç¥áª®© æ¥¯¨, á®¥¤¨­ïîé¥© ¥¥ ­ ç «ì­ãî ¨ ª®­¥ç­ãîâ®çª¨, ¯® á¥à¨ï¬ ¢ 1000 ¨á¯ëâ ­¨© ¤«ï á«ãç ¥¢ n = 10β, β = 1, 3.�¥§ã«ìâ âë ¬®¤¥«¨à®¢ ­¨ï á®£« áãîâáï á íªá¯¥à¨¬¥­â «ì­ë¬¨ ­ -¡«î¤¥­¨ï¬¨, ¯®ª §ë¢ îé¨¬¨, çâ® æ¥¯®çª  á ä¨ªá¨à®¢ ­­ë¬ ç¨á«®¬§¢¥­ì¥¢ á¢®à ç¨¢ ¥âáï [5℄. �à®¬¥ â®£®, áà¥¤­ïï ¤«¨­  ¯®«ãç îé¥©áï



�à¨¥­â¨à®¢ ­­ë¥ áâ®å áâ¨ç¥áª¨¥ æ¥¯¨ 177� ¡«¨æ  1. �­ ç¥­¨ï Láà¥¤�®¬¥à á¥à¨¨ Ǒà¨ n = 10 Ǒà¨ n = 100 Ǒà¨ n = 10001 4.5972 16.1930 163.97792 4.6006 16.5250 164.49153 4.5752 16.3424 162.43624 4.6479 16.2865 162.80755 4.5884 15.9172 166.43796 4.5502 16.2632 164.3773�à¥¤­¥¥ ¯® á¥à¨ï¬ 4.5933 16.2546 164.0881¢® ¢á¥å á«ãç ïå áâ®å áâ¨ç¥áª®© æ¥¯¨ á®£« áã¥âáï á ¨§¢¥áâ­ë¬¨ â¥®à¥-â¨ç¥áª¨¬¨ ¢ë¢®¤ ¬¨ ¤«ï ¤àã£¨å ¬®¤¥«¥© ¯®«¨¬¥à­®© æ¥¯¨ ® â®¬, çâ®
Láà¥¤ ∼ n1/2 [6℄.

�¨á. 3. �¥ «¨§ æ¨ï á«ãç ©­®© �¨á. 4. �â®å áâ¨ç¥áª ï æ¥¯ìæ¥¯¨ ¨§ 10 §¢¥­ì¥¢. ¢ ¤¨­ ¬¨ª¥.�  à¨á. 3 ¯à¥¤áâ ¢«¥­  ®¤­  ¨§ à¥ «¨§ æ¨© á«ãç ©­®© æ¥¯¨ ¯à¨
n = 10.�â®¡ë £®¢®à¨âì ® ¤¨­ ¬¨ª¥, ­¥®¡å®¤¨¬® ¨§¬¥­¨âì ®¡« áâ¨ §­ -ç¥­¨©, ª®â®àë¥ ¬®£ãâ ¯à¨­¨¬ âì áä¥à¨ç¥áª¨¥ ã£«ë. � ¯à¨¬¥à, ¯à¨¯¥à¥å®¤¥ ª á«¥¤ãîé¥© ª®­ä¨£ãà æ¨¨ ®­¨ ¬®£ãâ ¯à¨­¨¬ âì §­ ç¥­¨ï¨§ ¯à®¬¥�ãâª®¢, ®¯à¥¤¥«ï¥¬ëå á«¥¤ãîé¨¬ ®¡à §®¬:

ϕ ∈ [α, β), £¤¥ 0 6 α < β 6 2π − δ, δ > 0,
θ ∈ [0, ν℄, £¤¥ 0 < ν 6 π.
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[
−α+β2 , α+β2 ] ¨ �θ ∈ [− ν2 , ν2 ].� ­­ë¥ ¤«ï ¬®¤¥«¨à®¢ ­¨ï áâ®å áâ¨ç¥áª®© æ¥¯¨ ¢ ¤¨-­ ¬¨ª¥. ϕ1(0) = π/2, θ1(0) = π/2, ϕs(0) = 0, θs(0) = 0 ¯à¨ s > 1;�ϕs(m) ∼N (0, (π/6)2), �θs(m) ∼ N (0, (π/9)2); �ϕs1(m1) ¨ �θs2(m2)| ­¥§ ¢¨á¨¬ë¥ ¯à¨à é¥­¨ï ¬¥�¤ã á®¡®© ¨ ¯à¨ à §«¨ç­ëå ¯ à å ­¥á®¢-¯ ¤ îé¨å ¨­¤¥ªá®¢. Ǒà¨ n = 5 ¤«ï ª �¤®£® k = 1, 2, . . . , 100000, â. ¥.¤«ï ª �¤®£® è £  ¤¨­ ¬¨ª¨, ¯®«ãç¥­® Láà¥¤(k) ¯à¨ ¯®¢â®à¥­¨¨ 100¨á¯ëâ ­¨© ¤«ï ª �¤®£® è £ . �¥§ã«ìâ âë ¯à¥¤áâ ¢«¥­ë ¢ â ¡«. 2. � à¨á. 4 ¯à¥¤áâ ¢«¥­  ¤¨­ ¬¨ª  (¯à¨ k = 0, 5) á«ãç ©­®© æ¥¯¨, á®áâ®ïé¥©¨§ n = 5 §¢¥­ì¥¢ ¥¤¨­¨ç­®© ¤«¨­ë.� ¡«¨æ  2. �­ ç¥­¨ï Láà¥¤ ¢ ¤¨­ ¬¨ª¥
k Láà¥¤(k) k Láà¥¤(k)1 4.3265 20 2.25942 4.1140 50 2.12363 3.7510 100 2.11054 3.6429 500 2.11345 3.3294 1000 2.049610 2.9521 10000 2.015715 2.5988 100000 2.1065� ª ¢¨¤­® ¨§ â ¡«. 2, áà¥¤­ïï ¤«¨­  æ¥¯¨ á® ¢à¥¬¥­¥¬ áâ ¡¨«¨§¨-àã¥âáï, ¯®¤â¢¥à�¤ ï [5, 6℄.
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�¨á. 5. �â «®­­ ï æ¥¯ì �¨á. 6. �«ãç ©­ ï æ¥¯ì á ¯®¯ à­®à ¢­®¢¥à®ïâ­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨. ¯¥à¯¥­¤¨ªã«ïà­ë¬¨ §¢¥­ìï¬¨.



�à¨¥­â¨à®¢ ­­ë¥ áâ®å áâ¨ç¥áª¨¥ æ¥¯¨ 1792.2. �«ã�¤ ­¨¥ ¯® ¯à®áâà ­áâ¢¥­­®© à¥è¥âª¥. � áá¬®â-à¨¬ âà¨ ¬®¤¥«¨ á«ãç ©­ëå ¡«ã�¤ ­¨© ¯® à¥¡à ¬ ¯à®áâà ­áâ¢¥­­ëåà¥è¥â®ª, ¯à¥¤áâ ¢«ïîé¨å á®¡®© à¥¡à  ¥¤¨­¨ç­ëå ªã¡®¢. � ¯¥à¢®©(íâ «®­­®©)  «£®à¨â¬ ®á­®¢ ­ ­  á«ãç ©­®¬ ¡«ã�¤ ­¨¨ ¡¥§ ®£à ­¨ç¥-­¨ï ­ ¯à ¢«¥­¨ï. �® ¢â®à®© ¨ âà¥âì¥© ¯à¥¤¯®« £ ¥âáï ®£à ­¨ç¥­¨¥­  á«ãç ©­ë© ¢ë¡®à á«¥¤ãîé¥£® è £ : ¢¢¥¤¥­ § ¯à¥â ®¡à â­®£® ¤¢¨-�¥­¨ï (¤«ï ¢â®à®©) ¨ ®¡ï§ â¥«ì­®¥ ¨§¬¥­¥­¨¥ ­ ¯à ¢«¥­¨ï ¢ ª �¤®¬ã§«¥ ¡¥§ ¢®§¢à é¥­¨ï (¤«ï âà¥âì¥©). �«ï íâ «®­­®© ¬®¤¥«¨ á à ¢­®©¢¥à®ïâ­®áâìî ¢ë¡¨à «®áì ®¤­® ¨§ è¥áâ¨ ¢®§¬®�­ëå ­ ¯à ¢«¥­¨©, ¤«ï¬®¤¥«¨ á ®¤­¨¬ ®£à ­¨ç¥­¨¥¬ | á à ¢­®© ¢¥à®ïâ­®áâìî ®¤­® ¨§ ¯ï-â¨ ¢®§¬®�­ëå ­ ¯à ¢«¥­¨©, ¤«ï ¬®¤¥«¨ á ¤¢ã¬ï ®£à ­¨ç¥­¨ï¬¨ | áà ¢­®© ¢¥à®ïâ­®áâìî ®¤­® ¨§ ç¥âëà¥å. �® ¢á¥å á«ãç ïå ®á­®¢®© ¤«ï «£®à¨â¬  ï¢«ïîâáï ¯à®æ¥ááë ¢¨¤ 
Lx(tn) = n∑

i=1 |~ri(1)| 
os(ϕ1(0) + i∑

s=1�ϕs(1))
× sin(θ1(0) + i∑

s=1�θs(1)) ,
Ly(tn) = n∑

i=1 |~ri(1)| sin(ϕ1(0) + i∑

s=1�ϕs(1))
× sin(θ1(0) + i∑

s=1�θs(1)) ,
Lz(tn) = n∑

i=1 |~ri(1)| 
os(θ1(0) + i∑

s=1�θs(1))
(55)

L(tn) = |~L(tn)| =√L2
x(tn) + L2

y(tk) + L2
z(tk)â. ¥. §¤¥áì ¢ ª ç¥áâ¢¥ à¥ «¨§ æ¨¨ á«ãç ©­®£® ¡«ã�¤ ­¨ï à áá¬ âà¨¢ -¥âáï ¨§¬¥­¥­¨¥ æ¥¯¨ â®«ìª® ­  ¯¥à¢®¬ è £¥ ¯à¨ ãá«®¢¨¨, çâ® ¯¥à¢®­ -ç «ì­® ®­  ®¡à §®¢ë¢ «  «¨­¨î. Ǒ®áâà®¥­¨¥ ¬­®�¥áâ¢  à¥ «¨§ æ¨©âà ¥ªâ®à¨¨ á¢ï§ ­® á ¢ë¡®à®¬ ¤«ï ª �¤®© ­®¢®© à¥ «¨§ æ¨¨ ~L(tn) à¥- «¨§ æ¨© ­®¢®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ á«ãç ©­ëå ¯à¨à é¥­¨© �ϕs(1) ¨



180 �ã¡ª® �. �., � à ç ­áª ï �. �., � à ç ­áª¨© �. �.�θs(1), s = 1, n, ¢å®¤ïé¨å ¢ á®®â¢¥âáâ¢ãîé¨¥ áã¬¬ë ¯à®¥ªæ¨©. Ǒà¨ç¨á«¥­­®© à¥ «¨§ æ¨¨ ¬®¤¥«¨ ¯®« £ «®áì, çâ® ¢ ¡¥§à §¬¥à­ëå ¥¤¨­¨-æ å |~ri(1)| = 1 ¤«ï ¢á¥å i = 1, n, �ϕs(1) ∈ {−π/2, 0, π/2, π}, �θs(1) ∈
{−π/2, 0, π/2}, â. ¥. ¡«ã�¤ ­¨¥ ¯à®¨áå®¤¨â ¯® ªã¡¨ç¥áª®© à¥è¥âª¥ á¥¤¨­¨ç­ë¬ à¥¡à®¬. �«ï ä¨ªá¨à®¢ ­­ëå §­ ç¥­¨© n = 10β, β = 1, 4,¡ë«® ¯à®¨§¢¥¤¥­® ¯® 10000 ¨á¯ëâ ­¨© ¢ ª �¤®© á¥à¨¨. � â ¡«. 3 ¯à¥¤-áâ ¢«¥­ë §­ ç¥­¨ï áà¥¤­¥£® L2áà¥¤(n) ¤«ï ª¢ ¤à â  ¤«¨­ë ¯®«ãç¨¢è¥©-áï á«ãç ©­®© æ¥¯¨, á®¥¤¨­ïîé¥© ­ ç «ì­ãî ¨ ª®­¥ç­ãî ¥¥ â®çª¨.� ¡«¨æ  3. �­ ç¥­¨ï L2áà¥¤(n) ¨ L2áà¥¤(n)/n ¯® 6 á¥à¨ï¬ ¨á¯ëâ ­¨©

�  à¨á. 5 ¯à¥¤áâ ¢«¥­  à¥ «¨§ æ¨ï íâ «®­­®© æ¥¯¨ ¯à¨ n = 10, ­ ­  à¨á. 6 | æ¥¯ì, ¢ ª®â®à®© ¤®¯ãáâ¨¬ë â®«ìª® ¯¥à¥¬¥é¥­¨ï, ¯¥à¯¥­¤¨-ªã«ïà­ë¥ ª ­ ¯à ¢«¥­¨î ¯à¥¤ë¤ãé¥£® §¢¥­ , ­  à¨á. 7 | á«ãç ©­ ïæ¥¯ì, ¢ ª®â®à®© ¢¢¥¤¥­ § ¯à¥â ®¡à â­®£® ¤¢¨�¥­¨ï ¯® ­ ¯à ¢«¥­¨î¯à¥¤ë¤ãé¥£® §¢¥­ .�«ãç ©­®¥ ¡«ã�¤ ­¨¥ (5) (¤¨ääã§¨ï) ¯® à¥è¥âª¥ ¬®�­®  áá®æ¨¨-à®¢ âì á ¡à®ã­®¢áª¨¬ ¤¢¨�¥­¨¥¬. � ­ è¥¬ á«ãç ¥ à®«ì (�x(tn))2 ¨£-à ¥â L2áà¥¤(tn),   n á®®â¢¥âáâ¢ã¥â ¡¥§à §¬¥à­®¬ã §­ ç¥­¨î ¢à¥¬¥­¨ ­ -¡«î¤¥­¨ï ç¥à¥§ ®¤¨­ ª®¢ë¥ ¨­â¥à¢ «ë. �á«¨ ¯®« £ âì, çâ® ¯¥à¥¬¥é¥-­¨¥ ¢¤®«ì à¥¡¥à ¯à®¨áå®¤¨â á ¥¤¨­¨ç­®© áª®à®áâìî, â® íâ® á®®â¢¥âáâ¢ã-¥â ¬®¤¥«¨ á«ãç ©­®£® ¡«ã�¤ ­¨ï á ª®­¥ç­®© áª®à®áâìî. � ª ¢¨¤­®¨§ à¥§ã«ìâ â®¢, ¯à¥¤áâ ¢«¥­­ëå ¢ â ¡«. 3, ¤«ï à áá¬ âà¨¢ ¥¬ëå ¢¨¤®¢¡à®ã­®¢áª®£® ¤¢¨�¥­¨ï (íâ «®­­ ï æ¥¯ì) ¢ë¯®«­ï¥âáï § ª®­ �©­èâ¥©-­  [7, 
. 116℄: (�x(t))2 = 2Dt, £¤¥ D | ª®íää¨æ¨¥­â ¤¨ääã§¨¨. �«ï¡à®ã­®¢áª®£® ¤¢¨�¥­¨ï ¡¥§ ®£à ­¨ç¥­¨ï §­ ç¥­¨¥ Díâ «®­áà¥¤ = 0.4981;



�à¨¥­â¨à®¢ ­­ë¥ áâ®å áâ¨ç¥áª¨¥ æ¥¯¨ 181
�¨á. 7. Ǒà¨¬¥à ¤¢ãå à¥ «¨§ æ¨© á«ãç ©­®© æ¥¯¨ á § ¯à¥â®¬ ®¡à â­®£®¤¢¨�¥­¨ï ¯® ­ ¯à ¢«¥­¨î ¯à¥¤ë¤ãé¥£® §¢¥­ .á«ãç ¥, ª®£¤  ¢¢¥¤¥­ § ¯à¥â ­  ®¡à â­®¥ ¤¢¨�¥­¨ï | Díªá¯,1áà¥¤ = 0.7401;á«ãç ¥, ª®£¤  à §à¥è¥­® â®«ìª® ¯¥à¯¥­¤¨ªã«ïà­®¥ ¯¥à¥¬¥é¥­¨¥ ¯® ®â-­®è¥­¨î ª ¯à¥¤ë¤ãé¥¬ã | Díªá¯,2áà¥¤ = 0.5052.� ª¨¬ ®¡à §®¬, ®¤­® ®£à ­¨ç¥­¨¥ ­  ­ ¯à ¢«¥­¨¥ ¤¢¨�¥­¨ï (­ -§ ¤) ¯à¨¢®¤¨â ª ­®¢®¬ã á¯¥æ¨ä¨ç¥áª®¬ã ¢¨¤ã ¡à®ã­®¢áª®£® ¤¢¨�¥­¨ï,¤«ï ª®â®à®£® ª®íää¨æ¨¥­â ¤¨ääã§¨¨ ®â«¨ç ¥âáï ®â ª®íää¨æ¨¥­â  ¬®-¤¥«¨ ª« áá¨ç¥áª®© ¤¨ääã§¨¨ ¯®çâ¨ ¢ ¤¢  à § , ãç¨âë¢ ï, çâ® â®«ìª®®¤­® ¨§ ­ ¯à ¢«¥­¨© ¤¢¨�¥­¨ï § ¯à¥é¥­® ¢ ª �¤ë© ¬®¬¥­â ¢à¥¬¥-­¨. � ª ¡ë«® áª § ­®, ¤«ï íâ «®­­®© ¬®¤¥«¨ á à ¢­®© ¢¥à®ïâ­®áâìî¢ë¡¨à «®áì ®¤­® ¨§ è¥áâ¨ ¢®§¬®�­ëå ­ ¯à ¢«¥­¨©, ¤«ï ¬®¤¥«¨ á ®¤-­¨¬ ®£à ­¨ç¥­¨¥¬ | á à ¢­®© ¢¥à®ïâ­®áâìî ®¤­® ¨§ ¯ïâ¨ ¢®§¬®�­ëå­ ¯à ¢«¥­¨©, ¤«ï ¬®¤¥«¨ á ¤¢ã¬ï ®£à ­¨ç¥­¨ï¬¨ | á à ¢­®© ¢¥à®ïâ-­®áâìî ®¤­® ¨§ ç¥âëà¥å.Ǒ®¤ç¥àª­¥¬, çâ® ¢ë¡®à â ª®© íâ «®­­®© ¬®¤¥«¨ ¢ë§¢ ­ â¥¬, çâ®âà ¤¨æ¨®­­® ¬®¤¥«¨à®¢ ­¨¥ á«ãç ©­ëå ¡«ã�¤ ­¨© ¯® à¥è¥âª¥ ¯à¨¬¥-­ïîâ ¤«ï ¯®«ãç¥­¨ï à¥ «¨§ æ¨© á«ãç ©­®© æ¥¯¨ (á¬., ­ ¯à¨¬¥à, [8℄)¨ ¡«ã�¤ ­¨© á ®£à ­¨ç¥­­®© áª®à®áâìî (á¬., ­ ¯à¨¬¥à, [9℄). � ­ è¥¬�¥ á«ãç ¥ ­ ®¡®à®â, ¨¬¥­­® ¬®¤¥«¨à®¢ ­¨¥ á«ãç ©­®© æ¥¯¨ ¯à¨¢®¤¨â ª§ ¤ ç ¬, ¯®¤®¡­ë¬ [8, 9℄. �â® ¤ ¥â ¢®§¬®�­®áâì á®¯®áâ ¢«ïâì ¢ë¢®¤ëá ¨§¢¥áâ­ë¬¨ à ­¥¥ ¤ ­­ë¬¨ ¨ á ­®¢ë¬¨ à¥§ã«ìâ â ¬¨ ¯® ¬®¤¥«¨à®-



182 �ã¡ª® �. �., � à ç ­áª ï �. �., � à ç ­áª¨© �. �.¢ ­¨î ¯¥à¥¬¥é¥­¨© á ®£à ­¨ç¥­¨ï¬¨. � ¤ ­­®¬ à áá¬®âà¥­¨¨ à¥§ã«ì-â âë ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï ­¥ ¯à®â¨¢®à¥ç â ¨§¢¥áâ­ë¬ ä ªâ ¬ ¨¯®§¢®«ïîâ áà ¢­¨¢ âì á ­¥ª« á¨ç¥áª¨¬¨ ¬®¤¥«ï¬¨ ¤¨ääã§¨¨.�®�­® à áá¬®âà¥âì ¬®¤¥«¨ á ­¥à ¢­®¢¥à®ïâ­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨¤«ï ª �¤®© ¨§ ¬®¤¥«¥©, ­® íâ® ­¥ ¯à¨¡ ¢«ï¥â ­®¢®£® ¢ ¤¥¬®­áâà æ¨î¯à¨¬¥­¥­¨ï ®à¨¥­â¨à®¢ ­­ëå áâ®å áâ¨ç¥áª¨å æ¥¯¥©.� ª«îç¥­¨¥�à ¤¨æ¨®­­ë¥ ¬®¤¥«¨ à¥ «¨§ æ¨© ª®­ä¨£ãà æ¨© æ¥¯¨ ª ª à¥ -«¨§ æ¨© á«ãç ©­®£® ¯¥à¥¬¥é¥­¨ï ¯® à¥è¥âª ¬ ­¥ ¯à¨á¯®á®¡«¥­ë ¤«ï®â®¡à �¥­¨ï ¨§¬¥­¥­¨ï ¥¥ à¥ «¨§ æ¨© ¯à¨ ãá«®¢¨¨ ª®àà¥«ïæ¨¨ ¬¥�¤ã¯®¢®à®â ¬¨ §¢¥­ì¥¢ ¢® ¢à¥¬¥­¨ ¨ ¨á¯®«ì§ãîâáï «¨èì ¤«ï ­ å®�¤¥­¨ï¢¥à®ïâ­®áâ­ëå à á¯à¥¤¥«¥­¨© ¥¥ à §¬¥à®¢. �¢¥¤¥­­®¥ ¯à¥¤áâ ¢«¥­¨¥®¡ ®à¨¥­â¨à®¢ ­­®© áâ®å áâ¨ç¥áª®© æ¥¯¨ ¤ «® ¢®§¬®�­®áâì à áá¬ âà¨-¢ âì ¨ ¬®¤¥«¨à®¢ âì ­®¢ë© ª« áá ¤«ï § ¤ ç æ¥¯¥© á ª®àà¥«¨à®¢ ­­ë¬¨§¢¥­ìï¬¨ ­  ®á­®¢¥ á«ãç ©­ëå áã¬¬ á¯¥æ¨ «ì­®£® ¢¨¤  ¢ áä¥à¨ç¥áª®©á¨áâ¥¬¥ ª®®à¤¨­ â. �â¨ ¬®¤¥«¨ ¯®§¢®«ïîâ ¬®¤¥«¨à®¢ âì ª ª ¤¨­ -¬¨ªã ¯®«¨¬¥à­®© æ¥¯¨, â ª ¨ ¡«ã�¤ ­¨¥ ¯® à¥è¥âª¥, ¢ â®¬ ç¨á«¥ ¨á ®£à ­¨ç¥­­®© áª®à®áâìî, ¨ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ç¨á«¥­­®£® ¬®-¤¥«¨à®¢ ­¨ï ­¥ ¯à®â¨¢®à¥ç â ¨§¢¥áâ­ë¬ ¢ë¢®¤ ¬. �®§¬®�­®áâ¨ ¯à¨-¬¥­¥­¨ï ¬®¤¥«¥© ®à¨¥­â¨à®¢ ­­ëå áâ®å áâ¨ç¥áª¨å æ¥¯¥© ­¥ ¨áç¥à¯ë-¢ îâáï ¬®¤¥«ï¬¨ ¡«ã�¤ ­¨©. Ǒà¨¬¥­¥­¨¥ ä®à¬ã« (2) ¨ (3) ¢ ®¡é¥¬¢¨¤¥ ®å¢ âë¢ ¥â ¬®¤¥«¨ âà ¥ªâ®à¨© ç áâ¨æë, ¯¥à¥­®á¨¬®© ª áª ¤®¬¢¨åà¥©, ¤ ¥â ¢®§¬®�­®áâì à áá¬ âà¨¢ âì ª« ááë § ¤ ç ® á«ãç ©­®¬¡«ã�¤ ­¨¨ ¢ ¡®«¥¥ è¨à®ª®© âà ªâ®¢ª¥.����������1. Ferrari F. Paturej J., Vilgis T. A. Dynami
s of a three-dimensional inextensible
hain // A
ta Phys. Poloni
a B. 2009. V. 40, N 5. P. 1369{1382.2. �ã¡ª® �. �., � à ç ­áª ï �. �. �« áá¨ä¨ª æ¨ï ¨ ¬®¤¥«¨à®¢ ­¨ï á«ãç ©­ëå£ à¬®­¨ç¥áª¨å ¯à®æ¥áá®¢ ­  ®á­®¢¥ S�CS-àï¤®¢ // � â. § ¬¥âª¨ ���. 2011.�. 18, ¢ë¯. 1. C. 36{54.3. �ã¡ª® �. �., � «ëå �. �. �¨­ ¬¨ª  æ¥¯¨ ª®­¥ç­ëå à §¬¥à®¢ á ¡¥áª®­¥ç­ë¬ç¨á«®¬ §¢¥­ì¥¢ ¢ R2 (Ǒà¥¯à¨­â) / �­-â ¯à¨ª«. ¬ â¥¬ â¨ª¨ ��� ���. �« ¤¨-¢®áâ®ª; � ¡ à®¢áª: � «ì­ ãª , 1998. 18 á.
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������������ 514.132� ������� ������������ ��� ����������������������������. �. �. � ©£®­ ª®¢ , �. �. �¥¤­ëå. | � â. § ¬¥âª¨���, 2012, â. 19, ¢ë¯. 1.�« áá¨ç¥áª ï ä®à¬ã«  �¥à®­  ¢ëà � ¥â ¯«®é ¤ì ¥¢ª«¨¤®¢  âà¥ã£®«ì­¨ª ç¥à¥§ ¤«¨­ë ¥£® áâ®à®­. �­¤¨©áª¨© ¬ â¥¬ â¨ª ¨  áâà®­®¬ �à å¬ £ã¯â  ¢ á¥¬-­ ¤æ â®¬ ¢¥ª¥ ¯®«ãç¨«  ­ «®£¨ç­ãî ä®à¬ã«ã ¤«ï ¢ë¯ãª«®£® ç¥âëà¥åã£®«ì­¨ª ,¢¯¨á ­­®£® ¢ ®ªàã�­®áâì. �¥¬¥æª¨© ¬ â¥¬ â¨ª � à« �à¥âè­ ©¤¥à ¢ 1842 £. ­ -è¥« ¯«®é ¤ì ¯à®¨§¢®«ì­®£® ¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª  ç¥à¥§ ¤«¨­ë ¥£® áâ®à®­¨ áã¬¬ã ¤¢ãå ¯à®â¨¢®¯®«®�­ëå ã£«®¢. �¥«ì ­ áâ®ïé¥© à ¡®âë ¯®«ãç¨âì  ­ «®£â¥®à¥¬ë �à¥âè­ ©¤¥à  ¢ áä¥à¨ç¥áª®© £¥®¬¥âà¨¨. �«. 2, ¡¨¡«¨®£à. 10.�«îç¥¢ë¥ á«®¢ : áä¥à¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª, áä¥à¨ç¥áª ï ¯«®é ¤ì, â¥®-à¥¬  �à¥âè­ ©¤¥à .��� 514.132� ������� ������������ ��� ��Ǒ�����������������������������. �. �. � ©£®­ ª®¢ , �. �. �¥¤­ëå. | � â. § ¬¥âª¨���, 2012, â. 19, ¢ë¯. 1.�« áá¨ç¥áª ï ä®à¬ã«  �¥à®­  ¢ëà � ¥â ¯«®é ¤ì ¥¢ª«¨¤®¢  âà¥ã£®«ì­¨ª ç¥à¥§ ¤«¨­ë ¥£® áâ®à®­. �­¤¨©áª¨© ¬ â¥¬ â¨ª ¨  áâà®­®¬ �à å¬ £ã¯â  ¢ á¥¬-­ ¤æ â®¬ ¢¥ª¥ ¯®«ãç¨«  ­ «®£¨ç­ãî ä®à¬ã«ã ¤«ï ¢ë¯ãª«®£® ç¥âëà¥åã£®«ì­¨ª ,¢¯¨á ­­®£® ¢ ®ªàã�­®áâì. �¥¬¥æª¨© ¬ â¥¬ â¨ª � à« �à¥âè­ ©¤¥à ¢ 1842 £®¤ã ­ -è¥« ¯«®é ¤ì ¯à®¨§¢®«ì­®£® ¥¢ª«¨¤®¢  ç¥âëà¥åã£®«ì­¨ª  ç¥à¥§ ¤«¨­ë ¥£® áâ®à®­¨ áã¬¬ã ¤¢ãå ¯à®â¨¢®¯®«®�­ëå ã£«®¢. �¥«ì ­ áâ®ïé¥© à ¡®âë ¯®«ãç¨âì  ­ «®£â¥®à¥¬ë �à¥âè­ ©¤¥à  ¢ £¨¯¥à¡®«¨ç¥áª®© £¥®¬¥âà¨¨. �«. 1, ¡¨¡«¨®£à. 11.�«îç¥¢ë¥ á«®¢ : £¨¯¥à¡®«¨ç¥áª¨© ç¥âëà¥åã£®«ì­¨ª, £¨¯¥à¡®«¨ç¥áª ï ¯«®-é ¤ì, â¥®à¥¬  �à¥âè­ ©¤¥à .��� 514.755� �������� ����� Ǒ��� Ǒ��������� ���Ǒ������ ���������Ǒ��������� � Ǒ���������� Ǒ�����������. �. �. �ã¡ïª¨­,�. �. �¨ª¨â¨­ . | � â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� áá¬ âà¨¢ ¥âáï ¯à®¥ªâ¨¢­®-¤¨ää¥à¥­æ¨ «ì­ ï £¥®¬¥âà¨ï ®¤­®© ¯ àë ¯ïâ¨-¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© ®¤­®£® ¨ â®£® �¥ â¨¯  ¢ ¯à®¥ªâ¨¢­®¬¯à®áâà ­áâ¢¥ P5. �¨¡«¨®£à. 3.�«îç¥¢ë¥ á«®¢ : £à áá¬ ­®¢® ¬­®£®®¡à §¨¥, £à áá¬ ­®¢® ®â®¡à �¥­¨¥, ª®­ãá�¥£à¥.



�­­®â æ¨¨ 185��� 517.95������ Ǒ���������� ������������� ������ ������������� �������������� Ǒ�������������� ���������.�. �. �£®à®¢, �. �. �ä¨¬®¢ . | � â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ Q ⊆ Rn+1 ¨áá«¥¤®¢ ­  £« ¤ª®áâì à¥è¥­¨ï ¯¥à¢®©ªà ¥¢®© § ¤ ç¨ ¤«ï ¢ëà®�¤ îé¥£®áï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª .�«ï ¯à¨¡«¨�¥­­ëå à¥è¥­¨© ¤ ­­®© ªà ¥¢®© § ¤ ç¨ ãáâ ­®¢«¥­  ®æ¥­ª  ¯®£à¥è­®-áâ¨ áâ æ¨®­ à­®£® ¬¥â®¤  � «�¥àª¨­  ¢ ­®à¬¥ ¯à®áâà ­áâ¢  W 1,02 (Q). �¨¡«¨®£à. 10.�«îç¥¢ë¥ á«®¢ : áâ æ¨®­ à­ë© ¬¥â®¤ � «¥àª¨­ , ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥,­¥à ¢¥­áâ¢®, ®æ¥­ª .��� 517.946������� ������ � ������������ ��������� Ǒ� ����������Ǒ��������� ��� ������Ǒ������������� ���������.�. �. �ãª¨­ . | � â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.�«ï ã«ìâà ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¨áá«¥¤ã¥âáï ªà ¥¢ ï § ¤ ç  á § ¤ ­¨¥¬­¥«®ª «ì­ëå ãá«®¢¨© ¯® ¢à¥¬¥­­�®© ¯¥à¥¬¥­­®©. �®ª §ë¢ ¥âáï â¥®à¥¬  à §à¥è¨-¬®áâ¨ ¢ ª« áá å à¥£ã«ïà­ëå à¥è¥­¨©. �¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ã«ìâà ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, ­¥«®ª «ì­®¥ ãá«®¢¨¥, à¥-£ã«ïà­®¥ à¥è¥­¨¥, áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì.��� 517.95��������� �������� ��������Ǒ���������� �Ǒ�������������� | ��������. �. �. � àª®¢. | � â. § ¬¥âª¨ ���, 2012,â. 19, ¢ë¯. 1.�áá«¥¤ãîâáï á¢®©áâ¢  ­¥§­ ª®®¯à¥¤¥«¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢,ª ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ª®â®àëå ®â­®áïâáï äã­ªæ¨¨, ª®â®àë¥ ¬®£ãâ ¨¬¥âì à §àë¢ë¢ ­¥ª®â®à®¬ ­ ¡®à¥ â®ç¥ª. Ǒà¥¤¥«ì­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ ¨ ¥¥ ¯à®¨§¢®¤­ëå ¢ íâ¨åâ®çª å á¢ï§ ­  ¯à®¨§¢®«ì­ë¬¨ ãá«®¢¨ï¬¨ áª«¥©ª¨. �®ª § ­®, çâ® ¯®çâ¨ ¢® ¢á¥åá«ãç ïå áãé¥áâ¢®¢ ­¨¥ ¬ ªá¨¬ «ì­ëå ¨­¢ à¨ ­â­ëå ¯®¤¯à®áâà ­áâ¢ ­¥ § ¢¨á¨â ®â¢¨¤  £à ­¨ç­ëå ãá«®¢¨©. �¨¡«¨®£à. 34.�«îç¥¢ë¥ á«®¢ : ¯à®áâà ­áâ¢® �à¥©­ , ¤¨áá¨¯ â¨¢­ë© ®¯¥à â®à, J-¤¨áá¨¯ -â¨¢­ë© ®¯¥à â®à, ®¯¥à â®à �âãà¬  | �¨ã¢¨««ï.��� 517.929.4������ ������� ������ ������ �������������������������� ��������� � ��Ǒ�������������������� � Ǒ����������. �. �. � â¢¥¥¢ , �. �. �¥£«®¢ . | � â.§ ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� áá¬ âà¨¢ ¥âáï ®¤¨­ ª« áá á¨áâ¥¬ ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-­¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬ á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¢ «¨­¥©­ëåç«¥­ å ¨ ¯ à ¬¥âà ¬¨. � ¨á¯®«ì§®¢ ­¨¥¬ äã­ªæ¨®­ «  �ï¯ã­®¢  | �à á®¢áª®£®



186 �­­®â æ¨¨ãáâ ­®¢«¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥-­¨ï, ãª § ­® ¬­®�¥áâ¢® ¯à¨âï�¥­¨ï ­ã«¥¢®£® à¥è¥­¨ï ¨ ¯®«ãç¥­ë ®æ¥­ª¨ íªá¯®-­¥­æ¨ «ì­®£® ã¡ë¢ ­¨ï à¥è¥­¨©. �¨¡«¨®£à. 16.�«îç¥¢ë¥ á«®¢ : ãà ¢­¥­¨¥ á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬, ¯¥à¨®¤¨ç¥áª¨¥ ª®-íää¨æ¨¥­âë,  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì, äã­ªæ¨®­ « �ï¯ã­®¢  | �à á®¢áª®-£®.��� 517.956������������ �������� ������ ��� ��������� ��������Ǒ������. �. �. �¨ª®« ¥¢. | � â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� áá¬ âà¨¢ îâáï ¢®¯à®áë à §à¥è¨¬®áâ¨ ­¥ª®â®àëå «¨­¥©­ëå ®¡à â­ëå § -¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï. �¥¨§¢¥áâ­ë¬¨ ï¢«ïîâáï à¥è¥­¨¥¨ ¯à ¢ ï ç áâì á¯¥æ¨ «ì­®£® ¢¨¤ , ¢ ª®â®à®© ­¥¨§¢¥áâ­ë¬¨ ï¢«ïîâáï äã­ªæ¨¨
qk(x). �««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤®¯®«­ï¥âáï â ª�¥ ãá«®¢¨ï¬¨ ¯¥à¢®©­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¨ ãá«®¢¨ï¬¨ ¯¥à¥®¯à¥¤¥«¥­¨ï. � ©¤¥­ë ãá«®¢¨ï à §à¥-è¨¬®áâ¨ § ¤ ç¨, áä®à¬ã«¨à®¢ ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­ëå à¥è¥­¨©í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¯à¨ à §«¨ç­ëå ãá«®¢¨ïå ¯¥à¥®¯à¥¤¥«¥­¨ï.�¨¡«¨®£à. 11.�«îç¥¢ë¥ á«®¢ : í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, «¨­¥©­ ï ®¡à â­ ï§ ¤ ç ,  ¯à¨®à­ë¥ ®æ¥­ª¨.��� 517.946� ������������ ������� ����� ��� �����������Ǒ�����Ǒ������������� ��������� � �������������������� �������� ������������� ����. �. �. Ǒ®¯®¢. | � â.§ ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.�áá«¥¤ã¥âáï à §à¥è¨¬®áâì ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï «¨­¥©­ëå ¯á¥¢¤®¯ -à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© âà¥âì¥£® ¯®àï¤ª  á § ¤ ­¨¥¬ ­  ¡®ª®¢®© £à ­¨æ¥ ãá«®¢¨ï,á¢ï§ë¢ îé¥£® §­ ç¥­¨ï à¥è¥­¨ï ¨«¨ �¥ ª®­®à¬ «ì­®© ¯à®¨§¢®¤­®© à¥è¥­¨ï á®§­ ç¥­¨ï¬¨ ­¥ª®â®à®£® ¨­â¥£à «ì­®£® ®¯¥à â®à  ®â à¥è¥­¨ï. �®ª §ë¢ îâáï â¥®-à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨©. �¨¡«¨®£à. 15.�«îç¥¢ë¥ á«®¢ : ¯á¥¢¤®¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, ¯à®áâà ­áâ¢® �®¡®«¥¢ ,­ ç «ì­®-ªà ¥¢ ï § ¤ ç , ¬¥â®¤ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âà ¬,  ¯à¨®à­ë¥ ®æ¥­ª¨,à¥£ã«ïà­®¥ à¥è¥­¨¥.��� 517.946.4������������ ������������� Ǒ������������� ����������������� Ǒ������ � ���������� ��Ǒ��������� �������.�. �. Ǒ®¯®¢, �. �. �¨­ï¢áª¨©. | � â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� áá¬ âà¨¢ ¥âáï ­ ç «ì­®-ªà ¥¢ ï § ¤ ç  ¤«ï ¨â¥à¨à®¢ ­­ëå ãà ¢­¥­¨© ¯ -à ¡®«¨ç¥áª®£® â¨¯  á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ ¢ëá®ª®£® ¯®àï¤ª . �®ª -§ë¢ îâáï â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ £« ¤ª¨å à¥è¥­¨© ¢ ¯à®áâà ­-áâ¢¥ ��¥«ì¤¥à . �¨¡«¨®£à. 15.



�­­®â æ¨¨ 187�«îç¥¢ë¥ á«®¢ : ¨â¥à¨à®¢ ­­®¥ ãà ¢­¥­¨¥, ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ á ¬¥­ï-îé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨, ¯à®áâà ­áâ¢® ��¥«ì¤¥à , ­ ç «ì­®-ªà ¥¢ ï § ¤ ç ,á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥, £« ¤ª®¥ à¥è¥­¨¥.��� 517.956������������ �������� ��������� ����Ǒ����-Ǒ�������������� ���������� ������������ �������� Ǒ����Ǒ���������. �. �. Ǒà®ª®¯ì¥¢. |� â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� áá¬ âà¨¢ ¥âáï ¢®¯à®á à §à¥è¨¬®áâ¨ «¨­¥©­®© ®¡à â­®© § ¤ ç¨ ¤«ï í««¨¯-â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï. �¥¨§¢¥áâ­ë¬¨ ï¢«ïîâáï à¥è¥­¨¥ ¨ ¯à ¢ ï ç áâìá¯¥æ¨ «ì­®£® ¢¨¤ , ¢ ª®â®à®© ­¥¨§¢¥áâ­®© ï¢«ï¥âáï äã­ªæ¨ï q(t). �««¨¯â¨ª®-¯ à -¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤®¯®«­ï¥âáï â ª�¥ ãá«®¢¨ï¬¨ ¯¥à¢®© ­ ç «ì­®-ªà ¥¢®© § -¤ ç¨ ¨ ¨­â¥£à «ì­ë¬ ãá«®¢¨¥¬ ¯¥à¥®¯à¥¤¥«¥­¨ï. � ©¤¥­ë ãá«®¢¨ï à §à¥è¨¬®áâ¨§ ¤ ç¨, áä®à¬ã«¨à®¢ ­  â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï. �¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, «¨­¥©­ ï ®¡à â­ ï§ ¤ ç , ®¡®¡é¥­­ ï à §à¥è¨¬®áâì,  ¯à¨®à­ë¥ ®æ¥­ª¨, ¢­¥è­¥¥ ¢®§¤¥©áâ¢¨¥.��� 517.946�� �Ǒ��������� ������� ��������� � Ǒ������������������� � ������� ���� �� ����� ������� Ǒ������������������. �. �. Ǒïâª®¢, �. �. �®à¨ç¥¢áª ï. | � â. § ¬¥âª¨ ���, 2012,â. 19, ¢ë¯. 1.� áá¬ âà¨¢ ¥âáï ®¡à â­ ï § ¤ çã  ®¡ ®¯à¥¤¥«¥­¨¨ à¥è¥­¨ï ¯ à ¡®«¨ç¥áª®£®ãà ¢­¥­¨ï ¨ ­¥¨§¢¥áâ­®© ¯à ¢®© ç áâ¨ ¢ íâ®¬ ãà ¢­¥­¨¨. �á¯®«ì§ãîâáï áâ ­¤ àâ-­ë¥ ãá«®¢¨ï ¯¥à¢®© ¨«¨ á¬¥è ­­®© ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨, ¤®¯®«­¥­­ë¥ ãá«®-¢¨¥¬ �¥©¬ ­  ­  ç áâ¨ ¡®ª®¢®© ¯®¢¥àå­®áâ¨ æ¨«¨­¤à . Ǒà¨ ­¥ª®â®àëå ãá«®¢¨ïå­  ¤ ­­ë¥ § ¤ ç¨ ¤®ª § ­  à §à¥è¨¬®áâì íâ®© § ¤ ç¨ ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢ .�¨¡«¨®£à. 22.�«îç¥¢ë¥ á«®¢ : ®¡à â­ ï § ¤ ç , ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤-ª , ªà ¥¢ ï § ¤ ç , ãá«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥­¨ï.��� 512.6:519.61������������ �������� ����������� ������� ���������������������� ��������� (�����). �. �. �¥¤®à®¢. | � â. § ¬¥âª¨���, 2012, â. 19, ¢ë¯. 1.� ©¤¥­® § ¬ª­ãâ®¥ ç áâ­®¥ à¥è¥­¨¥ ®¡é¥© £ ãáá®¢®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. �ª § ­ë ãá«®¢¨ï á®¢¬¥áâ­®áâ¨ â ª¨å á¨áâ¥¬.�¨¡«¨®£à. 4.�«îç¥¢ë¥ á«®¢ : £ ãáá®¢  á¨áâ¥¬ , ­¥®¤­®à®¤­ ï ¡¥áª®­¥ç­ ï á¨áâ¥¬ , «¨­¥©-­ë¥  «£¥¡à ¨ç¥áª¨¥ ãà ¢­¥­¨ï, ¬¥â®¤ à¥¤ãªæ¨¨.



188 �­­®â æ¨¨��� 512.6:519.61�� ��������� ������ ��� ����������� ������ ���������������������� ��������� (�����). �. �. �¥¤®à®¢. | � â. § ¬¥âª¨���, 2012, â. 19, ¢ë¯. 1.�¥â®¤ ¨áª«îç¥­¨ï � ãáá  ®¡®¡é¥­ ¤«ï ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡-à ¨ç¥áª¨å ãà ¢­¥­¨©. �¨¡«¨®£à. 7.�«îç¥¢ë¥ á«®¢ : ¡¥áª®­¥ç­ ï á¨áâ¥¬ , £ ãáá®¢  á¨áâ¥¬ , «¨­¥©­®¥ ãà ¢­¥­¨¥,¬¥â®¤ ¨áª«îç¥­¨ï � ãáá .��� 517.95���������� ω-�������� � ��Ǒ�������� �����. Ǒ. �. �¥à­¨ª®¢.| � â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.�®ª § ­®, çâ® ¢áïª¨©  ¡á®«îâ­ë© ω-à¥âà ªâ ®¡« ¤ ¥â á¢®©áâ¢®¬ ­¥¯®¤¢¨�­®©â®çª¨. �« áá  ¡á®«îâ­ëå ω-à¥âà ªâ®¢ á®¤¥à�¨â ª« áá  ¡á®«îâ­ëå ε-à¥âà ªâ®¢,¤«ï ª®â®àëå íâ® ¡ë«® ¨§¢¥áâ­®. �¨¡«¨®£à. 2.�«îç¥¢ë¥ á«®¢ :  ¡á®«îâ­ë© ω-à¥âà ªâ, ­¥¯®¤¢¨�­ ï â®çª , â¨å®­®¢áª¨©ªã¡.��� 519.635.8:532.616��������� ������������� �������� ����� ��������Ǒ������ � Ǒ������ � ����������� �����. �. �. �®¥¢®¤¨­,�. �. �à ­ª¨­ . | � â. § ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� áá¬ âà¨¢ ¥âáï § ¤ ç  ¤«ï à áç¥â  ¤¨­ ¬¨ª¨ à®áâ  «¥¤ï­®£® ¯®ªà®¢  ­  ¢®¤-­ëå ®¡ê¥ªâ å. Ǒà¥¤áâ ¢«¥­  ®¤­®¬¥à­ ï ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¨ ¥¥ ç¨á«¥­­ ïà¥ «¨§ æ¨ï. �®¤¥«ì ãç¨âë¢ ¥â ¬¨­¥à «¨§ æ¨î ¢®¤®¥¬ , á¢ï§ ­­ãî á íâ¨¬ ­¥¯®-áâ®ï­­ãî â¥¬¯¥à âãàã § ¬¥à§ ­¨ï ¨ ¢«¨ï­¨¥ á­¥�­®£® ¯®ªà®¢ . �ë«¨ ¯à®¢¥¤¥­ëâ¥áâ®¢ë¥ à áç¥âë ¨ àï¤ à áç¥â®¢ ¤«ï à¥ «ì­ëå ®¡ê¥ªâ®¢, áà ¢­¥­¨ï á ¤ ­­ë¬¨­ âãà­ëå ¨§¬¥à¥­¨©. Ǒà¨¬¥àë à áç¥â®¢ ¯à¨¢¥¤¥­ë. �«. 5, ¡¨¡«¨®£à. 10.�«îç¥¢ë¥ á«®¢ : «¥¤®â¥à¬¨ª , «¥¤®â¥à¬¨ç¥áª¨© à¥�¨¬ ¢®¤®¥¬®¢, ä §®¢ë©¯¥à¥å®¤, § ¤ ç  �â¥ä ­ , â¥¬¯¥à âãà  § ¬¥à§ ­¨ï, ªà¨áâ ««¨§ æ¨ï, ¬¥â®¤ ¯à®£®­-ª¨, ­¥ï¢­ ï à §­®áâ­ ï áå¥¬ .��� 51-74������� �������� ��Ǒ������ � ���Ǒ���������������������� �������� �� ������ ����� � ������������������������� ����. �. �. �à¨£®àì¥¢, �. �. � à¡ ­®¢. | � â.§ ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.�áá«¥¤ãîâáï ¢«¨ï­¨ï ¢¥«¨ç¨­ë ¤¥¯à¥áá¨¨ ¨ ¢¥àâ¨ª «ì­®£® à á¯®«®�¥­¨ï £®-à¨§®­â «ì­®© áª¢ �¨­ë ­  ¯à®æ¥áá ¤®¡ëç¨ ­¥äâ¨ ¢ ãá«®¢¨ïå ª®­ãá®®¡à §®¢ ­¨ï¢®¤ë ¢ ¯« áâ¥ á ¯®¤®è¢¥­­®© ¢®¤®©. � ¡®â  ¢ë¯®«­¥­  ¤«ï ¯« áâ  á ¯ à ¬¥âà ¬¨,å à ªâ¥à­ë¬¨ ¤«ï ¬¥áâ®à®�¤¥­¨© � ¯ ¤­®© �¨¡¨à¨, á ¯®¬®éìî ç¨á«¥­­®£® ¬®¤¥-«¨à®¢ ­¨ï ­  £¨¤à®¤¨­ ¬¨ç¥áª®¬ á¨¬ã«ïâ®à¥. Ǒà¨¢®¤ïâáï ¢ë¢®¤ë ®¡ ®¯â¨¬ «ì­®©



�­­®â æ¨¨ 189¤¥¯à¥áá¨¨ ¨ ®¯â¨¬ «ì­®¬ ¢¥àâ¨ª «ì­®¬ à á¯®«®�¥­¨¨ £®à¨§®­â «ì­®© áª¢ �¨­ë,¢ ç áâ­®áâ¨, ¢ ¯à¨áãâáâ¢¨¨ ­¥®¤­®à®¤­®áâ¨ ¢¡«¨§¨ ªà®¢«¨ ª®««¥ªâ®à  ¢ ¢¨¤¥ á« -¡®¯à®­¨æ ¥¬®£® ãç áâª . �«. 8, â ¡«. 2, ¡¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : ¤®¡ëç  ­¥äâ¨, ç¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥, ª®­ãá®®¡à §®¢ -­¨¥ ¢®¤ë, ¤¥¯à¥áá¨ï, ¤ ¢«¥­¨¥ ­ áëé¥­¨ï, ªà¨¢ ï ®â­®á¨â¥«ì­®© ä §®¢®© ¯à®­¨-æ ¥¬®áâ¨.��� 519.21+531.19��������������� �������������� ��Ǒ�. ������� Ǒ���������. �. �. �ã¡ª®, �. �. � à ç ­áª ï, �. �. � à ç ­áª¨©. | � â.§ ¬¥âª¨ ���, 2012, â. 19, ¢ë¯. 1.� áá¬ âà¨¢ îâáï ¬®¤¥«¨ æ¥¯¥© ¢ R2 ¨ R3, í«¥¬¥­âë ª®â®àëå ¯®¤¢¥à�¥­ë¯®áâ®ï­­ë¬ á«ãç ©­ë¬ ¢®§¤¥©áâ¢¨ï¬. �á®¡¥­­®áâìî ¬®¤¥«¥© ï¢«ï¥âáï ª®àà¥«¨-à®¢ ­­®áâì í«¥¬¥­â®¢ æ¥¯¨ (§¢¥­ì¥¢), ¢ë§¢ ­­®© § ¢¨á¨¬®áâìî ®âª«®­¥­¨ï ¯®á«¥-¤ãîé¥£® §¢¥­  ®â ¢ë¡à ­­®© ®à¨¥­â æ¨¨ ¯à¥¤ë¤ãé¥£®. �  ®á­®¢¥ ¯à¥¤«®�¥­­®©¬®¤¥«¨ à áá¬®âà¥­ë âà¨ ¯®¤å®¤  ª ¬®¤¥«¨à®¢ ­¨î á«ãç ©­ëå ¯¥à¥¬¥é¥­¨© (¡à®-ã­®¢áª®£® ¤¢¨�¥­¨ï) á ª®­¥ç­®© áª®à®áâìî ¯® ¯à®áâà ­áâ¢¥­­®© à¥è¥âª¥, ¤¢¥ ¨§ª®â®àëå | ¯à¨ ®£à ­¨ç¥­¨¨ ­  ¢ë¡®à ­ ¯à ¢«¥­¨© ¢®§¬®�­ëå ¯¥à¥¬¥é¥­¨©. � á-á¬®âà¥­  ¤¨­ ¬¨ç¥áª ï ¬®¤¥«ì ¨§¬¥­¥­¨ï à §¬¥à®¢ æ¥¯¨, ª ª à ááâ®ï­¨ï ®â ­ ç « ¤® ª®­æ  æ¥¯¨. Ǒà¨¢¥¤¥­ë à¥§ã«ìâ âë ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï. �«. 7, â ¡«. 3,¡¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : á«ãç ©­ë© ¯à®æ¥áá, áâ®å áâ¨ç¥áª ï æ¥¯ì, ¯®«¨¬¥à­ ï æ¥¯ì,¡à®ã­®¢áª®¥ ¤¢¨�¥­¨¥ á ®£à ­¨ç¥­¨ï¬¨, ¡«ã�¤ ­¨¥ ¯® ¯à®áâà ­áâ¢¥­­®© à¥è¥âª¥.
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�­¨¬ ­¨î  ¢â®à®¢ 199�������� �������!� ¯ã¡«¨ª æ¨¨ ¢ ý� â¥¬ â¨ç¥áª¨å § ¬¥âª å ���þ ¯à¨­¨¬ îâáï ®à¨£¨­ «ì-­ë¥ áâ âì¨, á®¤¥à� é¨¥ ­®¢ë¥ à¥§ã«ìâ âë ¢ ®¡« áâ¨ ¬ â¥¬ â¨ª¨ ¨ ¥¥ ¯à¨«®�¥­¨©.�â âì¨, à ­¥¥ ®¯ã¡«¨ª®¢ ­­ë¥,   â ª�¥ ¯à¨­ïâë¥ ª ®¯ã¡«¨ª®¢ ­¨î ¢ ¤àã£¨å �ãà-­ « å, à¥¤ª®««¥£¨¥© ­¥ à áá¬ âà¨¢ îâáï.� à¥¤ ªæ¨î ¯à¥¤áâ ¢«ï¥âáï àãª®¯¨áì ¢ ¤¢ãå íª§¥¬¯«ïà å ®¡ê¥¬®¬ ­¥ ¡®«¥¥1  ¢â®àáª®£® «¨áâ , ®ä®à¬«¥­­ ï á®£« á­® áâ ­¤ àâ­ë¬ âà¥¡®¢ ­¨ï¬ ª  ¢â®àáª¨¬®à¨£¨­ « ¬. � àãª®¯¨á¨ ¤®«�­ë ¡ëâì ¯à¨«®�¥­ë ¤¢  íª§¥¬¯«ïà   ­­®â æ¨¨ ¨á¯¨á®ª ª«îç¥¢ëå á«®¢ ­  ¤¢ãå ï§ëª å (àãááª¨© ¨  ­£«¨©áª¨©), è¨äà ���. �¥¯®-­¨à®¢ ­¨¥ àãª®¯¨á¨ à¥¤ ªæ¨¥© ­¥ ®áãé¥áâ¢«ï¥âáï. �¢â®àë ®¡ï§ ­ë ãª § âì ¬¥áâ®à ¡®âë, ¤®«�­®áâì ¨ ª®­â ªâ­ãî ¨­ä®à¬ æ¨î ­  ¤¢ãå ï§ëª å. � á«ãç ¥ ¢®§¢à é¥-­¨ï áâ âì¨ ¤«ï ¯¥à¥à ¡®âª¨ ãª §ë¢ îâáï ¤¢¥ ¤ âë ¯®áâã¯«¥­¨ï | ¯¥à¢®­ ç «ì­ ï¤ â  ¨ ¤ â  ¯®«ãç¥­¨ï à¥¤ ªæ¨¥© ®ª®­ç â¥«ì­®£® â¥ªáâ .�á­®¢­ë¥ âà¥¡®¢ ­¨ï ª ®ä®à¬«¥­¨î àãª®¯¨á¨:1. �¥ªáâ áâ âì¨ ¤®«�¥­ ¡ëâì ­ ¯¥ç â ­ ç¥à¥§ 2 ¨­â¥à¢ «  ­  ®¤­®© áâ®à®­¥«¨áâ  ¡¥«®© ¯¨áç¥© ¡ã¬ £¨ ä®à¬ â®¬ 210× 300¬¬.2. �¨áã­ª¨ ¨ á«®�­ë¥ ¤¨ £à ¬¬ë ¢ë¯®«­ïîâáï ­  ®â¤¥«ì­ëå «¨áâ å á ãª -§ ­¨¥¬ ­  ®¡®à®â¥ ä ¬¨«¨¨  ¢â®à , ­ §¢ ­¨¥ áâ âì¨ ¨ ­®¬¥à  à¨áã­ª ; ¨å ¬¥áâ® ¢â¥ªáâ¥ ãª §ë¢ ¥âáï ­  ¯®«ïå áâ âì¨.3. �®¬¥à ä®à¬ã«ë áâ ¢¨âáï ã ¯à ¢®£® ªà ï «¨áâ .4. �ãª®¯¨á¨ �¥« â¥«ì­® ¯®¤£®â®¢¨âì á ¨á¯®«ì§®¢ ­¨¥¬ ­ ¡®à­ëå á¨áâ¥¬ â¨¯ ���.5. � àãª®¯¨áïå, ¯®¤£®â®¢«¥­­ëå á ¯®¬®éìî â¥ªáâ®¢ëå à¥¤ ªâ®à®¢ â¨¯  Word,¤®«�­ë ¡ëâì à §¬¥ç¥­ë £à¥ç¥áª¨¥, £®â¨ç¥áª¨¥, « â¨­áª¨¥ àãª®¯¨á­ë¥ ¡ãª¢ë, ãª -§ ­® ¨á¯®«ì§®¢ ­¨¥ ¡ãª¢ ¯àï¬®£® ­ ç¥àâ ­¨ï,   â ª�¥ ¯à®¢¥¤¥­  à §¬¥âª  ¨­¤¥ª-á®¢. 6. �  ¢â®àáª¨å ®à¨£¨­ « å, ¯®¤£®â®¢«¥­­ëå á ¨á¯®«ì§®¢ ­¨¥¬ ­ ¡®à­ëå á¨-áâ¥¬ â¨¯  ��� ¨ ¢ë¤ ­­ëå ­  « §¥à­®¬ ¯à¨­â¥à¥, à §¬¥âª  ä®à¬ã« ­¥ ¯à®¢®¤¨âáï,®¤­ ª® ­  ¯®«ïå ¯®ïá­ïîâáï ¡ãª¢ë £®â¨ç¥áª®£®  «ä ¢¨â .Ǒ« â  á  á¯¨à ­â®¢ §  ¯ã¡«¨ª æ¨î àãª®¯¨á¥© ­¥ ¢§¨¬ ¥âáï.�¯¨á®ª «¨â¥à âãàë ­  ¤¢ãå ï§ëª å ¯¥ç â ¥âáï ¢ ª®­æ¥ â¥ªáâ  ­  ®â¤¥«ì­®¬«¨áâ¥. �áë«ª¨ ­  «¨â¥à âãàã ¢ â¥ªáâ¥ ­ã¬¥àãîâáï ¢ ¯®àï¤ª¥ ¨å ¯®ï¢«¥­¨ï ¨ ¤ -îâáï ¢ ª¢ ¤à â­ëå áª®¡ª å. �áë«ª¨ ­  ­¥®¯ã¡«¨ª®¢ ­­ë¥ à ¡®âë ­¥ ¤®¯ãáª îâáï.�ä®à¬«¥­¨¥ «¨â¥à âãàë ¤®«�­® á®®â¢¥âáâ¢®¢ âì âà¥¡®¢ ­¨ï¬ áâ ­¤ àâ®¢ (¯à¨¬¥-àë ¡¨¡«¨®£à ä¨ç¥áª¨å ®¯¨á ­¨© á¬. ¢ ¯®á«¥¤­¨å ­®¬¥à å �ãà­ « ).�ãª®¯¨á¨, ®ä®à¬«¥­­ë¥ ­¥ ¯® áâ ­¤ àâ ¬ ¨«¨ ¯à¥¢ëè îé¨¥ ãª § ­­ë© ¢ëè¥®¡ê¥¬, ¢®§¢à é îâáï.
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