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��� 514.755� Ǒ���������-������������������������� ����� Ǒ��� Ǒ������������Ǒ������ ��������� Ǒ���������� Ǒ���������� Ǒ����������� P 5�. �. �ã¡ïª¨­� ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P 5 ¤¢ã¬¥à­ ï ¯«®áª®áâì L ®¯à¥¤¥«ï-¥âáï âà¥¬ï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ â®çª ¬¨. �§ ¬ âà¨æë ª®®à¤¨­ âíâ¨å â®ç¥ª ¬®�­® á®áâ ¢¨âì ( 36) = 20 ®¯à¥¤¥«¨â¥«¥© âà¥âì¥£® ¯®àï¤ª ,ª®â®àë¥ ­ §ë¢ îâáï £à áá¬ ­®¢ë¬¨ ª®®à¤¨­ â ¬¨ ¯«®áª®áâ¨ L. �­¨á¢ï§ ­ë á¨áâ¥¬®©  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨ ®¯à¥¤¥«ïîâ ¡¨¥ªâ¨¢­®¥®â®¡à �¥­¨¥ £à áá¬ ­®¢  ¬­®£®®¡à §¨ï G(2, 5) ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©¯à®áâà ­áâ¢  P 5 ­  ¤¥¢ïâ¨¬¥à­®¥  «£¥¡à ¨ç¥áª®¥ ¬­®£®®¡à §¨¥ 
(2, 5)¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  P 19. �â® ®â®¡à �¥­¨¥ ­ §ë¢ ¥âáï £à áá¬ -­®¢ë¬ [1℄.�áá«¥¤ã¥¬ ¡®«¥¥ ¤¥â «ì­® áâà®¥­¨¥  «£¥¡à ¨ç¥áª®£® ¬­®£®®¡à §¨ï
(2, 5). � áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ P 5 ¤¢¥ ¤¢ã¬¥à­ë¥ ¯«®áª®áâ¨, ¯¥-à¥á¥ª îé¨¥ ¯® ¯àï¬®©. �­¨ ¯®à®�¤ îâ «¨­¥©­ë© ¯ãç®ª ¯«®áª®áâ¥©,â. ¥. á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ ¯àï¬ãî ¨«¥� é¨å ¢ ­¥ª®â®à®© âà¥å¬¥à­®© ¯«®áª®áâ¨. �â®¬ã «¨­¥©­®¬ã ¯ãç-ªã ­  ¬­®£®®¡à §¨¨ 
(2, 5) á®®â¢¥âáâ¢ã¥â ¯àï¬®«¨­¥©­ ï ®¡à §ãîé ï.Ǒà¨ íâ®¬ ¯àï¬ ï ¨ ¯à®å®¤ïé ï ç¥à¥§ ­¥¥ âà¥å¬¥à­ ï ¯«®áª®áâì ¢¯®«­¥®¯à¥¤¥«ïîâ «¨­¥©­ë© ¯ãç®ª,   á«¥¤®¢ â¥«ì­®, ¨ ¯àï¬ãî ­  ¬­®£®®¡-à §¨¨ 
(2, 5).� áá¬®âà¨¬ ¢á¥ ¤¢ã¬¥à­ë¥ ¯«®áª®áâ¨, «¥� é¨¥ ¢ ­¥ª®â®à®© ä¨ª-á¨à®¢ ­­®© âà¥å¬¥à­®© ¯«®áª®áâ¨. �­¨ ®¡à §ãîâ «¨­¥©­®¥ âà¥å¯ à -¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®, ª®â®à®¬ã ­  ¬­®£®®¡à §¨¨ 
(2, 5) á®®â¢¥âáâ¢ã-
© 2013 �ã¡ïª¨­ �. �.



4 �ã¡ïª¨­ �. �.¥â âà¥å¬¥à­ ï ¯«®áª ï ®¡à §ãîé ï, ­ §ë¢ ¥¬ ï α-®¡à §ãîé¥©. Ǒ®-áª®«ìªã ¢ ¯à®áâà ­áâ¢¥ P 5 á®¤¥à�¨âáï ¢®áì¬¨¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©-áâ¢® âà¥å¬¥à­ëå ¯«®áª®áâ¥©, ¬­®£®®¡à §¨¥ 
(2, 5) ­¥á¥â á¥¬¥©áâ¢® α-®¡à §ãîé¨å, § ¢¨áïé¥¥ ®â ¢®áì¬¨ ¯ à ¬¥âà®¢.Ǒãáâì ¢ ¯à®áâà ­áâ¢¥ P 5 ä¨ªá¨à®¢ ­  ­¥ª®â®à ï ¯àï¬ ï. � á-á¬®âà¨¬ ¢á¥ ¤¢ã¬¥à­ë¥ ¯«®áª®áâ¨, ¯à®å®¤ïé¨¥ ç¥à¥§ ­¥¥. � ª¨¥ ¤¢ã-¬¥à­ë¥ ¯«®áª®áâ¨ ¯®à®�¤ îâ âà¥å¯ à ¬¥âà¨ç¥áªãî á¢ï§ªã, ª®â®à®©­  ¬­®£®®¡à §¨¨ 
(2, 5) â ª�¥ á®®â¢¥âáâ¢ã¥â âà¥å¬¥à­ ï ¯«®áª ï ®¡-à §ãîé ï, ­ §ë¢ ¥¬ ï β-®¡à §ãîé¥©. Ǒ®áª®«ìªã ¯à®áâà ­áâ¢® P 5 á®-¤¥à�¨â ¢®áì¬¨¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯àï¬ëå, ¬­®£®®¡à §¨¥
(2, 5) ­¥á¥â á¥¬¥©áâ¢® α-®¡à §ãîé¨å, § ¢¨áïé¥¥ ®â ¢®áì¬¨ ¯ à ¬¥â-à®¢. � ª¨¬ ®¡à §®¬, ¬­®£®®¡à §¨¥ 
(2, 5) ­¥á¥â ¤¢  á¥¬¥©áâ¢  âà¥å-¬¥à­ëå ¯«®áª¨å ®¡à §ãîé¨å.�á«¨ âà¥å¬¥à­ ï ¯«®áª®áâì ¯à®áâà ­áâ¢  P 5 á®¤¥à�¨â ä¨ªá¨à®-¢ ­­ãî ¯àï¬ãî, â® á®®â¢¥âáâ¢ãîé¨¥ α- ¨ β-®¡à §ãîé¨¥ ¬­®£®®¡à §¨ï
(2, 5) ¯¥à¥á¥ª îâáï ¯® ¯àï¬®©. �á«¨ âà¥å¬¥à­ ï ¯«®áª®áâì ¢ ¯à®-áâà ­áâ¢¥ P 5 ­¥ á®¤¥à�¨â ¯àï¬®©, â® á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¯«®áª¨¥ ®¡-à §ãîé¨¥ ¬­®£®®¡à §¨ï 
(2, 5) ®¡é¨å â®ç¥ª ­¥ ¨¬¥îâ.� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ P 5 ä¨ªá¨à®¢ ­­ãî ¤¢ã¬¥à­ãî ¯«®á-ª®áâì L. �¥à¥§ íâã ¯«®áª®áâì ¯à®å®¤¨â ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©-áâ¢® âà¥å¬¥à­ëå ¯«®áª®áâ¥©. Ǒ®íâ®¬ã ç¥à¥§ á®®â¢¥âáâ¢ãîéãî ¯«®á-ª®áâ¨ L â®çªã ℓ ­  ¬­®£®®¡à §¨¨ 
(2, 5) ¯à®å®¤¨â ¤¢ã¯ à ¬¥âà¨ç¥-áª®¥ á¥¬¥©áâ¢® α-®¡à §ãîé¨å. � â® �¥ ¢à¥¬ï ¯«®áª®áâì L á®¤¥à�¨â¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯àï¬ëå. �«¥¤®¢ â¥«ì­®, ç¥à¥§ â®çªã
ℓ ¯à®å®¤¨â ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® β-®¡à §ãîé¨å ¬­®£®®¡à -§¨ï 
(2, 5). Ǒà¨ íâ®¬ ¤¢¥ ®¡à §ãîé¨¥ à §«¨ç­ëå á¥¬¥©áâ¢ ¬­®£®®¡à -§¨ï 
(2, 5), ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã ℓ, ¨¬¥îâ ®¡éãî ¯àï¬ãî, ª®â®à®©¢ ¯à®áâà ­áâ¢¥ P 5 á®®â¢¥âáâ¢ã¥â «¨­¥©­ë© ¯ãç®ª ¤¢ã¬¥à­ëå ¯«®áª®-áâ¥©,   ¤¢¥ ®¡à §ãîé¨¥ ®¤­®£® á¥¬¥©áâ¢  ¨¬¥îâ ¥¤¨­áâ¢¥­­ãî ®¡éãîâ®çªã ℓ. �âáî¤  á«¥¤ã¥â, çâ® ¢á¥ âà¥å¬¥à­ë¥ ¯«®áª¨¥ ®¡à §ãîé¨¥,¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã ℓ, ï¢«ïîâáï ¯«®áª¨¬¨ ®¡à §ãîé¨¬¨ ª®­ãá �¥£à¥ �ℓ(3, 3) [2, 3℄ 
 ¢¥àè¨­®© ¢ â®çª¥ ℓ, «¥� é¥£® ­  ¬­®£®®¡à §¨¨
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(2, 5). �â®â ª®­ãá ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¥á¥ç¥­¨¥ ª á â¥«ì­®© ¯«®á-ª®áâ¨ Tℓ
(2, 5) ¢ â®çª¥ ℓ ª ¬­®£®®¡à §¨î 
(2, 5) á á ¬¨¬ ¬­®£®®¡à -§¨¥¬. � ¯à®áâà ­áâ¢¥ P 5 ª®­ãáã �¥£à¥ �ℓ(3, 3) á®®â¢¥âáâ¢ã¥â á®¢®ªã¯-­®áâì ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©, ¯¥à¥á¥ª îé¨å ¤¢ã¬¥à­ãî ¯«®áª®áâì L¯® ¯àï¬ë¬.�á¨¬¯â®â¨ç¥áª¨¥ ­ ¯à ¢«¥­¨ï âà¥âì¥£® ¯®àï¤ª  ¬­®£®®¡à §¨ï
(2, 5), ¢ëå®¤ïé¨¥ ¨§ â®çª¨ ℓ, § ¤ îâáï ãá«®¢¨¥¬
d3ℓ = 0 (mod T 3

ℓ 
(2, 5)), (1)£¤¥
d3ℓ = 6det (ωp

i

)
A3 ∧A4 ∧A5 (mod T 2

ℓ 
(2, 5)). (2)� áá¬®âà¨¬ â¥¯¥àì ¯à®¥ªâ¨¢¨§ æ¨î ª á â¥«ì­®© ¯«®áª®áâ¨
Tℓ
(2, 5) á æ¥­âà®¬ ¢ â®çª¥ ℓ. �â  ¯à®¥ªâ¨¢¨§ æ¨ï ¯à¥¤áâ ¢«ï¥â á®¡®©¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® P 8 = PTℓ
(2, 5), ¢ ª®â®à®¬ ωp

i | ®¤­®à®¤-­ë¥ ª®®à¤¨­ âë ¯à®¨§¢®«ì­®© â®çª¨. �á¨¬¯â®â¨ç¥áª¨¥ ­ ¯à ¢«¥­¨ïâà¥âì¥£® ¯®àï¤ª  ¬­®£®®¡à §¨ï 
(2, 5) ®¡à §ãîâ ª®­ãá á ¢¥àè¨­®© ¢â®çª¥ ℓ, ª®â®àë© ®¡®§­ ç ¥âáï ç¥à¥§ Bℓ(3). �®­ãá Bℓ(3) ®¯à¥¤¥«ï¥âáï¢ á¨«ã (1) ¨ (2) ãà ¢­¥­¨¥¬ det (ωp
i

) = 0. (3)�¢¨¤ã íâ®£® ª®­ãá Bℓ(3) ¯à¥¤áâ ¢«ï¥â á®¡®© £¨¯¥àª®­ãá âà¥âì¥£® ¯®-àï¤ª  ¢ ª á â¥«ì­®© ¯«®áª®áâ¨ Tℓ
(2, 5) ¢ â®çª¥ ℓ ª ¬­®£®®¡à §¨î
(2, 5).�¥®¬¥âà¨ç¥áª¨© á¬ëá« ª®­ãá  Bℓ(3) ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡-à §®¬. � �¤ ï £¨¯¥à¯«®áª®áâì ¢ ¯à®áâà ­áâ¢¥ P 5, ¯à®å®¤ïé ï ç¥à¥§¯«®áª®áâì L, á®¤¥à�¨â è¥áâ¨¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå¯«®áª®áâ¥©, ª®â®à®¬ã ­   «£¥¡à ¨ç¥áª®¬ ¬­®£®®¡à §¨¨ 
(2, 5) á®®â¢¥â-áâ¢ã¥â ¯®¤¬­®£®®¡à §¨¥ 
(2, 4), ¯à®å®¤ïé¥¥ ç¥à¥§ â®çªã ℓ. �¥áâ¨¬¥à-­ë¥ ª á â¥«ì­ë¥ ¯«®áª®áâ¨ ª íâ¨¬ ¯®¤¬­®£®®¡à §¨ï¬ ®¡à §ãîâ ®¤­®á¥¬¥©áâ¢® ¯«®áª¨å ®¡à §ãîé¨å ª®­ãá  Bℓ(3), ª®â®àë¥ ­ §ë¢ îâáï α-®¡à §ãîé¨¬¨. �¥à¥§ ª �¤ãî â®çªã ¯«®áª®áâ¨ L ¯à®å®¤¨â è¥áâ¨¯ à -¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©, ª®â®à®¬ã ­  ¬­®£®®¡à -§¨¨ 
(2, 5) á®®â¢¥âáâ¢ã¥â ¯®¤¬­®£®®¡à §¨¥ 
∗(2, 4), â ª�¥ ¯à®å®¤ïé¥¥



6 �ã¡ïª¨­ �. �.ç¥à¥§ ℓ. �¥áâ¨¬¥à­ë¥ ª á â¥«ì­ë¥ ¯«®áª®áâ¨ ª â ª¨¬ ¯®¤¬­®£®®¡-à §¨ï¬ ®¡à §ãîâ ¢â®à®¥ á¥¬¥©áâ¢® ¯«®áª¨å ®¡à §ãîé¨å ª®­ãá  Bℓ(3),ª®â®àë¥ ­ §ë¢ îâ ¥£® β-®¡à §ãîé¨¬¨. � ª¨¬ ®¡à §®¬, ª®­ãá Bℓ(3)­¥á¥â ¤¢  á¥¬¥©áâ¢  è¥áâ¨¬¥à­ëå ¯«®áª¨å ®¡à §ãîé¨å. �§ (3) á«¥-¤ã¥â, çâ® è¥áâ¨¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢®, ®¯à¥¤¥«ï¥¬®¥ ¢ ¯à®áâà ­áâ¢¥
Tℓ
(2, 5) ãà ¢­¥­¨ï¬¨

αpω
p
i = 0, (4)¯à¨­ ¤«¥�¨â  á¨¬¯â®â¨ç¥áª®¬ã ª®­ãáã Bℓ(3). �â® ¯®¤¯à®áâà ­áâ¢®á®¢¯ ¤ ¥â á α-®¡à §ãîé¨¬¨ ª®­ãá  Bℓ(3). �¥áâ¨¬¥à­®¥ ¯®¤¯à®áâà ­-áâ¢®, ®¯à¥¤¥«ï¥¬®¥ ¢ ¯à®áâà ­áâ¢¥ Tℓ
(2, 5) ãà ¢­¥­¨ï¬¨

βiωp
i = 0, (5)â ª�¥ ¯à¨­ ¤«¥�¨â  á¨¬¯â®â¨ç¥áª®¬ã ª®­ãáã Bℓ(3). �­® á®¢¯ ¤ ¥â á

β-®¡à §ãîé¨¬¨ ª®­ãá  Bℓ(3). �¥£ª® ¢¨¤¥âì, çâ® ¤¢¥ ®¡à §ãîé¨¥ à §-«¨ç­ëå á¥¬¥©áâ¢ ª®­ãá  Bℓ(3) ¯¥à¥á¥ª îâáï ¯® ç¥âëà¥å¬¥à­®© ¯«®á-ª®áâ¨, ª®â®à®© ¢ ¯à®áâà ­áâ¢¥ P 5 á®®â¢¥âáâ¢ã¥â á®¢®ªã¯­®áâì ¤¢ã¬¥à-­ëå ¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ ­¥ª®â®àãî â®çªã ¨ ¯à¨­ ¤«¥� é¨åä¨ªá¨à®¢ ­­®© £¨¯¥à¯«®áª®áâ¨,   ¤¢¥ ®¡à §ãîé¨¥ ®¤­®£® á¥¬¥©áâ¢ ¯¥à¥á¥ª îâáï ¯® âà¥å¬¥à­®© ¯«®áª®áâ¨, á®¢¯ ¤ îé¥© á ®¡à §ãîé¥©ª®­ãá  Bℓ(2)  á¨¬¯â®â¨ç¥áª¨å ­ ¯à ¢«¥­¨© ¢â®à®£® ¯®àï¤ª .�á¨¬¯â®â¨ç¥áª®¬ã ª®­ãáã Bℓ(3) ¢ ¯à®áâà ­áâ¢¥ P 8 = PTℓ
(2, 5)á®®â¢¥âáâ¢ã¥â ªã¡¨ç¥áª ï £¨¯¥à¯®¢¥àå­®áâì PBℓ(3), ®¯à¥¤¥«ï¥¬ ï â¥¬�¥ ãà ¢­¥­¨¥¬ (3), çâ® ¨ ª®­ãá Bℓ(3) ¢ ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥
Tℓ
(2, 5). �¨¯¥àªã¡¨ª  PBℓ(3) ­¥á¥â á¥¬¥©áâ¢® α-®¡à §ãîé¨å, ¯®«ã-ç¥­­ëå ¯à¨ ¯à®¥ªâ¨¢¨§ æ¨¨ á æ¥­âà®¬ ¢ â®çª¥ ℓ α-®¡à §ãîé¨å ª®­ã-á  Bℓ(3), ¨ á¥¬¥©áâ¢® β-®¡à §ãîé¨å, ¯®«ãç¥­­ëå ¯à¨ ¯à®¥ªâ¨¢¨§ æ¨¨
β-®¡à §ãîé¨å ª®­ãá  Bℓ(3). �â¬¥â¨¬, çâ® ¬­®£®®¡à §¨¥ �¥£à¥ Sℓ(2, 2)¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯­®áâì ¤¢®©­ëå â®ç¥ª £¨¯¥àªã¡¨ª¨ PBℓ(3).� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ P 5 ¯ïâ¨¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®¤¢ã¬¥à­ëå ¯«®áª®áâ¥© L | ¯ïâ¨¬¥à­ë© ª®¬¯«¥ªá K. �®¬¯«¥ªáã K¯à¨ £à áá¬ ­®¢®¬ ®â®¡à �¥­¨¨ á®®â¢¥âáâ¢ã¥â ¯ïâ¨¬¥à­®¥ ¬­®£®®¡à -§¨¥ V , «¥� é¥¥ ­   «£¥¡à ¨ç¥áª®¬ ¬­®£®®¡à §¨¨ 
(2, 5). �­®£®®¡à -



� ¯à®¥ªâ¨¢­®-¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ 7§¨¥ V ¢ ª �¤®© â®çª¥ ℓ ¨¬¥¥â ¯ïâ¨¬¥à­ãî ª á â¥«ì­ãî ¯«®áª®áâì TℓV .Ǒà®¥ªâ¨¢¨§ æ¨ï ¯«®áª®áâ¨ TℓV á æ¥­âà®¬ ¢ â®çª¥ ℓ ¯à¥¤áâ ¢«ï¥â á®-¡®© ç¥âëà¥å¬¥à­ãî ¯«®áª®áâì PTℓV . �â  ç¥âëà¥å¬¥à­ ï ¯«®áª®áâì®¯à¥¤¥«ï¥âáï ¢ ¯à®áâà ­áâ¢¥ P 8 = PTℓ
(2, 5) â¥¬¨ �¥ ãà ¢­¥­¨ï¬¨,çâ® ¨ ¯«®áª®áâì TℓV ¢ ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥ Tℓ
(2, 5),   ¨¬¥­­®ãà ¢­¥­¨ï¬¨ �αi
p ω

p
i = 0, (6)£¤¥ i = 0, 1, 2, p = 3, 4, 5, α = 1, 2, 3, 4. � §«¨ç­ë¬ ¢¨¤ ¬ ¢§ ¨¬­®£® à á-¯®«®�¥­¨ï ¯«®áª®áâ¨ PTℓV á ªã¡¨ç¥áª®© £¨¯¥à¯®¢¥àå­®áâìî PBℓ(3)á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¥ ª« ááë ª®¬¯«¥ªá®¢. Ǒ«®áª®áâì PTℓV ¨ £¨-¯¥àªã¡¨ª  PBℓ(3) ¯¥à¥á¥ª îâáï ¢ ®¡é¥¬ á«ãç ¥ ¯® âà¥å¬¥à­®© ªã¡¨ç¥-áª®© ¯®¢¥àå­®áâ¨ Q, ­¥áãé¥© ¤¢  ¤¢ã¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢  ¯àï-¬®«¨­¥©­ëå ®¡à §ãîé¨å, ¯à¨ç¥¬ ç¥à¥§ ª �¤ãî ¥¥ â®çªã ¯à®å®¤ïâ ¤¢¥®¡à §ãîé¨¥ à §«¨ç­ëå á¥¬¥©áâ¢.� «¥¥ à áá¬®âà¨¬ ¯ àã ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ G51 ¨ G52 ¤¢ã¬¥à-­ëå ¯«®áª®áâ¥© L, ¤«ï ª �¤®© ®¡à §ãîé¥© ª®â®àëå ªã¡¨ª Q à á¯ ¤ -¥âáï ­  ª®­ãá Q2 ¢â®à®£® ¯®àï¤ª  á â®ç¥ç­®© ¢¥àè¨­®© ¨ âà¥å¬¥à­ãî¯«®áª®áâì, ­¥ ¯à®å®¤ïéãî ç¥à¥§ íâã ¢¥àè¨­ã ¨ á®¢¯ ¤ îéãî á ¯¥à¥-á¥ç¥­¨¥¬ ¤¢ãå ¯«®áª¨å ®¡à §ãîé¨å à §«¨ç­ëå á¥¬¥©áâ¢ £¨¯¥àªã¡¨ª¨

PBℓ(3). �ë¡¥à¥¬ à¥¯¥à â ª, çâ®¡ë ¢¥àè¨­ë A0, A1, A2 ¯à¨­ ¤«¥� «¨®¡à §ãîé¥© L21 ª®¬¯«¥ªá  G51,   ¢¥àè¨­ë A3, A4, A5 «¥� «¨ ¢ ®¡à §ãî-é¥© L22 ª®¬¯«¥ªá  G52. �®£¤  ãà ¢­¥­¨ï â ª®© ¯ àë ª®¬¯«¥ªá®¢ ¬®�­®¯à¨¢¥áâ¨ ¢ ¢¨¤ã
ωr0 = 0, ω5k = 0, (7)
ωk5 = 0, ω0r = 0, (8)£¤¥ k = 1, 2, r = 3, 4, ä®à¬ë ωr

k, ω
50 «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  ª®¬¯«¥ªá¥

G51 ¨ ï¢«ïîâáï ¡ §¨á­ë¬¨ ä®à¬ ¬¨ ­  íâ®¬ ª®¬¯«¥ªá¥,   ä®à¬ë ωk
r , ω

05«¨­¥©­® ­¥§ ¢¨á¨¬ë ­  ª®¬¯«¥ªá¥ G52 ¨ á«ã� â ¡ §¨á­ë¬¨ ä®à¬ ¬¨­  íâ®¬ ª®¬¯«¥ªá¥.�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (7) ¨ (8), ¯®«ãç¨¬
ωk0 ∧ ωr

k + ω50 ∧ ωr5 = 0, (9)
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ω0k ∧ ω50 + ωr

k ∧ ω5r = 0, (10)
ω05 ∧ ωk0 + ωr5 ∧ ωk

r = 0, (11)
ωk

r ∧ ω0k + ω5r ∧ ω05 = 0. (12)�§ (7) ¨ (8) ¯® «¥¬¬¥ � àâ ­  ¨¬¥¥¬
ωk0 = λkω50 , ω5r = λrω

50, (13)
ωr5 = µrω50 , ω0k = µkω

50 . (14)�§ ¯¥à¢ëå £àã¯¯ ãà ¢­¥­¨© (13) ¨ (14) á«¥¤ã¥â, çâ® ¤¨ää¥à¥­æ¨ «ëâ®ç¥ª A0 ¨ A5 ¢ëç¨á«ïîâáï â ª:
dA0 = ω00A0 + ω50(λkAk +A5), (15)
dA5 = ω05(A0 + µrAr) + ω55A5. (16)�§ íâ¨å á®®â­®è¥­¨© á«¥¤ã¥â, çâ® â®çª¨ A0 ¨ A5 ®¯¨áë¢ îâ ªà¨¢ë¥ «¨-­¨¨. Ǒà¨ íâ®¬ ª á â¥«ì­ë¬¨ ª íâ¨¬ ªà¨¢ë¬ ï¢«ïîâáï á®®â¢¥âáâ¢¥­­®¯àï¬ë¥:

A0 ∧ (λkAk +A5), (17)(A0 + µrAr) ∧A5. (18)�§ ¢â®àëå £àã¯¯ ãà ¢­¥­¨© (7) ¨ (8) á«¥¤ã¥â, çâ® ¤¨ää¥à¥­æ¨ «ë £¨-¯¥à¯«®áª®áâ¥© A0∧A1∧A2∧A3∧A4 ¨ A1∧A2∧A3∧A4∧A5 ®¯à¥¤¥«ïîâáïá«¥¤ãîé¨¬ ®¡à §®¬:
d(A0∧A1∧A2∧A3∧A4) = (ω00+ω11+ω22+ω33+ω44)A0∧A1∧A2∧A3∧A4+ ω50(A1 ∧A2 ∧A3 ∧A4 ∧A5 + λ3A0 ∧A1 ∧A3 ∧A4 ∧A5+ λ4A0 ∧A1 ∧A2 ∧A3 ∧A5), (19)
d(A1∧A2∧A3∧A4∧A5) = (ω11+ω22+ω33+ω44+ω55)A1∧A2∧A3∧A4∧A5+ ω05(A0 ∧A1 ∧A2 ∧A3 ∧A4 + µ1A0 ∧A2 ∧A3 ∧A4 ∧A5

− µ2A0 ∧A1 ∧A3 ∧A4 ∧A5). (20)�§ íâ¨å á®®â­®è¥­¨© ¢¨¤­®, çâ® £¨¯¥à¯«®áª®áâ¨ A0∧A1 ∧A2 ∧A3 ∧A4¨ A1 ∧ A2 ∧ A3 ∧ A4 ∧ A5 ®¯¨áë¢ îâ ®¤­®¯ à ¬¥âà¨ç¥áª¨¥ á¥¬¥©áâ¢ ,



� ¯à®¥ªâ¨¢­®-¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ 9âà¥å¬¥à­ë¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ®¡à §ë ª®â®àëå ®¯à¥¤¥«ïîâáï á®®â-¢¥âáâ¢¥­­® ãà ¢­¥­¨ï¬¨
x0ω50 + xrω5r = 0, (21)
xkω0k + x5ω05 = 0, (22)¨«¨ ¢ á¨«ã ¢â®àëå £àã¯¯ ãà ¢­¥­¨© (13) ¨ (14) ãà ¢­¥­¨ï¬¨
x0 + xrωr = 0, (23)
xkωk + x5 = 0. (24)� áá¬®âà¨¬ ¯ àã ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ G51 ¨ G52 ¤¢ã¬¥à­ëå¯«®áª®áâ¥© L, ¤«ï ª®â®àëå á®¢¯ ¤ îâ ª á â¥«ì­ë¥ ª ªà¨¢ë¬, ®¯¨áë-¢ ¥¬ëå â®çª ¬¨ A0 ¨ A5,   â ª�¥ á®¢¯ ¤ îâ âà¥å¬¥à­ë¥ å à ªâ¥à¨-áâ¨ç¥áª¨¥ ®¡à §ë ®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢, ®¯¨áë¢ ¥¬ëå £¨¯¥à-¯«®áª®áâï¬¨ A0∧A1∧A2 ∧A3∧A4 ¨ A1∧A2∧A3 ∧A4∧A5. �¡®§­ ç¨¬â ªãî ¯ àã ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© ç¥à¥§ G.�®¢¬¥áâ¨¬ ®¡éãî ª á â¥«ì­ãî ª ªà¨¢ë¬, ®¯¨áë¢ ¥¬ë¬ â®çª ¬¨

A0 ¨ A5, á ¯àï¬®© A0∧A5,   âà¥å¬¥à­ãî å à ªâ¥à¨áâ¨ç¥áªãî ¯«®áª®áâì®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢, ®¯¨áë¢ ¥¬ëå £¨¯¥à¯«®áª®áâï¬¨ A0 ∧
A1∧A2∧A3∧A4 ¨ A1∧A2∧A3∧A4∧A5, | á 3-¯«®áª®áâìîA1∧A2∧A3∧A4.�®£¤  ¨§ (17) ¨ (18),   â ª�¥ ¨§ (23) ¨ (24) ¨¬¥¥¬

λk = 0, µr = 0, (25)
λr = 0, µk = 0. (26)�«¥¤®¢ â¥«ì­®, ¯ à  ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ G ®¯à¥¤¥«ï¥âáï ãà ¢­¥-­¨ï¬¨ (7), (8) ¨ ãà ¢­¥­¨ï¬¨
ωk0 = 0, ω5r = 0, (27)
ωk5 = 0, ω0k = 0. (28)�ëïá­¨¬ áâà®¥­¨¥ ¯ àë ª®¬¯«¥ªá®¢ G. � íâ®© æ¥«ìî ¢ëç¨á«¨¬¤¨ää¥à¥­æ¨ «ë ¨­¢ à¨ ­â­®© ¯àï¬®© A0 ∧ A5 ¨ ¨­¢ à¨ ­â­®© âà¥å-¬¥à­®© ¯«®áª®áâ¨ A1 ∧A2 ∧A3 ∧A4:

d(A0 ∧A5) = (ω00 + ω11)A0 ∧A5, (29)
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d(A1 ∧A2 ∧A3 ∧A4) = (ω11 + ω22 + ω33 + ω44)A1 ∧A2 ∧A3 ∧A4. (30)�âáî¤  á«¥¤ã¥â, çâ® ¯àï¬ ï A0 ∧A5 ¨ âà¥å¬¥à­ ï ¯«®áª®áâì A1 ∧A2 ∧

A3 ∧ A4 ­¥¯®¤¢¨�­ë. � ª¨¬ ®¡à §®¬, ¤¢ã¬¥à­ë¥ ®¡à §ãîé¨¥ L21 =
A0 ∧ A1 ∧ A2 ¨ L22 = A3 ∧ A4 ∧ A5 ¯ àë ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ G¯¥à¥á¥ª îâ ­¥¯®¤¢¨�­ãî ¯àï¬ãî A0 ∧ A5 ¨ ¨¬¥îâ ®¡éãî ¯àï¬ãî áä¨ªá¨à®¢ ­­®© âà¥å¬¥à­®© ¯«®áª®áâìî A1 ∧A2 ∧A3 ∧A4.�®ª �¥¬ ®¡à â­®¥ ãâ¢¥à�¤¥­¨¥. Ǒà¥¤¯®«®�¨¬, çâ® ¯ à  ¤¢ã¬¥à-­ëå ¯«®áª®áâ¥© ¯¥à¥á¥ª ¥â ­¥¯®¤¢¨�­ãî ¯àï¬ãî ¨ ¨¬¥¥â ®¡éãî ¯àï-¬ãî á ä¨ªá¨à®¢ ­­®© âà¥å¬¥à­®© ¯«®áª®áâìî. �ë¡¥à¥¬ à¥¯¥à â ª,çâ®¡ë ¢¥àè¨­ë A0 ¨ A5 «¥� «¨ ­  ­¥¯®¤¢¨�­®© ¯àï¬®©,   ¢¥àè¨­ë
A1, A2, A3 ¨ A4 ¯à¨­ ¤«¥� «¨ ä¨ªá¨à®¢ ­­®© âà¥å¬¥à­®© ¯«®áª®áâ¨.� íâ®¬ á«ãç ¥ ¨¬¥îâ ¬¥áâ® á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨ï:

ωk0 = 0, ωr0 = 0, (31)
ωk5 = 0, ωr5 = 0, (32)
ω0k = 0, ω0r = 0, (33)
ω5k = 0, ω5r = 0. (34)�á­®, çâ® ãà ¢­¥­¨ï
ωr0 = 0, ω5k = 0, (35)
ωk5 = 0, ω0r = 0 (36)®¯à¥¤¥«ïîâ ¯ àã ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©. �§íâ¨å ãà ¢­¥­¨© ¢¨¤­®, çâ® ¤«ï ª �¤®£® ¯ïâ¨¬¥à­®£® ª®¬¯«¥ªá  ªã¡¨-ª  Q à á¯ ¤ ¥âáï ­  ª®­ãá Q2 ¢â®à®£® ¯®àï¤ª  á â®ç¥ç­®© ¢¥àè¨­®© ¨âà¥å¬¥à­ãî ¯«®áª®áâì, ­¥ ¯à®å®¤ïéãî ç¥à¥§ íâã ¢¥àè¨­ã ¨ á®¢¯ ¤ -îéãî á ¯¥à¥á¥ç¥­¨¥¬ ¤¢ãå ¯«®áª¨å ®¡à §ãîé¨å à §«¨ç­ëå á¥¬¥©áâ¢£¨¯¥àªã¡¨ª¨ PBℓ(3). �«¥¤®¢ â¥«ì­®, à áá¬ âà¨¢ ¥¬ ï ¯ à  ¯ïâ¨¬¥à-­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© ï¢«ï¥âáï ¯ à®© ª®¬¯«¥ªá®¢ G.�â ª, áâà®¥­¨¥ ¯ àë G ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®á-ª®áâ¥© ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.



� ¯à®¥ªâ¨¢­®-¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ 11�¥®à¥¬ . Ǒ à  ¯ïâ¨¬¥à­ëå ª®¬¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥©ï¢«ï¥âáï ¯ à®© G â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª �¤ ï ¥¥ ¯ à  ¤¢ã-¬¥à­ëå ®¡à §ãîé¨å ¯¥à¥á¥ª ¥â ­¥¯®¤¢¨�­ãî ¯àï¬ãî ¨ ¨¬¥¥â ®¡éãî¯àï¬ãî á ä¨ªá¨à®¢ ­­®© âà¥å¬¥à­®© ¯«®áª®áâìî. Ǒà¨ íâ®¬ ¯àï¬ ï ¨âà¥å¬¥à­ ï ¯«®áª®áâì ®¡é¨å â®ç¥ª ­¥ ¨¬¥îâ.����������1. �ª¨¢¨á �. �. � ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ £à áá¬ ­®¢  ¬­®£®®¡à §¨ï //Tensor. 1982. V. 38. P. 273{282.2. Akivis M. A., Goldberg V. V. Proje
tive di�erential geometry of submanifolds.Amsterdam: North-Holland, 1993.3. �®à®¤¥­æ¥¢ �. �. �¥®¬¥âà¨ç¥áª®¥ ¢¢¥¤¥­¨¥ ¢  «£¥¡à ¨ç¥áªãî £¥®¬¥âà¨î //http://wwwth.itep.ru/gorod£. �ªãâáª 19 ¤¥ª ¡àï 2012 £.



��� 517.96� �Ǒ����� �������������������������������������������� �Ǒ�������������� Ǒ�������. �. �¨åà¥¢ � áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª �u ≡ −(ϕut)t + aut + pu, 0 < t < b, (1)£¤¥ ϕ(t) | ­¥¯à¥àë¢­ ï ¯®«®�¨â¥«ì­ ï äã­ªæ¨ï ¯à¨ t > 0, ϕ(0) = 0,
a, p | ç¨á« .�á­®¢­ë¬ ï¢«¥­¨¥¬, ¯®¤«¥� é¨¬ ¨§ãç¥­¨î, ®ª §ë¢ ¥âáï §¤¥áì§ ¢¨á¨¬®áâì ¢ë¡®à  ý¯à ¢¨«ì­®£®þ £à ­¨ç­®£® ãá«®¢¨ï ¯à¨ t = 0 ¨ç«¥­  aut. � è ¯®¤å®¤, ¡«¨§ª¨© ¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ ª [1, 2℄, ¢á®ç¥â ­¨¨ á ¨á¯®«ì§®¢ ­¨¥¬ ¬®¤¥«ì­ëå ®¯¥à â®à®¢ ¯®§¢®«ï¥â á®áà¥¤®-â®ç¨âì ¢­¨¬ ­¨¥ ­  ®¡ëª­®¢¥­­®¬ ãà ¢­¥­¨¨ (a, p | ç¨á« ). �®®â-¢¥âáâ¢ãîé ï ¯à®¡«¥¬ â¨ª , áâ ¢è ï §  ¯®á«¥¤­¨¥ ¤¥áïâ¨«¥â¨ï ¢¥áì¬ à á¯à®áâà ­¥­­®©, ¨§®¡¨«ã¥â ¡®«ìè¨¬ ª®«¨ç¥áâ¢®¬ ­¥¢ëïá­¥­­ëå ¢®-¯à®á®¢. �â¨ § ¤ ç¨ ®ª �ãâáï ¯®«¥§­ë¬¨ ¨««îáâà æ¨ï¬¨ ª ­¥ª®â®àë¬§ ¬¥ç ­¨ï¬, ¯®á¢ïé¥­­ë¬ á¯¥ªâà «ì­ë¬ å à ªâ¥à¨áâ¨ª ¬ «¨­¥©­ëå®¯¥à â®à®¢.Ǒ®«®�¨¬ I = b∫0 1

ϕ(t) dt. �¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î�(t) =  t∫0 dτ
ϕ , I <∞,

b∫
t

dτ
ϕ , I =∞.
© 2013 �¨åà¥¢  �. �.



� á¯¥ªâà¥ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  13Ǒãáâì ◦
W 12(0, b) | § ¬ëª ­¨¥ ª« áá  C∞0 (0, b) ¯® ­®à¬¥

‖u‖21 = b∫0 [u2t + u2] dt.�¡®§­ ç¨¬ ç¥à¥§ ◦�1 £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ï¢«ïîé¥¥áï ¯®¯®«­¥-­¨¥¬ ◦
W 12(0, b) ¯® ­®à¬¥

‖u‖2◦�1 = b∫0 ϕu2t dt.�¥¬¬  1. �«ï í«¥¬¥­â®¢ u(t) ∈ ◦�1 á¯à ¢¥¤«¨¢  ®æ¥­ª 
|u(t)|2 6 �(t)‖u‖2◦�1 . (2)�®ª § â¥«ìáâ¢®. Ǒà¨ I <∞ ¤«ï u ∈ C∞0 (0, b) ¨¬¥¥¬

|u(t)|2 = ∣∣∣∣∣∣ t∫0 1√
ϕ

√
ϕuτ dτ

∣∣∣∣∣∣

2
6

t∫0 dτ

ϕ
‖u‖2◦�1 6 �(t)‖u‖2◦

H1 .�­ «®£¨ç­® ¢ á«ãç ¥ I = ∞ ¤«ï äã­ªæ¨© u ∈ C∞0 (0, b) ¯®«ãç ¥¬
|u(t)|2 = ∣∣∣∣∣∣− b∫

t

1√
ϕ

√
ϕuτ dτ

∣∣∣∣∣∣

2
6

b∫

t

dτ

ϕ
‖u‖2◦�1 6 �(t)‖u‖2◦

H1 .�â¨ ­¥à ¢¥­áâ¢  ¤ îâ ®æ¥­ªã (2) ¢ á¨«ã ¯«®â­®áâ¨ C∞0 (0, b) ¢ ◦
H1.�ã�­ë¥ ­ ¬ ¤«ï ¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨ï (1) £¨«ì¡¥àâ®¢ë ¯à®-áâà ­áâ¢  ï¢«ïîâáï  ­ «®£ ¬¨ ¯à®áâà ­áâ¢ [3℄.�¥¬¬  2. Ǒà¨ b∫0 tdt

ϕ <∞ ¨¬¥¥â ¬¥áâ® ¢«®�¥­¨¥ ◦
H1 ⊂ L2(0, b).�®ª § â¥«ìáâ¢®. Ǒà®¨­â¥£à¨à®¢ ¢ ¯® t ­¥à ¢¥­áâ¢® (2), ¯®«ã-ç¨¬

b∫0 |u(t)|2 dt 6

b∫0 �(t) dt · ‖u‖2◦
H1 .



14 �¨åà¥¢  �. �.�âáî¤  á«¥¤ã¥â ãâ¢¥à�¤¥­¨¥ «¥¬¬ë, â ª ª ª
b∫0 �(t) dt = b∫0 t− τ

ϕ
dτ <∞, I <∞,

b∫0 �(t) dt = b∫0 τ

ϕ
dτ <∞, I = ∞.�¥¬¬  3. Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© «¥¬¬ë 2 ¨¬¥¥â ¬¥áâ® ª®¬-¯ ªâ­®¥ ¢«®�¥­¨¥ ◦

H1 ⋐ L2(0, b).�®ª § â¥«ìáâ¢®. �«ï «î¡®© äã­ªæ¨¨ ¨§ ◦
H1 á¯à ¢¥¤«¨¢  ®æ¥­-ª  (2). Ǒãáâì ε > 0 ¨M | ®£à ­¨ç¥­­®¥ ¢ ◦

H1 ¬­®�¥áâ¢®, ¤«ï ª®â®à®£®
‖u‖ ◦

H1 6 C1 ∀u ∈�.�«ï ¤®áâ â®ç­® ¬ «®£® δ ­  ®á­®¢ ­¨¨ (2) ¨¬¥¥¬
δ∫0 |u(t)|2 dt 6

δ∫0 �(t)‖u‖2◦
H1 dt = δ∫0 �(t) dt · C21 < ε2, u ∈M, (3)â ª ª ª b∫0 �(t) dt <∞.Ǒãáâì Mδ = {u(t), δ < t < b; u ∈ M} ⊆ W 12 (δ, b) ⋐ L2(δ, b). �«ï¬­®�¥áâ¢  Mδ áãé¥áâ¢ã¥â á¥âì {ui(t)} ¢ ¯à®áâà ­áâ¢¥ L2(δ, b). �¢¥¤¥¬äã­ªæ¨¨ ~ui(t) = { ui(t), t > δ,0, t < δ.�ç¨â ï, çâ® ‖u − ui‖L2(δ,b) < ∞ ¯à¨ ­¥ª®â®à®¬ i, ¨§ ­¥à ¢¥­áâ¢  (3)¯®«ãç ¥¬

b∫0 |u(t)− ~ui(t)|2 dt = δ∫0 |u(t)|2 dt+ b∫

δ

|u(t)− ui(t)|2 dt < 2ε2.� ª¨¬ ®¡à §®¬,
‖u(t)− ~u‖i(t)L2(0,b) < √2ε, ~ui ∈ L2(0, b).



� á¯¥ªâà¥ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  15�âáî¤  á«¥¤ã¥â, çâ® äã­ªæ¨¨ ~ui(t) ®¡à §ãîâ ª®­¥ç­ãî√2ε-á¥âì ¤«ïM¢ L2(0, b). �â «® ¡ëâì,M | ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® ¢ L2(0, b). �¥¬¬  3¤®ª § ­ .�¢¥¤¥¬ äã­ªæ¨î ωδ(t), ¯®«®�¨¢
ωδ(t) =  0, 0 6 t 6 δ,

| ln(�(δ))|ε − | ln(�(t))|ε, δ < t 6 δ1,1, δ1 6 t 6 b.�¤¥áì 0 < ε < 1/2, ç¨á«® δ1 ¢ë¡¨à ¥âáï ¨§ á®®â­®è¥­¨ï | ln(�(δ))|ε −
| ln(�(δ1))|ε = 1.� ¬¥â¨¬, çâ® δ < δ1 ¨ δ1 → 0 ¯à¨ δ → 0 ¨ δ1∫

δ

ωδt dt = 1.�«ï «î¡ëå u ∈
◦
H1 ¯à®¨§¢¥¤¥­¨¥ ωδu ¯à¨­ ¤«¥�¨â ◦

W 12(0, b) (â¥¬¡®«¥¥ ¯à®áâà ­áâ¢ã ◦
H1).�¥¬¬  4. �«ï u ∈

◦
H1 ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì ‖ωδu − u‖ ◦

H1 → 0¯à¨ δ → 0.�®ª § â¥«ìáâ¢®. �«ï u ∈
◦
H1 ¨¬¥¥¬

‖ωδu− u‖ ◦

H1 6




δ1∫
δ

ϕω2δtu
2 dt1/2 + b∫0 ϕ(ωδ − 1)2u2t dt1/2

. (4)Ǒà¨ I <∞ á ãç¥â®¬ (2) ®æ¥­¨¬ ¯¥à¢ë© ¨­â¥£à « ¢ ­¥à ¢¥­áâ¢¥ (4):



δ1∫
δ

ϕω2δtu
2 dt1/2

6 ε‖u‖ ◦

H1  δ1∫
δ

ϕ[− ln(�(t))℄2ε−2 1
ϕ2�2� dt1/2

= ε‖u‖ ◦

H1 −
δ1∫

δ

[− ln(�(t))℄2ε−2 d(− ln�)1/2= ε‖u‖ ◦

H1√1− 2ε([− ln(�(δ1))℄2ε−1 − [− ln(�(δ))℄2ε−1)1/2 → 0¯à¨ δ → 0. �â®à®© ¨­â¥£à « ¨§ (4) áâà¥¬¨âáï ª ­ã«î ¯à¨ δ → 0 ¢ á¨«ãáâà¥¬«¥­¨ï ωδ ª ¥¤¨­¨æ¥.



16 �¨åà¥¢  �. �.Ǒà¨ I =∞  ­ «®£¨ç­® ¯®«ãç ¥¬



δ1∫
δ

ϕω2δtu
2 dt1/2

6
ε‖u‖ ◦

H1√1− 2ε([ln(�(δ1))℄2ε−1 − [ln(�(δ))℄2ε−1)1/2 → 0¯à¨ δ → 0. Ǒ®íâ®¬ã ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (4) áâà¥¬¨âáï ª ­ã«î ¨ ¢ á¨«ãáâà¥¬«¥­¨ï ωδ ª ¥¤¨­¨æ¥ ¢â®à®¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª ­ã«î.�¥¬¬  5. �«ï «î¡ëå u, v ∈ ◦
H1lim

δ→0{u, ωδv}ϕ = {u, v}ϕ = b∫0 ϕutvt dt.�®ª § â¥«ìáâ¢®. �«ï u, v ∈
◦
H1 ¨¬¥¥¬

{u, ωδv}ϕ = b∫0 ϕut(ωδv)t dt = b∫0 ϕutωδvt dt+ b∫0 ϕωδtutv dt. (5)�æ¥­¨¬ ¢â®à®¥ á« £ ¥¬®¥ ¢ (5), ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 4.Ǒà¨ I <∞ ¯®«ãç¨¬ ¯à¨ δ → 0
∣∣∣∣∣∣

δ1∫
δ

ϕωδtutv dt

∣∣∣∣∣∣
6




δ1∫
δ

ϕu2t dt1/2


δ1∫
δ

ϕω2δtv
2 dt1/2= ε‖v‖ ◦

H1√1− 2ε([− ln(�(δ1))℄2ε−1 − [− ln(�(δ))℄2ε−1)1/2 → 0.Ǒà¨ I =∞  ­ «®£¨ç­® ¯®«ãç ¥¬ ¯à¨ δ → 0
∣∣∣∣∣∣

δ1∫
δ

ϕωδtutv dt

∣∣∣∣∣∣

1/2
6

ε‖v‖ ◦

H1√1− 2ε([ln(�(δ1))℄2ε−1 − [ln(�(δ))℄2ε−1)1/2 → 0.Ǒ¥à¢®¥ á« £ ¥¬®¥ ¢ (5) ®ç¥¢¨¤­® áâà¥¬¨âáï ª {u, v}ϕ. �¥¬¬  5¤®ª § ­ .



� á¯¥ªâà¥ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  17� áá¬®âà¨¬ ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, ¯®à®�-¤¥­­®¥ ®¯¥à â®à®¬ (1):�u = −(ϕut)t + pu = f, p > 0, 0 < t < b. (6)�«ï u, v ∈
◦
H1 à áá¬®âà¨¬ ¡¨«¨­¥©­ãî ä®à¬ã

B(u, v) = b∫0 (ϕutvt + puv) dt.�¯à¥¤¥«¥­¨¥. �ã­ªæ¨ï u ∈
◦
H1 ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ à¥è¥-­¨¥¬ ãà ¢­¥­¨ï (6), ¥á«¨ ¢ë¯®«­¥­® â®�¤¥áâ¢®

B(u, v) ≡ (f, v) (7)¤«ï «î¡®© äã­ªæ¨¨ v ∈
◦
H1.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ b∫0 t dt

ϕ < ∞. Ǒà¨ p > 0 ¤«ï«î¡®£® f ∈ L2(0, b) ®¡®¡é¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (6) áãé¥áâ¢ã¥â ¨¥¤¨­áâ¢¥­­®.�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¢ ¢ â®�¤¥áâ¢¥ (7) f = 0, v = u, ¯®«ã-ç¨¬
b∫0 [ϕu2t + pu2] dt = 0. (8)�âáî¤  ‖u‖ ◦

H1 6 0, á«¥¤®¢ â¥«ì­®, u ≡ 0.�¢¥¤¥¬ ¢ ◦
H1 ­®¢®¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥: [u, v℄ = B(u, v), ª®-â®à®¥ íª¢¨¢ «¥­â­® áª «ïà­®¬ã ¯à®¨§¢¥¤¥­¨î {u, v}ϕ. �¢¥¤¥¬ ­®¢ãî­®à¬ã:
‖u‖ =√[u, u℄ =  b∫0 [ϕu2t + pu2] dt1/2

.�®£¤ 
‖u‖ ◦

H1 6 ‖u‖ 6 C




b∫0 ϕu2t dt1/2 = C‖u‖ ◦

H1 .



18 �¨åà¥¢  �. �.�æ¥­¨¬ ¯® ¬®¤ã«î ¯à ¢ãî ç áâì à ¢¥­áâ¢  (7) ¯à¨ v ∈
◦
H1:

∣∣∣∣∣∣

b∫0 fv dt

∣∣∣∣∣∣
6 ‖f‖L2(0,b)‖v‖L2(0,b) 6 C‖f‖L2(0,b)‖v‖ ◦

H1 6 C‖f‖L2(0,b)‖v‖.�«¥¤®¢ â¥«ì­®, (f, v) | «¨­¥©­ë© ­¥¯à¥àë¢­ë© äã­ªæ¨®­ « ¢ ◦
H1.�¥¬ á ¬ë¬ áãé¥áâ¢ã¥â u ∈

◦
H1, ¤«ï ª®â®à®£® (f, v) = [u, v℄ ¯à¨ «î¡ëå

v ∈
◦
H1, â. ¥. u(t) ï¢«ï¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (6).�«¥¬¥­â u ∈ L2(0, b) ¯à¨­ ¤«¥�¨â D(�) (®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ®¯¥-à â®à  �), ¥á«¨ u ∈

◦
H1 ¨ áãé¥áâ¢ã¥â í«¥¬¥­â f ∈ L2(0, b) â ª®©, çâ®(7) ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å v ∈

◦
H1.�¥®à¥¬  2. �¯¥à â®à � : L2(0, b)→ L2(0, b), ¯®à®�¤ ¥¬ë© ¯à¨¢¥-¤¥­­ë¬ ®¯à¥¤¥«¥­¨¥¬ ®¡®¡é¥­­®£® à¥è¥­¨ï, ï¢«ï¥âáï ¯à¨ p > 0 ¯®«®-�¨â¥«ì­ë¬ á ¬®á®¯àï�¥­­ë¬ ®¯¥à â®à®¬. �¯¥à â®à �−1 : L2(0, b) →

L2(0, b) ¢¯®«­¥ ­¥¯à¥àë¢¥­.�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 3 ¢áïª®¥ ¬­®�¥áâ¢®, ®£à ­¨ç¥­-­®¥ ¢ ◦
H1, ª®¬¯ ªâ­® ¢ L2(0, b). �«¥¤®¢ â¥«ì­®, ®¯¥à â®à �−1 : ◦

H1 →
L2(0, b) ®£à ­¨ç¥­ ¨ ¢¯®«­¥ ­¥¯à¥àë¢¥­.�§ â®£®, çâ® u ∈ D(�), á«¥¤ã¥â, çâ® u ∈ D(�∗) ¨, ®ç¥¢¨¤­®, �∗u =�u. � ¤àã£ãî áâ®à®­ã, D(�∗) ⊂ D(�), ¯®áª®«ìªã ¨§ â®£®, çâ® u ∈
D(�∗), á«¥¤ã¥â, çâ® u ∈

◦
H1 ¨ ¢ á¨«ã «¥¬¬ë 3 ¯à¨ «î¡ëå f ∈ L2(0, b)ãà ¢­¥­¨¥ (7) ®¤­®§­ ç­® à §à¥è¨¬®.�«¥¤áâ¢¨¥. �¯¥ªâà ®¯¥à â®à  � ç¨áâ® â®ç¥ç­ë©, ¨ á¨áâ¥¬  ¥£®á®¡áâ¢¥­­ëå äã­ªæ¨© ¯®«­  ¢ L2(0, b).�®ª § â¥«ìáâ¢®. Ǒãáâì �| ­¥®£à ­¨ç¥­­ë© § ¬ª­ãâë© ®¯¥à -â®à, ¤«ï ª®â®à®£® ®¯¥à â®à �−1 áãé¥áâ¢ã¥â ¨ ¢¯®«­¥ ­¥¯à¥àë¢¥­. �§á¢®©áâ¢ á¯¥ªâà  á ¬®á®¯àï�¥­­®£® ¢¯®«­¥ ­¥¯à¥àë¢­®£® ®¯¥à â®à  ¨á¢ï§¨ ¬¥�¤ã á¯¥ªâà ¬¨ ®¯¥à â®à®¢ �, �−1 á«¥¤ã¥â, çâ® ç¨á«® µ 6= 0¯à¨­ ¤«¥�¨â á¯¥ªâàã � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  λ = µ−1 ¯à¨­ ¤«¥-�¨â á¯¥ªâàã �−1. �âáî¤  0 6 λ1 6 λ2 6 . . . | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï



� á¯¥ªâà¥ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  19®¯¥à â®à  �,   ­¥­ã«¥¢ë¥ à¥è¥­¨ï ϕ1, ϕ2, . . . | á®¡áâ¢¥­­ë¥ äã­ªæ¨¨,¯à¨­ ¤«¥� é¨¥ á®¡áâ¢¥­­®¬ã §­ ç¥­¨î ¨ ®¡à §ãîé¨¥ ¡ §¨á ¢ L2(0, b).� ¬¥ç ­¨¥. � ª¨¬ ®¡à §®¬, ¯à¨ I < ∞ ¯à ¢¨«ì­ ï ¯®áâ ­®¢ª § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (6) § ª«îç ¥âáï ¢ § ¤ ­¨¨ ¤¢ãå ãá«®¢¨© u(0) = 0,
u(b) = 0. Ǒà¨ I = ∞ á®åà ­ï¥â á¬ëá« ¢â®à®¥ ãá«®¢¨¥ u(b) = 0.����������1. �¥§¨­ �. �. �¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ë¥ ãà ¢­¥­¨ï. �¥â®¤ ¬®¤¥«ì­ëå ®¯¥-à â®à®¢ ¢ â¥®à¨¨ £à ­¨ç­ëå § ¤ ç // �à. ¬ â. ¨­-â  ¨¬. �. �. �â¥ª«®¢  ���.2000. �. 229. �. 131{141.2. �¨å«¨­ �. �. � à¨ æ¨®­­ë¥ ¬¥â®¤ë ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥. �.: � ãª , 1970.3. �£®à®¢ �. �. �¥®à¥¬ë ¢«®�¥­¨ï ¨ ª®¬¯ ªâ­®áâ¨ ¤«ï ®¤­®£® ª« áá  ¢¥á®¢ëå ¯à®-áâà ­áâ¢ // �¥ª« áá¨ç¥áª¨¥ ãà ¢­¥­¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �®¢®á¨¡¨àáª:�§¤-¢® ���, 1993. �. 161{168.£. �ªãâáª 24 ï­¢ àï 2013 £.



��� 517.956� ��������������� ������� ��������� ��������� ���������� ��Ǒ�∗)�. �. �£®à®¢, �. �. � å à®¢ � ¨¡®«¥¥ ¯®«­ ï ¡¨¡«¨®£à ä¨ï, ¯®á¢ïé¥­­ ï ®¡®¡é¥­­®© ¨ äà¥¤-£®«ì¬®¢®© à §à¥è¨¬®áâ¨ à §«¨ç­ëå ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© á¬¥-è ­­®£® â¨¯ , ¨¬¥¥âáï ¢ [1{4℄. � ¤ ­­®© à ¡®â¥ ¯à¨¢®¤ïâáï áå¥¬ë ¤®-ª § â¥«ìáâ¢ â¥®à¥¬ë ® ¯«®â­®© à §à¥è¨¬®áâ¨ ¨ â¥®à¥¬ë ® äà¥¤£®«ì-¬®¢®áâ¨ ªà ¥¢®© § ¤ ç¨, ª®â®à ï ¢¯¥à¢ë¥ ¯®áâ ¢«¥­  ¨ ¨áá«¥¤®¢ ­ �. �. �¥à¥å®¢ë¬ [5℄.Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn á ªãá®ç­® £« ¤ª®© £à ­¨æ¥©
S , 
t = 
× t ¤«ï 0 6 t 6 T , St = S × (0, T ), Q = 
× (0, T ).� æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ Q à áá¬®âà¨¬ ãà ¢­¥­¨¥ á¬¥è ­­®£®â¨¯ 
Lu ≡ k(x, t)utt −

n∑

i,j=1 ∂

∂xj
(aij(x)uxi

) + a(x, t)ut + c(x)u = f(x, t) (1)á ¤®áâ â®ç­® £« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¢ Q. Ǒà¥¤¯®«®�¨¬, çâ® ¢ë-¯®«­¥­ë ãá«®¢¨ï
aij = aji,

n∑

i,j=1 aijξiξj > ν|ξ|2 ∀ξ ∈ R
n, ν > 0.�«¥¤ãï à ¡®â ¬ [1{3, 5℄, ¢¢¥¤¥¬ ¬­®�¥áâ¢ 

P±0 = {(x, 0) : k(x, 0) ≷ 0, x ∈ 
}, P±
T = {(x, T ) : k(x, T ) ≷ 0, x ∈ 
}.

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� §  2012{2014££.(¯à®¥ªâ ü 4402)
© 2013 �£®à®¢ �. �., � å à®¢  �. �.



� äà¥¤£®«ì¬®¢®áâ¨ ªà ¥¢®© § ¤ ç¨ 21�à ¥¢ ï § ¤ ç . � ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨ Q â -ª®¥, çâ®
u|ST

= 0, u|t=0 = 0, ut|P+0 = 0, u|
P

−

T

= 0. (2)Ǒãáâì CL | ª« áá £« ¤ª¨å äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬(2). �¥à¥§ CL∗ ®¡®§­ ç¨¬ ª« áá £« ¤ª¨å äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨åá®¯àï�¥­­ë¬ ªà ¥¢ë¬ ãá«®¢¨ï¬
v|ST

= 0, v|
P

−0 = 0, v|t=T = 0, vt|P+
T

= 0. (2∗)�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: W̃ 12 (Q) (Ŵ 12 (Q)) | ¯®¯®«­¥­¨¥ª« áá  CL (CL∗) ¯® ­®à¬¥ ‖ · ‖1 ¯à®áâà ­áâ¢  �®¡®«¥¢  W 12 (Q). �¡®-§­ ç¨¬ ç¥à¥§ W̃−12 (Q) (Ŵ−12 (Q)) ¯à®áâà ­áâ¢® «¨­¥©­ëå ­¥¯à¥àë¢­ëåäã­ªæ¨®­ «®¢ ­ ¤ £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ W̃ 12 (Q) (Ŵ 12 (Q)). Ǒà¨íâ®¬ L2(Q) ®â®�¤¥áâ¢«ï¥âáï á ¥£® á®¯àï�¥­­ë¬ ¯à®áâà ­áâ¢®¬.�¯à¥¤¥«¥­¨¥ 1. �ã­ªæ¨ï u(x, t) ∈ W̃ 12 (Q) ­ §ë¢ ¥âáï ®¡®¡é¥­-­ë¬ à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (1), (2), ¥á«¨ ¢ë¯®«­¥­® ¨­â¥£à «ì­®¥â®�¤¥áâ¢®
∫

Q

[
−kutvt + (a− kt)utv + n∑

i,j=1 aijuxi
vxj

+ cuv

]
dQ = 〈f, v〉 (3)¤«ï «î¡®© äã­ªæ¨¨ v ∈ Ŵ 12 (Q), £¤¥ 〈·, ·〉 | ¤¢®©áâ¢¥­­®¥ á®®â­®è¥­¨¥¬¥�¤ã Ŵ−12 (Q) ¨ Ŵ 12 (Q), f ∈ Ŵ−12 (Q).�¥¢ ï ç áâì à ¢¥­áâ¢  (3) à ¢­  〈Au, v〉, £¤¥ A «¨­¥©­ë© ®£à ­¨-ç¥­­ë© ®¯¥à â®à ¨§ W̃ 12 (Q) ¢ Ŵ−12 (Q). Ǒà¨ íâ®¬ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

〈Au, v〉 = 〈u,A∗v〉 ∀u ∈ W̃ 12 (Q), ∀v ∈ Ŵ 12 (Q). (4)Ǒãáâì H∗1 = H∗1 (λ) | ¯®¯®«­¥­¨¥ Ŵ 12 (Q) ¯® ­®à¬¥
‖v‖2H∗1 = ∫

Q


η(t)(v2t + n∑

i=1 v2xi
+ v2)+ e4λtv2+ n∑

i=1 t∫0 e2λτvxi
dτ)2 + t∫0 e2λτv dτ



2
 dQ,



22 �£®à®¢ �. �., � å à®¢  �. �.£¤¥ ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï η(t) áâà®¨âáï ¢ å®¤¥ ¤®ª § â¥«ìáâ¢  á«¥-¤ãîé¥© «¥¬¬ë.�¥¬¬  1. Ǒãáâì ª®íää¨æ¨¥­â c(x) > 0 ¤®áâ â®ç­® ¡®«ìè®©, ¢ë-¯®«­¥­® ãá«®¢¨¥
a− 12kt > δ > 0, (x, t) ∈ Q,¨ ¨¬¥¥â ¬¥áâ® ®¤¨­ ¨§ á«¥¤ãîé¨å á«ãç ¥¢: k(x, 0) > 0, k(x, T ) < 0 ¨«¨

k(x, 0) < 0, k(x, T ) > 0 ¨«¨ k(x, 0) 6 0, k(x, T ) < 0 ¨«¨ k(x, 0) > 0,
k(x, T ) > 0.�®£¤  áãé¥áâ¢ã¥â ª®­áâ ­â  λ > 0 â ª ï, çâ® ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­-áâ¢®

C1‖v‖H∗1 6 ‖A∗v‖
W̃−12 (Q), C1 = C1(λ) > 0,¤«ï ¢á¥å äã­ªæ¨© v ∈ Ŵ 12 (Q).�«ï «î¡®© äã­ªæ¨¨ v ∈ Ŵ 12 (Q) ¢ à ¢¥­áâ¢¥ (4) ¯®«®�¨¬

u(x, t) = ξ(t) t∫0 e2λτv(x, τ) dτ + η(t)v,£¤¥ ­¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨ ξ, η ¢ ª �¤®¬ á«ãç ¥ ¯®¤¡¨à îâáï â ª,çâ®¡ë äã­ªæ¨ï u(x, t) ¯à¨­ ¤«¥� «  W̃ 12 (Q). �­ ç «  ¢ë¡¨à ¥¬ λ > 0â ª, çâ® a− 12kt + λk > δ2 ¢ Q.1. Ǒãáâì ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  k(x, 0) > 0, k(x, T ) < 0. �ë¡¥-à¥¬ ç¨á«  T0, T1 â ª, çâ® k(x, t) 6 −δ1 < 0, t ∈ [T0, T ℄, T0 < T1 < T.�ã¤¥¬ áç¨â âì, çâ®
η(t) = 0, t ∈ [0, T0℄; ηt > 0; η(t) = 1, t ∈ [T1, T ℄,

ξ(t) = µ > 0, t ∈ [0, T0℄;
ξt 6 0; ξt 6 −ξ0 < 0, t ∈ [T1, T ℄; ξ(T1) >

µ2 , ξ(T ) = 0.�®£¤  ¯®«ãç ¥¬, çâ® u(x, t) ¯à¨­ ¤«¥�¨â W̃ 12 (Q).2. Ǒà¨ k(x, 0) < 0, k(x, T ) > 0 ¢®§ì¬¥¬ ç¨á«  t0, t1 â ª¨¥, çâ®
k(x, t) 6 −δ1 < 0, t ∈ [0, t0℄, 0 < t1 < t0 < T.



� äà¥¤£®«ì¬®¢®áâ¨ ªà ¥¢®© § ¤ ç¨ 23Ǒ®«®�¨¬
η(t) = 0, t ∈ [t0, T ℄; η(t) = 1, t ∈ [0, t1℄; ξ(t) ≡ µ.�®£¤  á­®¢  äã­ªæ¨ï u(x, t) ¯à¨­ ¤«¥�¨â W̃ 12 (Q).3. Ǒà¨ k(x, 0) < 0, k(x, T ) < 0 ¡ã¤¥¬ áç¨â âì, çâ®

k(x, T ) 6 −δ1 < 0, t ∈ [0, t0℄ ∪ [T0, T ℄.� ª ç¥áâ¢¥ ξ(t) à áá¬®âà¨¬ äã­ªæ¨î ξ(t) ¨§ ¯. 1 ¨ ¯®«®�¨¬
η(t) = 1, t ∈ [0, t1℄ ∪ [T1, T ℄; η(t) = 0, t ∈ [t0, T0℄.�âáî¤  ¯®«ãç ¥¬, çâ® u(x, t) ∈ W̃ 12 (Q).4. Ǒãáâì k(x, 0) > 0, k(x, T ) > 0. � ¤ ­­®¬ á«ãç ¥ ¤«ï ¯®áâà®¥­¨ï

u(x, t) ¨§ W̃ 12 (Q) ¤®áâ â®ç­® à áá¬®âà¥âì äã­ªæ¨¨ ξ ≡ 1 ¨ η ≡ 0.�¥¯¥àì ¯®á«¥ ­¥ª®â®àëå ¯à¥®¡à §®¢ ­¨© [4℄, ¢ë¡¨à ï µ > 0, ¬®�­®¯®«ãç¨âì ­¥à ¢¥­áâ¢®
〈u,A∗v〉 > C2‖v‖2H∗1 , C2 = C2(λ) > 0.�§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¢ á¨«ã

‖u‖1 6 C3‖v‖H∗1 , C3 > 0,á«¥¤ã¥â ®æ¥­ª  «¥¬¬ë 1.�§ «¥¬¬ë 1 ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 1 ¨ f ∈ Ŵ−12 (Q).�®£¤  ãà ¢­¥­¨¥
Au = f¯«®â­® à §à¥è¨¬® (R(A) = Ŵ−12 (Q)).Ǒãáâì H1 = H1(λ) | ¯®¯®«­¥­¨¥ W̃ 12 (Q) ¯® ­®à¬¥

‖u‖2H1 = ∫
Q


η(t)(u2t + n∑

i=1 u2xi
+ u2)+ e−4λtu2+ n∑

i=1 T∫

t

e−2λτuxi
dτ



2 + T∫

t

e−2λτu dτ



2
 dQ,£¤¥ äã­ªæ¨ï η(t) ¯®áâà®¥­  ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1.



24 �£®à®¢ �. �., � å à®¢  �. �.�¥¬¬  2. Ǒãáâì ª®íää¨æ¨¥­â c(x) > 0 ¤®áâ â®ç­® ¡®«ìè®©, ¢ë-¯®«­¥­® ãá«®¢¨¥
a− 32kt > 0 > 0,¨ ¨¬¥¥â ¬¥áâ® ®¤¨­ ¨§ á«¥¤ãîé¨å á«ãç ¥¢: k(x, 0) > 0, k(x, T ) < 0 ¨«¨

k(x, 0) < 0, k(x, T ) > 0 ¨«¨ k(x, 0) < 0, k(x, T ) < 0 ¨«¨ k(x, 0) > 0,
k(x, T ) > 0.�®£¤  áãé¥áâ¢ã¥â ª®­áâ ­â  λ > 0 â ª ï, çâ® ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­-áâ¢®

C4‖u‖H1 6 ‖Au‖
Ŵ−12 (Q), C4 = C4(λ) > 0,¤«ï ¢á¥å äã­ªæ¨© u ∈ W̃ 12 (Q).�«ï «î¡®© äã­ªæ¨¨ u ∈ W̃ 12 (Q) ¢ à ¢¥­áâ¢¥ (4) ¯®«®�¨¬

v(x, t) = ψ(t) T∫

t

e−2λτu(x, τ) dτ + η(t)u,£¤¥ ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï ψ(t) áâà®¨âáï ¢ ª �¤®¬ á«ãç ¥ â ª, çâ®-¡ë äã­ªæ¨ï v(x, t) ¯à¨­ ¤«¥� «  Ŵ 12 (Q).1. Ǒà¨ k(x, 0) > 0, k(x, T ) < 0 ¢ ª ç¥áâ¢¥ äã­ªæ¨¨ ψ(t) ¡¥à¥¬ äã­ª-æ¨î ψ(t) = µ > 0, t ∈ [0, T ℄. �®£¤  äã­ªæ¨ï v ¯à¨­ ¤«¥�¨â Ŵ 12 (Q).2. Ǒà¨ k(x, 0) < 0, k(x, T ) > 0 ¡ã¤¥¬ áç¨â âì, çâ®
ψ(t) = µ > 0, t ∈ [t0, T ℄; ψ′(t) > 0;

ψ′(t) > ψ0 > 0, t ∈ [0, t1℄; ψ(t1) >
µ2 ; ψ(0) = 0.�­®¢  ¨¬¥¥¬ v ∈ Ŵ 12 (Q).3. Ǒãáâì ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  k(x, 0) < 0, k(x, T ) < 0. � ª -ç¥áâ¢¥ äã­ªæ¨¨ ψ(t) à áá¬®âà¨¬ ξ(t) ¨§ ¯. 2. �âáî¤  ¯®«ãç ¥¬, çâ®

v(x, t) ¯à¨­ ¤«¥�¨â Ŵ 12 (Q).4. Ǒà¨ k(x, 0) > 0, k(x, T ) > 0 äã­ªæ¨ï ψ(t) ≡ 1 ¨ äã­ªæ¨ï v(x, t)¡ã¤¥â ¨§ Ŵ 12 (Q).�  ®á­®¢ ­¨¨ ãá«®¢¨© «¥¬¬ë 2 ­ ©¤¥âáï ç¨á«® λ > 0 â ª®¥, çâ®
a− 32kt + λk >

δ2 , (x, t) ∈ Q.



� äà¥¤£®«ì¬®¢®áâ¨ ªà ¥¢®© § ¤ ç¨ 25�â¢¥à�¤¥­¨¥ «¥¬¬ë 2 ¢ëâ¥ª ¥â ¨§  ¯à¨®à­®© ®æ¥­ª¨
〈Au, v〉 > C5‖u‖2H1 , C5 = C5(λ) > 0.�âáî¤  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 2. �®£¤  ªà ¥¢ ï§ ¤ ç  (1), (2) ¬®�¥â ¨¬¥âì ­¥ ¡®«¥¥ ®¤­®£® ®¡®¡é¥­­®£® à¥è¥­¨ï ¨§

W̃ 12 (Q).� áá¬®âà¨¬ A ª ª ®¯¥à â®à ¨§ H1 ¢ Ŵ−12 (Q) á ®¡« áâìî ®¯à¥¤¥-«¥­¨ï D(A) = W̃ 12 (Q). Ǒà¨ íâ®¬ D(A∗) ⊆ Ŵ 12 (Q), à ¢¥­áâ¢® (4) ¨ ¯à¨®à­ ï ®æ¥­ª  «¥¬¬ë 1 á¯à ¢¥¤«¨¢ë ¤«ï äã­ªæ¨© v ¨§ D(A∗).�¥®à¥¬  3. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï
c(x) > 0, x ∈ 
; a− 12kt > δ > 0, (x, t) ∈ Q.�®£¤  ¤«ï ¯¥à¢®£® ¯®«®�¨â¥«ì­®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ®¯¥à â®à 

A∗ ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
γ1 >

2δ
T
.�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ãâ¥®à¥¬ë 3 ¨§ [4℄. � ª �¥ ãáâ ­ ¢«¨¢ ¥âáï�¥®à¥¬  4. �£à ­¨ç¥­­®¥ ¢ H1 ¬­®�¥áâ¢® ª®¬¯ ªâ­® ¢ Ŵ−12 (Q).�¥à¥§ A ®¡®§­ ç¨¬ § ¬ëª ­¨¥ ®¯¥à â®à  A ¢ H1. � áá¬®âà¨¬®¯¥à â®à­®¥ ãà ¢­¥­¨¥(A− γ)u = f, f ∈ Ŵ−12 (Q). (5)�¯à ¢¥¤«¨¢  á«¥¤ãîé ï�¥®à¥¬  5. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

a− 12kt > δ > 0, a− 32kt > δ > 0, (x, t) ∈ Q,¨ ¨¬¥¥â ¬¥áâ® ®¤¨­ ¨§ á«¥¤ãîé¨å á«ãç ¥¢: k(x, 0) > 0, k(x, T ) < 0 ¨«¨
k(x, 0) < 0, k(x, T ) > 0 ¨«¨ k(x, 0) < 0, k(x, T ) < 0 ¨«¨ k(x, 0) > 0,
k(x, T ) > 0, x ∈ 
.�®£¤  áãé¥áâ¢ã¥â ª®­áâ ­â  λ > 0 â ª ï, çâ® ãà ¢­¥­¨¥ (5) äà¥¤-£®«ì¬®¢® ¢ ¯à®áâà ­áâ¢¥ H1(λ).



26 �£®à®¢ �. �., � å à®¢  �. �.� ¬¥ç ­¨¥. �â¬¥â¨¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 5 ¨
k(x, 0) 6= 0, k(x, T ) 6= 0, f ∈ L2(Q)¢ § 2.2 à ¡®âë [3℄ ¨§ãç¥­  äà¥¤£®«ì¬®¢  à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨(1), (2) ¢ í­¥à£¥â¨ç¥áª®¬ ª« áá¥ V 1

L ⊆ W̃ 12 (Q) ⊆ H1.����������1. �à £®¢ �. �. � â¥®à¨¨ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  // �¨ä-ä¥à¥­æ. ãà ¢­¥­¨ï. 1977. �. 13, ü 6. �. 1098{1105.2. �®¨á¥¥¢ �. �. �à ¢­¥­¨ï á¬¥è ­­®£® â¨¯  á® á¯¥ªâà «ì­ë¬ ¯ à ¬¥âà®¬. �.:�§¤-¢® �®áª. ã-â , 1988.3. �ã§ì¬¨­ �. �. �¥ª« áá¨ç¥áª¨¥ ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  ¨ ¨å ¯à¨«®�¥­¨ï ª£ §®¤¨­ ¬¨ª¥. �.: �§¤-¢® �¥­¨­£à. ã­-â , 1990.4. �£®à®¢ �. �. � äà¥¤£®«ì¬®¢®© à §à¥è¨¬®áâ¨ ®¤­®© ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢-­¥­¨ï á¬¥è ­­®£® â¨¯  // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 1. �. 55{64.5. �¥à¥å®¢ �. �. �à ¥¢ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  // Ǒà¨¬¥­¥­¨¥¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ «¨§  ª § ¤ ç ¬ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¨ ¢ëç¨á-«¨â¥«ì­®© ¬ â¥¬ â¨ª¨. �®¢®á¨¡¨àáª, 1979. �. 128{136.£. �ªãâáª 17 ï­¢ àï 2013 £.



��� 517.954� ��������� �������������������������� ���������Ǒ����������� ���� �� �����������. �. � ¬ëè«ï¥¢ , �. �. �ëçª®¢�¢¥¤¥­¨¥Ǒãáâì 
 ⊂ Rn | ®£à ­¨ç¥­­ ï ®¡« áâì á £à ­¨æ¥© ∂
 ª« áá  C∞.� æ¨«¨­¤à¥ ∂
× R à áá¬®âà¨¬ § ¤ çã �®ã®«â¥à  | �¨¤®à®¢ 
P (u(x, 0)− u0(x)) = 0, P (ut(x, 0)− u1(x)) = 0, x ∈ 
, (0.1)á ªà ¥¢ë¬ ãá«®¢¨¥¬ �¨à¨å«¥

u(x, t) = 0, (x, t) ∈ ∂
× R, (0.2)¤«ï ãà ¢­¥­¨ï �ãáá¨­¥áª (λ −�)utt = k�u+�f(u). (0.3)� ®¤­®¬¥à­®¬ á«ãç ¥ ãà ¢­¥­¨¥ (0.3) ®¯¨áë¢ ¥â à á¯à®áâà ­¥­¨¥ ¤«¨­-­ëå ¢®«­ ­  ¯®¢¥àå­®áâ¨ ¨¤¥ «ì­®© �¨¤ª®áâ¨ [1, 2℄ á ãç¥â®¬ ª ¯¨««ïà-­ëå íää¥ªâ®¢ ¨ ¯à¨ á®åà ­¥­¨¨ ¬ ááë ¢ á«®¥ ¢ ¯à¥¤¯®«®�¥­¨¨, çâ®¤­® ¤®áâ â®ç­® ¯«®áª®¥. �á«¨ f(u) = u3, ãà ¢­¥­¨¥ (0.3) ­ §ë¢ ¥âáïImproved Modi�ed Boussinesque Equation (IMBq) [3℄. � à ¡®â¥ [3℄ ¯®«ã-ç¥­® à¥è¥­¨¥ ­¥¢ëà®�¤¥­­®£® IMBq ãà ¢­¥­¨ï,   ¢ à ¡®â¥ [1℄ ¨áá«¥¤®-¢ ­ë á®«¨â®­­ë¥ à¥è¥­¨ï ¬®¤¨ä¨æ¨à®¢ ­­®£® ãà ¢­¥­¨ï �ãáá¨­¥áª .�«¥¤ãï â¥®à¨¨ ®â­®á¨â¥«ì­® á¯¥ªâà «ì­® ®£à ­¨ç¥­­ëå ®¯¥à â®-à®¢ [4℄, § ¤ çã (0.1){(0.3) ¬®�­® á¢¥áâ¨ ª § ¤ ç¥ �®ã®«â¥à  | �¨¤®-à®¢ 
P (u(0)− u0) = 0, P ( _u(0)− u1) = 0 (0.4)
© 2013 � ¬ëè«ï¥¢  �. �., �ëçª®¢ �. �.



28 � ¬ëè«ï¥¢  �. �., �ëçª®¢ �. �.¤«ï ¯®«ã«¨­¥©­®£® ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯  ¢â®à®£® ¯®àï¤ª 
L�u =Mu+N(u). (0.5)� ¤ ç  �®ã®«â¥à  | �¨¤®à®¢  ï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬ ®¡®¡é¥­¨-¥¬ § ¤ ç¨ �®è¨ ­  á«ãç © ¢ëà®�¤¥­­ëå ãà ¢­¥­¨©,   â ª�¥ ¨¬¥¥â¯à¥¨¬ãé¥áâ¢® ¯à¨ ¯à®¢¥¤¥­¨¨ ¢ëç¨á«¨â¥«ì­ëå íªá¯¥à¨¬¥­â®¢ ¢ ¬®¤¥-«ïå, ®á­®¢ ­­ëå ­  ãà ¢­¥­¨ïå á®¡®«¥¢áª®£® â¨¯  [5℄.�¥«ìî à ¡®âë ï¢«ï¥âáï ®¡®¡é¥­¨¥ ¯®«ãç¥­­ëå ¢ [6℄ à¥§ã«ìâ â®¢­  á«ãç © § ¤ ç¨ �®ã®«â¥à  | �¨¤®à®¢  | �¨à¨å«¥ ¤«ï ¬®¤¨ä¨-æ¨à®¢ ­­®£® ãà ¢­¥­¨ï �ãáá¨­¥áª  ¨ à §à ¡®âª   «£®à¨â¬  ç¨á«¥­­®-£® à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨. � à ¡®â¥ áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥âáïâ¥®à¨ï ®â­®á¨â¥«ì­® p-®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¨ â¥®à¨ï ¤¨ää¥à¥­-æ¨àã¥¬ëå ¡ ­ å®¢ëå ¬­®£®®¡à §¨© [7℄.�â âìï, ªà®¬¥ ¢¢¥¤¥­¨ï ¨ á¯¨áª  «¨â¥à âãàë, á®¤¥à�¨â âà¨ ¯ã­ª-â . � ¯¥à¢®¬ ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë â¥®à¨¨ ®â­®á¨â¥«ì­® p-®£à ­¨ç¥­-­ëå ®¯¥à â®à®¢ [4℄, ¢® ¢â®à®¬ ¯à¨¢¥¤¥­® à¥è¥­¨¥ § ¤ ç¨�®ã®«â¥à  |�¨¤®à®¢  ¤«ï ­¥¯®«­®£® ¯®«ã«¨­¥©­®£® ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯ ¢â®à®£® ¯®àï¤ª . �à¥â¨© ¯ã­ªâ á®¤¥à�¨â ®á­®¢­ë¥ à¥§ã«ìâ âë ® à §-à¥è¨¬®áâ¨ § ¤ ç¨ (0.1){(0.3) ¨ ¬®¤¥«ì­ë© ¯à¨¬¥à.1. �â­®á¨â¥«ì­® p-®£à ­¨ç¥­­ë¥ ®¯¥à â®àëǑãáâì U, F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ®¯¥à â®àë L,M ∈ L (U;F).�¯à¥¤¥«¥­¨¥ 1.1. �­®�¥áâ¢®

ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L (U;F)}­ §ë¢ ¥âáï à¥§®«ì¢¥­â­ë¬ ¬­®�¥áâ¢®¬ ®¯¥à â®à  M ®â­®á¨â¥«ì­®®¯¥à â®à  L (ª®à®ç¥, L-à¥§®«ì¢¥­â­ë¬ ¬­®�¥áâ¢®¬ ®¯¥à â®à  M).�­®�¥áâ¢® C \ ρL(M) = σL(M) ­ §ë¢ ¥âáï á¯¥ªâà®¬ ®¯¥à â®à  M®â­®á¨â¥«ì­® ®¯¥à â®à  L (ª®à®ç¥, L-á¯¥ªâà®¬ ®¯¥à â®à  M).�¯à¥¤¥«¥­¨¥ 1.2. �¯¥à â®à-äã­ªæ¨¨ (µL −M)−1, RL
µ = (µL −

M)−1L, LL
µ = L(µL−M)−1 á ®¡« áâìî ®¯à¥¤¥«¥­¨ï ρL(M) ­ §ë¢ îâáï



� ¬®¤¥«¨ à á¯à®áâà ­¥­¨ï ¢®«­ 29á®®â¢¥âáâ¢¥­­® à¥§®«ì¢¥­â®©, ¯à ¢®© à¥§®«ì¢¥­â®©, «¥¢®© à¥§®«ì¢¥­-â®© ®¯¥à â®à M ®â­®á¨â¥«ì­® ®¯¥à â®à  L (ª®à®ç¥, L-à¥§®«ì¢¥­â®©,¯à ¢®© L-à¥§®«ì¢¥­â®©, «¥¢®© L-à¥§®«ì¢¥­â®© ®¯¥à â®à  M).�¯à¥¤¥«¥­¨¥ 1.3. �¯¥à â®àM ­ §ë¢ ¥âáï (L, σ)-®£à ­¨ç¥­­ë¬,¥á«¨
∃a > 0 ∀µ ∈ C (|µ| > a) ⇒ (µ ∈ ρL(M)).�¥¬¬  1.1. Ǒãáâì ®¯¥à â®à M (L, σ)-®£à ­¨ç¥­. �®£¤  ®¯¥à â®-àë

P = 12πi ∫� RL
λ (M) dλ, Q = 12πi ∫� LL

λ(M) dλ (1.1)ï¢«ïîâáï ¯à®¥ªâ®à ¬¨. �¤¥áì � = {λ ∈ C : |λ| = r > a}.Ǒ®«®�¨¬ U0 = kerP , F0 = kerQ, U1 = imP , F1 = imQ. �¡®§­ ç¨¬ç¥à¥§ Lk (Mk) áã�¥­¨¥ ®¯¥à â®à  L (M) ­  ¯®¤¯à®áâà ­áâ¢® Uk, k =0, 1. �¥®à¥¬  1.1. Ǒãáâì ®¯¥à â®à M (L, σ)-®£à ­¨ç¥­. �®£¤ (i) Lk,Mk : Uk → Fk, k = 0, 1;(ii) áãé¥áâ¢ã¥â ®¯¥à â®à M−10 ∈ L (F0,U0);(iii) áãé¥áâ¢ã¥â ®¯¥à â®à L−11 ∈ L (F1,U1);(iv) M1 ∈ L (U1,F1).� ãá«®¢¨ïå â¥®à¥¬ë 1.1 ¯®áâà®¨¬ ®¯¥à â®àë H =M−10 L0 ∈ L (U0)¨ S = L−11 M1 ∈ L (U1).�¯à¥¤¥«¥­¨¥ 1.4. �®çª  ∞ ­ §ë¢ ¥âáï ãáâà ­¨¬®© ®á®¡®© â®ç-ª®©, ¯®«îá®¬ ¯®àï¤ª  p ∈ N, áãé¥áâ¢¥­­® ®á®¡®© â®çª®© L-à¥§®«ì¢¥­-âë ®¯¥à â®à M , ¥á«¨ á®®â¢¥âáâ¢¥­­® H ≡ O;Hp 6= O, Hp+1 ≡ O;Hq 6=
O ¯à¨ ¢á¥å q ∈ N.� «¥¥ ãáâà ­¨¬ãî ®á®¡ãî â®çªã ã¤®¡­® ­ §ë¢ âì ¯®«îá®¬ ¯®àï¤-ª  ­ã«ì. � ¤ «ì­¥©è¥¬ (L, σ)-®£à ­¨ç¥­­ë© ®¯¥à â®à M , ¡ã¤¥¬ ­ -§ë¢ âì (L, p)-®£à ­¨ç¥­­ë¬, ¥á«¨ â®çª  ∞ ï¢«ï¥âáï ¯®«îá®¬ ¯®àï¤ª 
p ∈ {0} ∪ N ¥£® L-à¥§®«ì¢¥­âë.



30 � ¬ëè«ï¥¢  �. �., �ëçª®¢ �. �.2. � ¤ ç  �®ã®«â¥à  | �¨¤®à®¢ ¤«ï ¯®«ã«¨­¥©­®£® ãà ¢­¥­¨ï á®¡®«¥¢áª®£®â¨¯  ¢â®à®£® ¯®àï¤ª Ǒãáâì U, F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ . � áá¬®âà¨¬ § ¤ çã �®ã®«-â¥à  | �¨¤®à®¢ 
P (u(0)− u0) = 0, P ( _u(0)− u1) = 0 (2.1)¤«ï ¯®«ã«¨­¥©­®£® ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯ 

L�u =Mu+N(u), (2.2)£¤¥ L,M ∈ L (U; F), N ∈ C∞(U; F), U, F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ .Ǒãáâì ®¯¥à â®à M(L, 0)-®£à ­¨ç¥­, ¯à¨ç¥¬ kerL 6= {0},   P | á¯¥ª-âà «ì­ë© ¯à®¥ªâ®à ¢¤®«ì ï¤à  ®¯¥à â®à  L, ®¯à¥¤¥«¥­­ë© ¢ (1.1).�¯à¥¤¥«¥­¨¥ 2.1. �¥ªâ®à-äã­ªæ¨î u ∈ C∞((−τ, τ);U), ã¤®¢«¥-â¢®àïîéãî ãà ¢­¥­¨î (2.2) ¯à¨ ­¥ª®â®à®¬ τ ∈ R+, ­ §®¢¥¬ à¥è¥­¨¥¬ãà ¢­¥­¨ï (2.2),   ¥á«¨ ®­  ã¤®¢«¥â¢®àï¥â ¨ ãá«®¢¨î (2.1), â® u ­ §®¢¥¬à¥è¥­¨¥¬ § ¤ ç¨ (2.1), (2.2).� á¨«ã â¥®à¥¬ë 1.1 ãà ¢­¥­¨¥ (2.2) ¬®�­® à¥¤ãæ¨à®¢ âì ª íª¢¨¢ -«¥­â­®© ¥¬ã á¨áâ¥¬¥ ãà ¢­¥­¨©
{ 0 = (I −Q)(M +N)(u),�u1 = L−11 Q(M +N)(u). (2.4)Ǒãáâì ¢ë¯®«­¥­® ãá«®¢¨¥(I −Q)(M −Nu0) : F0 → U0 | â®¯«¨­¥©­ë© ¨§®¬®àä¨§¬. (2.5)�®£¤  ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë ®¯à¥¤¥«ï¥â «®ª «ì­® ä §®¢®¥ ¯à®-áâà ­áâ¢® ãà ¢­¥­¨ï (2.2) [6℄.�¥®à¥¬  2.1. Ǒãáâì ®¯¥à â®à M (L, 0)-®£à ­¨ç¥­ ¨ ¢ë¯®«­¥­®ãá«®¢¨¥ (2.5). �®£¤  ¤«ï «î¡ëå u0, u1 áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ «®-ª «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (2.1), (2.2).



� ¬®¤¥«¨ à á¯à®áâà ­¥­¨ï ¢®«­ 31�®ª § â¥«ìáâ¢®. � [6℄ ¤®ª § ­  «®ª «ì­ ï à §à¥è¨¬®áâì § ¤ -ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (2.2) ¯à¨ ãá«®¢¨¨, çâ® ­ ç «ì­ë¥ §­ ç¥­¨ï«¥� â ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ ãà ¢­¥­¨ï (2.2). � ¤ ­­®© § ¤ ç¥ ¯à®-¥ªæ¨¨ ­ ç «ì­ëå §­ ç¥­¨© ¢ á¨«ã ãá«®¢¨ï �®ã®«â¥à  | �¨¤®à®¢   ¢-â®¬ â¨ç¥áª¨ ¯®¯ ¤ îâ ¢ ä §®¢®¥ ¯à®áâà ­áâ¢® § ¤ ­­®£® ãà ¢­¥­¨ï,¢ ®â«¨ç¨¥ ®â ­ ç «ì­ëå §­ ç¥­¨© ¢ § ¤ ç¥ �®è¨, ¨ § ¤ ç  (2.1), (2.2)®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡ëå u0, u1.3. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì à á¯à®áâà ­¥­¨ï¢®«­ ­  ¬¥«ª®© ¢®¤¥ á ãá«®¢¨ï¬¨�®ã®«â¥à  | �¨¤®à®¢ �¥¤ãæ¨àãï § ¤ çã (0.1){(0.3) ª § ¤ ç¥ (0.4){(0.5), ¯®«®�¨¬
U = {u ∈W l+22 (
) : u(x) = 0, x ∈ ∂
}, F =W l2(
).�¯¥à â®àë L,M,N § ¤ ¤¨¬ ä®à¬ã« ¬¨

L = λ−�, M = k�, N(u) = �f(u).Ǒà¨ «î¡®¬ l ∈ {0}∪N ®¯¥à â®àë L,M ¯à¨­ ¤«¥� â L (U;F). �¡®§­ -ç¨¬ ç¥à¥§ σ(�) = {λk} ¬­®�¥áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨© ®¤­®à®¤­®©§ ¤ ç¨ �¨à¨å«¥ ¢ ®¡« áâ¨ 
 ¤«ï ®¯¥à â®à  � ¯« á  �, § ­ã¬¥à®¢ ­-­ëå ¯® ­¥¢®§à áâ ­¨î á ãç¥â®¬ ªà â­®áâ¨,   ç¥à¥§ {ϕk} | á¥¬¥©áâ¢®á®®â¢¥âáâ¢ãîé¨å á®¡áâ¢¥­­ëå äã­ªæ¨©, ®àâ®­®à¬¨à®¢ ­­®¥ ®â­®á¨-â¥«ì­® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï 〈·, ·〉 ¢ L2(
).�¥¬¬  3.1 [4, á. 125℄. Ǒà¨ «î¡ëå λ ∈ R ®¯¥à â®à M ï¢«ï¥âáï(L, 0)-®£à ­¨ç¥­­ë¬.�¥¬¬  3.2. Ǒãáâì f ∈ C∞(R) ¨ l > n/2 − 2. �®£¤  ®¯¥à â®à
N : u→ �f(u) ¯à¨­ ¤«¥�¨â ª« ááã C∞(U;F).�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë ® à¥£ã«ïà­®áâ¨ [8, á. 282℄ ®¯¥à -â®à F : u→ f(u) ¯à¨­ ¤«¥�¨â ª« ááã C∞(U),   á«¥¤®¢ â¥«ì­®, ®¯¥à -â®à N ¯à¨­ ¤«¥�¨â C∞(U;F) ª ª ª®¬¯®§¨æ¨ï ®¯¥à â®à  F : u→ f(u)¨ ®¯¥à â®à  � ¯« á  � ∈ L (U;F).



32 � ¬ëè«ï¥¢  �. �., �ëçª®¢ �. �.�â ª, à¥¤ãªæ¨ï § ¤ ç¨ (0.1){(0.3) ª § ¤ ç¥ (2.1){(2.2) § ª®­ç¥­ .Ǒ® «¥¬¬¥ 1.1 ¯®áâà®¨¬ ¯à®¥ªâ®à
P = { I, ¥á«¨ λ /∈ σ(�),

I − ∑
λ=λk

〈·, ϕk〉ϕk ¨­ ç¥.Ǒà®¥ªâ®à Q ¨¬¥¥â â®â �¥ ¢¨¤, ­® ®¯à¥¤¥«¥­ ­  ¯à®áâà ­áâ¢¥ F.�â ª ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï  ¡áâà ªâ­®© â¥®à¥¬ë 2.1, â ª¨¬ ®¡-à §®¬, ¨¬¥¥â ¬¥áâ®�¥®à¥¬  3.1. Ǒãáâì l > n/2 − 2 ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (2.5). �®-£¤  ¤«ï «î¡ëå u0, u1 ¯à¨ ­¥ª®â®à®¬ τ ∈ R+ áãé¥áâ¢ã¥â à¥è¥­¨¥ u ∈
C∞((−τ, τ),U) § ¤ ç¨ (0.1){(0.3).� ª ç¥áâ¢¥ ¬®¤¥«ì­®£® ¯à¨¬¥à  à áá¬®âà¨¬ IMBq-ãà ¢­¥­¨¥ ­ ®âà¥§ª¥ 
 = [0, π℄. � æ¨«¨­¤à¥ ∂
×R à áá¬®âà¨¬ § ¤ çã�®ã®«â¥à  |�¨¤®à®¢  | �¨à¨å«¥(−9−�)(u(x, 0)− 0, 8 sinx+ 0, 1 sin2x− 0, 3 sin3x) = 0,(−9−�)(ut(x, 0)− 0, 8 sinx+ 0, 2 sin 2x) = 0, (3.1)

u(x, t) = 0, (x, t) ∈ ∂
× R, (3.2)¤«ï ãà ¢­¥­¨ï �ãáá¨­¥áª (−9−�)utt = 0, 064�u− 0, 11�u3. (3.3)Ǒ®áª®«ìªã ®¯¥à â®à k� = 0, 064�u 0-®£à ­¨ç¥­­ë© ®â­®á¨â¥«ì­®®¯¥à â®à  λ−� = −9−�, ãá«®¢¨¥ (3.3) à ¢­®á¨«ì­® ãá«®¢¨î �®ã®«-â¥à  | �¨¤®à®¢  (2.1). �ç¥¢¨¤­®, çâ® ¤«ï ®¯¥à â®à®¢ M = 0, 64� ¨
N(u) = −0, 11�u3 ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2.5). �¥è¥­¨¥ § ¤ ç¨ (3.1){(3.3) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥~uN = N∑

n=1un(t) sin(nx). (3.4)Ǒ®¤áâ ¢¨¬ (3.4) ¢ ãà ¢­¥­¨¥ (3.3), § â¥¬, ã¬­®� ï ¯®«ãç¥­­®¥ãà ¢­¥­¨¥ áª «ïà­® ­  á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¯¥à -â®à  � ¯« á , ¯®«ãç¨¬ á¨áâ¥¬ã ¤«ï ­ å®�¤¥­¨ï un(t), n = 1, N . �§



� ¬®¤¥«¨ à á¯à®áâà ­¥­¨ï ¢®«­ 33¯®«ãç¥­­®© á¨áâ¥¬ë ¨áª«îç ¥âáï  «£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥, á®®â¢¥â-áâ¢ãîé¥¥ λ = λk (¢ ¤ ­­®¬ á«ãç ¥ λ = λ3 = −9), ¨ ¥£® à¥è¥­¨¥ ®â­®-á¨â¥«ì­® u3(t) ¯®¤áâ ¢«ï¥âáï ¢ ®áâ ¢è¨¥áï ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥-­¨ï. � â¥¬ à¥è ¥âáï á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¬¥â®¤®¬�ã­£¥ | �ãââ  ¨ ¤ «¥¥ ­ å®¤¨âáï u3(t) ¨§ ¨áª«îç¥­­®£®  «£¥¡à ¨-ç¥áª®£® ãà ¢­¥­¨ï. Ǒ®¤áâ ¢¨¢ ­ ©¤¥­­ë¥ äã­ªæ¨¨ un(t), n = 1, N , ¢(3.4), ¯®«ãç¨¬ à¥è¥­¨¥ ¨áå®¤­®© § ¤ ç¨. �  à¨á. 1 ¯®áâà®¥­ £à ä¨ª¯à¨¡«¨�¥­­®£® à¥è¥­¨ï § ¤ ç¨ (3.1){(3.3) ¯à¨ N = 4.

�¨á. 1. �à ä¨ª äã­ªæ¨¨ ~u4(x, t).����������1. �àå¨¯®¢ �. �., � ¡ å¯ è¥¢ �. �. �®¢®¥ ãà ¢­¥­¨¥ ¤«ï ®¯¨á ­¨ï ­¥ã¯àã£®£®¢§ ¨¬®¤¥©áâ¢¨ï ­¥«¨­¥©­ëå «®ª «¨§®¢ ­­ëå ¢®«­ ¢ ¤¨á¯¥à£¨àãîé¨å áà¥¤ å //Ǒ¨áì¬  ¢ ����. 2011. �. 93, ü 8. �. 469{472.2. �¨§¥¬ ��. �¨­¥©­ë¥ ¨ ­¥«¨­¥©­ë¥ ¢®«­ë. �.: �¨à 1977.3. Wang S., Chen G. Small amplitude solutions of the generalized IMBq equation // J.Math. Anal. Appl. 2002. V 274. P. 846{866.4. Sviridyuk G. A., Fedorov V. E. Linear Sobolev type equations and degenerate semi-groups of operators. Utre
ht; Boston; K�oln; Tokyo: VSP, 2003.4. �¢¨à¨¤îª �. �., � £à¥¡¨­  �. �. � ¤ ç  �®ã®«â¥à  | �¨¤®à®¢  ª ª ä¥­®¬¥­ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  // �§¢¥áâ¨ï ���. �¥à. � â¥¬ â¨ª . 2010. T. 3,ü 1. �. 104{125.6. � ¬ëè«ï¥¢  �. �., �ëçª®¢ �. �. � §®¢®¥ ¯à®áâà ­áâ¢® ¯®«ã«¨­¥©­®£® ãà ¢-­¥­¨ï �ãáá¨­¥áª  // �¥áâ­. ��à��. �¥à. � â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ ¨¯à®£à ¬¬¨à®¢ ­¨¥. 2012. ü 18, ¢ë¯. 12. �. 13{19.7. �¥­£ �. �¢¥¤¥­¨¥ ¢ â¥®à¨î ¤¨ää¥à¥­æ¨àã¥¬ëå ¬­®£®®¡à §¨©. �.: �¨à, 1967.



34 � ¬ëè«ï¥¢  �. �., �ëçª®¢ �. �.8. � áá à¤ �., � § à¨­®¢ �., �í­ �. �¥®à¨ï ¨ ¯à¨«®�¥­¨ï ¡¨äãàª æ¨¨ à®�¤¥­¨ïæ¨ª« . �.: �¨à, 1985.£. �¥«ï¡¨­áª 4  ¯à¥«ï 2013 £.



��� 517.946������� ������ ��� ���������������� ���������, �� ����������������������� ����������Ǒ����������∗)�. �. �®� ­®¢� à ¡®â¥ ¡ã¤ãâ à áá¬®âà¥­ë ­¥ ¨§ãç ¢è¨¥áï à ­¥¥ ªà ¥¢ë¥ § ¤ -ç¨ ¤«ï «¨­¥©­ëå ­¥ª« áá¨ç¥áª¨å ãà ¢­¥­¨©, ¢ª«îç îé¨å ¢ á¥¡ï, ¢ç áâ­®áâ¨, «¨­¥ à¨§®¢ ­­ë¥ ãà ¢­¥­¨ï ¬ «ëå ¯à®¤®«ì­ëå ¢®§¬ãé¥-­¨© ã¥¤¨­¥­­ëå ¢®«­. �«ï à áá¬ âà¨¢ ¥¬ëå § ¤ ç ¡ã¤ãâ ¤®ª § ­ëâ¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨©. �«ï¯à®áâ®âë ®£à ­¨ç¨¢ ¥¬áï ¨§ãç¥­¨¥¬ ­¥ª®â®àëå ¬®¤¥«ì­ëå á¨âã æ¨©,ª®¬¬¥­â à¨¨ ¯® ¯®¢®¤ã ¯à®¨áå®�¤¥­¨ï à áá¬ âà¨¢ ¥¬ëå § ¤ ç ¨ ¢®§-¬®�­ëå ®¡®¡é¥­¨© ¤ ­ë ­¨�¥.Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  Rn
x á £à ­¨æ¥© �,

G| ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  Rm
y á £à ­¨æ¥© S; ¤«ï ¯à®áâ®-âë ¡ã¤¥¬ áç¨â âì, çâ® £à ­¨æë � ¨ S ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë.� «¥¥, ¯ãáâì Q | æ¨«¨­¤à 
×G× (0, T ), 0 < T < +∞, αk(x, t), bij(y),

k = 1, . . . , n, i, j = 1, . . . ,m, α0(x, t), b0(y), f(x, y, t), u0(x, y) | § ¤ ­-­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ x ∈ 
, y ∈ G, t ∈ [0, T ℄ á®®â¢¥âáâ¢¥­-­®, �x | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥­­ë¬ x1, . . . , xn, p > 0 | æ¥«®¥ç¨á«®, A, B ¨ L | ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë, ¤¥©áâ¢¨¥ ª®â®àëå§ ¤ ¥âáï à ¢¥­áâ¢ ¬¨
Au = αk(x, t)uxk

+ α0(x, t)u, Bu = ∂

∂yi
(bij(y)uyj

) + b0(y)u
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ ���� (¯à®¥ªâ ü12{06{00277).
© 2013 �®� ­®¢ �. �.



36 �®� ­®¢ �. �.(§¤¥áì ¨ ¤ «¥¥ ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥: ¯®
k ¢ ¯à¥¤¥« å ®â 1 ¤® n, ¯® i ¨ j | ®â 1 ¤® m),

Lu = Aut + (−1)p�p
xu−Bu.�¡®§­ ç¨¬ E = 
×G, D = 
× (0, T ).�à ¥¢ ï § ¤ ç . � ©â¨ äã­ªæ¨î u(x, y, t), ï¢«ïîéãîáï ¢ æ¨-«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

Lu = f(x, y, t) (1)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï
∂ku(x, y, t)

∂νk
x

∣∣∣∣
x∈�, y∈G, t∈(0,T ) = 0, k = 0, 1, . . . , p− 1, (2)
u(x, y, t)|x∈
, y∈S, t∈(0,T ) = 0, (3)

u(x, y, 0) = u0(x, y), (x, y) ∈ E. (4)Ǒãáâì V (Q) | «¨­¥©­®¥ ¯à®áâà ­áâ¢® äã­ªæ¨© v(x, y, t), ¯à¨­ ¤-«¥� é¨å L2(Q), ¨¬¥îé¨å ¢ Q ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ vt(x, y, t) ¨
vxkt(x, y, t), k = 1, . . . , n, ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¯¥à¥¬¥­­ë¬ x1,
. . . , xn ¤® ¯®àï¤ª  2p ¢ª«îç¨â¥«ì­®, ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¯¥-à¥¬¥­­ë¬ y1, . . . , ym ¤® ¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­® ¨ â ª¨å, çâ®äã­ªæ¨¨ vyi

(x, y, t), i = 1, . . . ,m, ¨¬¥îâ ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯®¯¥à¥¬¥­­ë¬ x1, . . . , xn ¤® ¯®àï¤ª  p ¢ª«îç¨â¥«ì­®, ¯à¨ç¥¬ ¢á¥ ãª § ­-­ë¥ ¯à®¨§¢®¤­ë¥ ï¢«ïîâáï í«¥¬¥­â ¬¨ ¯à®áâà ­áâ¢  L2(Q).�ç¥¢¨¤­®, çâ® ¯à®áâà ­áâ¢® V (Q) ¬®�­® ­ ¤¥«¨âì áâàãªâãà®©£¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢ .�¢¥¤¥¬ ®¡®§­ ç¥­¨¥:
α1(x, t) = α0(x, t)− 12αk

xk
(x, t).�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

αk(x, t) ∈ C1(D), k = 1, . . . , n, α0(x, t) ∈ C2(D),
bij(y) ∈ C2(G), i, j = 1, . . . ,m, b0(y) ∈ C(G); (5)
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bij(y)ηiηj > b0|η|2, b0 > 0, y ∈ G, η ∈ R

m; (6)
bij(y) = bji(y), i, j = 1, . . . ,m, y ∈ G; (7)

α1(x, t) > 0, ∣∣αk
t (x, t)∣∣ 6 C

√
α1(x, t), α0t(x, t) > 0, α0tt(x, t) 6 0,

C = 
onst, (x, t) ∈ D; (8)
f(x, y, t) ∈ L2(Q), ft(x, y, t) ∈ L2(Q), ftt(x, y, t) ∈ L2(Q),

u0(x, y) ∈ W 2p,22 (E); (9)
∂ku0(x, y)

∂νk
x

= 0, k = 0, . . . , p− 1, x ∈ �, y ∈ G,

u0(x, y) = 0, x ∈ 
, y ∈ S; (10)
f(x, y, 0)− (−1)p�p

xu0(x, y) +Bu0(x, y) = 0, (x, y) ∈ E. (11)�®£¤  ªà ¥¢ ï § ¤ ç  (1){(4) ¨¬¥¥â à¥è¥­¨¥ u(x, y, t), ¯à¨­ ¤«¥� é¥¥¯à®áâà ­áâ¢ã V (Q).�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨. Ǒãáâì
ε | ¯®«®�¨â¥«ì­®¥ ç¨á«®. �¡®§­ ç¨¬ ç¥à¥§ Lε ¤¨ää¥à¥­æ¨ «ì­ë©®¯¥à â®à, ¤¥©áâ¢¨¥ ª®â®à®£® ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

Lεu = ε
(
utt + (−1)p�p

xut −But

)+ Lu.� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ­ ©â¨ äã­ªæ¨î u(x, y, t), ï¢«ïîéãîáï ¢æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï
Lεu = f(x, y, t) (1ε)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2){(4),   â ª�¥ ãá«®¢¨¥

ut(x, y, 0) = 0, (x, y) ∈ E. (12)�§ ®¡é¥© â¥®à¨¨ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ëå ãà ¢-­¥­¨© [1℄ á«¥¤ã¥â, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ ε ¯à¨ ¯à¨­ ¤«¥�­®áâ¨ äã­ª-æ¨¨ f(x, y, t) ¯à®áâà ­áâ¢ã L2(Q) ¨ ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (5){(7),(10),   â ª�¥ ãá«®¢¨ï u0(x, y) ∈W 2p,22 (E) áãé¥áâ¢ã¥â äã­ªæ¨ï u(x, y, t),¨¬¥îé ï ¢á¥ ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨¥ (1ε) ¯à®¨§¢®¤­ë¥, ¯à¨ç¥¬ ¢á¥ íâ¨



38 �®� ­®¢ �. �.¯à®¨§¢®¤­ë¥ ï¢«ïîâáï í«¥¬¥­â ¬¨ ¯à®áâà ­áâ¢  L2(Q), ¨ ï¢«ïîé -ïáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (1ε), (2){(4), (12). �®«¥¥ â®£®, ¨§ â®©�¥ â¥®à¨¨ [1℄ á«¥¤ã¥â, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ¤®¯®«­¨â¥«ì­®£® ãá«®¢¨ï
ft(x, y, t) ∈ L2(Q) ãà ¢­¥­¨¥ (1ε) ¬®�­® ¤¨ää¥à¥­æ¨à®¢ âì ¯® ¯¥à¥-¬¥­­®© t ¨ ¯à¨ íâ®¬ äã­ªæ¨ï ut(x, y, t) ¡ã¤¥â ¨¬¥âì ¢á¥ ¯à®¨§¢®¤­ë¥,¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨¥ (1ε), ¨ ¢á¥ íâ¨ ¯à®¨§¢®¤­ë¥ ¡ã¤ãâ ¯à¨­ ¤«¥� âì¯à®áâà ­áâ¢ã L2(Q).Ǒãáâì u(x, y, t) | ¨áª®¬®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1ε), (2){(4),(12). � áá¬®âà¨¬ à ¢¥­áâ¢®

t∫0 ∫E Lεuuτ dxdydτ = t∫0 ∫F fuτ dxdydτ,ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨ï (1ε). �­â¥£à¨àãï ¯® ç áâï¬ ¢ íâ®¬à ¢¥­áâ¢¥ ª ª á«¥¢ , â ª ¨ á¯à ¢ , ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£ , ãá«®-¢¨ï (6){(9), ¨á¯®«ì§ãï ¨§¢¥áâ­ë¥ ®æ¥­ª¨ à¥è¥­¨© í««¨¯â¨ç¥áª¨å ãà ¢-­¥­¨© [2, 3℄ ¨, ­ ª®­¥æ, ¨á¯®«ì§ãï «¥¬¬ã �à®­ã®«« , ¯®«ãç¨¬, çâ® ¤«ïà¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (1ε), (2){(4), (12) ¢ë¯®«­ï¥âáï ¯¥à¢ ï  ¯à¨-®à­ ï ®æ¥­ª 
ε





∫

E

u2t (x, y, t) dxdy + t∫0 ∫E [ p∑

|α|=0 (Dα
xuτ

)2 + m∑

i=1 u2yiτ

]
dxdydτ



+ ∫

E

{
p∑

|α|=0 [Dα
xu(x, y, t)]2 + m∑

i=1 u2yi
(x, y, t)} dxdy+ t∫0 ∫E α1u2τ dxdydτ 6 K1, (13)¢ ª®â®à®© ç¨á«® K1 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ u0(x, y), f(x, y, t), bij(y),

i, j = 1, . . . ,m, b0(y),   â ª�¥ ç¨á«®¬ T ¨ ®¡« áâìî 
.�  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ à ¢¥­áâ¢®
t∫0 ∫E (Lεu)τuττ dxdydτ = t∫0 ∫E fτuττ dxdydτ,



�à ¥¢ë¥ § ¤ ç¨ ¤«ï ­¥ª®â®àëå ª« áá®¢ ãà ¢­¥­¨© 39ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ¯à®¤¨ää¥à¥­æ¨à®¢ ­­®£® ¯® t ãà ¢­¥­¨ï (1ε).�­®¢ì ¨­â¥£à¨àãï ¯® ç áâï¬, ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£ , ãá«®¢¨ï(6){(9), à ¢¥­áâ¢®
utt(x, y, 0) = 0, (x, y) ∈ E,ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãá«®¢¨ï (11), ¨ ¨á¯®«ì§ãï ¤®ª § ­­ãî ¢ëè¥®æ¥­ªã (13), ®æ¥­ª¨ ¨§ [2, 3℄ ¨ «¥¬¬ã �à®­ã®«« , ¯®«ãç¨¬, çâ® ¤«ï à¥-è¥­¨© ªà ¥¢®© § ¤ ç¨ (1ε), (2){(4), (12) ¢ë¯®«­ï¥âáï ¢â®à ï  ¯à¨®à­ ï®æ¥­ª 

ε





∫

E

u2tt(x, y, t) dxdy + t∫0 ∫E [ p∑

|α|=0 (Dα
xuττ

)2 + m∑

i=1 u2yiττ

]
dxdydτ



+ ∫

E

{
p∑

|α|=0 [Dα
xut(x, y, t)]2 + m∑

i=1 u2yit(x, y, t)} dxdy 6 K2, (14)¢ ª®â®à®© ç¨á«® K2, ª ª ¨ ç¨á«® K1, ®¯à¥¤¥«ï¥âáï «¨èì äã­ªæ¨ï¬¨
u0(x, y), f(x, y, t), bij(y), i, j = 1, . . . ,m, b0(y),   â ª�¥ ç¨á«®¬ T ¨ ®¡-« áâìî 
.� áá¬®âà¨¬ â¥¯¥àì à ¢¥­áâ¢®

t∫0 ∫E Lεu
[(−1)p�p

xu−Bu
]
dxdydτ = t∫0 ∫E f

[(−1)p�p
xu−Bu

]
dxdydτ.�­â¥£à¨àãï ¯® ç áâï¬, ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£ , ¨á¯®«ì§ãï ãá«®-¢¨ï â¥®à¥¬ë, ®æ¥­ª¨ (13) ¨ (14),   â ª�¥ ¢­®¢ì ¨á¯®«ì§ãï ®æ¥­ª¨ ¨§[2, 3℄, ¯®«ãç¨¬, çâ® ¤«ï à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (1ε), (2){(4), (12) ¨¬¥¥â¬¥áâ® ®æ¥­ª 

ε

∫

E

[�p
xu(x, y, t)]2 dxdy + ε

m∑

i=1 p∑

|α|=0 ∫E [
Dα

xuyi
(x, y, t)]2dx dy+ t∫0 ∫E [�p

xu
]2
dxdydτ + m∑

i=1 p∑

|α|=0 t∫0 ∫E [
Dα

xuyi

]2
dxdydτ+ m∑

i,j=1 t∫0 ∫E u2yiyj
dxdydτ 6 K3 (15)



40 �®� ­®¢ �. �.á ç¨á«®¬ K3, ®¯à¥¤¥«ïîé¨¬áï äã­ªæ¨ï¬¨ u0(x, y), f(x, y, t), bij(y),
i, j = 1, . . . ,m, b0(y),   â ª�¥ ç¨á«®¬ T ¨ ®¡« áâï¬¨ 
 ¨ G.�§ ®æ¥­®ª (13){(15) ¨ á¢®©áâ¢  à¥ä«¥ªá¨¢­®áâ¨ £¨«ì¡¥àâ®¢  ¯à®-áâà ­áâ¢  á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {εl} ¯®«®�¨-â¥«ì­ëå ç¨á¥«, {ul(x, y, t)} à¥è¥­¨© ªà ¥¢ëå § ¤ ç (1εl

), (2){(4), (12)¨ äã­ªæ¨ï u(x, y, t) â ª¨¥, çâ® ¯à¨ l → ∞ ¨¬¥¥â ¬¥áâ® ç¨á«®¢ ï áå®¤¨-¬®áâì εl → 0,   â ª�¥ á« ¡ë¥ ¢ ¯à®áâà ­áâ¢¥ L2(Q) áå®¤¨¬®áâ¨
εl

[
ultt(x, y, t) + (−1)p�p

xult(x, y, t) +Bult(x, y, t)]→ 0,
ul(x, y, t) → u(x, y, t), ult(x, y, t) → ut(x, y, t),
ulxkt

(x, y, t) → uxkt
(x, y, t), k = 1, . . . , n,�p

x ul(x, y, t) → �p
x u(x, y, t), ulyi

(x, y, t) → uyi
(x, y, t), i = 1, . . . ,m,

Dα
xulyi

(x, y, t) → Dα
xuyi

(x, y, t), |α| 6 p, i = 1, . . . ,m,
Bul(x, y, t) → Bu(x, y, t).�§ íâ¨å áå®¤¨¬®áâ¥© ¨ ¢ë¯®«­¨¬®áâ¨ ¤«ï äã­ªæ¨© ul(x, y, t) ãá«®¢¨©(2){(4) á«¥¤ã¥â, çâ® ¯à¥¤¥«ì­ ï äã­ªæ¨ï u(x, y, t) ¡ã¤¥â à¥è¥­¨¥¬ ªà -¥¢®© § ¤ ç¨ (1){(4). Ǒà¨­ ¤«¥�­®áâì äã­ªæ¨¨ u(x, y, t) ¯à®áâà ­áâ¢ã

V (Q) ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¨§ ¨§¢¥áâ­ëå ®æ¥­®ª à¥è¥­¨© í«-«¨¯â¨ç¥áª¨å ãà ¢­¥­¨©.�¥®à¥¬  ¤®ª § ­ .�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (5){(7), (10) ¨ (11),  â ª�¥ ãá«®¢¨ï
α1(x, t) > α1 > 0 ¯à¨ (x, t) ∈ D; (8′)

f(x, y, t) ∈ L2(Q), ft(x, y, t) ∈ L2(Q), u0(x, y) ∈ W 2p,22 (E). (9′)�®£¤  ªà ¥¢ ï § ¤ ç  (1){(4) ¨¬¥¥â à¥è¥­¨¥ u(x, t, y), ¯à¨­ ¤«¥� é¥¥¯à®áâà ­áâ¢ã V (Q) ¨ â ª®¥, çâ® ®¡®¡é¥­­ ï ¯à®¨§¢®¤­ ï utt(x, y, t) áã-é¥áâ¢ã¥â ¨ ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã L2(Q).



�à ¥¢ë¥ § ¤ ç¨ ¤«ï ­¥ª®â®àëå ª« áá®¢ ãà ¢­¥­¨© 41�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯®çâ¨  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ãâ¥®à¥¬ë 1 | ®â«¨ç¨¥ «¨èì ¢ â®¬, çâ® ¢ ¨­â¥£à «ì­ëå à ¢¥­áâ¢ å, á¯®¬®éìî ª®â®àëå ¯®«ãç¥­ë ®æ¥­ª¨ (13) ¨ (14), ¢ ¨­â¥£à « å á äã­ª-æ¨¥© f(x, y, t) ¢ë¯®«­ïâì ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ­¥ ­ã�­®.Ǒà¨¢¥¤¥¬ ­¥ª®â®àë¥ ª®¬¬¥­â à¨¨ ª ¨§«®�¥­­®¬ã ¢ëè¥.1. �à ¢­¥­¨¥ (1) ¢ á«ãç ¥ n = m = 1, p = 2 á®®â¢¥âáâ¢ã¥â «¨­¥©-­®© ¬®¤¥«¨ ãà ¢­¥­¨ï � ¤®¬æ¥¢  | Ǒ¥â¢¨ è¢¨«¨-I ¬ «ëå ¢®§¬ãé¥-­¨© ã¥¤¨­¥­­ëå ¢®«­ [4℄. �â¬¥â¨¬, çâ® ¤«ï ãà ¢­¥­¨© � ¤®¬æ¥¢  |Ǒ¥â¢¨ è¢¨«¨ à ­¥¥ ¨§ãç « áì à §à¥è¨¬®áâì § ¤ ç¨ �®è¨ ¨«¨ ªà ¥-¢ëå § ¤ ç ¢ ¯®«ã¯«®áª®áâ¨ ¨«¨ ¢ ¯®«ã¯®«®á¥ (¤ ­­ë¥ § ¤ ç¨ ¨§ãç «¨áìª ª ¤«ï ãà ¢­¥­¨ï � ¤®¬æ¥¢  | Ǒ¥â¢¨ è¢¨«¨-I, â ª ¨ ¤«ï ãà ¢­¥­¨ï� ¤®¬æ¥¢  | Ǒ¥â¢¨ è¢¨«¨-II, «¨­¥©­ ï ¬®¤¥«ì ª®â®àëå ¨¬¥¥â ¢¨¤
Aut +�2u+Bu = f(x, y, t)). �à ¥¢ë¥ �¥ § ¤ ç¨ ¢ ®£à ­¨ç¥­­®© ®¡« -áâ¨ ¨§ãç «¨áì «¨èì ¤«ï «¨­¥©­®© ¬®¤¥«¨ � ¤®¬æ¥¢  | Ǒ¥â¢¨ è¢¨«¨-II [5℄, ªà ¥¢ë¥ § ¤ ç¨ â¨¯  § ¤ ç¨ (1){(4) ¤«ï ãà ¢­¥­¨© � ¤®¬æ¥¢  |Ǒ¥â¢¨ è¢¨«¨-I, «¨­¥©­ëå ¨«¨ ­¥«¨­¥©­ëå, à ­¥¥ ­¥ ¨§ãç «¨áì.2. �à ¢­¥­¨¥ (1) ¢ á«ãç ¥ n = 1, p = 1 á®®â¢¥âáâ¢ã¥â «¨­¥©­®©¬®¤¥«¨ ãà ¢­¥­¨ï �¨­ï | �¥©á­¥à  | �§ï­ï, ¢®§­¨ª îé¥£® ¢ âà ­á-§¢ãª®¢®© £ §®¢®© ¤¨­ ¬¨ª¥ [10℄. �à ¥¢ë¥ § ¤ ç¨ ¤«ï â ª¨å ãà ¢­¥­¨©¢ ­¥ª®â®àëå á¯¥æ¨ «ì­ëå á«ãç ïå ¨§ãç «¨áì ¢ [11, 12℄.3. �à ­¨ç­ë¥ ãá«®¢¨ï (2) ¨ (3) ¢ ªà ¥¢®© § ¤ ç¥ ¤«ï ãà ¢­¥­¨ï (1)¬®�­® § ¬¥­¨âì ­¥ª®â®àë¬¨ ¤àã£¨¬¨ ãá«®¢¨ï¬¨ | ¨¬¥­­®, ãá«®¢¨-ï¬¨, ¯®à®�¤ îé¨¬¨ ª®àà¥ªâ­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï í««¨¯â¨ç¥áª¨å®¯¥à â®à®¢ ¯®àï¤ª®¢ 2p ¨ 2 á®®â¢¥âáâ¢¥­­®. � ¯à¨¬¥à, ¢¬¥áâ® ãá«®-¢¨© (2) ¬®�­® § ¤ ¢ âì ãá«®¢¨ï�ku(x, y, t)|x∈�, y∈G, t∈(0,T ) = 0, k = 0, 1, . . . , p− 1,¢¬¥áâ® ãá«®¢¨ï (3) | ãá«®¢¨¥

∂u(x, y, t)
∂ν

∣∣∣∣
x∈
, y∈G, t∈(0,T ) = 0.�®ª § â¥«ìáâ¢® à §à¥è¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å ªà ¥¢ëå § ¤ ç ¤«ïãà ¢­¥­¨ï (1) ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ 1 ¨ 2.



42 �®� ­®¢ �. �.4. � ãà ¢­¥­¨¨ (1) ª®íää¨æ¨¥­âë αk, k = 1, . . . ,m, α0 ¬®£ãâ § -¢¨á¥âì ®â ¯¥à¥¬¥­­ëå y1, . . . , ym, ª®íää¨æ¨¥­âë bij , i, j = 1, . . . ,m,
b0 ¢¯®«­¥ ¬®£ãâ § ¢¨á¥âì ®â ¯¥à¥¬¥­­ëå x1, . . . , xn, t. �®®â¢¥âáâ¢ãî-é¨¥ ãá«®¢¨ï ¡ã¤ãâ ®â«¨ç âìáï ®â ãá«®¢¨© â¥®à¥¬ 1 ¨ 2 «¨èì ¡®«ìè¥©£à®¬®§¤ª®áâìî. � «¥¥, ®¯¥à â®à �p
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��� 511.528.2�� �������� ������������ ��������������� ��������� Ǒ�����. A. �®à®¡®¢�¢¥¤¥­¨¥� áâ âì¥ ¤®ª §ë¢ ¥âáï á«¥¤ãîé¨© à¥§ã«ìâ â.�¥®à¥¬ . Ǒãáâì k,m|­¥ç¥â­ë¥ ­ âãà «ì­ë¥ ç¨á« , k > 1. �á«¨0 < t < 2√k2m2 − 4m, t ∈ N ¨ ãà ¢­¥­¨¥ x2− y2(k2m2−4m) = 4t ¨¬¥¥ââ ª®¥ à¥è¥­¨¥ (x, y) ¢ ­ âãà «ì­ëå ç¨á« å, çâ® ç¨á«  x ¨ y ¢§ ¨¬­®¯à®áâë¥, â® «¨¡® t = 1, «¨¡® t = m, «¨¡® t = km+m+ 1.�â®â à¥§ã«ìâ â ®¡®¡é ¥â ®á­®¢­ãî â¥®à¥¬ã áâ âì¨ [1℄.�«¥¤áâ¢¨¥ 1. Ǒãáâì k | ­¥ç¥â­®¥ ­ âãà «ì­®¥ ç¨á«®, k > 1.�á«¨ t ∈ N, 0 < t < 2√k2 − 4 ¨ ãà ¢­¥­¨¥ x2 − y2(k2 − 4) = 4t ¨¬¥¥ââ ª®¥ à¥è¥­¨¥ (x, y) ¢ ­ âãà «ì­ëå ç¨á« å, çâ® ç¨á«  x ¨ y ¢§ ¨¬­®¯à®áâë¥, â® «¨¡® t = 1, «¨¡® t = k + 2.Ǒ®«ì§ãïáì ¬¥â®¤®¬ áâ âì¨ [1℄, ¬®�­® ¢ë¢¥áâ¨ ¥é¥ ¤àã£®¥ á«¥¤-áâ¢¨¥ ¨§ â¥®à¥¬ë.�«¥¤áâ¢¨¥ 2. Ǒãáâì a, b | ¯®«®�¨â¥«ì­ë¥ æ¥«ë¥ ç¨á«  â ª¨¥,çâ® k = (a2 + b2)/(ab + 1) â®�¥ æ¥«®¥, â®£¤  k ï¢«ï¥âáï ª¢ ¤à â®¬­ âãà «ì­®£® ç¨á« .Ǒ®á«¥¤­¥¥ á«¥¤áâ¢¨¥ ¡ë«® ¯à¥¤«®�¥­® ¢ ª ç¥áâ¢¥ § ¤ ç¨ ­  �¥�-¤ã­ à®¤­®© ¬ â¥¬ â¨ç¥áª®© ®«¨¬¯¨ ¤¥ 1988 £.� áâ âì¥ [1℄ ¢¢¥¤¥­® ¯®­ïâ¨¥ ¯à®¬¥�ãâ®ç­®© ¤à®¡¨ ¤«ï ¤ ­­®©­¥¯à¥àë¢­®© ¤à®¡¨, ®¡®¡é îé¥¥ ¯®­ïâ¨¥ ¯®¤å®¤ïé¥© ¤à®¡¨. �®ª -§ â¥«ìáâ¢® ®á­®¢­®£® à¥§ã«ìâ â  ¯®«ãç¥­® ­  ®á­®¢ ­¨¨ ¨áá«¥¤®¢ ­¨ïá¢®©áâ¢ íâ®£® ­®¢®£® ¯®­ïâ¨ï.
© 2013 �®à®¡®¢ �. A.



�¡ ãá«®¢¨ïå à §à¥è¨¬®áâ¨ 45Ǒà¥¤¢ à¨â¥«ì­ë¥ ®¯à¥¤¥«¥­¨ï ¨ à¥§ã«ìâ âëǑãáâì a, b| ¯à®¨§¢®«ì­ë¥ æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« , d| ­ -âãà «ì­®¥ ç¨á«®, ­¥ ï¢«ïîé¥¥áï ª¢ ¤à â®¬ æ¥«®£® ç¨á« . �¡®§­ ç¨¬ç¨á«¨â¥«ì ¨ §­ ¬¥­ â¥«ì i-© ¯®¤å®¤ïé¥© ¤à®¡¨ ª α = 12 (a + √
d · b)ç¥à¥§ Pi ¨ Qi á®®â¢¥âáâ¢¥­­®. � ¯®¬­¨¬, çâ® P−1 = Q0 = 1, Q−1 = 0.�¡®§­ ç¨¬ Norm(α) = a24 − db24 , α = 12(a−√

d · b).�¯à¥¤¥«¥­¨¥. Ǒãáâì α = 〈a0, a1, . . . , an, . . . 〉. Ǒà®¬¥�ãâ®ç­®©¤à®¡ìî ¤«ï α ­ §ë¢ ¥âáï ¤à®¡ì p
q , £¤¥ p = mPn+Pn−1, q = mQn+Qn−1,1 6 m 6 an+1.Ǒà¥¤«®�¥­¨¥ [1℄ Ǒãáâì ¨àà æ¨®­ «ì­®¥ ç¨á«® α = 〈a0, a1, a2, . . . 〉¨ à æ¨®­ «ì­®¥ ç¨á«® r

s ((r, s) = 1) á ãá«®¢¨¥¬ s > max{2, Q1} â ª®-¢ë, çâ® |α − r
s | < 2

s2 . Ǒãáâì Rk = Pk + 2Pk−1, Sk = Qk + 2Qk−1,
Uk = 2Pk − Pk−1, Vk = 2Qk − Qk−1. �®£¤  áãé¥áâ¢ãîâ ­ âãà «ì­ë¥ç¨á«  n ¨ m â ª¨¥, çâ® «¨¡®(1) r = Pn, s = Qn;«¨¡®(2) r = mPn + Pn−1, s = mQn +Qn−1;«¨¡®(3) an+1 = 1, r = Rn, s = Sn;«¨¡®(4) r = Un, s = Vn.�¥¬¬  1. Ǒãáâì k,m | ­¥ç¥â­ë¥ ­ âãà «ì­ë¥ ç¨á« , k > 1. �®-£¤  ª¢ ¤à â¨ç­ ï ¨àà æ¨®­ «ì­®áâì 1+√

k2m2−4m2 á®¢¯ ¤ ¥â á ­¥¯à¥-àë¢­®© ¤à®¡ìî 〈km−12 , 1, k − 2, 1, km− 2〉.�®ª § â¥«ìáâ¢®. � ©¤¥¬ ª¢ ¤à â¨ç­ãî ¨àà æ¨®­ «ì­®áâì α,á®¢¯ ¤ îéãî á ãª § ­­®© ­¥¯à¥àë¢­®© ¤à®¡ìî. �¡®§­ ç¨¬ ç¨á«¨â¥«ì¨ §­ ¬¥­ â¥«ì i-© ¯®¤å®¤ïé¥© ¤à®¡¨ ª α ç¥à¥§ Pi ¨ Qi á®®â¢¥âáâ¢¥­­®.�á­®, çâ® [α℄ = km−12 . �¡®§­ ç¨¬ l = km, β = 〈1, k − 2, 1, km− 2〉. �®-£¤  β = (kl−k−1)β+k(kl−k−l)β+k−1 . �¥è ï ª¢ ¤à â­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® β,



46 �®à®¡®¢ �. A.­ ©¤¥¬ β = l−2+√
l2−4m2(l−m−1) . �®£¤ 

α = a0 + 1
β
= l − 12 − l − 22 + √

l2 − 4m2 = 1 +√
k2m2 − 4m2 .�¥¬¬  ¤®ª § ­ . �®ª § â¥«ìáâ¢® â¥®à¥¬ë�¡®§­ ç¨¬ l = km. Ǒãáâì (x, y) | à¥è¥­¨¥ ãà ¢­¥­¨ï ¨§ ä®à¬ã-«¨à®¢ª¨ â¥®à¥¬ë. �®£¤ 

(
x+ y2 + −1 +√

l2 − 4m2 y

)(
x+ y2 − 1 +√

l2 − 4m2 y

)= x24 − (l2 − 4m)y24 = t.�­ ç¨â,
x+ y2y >

1 +√
l2 − 4m2 .Ǒ®íâ®¬ã

∣∣∣∣
x+ y2y − α

∣∣∣∣ = t

y2(x+y2y + −1+√
l2−4m2 ) <

t

y2√l2 − 4m <
2
y2 .�â ª, ¯ à  (x, y) ­ âãà «ì­ëå ç¨á¥« ®¤¨­ ª®¢®© ç¥â­®áâ¨ ã¤®¢«¥-â¢®àï¥â ®£à ­¨ç¥­¨î

∣∣∣∣
x+ y2 · 1

y
− α

∣∣∣∣ <
2
y2 .Ǒãáâì á­ ç «  y > 2. � ª ª ª §­ ¬¥­ â¥«ì ¯¥à¢®© ¯®¤å®¤ïé¥©¤à®¡¨ ª ç¨á«ã α à ¢¥­ 1, ¯® ¯à¥¤«®�¥­¨î áãé¥áâ¢ã¥â ­ âãà «ì­®¥ç¨á«® n â ª®¥, çâ® «¨¡®(1) x+y2 = Pn, y = Qn;«¨¡®(2) x+y2 = iPn + Pn−1, y = iQn +Qn−1, £¤¥ i ∈ N ∩ (0, an+1℄;«¨¡®



�¡ ãá«®¢¨ïå à §à¥è¨¬®áâ¨ 47(3) an+1 = 1, x+y2 = Rn, y = Sn;«¨¡®(4) x+y2 = Un, y = Vn.Ǒà¥¤¯®«®�¨¬, çâ® ¨¬¥¥â ¬¥áâ® ¯¥à¢ë©, âà¥â¨© ¨«¨ ç¥â¢¥àâë© á«ã-ç ©. �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ® ª®à®âª¨© ¯¥à¨®¤ ¯à¨ à §«®�¥-­¨¨ ª¢ ¤à â¨ç­®© ¨àà æ¨®­ «ì­®áâ¨ ¢ ­¥¯à¥àë¢­ãî ¤à®¡ì ¯à¨¢®¤¨â ªâ®¬ã, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì (Qj)j∈N §­ ¬¥­ â¥«¥© ¯®¤å®¤ïé¨å ¤à®-¡¥© ª α ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã à¥ªãàà¥­â­®¬ã á®®â­®è¥­¨î:
xj+8 = (kl − 2)xj+4 − xj , (1)¨ íâ®¬ã �¥ á®®â­®è¥­¨î (1) ã¤®¢«¥â¢®àï¥â ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á-«¨â¥«¥© (Pj)j∈N ¯®¤å®¤ïé¨å ¤à®¡¥© ª α. Ǒ®íâ®¬ã ¯®á«¥¤®¢ â¥«ì­®áâ¨(Rj)j∈N, (Sj)j∈N, (Uj)j∈N, (Vj)j∈N â ª�¥ ã¤®¢«¥â¢®àïîâ à¥ªãàà¥­â­®¬ãá®®â­®è¥­¨î (1).� áá¬®âà¨¬ ª¢ ¤à â¨ç­ãî ¨àà æ¨®­ «ì­®áâì
ε = kl − 22 + k2√l2 − 4m.�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ® Norm(ε) = 1. Ǒãáâì a, b | ¯à®¨§-¢®«ì­ë¥ æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« . �§ ª¢ ¤à â­®£® ãà ¢­¥­¨ï ­ 

ε ¢ë¢®¤¨¬, çâ®(εj+2 − (kl − 2)εj+1 + εj)(a+√l2 − 4m · b) = 0. (2)�¥¬¬  2. �«ï «î¡®£® æ¥«®£® ­¥®âà¨æ â¥«ì­®£® ç¨á«  j ¢ë¯®«­¥-­ë à ¢¥­áâ¢ (2P0 −Q0 +Q0√l2 − 4m)εj = 2P4j −Q4j +Q4j√l2 − 4m,(2P2 −Q2 +Q2√l2 − 4m)εj = 2P4j+2 −Q4j+2 +Q4j+2√l2 − 4m.�«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ¨§ à ¢¥­áâ¢ «¥¬¬ë 2 ¤®áâ â®ç­® ¢®á-¯®«ì§®¢ âìáï à¥ªãàà¥­â­ë¬¨ á®®â­®è¥­¨ï¬¨ (1) ¤«ï ¯®á«¥¤®¢ â¥«ì-­®áâ¥© (2Pj −Qj)j∈N ¨ (Qj)j∈N ¤«ï ¯à¥®¡à §®¢ ­¨ï ¯à ¢®© ç áâ¨ íâ®£®à ¢¥­áâ¢ , á®®â­®è¥­¨¥¬ (2) ¤«ï ¯à¥®¡à §®¢ ­¨ï «¥¢®© ç áâ¨ ¨ ¨­¤ãª-â¨¢­ë¬ ¯à¥¤¯®«®�¥­¨¥¬. �â®à®¥ à ¢¥­áâ¢® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.



48 �®à®¡®¢ �. A.�¥¯¥àì ¢¢¨¤ã ¬ã«ìâ¨¯«¨ª â¨¢­®áâ¨ ­®à¬ë ¨§ «¥¬¬ë 2 á«¥¤ã¥â, çâ®Norm(2Pj −Qj +Qj

√
l2 − 4m) < 0 ¤«ï «î¡®£® ç¥â­®£® ç¨á«  j.Ǒà¥¤¯®«®�¨¬, çâ® ¨¬¥¥â ¬¥áâ® ¯¥à¢ë© á«ãç ©. �®£¤  ç¨á«® n­¥ç¥â­®. �­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¤®ª §ë¢ ¥âáï á«¥¤ãîé ï�¥¬¬  3. �«ï «î¡®£® æ¥«®£® ­¥®âà¨æ â¥«ì­®£® ç¨á«  j ¢ë¯®«­¥-­ë à ¢¥­áâ¢ (2P−1 −Q−1 +Q−1√l2 − 4m)εj = 2P4j−1 −Q4j−1 +Q4j−1√l2 − 4m,(2P1 −Q1 +Q1√l2 − 4m)εj = 2P4j+1 −Q4j+1 +Q4j+1√l2 − 4m.�®£¤  Norm(x+ y

√
l2 − 4m) ∈ {4, 4m}, â. ¥. t ∈ {1,m}.�®�­® áç¨â âì, çâ® t 6= 1, t 6= m. �ëè¥ ¬ë ¯®ª § «¨, çâ® â®£¤ ¯¥à¢ë© á«ãç © ­¥ à¥ «¨§ã¥âáï. Ǒà¥¤¯®«®�¨¬, çâ® à¥ «¨§ã¥âáï ¢â®à®©á«ãç ©. Ǒ®áª®«ìªã a2j+1 = 1, ¤«ï ç¥â­®£® ç¨á«  n ­¥â à §­¨æë ¬¥�-¤ã ¯®¤å®¤ïé¥© ¨ ¯à®¬¥�ãâ®ç­®© ¤à®¡ìî. Ǒ®íâ®¬ã ç¨á«® n ­¥ç¥â­®.� áá¬®âà¨¬ ¬­®£®ç«¥­

f(τ) = ((2Pn −Qn)τ + 2Pn−1 −Qn−1)2 − (l2 − 4m)(τQn +Qn−1)2.�  ª®­æ å ¯à®¬¥�ãâª  [0, an+1℄ íâ  äã­ªæ¨ï ¯à¨­¨¬ ¥â ®âà¨æ â¥«ì-­ë¥ §­ ç¥­¨ï ¯® ¤®ª § ­­®¬ã ¢ëè¥. �á­®, çâ®
d2f
dτ2 = 2((2Pn −Qn)2 − (l2 − 4m)Q2

n

)
∈ {8, 8m}.�â àè¨© ª®íää¨æ¨¥­â ª¢ ¤à â­®£® âà¥åç«¥­  f(τ) ¯®«®�¨â¥«¥­, ¯®-íâ®¬ã f(i) < 0. � ¤àã£®© áâ®à®­ë,

f(i) = x2 − (l2 − 4m)y2 = 4t.Ǒ®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ £®¢®à¨â ® â®¬, çâ® ¢â®à®© á«ãç © ­¥ à¥ «¨-§ã¥âáï.Ǒãáâì ¨¬¥¥â ¬¥áâ® âà¥â¨© á«ãç ©. �®£¤  an+1 = 1. �§ à §«®�¥­¨ïç¨á«  α ¢ ­¥¯à¥àë¢­ãî ¤à®¡ì § ª«îç ¥¬, çâ® n ç¥â­®. �­ «®£¨ç­®¯à¥¤ë¤ãé¥¬ã ¤®ª §ë¢ ¥âáï á«¥¤ãîé ï



�¡ ãá«®¢¨ïå à §à¥è¨¬®áâ¨ 49�¥¬¬  4. �«ï «î¡®£® æ¥«®£® ­¥®âà¨æ â¥«ì­®£® ç¨á«  j ¢ë¯®«­¥-­ë à ¢¥­áâ¢ (2R0 − S0 + S0√l2 − 4m)εj = 2R4j − S4j + S4j√l2 − 4m,(2R2 − S2 + S2√l2 − 4m)εj = 2R4j+2 − S4j+2 + S4j+2√l2 − 4mî�®£¤  Norm(x+ y
√
l2 − 4m) = 4(l+m+ 1) ¨ t = l+m+ 1.�¥¯¥àì ¬®�­® áç¨â âì, çâ® t /∈ {1,m, l + m + 1}. �®£¤  á®£« á­®¯à¥¤ë¤ãé¥¬ã ¨¬¥¥â ¬¥áâ® ¯®á«¥¤­¨© á«ãç ©.Ǒãáâì á­ ç «  n | ­¥ç¥â­®¥ ç¨á«®. �­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã¤®ª §ë¢ ¥âáï á«¥¤ãîé ï�¥¬¬  5. �«ï «î¡®£® æ¥«®£® ­¥®âà¨æ â¥«ì­®£® ç¨á«  j ¢ë¯®«­¥-­ë à ¢¥­áâ¢ (2U3 − V3 + V3√l2 − 4m)εj = 2U4j+3 − V4j+3 + V4j+3√l2 − 4m,(2U1 −Q1 + V1√l2 − 4m)εj = 2U4j+1 − V4j+1 + V4j+1√l2 − 4m.�®£¤  «¨¡®Norm(x+ y
√
l2 − 4m) = 4(−6l+ 4m+ 9),«¨¡® Norm(x+ y

√
l2 − 4m) = 4(−6l+ 9m+ 4).� ¯¥à¢®¬ á«ãç ¥ (6k − 4)m < 9, â. ¥. k < 136 , çâ® ­¥¢®§¬®�­®,   ¢®¢â®à®¬ á«ãç ¥ 6k < 9 + 4

m 6 13, çâ® â ª�¥ ­¥¢®§¬®�­®.�â ª à áá¬®âà¥­¨¥ á«ãç ï y > 2 § ª®­ç¥­®. Ǒãáâì â¥¯¥àì y = 1.� ª ª ª x2−(l2−4m) = 4t, ¨¬¥¥¬ Norm((x+√
l2 − 4m)ε) = 4t. � ¤àã£®©áâ®à®­ë, ­ âãà «ì­®¥ ç¨á«® (x+√

l2−4m)ε−(x−√
l2−4m)ε2√l2−4m à ¢­® kl−22 x + k2¨ áâà®£® ¡®«ìè¥ ¥¤¨­¨æë. �®£« á­® ¯à¥¤ë¤ãé¥¬ãNorm((x+√l2 − 4m)ε) ∈ {4, 4m, 4(l+m+ 1)}.� ª ª ª Norm((x+√

l2 − 4m)ε) = 4t, â¥®à¥¬  ¤®ª § ­ .����������1. Lu
a F., Osgood C.F., Walsh P. G. Diophantine approximations and a problem fromthe 1988 IMO // Ro
hy Mountain J. Math. 2006. V. 36, ü 2. P. 637-648.£. �®¢®á¨¡¨àáª 20 ¨î­ï 2013 £.



��� 514.755������ ������� ������������������ �Ǒ������ Ǒ�������Ǒ��� ������� 2�. Ǒ. Ǒ ¢«®¢, �. �. �¡¤à å¬ ­®¢ ,�. Ǒ. �¡¤à å¬ ­®¢ 1. �®áâ®ï­¨¥ ¢®¯à®á  ¨ ¯®áâ ­®¢ª  § ¤ ç¨� ­ áâ®ïé¥¬ã ¢à¥¬¥­¨ ¤®áâ â®ç­® ¯®¤à®¡­® ¨§ãç¥­ë ¢®§¬®�­®-áâ¨ ¬¥â®¤  á¯« ©­®¢ ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ªâ  1 ¤«ï à¥è¥­¨ï § ¤ ç¨®¡ ¨§£¨¡¥ áâ¥à�­ï [1, 2℄, ®¯¨áë¢ ¥¬®£® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨-¥¬ ç¥â¢¥àâ®£® ¯®àï¤ª  ®â­®á¨â¥«ì­® äã­ªæ¨¨ ¯¥à¥¬¥é¥­¨ï â®ç¥ª ®á¨áâ¥à�­ï. Ǒà¨ íâ®¬ ¯à®¨§¢®¤­ë¥ ®â äã­ªæ¨¨ ¯¥à¥¬¥é¥­¨ï ®¯à¥¤¥«ïîâ¤¥ä®à¬ æ¨î áâ¥à�­ï ¨ ¤¥©áâ¢ãîé¨¥ ¢ ­¥¬ á¨«®¢ë¥ ä ªâ®àë:
• ¯¥à¢ ï ¯à®¨§¢®¤­ ï ®â äã­ªæ¨¨ ¯¥à¥¬¥é¥­¨ï | ã£®« ¯®¢®à®â ¯®¯¥à¥ç­®£® á¥ç¥­¨ï;
• ¢â®à ï ¯à®¨§¢®¤­ ï ®¯à¥¤¥«ï¥â ¨§£¨¡ îé¨© ¬®¬¥­â ¨ ¢®§­¨ª -îé¨¥ ®â ­¥£® ­®à¬ «ì­ë¥ ­ ¯àï�¥­¨ï;
• âà¥âìï ¯à®¨§¢®¤­ ï å à ªâ¥à¨§ã¥â ¯®¯¥à¥ç­ãî á¨«ã ¨ ª á â¥«ì-­ë¥ ­ ¯àï�¥­¨ï;
• ç¥â¢¥àâ ï ¯à®¨§¢®¤­ ï â¥á­® á¢ï§ ­  á ¢­¥è­¥© à á¯à¥¤¥«¥­­®©­ £àã§ª®©.Ǒà¨ ¢ë¡®à¥ äã­ªæ¨¨ ¤«ï ®¯¨á ­¨ï ¯¥à¥¬¥é¥­¨ï â®ç¥ª ®á¨ ¡ã¤¥¬¨áå®¤¨âì ¨§ á«¥¤ãîé¨å à ááã�¤¥­¨©.1. �­¥è­ïï à á¯à¥¤¥«¥­­ ï ­ £àã§ª , ¤¥©áâ¢ãîé ï ­  áâ¥à�¥­ì,¢ ®¡é¥¬ á«ãç ¥ ¬®�¥â ¨¬¥âì «î¡®© ¢¨¤. Ǒ®íâ®¬ã ¤®¯ãáª ¥¬ à §àë-¢ë ç¥â¢¥àâëå ¯à®¨§¢®¤­ëå ¢ ã§« å á¯« ©­ , çâ® ­¥ ¤®¯ãáª ¥âáï ¯à¨¨á¯®«ì§®¢ ­¨¨ á¯« ©­®¢ ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ªâ  1.
© 2013 Ǒ ¢«®¢ �. Ǒ., �¡¤à å¬ ­®¢  �. �., �¡¤à å¬ ­®¢  �. Ǒ.



� ¤ ç  à áç¥â  áâ¥à�­¥© ®¤­®¬¥à­ë¬ á¯« ©­®¬ 512. �®áà¥¤®â®ç¥­­ ï ¢­¥è­ïï ¯®¯¥à¥ç­ ï á¨«  ï¢«ï¥âáï ¨¤¥ «¨§¨-à®¢ ­­ë¬ (­¥ à¥ «¨§ã¥¬ë¬ ¢ à¥ «ì­ëå ª®­áâàãªæ¨ïå) á«ãç ¥¬ ¯à¨-«®�¥­¨ï ¢­¥è­¥© á¨«ë ¢ â®çª¥ ®á¨ ¡ «ª¨. �â  á¨«  ¬®�¥â ¡ëâì § -¤ ­­®©,   ¬®�¥â ¡ëâì à¥ ªæ¨¥© ­ «®�¥­­®© ­  áâ¥à�¥­ì á¢ï§¨ ¢ ¢¨¤¥¯®¤¢¨�­®£® ¨«¨ ­¥¯®¤¢¨�­®£® è à­¨à . Ǒà¨ à¥è¥­¨¨ § ¤ ç ¬¥â®¤ -¬¨ á®¯à®â¨¢«¥­¨ï ¬ â¥à¨ «®¢ á®áà¥¤®â®ç¥­­ ï á¨«  ¢á¥£¤  ¯à¨¬¥­ï-¥âáï. �­  ¯à¨¢®¤¨â ª à §àë¢ã âà¥âì¥© ¯à®¨§¢®¤­®© äã­ªæ¨¨ ¯¥à¥¬¥-é¥­¨ï. Ǒà¨¬¥­ïï á¯« ©­ ¤¥ä¥ªâ  2, ¨áª«îç¨¬ ¢®§¬®�­®áâì à §àë¢ âà¥âì¥© ¯à®¨§¢®¤­®©, çâ® ¯à¨¢¥¤¥â ª ­¥®¡å®¤¨¬®áâ¨ ãç¥â  á®áà¥¤®â®-ç¥­­®© ¢­¥è­¥© á¨«ë ç¥à¥§ à á¯à¥¤¥«¥­­ãî ­ £àã§ªã, ¤¥©áâ¢ãîéãî­  ¬ «®¬ ®âà¥§ª¥ ¢¡«¨§¨ â®çª¨ ¯à¨«®�¥­¨ï á®áà¥¤®â®ç¥­­®© á¨«ë.� â®çª¨ §à¥­¨ï à¥ «ì­ëå ª®­áâàãªæ¨© íâ® ­¥ ¯à¨¢¥¤¥â ª ¯®â¥à¥ â®ç­®-áâ¨ à áç¥â®¢, ­® ¯®§¢®«¨â à ááç¨âë¢ âì ¯® ®¡é¥© áå¥¬¥ ª®­áâàãªæ¨¨á à §­ë¬¨ ­ £àã§ª ¬¨.3. �®áà¥¤®â®ç¥­­ ï ¢­¥è­ïï ¯ à  á¨« ï¢«ï¥âáï ¨¤¥ «¨§¨à®¢ ­-­ë¬ (­¥ à¥ «¨§ã¥¬ë¬ ¢ à¥ «ì­ëå ª®­áâàãªæ¨ïå) á«ãç ¥¬ ¯à¨«®�¥­¨ï¢­¥è­¥© ­ £àã§ª¨ ¢ â®çª¥ ®á¨ ¡ «ª¨. �â  ¯ à  ¬®�¥â ¡ëâì § ¤ ­-­®©,   ¬®�¥â ¡ëâì à¥ ªæ¨¥© ­ «®�¥­­®© ­  áâ¥à�¥­ì á¢ï§¨ ¢ ¢¨¤¥§ é¥¬«¥­¨ï. Ǒà¨ à¥è¥­¨¨ § ¤ ç ¬¥â®¤ ¬¨ á®¯à®â¨¢«¥­¨ï ¬ â¥à¨ «®¢á®áà¥¤®â®ç¥­­ ï ¯ à  á¨« ¢á¥£¤  ¯à¨¬¥­ï¥âáï. Ǒà¨¬¥­ïï á¯« ©­ ¤¥-ä¥ªâ  2, ¨áª«îç¨¬ ¢®§¬®�­®áâì à §àë¢  ¢â®à®© ¯à®¨§¢®¤­®©, çâ® ¯à¨-¢¥¤¥â ª ­¥®¡å®¤¨¬®áâ¨ ãç¥â  á®áà¥¤®â®ç¥­­®© ¢­¥è­¥© ¯ àë á¨« ç¥à¥§à á¯à¥¤¥«¥­­ãî ­ £àã§ªã, ¤¥©áâ¢ãîéãî ­  ¬ «®¬ ®âà¥§ª¥ ¢¡«¨§¨ â®ç-ª¨ ¯à¨«®�¥­¨ï á®áà¥¤®â®ç¥­­®© ¯ àë á¨«. � â®çª¨ §à¥­¨ï à¥ «ì­ëåª®­áâàãªæ¨© íâ® ­¥ ¯à¨¢¥¤¥â ª ¯®â¥à¥ â®ç­®áâ¨ à áç¥â®¢, ­® ¯®§¢®«¨âà ááç¨âë¢ âì ¯® ®¡é¥© áå¥¬¥ ª®­áâàãªæ¨¨ á à §­ë¬¨ ­ £àã§ª ¬¨.� ª¨¬ ®¡à §®¬, áâ ¢ï § ¤ çã à áç¥â  áâ¥à�­¥© ¬¥â®¤®¬ á¯« ©­ ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ªâ  2, ­¥®¡å®¤¨¬® ¯®¬­¨âì ® ­ è¨å ¤®¯ãé¥­¨ïå ¨¯à¨  ­ «¨§¥ à¥§ã«ìâ â®¢ à áç¥â®¢ ¯®­¨¬ âì, ª ª ãç¨âë¢ îâáï á®áà¥-¤®â®ç¥­­ë¥ ¢­¥è­¨¥ á¨«ë ¨ ¯ àë á¨«. �ë«¨ ¯®áâ ¢«¥­ë ¨ à¥è¥­ëá«¥¤ãîé¨¥ § ¤ ç¨:
• áä®à¬ã«¨à®¢ ­ë â¥®à¥â¨ç¥áª¨¥ ®á­®¢ë ¬¥â®¤  á¯« ©­  ¯ïâ®©



52 Ǒ ¢«®¢ �. Ǒ., �¡¤à å¬ ­®¢  �. �., �¡¤à å¬ ­®¢  �. Ǒ.áâ¥¯¥­¨ ¤¥ä¥ªâ  2;
• à §à ¡®â ­  «£®à¨â¬ ¯à¨¬¥­¥­¨ï á¯« ©­  ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ª-â  2 ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨ ®¡ ¨§£¨¡¥ ã¯àã£®£® áâ¥à�­ï.2. � áç¥â­ë¥ á®®â­®è¥­¨ï ¤«ï ®¤­®¬¥à­®£®á¯« ©­  ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ªâ  2� áá¬®âà¨¬  «£®à¨â¬ ¯®áâà®¥­¨ï á¯« ©­  ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ª-â  2, ¯®«®�¨¢ ¢ ®á­®¢ã ¯®«¨­®¬¨ «ì­ë¥ á¯« ©­ë [3℄. �«ï íâ¨å á¯« ©-­®¢ ­  ®âà¥§ª¥ [a, b℄ § ¤ ¤¨¬ à §¡¨¥­¨¥� : a = x1 < x2 < · · · < xN = b.�¥à¥§ Ck[a, b℄ ®¡®§­ ç¨¬ ¬­®�¥áâ¢® k à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã-¥¬ëå ­  [a, b℄ äã­ªæ¨©,   ç¥à¥§ C−1[a, b℄ | ¬­®�¥áâ¢® ªãá®ç­® ­¥¯à¥-àë¢­ëå äã­ªæ¨© á à §àë¢ ¬¨ ¯¥à¢®£® à®¤ .� â¥¬, á«¥¤ãï [3℄, ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨îWn,ν(x), ª®â®-àãî ¡ã¤¥¬ ­ §ë¢ âì á¯« ©­®¬ áâ¥¯¥­¨ n ¤¥ä¥ªâ  ν (n ¨ ν | æ¥«ë¥ç¨á« , 0 6 ν 6 n) á ã§« ¬¨ ­  á¥âª¥ �, ¥á«¨ ­  ª �¤®¬ ¨§ ®âà¥§ª®¢[xi, xi+1℄ äã­ªæ¨ïWn,ν(x) ï¢«ï¥âáï ¬­®£®ç«¥­®¬ áâ¥¯¥­¨ n, â. ¥.Wn,ν(x) = n∑

α=0 a(i)α (x− xi)α, x ∈ [xi, xi+1℄, i = 1, 2, . . . , N − 1, (2.1)¯à¨ íâ®¬ Wn,ν(x) ∈ Cn−ν [a, b℄.�¯« ©­ Wn,ν(x) ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ª®íää¨æ¨¥­â ¬¨ a
(i)
α ,®¡é¥¥ ª®«¨ç¥áâ¢® ª®â®àëå à ¢­® Nα = (n+ 1)(N − 1).�¢¥¤¥¬ ®¡®§­ ç¥­¨ï ¤«ï ¯à®¨§¢®¤­ëå ®â á¯« ©­-äã­ªæ¨¨:W(s)

n,ν(x) = dsWn,ν(x)
dxs

= n∑

α=s

α!(α − s)!a(i)α (x− xi)α−s, (2.2)
x ∈ [xi, xi+1℄, i = 1, 2, . . . , N − 1, s = 0, . . . , n.� áá¬®âà¨¬ ã§«ë á ª®®à¤¨­ â ¬¨ xj , j = 2, . . . , N − 1, ï¢«ïîé¨-¥áï ¬¥áâ®¬ ýáª«¥©ª¨þ á®á¥¤­¨å ¬­®£®ç«¥­®¢. �á«®¢¨ï ­¥¯à¥àë¢­®áâ¨



� ¤ ç  à áç¥â  áâ¥à�­¥© ®¤­®¬¥à­ë¬ á¯« ©­®¬ 53á¯« ©­  (2.1) ¢ íâ¨å â®çª å § ¤ îâ N®£à = (n − ν + 1)(N − 2) ®£à ­¨-ç¨â¥«ì­ëå «¨­¥©­ëå à ¢¥­áâ¢W(s)
n,ν(xj − 0) =W(s)

n,ν(xj + 0), s = 0, . . . , n− ν, j = 2, . . . , N − 1.� ª¨¬ ®¡à §®¬, ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë á¯« ©­ Wn,ν(x) à ¢­®
Ns = Nα −N®£à = (n+ 1) + ν(N − 2).� áá¬®âà¨¬ ­  á¥âª¥ � á¯« ©­-äã­ªæ¨îW5,2(x) áâ¥¯¥­¨ 5 ¤¥ä¥ª-â  2, ¨¬¥îéãî Ns = 2N + 2 áâ¥¯¥­¥© á¢®¡®¤ë. � ¯à¥¤¥« å ª �¤®£®®âà¥§ª  [xi, xi+1℄ äã­ªæ¨ïW5,2(x) ï¢«ï¥âáï ¬­®£®ç«¥­®¬ ¯ïâ®© áâ¥¯¥-­¨ W5,2(x) = 5∑

α=0 a(i)α (x − xi)α, x ∈ [xi, xi+1℄, i = 1, 2, . . . , N − 1.�¤®¡­ë¬ ï¢«ï¥âáï § ¤ ­¨¥ á¯« ©­  W5,2(x) á®¢®ªã¯­®áâìî ª®íää¨-æ¨¥­â®¢ ¥£® ¬­®£®ç«¥­®¢ a(i)α , α = 0, . . . , 5, i = 1, 2, . . . , N − 1, ª®â®àë¥á¢¥¤¥¬ ¢ ¢¥ªâ®à-áâ®«¡æëAα = (a(i)α

)T
, i = 1, 2, . . . , N − 1, α = 0, . . . , 5.�¡é¥¥ ª®«¨ç¥áâ¢® ª®íää¨æ¨¥­â®¢ a(i)α à ¢­® Nα = 6(N − 1), çâ® ­ 4(N − 2) ¯à¥¢ëè ¥â ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë á¯« ©­ .�¢¨¤ã â®£®, çâ® ¢ ã§« å á¯« ©­  ¨¬¥¥â ¬¥áâ® ­¥¯à¥àë¢­®áâì äã­ª-æ¨¨ ¨ ­¥ª®â®àëå ¥¥ ¯à®¨§¢®¤­ëå, ¬¥�¤ã ª®íää¨æ¨¥­â ¬¨ ¢¥ªâ®à-áâ®«¡-æ®¢ Aα ¥áâì ¢§ ¨¬®á¢ï§¨, â. ¥. ­¥ª®â®à ï ¨å ¨§¡ëâ®ç­®áâì.� á¢ï§¨ á íâ¨¬ ¤«ï ã¬¥­ìè¥­¨ï ç¨á«  ¯ à ¬¥âà®¢, ®¯à¥¤¥«ïî-é¨å á¯« ©­, ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¢¥ªâ®à-áâ®«¡¥æ P = (Pk)T , k =1, 2, . . . , 3N , £¤¥





Pj =W(0)5,2(xi), j = 3i− 2,
Pk =W(1)5,2(xi), k = 3i− 1,
Pm =W(2)5,2(xi), m = 3i, i = 1, 2, . . . , N. (2.3)�¥ªâ®à P ¨¬¥¥â ­  N − 2 ¡®«ìè¥ ¯ à ¬¥âà®¢, ç¥¬ áâ¥¯¥­¥© á¢®¡®¤ëá¯« ©­ . � ª¨¬ ®¡à §®¬, ¨ ¢¥ªâ®à P ®¡« ¤ ¥â ¨§¡ëâ®ç­®áâìî. �«ï ¥¥



54 Ǒ ¢«®¢ �. Ǒ., �¡¤à å¬ ­®¢  �. �., �¡¤à å¬ ­®¢  �. Ǒ.¯®«­®£® ãáâà ­¥­¨ï ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¢¥ªâ®à-áâ®«¡¥æ Q á à §¬¥à-­®áâìî 2N + 2, à ¢­®© áâ¥¯¥­¨ á¢®¡®¤ë á¯« ©­ Q = (qk)T , k = 1, 2, . . . , 2N + 2,ª®¬¯®­¥­âë ª®â®à®£®




q1 =W(2)5,2(x1),
qk =W(0)5,2(xi),
qk+1 =W(1)5,2(xi),
q2N+2 =W(2)5,2(xN ) k = 2i, i = 1, 2, . . . , N,­¥§ ¢¨á¨¬ë.�¥ªâ®àë Aα, α = 0, . . . , 5, ª®íää¨æ¨¥­â®¢ á¯« ©­  § ¢¨áïâ ®â ¢¥ª-â®à  P .�«ï ã§«®¢ëå â®ç¥ª á¯« ©­  ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï




fi =W(0)5,2(xi),
f
(1)
i =W(1)5,2(xi),
f
(2)
i =W(2)5,2(xi), i = 1, 2, . . . , N. (2.4)� ¤ ­¨¥ á¯« ©­  W5,2(x) ¢¥ªâ®à®¬ P á ¬® ¯® á¥¡¥ ¥é¥ ­¥ ®¡¥á¯¥-ç¨¢ ¥â ãá«®¢¨© ý£« ¤ª®áâ¨þ âà¥âì¥© ¯à®¨§¢®¤­®©:W(3)5,2(xi − 0) =W(3)5,2(xi + 0), i = 2, . . . , N − 1. (2.5)�«ï ¢ë¯®«­¥­¨ï (2.5) ­  ®á­®¢¥ (2.2) ¨ (2.3) § ¯¨è¥¬W(3)5,2(xi − 0) =− 60
h3i−1 fi−1 + 60

h3i−1 fi −
24
h2i−1 f (1)i−1 − 36

h2i−1 f (1)i

− 3
hi−1 f (2)i−1 + 9

hi−1 f (2)i ,W(3)5,2(xi + 0) =− 60
h3i fi + 60

h3i fi+1 − 36
h2i f (1)i − 24

h2i f (1)i+1
− 9
hi
f
(2)
i + 3

hi
f
(2)
i+1, (2.6)

i = 2, . . . , N − 1.



� ¤ ç  à áç¥â  áâ¥à�­¥© ®¤­®¬¥à­ë¬ á¯« ©­®¬ 55Ǒ®¤áâ ¢¨¢ (2.6) ¢ (2.5), ¯®«ãç ¥¬
− 60
h3i−1 fi−1 +( 60

h3i−1 + 60
h3i )fi −

60
h3i fi+1 − 24

h2i−1 f (1)i−1+(− 36
h2i−1 + 36

h2i )f (1)i + 24
h2i f (1)i+1 − 3

hi−1 f (2)i−1+( 9
hi−1 + 9

hi

)
f
(2)
i − 3

hi
f
(2)
i+1 = 0, (2.7)

i = 2, . . . , N − 1.�¨áâ¥¬ã ¨§N−2 «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (2.7) ¯à¥¤áâ ¢¨¬¢ ¬ âà¨ç­®© ä®à¬¥: GP = 0, (2.8)£¤¥ G = ‖gi,j‖, i = 1, . . . , N − 2, j = 1, . . . , 3N . � ª¨¬ ®¡à §®¬, § ¤ ¢ ïá¯« ©­ ¢¥ªâ®à®¬ P á 3N ª®¬¯®­¥­â ¬¨, ­¥®¡å®¤¨¬® ãç¨âë¢ âì N − 2®£à ­¨ç¥­¨© ¢¨¤  (2.8).� æ¥«ìî ã¬¥­ìè¥­¨ï ç¨á«  ¯ à ¬¥âà®¢, ®¯à¥¤¥«ïîé¨å á¯« ©­,¤®¡ ¢¨¬ ª á¨áâ¥¬¥ (2.7) ¤¢  ®ç¥¢¨¤­ëå â®�¤¥áâ¢ 
f
(2)1 = f

(2)1 , f
(2)
N = f

(2)
N¨, ¯à¥¤áâ ¢¨¢ ¥¥ ¢ ¢¨¤¥ á¨áâ¥¬ë ¨§ N + 2 «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©, § ¯¨è¥¬ ¢ ¬ âà¨ç­®© ä®à¬¥:B
 = DQ,£¤¥ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (2.7) ®¡ê¥¤¨­¥­ë ¢ ¬ âà¨æëB = ‖bi,j‖, i = 1, . . . , N, j = 1, . . . , N,D = ‖di,j‖, i = 1, . . . , N, j = 1, . . . , 2N + 2,  ¢¥ªâ®à 
 = (ωk)T , k = 1, . . . , N , ¨¬¥¥â ª®¬¯®­¥­âë ωk = f

(2)
i , i =1, . . . , N .�¯à¥¤¥«¨¬ ¢¥ªâ®à 
: 
 = B−1DQ. (2.9)



56 Ǒ ¢«®¢ �. Ǒ., �¡¤à å¬ ­®¢  �. �., �¡¤à å¬ ­®¢  �. Ǒ.�®£« á­® (2.9) ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¬ âà¨æãC = ‖Ci,j‖, i = 1, . . . , N, j = 1, . . . , 2N + 2,®¯à¥¤¥«ï¥¬ãî ¬ âà¨ç­ë¬ ¢ëà �¥­¨¥¬ C = B−1D. �®£¤  ¢¥ªâ®à 
®¯à¥¤¥«¨âáï ¢ëà �¥­¨¥¬
 = CQ.� á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ (2.4) ­  ®á­®¢¥ à ¢¥­áâ¢  (2.9) ¯®ï¢-«ï¥âáï ¢®§¬®�­®áâì ¢ëà §¨âì ¢¥ªâ®àë Aα ç¥à¥§ Q ¯®áà¥¤áâ¢®¬ ¬ â-à¨ç­ëå à ¢¥­áâ¢ Aα = CαQ, α = 0, . . . , 5. �¤¥áì ¢¢¥¤¥­ë ¬ âà¨æëCα = ∥∥C(α)
i,j

∥∥, i = 1, . . . , N − 1, j = 1, . . . , 2N + 2, α = 0, . . . , 5.Ǒ®áâà®¨¢ ¬ âà¨ç­ë¥ ¢ëà �¥­¨ï, ®¯à¥¤¥«ïîé¨¥ ¢¥ªâ®àë Aα, α =0, . . . , 5, ç¥à¥§ ¢¥ªâ®àë P ¨ Q, ¢ë¢¥¤¥¬ ä®à¬ã«ë ¤«ï ­ å®�¤¥­¨ï §­ -ç¥­¨© á¯« ©­  ¨ ¥£® ¯à®¨§¢®¤­ëå ¢ â®çª¥ á ª®®à¤¨­ â®© x.� á®®â¢¥âáâ¢¨¨ á (2.2) ¢­ ç «¥ ãáâ ­®¢¨¬ ®âà¥§®ª [xi, xi+1℄, á®¤¥à-� é¨© à áá¬ âà¨¢ ¥¬ãî â®çªã á ª®®à¤¨­ â®© x.�­ ç¥­¨¥ ¨­¤¥ªá  i, ®¡¥á¯¥ç¨¢ îé¥£® ãá«®¢¨¥ x ∈ [xi, xi+1℄ ¯à¨à §¡¨¥­¨¨ �, ®¯à¥¤¥«¨¬ ¯® ä®à¬ã«¥ i = J(�, x), £¤¥J(�, x) = N−1∑

i=1 sign(x− xi), x1 6 x 6 xN .� ãç¥â®¬ (2.2) § ¯¨è¥¬W(s)5,2(x) = 5∑
α=s

α!(α− s)!a(i)α (x− xi)α−s,

x ∈ [x1, xN ℄, i = J(�, x), s = 0, . . . , 5. (2.10)� ª¨¬ ®¡à §®¬, ­  ®á­®¢¥ ª®íää¨æ¨¥­â®¢ a(i)α , i = 1, . . . , N − 1, α =0, . . . , 5, «®ª «ì­ëå  «£¥¡à ¨ç¥áª¨å ¬­®£®ç«¥­®¢ á¯« ©­  á®®â­®è¥­¨ï(2.10) ®¯à¥¤¥«ïîâ §­ ç¥­¨ï á¯« ©­  ¨ ¥£® ¯à®¨§¢®¤­ëå ¤® ¯ïâ®£® ¯®-àï¤ª  ¢ª«îç¨â¥«ì­® ¢ ¯à®¨§¢®«ì­®© â®çª¥ á ª®®à¤¨­ â®© x ¨§ § ¤ ­-­®© ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï x ∈ [xi, xi+1℄.



� ¤ ç  à áç¥â  áâ¥à�­¥© ®¤­®¬¥à­ë¬ á¯« ©­®¬ 573. �¨áªà¥â­ë©  ­ «®£ ãà ¢­¥­¨ï à ¢­®¢¥á¨ï�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ à ¢­®¢¥á¨ï [4℄ § ¯¨è¥¬ ¢ à §¢¥à­ã-â®¬ ¢¨¤¥:
EIy

d4w
dx4 + 2d(EIy)

dx

d3w
dx3 + d2(EIy)

dx2 d2w
dx2 = qz(x). (3.1)Ǒà¨ § ¬¥­¥ ¨áª®¬®© äã­ªæ¨¨ ¯¥à¥¬¥é¥­¨ï ®á¥¢®© «¨­¨¨ w = w(x) ¥¥á¯« ©­®¢®©  ¯¯à®ªá¨¬ æ¨¥©W5,2(x) ®¯à¥¤¥«ï¥âáï ¯®¯¥à¥ç­ ï ­ £àã§-ª  ~qz = ~qz(x), ¯à¨ ª®â®à®© á¯« ©­W5,2(x) ï¢«ï¥âáï â®ç­ë¬ à¥è¥­¨¥¬¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (3.1):~qz(x) = EIy

d4W5,2(x)
dx4 + 2d(EIy)

dx

d3W5,2(x)
dx3 + d2(EIy)

dx2 d2W5,2(x)
dx2 .Ǒà¨ ¯®áâà®¥­¨¨ ¤¨áªà¥â­®£®  ­ «®£  ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-­¨ï (3.1) ¢®á¯®«ì§ã¥¬áï ¨§¢¥áâ­ë¬ ¨§ â¥®à¥â¨ç¥áª®© ¬¥å ­¨ª¨ ¯à¨­-æ¨¯®¬ Ǒã ­á® [5℄: á¨«ë, ¯à®¨§¢®«ì­® à á¯®«®�¥­­ë¥ ¢ ¯à®áâà ­áâ¢¥,¬®�­® ¯à¨¢¥áâ¨ ª ®¤­®© á¨«¥, à ¢­®© ¨å £« ¢­®¬ã ¢¥ªâ®àã ¨ ¯à¨«®�¥­-­®© ¢ æ¥­âà¥ ¯à¨¢¥¤¥­¨ï, ¨ ª ¯ à¥ á¨« á ¬®¬¥­â®¬, à ¢­ë¬ £« ¢­®¬ã¬®¬¥­âã ¢á¥å á¨« ®â­®á¨â¥«ì­® æ¥­âà  ¯à¨¢¥¤¥­¨ï.� §¨àãïáì ­  ¯à¨­æ¨¯¥ Ǒã ­á®, ¤«ï ®¯à¥¤¥«¥­¨ï á¯« ©­-äã­ªæ¨¨W5,2(x), ¡«¨§ª®© ª ¨áª®¬®¬ã à¥è¥­¨î w = w(x), ¨á¯®«ì§®¢ «¨ ãá«®-¢¨¥ íª¢¨¢ «¥­â­®áâ¨ ¢­¥è­¨å ¤¥©áâ¢ãîé¨å ­  ¡ «ªã ­ £àã§®ª, § -ª«îç îé¥¥áï ¢ â®¬, çâ® ¢ ¯à¥¤¥« å ª �¤®£® ®âà¥§ª  [xi, xi+1℄ â®ç­ë¥

qz = qz(x) ¨ ¯à¨¡«¨�¥­­ë¥ ~qz = ~qz(x) à á¯à¥¤¥«¥­­ë¥ ­ £àã§ª¨ ¯à¨-¢®¤ïâáï ª æ¥­âàã ¯à¨¢¥¤¥­¨ï, ¨¬¥îé¥¬ã ª®®à¤¨­ âã xi. � ¨â®£¥ ®¯à¥-¤¥«ïîâáï £« ¢­ë© ¢¥ªâ®à R
(i)
z ¨ £« ¢­ë© ¬®¬¥­â M (i)

y ¤«ï § ¤ ­­®©¢­¥è­¥© ­ £àã§ª¨ qz = qz(x) ¨ £« ¢­ë© ¢¥ªâ®à R̃(i)
z ¨ £« ¢­ë© ¬®¬¥­â

M̃
(i)
y ¤«ï ¯à¨¡«¨�¥­­®© ­ £àã§ª¨ ~qz = ~qz(x) ¤«ï N − 1 ã§«®¢:





R
(i)
z = xi+1∫

xi

qz(x) dx,
M

(i)
y = xi+1∫

xi

qz(x)(x − xi) dx, i = 1, 2, . . . , N − 1,
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



R̃
(i)
z = xi+1∫

xi

~qz(x) dx,
M̃

(i)
y = xi+1∫

xi

~qz(x)(x − xi) dx, i = 1, 2, . . . , N − 1. (3.2)�¯à¥¤¥«¨âì R(i)
z ¨M (i)

y ¯® § ¤ ­­®© à á¯à¥¤¥«¥­­®© ­ £àã§ª¥ qz =
qz(x) ¬®�­® ª ª  ­ «¨â¨ç¥áª¨, â ª ¨ ç¨á«¥­­® á «î¡®© § ¤ ­­®© â®ç-­®áâìî.� áá¬®âà¨¬ ¢ à¨ ­â, ¯à¨ ª®â®à®¬ �¥áâª®áâì ¯®¯¥à¥ç­®£® á¥ç¥­¨ï
EIy ï¢«ï¥âáï á¯« ©­®¬ âà¥âì¥© áâ¥¯¥­¨ ¤¥ä¥ªâ  1 [2℄:

E(x)Iy(x) =W3,1(x) = 3∑
α=0 b(i)α (x− xi)α = 3∑

α=0 b(i)α ξα,

ξ = x− xi, x ∈ [xi, xi+1℄, i = 1, 2, . . . , N − 1.�ä®à¬¨àã¥¬ ¨§ §­ ç¥­¨© R̃(i)
z ¨ M̃ (i)

y ¢¥ªâ®à-áâ®«¡æë R̃z ¨ M̃y:R̃z = (R̃(i)
z

)T
, i = 1, 2, . . . , N − 1,M̃y = (M̃ (i)

y

)T
, i = 1, 2, . . . , N − 1.�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¬ âà¨æë K̃ ¨ T̃:K̃ = ‖K̃i,j‖, i = 1, 2, . . . , N − 1, j = 1, . . . , 2N + 2,T̃ = ‖T̃i,j‖, i = 1, 2, . . . , N − 1, j = 1, . . . , 2N + 2,­  ¨å ®á­®¢¥ ¯à¥¤áâ ¢¨¬ á®®â­®è¥­¨ï (3.2) ¢ ¬ âà¨ç­®© ä®à¬¥:

{ R̃z = K̃Q,M̃y = T̃Q.Ǒà¨à ¢­¨¢ ï £« ¢­ë¥ ¢¥ªâ®àë R
(i)
z ¨ R̃(i)

z ¨ £« ¢­ë¥ ¬®¬¥­âë M
(i)
y ¨

M̃
(i)
y , ¯®«ãç ¥¬ á¨áâ¥¬ã ¨§ 2N − 2  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©:

{
R̃
(i)
z = R

(i)
z ,

M̃
(i)
y =M

(i)
y ,

i = 1, 2, . . . , N − 1. (3.3)�®¡ ¢«ïï ª á¨áâ¥¬¥ (3.3) ç¥âëà¥ ãà ¢­¥­¨ï, ãç¨âë¢ îé¨¥ ªà ¥-¢ë¥ ãá«®¢¨ï, ¯®«ãç ¥¬ á¨áâ¥¬ã ¨§ 2N + 2  «£¥¡à ¨ç¥áª¨å «¨­¥©­ëåãà ¢­¥­¨©, ®¤­®§­ ç­® ®¯à¥¤¥«ïîéãî ¢¥ªâ®à Q,   á«¥¤®¢ â¥«ì­®, á -¬ã á¯« ©­-äã­ªæ¨îW5,2(x).
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��� 517.946�� ������� ������� ��� ������������ �����������������Ǒ�������� ���������� ���Ǒ������� Ǒ���������∗)�. �. Ǒ¨­¨£¨­ � à ¡®â å �. �. �®� ­®¢  [1{3℄ ¨§ãç « áì à §à¥è¨¬®áâì ­ ç «ì­®-ªà ¥¢ëå § ¤ ç ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©
Au +But = f(x, t) (∗)á í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨¬¨ ®¯¥à â®à ¬¨ A ¨ B ¢â®à®£® ¯®àï¤ª ,¤¥©áâ¢ãîé¨¬¨ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬. �¥â®¤ ¨áá«¥¤®¢ -­¨ï ¢ ãª § ­­ëå à ¡®â å ®á­®¢ ­ ­  à¥£ã«ïà¨§ æ¨¨ á ¯®á«¥¤ãîé¨¬¯®«ãç¥­¨¥¬  ¯à¨®à­ëå ®æ¥­®ª ¨ ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬. �àã£®© ¯®¤-å®¤ ª ¨áá«¥¤®¢ ­¨î ãà ¢­¥­¨© (∗) ®á­®¢ ­ ­  ¯à¨¬¥­¥­¨¨ ¯à¥®¡à §®¢ -­¨ï � ¯« á , ¨ íâ®â ¯®¤å®¤ ¯à¨¢®¤¨â ¢­®¢ì ª ­¥®¡å®¤¨¬®áâ¨ ¯®«ãç âì ¯à¨®à­ë¥ ®æ¥­ª¨, ­® ã�¥ ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© á ¢ëà®�¤¥-­¨¥¬, á®¤¥à� é¨å ª®¬¯«¥ªá­ë© ¯ à ¬¥âà. �¬¥­­® â ª¨¥ ãà ¢­¥­¨ï¨ ¡ã¤ãâ à áá¬®âà¥­ë ­¨�¥, ¨ æ¥«ìî à ¡®âë ¯à¨ íâ®¬ ¡ã¤¥â ¤®ª § -â¥«ìáâ¢® â¥®à¥¬ áãé¥áâ¢®¢ ­¨ï à¥£ã«ïà­ëå à¥è¥­¨© (â. ¥. à¥è¥­¨©,¨¬¥îé¨å ¢á¥ ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥, ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨¥),   â ª-�¥ ¤®ª § â¥«ìáâ¢® ­ «¨ç¨ï ­¥®¡å®¤¨¬ëå ¤«ï ¢®§¬®�­®£® ®¡à é¥­¨ï¯à¥®¡à §®¢ ­¨ï � ¯« á   ¯à¨®à­ëå ®æ¥­®ª ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥â-à .

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012{2014 ££. (¯à®¥ªâ ü 4402) ¨ ��Ǒý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (á®£« è¥­¨¥ ü14.�18.21.0367).
© 2013 Ǒ¨­¨£¨­  �. �.



�¡ ®æ¥­ª å à¥è¥­¨© 61Ǒ¥à¥©¤¥¬ ª á®¤¥à� â¥«ì­®© ç áâ¨ à ¡®âë.Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  R
n ¯¥à¥¬¥­­ëå

x1, . . . , xn á ª®¬¯ ªâ­®© ¨ £« ¤ª®© (¤«ï ¯à®áâ®âë ¡¥áª®­¥ç­® ¤¨ää¥-à¥­æ¨àã¥¬®©) £à ­¨æ¥© �, aij(x), bij(x), i, j = 1, . . . , n, a0(x), b0(x) |§ ¤ ­­ë¥ ¤¥©áâ¢¨â¥«ì­®§­ ç­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ x ∈ 
,
λ | ª®¬¯«¥ªá­®¥ ç¨á«®, f(x, λ) | § ¤ ­­ ï ª®¬¯«¥ªá­®§­ ç­ ï äã­ª-æ¨ï, ®¯à¥¤¥«¥­­ ï ¯à¨ x ∈ 
, λ ∈ C, A ¨ B | ¤¨ää¥à¥­æ¨ «ì­ë¥®¯¥à â®àë, ¤¥©áâ¢¨¥ ª®â®àëå ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨

Au = ∂

∂xi
(aij(x)uxj

) + a0(x)u, Bu = ∂

∂xi
(bij(x)uxj

) + b0(x)u(§¤¥áì ¨ ¤ «¥¥ ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬, ¥á«¨ ­¥ ®£®¢®à¥­® ¯à®â¨¢-­®¥, ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤® n). �ã¤¥¬ áç¨â âì ¢áî¤ã¤ «¥¥, çâ® ®¯¥à â®àë A ¨ B á¨¬¬¥âà¨ç­ë ¨ í««¨¯â¨ª®-¯ à ¡®«¨ç­ë:
aij(x) = aji(x), bij(x) = bji(x), x ∈ 
, i, j = 1, . . . , n;

aij(x)ξiξj > 0, bij(x)ξiξj > 0, x ∈ 
.�à ¥¢ ï § ¤ ç . � ©â¨ äã­ªæ¨î u(x), ï¢«ïîéãîáï ¢ ®¡« áâ¨
 à¥è¥­¨¥¬ ãà ¢­¥­¨ï
Lu ≡ Au+ λBu = f(x, λ) (1)¨ ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î

u|� = 0. (2)�à ¢­¥­¨¥ (1) ¬®�­® á¢¥áâ¨ ª á¨áâ¥¬¥ ãà ¢­¥­¨©
{
Au1(x) + λ1Bu1(x)− λ2Bu2(x) = f1(x, λ),
Au2(x) + λ1Bu2(x) + λ2Bu1(x) = f2(x, λ) (3)(λ1 = Reλ, λ2 = Imλ, u1(x) = Reu(x), u2(x) = Imu(x),
f1(x, λ) = Re f(x, λ), f2(x) = Im f(x, λ)),¨ íâ  á¨áâ¥¬  ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥â  ­ «¨§¨à®¢ âìáï.� ¬¥â¨¬, çâ® ¢ á«ãç ¥ λ2 = 0 á¨áâ¥¬  (3) à á¯ ¤ îé ïáï.�¨�¥ ç¥à¥§ ν = (ν1, . . . , νn) ¡ã¤¥¬ ®¡®§­ ç âì ¢¥ªâ®à ¢­ãâà¥­­¥©­®à¬ «¨ ª £à ­¨æ¥ � ¢ â¥ªãé¥© â®çª¥ x.



62 Ǒ¨­¨£¨­  �. �.�¥®à¥¬  1. Ǒãáâì λ1 > 0, ®¯¥à â®à A + B í««¨¯â¨ç¥áª¨© ¢ 
, ¨¯ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
aij(x) ∈ C2(
), bij(x) ∈ C2(
), a0(x) ∈ C(
), b0(x) ∈ C(
); (4)(∃αi(x), βi(x)) αi(x) ∈ C1(
), βi(x) ∈ C1(
),0 6 C1αi(x)ξ2i 6 aij(x)ξiξj 6 C2αi(x)ξ2i ,0 6 C1βi(x)ξ2i 6 bij(x)ξiξj 6 C2βi(x)ξ2i , x ∈ 
, ξ ∈ R

n,

αi(x) + βi(x) > k0 > 0 x ∈ 
, i = 1, . . . , n; (5)
(
aij

xk
(x)bkl

xi
(x)− 12(aij(x)bkl

xi
(x))

xk
− 12(aij

xk
(x)bkl(x))

xi

− aij(x)b0(x) − a0(x)bkl(x))ξlξj + ((aij(x)b0xi
(x))xj+ (a0xi

(x)bij(x))xj
+ a0(x)b0(x))ξ20 > γ0(ξ2i + ξ20), (6)

γ0 > 0, ∀ ξ0 ∈ R, ξ ∈ R
n, x ∈ 
 i, j, k, l = 1, . . . , n;

bij(x)νiνj = 0 ∀x ∈ �; (7)
∣∣bijxk

(x)∣∣ 6 M
√
βi(x), x ∈ 
, i, j, k = 1, . . . , n; (8)

a0(x) 6 −�a0 < 0, b0(x) 6 −�b0 < 0 ∀x ∈ 
; (9)
Af1(x, λ) ∈ L2(
), Af2(x, λ) ∈ L2(
), f1|� = 0, f2|� = 0, λ ∈ C. (10)�®£¤  § ¤ ç  (1), (2) ¨¬¥¥â à¥è¥­¨¥ {u1(x), u2(x)} â ª®¥, çâ® u1(x) ∈

W
22(
), u2(x) ∈ W

22(
) ¨ ¯à¨ íâ®¬ ¤«ï äã­ªæ¨© u1(x), u2(x) ¯à¨ λ2 > 1¡ã¤ãâ ¢ë¯®«­ïâìáï ®æ¥­ª¨
n∑

i=1 ∫
 βi
(
u21xi

+ u22xi

)
dx+ ∫
 (u21 + u22) dx 6

N1
λ22 ∫
 (f21 + f22 ) dx, (11)
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∫
 [(Au1)2 + (Au2)2℄ dx

6
N2
|λ2|[∫
 (f21 + f22 ) dx+ ∫
 {(Af1)2 + (Af2)2} dx],

∫
 [(Bu1)2 + (Bu2)2℄ dx 6
N2
λ22 ∫
 (f21 + f22 ) dx,

n∑

i,j=1 ∫
 (u21xixj
+ u22xixj

)
dx

6
N2
|λ2|[∫
 (f21 + f22 ) dx + ∫
 {(Af1)2 + (Af2)2} dx],

(12)
¢ ª®â®àëå ç¨á«  N1, N2 ®¯à¥¤¥«ïîâáï äã­ªæ¨ï¬¨ aij(x), bij(x), i, j =1, . . . , n, a0(x), b0(x), ç¨á«®¬ λ1,   â ª�¥ ®¡« áâìî 
.�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨. Ǒãáâì
ε | ¯®«®�¨â¥«ì­®¥ ç¨á«®. � áá¬®âà¨¬ á¥¬¥©áâ¢® § ¤ ç: ­ ©â¨ äã­ª-æ¨¨ u1(x), u2(x), ï¢«ïîé¨¥áï à¥è¥­¨¥¬ á¨áâ¥¬ë ãà ¢­¥­¨©

{
Au1(x) + λ1Bu1(x) + εBu1(x)− λ2Bu2(x) = f1(x, λ),
Au2(x) + λ1Bu2(x) + εBu2(x) + λ2Bu1(x) = f2(x, λ) (3ε)¨ ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (2).Ǒ®ª �¥¬, çâ® § ¤ ç  (3ε), (2) ¯à¨ ä¨ªá¨à®¢ ­­®¬ ε ¨¬¥¥â à¥è¥-­¨¥ â ª®¥, çâ® u1(x) ∈ W22(
), u2(x) ∈ W22(
). �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã [4℄. Ǒãáâì κ | ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � á-á¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ­ ©â¨ à¥è¥­¨¥ {u1(x), u2(x)} á¨áâ¥¬ë ãà ¢-­¥­¨©

{
Au1(x) + λ1Bu1(x) + εBu1(x)− κλ2Bu2(x) = f1(x, λ),
Au2(x) + λ1Bu2(x) + εBu2(x) + κλ2Bu1(x) = f2(x, λ), (3ε,κ)ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (2). � ª ¨§¢¥áâ­® [4℄, ¤«ï à §à¥è¨¬®áâ¨§ ¤ ç¨ (3ε,κ), (2) ¯à¨ ¢á¥å κ ¤®áâ â®ç­® ãáâ ­®¢¨âì à §à¥è¨¬®áâì ¢

W22(
) § ¤ ç¨ (3ε,0), (2) ¨ ¤®ª § âì ­ «¨ç¨¥  ¯à¨®à­ëå ®æ¥­®ª ¢á¥¢®§-¬®�­ëå à¥è¥­¨© § ¤ ç¨ (3ε,κ), (2) ¢ ¯à®áâà ­áâ¢¥ W22(
).



64 Ǒ¨­¨£¨­  �. �.� ¬¥â¨¬, çâ® ¯à¨ λ1 > 0 ®¯¥à â®à A + λ1B í««¨¯â¨ç¥­, ­® ¥£®¯®áâ®ï­­ ï í««¨¯â¨ç­®áâ¨, ¢®®¡é¥ £®¢®àï, ¡ã¤¥â ®¯à¥¤¥«ïâìáï ç¨á«®¬
λ1; í««¨¯â¨ç¥áª¨¬ ¡ã¤¥â ¨ ®¯¥à â®à A+ εB. �§ í««¨¯â¨ç­®áâ¨ ®¯¥à -â®à  A + εB ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â à §à¥è¨¬®áâì § ¤ ç¨ (3ε,0),(2) ¢ ¯à®áâà ­áâ¢¥ W22(
) [5℄. Ǒ®ª �¥¬, çâ® ¨¬¥îâ ¬¥áâ® ­¥®¡å®¤¨¬ë¥®æ¥­ª¨.�¬­®�¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (3ε,κ) ­  u1(x), ¢â®à®¥ ãà ¢-­¥­¨¥ | ­  u2(x) ¨ á«®�¨¬. �­â¥£à¨àãï ¢ ¯®«ãç¥­­®¬ à ¢¥­áâ¢¥ ¯®ç áâï¬ ¨ ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢® �­£ , ¯®«ãç¨¬∫
 aij(x)(u1xj

u1xi
+ u2xj

u2xi
) dx+(λ1+ ε) ∫
 bkl(x)(u1xl

u1xk
+u2xl

u2xk
) dx−∫
 [a0(x)+ b0(x)℄(u21+u22) dx

6
δ22 ∫
 (u21 + u22) dx + 12δ2 ∫
 (f21 + f22 ) dx(δ > 0 | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®). �§ íâ®£® ­¥à ¢¥­áâ¢ ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (5), (8) ¨ (9) ¯®«ãç ¥¬ ¯¥à¢ãî  ¯à¨®à­ãî®æ¥­ªã

n∑

i=1 ∫
 αi(x)(u21xi
+ u22xi

)
dx + (λ1 + ε) n∑

i=1 ∫
 βi(x)(u21xi
+ u22xi

)
dx+ ∫
 (u21 + u22) dx 6

12(a0 + b0) ∫
 (f21 + f22 ) dx. (13)�«ï ¯®«ãç¥­¨ï á«¥¤ãîé¥© ®æ¥­ª¨ ã¬­®�¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨-áâ¥¬ë (3ε,κ) ­  (A + B)u1(x),   ¢â®à®¥ ãà ¢­¥­¨¥ | ­  (A + B)u2(x)¨ ¯à®¨­â¥£à¨àã¥¬. �â ¯®«ãç¥­­®£® à ¢¥­áâ¢ , ãç¨âë¢ ï ãá«®¢¨¥ (6),­¥âàã¤­® ¯¥à¥©â¨ ª ­¥à ¢¥­áâ¢ã∫
 [(Au1)2 + (Au2)2℄ dx+ (λ1 + ε) ∫
 [(Bu1)2 + (Bu2)2℄ dx
6

∫
 [f1(A+B)u1 + f2(A+B)u2℄ dx. (14)



�¡ ®æ¥­ª å à¥è¥­¨© 65Ǒà¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£ , ¯®«ãç¨¬ ®æ¥­ªã
∫
 [(Au1)2 + (Au2)2℄ dx+ ∫
 [(Bu1)2 + (Bu2)2℄ dx 6 C(δ1) ∫
 (f21 + f22 ) dx,(15)£¤¥ δ1 | ¯à®¨§¢®«ì­ ï ¯®«®�¨â¥«ì­ ï ¯®áâ®ï­­ ï, ç¨á«® C(δ1) ®¯à¥-¤¥«ï¥âáï ª®íää¨æ¨¥­â ¬¨ ®¯¥à â®à®¢ A, B ¨ ç¨á«®¬ δ1. �§ ®æ¥­ª¨(15) ¨ ¢â®à®£® ®á­®¢­®£® ­¥à ¢¥­áâ¢  ¤«ï í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢[6℄ á«¥¤ã¥â ®æ¥­ª 

‖u1‖W22(
) + ‖u2‖W22(
) 6 C1 ∫
 (f21 + f22 ) dx, (16)¢ ª®â®à®© ç¨á«® C1 ®¯à¥¤¥«ï¥âáï «¨èì ª®íää¨æ¨¥­â ¬¨ ®¯¥à â®à®¢
A, B ¨ ç¨á«®¬ ε.�§ â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã ¨ ®æ¥­®ª (15), (16)¯®«ãç¨¬, çâ® ªà ¥¢ ï § ¤ ç  (3ε,κ), (2) ¨¬¥¥â à¥è¥­¨¥ ¯à¨ κ ∈ [0, 1℄â ª®¥, çâ® u1(x) ∈ W22(
) ¨ u2(x) ∈ W22(
).Ǒ¥à¥©¤¥¬ ª ¯®«ãç¥­¨î á«¥¤ãîé¨å ®æ¥­®ª. Ǒãáâì λ2 6= 0. �¬­®-�¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (3ε) ­  − 1

λ2 u2(x), ¢â®à®¥ | ­  1
λ2 u1(x),á«®�¨¬ ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ®¡« áâ¨ 
. Ǒà¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£ ¨ ãá«®¢¨ï â¥®à¥¬ë, ­¥âàã¤­® ¯®«ãç¨âì ­¥à ¢¥­áâ¢®

∫
 bij(u1xj
u1xi

+ u2xj
u2xi

) dx+�b0 ∫
 (u21 + u22) dx 6
δ22 ∫
 (u21 + u22) dx+ 12δ2|λ2|2 ∫
 (f21 + f22 ) dx.Ǒà¨ δ =√�b0 ¯®«ãç¨¬ á«¥¤ãîéãî ®æ¥­ªã:

n∑

i=1 ∫
 βi
(
u21xi

+ u22xi

)
dx+ ∫
 (u21 + u22) dx 6

12�b0λ22 ∫
 (f21 + f22 ) dx. (17)�¬­®�¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (3ε) ­  Au1(x), ¢â®à®¥ ãà ¢­¥-



66 Ǒ¨­¨£¨­  �. �.­¨¥ | ­  Au2(x), á«®�¨¬ ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® 
. Ǒ®«ãç¨¬ à ¢¥­áâ¢®
∫
 [(Au1)2 + (Au2)2℄ dx+ (ε+ λ1) ∫
 (Au1 · Bu1 +Au2 ·Bu2) dx= ∫
 [f1Au1 + f2Au2℄ dx. (18)�á«¥¤áâ¢¨¥ ãá«®¢¨ï (6) ¢ë¯®«­ï¥âáï

∫
 (Au1 · Bu1 +Au2 ·Bu2) dx > 0(á¬. [7℄). � ¯à ¢®© ç áâ¨ (18) ¤¢ �¤ë ¨­â¥£à¨àã¥¬ ¯® ç áâï¬. � á¨«ããá«®¢¨ï (8) ¢á¥ £à ­¨ç­ë¥ ¨­â¥£à «ë, ¯®ï¢«ïîé¨¥áï ¯à¨ ¤¢ãªà â­®¬¨­â¥£à¨à®¢ ­¨¨, ¡ã¤ãâ à ¢­ë ­ã«î. �á¯®«ì§ãï ®æ¥­ªã (17) ¨ ­¥à ¢¥­-áâ¢® ��¥«ì¤¥à , ¯à¨¤¥¬ ª ®æ¥­ª¥
∫
 [(Au1)2 + (Au2)2℄ dx 6

N2
|λ2|[∫
 (f21 + f22 ) dx+ ∫
 {(Af1)2 + (Af2)2} dx].(19)�¬­®�¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (3ε) ­  − 1

λ2Bu2, ¢â®à®¥ | ­ 1
λ2Bu1, á«®�¨¬ ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ®¡« áâ¨ 
. Ǒ®«ãç¨¬ à ¢¥­áâ¢®

∫
 [(Bu1)2 + (Bu2)2℄ dx = 1
|λ2| ∫
 (f1Bu2 − f2Bu1) dx.Ǒà¨¬¥­ïï ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢®�­£ , ­¥âàã¤­® ¯à¨©â¨ ª ®æ¥­ª¥

∫
 [(Bu1)2 + (Bu2)2℄ dx 6
1
λ22 ∫
 (f21 + f22 ) dx. (20)�æ¥­ª¨ (19), (20), ãá«®¢¨¥ í««¨¯â¨ç­®áâ¨ ®¯¥à â®à  A + B ¨ ¢â®à®¥®á­®¢­®¥ ­¥à ¢¥­áâ¢® ¤«ï í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢ [6℄ ¤ îâ ®æ¥­ªã

‖u1‖W22(
) + ‖u2‖W22(
) 6
N2
|λ2|[∫
 (f21 + f22 ) dx+ ∫
 {(Af1)2 + (Af2)2} dx],(21)



�¡ ®æ¥­ª å à¥è¥­¨© 67¢ ª®â®à®© ¯®áâ®ï­­ ï N2 ®¯à¥¤¥«ï¥âáï ª®íää¨æ¨¥­â ¬¨ ®¯¥à â®à®¢ A¨ B,   â ª�¥ ®¡« áâìî 
. �§ ®æ¥­ª¨ (21) á«¥¤ã¥â, çâ® ¢ á¥¬¥©áâ¢¥§ ¤ ç (3ε), (2) ¬®�­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¨ â¥¬ á ¬ë¬ ¯®«ãç¨âì à¥è¥-­¨¥ á¨áâ¥¬ë (3),   ¤ «¥¥ ãà ¢­¥­¨ï (1) ¨§ ¯à®áâà ­áâ¢  W22(
). �á¥¯®«ãç¥­­ë¥ ¢ëè¥ ®æ¥­ª¨ á®åà ­ïâáï.�¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥ 1. � á«ãç ¥ 0 < |λ2| 6 1 ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
‖u1‖W22(
) + ‖u2‖W22(
) 6

N3
λ22 ∫
 (f21 + f22 ) dx,¢ ª®â®à®© ¯®áâ®ï­­ ï N3 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ aij(x), bij(x), i, j =1, . . . , n, a0(x), b0(x) ¨ ®¡« áâìî 
. �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®-£¨ç­® á«ãç î λ2 > 1.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (4){(6), (9), (10) â¥®à¥-¬ë 1 ¨ áãé¥áâ¢ãîâ α0 > 0, β0 > 0 â ª¨¥, çâ®

αi(x) > α0 > 0, βi(x) > β0 > 0, x ∈ �, i = 1, . . . , n. (7′)�®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ u(x) ãà ¢­¥­¨ï (1), ¯à¨­ ¤«¥� é¥¥ W22(
)¨ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (2), ¯à¨ íâ®¬ ¤«ï äã­ªæ¨© u1(x), u2(x)¡ã¤ãâ ¢ë¯®«­ïâìáï ®æ¥­ª¨ (11) ¨
n∑

i,j=1 ∫
 (u21xixj
+ u22xixj

)
dx

6
N4
λ22 ∫
 [f21 + f22 ] dx+ N5

|λ2| ∫
 [(Af1)2 + (Af2)2℄ dx, (12′)¢ ª®â®à®© ç¨á«  N4, N5 ®¯à¥¤¥«ïîâáï äã­ªæ¨ï¬¨ aij(x), bij(x), i, j =1, . . . , n, a0(x), b0(x), ç¨á«®¬ λ1,   â ª�¥ ®¡« áâìî 
.�®ª § â¥«ìáâ¢®. �­®¢ì à áá¬®âà¨¬ § ¤ çã (3ε), (2). �«ï ¥¥ à¥-è¥­¨ï â ª�¥ ¡ã¤¥â á¯à ¢¥¤«¨¢  ®æ¥­ª  (17). � áá¬®âà¨¬ à ¢¥­áâ¢®



68 Ǒ¨­¨£¨­  �. �.(18). Ǒ®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¯®«ãç¨¬
∫
 [(Au1)2+(Au2)2℄ dx+(ε+λ1) ∫
 aijbkl(u1xjxk

u1xlxi
+u2xjxk

u2xlxi
) dx+ I1 + I2 + I3 + I4 + I5 + I6 = ∫
 [f1Au1 + f2Au2℄ dx+ I1� + I2�, (22)£¤¥

I1 = −ε+ λ12 ∫
 (aij
xk
bkl
)
xi
(u1xl

u1xj
+ u2xl

u2xj
) dx,

I2 = −ε+ λ12 ∫
 (aijbkl
xi

)
xk
(u1xl

u1xj
+ u2xl

u2xj
) dx,

I3 = (ε+ λ1) ∫
 aij
xk
bkl
xi
(u1xl

u1xj
+ u2xl

u2xj
) dx,

I4 = −(ε+ λ1) ∫
 {aijb0(u1xi
u1xj

+ u2xi
u2xj

)− (aijb0xi
)xj

(
u21 + u22)} dx,

I5 = −(ε+ λ1) ∫
 {bija0(u1xi
u1xj

+ u2xi
u2xj

)− (bija0xi
)xj

(
u21 + u22)} dx,

I6 = (ε+ λ1) ∫
 a0(x)b0(x)(u21 + u22) dx,
I1� = (ε+ λ1) ∫� [aij(u1xj

+ u2xj
) ∂

∂xk
(bkl(u1xl

+ u2xl
))νi

− aij(u1xj
+ u2xj

) ∂

∂xk
(bkl(u1xl

+ u2xl
))νk

]
dS,

I2� = ε+ λ12 ∫� [aij(x)bkl
xi
(x)(u1xl

u1xk
+ u2xl

u2xk
)νj+ aij

xk
(x)bkl(x)(u1xi

u1xj
+ u2xi

u2xj
)νl

]
dS.Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (6)

I1 + I2 + I3 + I4 + I5 + I6 > 0.



�¡ ®æ¥­ª å à¥è¥­¨© 69� á¨«ã ª®¬¯ ªâ­®áâ¨ ¨ £« ¤ª®áâ¨ £à ­¨æë � áãé¥áâ¢ã¥â ¯®«®�¨â¥«ì-­®¥ ç¨á«® ρ â ª®¥, çâ® ¢ ®¡« áâ¨ 
ρ = {x ∈ 
 : d(x,�) < ρ} ®¯¥à â®àë
A ¨ B ¡ã¤ãâ í««¨¯â¨ç¥áª¨¬¨.�«ï ¢â®à®£® á« £ ¥¬®£® (22) ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥
∫
 aijbkl(u1xjxk

u1xlxi
+ u2xjxk

u2xlxi
) dx= ∫
ρ

aijbkl(u1xjxk
u1xlxi

+ u2xjxk
u2xlxi

) dx+ ∫
\
ρ

aijbkl(u1xjxk
u1xlxi

+ u2xjxk
u2xlxi

) dx.�®£« á­® (7′) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
n∑

i,j=1 ∫
 αiβj(u21xixj
+ u22xixj

) dx > k0 n∑

i,j=1 ∫
ρ

(
u21xixj

+ u22xixj

)
dx+ n∑

i,j=1 ∫
\
ρ

αiβj
(
u21xixj

+ u22xixj

)
dx, 0 < k0 < α0β0.Ǒà® ­ «¨§¨àã¥¬ £à ­¨ç­ë¥ ¨­â¥£à «ë. � ®¡« áâ¨ 
ρ ¤«ï ¨­â¥£à «®¢

I1� ¢¢¨¤ã [8℄ ¨ â¥®à¥¬ ¢«®�¥­¨ï [6, 9℄ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
|I1�| 6 δ(ε+ λ1) n∑

i,j=1 ∫
ρ

(
u21xixj

+ u22xixj

)
dx+ C(δ) n∑

i=1 ∫
ρ

(
u21 + u22) dx.� ª�¥ ¤«ï ¨­â¥£à «®¢ I2� ¢á«¥¤áâ¢¨¥ â¥®à¥¬ ¢«®�¥­¨ï [6, 9℄ ¢ë¯®«­ï-¥âáï

|I2�| 6 δ(ε+ λ1) n∑

i,j=1 ∫
ρ

(
u21xixj

+ u22xixj

)
dx+ C(δ) n∑

i=1 ∫
ρ

(
u21 + u22) dx,£¤¥ δ | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, C(δ) ®¯à¥¤¥«ï¥âáï ª®íä-ä¨æ¨¥­â ¬¨ ®¯¥à â®à®¢ A, B, ç¨á«®¬ λ1 ¨ £à ­¨æ¥© �.



70 Ǒ¨­¨£¨­  �. �.Ǒà®¢¥¤¥­­ë¥ à ááã�¤¥­¨ï ¯®§¢®«ïîâ ®â (22) ¯¥à¥©â¨ ª ­¥à ¢¥­-áâ¢ã
∫
 [(Au1)2 + (Au2)2℄ dx+ (ε+ λ1)k0 n∑

i,j=1 ∫
ρ

(
u21xixj

+ u22xixj

)
dx+ (ε+ λ1) n∑

i,j=1 ∫
\
ρ

αiβj
(
u21xixj

+ u22xixj

)
dx

6
C

|λ2|[∫
 (f21 + f22 ) dx+ ∫
 {(Af1)2 + (Af2)2} dx]+ 2δ(ε+ λ1) n∑

i,j=1 ∫
ρ

(
u21xixj

+ u22xixj

)
dx+ C(δ) n∑

i=1 ∫
ρ

(
u21 + u22) dx.Ǒ®¤¡¨à ï δ ¬ «ë¬¨ ¨ ä¨ªá¨àãï, á ãç¥â®¬ ®æ¥­ª¨ (17) ¯®«ãç¨¬ ­¥à -¢¥­áâ¢®∫
 [(Au1)2 + (Au2)2℄ dx+ ∫
ρ

(
u21xixj

+ u22xixj

)
dx

6

( 1
|λ2| + 1

λ22)∫
 (f21 + f22 ) dx+ 1
|λ2| ∫
 {(Af1)2 + (Af2)2} dx.�¬­®� ï ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (3ε) ­  − 1

λ2Bu2,   ¢â®à®¥ |­  1
λ2Bu1, ¯à¨¤¥¬ ª à ¢¥­áâ¢ã
∫
 [(Bu1)2 + (Bu2)2℄ dx= 1

|λ2| ∫
 (Au1Bu2 −Au2Bu1) dx+ 1
|λ2| ∫
 (f1Bu2 − f2Bu1) dx.Ǒà¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£  ¢ ¯à ¢®© ç áâ¨, ¯®«ãç¨¬

∫
 [(Bu1)2 + (Bu2)2℄ dx
6
δ22 ∫
 [(Bu1)2 + (Bu2)2℄ dx+ 12δ2λ22 ∫
 [(Au1)2 + (Au2)2℄ dx



�¡ ®æ¥­ª å à¥è¥­¨© 71+ δ22 ∫
 [(Bu1)2 + (Bu2)2℄ dx+ 12δ2λ22 ∫
 [f21 + f22 ] dx.Ǒ®¤¡¨à ï δ ¬ «ë¬ ¨ ä¨ªá¨àãï, ¯®á«¥ ¯à¨¬¥­¥­¨ï ­¥à ¢¥­áâ¢  (24)¯®«ãç¨¬ ®æ¥­ªã
∫
 [(Bu1)2 + (Bu2)2℄ dx+ ∫
 [(Au1)2 + (Au2)2℄ dx

6
1
λ22 ∫
 [f21 + f22 ] dx+ 1

|λ2| ∫
 [(Af1)2 + (Af2)2℄ dx.� «ì­¥©è¨¥ à ááã�¤¥­¨ï  ­ «®£¨ç­ë à ááã�¤¥­¨ï¬, § ¢¥àè î-é¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.�¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥ 2. �æ¥­ª¨ â¥®à¥¬ 1 ¨ 2 á¢¨¤¥â¥«ìáâ¢ãîâ ® ¯®¢¥¤¥­¨¨à¥è¥­¨© § ¤ ç¨ (1), (2) ¯à¨ |λ2| → ∞. �¬¥­­® íâ® ­¥®¡å®¤¨¬® ¤«ï®¡à é¥­¨ï ¯à¥®¡à §®¢ ­¨ï � ¯« á . �¬¥áâ¥ á â¥¬ ­¥âàã¤­® ¯®«ãç¨âì®æ¥­ª¨, á¢¨¤¥â¥«ìáâ¢ãîé¨¥ ® ¯®¢¥¤¥­¨¨ à¥è¥­¨ï ¯à¨ λ1 → ∞.����������1. �®� ­®¢ �. �. � á¢®©áâ¢ å à¥è¥­¨© ¤«ï ®¤­®£® ª« áá  ¯á¥¢¤®¯ à ¡®«¨ç¥áª¨åãà ¢­¥­¨© // �®ª«. ���. 1992. �. 236, ü 5. �. 781{786.2. Kozhanov A. I. Certain 
lasses of degenerate Sobolev{Galpern equation // Sib.Adv. Math. 1994. V. 4, N 1. P. 65{94.3. �®� ­®¢ �. �. �ãé¥áâ¢®¢ ­¨¥ ý¯®çâ¨ à¥£ã«ïà­ëåþ à¥è¥­¨© £à ­¨ç­®© § ¤ ç¨¤«ï ®¤­®£® ª« áá  «¨­¥©­ëå á®¡®«¥¢áª¨å ãà ¢­¥­¨© ­¥ç¥â­®£® ¯®àï¤ª  // � â.§ ¬¥âª¨ ���. 1997. �. 4, ¢ë¯. 1. �. 29{37.4. Kozhanov A. I. Composite type equation and inverse problem. Utre
ht: VSP, 1999.5. �ªã¡®¢ �. �. �¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ë¥ ãà ¢­¥­¨ï ¨ ¨å ¯à¨-«®�¥­¨ï. � ªã: �«¬, 1985.6. � ¤ë�¥­áª ï �. �., �à «ìæ¥¢  �. �. �¨­¥©­ë¥ ¨ ª¢ §¨«¨­¥©­ë¥ ãà ¢­¥­¨ïí««¨¯â¨ç¥áª®£® â¨¯ . �.: � ãª , 1973.7. �®� ­®¢ �. �. �¨­¥©­ë¥ ®¡à â­ë¥ § ¤ ç¨ ¤«ï ®¤­®£® ª« áá  ¢ëà®�¤ îé¨åáïãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  // �¥áâ­. ��­®-�à «ìáª. ã­-â . � â. ¬®¤¥«¨-à®¢ ­¨¥ ¨ ¯à®£à ¬¬¨à®¢ ­¨¥. 2012. �ë¯. 11, ü 5. �. 33{42.8. � ¤ë�¥­áª ï �. �. �¡ ¨­â¥£à «ì­ëå ®æ¥­ª å, áå®¤¨¬®áâ¨ ¯à¨¡«¨�¥­­ëå ¬¥-â®¤®¢ ¨ à¥è¥­¨© ¢ äã­ªæ¨®­ « å ¤«ï «¨­¥©­ëå í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢ //�¥áâ­¨ª ���. 1958. ü 7. �. 60{69.
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��� 517.9������� ��������� � ������� ������Ǒ����� ���� � ��������∗)�. �. Ǒ®¯®¢ Ǒãáâì 
 ⊂ R3 | ®£à ­¨ç¥­­ ï ®¡« áâì á £« ¤ª®© £à ­¨æ¥© �, ω ⊂
| ¯®¤®¡« áâì á £« ¤ª®© £à ­¨æ¥© �ρ â ª ï, çâ® �ρ∩� = ∅, 
0 = 
\ω.�¡®§­ ç¨¬ ç¥à¥§ n = (n1, n2, n3) ¢­¥è­îî ¥¤¨­¨ç­ãî ­®à¬ «ì ª �,  ç¥à¥§ ν = (ν1, ν2, ν3) | ­®à¬ «ì ª �ρ, ­ ¯à ¢«¥­­ãî ¢ áâ®à®­ã 
0. Ǒà¨íâ®¬ ®¡« áâì ω á®®â¢¥âáâ¢ã¥â �¥áâª®¬ã ¢ª«îç¥­¨î.�¥à¬¨­ ý�¥áâª®¥ ¢ª«îç¥­¨¥þ ®§­ ç ¥â, çâ® ¯¥à¥¬¥é¥­¨ï â®ç¥ª â¥-«  ¯®¤®¡« áâ¨ ω ï¢«ïîâáï í«¥¬¥­â ¬¨ ¯à®áâà ­áâ¢  R(ω) �¥áâª¨å ¨­-ä¨­¨â¥§¨¬ «ì­ëå ¯¥à¥¬¥é¥­¨©. �â® ¯à®áâà ­áâ¢® ®¯à¥¤¥«ï¥âáï á«¥-¤ãîé¨¬ ®¡à §®¬:
R(ω) = {ρ = (ρ1, ρ2, ρ3) | ρ(x) = Bx+ C, x ∈ ω},£¤¥

B =  0 b12 b13
−b12 0 b23
−b13 −b23 0  , C = (c1, c2, c3), bij , cj| 
onst, i, j = 1, 2, 3.�¤­¨¬ ¨§ ­¥¨§¢¥áâ­ëå ¢ § ¤ ç¥ ï¢«ï¥âáï ¢¥ªâ®à-äã­ªæ¨ï u =(u1, u2, u3) ¯¥à¥¬¥é¥­¨© â®ç¥ª â¥« . �¢¥¤¥¬ á®®â­®è¥­¨ï ¤«ï ª®¬¯®-­¥­â â¥­§®à®¢ ¬ «ëå ¤¥ä®à¬ æ¨© ¨ ­ ¯àï�¥­¨© ¯® ä®à¬ã« ¬:

εij(u) = 12 ( ∂ui

∂xj
+ ∂uj

∂xi

)
, σij(u) = aijklεkl(u), i, j = 1, 2, 3.

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012-2014 ££. (¯à®¥ªâ N4402).
© 2013 Ǒ®¯®¢  �. �.



74 Ǒ®¯®¢  �. �.�¤¥áì ¨ ¤ «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¯à®¨§-¢®¤¨âáï áã¬¬¨à®¢ ­¨¥. �ã­ªæ¨¨ aijkl(x) ∈ L∞(
), i, j, k, l = 1, 2, 3, |ª®¬¯®­¥­âë â¥­§®à  A ¬®¤ã«¥© ã¯àã£®áâ¨, ®¡« ¤ îé¥£® á¢®©áâ¢ ¬¨á¨¬¬¥âà¨¨ ¨ ¯®«®�¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨:
aijkl = ajikl = aklij ,

aijklξklξij > c0|ξ|2 ∀ξij = ξji, c0 | 
onst > 0.�¢¥¤¥¬ â ª�¥ ®¡®§­ ç¥­¨ï
w(t, x) = u(t, x) + t∫0 u(τ, x) dτ ∀t ∈ (0, T ), (1)ª®â®àë¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¢ ãà ¢­¥­¨ïå ¢ï§ª®ã¯àã£®£® á®áâ®ï­¨ï ¨à ¢­®¢¥á¨ï, ¢ë¯®«­¥­­ëå ¢ æ¨«¨­¤à¥ Q0 = 
0 × (0, T ):

−σij,j(w(t, x)) = fi(t, x), i = 1, 2, 3,
σij(w(t, x)) = aijklεkl(w(t, x)), i, j = 1, 2, 3.�¤¥áì f = (f1, f2, f3) | ¢¥ªâ®à, § ¤ îé¨© ¢­¥è­¨¥ ­ £àã§ª¨.�®®â­®è¥­¨ï,  ­ «®£¨ç­ë¥ (1), ¨á¯®«ì§®¢ ­ë ¢ ¯®áâ ­®¢ª å § ¤ ç® âà¥é¨­ å ¢ à ¡®â å [1, 2℄. �áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨ § ¤ ç ® �¥áâ-ª¨å ¢ª«îç¥­¨ïå ¢ ã¯àã£¨å ¯« áâ¨­ å à §«¨ç­®© £¥®¬¥âà¨¨,   â ª�¥á¢®©áâ¢ ¨å à¥è¥­¨© ¯à®¢®¤¨«¨áì ¢ [3{5℄. �¥â®¤ ¢ à¨ æ¨®­­ëå ­¥à -¢¥­áâ¢,   â ª�¥ ¥£® ¯à¨¬¥­¥­¨¥ ¢ â¥®à¨¨ ã¯àã£®áâ¨ ¨ ¢ï§ª®ã¯àã£®áâ¨à áá¬®âà¥­ë ¢ à ¡®â å [6{11℄.1. � ¤ ç  ® �¥áâª®¬ ¢ª«îç¥­¨¨ ¡¥§ âà¥é¨­ë.Ǒ®áâ ­®¢ª  § ¤ ç¨. � ¤ çã ® à ¢­®¢¥á¨¨ âà¥å¬¥à­®£® ¢ï§ª®-ã¯àã£®£® â¥«  á �¥áâª¨¬ ¢ª«îç¥­¨¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ á«¥¤ãî-é¥¬ ¢¨¤¥.� æ¨«¨­¤à¥ Q = 
× (0, T ) ­ ©â¨ äã­ªæ¨¨ u(t, x) â ª¨¥, çâ® u(t) =

ρ0(t) ¢ ω, ρ0(t) ∈ R(ω), t ∈ (0, T ), ®¤­®¢à¥¬¥­­® ¢ æ¨«¨­¤à¥ Q0 ­ ©â¨äã­ªæ¨¨ σij(t, x), i, j = 1, 2, 3, ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï:
−σij,j(w(t, x)) = fi(t, x), i = 1, 2, 3, ¢ Q0, (2)
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σij(w(t, x)) = aijkl(x)εkl(w(t, x)), i, j = 1, 2, 3, ¢ Q0, (3)

u(t, x) = 0 ­  �× (0, T ), (4)
−
∫�ρ

σij(w(t, x))νj · �ρi(x) d�ρ = ∫
ω

fi(t, x)�ρi(x) dω
∀�ρ(x) ∈ R(ω) ¤«ï ¯. ¢. t ∈ (0, T ). (5)�¤¥áì f(t, x) = (f1, f2, f3) ∈ H1(0, T ;L2(
)).�à ¢­¥­¨ï (2) áãâì ãà ¢­¥­¨ï à ¢­®¢¥á¨ï ¯à¨ § ¤ ­­ëå ¢­¥è­¨å­ £àã§ª å f , á®®â­®è¥­¨ï (3) | ãà ¢­¥­¨ï, ®¯¨áë¢ îé¨¥ ¢ï§ª®ã¯àã-£®¥ á®áâ®ï­¨¥. � ¤ ­­ëå ãà ¢­¥­¨ïå ª®¬¯®­¥­âë â¥­§®à®¢ σ ¨ ε § ¢¨-áïâ ®â w, â. ¥. á®¤¥à� â ¨­â¥£à «ë ¢¨¤  t∫0 u(τ, x)dτ . � ª¨¬ ®¡à §®¬,ãà ¢­¥­¨ï (2), (3) å à ªâ¥à¨§ãîâ ¬ â¥à¨ « ýá ¯ ¬ïâìîþ: ¤«ï ®¯à¥-¤¥«¥­¨ï §­ ç¥­¨© ª®¬¯®­¥­â â¥­§®à®¢ ¤¥ä®à¬ æ¨© ¨ ­ ¯àï�¥­¨© ¢â¥ªãé¨© ¬®¬¥­â ­¥®¡å®¤¨¬® §­ âì ¨áâ®à¨î ­ £àã�¥­¨ï. �¢ §¨áâ -æ¨®­ à­ë¥ ªà ¥¢ë¥ § ¤ ç¨, ¢ ãà ¢­¥­¨ïå ª®â®àëå ¨á¯®«ì§®¢ ­ë á®®â-­®è¥­¨ï,  ­ «®£¨ç­ë¥ (1), ¨áá«¥¤®¢ «¨áì â ª�¥ ¢ [1, 12, 13℄. �à ¥¢®¥ãá«®¢¨¥ (4) § ¤ ¥â § ªà¥¯«¥­¨¥ â¥«  ­  £à ­¨æ¥. �á«®¢¨¥ (5) ®¯¨áë¢ ¥â¢®§¤¥©áâ¢¨¥ ¢­¥è­¨å ­ £àã§®ª ­  �¥áâªãî ç áâì.�«ï ¨áá«¥¤®¢ ­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¢¢¥¤¥¬ äã­ªæ¨®­ «ì­®¥¯à®áâà ­áâ¢®:

H1,ω� (
) = {v = (v1, v2, v3) ∈ H10 (
) | v = ρ ¢ ω; ρ ∈ R(ω)}.Ǒãáâì V | ¯à®áâà ­áâ¢®, á®¯àï�¥­­®¥ ª H1,ω� (
). �¡®§­ ç¨¬ ç¥à¥§
〈·, ·〉D áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2(D).� áá¬®âà¨¬ ®¯¥à â®à� : L2(0, T ;H1,ω� (
))→ L2(0, T ;V ),¨¬¥îé¨© ¢¨¤(�u, �u) = T∫0 〈σij(w), εij(�u)〉
0 dt, �u ∈ L2(0, T ;H1,ω� (
)).
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〈σij(w), εij(�u)〉
0 = ∫
0 σij


u(t, x) + t∫0 u(τ, x) dτ εij(�u(t, x)) d
0.�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¡¨«¨­¥©­ãî ä®à¬ã

b (u, �u) = 〈σij(u), εij(�u)〉
0 .� á¨«ã á¯à ¢¥¤«¨¢®áâ¨ ¯¥à¢®£® ­¥à ¢¥­áâ¢  �®à­  [14℄ ¢ ®¡« áâ¨ 

〈εij(v), εij(v)〉
 > c1‖v‖2H10 (
) ∀v ∈ H10 (
),á ¯®áâ®ï­­®© c1 > 0, ­¥ § ¢¨áïé¥© ®â v, ¡ã¤¥¬ ¨¬¥âì
b (u, u) > c2‖u‖2H1,ω� (
) ∀u ∈ H1,ω� (
). (6)�ëç¨á«¨¬(�u, u) = T∫0 〈σij(w), εij(u)〉
0 dt = T∫0 b(w, u) dt= T∫0 b


u+ t∫0 u dτ, u


 dt = T∫0 b(u, u) dt+ 12b T∫0 u dt,

T∫0 u dt


 .�®£¤  ¡« £®¤ àï (6) ¯®«ãç¨¬(�u, u) > ‖u‖2

L2(0,T ;H1,ω� (
)). (7)�«¥¤®¢ â¥«ì­®,(�u, u)
‖u‖L2(0,T ;H1,ω� (
)) → +∞, ‖u‖L2(0,T ;H1,ω� (
)) → +∞,â. ¥. � | ª®íàæ¨â¨¢­ë© ®¯¥à â®à. �à®¬¥ â®£®, ®¯¥à â®à � ¬®­®â®­¥­¨ ­¥¯à¥àë¢¥­,   §­ ç¨â, ¯á¥¢¤®¬®­®â®­¥­. �âáî¤  á«¥¤ã¥â [2, 11℄, çâ®áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨

u ∈ L2(0, T ;H1,ω� (
)), (�u, v) = T∫0 〈f, v〉
 dt ∀v ∈ L2(0, T ;H1,ω� (
)).(8)



�¥áâª®¥ ¢ª«îç¥­¨¥ ¢ § ¤ ç¥ ® ¢ï§ª®ã¯àã£®¬ â¥«¥ 77� á¨«ã áâà®£®© ¬®­®â®­­®áâ¨ ®¯¥à â®à  à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.�ãé¥áâ¢®¢ ­¨¥ ¯à®¨§¢®¤­®©. �®ª �¥¬, çâ® à¥è¥­¨¥ § ¤ ç¨(8) ¨¬¥¥â ¯à®¨§¢®¤­ãî ¯® t. �â® ¯®§¢®«¨â à áá¬ âà¨¢ âì ¨ ¨áá«¥¤®¢ âì§ ¤ çã (8) ­  á¥ç¥­¨ïå æ¨«¨­¤à®¢ Q ¨ Q0 ¯à¨ ä¨ªá¨à®¢ ­­®¬ t.� ¯¨è¥¬ ãà ¢­¥­¨¥ (8) ¢ ¢¨¤¥
T∫0 〈σij(w(t)), εij(v(t))〉
0 dt = T∫0 〈f(t), v(t)〉
 dt ∀v ∈ L2(0, T ;H1,ω� (
)).(9)�âáî¤  ¯®«ãç¨¬

T∫0 〈aijklεkl(w(t)), εij(v(t))〉
0 dt+ T∫0 〈aijklεkl


ρ0(t) + t∫0 ρ0(τ) dτ , εij(v(t))〉

ω

dt= T∫0 〈f(t), v(t)〉
 dt ∀v ∈ L2(0, T ;H1,ω� (
)). (10)�ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥ α > 0 ¨ ¢ ª ç¥áâ¢¥ ¯à®¡­®© äã­ªæ¨¨ ¢ (10)¢®§ì¬¥¬
v(θ) = { �v − u(t), θ ∈ (t− α, t+ α),0, θ 6∈ (t− α, t+ α),£¤¥ �v ∈ H1,ω� (
) | ­¥ª®â®àë© ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â. Ǒ®¤áâ ¢¨¬ v(θ)¢ (10) ¨ à §¤¥«¨¬ ­  2α:12α t+α∫

t−α

〈aijklεkl(w(t)), εij(�v − u(t))〉
0 dt12α t+α∫

t−α

〈
aijklεkl


ρ0(t) + t∫0 ρ0(τ) dτ , εij(�v − u(t))〉

ω

dt
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t−α

〈f(t), �v − u(t)〉
 dt.Ǒ¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ α→ 0 ¨ ¯®«ãç¨¬ ¤«ï ¯. ¢. t
〈aijklεkl(w(t)), εij(�v − u(t))〉
0+〈aijklεkl


ρ0(t) + t∫0 ρ0(τ) dτ , εij(�v − u(t))〉

ω

= 〈f(t), �v − u(t)〉
.(11)Ǒ¥à¥¯¨è¥¬ (11) ¢ ¢¨¤¥
b(w(t), �v − u(t)) +〈aijklεkl


ρ0(t) + t∫0 ρ0(τ) dτ , εij(�v − u(t))〉

ω= 〈f(t), �v − u(t)〉
. (12)Ǒãáâì �v = u(t+ h), â®£¤ 
b(w(t), u(t+ h)− u(t))+〈aijklεkl


ρ0(t) + t∫0 ρ0(τ) dτ , εij(u(t+ h)− u(t))〉

ω= 〈f(t), u(t+ h)− u(t)〉
. (13)� ¯¨è¥¬ (12) ¢ â®çª¥ t+ h,   ¯à®¡­®© äã­ªæ¨¥© ¢®§ì¬¥¬ �v = u(t):
b(w(t+ h), u(t)− u(t+ h))+〈aijklεkl


ρ0(t+ h) + t+h∫0 ρ0(τ) dτ , εij(u(t)− u(t+ h))〉

ω= 〈f(t+ h), u(t)− u(t+ h)〉
. (14)�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:
dhv(t) = v(t+ h)− v(t)

h
, dτ

hv(t) = 1
h

t+h∫

t

v(τ)dτ, h > 0.
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b
(
dhu(t)+dτ

hu(t), dhu(t))+〈aijkl

(
εkl(dhρ

0(t))+εkl

(
dτ

hρ
0(t))), εij(dhu(t))〉ω= 〈dhf(t), dhu(t)〉
.� ª¨¬ ®¡à §®¬,

〈
aijklεkl

(
dhu(t) + dτ

hu(t)), εij(dhu(t))〉
 = 〈dhf(t), dhu(t)〉
. (15)�â¬¥â¨¬, çâ® ¢ ®¡« áâ¨ 
 á¯à ¢¥¤«¨¢  ®æ¥­ª 
〈aijklεkl(dhu(t)), εij(dhu(t))〉
 > c3‖dhu(t)‖2H10 (
). (16)Ǒà¥®¡à §ã¥¬ (15) ª ¢¨¤ã

〈aijklεkl(dhu(t)), εij(dhu(t))〉
= 〈dhf(t), dhu(t)〉
 −
〈
aijklεkl

(
dτ

hu(t)), εij(dhu(t))〉
.�á¯®«ì§ãï (16), ¯®«ãç¨¬
‖dhu(t)‖2H10 (
) 6

1
λ
‖dhf(t)‖2L2(
) + λ‖dhu(t)‖2L2(
)+ 1

λ

∥∥dτ
hu(t)∥∥2H10 (
) + λ‖dhu(t)‖2H10 (
).�á«¨ λ > 0 ¤®áâ â®ç­® ¬ «®, â® áãé¥áâ¢ã¥â c4 > 0 â ª®¥, çâ®

‖dhu(t)‖2H10 (
) 6 c4(‖dhf(t)‖2L2(
) + ∥∥dτ
hu(t)∥∥2H10 (
)). (17)� ¬¥â¨¬, çâ® ¤«ï «î¡ëå £« ¤ª¨å äã­ªæ¨© v(t, x) á¯à ¢¥¤«¨¢® [2℄

T−h∫0 ∥∥dτ
hv(t)∥∥2L2(
) dt 6

T∫0 ‖v(t)‖2L2(
) dt. (18)Ǒà®¨­â¥£à¨àã¥¬ (17) ¯® t ®â 0 ¤® T − h ¨ ¯à¨¬¥­¨¬ (18):
T−h∫0 ‖dhu(t)‖2H10 (
) dt 6 c4 T−h∫0 ‖dhf(t)‖2L2(
) dt+ T−h∫0 ∥∥dτ

hu(t)∥∥2H10 (
) dt
6 c4 T−h∫0 ‖dhf(t)‖2L2(
) dt+ T∫0 ‖u(t)‖2H10 (
) dt . (19)



80 Ǒ®¯®¢  �. �.Ǒ®áª®«ìªã ft(t) ∈ L2(Q), ­¥à ¢¥­áâ¢® (18) ¬®�­® § ¯¨á âì ¤«ï v = ft:
T−h∫0 ∥∥dτ

hft(t)∥∥2L2(
) dt 6

T∫0 ‖ft(t)‖2L2(
) dt.�®£¤ 
T−h∫0 ∥∥dhf(t)∥∥2L2(
) dt = T−h∫0 ∥∥∥∥

f(t+ h)− f(t)
h

∥∥∥∥
2
L2(
) dt= T−h∫0 ∥∥∥∥∥∥

1
h

t+h∫

t

fτ (τ) dτ∥∥∥∥∥∥2
L2(
) dt = T−h∫0 ∥∥dτ

hft

∥∥2
L2(
) dt

6

T∫0 ‖ft(t)‖2L2(
) dt.�«¥¤®¢ â¥«ì­®, ¨§ (19) ¯®«ãç¨¬
T−h∫0 ‖dhu(t)‖2H10 (
) dt 6 c4 T∫0 ‖ft(t)‖2L2(
) dt+ T∫0 ‖u(t)‖2H10 (
) dt .Ǒãáâì h0 ¤®áâ â®ç­® ¬ «®, ­® h0 > h. �®£¤ 
T−h0∫0 ‖dhu(t)‖2H10 (
) dt 6 c4 T∫0 ‖ft(t)‖2L2(
) dt+ T∫0 ‖u(t)‖2H10 (
) dt .Ǒ¥à¥å®¤ï ª ¯à¥¤¥«ã h→ 0, ¡ã¤¥¬ ¨¬¥âì
T−h0∫0 ‖ut(t)‖2H10 (
) dt 6 c4 T∫0 ‖ft(t)‖2L2(
) dt+ T∫0 ‖u(t)‖2H10 (
) dt .�§ ¯à®¨§¢®«ì­®áâ¨ h0 > 0 á«¥¤ã¥â, çâ®
‖ut(t)‖2L2(0,T ;H10 (
)) 6 c4(‖ft(t)‖2L2(Q) + ‖u(t)‖2L2(0,T ;H10 (
))). (20)



�¥áâª®¥ ¢ª«îç¥­¨¥ ¢ § ¤ ç¥ ® ¢ï§ª®ã¯àã£®¬ â¥«¥ 81� ª¨¬ ®¡à §®¬, ¯à®¨§¢®¤­ ï ut(t, x) áãé¥áâ¢ã¥â, ¡®«¥¥ â®£®, ¢§ï¢ ¢ (9)
v = u, ¯®«ãç¨¬

T∫0 〈σij(w(t)), εij(u(t))〉
0 dt = T∫0 〈f(t), u(t)〉
 dt.� ãç¥â®¬ (7) ¡ã¤¥¬ ¨¬¥âì
‖u(t)‖2

L2(0,T ;H1,ω� (
)) 6
1
λ
‖f(t)‖2L2(Q) + λ‖u(t)‖2

L2(0,T ;H1,ω� (
))¨«¨ ¯à¨ ¬ «ëå λ > 0
‖u(t)‖2

L2(0,T ;H1,ω� (
)) 6 c5‖f(t)‖2L2(Q).�®£¤  ¨§ (20) á«¥¤ã¥â ­¥à ¢¥­áâ¢®
‖ut(t)‖2L2(0,T ;H1,ω� (
)) 6 c

(
‖f(t)t‖2L2(Q) + ‖f(t)‖2L2(Q)).�ª¢¨¢ «¥­â­®áâì ¯®áâ ­®¢®ª. �®ª �¥¬, çâ® ¨§ á®®â­®è¥­¨©(8) ¢ ¯à¥¤¯®«®�¥­¨¨ ¤®áâ â®ç­®© £« ¤ª®áâ¨ à¥è¥­¨© ¬®�­® ¯®«ãç¨âì§ ¤ çã (2){(5). Ǒ®áª®«ìªã ¯à®¨§¢®¤­ ï ut áãé¥áâ¢ã¥â, äã­ªæ¨ï u ¨¬¥-¥â á«¥¤ ­  á¥ç¥­¨ïå Q ¯à¨ ¯. ¢. t ∈ [0, T ℄. �«¥¤®¢ â¥«ì­®, à¥è¥­¨¥§ ¤ ç¨ (9) ï¢«ï¥âáï à¥è¥­¨¥¬ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ 

〈σij(w), εij(v)〉
0 = 〈f, v〉
 ∀v ∈ H1,ω� (
) ¤«ï ¯. ¢. t ∈ (0, T ). (21)� ª¨¬ ®¡à §®¬, ¡« £®¤ àï áãé¥áâ¢®¢ ­¨î ¯à®¨§¢®¤­®© ¯® t ã à¥è¥­¨ï
u(t, x) § ¤ çã (9) ¬®�­® à áá¬ âà¨¢ âì ­  á¥ç¥­¨ïå æ¨«¨­¤à  Q ¢ ¢¨¤¥¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  (21).� íâ®¬ à §¤¥«¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ä®à¬ã«ã �à¨­  [4, 15℄

〈σij(u), εij(�u)〉D = 〈σij(u)νj , �ui〉γ − 〈σij,j(u), �ui〉D.�¤¥áì D ⊂ R3 | ®£à ­¨ç¥­­ ï ®¡« áâì, ∂D = γ | £« ¤ª ï £à ­¨æ ,
ν = (ν1, ν2, ν3) | ¢­¥è­ïï ­®à¬ «ì ª γ. �­¤¥ªáë D ¨ γ ®¡®§­ ç îâ¨­â¥£à¨à®¢ ­¨¥ ¯® ®¡« áâ¨ D ¨ £à ­¨æ¥ γ á®®â¢¥âáâ¢¥­­®. �®à¬ã« �à¨­  á¯à ¢¥¤«¨¢  ¤«ï «î¡ëå £« ¤ª¨å ¢ ®¡« áâ¨ D äã­ªæ¨© u, �u.



82 Ǒ®¯®¢  �. �.�®§ì¬¥¬ v ∈ H1,ω� (
) â ª®¥, çâ® v = 0 ¢ ω. � ¯®¬®éìî ä®à¬ã«ë�à¨­  ¨§ (21) ¢ë¢¥¤¥¬:
〈σij(w)nj , vi〉� − 〈σij(w)νj , vi〉�ρ

− 〈σij,j(w), vi〉
0 = 〈f, v〉
0 + 〈f, v〉ω .�­ ç¨â, ¢ ®¡« áâ¨ 
0 ¢ë¯®«­¥­ë ãà ¢­¥­¨ï
−〈σij,j(w), vi〉
0 = 〈f, v〉
0 .�§ ¯à®¨§¢®«ì­®áâ¨ äã­ªæ¨¨ v á«¥¤ã¥â, çâ®

−σij,j(w) = fi, i = 1, 2, 3, ¢ 
0. (22)�®§ì¬¥¬ v ∈ H1,ω� (
). Ǒà¨¬¥­ïï ¢ (20) ä®à¬ã«ã �à¨­ , á ãç¥â®¬ (22)¯®«ãç¨¬
−〈σij(w)νj , vi〉�ρ

= 〈f, v〉ω .� á¨«ã ¯à®¨§¢®«ì­®áâ¨ v,   â ª�¥ â®£®, çâ® v = �ρ ¢ ω, �ρ ∈ R(ω), á«¥-¤ã¥â
−〈σij(w(t, x))νj , �ρi(x)〉�ρ

= 〈f(t, x), �ρ(x)〉ω ∀�ρ(x) ∈ R(w),çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ t á®¢¯ ¤ ¥â á (5).�¡à â­®, ã¬­®�¨¢ ãà ¢­¥­¨¥ (2) ¯à¨ ä¨ªá¨à®¢ ­­®¬ t ­  ¯à®¨§-¢®«ì­ãî äã­ªæ¨î v ∈ H1,ω� (
), ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¥­­®¥ á®®â­®è¥-­¨¥ ¯® ®¡« áâ¨ 
0 ¨ ¯à¨¬¥­¨¬ ä®à¬ã«ã �à¨­ :
〈σij(w), εij(v)〉
0 + 〈σij(w)νj , vi〉�ρ

= 〈f, v〉
0� ãç¥â®¬ (5) ¡ã¤¥¬ ¨¬¥âì
〈σij(w), εij(v)〉
0 = 〈f, v〉
.� ª¨¬ ®¡à §®¬, ¬ë ¤®ª § «¨, çâ® ¨§ ªà ¥¢®© § ¤ ç¨ (2){(5) ¢ ¯à¥¤¯®-«®�¥­¨¨ ¤®áâ â®ç­®© £« ¤ª®áâ¨ à¥è¥­¨© ¬®�­® ¯®«ãç¨âì § ¤ çã (9)¨ ®¡à â­®, ¨§ § ¤ ç¨ (9) ¬®�­® ¢ë¢¥áâ¨ á®®â­®è¥­¨ï (2){(5). �«¥-¤®¢ â¥«ì­®, ªà ¥¢ ï § ¤ ç  (2){(5) íª¢¨¢ «¥­â­  § ¤ ç¥ (9),   §­ ç¨â,®¤­®§­ ç­® à §à¥è¨¬ .



�¥áâª®¥ ¢ª«îç¥­¨¥ ¢ § ¤ ç¥ ® ¢ï§ª®ã¯àã£®¬ â¥«¥ 832. �à¥é¨­  ¯® ªà î ¢ª«îç¥­¨ï. � íâ®¬ ¯ã­ªâ¥ à áá¬®âà¨¬§ ¤ çã ® à ¢­®¢¥á¨¨ ¢ï§ª®ã¯àã£®£® â¥« , ¨¬¥îé¥£® ç áâ¨ç­® ®âá«®¨¢-è¥¥áï �¥áâª®¥ ¢ª«îç¥­¨¥. Ǒà¨ íâ®¬ §®­ã ®âá«®¥­¨ï ¡ã¤¥¬ à áá¬ âà¨-¢ âì ª ª âà¥é¨­ã, ¯à®å®¤ïéãî ¯® ¯®¢¥àå­®áâ¨ �¥áâª®£® ¢ª«îç¥­¨ï.Ǒ®áâ ­®¢ª  § ¤ ç¨. Ǒãáâì 
 ¨ 
0 | ®¡« áâ¨, ®¯à¥¤¥«¥­­ë¥ ¢¯. 1. Ǒ®¢¥àå­®áâì γ, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ γ ⊂ �ρ, meas(�ρ \γ) 6=0, á®®â¢¥âáâ¢ã¥â âà¥é¨­¥ ­  £à ­¨æ¥ ¢ª«îç¥­¨ï. �à¥é¨­  ¨¬¥¥â ¤¢ ¡¥à¥£  γ+ ¨ γ−, ®¯à¥¤¥«ï¥¬ë¥ ¢ á®®â¢¥âáâ¢¨¨ á ­ ¯à ¢«¥­¨¥¬ ­®à¬ «¨
ν â ª¨¬ ®¡à §®¬, çâ® ­®à¬ «ì ν− ª γ− á®¢¯ ¤ ¥â á ν, â®£¤  ν+ = −ν.�¡®§­ ç¨¬ â ª�¥ 
γ = 
 \ γ ¨ á®®â¢¥âáâ¢¥­­® Qγ = 
γ × (0, T ).Ǒ®¢¥àå­®áâì γ ¬®�­® ¯à®¤®«�¨âì ¤® ¯¥à¥á¥ç¥­¨ï á � â ª¨¬ ®¡à -§®¬, çâ®¡ë ®¡« áâì 
γ ¡ë«  à §¡¨â  ­  ¤¢¥ ¯®¤®¡« áâ¨ 
+ ¨ 
− ¨ ¯à¨íâ®¬ meas(� ∩ ∂
±) 6= 0. �ã¤¥¬ áç¨â âì, çâ® ®¡« áâ¨ 
± ®¡®§­ ç¥­ëâ ª, çâ® γ+ ⊂ ∂
+ ¨ γ− ⊂ ∂
−.�ã­ªæ¨ï u(x) | ®¤­® ¨§ ­¥¨§¢¥áâ­ëå ¢ § ¤ ç¥ ¨ ¬®�¥â ¯à¨­¨¬ âìà §«¨ç­ë¥ §­ ç¥­¨ï ­  ¡¥à¥£ å âà¥é¨­ë. �á¯®«ì§ãï ®¡®§­ ç¥­¨ï u+¨ u− ¤«ï §­ ç¥­¨© äã­ªæ¨¨ u ­  γ+ ¨ γ− á®®â¢¥âáâ¢¥­­®, ¢¢¥¤¥¬ á«¥-¤ãîé¥¥ ®¡®§­ ç¥­¨¥ ¤«ï áª çª  äã­ªæ¨¨ ­  γ:[u℄ = u+ − u−.�®®â­®è¥­¨ï ¤«ï εij(u), σij(u), w(t, x),   â ª�¥ ®¯à¥¤¥«¥­¨¥ ¯à®-áâà ­áâ¢  R(ω) ¯à¨¬¥¬ ¯à¥�­¨¬¨.�à ¥¢ãî § ¤ çã ¯®áâ ¢¨¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥.� æ¨«¨­¤à¥ Qγ ­ ©â¨ äã­ªæ¨¨ u(t, x), u(t) = ρ0(t) ¢ ω, ρ0(t) ∈
R(ω), t ∈ (0, T ), ®¤­®¢à¥¬¥­­® ¢ æ¨«¨­¤à¥ Q0 ­ ©â¨ äã­ªæ¨¨ σij(t, x),
i, j = 1, 2, 3, ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï:

−σij,j(w(t, x)) = fi(t, x), i = 1, 2, 3, ¢ Q0 (23)
σij(w(t, x)) = aijkl(x)εkl(w(t, x)), i, j = 1, 2, 3, ¢ Q0, (24)

u(t, x) = 0 ­  �× (0, T ), (25)
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−
∫�ρ

σij(w(t, x))νj · �ρi(x) = ∫
ω

fi(t, x)�ρi(x)
∀�ρ(x) ∈ R(ω) ¤«ï ¯. ¢. t ∈ (0, T ). (26)

(
u(t, x)− ρ0(t, x)) ν > 0 ­  γ+ × (0, T ), (27)
σν(w) 6 0, στ (w) = 0 ­  γ+ × (0, T ), (28)

(
u(t, x)− ρ0(t, x)) ν · σν(w) = 0 ­  γ+ × (0, T ). (29)�¤¥áì f(t, x) = (f1, f2, f3) ∈ H1(0, T ;L2(
)), ª®íää¨æ¨¥­âë aijkl(x),ª ª ¨ ¯à¥�¤¥, ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ á¨¬¬¥âà¨ç­®áâ¨ ¨ ¯®«®�¨â¥«ì-­®© ®¯à¥¤¥«¥­­®áâ¨, äã­ªæ¨¨ σν , στ ®¯à¥¤¥«ïîâáï ¨§ á®®â­®è¥­¨©

σν = σijνjνi, στ = σν − σν · ν.�«ï ¨áá«¥¤®¢ ­¨ï § ¤ ç¨ ® âà¥é¨­¥ ¯® ªà î ¢ª«îç¥­¨ï ¢¢¥¤¥¬ á«¥¤ã-îé¥¥ äã­ªæ¨®­ «ì­®¥ ¯à®áâà ­áâ¢®:
H1,ω� (
γ) = {v = (v1, v2, v3) ∈ H1(
γ) | v = 0 ­  �, v = ρ ¢ ω; ρ ∈ R(ω)}.�¡®§­ ç¨¬

Kγ = {v ∈ H1,ω� (
γ) | (v − ρ)ν > 0 ¯. ¢. ­  γ}.� ª ç¥áâ¢¥ ¬­®�¥áâ¢  ¤®¯ãáâ¨¬ëå ¯¥à¥¬¥é¥­¨© ¢®§ì¬¥¬Kγ = {v(t, x) ∈ L2(0, T ;H1,ω� (
γ)) | v(t) ∈ Kγ ¯. ¢. t ∈ (0, T )}.�¡®§­ ç¨¢ ç¥à¥§ V ∗ ¯à®áâà ­áâ¢®, á®¯àï�¥­­®¥ ª H1,ω� (
γ), à áá¬®â-à¨¬ ®¯¥à â®à �∗ : L2(0, T ;H1,ω� (
γ))→ L2(0, T ;V ∗),¨¬¥îé¨© ¢¨¤(�∗u, �u) = T∫0 〈σij(w), εij(�u)〉
0 , �u ∈ L2(0, T ;H1,ω� (
γ)).
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+ ¨ 
− ¢ë¯®«­¥­® ¯¥à¢®¥ ­¥à ¢¥­áâ¢® �®à-­ , á«¥¤®¢ â¥«ì­®, íâ® ­¥à ¢¥­áâ¢® ¢ë¯®«­¥­® ¨ ¢® ¢á¥© ®¡« áâ¨ 
γ :
〈εij(v), εij(v)〉
γ

> c6‖v‖2H1,ω� (
γ ) ∀v ∈ H1,ω� (
γ),£¤¥ c6 = 
onst > 0 ­¥ § ¢¨á¨â ®â v. �§ á¢®©áâ¢ aijkl(x) á«¥¤ã¥â
bγ(u, u) = 〈aijkl(x)εkl(u), εij(u)〉
γ

> c7‖u‖2H1,ω� (
γ ). (30)� «¥¥ à ááã�¤ ï, ª ª ¨ ¯à¨ ¢ë¢®¤¥ (7), ¬®�­® ¯®«ãç¨âì(�∗u, u) = T∫0 b(u, u) dt+ 12b T∫0 u dt,

T∫0 u dt


 > ‖u‖2

L2(0,T ;H1,ω� (
γ )).�âáî¤  á«¥¤ã¥â ª®íàæ¨â¨¢­®áâì ®¯¥à â®à  �∗. �ç¨âë¢ ï ­¥¯à¥àë¢-­®áâì ¨ ¬®­®â®­­®áâì ®¯¥à â®à , § ª«îç ¥¬, çâ® �∗ ¯á¥¢¤®¬®­®â®­¥­.�®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ 
u ∈ Kγ , (�∗u, v − u) >

T∫0 〈f, v − u〉
γ
∀v ∈ Kγ . (31)�â® ­¥à ¢¥­áâ¢® ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

u ∈Kγ ,

T∫0 〈σij(w), εij(v − u)〉
0 >

T∫0 〈f, v − u〉
γ
∀v ∈ Kγ . (32)�ãé¥áâ¢®¢ ­¨¥ ¯à®¨§¢®¤­®©. � «¥¥, ª ª ¨ ¢ ¯. 1, ¤®ª �¥¬,çâ® à¥è¥­¨¥ u(t, x) ¨¬¥¥â ¯à®¨§¢®¤­ãî ut(t, x).� á¨«ã

εij(w) = εij


ρ+ t∫0 ρ dτ


 = 0 ¢ ω­¥à ¢¥­áâ¢® (32) ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

u ∈Kγ ,

T∫0 〈σij(w), εij(v − u)〉
0 + T∫0 〈aijkl(x)εkl(w), εij(v − u)〉ω
>

T∫0 〈f, v − u〉
γ
∀v ∈ Kγ . (33)



86 Ǒ®¯®¢  �. �.�ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥ α > 0 ¨ ¢®§ì¬¥¬ ¢ (35) ¯à®¡­ë© í«¥¬¥­â ¢¨¤ 
v(θ) = { v, θ ∈ (t− α, t+ α),

u(θ), θ 6∈ (t− α, t+ α),£¤¥ v ∈ Kγ | ­¥ª®â®àë© ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â. Ǒ®¤áâ ¢¨¬ v(θ) ¢(33) ¨ à §¤¥«¨¬ ­  2α:12α t+α∫

t−α

〈σij(w(t)), εij(v − u(t))〉
0 + 12α t+α∫

t−α

〈aijklεkl(w), εij(v − u(t))〉ω
>

12α t+α∫

t−α

〈f(t), v − u(t)〉
γ
.Ǒ¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ α→ 0 ¨ ¯®«ãç¨¬ ¤«ï ¯. ¢. t ∈ (0, T )

〈σij(w(t)), εij(v−u(t))〉
0+〈aijklεkl(w(t)), εij(v−u(t))〉ω > 〈f(t), v−u(t)〉
γ
.Ǒ®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

b(w(t), v − u(t)) + bω(w(t), v − u(t)) > 〈f(t), v − u(t)〉
γ
, (34)£¤¥ bω(u, �u) = 〈aijklεkl(u), εij(�u)〉ω.�®§ì¬¥¬ ¢ (34) v = u(t+ h), â®£¤ 

b(w(t), u(t+h)−u(t))+bω(w(t), u(t+h)−u(t)) > 〈f(t), u(t+h)−u(t)〉
γ
.(35)�¥¯¥àì à áá¬®âà¨¬ (34) ¢ â®çª¥ t + h,   ¯à®¡­ãî äã­ªæ¨î ¢®§ì¬¥¬

v = u(t):
b(w(t+ h), u(t)− u(t+ h)) + bω(w(t+ h), u(t)− u(t+ h))

> 〈f(t+ h), u(t)− u(t+ h)〉
γ
. (36)�«®�¨¬ (35) ¨ (36), à §¤¥«¨¬ ­  h2 ¨ ¯®«ãç¨¬

b
(
dhu(t) + dτ

hu(t), dhu(t))+ bω
(
dhρ

0(t) + dτ
hρ

0(t), dhρ
0(t))

6 〈dhf(t), dhu(t)〉
γ
.
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b(dhu(t), dhu(t)) + bω(dhρ

0(t), dhρ
0(t))

6 〈dhf(t), dhu(t)〉
γ
− b
(
dτ

hu(t), dhu(t))− bω
(
dτ

hρ
0(t), dhρ

0(t)).�á¯®«ì§ãï (30), ¯®«ãç¨¬
‖dhu(t)‖2H1,ω� (
γ) 6

1
λ
‖dhf(t)‖2L2(
)+λ‖dhu(t)‖2L2(
γ)+1

λ

∥∥dτ
hu(t)∥∥2H1(
0)+ λ‖dhu(t)‖2H1(
0) + 1

λ

∥∥dτ
hρ

0(t)∥∥2
H1(ω) + λ‖dhρ

0(t)‖2H1(ω).Ǒà¨ ¤®áâ â®ç­® ¬ «ëå λ > 0 ­ ©¤¥âáï c8 > 0 â ª®¥, çâ®
‖dhu(t)‖2H1,ω� (
γ ) 6 c8(‖dhf(t)‖2L2(
) + ∥∥dτ

hu(t)∥∥2H1,ω� (
�)). (37)Ǒà®¨­â¥£à¨àã¥¬ (37) ¯® t ®â 0 ¤® T − h ¨ ¯à¨¬¥­¨¬ (18):
T−h∫0 ‖dhu(t)‖2H1,ω� (
γ ) dt

6 c8 T−h∫0 ‖dhf(t)‖2L2(
) dt+ T−h∫0 ‖dτ
hu(t)‖2H1,ω� (
γ ) dt

6 c8 T−h∫0 ‖dhf(t)‖2L2(
) dt+ T∫0 ‖u(t)‖2
H1,ω� (
γ ) dt . (38)Ǒ®áª®«ìªã ft(t) ∈ L2(Q), ­¥à ¢¥­áâ¢® (18) ¬®�­® § ¯¨á âì ¤«ï v = ft,â®£¤  ¨§ (38) ¯®«ãç¨¬

T−h∫0 ‖dhu(t)‖2H1,ω� (
γ) dt 6 c8 T∫0 ‖ft(t)‖2L2(
) dt+ T∫0 ‖u(t)‖2
H1,ω� (
γ) dt .Ǒãáâì h0 ¤®áâ â®ç­® ¬ «®, ­® h0 > h. �®£¤ , ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨

h→ 0, ¡ã¤¥¬ ¨¬¥âì
T−h0∫0 ‖ut(t)‖2H1,ω� (
γ) dt 6 c8 T∫0 ‖ft(t)‖2L2(
) dt+ T∫0 ‖u(t)‖2

H1,ω� (
γ ) dt .
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‖ut(t)‖2L2(0,T ;H1,ω� (
γ)) 6 c8(‖ft(t)‖2L2(Q) + ‖u(t)‖2

L2(0,T ;H1,ω� (
γ))). (39)� ª¨¬ ®¡à §®¬, ¯à®¨§¢®¤­ ï ut(t, x) áãé¥áâ¢ã¥â, ¡®«¥¥ â®£®, ¢§ï¢ ¢ (32)
v = 0, ¯®«ãç¨¬

T∫0 〈σij(w(t)), εij(u(t))〉
0 dt = T∫0 〈f(t), u(t)〉
γ
dt.� ãç¥â®¬ (30) ¡ã¤¥¬ ¨¬¥âì

‖u(t)‖2
L2(0,T ;H1,ω� (
γ)) 6

1
λ
‖f(t)‖2L2(Q) + λ‖u(t)‖2

L2(0,T ;H1,ω� (
γ))¨«¨ ¯à¨ ¬ «ëå λ > 0
‖u(t)‖2

L2(0,T ;H1,ω� (
γ )) 6 c9‖f(t)‖2L2(Q).�®£¤  ¨§ (39) á«¥¤ã¥â
‖ut(t)‖2L2(0,T ;H1,ω� (
γ)) 6 C

(
‖ft(t)‖2L2(Q) + ‖f(t)‖2L2(Q)).�ª¢¨¢ «¥­â­®áâì ¯®áâ ­®¢®ª. Ǒ®ª �¥¬, çâ® ¨áá«¥¤®¢ ­­ ï§ ¤ ç  (32) íª¢¨¢ «¥­â­  § ¤ ç¥ (23){(29) ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¯à¨ãá«®¢¨¨ ¤®áâ â®ç­®© £« ¤ª®áâ¨ à¥è¥­¨© ¨§ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ ¬®�­® ¢ë¢¥áâ¨ ¢á¥ á®®â­®è¥­¨ï (23){(29), ¨ ­ ®¡®à®â ¨§ ªà ¥¢®© § -¤ ç¨ ¬®�­® ¯®«ãç¨âì ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢®. �¥¬ á ¬ë¬ ¡ã¤¥â¤®ª § ­  ®¤­®§­ ç­ ï à §à¥è¨¬®áâì ¯®áâ ¢«¥­­®© ¢ ­ ç «¥ à §¤¥« § ¤ ç¨.Ǒ®áª®«ìªã ¯à®¨§¢®¤­ ï ut áãé¥áâ¢ã¥â, ¬ë ¬®�¥¬ à áá¬ âà¨¢ âì§ ¤ çã (32) ­  á¥ç¥­¨ïå æ¨«¨­¤à®¢ Qγ ¨ Q0 ¯à¨ ­¥ª®â®à®¬ ä¨ªá¨à®-¢ ­­®¬ §­ ç¥­¨¨ t. Ǒ®íâ®¬ã § ¯¨è¥¬ ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢® (32)¢ ¢¨¤¥

u ∈ Kγ , 〈σij(w), εij(v − u)〉
0 > 〈f, v − u〉
γ
∀v ∈ Kγ , (40)£¤¥ w, v, u | á®®â¢¥âáâ¢¥­­® á®ªà é¥­¨¥ ®¡®§­ ç¥­¨© ¤«ï w(t), v(t),

u(t) ¯à¨ ä¨ªá¨à®¢ ­­®¬ t.



�¥áâª®¥ ¢ª«îç¥­¨¥ ¢ § ¤ ç¥ ® ¢ï§ª®ã¯àã£®¬ â¥«¥ 89�®§ì¬¥¬ ¢ (40) ¢ ª ç¥áâ¢¥ ¯à®¡­®© äã­ªæ¨¨ v = u ± θ, £¤¥ θ ∈
H10 (
γ) ¨ θ = 0 ¢ ω, ¯®«ãç¨¬

〈σij(w), εij(θ)〉
0 = 〈f, θ〉
0 .Ǒà¨¬¥­ïï ä®à¬ã«ã �à¨­ , ¢ë¢¥¤¥¬
−〈σij,j(w), θi〉
0 = 〈f, θ〉
0 .�«¥¤®¢ â¥«ì­®, ¢ 
0 ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨© ¢ë¯®«­¥­ë ãà ¢­¥­¨ïà ¢­®¢¥á¨ï:
−σij,j(w) = fi, i = 1, 2, 3. (41)� «¥¥, ¢®§ì¬¥¬ äã­ªæ¨¨ ~u ∈ H10 (
), ~u = �ρ ¢ ω, �ρ ∈ R(ω) ¨ ¢ ª ç¥áâ¢¥¯à®¡­®£® í«¥¬¥­â  ¢ (40) ¯®¤áâ ¢¨¬ v = u± ~u. �®£¤ 
〈σij(w), εij(~u)〉
0 = 〈f, ~u〉
γ

.Ǒà¨¬¥­ïï ä®à¬ã«ã �à¨­  ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥, ãç¨âë¢ ¥¬ ¢ë¡à ­-­®¥ ­ ¯à ¢«¥­¨¥ ­®à¬ «¨ ν:
−〈σij,j(w), ~ui〉
0 − 〈σij(w)νj , ~ui〉�+ρ = 〈f, ~u〉
γ

.� ãç¥â®¬ ¢ë¢¥¤¥­­ëå ãà ¢­¥­¨© (41)
−〈σij(w)νj , ~ui〉�ρ

= 〈f, ~u〉ω .Ǒ®áª®«ìªã ~u = �ρ ­  �ρ, ®âáî¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì (26). �ë¡¥à¥¬¢ ª ç¥áâ¢¥ ¯à®¡­®£® í«¥¬¥­â  ¢ (40) v = u+ �u, £¤¥ �u ∈ H1,ω� (
γ), �u = 0¢ ω, �uν > 0 ­  γ+. Ǒà¨¬¥­¨¬ ä®à¬ã«ã �à¨­ , â®£¤ 
−〈σij,j(w), �ui〉
0 − 〈σij(w)νj , �ui〉�+ρ > 〈f, �u〉
γ

.Ǒà¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ã�¥ ¢ë¢¥¤¥­­ë¥ á®®â­®è¥­¨ï (23) ¨ (26), ¯®-«ãç¨¬
−〈σij(w)νj , �ui〉γ+ > 0.�á¯®«ì§ã¥¬ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï äã­ªæ¨© �u ¨ σij(w)νj ¢¨¤ 

σij(w)νj = σν(w)ν + στ (w), �u = �uνν + �uτ .



90 Ǒ®¯®¢  �. �.�®£¤  ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥
−〈σν(w)ν + στ (w), �uνν + �uτ 〉γ+ > 0.� á¨«ã ¯à®¨§¢®«ì­®áâ¨ �u § ª«îç ¥¬, çâ®

στ (w) = 0 ­  γ+.�®£¤ 
−〈σν(w), �uν〉γ+ > 0.Ǒ®áª®«ìªã �u = ρ, ρ ∈ R(ω), ρ = 0 ¢ ω, â®�uν > 0 ­  γ+.�­ ç¨â,
σν(w) 6 0 ­  γ+.� ª¨¬ ®¡à §®¬, ãáâ ­®¢«¥­  á¯à ¢¥¤«¨¢®áâì á®®â­®è¥­¨© (28). �ë¢¥-¤¥¬ â¥¯¥àì (29).� áá¬®âà¨¬ ­¥ª®â®àãî â®çªã x0 ­  ¯®¢¥àå­®áâ¨ γ, ¨ ¢ ®ªà¥áâ­®áâ¨íâ®© â®çª¨ à áá¬®âà¨¬ á«ãç ¨ ¢®§¬®�­®£® ª®­â ªâ  ¡¥à¥£®¢ âà¥é¨­ë.Ǒãáâì ¢­ ç «¥ ¢ â®çª¥ x0 ¢ë¯®«­¥­® ãá«®¢¨¥(u− ρ0)ν > 0. (42)� ­­®¥ ãá«®¢¨¥ ¨­â¥à¯à¥â¨àã¥âáï ª ª ®âáãâáâ¢¨¥ ª®­â ªâ  ¡¥à¥£®¢ âà¥-é¨­ë. �®£¤  ­ ©¤¥âáï ®ªà¥áâ­®áâì ¤ ­­®© â®çª¨ U(x0), ¢ ª®â®à®©ãá«®¢¨¥ (42) â ª�¥ ¢ë¯®«­¥­®. �®§ì¬¥¬ ¤®áâ â®ç­® £« ¤ªãî äã­ª-æ¨î ψ, ¨¬¥îéãî ­®á¨â¥«ì ¢ U+, £¤¥ U+ = U(x0)∩
+, 
+ | ®¡« áâì,¢¢¥¤¥­­ ï ¢ ­ ç «¥ ¯. 2. Ǒà¨ ãª § ­­ëå ãá«®¢¨ïå äã­ªæ¨ï v = u±λψï¢«ï¥âáï í«¥¬¥­â®¬ ¬­®�¥áâ¢ Kγ , ¥á«¨ λ ¤®áâ â®ç­® ¬ «®. Ǒ®¤áâ ¢¨¢

v = u± λψ ¢ (40), ¯®«ãç¨¬
〈σij(w), εij(ψ)〉
0 = 〈fi, ψi〉
γ

.�âáî¤  ¡« £®¤ àï ä®à¬ã«¥ �à¨­ 
〈σ+ν (w), ψν〉γ∩U

+ = 0.



�¥áâª®¥ ¢ª«îç¥­¨¥ ¢ § ¤ ç¥ ® ¢ï§ª®ã¯àã£®¬ â¥«¥ 91�«¥¤®¢ â¥«ì­®, σ+ν (w) = 0 ­  γ ∩ U+. Ǒãáâì â¥¯¥àì σ+ν (w) < 0 ¢ â®çª¥
x0. �®£¤  ¯® ¤®ª § ­­®¬ã (u(x0) − ρ0(x0))ν(x0) = 0. �á«®¢¨¥ (29)¢ë¢¥¤¥­®.�¡à â­®, à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã (23){(29) ¯à¨ ä¨ªá¨à®¢ ­-­®¬ t. �¬­®�¨¬ ãà ¢­¥­¨ï (23) ­  v−u(t), £¤¥ v ∈ Kγ , ¯à®¨­â¥£à¨àã¥¬¯® 
0 ¨ ¯à¨¬¥­¨¬ ä®à¬ã«ã �à¨­ :
〈σij(w), εij(v − u(t))〉
0 + 〈σij(w)νj , vi − ui(t)〉γ++ 〈σij(w)νj , ρi − ρ0i (t)〉�ρ\γ

= 〈f(t), v − u(t)〉
0 .�âáî¤  ¬®�¥¬ § ¯¨á âì
〈σij(w), εij(v − u(t))〉
0 + 〈σij(w)νj , vi − ui(t)〉γ++ 〈σij(w)νj , ρi − ρ0i (t)〉�ρ

−
〈
σij(w)νj , ρi − ρ0i (t)〉γ−= 〈f(t), v − u(t)〉
γ

−
〈
f(t), ρi − ρ0i (t)〉ω.� ãç¥â®¬ ãá«®¢¨ï (26) ¡ã¤¥¬ ¨¬¥âì

〈σij(w), εij(v − u(t))〉
0 − 〈f(t), v − u(t)〉
γ= −
〈
σij(w)νj , (vi − ui(t))− (ρi − ρ0i (t))〉γ .�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ­¥®¡å®¤¨¬® ¯®ª § âì, çâ® ¯à ¢ ïç áâì ¯®«ãç¥­­®£® à ¢¥­áâ¢  ­¥®âà¨æ â¥«ì­ . �â®à®¥ ¨§ ãá«®¢¨© (28)¤ ¥â

−
〈
σij(w)νj , (vi − ui(t))− (ρi − ρ0i (t))〉γ= −〈σν(w), (v − ρ)ν〉γ + 〈σν(w), (u(t) − ρ0(t))ν〉γ .�á¯®«ì§ãï ¯¥à¢®¥ ¨§ ãá«®¢¨© (28), á®®â­®è¥­¨¥ (29) ¨ á¢®©áâ¢  äã­ª-æ¨¨ v ∈ Kγ , ¯®«ãç¨¬, çâ® ¯à ¢ ï ç áâì ¯®á«¥¤­¥£® á®®â­®è¥­¨ï ­¥®â-à¨æ â¥«ì­ . ����������1. Khludnev A. M. On equilibrium problem for a plate having a 
ra
k under the 
reep
ondition // Control and Cyberneti
s. 1996. V. 25, N 5, P. 1015{1030.
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ks in solids. Southampton;Boston: WIT Press, 2000.3. Khludnev A. M., Leugering G. On elasti
 bodies with thin rigid in
lusions and
ra
ks // Math. Meth. Appl. S
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��� 517.946���������� �������� ��������� ��������� �������������������� Ǒ����������������������∗)�. �. Ǒà®ª®¯ì¥¢�¥«ìî à ¡®âë ¡ã¤¥â ¨áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨ ­¥«¨­¥©­®© ®¡-à â­®© § ¤ ç¨ ¤«ï ¢ëà®�¤ îé¥£®áï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï. � -¬¥â¨¬, çâ® ­¥«¨­¥©­ë¥ ®¡à â­ë¥ § ¤ ç¨ ¤«ï ­¥¢ëà®�¤ îé¨åáï ¯ à -¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¨§ãç¥­ë ¤®áâ â®ç­® å®à®è® (á¬. [1{5℄ ¨ ¨¬¥î-éãîáï ¢ ­¨å ¡¨¡«¨®£à ä¨î), ¢ á«ãç ïå ¢ëà®�¤ îé¥£®áï ãà ¢­¥­¨ïíâ® ã�¥ ­¥ â ª.Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  Rn á £« ¤ª®© £à -­¨æ¥© �, Q | æ¨«¨­¤à 
× (0, T ), 0 < T < +∞, S = �× (0, T ), aij(x),
i, j = 1, . . . , n, a(x, t), f(x, t), K(t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥¯à¨ x ∈ 
, t ∈ [0, T ℄.Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

k0ρα(x)|ξ|2 6

n∑

i,j=1 aij(x)ξiξj 6 k1ρα(x)|ξ|2, aij(x) = aji(x), (∗)
ξ = (ξ1, . . . , ξn) ∈ Rn, 0 < k0 6 k1, α > 0, ρ(x) = dist(x,�;x ∈ 
),
i, j = 1, . . . , n.� à ¡®â¥ à áá¬ âà¨¢ ¥âáï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012-2014 ££. (Ǒà®¥ªâë ü 4402, ü 5562)
© 2013 Ǒà®ª®¯ì¥¢ �. �.
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ut(x, t) − n∑

i,j=1 ∂

∂xi
(aij(x)uxj

(x, t)) + a(x, t)u(x, t) + q(x)u(x, t) = f(x, t),(1)�¡à â­ ï § ¤ ç . � ©â¨ äã­ªæ¨¨ u(x, t), q(x), á¢ï§ ­­ë¥ ¢ æ¨-«¨­¤à¥ Q ãà ¢­¥­¨¥¬ (1) ¨ â ª¨¥, çâ® ¤«ï äã­ªæ¨¨ u(x, t) ¢ë¯®«­ï¥âáï­ ç «ì­®¥ ãá«®¢¨¥
u(x, 0) = u0(x), (2)  â ª�¥ ãá«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥­¨ï

T∫0 K(t)u(x, t)dt = µ(x). (3)�¢¥¤¥¬ ¯à®áâà ­áâ¢ 
V = {v(x, t) : ∫

Q

(
v2(x, t) + v2t (x, t) + n∑

i=1 ρα(x)v2xi
(x, t)) dxdt < +∞},

V0 = V ∩ L∞(Q),�®à¬ë ¢ ¯à®áâà ­áâ¢ å V ¨ V0 § ¤ ¤¨¬ á«¥¤ãîé¨¬ ®¡à §®¬:
‖v‖V = [∫

Q

(
v2(x, t) + v2t (x, t) + n∑

i=1 ρα(x)v2xi
(x, t)) dxdt]1/2,

‖v‖V0 = ‖v‖V + vraimax
Q

|v|.�¢¥¤¥¬ ¯®­ïâ¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨¤«ï äã­ªæ¨© u(x, t) ∈ V0, q(x) ∈ L2(
).�¯à¥¤¥«¥­¨¥. �ã­ªæ¨¨ u(x, t) ∈ V , q(x) ∈ L2(
) ­ §ë¢ îâáï®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(3), ¥á«¨ ¢ë¯®«­¥­® ¨­â¥£à «ì­®¥à ¢¥­áâ¢®
∫

Q

(
utη + n∑

i,j=1 aijuxi
ηxj

+ auη + quη

)
dxdt = ∫

Q

fη dxdt



�¥«¨­¥©­ ï ®¡à â­ ï § ¤ ç  95¤«ï «î¡ëå η ∈ C∞(Q).�¢¥¤¥¬ ¯®­ïâ¨¥ áà¥§ îé¥© äã­ªæ¨¨: Ǒãáâì M0 ¥áâì ¯®«®�¨â¥«ì-­®¥ ç¨á«®. �¯à¥¤¥«¨¬ áà¥§ îéãî äã­ªæ¨î G(ξ):
G(ξ) =  ξ, ¥á«¨ |ξ| 6 M0;

M0, ¥á«¨ ξ > M0;
−M0, ¥á«¨ ξ < −M0.Ǒãáâì w(x, t) | äã­ªæ¨ï ¨§ ¯à®áâà ­áâ¢  C2(Q) â ª ï, çâ®

w(x, 0) = u0(x).�¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ­¨�¥ ®¡®§­ ç¥­¨ï:
µ̃(x) = µ(x)− T∫0 K(t)w(x, t) dt,

f1(x, t) = f(x, t)− wt(x, t)− a(x, t)w(x, t) + n∑

i,j=1 ∂

∂xi
(aij(x)wxj

(x, t)),
f0(x) = T∫0 K(t)f1(x, t)dt+ n∑

i,j=1 ∂

∂xi
(aij(x)µ̃xj

(x)),
K1(x, t) = K(t)a(x, t)−K ′(t),

F0 = max
 |f0(x)|, K0 = max
 T∫0 K21 (x, t) dt
ϕ(x, v) = 1

µ(x)[f0(x)− T∫0 K1(x, t)v(x, t) dt −K(T )v(x, T )],
ψ(x, v) = w(x, t)

µ(x) 


T∫0 K1(x, t)v(x, t) dt +K(T )v(x, T ) ,
f̃(x, t) = f1(x, t)− f0(x)

µ(x) w(x, t), A = 1
a0 −M0 vraimaxQ

|f̃(x, t)|,
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C1 = w0

a1µ0  T∫0 |K1(x, t)|dt + |K(T )| vraimax
Q

|v|,

λ1 = 1− w0T
δ21µ0K2(T ), λ2 = a1 − δ21 + δ222 − w0TK02δ22µ0 ,£¤¥ δ1, δ2 | ¯®«®�¨â¥«ì­ë¥ ç¨á« .

N1 = 1
λ1λ2 ∫

Q

f̃2(x, t) dxdt, N2 = 1
λ22 ∫

Q

f̃2(x, t) dxdt,
N3 = 12λ2 ∫

Q

f̃2(x, t) dxdt,
N4 = 4(∫

Q

f̃2(x, t) dxdt + w0K0T
µ0 N2 + w0T

µ0 K2(T )N1),
N5 = vraimax

Q
|v| 6

A1− C1 , N6 = 1
µ0 [F0 +N5K0 + |K(T )|N5℄,£¤¥ w0, µ0 ¯®«®�¨â¥«ì­ë¥ ç¨á« .�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

a(x, t) ∈ C1(Q), aij(x) ∈ C2(
), i, j = 1, . . . , n,
K(t) ∈ C1[0, T ℄, 0 6 α < n− 1, a(x, t) > a0 > M0 > 0; (4)

C1 < 1, N6 < M0, (5)¨ ¯ãáâì áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  w0, µ0, δ1, δ2 â ª¨¥, çâ®
w2(x, t) 6 w0, (x, t) ∈ Q, µ2(x) > µ0 > 0, x ∈ 
, λ1 > 0, λ2 > 0. (6)�®£¤  áãé¥áâ¢ã¥â ®¡®¡é¥­­®¥ à¥è¥­¨¥ u(x, t) ∈ V0, q(x) ∈ L2(
) § ¤ ç¨(1){(3).�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬ v(x, t) = u(x, t) − w(x, t). �®£¤  ¢ë-¯®«­ï¥âáï ãá«®¢¨¥ v(x, 0) = 0 ¯à¨ x ∈ 
. �¬­®�¨¬ ãà ¢­¥­¨¥ (1) ­ 
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K(t) ¨ ¯à®¨­â¥£à¨àã¥¬ ®â 0 ¤® T . Ǒ®á«¥ ­¥á«®�­ëå ¢ëª« ¤®ª á ãç¥â®¬(3), ¯®«ãç¨¬
q(x) = ϕ(x, v) = 1

µ(x) f0(x) − T∫0 K1(x, t)v(x, t)dt −K(T )v(x, T ) .Ǒ®¤áâ ¢¨¢ íâ® ¢ëà �¥­¨¥ ¤«ï q(x) ¢ ãà ¢­¥­¨¥ (1), ¨¬¥¥¬
vt(x, t) − n∑

i,j=1 ∂

∂xi
(aij(x)vxj

(x, t)) + a(x, t)v(x, t) + ϕ(x, v)v(x, t)= f̃(x, t) + ψ(x, v) (1′)� áá¬®âà¨¬ ­®¢ãî § ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t), ï¢«ïîéãîáï ¢æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1′) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ï-îâáï ãá«®¢¨ï
v(x, 0) = 0, (2′)�«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ ¤ ­­®© § ¤ ç¨ ¢®á¯®«ì§ã¥¬áï¬¥â®¤ ¬¨ à¥£ã«ïà¨§ æ¨¨ ¨ áà¥§ îé¨å äã­ªæ¨©.Ǒãáâì ε | ¯®«®�¨â¥«ì­®¥ ç¨á«®. � áá¬®âà¨¬ ­ ç «ì­®-ªà ¥¢ãî§ ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ãà ¢­¥­¨ï

Lεv = vt −
n∑

i,j=1 ∂

∂xi
(aij(x)vxj

)− ε�v+ (a(x, t) +G(ϕ(x, v)))v = f̃(x, t) + ψ(x, v) (7)¨ ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬
v(x, 0) = 0, v(x, t)|S = 0. (8)�¬¥¥â ¬¥áâ® à §à¥è¨¬®áâì ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¯à¨ ä¨ªá¨à®¢ ­-­®¬ ε ¢ ¯à®áâà ­áâ¢¥ W 2,12 (Q)∩L∞(Q) (á¬. [3℄). Ǒ®ª �¥¬ ¢ë¯®«­¥­¨¥à ¢­®¬¥à­ëå ¯® ε  ¯à¨®à­ëå ®æ¥­®ª.



98 Ǒà®ª®¯ì¥¢ �. �.�¬­®�¨¬ (7) ­  v(x, t) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® Q. Ǒ®«ãç¨¬12 ∫
 v2(x, t) dx∣∣T0 + ∫
Q

n∑

i,j=1 aij(x)vxi
(x, t)vxj

(x, t) dxdt+ ε

∫

Q

n∑

i=1 v2xi
(x, t) dxdt + ∫

Q

(a+G(ϕ))v2(x, t) dxdt= ∫
Q

~f(x, t) dxdt + ∫
Q

ψ(x, v)v(x, t) dxdt. (9)Ǒà¨¬¥­ïï ¢ ¯à ¢®© ç áâ¨ (9) ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¨ �­£ ,   â ª�¥ãá«®¢¨¥ (4), ¯®«ãç¨¬ (á¬. [5℄)
(12 − w0T2δ21µ0K2(T ))∫
 v2(x, T ) dx+ ∫

Q

n∑

i,j=1 aij(x)vxi
(x, t)vxj

(x, t) dxdt + ε

∫

Q

n∑

i=1 v2xi
(x, t) dxdt+(a1 − δ21 + δ22 + δ232 − w0TK02δ22µ0 )∫

Q

v2(x, t) dxdt 6
12δ23 ∫

Q

~f2(x, t) dxdt.(10)Ǒ®«®�¨¬ δ23 = λ2. �®£¤  (10) ¯à¨¬¥â ¢¨¤
λ12 ∫
 v2(x, T ) dx+ ∫

Q

n∑

i,j=1 aij(x)vxi
(x, t)vxj

(x, t) dxdt+ ε

∫

Q

n∑

i=1 v2xi
(x, t) dxdt + λ22 ∫

Q

v2(x, t) dxdt 6
12λ2 ∫

Q

~f2(x, t) dxdt. (11)�âáî¤ 
∫
 v2(x, T ) dx 6 N1, ∫

Q

v2(x, t) dxdt 6 N2,
n∑

i,j=1 ∫Q aij(x)vxi
(x, t)vxj

(x, t) dxdt + ε
n∑

i=1 ∫Q v2xi
(x, t) dxdt 6 N3. (12)



�¥«¨­¥©­ ï ®¡à â­ ï § ¤ ç  99�«ï ¯®«ãç¥­¨ï á«¥¤ãîé¥©  ¯à¨®à­®© ®æ¥­ª¨ à áá¬®âà¨¬ à ¢¥­áâ¢®
∫

Q

Lεv · vt(x, t) dxdt = ∫
Q

~f(x, t)vt(x, t) dxdt+ ∫
Q

ψ(x, v)vt(x, t) dxdt. (13)�­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¨ �­£ , ¯®-«ãç¨¬14 ∫
Q

v2t (x, t) dxdt + 12 n∑

i,j=1 ∫
 aijvxi
(x, T )vxj

(x, T ) dx+ ε2 n∑

i=1 ∫
 v2xi
(x, T ) dx 6

∫

Q

~f2(x, t) dxdt+ w0K0T
µ0 ∫

Q

v2(x, t) dxdt + w0T
µ0 K2(T ) ∫
 v2(x, T ) dx. (14)�âáî¤  á ãç¥â®¬ (12) ¨¬¥¥¬

∫

Q

v2t (x, t) dxdt 6 N4,
∫
 n∑

i,j=1 aijvxi
(x, T )vxj

(x, T ) dx+ ε

∫
 v2xi
(x, T ) dx 6

N42 .

(15)�§ à ¢¥­áâ¢  (7) á«¥¤ã¥âvraimax
Q

|v| 6
1

a0 −M0 vraimaxQ
| ~f(x, t)|+ 1

a0 −M0 vraimaxQ
|ψ(x, v)|

6
1

a0 −M0 vraimaxQ
| ~f(x, t)|+ w0

a1µ0  T∫0 |K1(x, t)|dt+ |K(T )| vraimax
Q

|v| = A+ C1 vraimax
Q

|v|.�âáî¤  vraimax
Q

|v| 6
A1− C1 = N5,
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|ϕ(x, v)| = 1

|µ(x)| ∣∣∣∣∣∣f0(x)− T∫0 K1(x, t)v(x, t)dt −K(T )v(x, T )∣∣∣∣∣∣
6

1
µ0 [F0 +N5K0 + |K(T )|N5℄ = N6,Ǒ®áª®«ìªã ­  á ¬®¬ ¤¥«¥ äã­ªæ¨ï v(x, t) ®¯à¥¤¥«ï¥âáï â ª�¥ ¯ à -¬¥âà®¬ ε, ¨§ á¥¬¥©áâ¢  {vε(x, t)} ¬®�­® ¯®«ãç¨âì á¥¬¥©áâ¢® äã­ªæ¨©

{uε(x, t)} á ¯®¬®éìî à ¢¥­áâ¢
uε(x, t) = vε(x, t) + w(x, t), uε(x, t)|S = 0.�®£¤  ¤«ï á¥¬¥©áâ¢  {uε(x, t)} ¢ æ¥«®¬ ¨¬¥¥¬ ®æ¥­ªã

∫

Q

(
u2(x, t)+u2t (x, t)+ n∑

i=1 ρα(x)u2xi
(x, t)) dxdt+vraimax

Q
|u| < N7. (16)�á«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥­¨ï

T∫0 K(t)uε(x, t) dx = µ(x) (17)¤«ï á¥¬¥©áâ¢  {uε(x, t)} ¢ë¯®«­ï¥âáï (á¬., ­ ¯à¨¬¥à, [4℄). �®£¤  ¤«ïá¥¬¥©áâ¢  {uε(x, t)} ¢ á¨«ã (17) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
uεt(x, t)− n∑

i,j=1 ∂

∂xi
(aij(x)uεxj

(x, t))+ a(x, t)uε(x, t) + qε(x)uε(x, t) = f(x, t), (18)£¤¥
qε(x) = 1

µ(x)f0(x)− T∫0 K1(x, t)(uε(x, t)− w(x, t)) dt
−K(T )(uε(x, T )− w(x, T )).



�¥«¨­¥©­ ï ®¡à â­ ï § ¤ ç  101�¬­®�¨¬ (18) ­  ¯à®¡­ãî äã­ªæ¨î η(x, t) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯®Q:
∫

Q

(uεtη + n∑

i,j=1 aijuεxi
ηxj

+ auεη + quεη) dxdt = ∫
Q

fη dxdt.�§ ®æ¥­ª¨ (16) ¨ ¨§ [5℄ á«¥¤ã¥â, çâ® ¬®�­® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì-­®áâ¨ {εm} ¨ {um(x, t)} â ª¨¥, çâ® ¯à¨ m→ ∞

εm → 0
um(x, t) → u(x, t), umt(x, t) → ut(x, t) ¯®çâ¨ ¢áî¤ã ¢ Q,

um(x, T ) → u(x, T ) ¯®çâ¨ ¢áî¤ã ¢ 
.� ¯à¥¤¥«¥ ¯®«ãç¨¬ ­ã�­®¥ ­ ¬ ®¡®¡é¥­­®¥ à¥è¥­¨¥, çâ® ¨ âà¥¡®¢ -«®áì. ����������1. Prilepko A. I., Orlovsky D. C., Vasin I. A. Methods for solving inverse problems inmathemati
al physi
s. New York: Dekker, 1999.2. Ivan
hov M. Inverse problems for equations of paraboli
 type. Mathemati
al studies.Monograph series. 2003. V. 10.3. �®� ­®¢ �. �.�¥«¨­¥©­ë¥ ­ £àã�¥­­ë¥ ãà ¢­¥­¨ï ¨ ®¡à â­ë¥ § ¤ ç¨ //�ãà­.¢ëç¨á«¨â. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨. 2004. �. 44, ü 4. �. 694{716.4. �®� ­®¢ �. �. �¡ ®¤­®¬ ­¥«¨­¥©­®¬ ­ £àã�¥­­®¬ ¯ à ¡®«¨ç¥áª®¬ ãà ¢­¥­¨¨ ¨® á¢ï§ ­­®© á ­¨¬ ®¡à â­®© § ¤ ç¥ // � â. § ¬¥âª¨. 2004. �. 76, ü 6. �. 840{853.5. �ã¤àï¢æ¥¢ �. �. Ǒàï¬ë¥ ¨ ®¡à â­ë¥ â¥®à¥¬ë ¢«®�¥­¨ï. Ǒà¨«®�¥­¨ï ª à¥è¥-­¨î ¢ à¨ æ¨®­­ë¬ ¬¥â®¤®¬ í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© // �à. ���� ����,1959. �. 55. C. 3{182.£. �ªãâáª 15  ¯à¥«ï 2013 £.
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, G ⊂ R2 á £« ¤ª¨¬¨ £à ­¨æ ¬¨ � ¨ ∂G á®®â¢¥âáâ¢ãîâ áà¥-¤¨­­ë¬ ¯«®áª®áâï¬ ¯« áâ¨­. Ǒãáâì γ ⊂ ∂G, γ ∩ � = ∅ ¨ ∂G = γ ∪ �γ0.�ç¨â ¥¬, çâ® γ ­¥ á®¤¥à�¨â ª®­æ¥¢ëå â®ç¥ª. Ǒà¨ íâ®¬ ­¨�­ïï ¯« -áâ¨­  G ¤¥ä®à¬¨àã¥âáï ¢ á¢®¥© ¯«®áª®áâ¨,   â®çª¨ ¢¥àå­¥© ¯« áâ¨­ë 
¤®¯ãáª îâ ¯¥à¥¬¥é¥­¨¥ â®«ìª® ¢ ¢¥àâ¨ª «ì­®¬ ­ ¯à ¢«¥­¨¨. �¡®§­ -ç¨¬ ç¥à¥§ q = (q1, q2) ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ª £à ­¨æ¥ �, ν = (ν1, ν2)| ¢¥ªâ®à ­®à¬ «¨ ª γ, à á¯®«®�¥­­ë© ¢ ¯«®áª®áâ¨ ¢¥àå­¥© ¯« áâ¨­ë
, n = (n1, n2) | ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢­ãâà¥­­¥© ­®à¬ «¨ ª ∂G, à á¯®-



104 �®â ­®¢  �. �.«®�¥­­ë© ¢ ¯«®áª®áâ¨ ­¨�­¥© ¯« áâ¨­ë G (à¨á. 1). �à®¬¥ â®£®,
wν = ∂w

∂ν
, wq = ∂w

∂q
.Ǒãáâì â ª�¥ f ∈ L2(
), g = (g1, g2), gi ∈ L2(G), i = 1, 2, | § ¤ ­­ë¥äã­ªæ¨¨, ®¯¨áë¢ îé¨¥ ¤¥©áâ¢¨¥ ¢­¥è­¨å á¨« ­  ¢¥àå­îî ¨ ­¨�­îî¯« áâ¨­ë á®®â¢¥âáâ¢¥­­®.

�¨á. 1. �®­â ªâ ¯« áâ¨­ á �¥áâª¨¬¨ ¢ª«îç¥­¨ï¬¨.�ã¤¥¬ à áá¬ âà¨¢ âì ¯à®áâà ­áâ¢® H1
γ0(G) ×H20 (
), £¤¥

H1
γ0(G) = {u ∈ [H1(G)℄2 | u = 0 ­  γ0},

H20 (
) = {w ∈ H2(
) | w = ∂w

∂q
= 0 ­  �},¨ á«¥¤ãîéãî ¡¨«¨­¥©­ãî ä®à¬ã:

a
(w, v) = ∫
 (w,11v,11+w,22v,22+κ(w,11v,22+w,22v,11)+2(1−κ)w,12v,12).�¤¥áì κ | ª®íää¨æ¨¥­â Ǒã áá®­  ¢¥àå­¥© ¯« áâ¨­ë 
. �¢¥¤¥¬ ®¡®-§­ ç¥­¨ï ¤«ï ¨§£¨¡ îé¥£® ¬®¬¥­â  ¢¥àå­¥© ¯« áâ¨­ë:
m(w) = κ�w + (1− κ)∂2w

∂ν2 ,¨ ¯¥à¥à¥§ îé¥© á¨«ë
tν(w) = ∂

∂ν

(�w + (1− κ)∂2w
∂s2 ) , s = (s1, s2) = (−ν2, ν1).



� ¤ ç  ® ª®­â ªâ¥ ¤¢ãå ¯« áâ¨­ 105�«ï ®¯¨á ­¨ï ­¨�­¥© ¯« áâ¨­ë ¢¢¥¤¥¬ â¥­§®à ¬®¤ã«¥© ã¯àã£®áâ¨ B =
{bijkl}, i, j, k, l = 1, 2. Ǒãáâì ¨¬¥¥â ¬¥áâ® ¯®«®�¨â¥«ì­ ï ®¯à¥¤¥«¥­-­®áâì ª®íää¨æ¨¥­â®¢ bijkl ∈ L∞(G):

bijklξklξij > c0|ξ|2 ¤«ï «î¡ëå ξij = ξji, c0 > 0,  â ª�¥ ¨å á¨¬¬¥âà¨ç­®áâì: bijkl = bklij = bjikl, i, j, k, l = 1, 2. � ª�¥¢¢¥¤¥¬ â¥­§®àë ¤¥ä®à¬ æ¨© ε(u) = {εij(u)} ¨ ­ ¯àï�¥­¨© σ = {σij},
i, j = 1, 2, á®®â¢¥âáâ¢¥­­®, σn = (σ1jnj , σ2jnj), εij(u) = 12 (ui,j + uj,i),
i, j = 1, 2. �á¥ ¢¥«¨ç¨­ë á ¤¢ã¬ï ­¨�­¨¬¨ ¨­¤¥ªá ¬¨ ¯à¥¤¯®« £ îâáïá¨¬¬¥âà¨ç­ë¬¨ ¯® íâ¨¬ ¨­¤¥ªá ¬; ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¯à®-¢®¤¨âáï áã¬¬¨à®¢ ­¨¥.�«ï ¢¥àå­¥© ¯« áâ¨­ë �¥áâª®¥ ¢ª«îç¥­¨¥ | íâ® ¯®¤®¡« áâì ω1 á£à ­¨æ¥© ∂ω1 = γ ∪ �1, £¤¥ �1 | ªà¨¢ ï ª« áá  C1,1, ¨ ∂ω1 ∩ � = ∅.�®£¤  
\ω1 á®®â¢¥âáâ¢ã¥â ã¯àã£®© ç áâ¨ ¯« áâ¨­ë. Ǒ¥à¥¬¥é¥­¨ï â®-ç¥ª �¥áâª®© ¯®¤®¡« áâ¨ ω1 ¯à¥¤áâ ¢«ïîâ á®¡®© í«¥¬¥­âë ¯à®áâà ­áâ¢  ää¨­­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨©:
L(ω1) = {l | l(y) = a0 + a1y1 + a2y2, ai = 
onst, i = 0, 1, 2;y = (y1, y2) ∈ ω1}.�¥áâª®¥ ¢ª«îç¥­¨¥ ¢ ­¨�­¥© ¯« áâ¨­¥ | ¯®¤®¡« áâì ω2 ⊂ Gá £à ­¨æ¥© ∂ω2 = γ2 ∪ �0, £¤¥ �0 ï¢«ï¥âáï ªà¨¢®© ª« áá  C0,1, ¯à¨íâ®¬ ®¡« áâì ¢®§¬®�­®£® ª®­â ªâ  ¯« áâ¨­ à §¡¨¢ ¥âáï ­  âà¨ ç áâ¨:

γ = γ1 ∪ �γ2 ∪ γ3. �®£¤  G \ ω2 á®®â¢¥âáâ¢ã¥â ã¯àã£®© ç áâ¨ ¯« áâ¨­ë.Ǒ¥à¥¬¥é¥­¨ï â®ç¥ª �¥áâª®© ¯®¤®¡« áâ¨ ω2 ¯à¨­ ¤«¥� â ¯à®áâà ­áâ¢ã¨­ä¨­¨â¥§¨¬ «ì­ëå �¥áâª¨å ¯¥à¥¬¥é¥­¨©:
R(ω2) = {ρ = (ρ1, ρ2) | ρ(x) = Cx+D,x ∈ ω2},£¤¥

C = ( 0 c
−c 0) , D = (d1, d2), £¤¥ c, d1, d2 = 
onst .�¯à¥¤¥«¨¬ äã­ªæ¨®­ « í­¥à£¨¨ ­  H1

γ0(G) ×H20 (
):
E(u, w) = 12 ∫

G

σ(u)ε(u) − ∫
G

gu+ 12a
(w,w) − ∫
 fw.



106 �®â ­®¢  �. �.�ã­ªæ¨¨ w(y) ¨ u(x) = (u1(x), u2(x)), y = (y1, y2) ∈ 
, x = (x1, x2) ∈
G ®¯¨áë¢ îâ ¯¥à¥¬¥é¥­¨ï â®ç¥ª ¢¥àå­¥© ¨ ­¨�­¥© ¯« áâ¨­ á®®â¢¥â-áâ¢¥­­®.2. � §à¥è¨¬®áâì § ¤ ç¨. � áá¬®âà¨¬ ¢ à¨ æ¨®­­ãî ¯®áâ ­®¢-ªã ¨áå®¤­®© § ¤ ç¨. � à¨ æ¨®­­ë© ¯®¤å®¤ ¯®§¢®«¨â ­ ¬ ¨áá«¥¤®¢ âì¢®¯à®áë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨©. �«ï íâ®£® ¢¢¥¤¥¬¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå ¯¥à¥¬¥é¥­¨©:
Kω1,ω2 = {(u, w) ∈ H1

γ0(G)×H20 (
) | un sinα+w > 0 ­  γ; w|ω1 ∈ L(ω1),u|ω2 ∈ R(ω2)}.�¥®à¥¬  1 � ¤ ç  ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ «  E(u, w) ­  ¬­®�¥-áâ¢¥ Kω1,ω2 ¨¬¥¥â à¥è¥­¨¥.�®ª § â¥«ìáâ¢® Ǒ®ª �¥¬, çâ® ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ®¡®¡é¥­-­®© â¥®à¥¬ë �¥©¥àèâà áá , ¨ § ¤ ç  ¬¨­¨¬¨§ æ¨¨ ¨¬¥¥â à¥è¥­¨¥.�áå®¤­®¥ ¯à®áâà ­áâ¢® äã­ªæ¨© H1
γ0(G) × H20 (
) à¥ä«¥ªá¨¢­®.�ã­ªæ¨®­ « E(u, w) á« ¡® ¯®«ã­¥¯à¥àë¢¥­ á­¨§ã ¨ ª®íàæ¨â¨¢¥­.�­®�¥áâ¢® Kω1,ω2 ¢ë¯ãª«®. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì(uk, wk) ¨§ Kω1,ω2 , áå®¤ïéãîáï ª (u, w) ∈ H10 (G) × H20 (
). � á¨«ã­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© ¨§ ¯à®áâà ­áâ¢ L(ω1) ¨ R(ω2) ¤«ï ¯à¥¤¥«ì-­ëå äã­ªæ¨© ¢ë¯®«­¥­® w|ω1 ∈ L(ω1), u|ω2 ∈ R(ω2). �á¯®«ì§ãï â¥®à¥-¬ë ¢«®�¥­¨ï �®¡®«¥¢  ¤«ï á«¥¤®¢, ã¡¥�¤ ¥¬áï, çâ® ¬­®�¥áâ¢® Kω1,ω2§ ¬ª­ãâ® ¨, á«¥¤®¢ â¥«ì­®, á« ¡® § ¬ª­ãâ®.�¥®à¥¬  1 ¤®ª § ­ .� á¨«ã ¢ë¯ãª«®áâ¨ ¨ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨®­ «  E(u, w)§ ¤ ç  ¬¨­¨¬¨§ æ¨¨ E(u, w) ­  ¬­®�¥áâ¢¥ Kω1,ω2 íª¢¨¢ «¥­â­  á«¥¤ã-îé¥¬ã ¢ à¨ æ¨®­­®¬ã ­¥à ¢¥­áâ¢ã:(u, w) ∈ Kω1,ω2 , (1)

∫

G\ω2 σ(u)ε(�u− u)− ∫
G

g(�u− u) + a
\ω1(w,w − w)
−
∫
 f(w − w) > 0 ∀(�u, w) ∈ Kω1,ω2 . (2)



� ¤ ç  ® ª®­â ªâ¥ ¤¢ãå ¯« áâ¨­ 107�â¬¥â¨¬, çâ® à¥è¥­¨¥ § ¤ ç¨ (1), (2) ¥¤¨­áâ¢¥­­®.3. �¨ää¥à¥­æ¨ «ì­ ï ¯®áâ ­®¢ª  § ¤ ç¨. �ä®à¬ã«¨àã¥¬¤¨ää¥à¥­æ¨ «ì­ãî ¯®áâ ­®¢ªã § ¤ ç¨. �à ­¨ç­ë¥ ãá«®¢¨ï ¢ ¤¨ää¥-à¥­æ¨ «ì­®© ¯®áâ ­®¢ª¥ § ¤ ç¨ ï¢«ïîâáï ¥áâ¥áâ¢¥­­ë¬¨ ¨ ¢ë¢®¤ïâáï¨§ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  (1), (2) ¢ ¯à¥¤¯®«®�¥­¨¨ ¤®áâ â®ç­®©£« ¤ª®áâ¨ à¥è¥­¨ï.�â®¡ë ¯®«ãç¨âì ãà ¢­¥­¨ï à ¢­®¢¥á¨ï ¯« áâ¨­, ­¥®¡å®¤¨¬® ¯®¤-áâ ¢¨âì ¢ (2) ¢ ª ç¥áâ¢¥ ¯à®¡­ëå äã­ªæ¨© (u ± ϕ,w ± ψ), £¤¥ (ϕ, ψ) ∈[C∞0 (G \ ω2)℄2 × C∞0 (
 \ (ω1 ∪ �γ)) ¨ ϕ, ψ ¯à®¤®«� îâáï ­ã«¥¬ ¢ ω2 ¨
ω1 á®®â¢¥âáâ¢¥­­®. �à ¢­¥­¨ï à ¢­®¢¥á¨ï ¡ã¤ãâ ¢ë¯®«­¥­ë ¢ á¬ëá«¥à á¯à¥¤¥«¥­¨©:

− div(Bε(u)) = g ¢ G \ ω2,�2w = f ¢ 
 \ ω1.�§ ®¯à¥¤¥«¥­¨ï ¬­®�¥áâ¢  ¤®¯ãáâ¨¬ëå ¯¥à¥¬¥é¥­¨© Kω1,ω2 ¢ëâ¥-ª îâ á«¥¤ãîé¨¥ ªà ¥¢ë¥ ãá«®¢¨ï:u = 0 ­  γ0, w = wq = 0 ­  �,u|ω2 = ρ0, £¤¥ ρ0 ∈ R(ω2), w|ω1 = l0, £¤¥ l0 ∈ L(ω1),un sinα+ w > 0, [w℄ = [wν ℄ = 0 ­  γ.�â¬¥â¨¬ ¯à¨ íâ®¬, çâ® u = ρ0 ­  γ2 ∪ �0,
w = l0 ­  γ ∪ �1,

wyi
= (l0)yi

­  γ ∪ �1, i = 1, 2.Ǒ®á«¥¤­¨¥ ãá«®¢¨ï ®¯¨áë¢ îâ ¯®¢¥¤¥­¨¥ äã­ªæ¨© ¨ ¨å ¯à®¨§¢®¤­ëå­  £à ­¨æ å �¥áâª¨å ¢ª«îç¥­¨© ¨áå®¤ï ¨§ ãá«®¢¨©: u ∈ H1
γ0(G) ¢æ¥«®¬ ¢ ®¡« áâ¨ G ¨ w ∈ H20 (
) ¢ ®¡« áâ¨ 
.�«ï â®£® çâ®¡ë ¢ë¢¥áâ¨ ®áâ ¢è¨¥áï ªà ¥¢ë¥ ãá«®¢¨ï, ¢®á¯®«ì§ã-¥¬áï ä®à¬ã« ¬¨ �à¨­ . Ǒ¥à¢ ï ¨§ ­¨å á¯à ¢¥¤«¨¢  ¤«ï ®¡« áâ¨ 
\ω1



108 �®â ­®¢  �. �.¨ ¤®áâ â®ç­® £« ¤ª®© äã­ªæ¨¨ w, ®¡à é îé¥©áï ¢ ­ã«ì ­  ¢­¥è­¥©£à ­¨æ¥ �:
∫
\ω1 ϕ�2w = a
\ω1(w,ϕ) − ∫�1∪γ

tν(w)+ϕ+ ∫�1∪γ

m(w)+ϕν ∀ϕ ∈ H2(
).(3)�â®à ï ¨¬¥¥â ¬¥áâ® ¤«ï ®¡« áâ¨ á £à ­¨æ¥© ª« áá  C0,1 ¨ ¤®áâ â®ç­®£« ¤ª®© äã­ªæ¨¨ u. �ë¯¨è¥¬ ¥¥ ¢ ¯à¨¬¥­¥­¨¨ ª ®¡« áâ¨ G \ ω2 á¢­ãâà¥­­¥© ­®à¬ «ìî n ª £à ­¨æ¥:
∫

G\ω2 σ(u)ε(ψ) = −
∫

G\ω2 div σ(u)ψ−
∫

∂(G\ω2) σn ·ψ ∀ψ ∈ H1(G \ω2). (4)Ǒ®¤áâ ¢¨¬ ¢ ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢® (2) ¯à®¡­ë¥ äã­ªæ¨¨(�u, w) = (u+ ψ,w + ϕ), (ψ, ϕ) ∈ Kω1,ω2 .Ǒà¨¬¥­ïï ä®à¬ã«ë �à¨­  (3) ª 
\ω1 ¨ (4) ª G\ω2, ¯®«ãç¨¬ á«¥¤ãîé¥¥á®®â­®è¥­¨¥:
−

∫�0∪γ1∪γ3 σn · ψ + ∫�1∪γ

tν(w)+ϕ−
∫�1∪γ

m(w)+ϕν >

∫

ω2 gψ + ∫ω1 fϕ.�¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì ¢ë¯®«­¥­¨¥¬ ãà ¢­¥­¨© à ¢­®¢¥á¨ï ¢ ã¯àã-£¨å ®¡« áâïå ¯« áâ¨­. Ǒà¨ ¯®¤áâ ­®¢ª¥ ¢ (2) ¯à®¡­ëå äã­ªæ¨© (�u, w) =(0, 0) ¨ (�u, w) = 2(u, w) ¯®«ãç¨¬ á®®â¢¥âáâ¢ãîé¥¥ à ¢¥­áâ¢®, ¢ë¯®«­¥­-­®¥ ­  à¥è¥­¨¨ (u, w). � ª¨¬ ®¡à §®¬, ¤¨ää¥à¥­æ¨ «ì­ ï ¯®áâ ­®¢ª § ¤ ç¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤. � ©â¨ äã­ªæ¨¨ u, w, ®¯à¥¤¥«¥­­ë¥ ¢ G¨ 
 á®®â¢¥âáâ¢¥­­®, â ª¨¥, çâ®
− div(Bε(u)) = g ¢ G \ ω2, (5)�2w = f ¢ 
 \ ω1, (6)u = 0 ­  γ0, w = wq = 0 ­  �, (7)u|ω2 = ρ0, £¤¥ ρ0 ∈ R(ω2), (8)
w|ω1 = l0, £¤¥ l0 ∈ L(ω1), (9)



� ¤ ç  ® ª®­â ªâ¥ ¤¢ãå ¯« áâ¨­ 109un sinα+ w > 0, [w℄ = [wν ℄ = 0 ­  γ, (10)
−

∫�0∪γ1∪γ3 σn · ψ + ∫�1∪γ

tν(w)+ϕ−
∫�1∪γ

m(w)+ϕν

>

∫

ω2 gψ + ∫ω1 fϕ ∀(ψ, ϕ) ∈ Kω1,ω2 , (11)
−

∫�0∪γ1∪γ3 σn · u+ ∫�1∪γ

tν(w)+w −
∫�1∪γ

m(w)+wν= ∫
ω2 gu+ ∫ω1 fw. (12)�¥¯¥àì ¢ ¯à¥¤¯®«®�¥­¨¨ £« ¤ª®áâ¨ à¥è¥­¨ï ¯®«ãç¨¬ ¨§ (5){(12)¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢® (1), (2) ¨ ¯®ª �¥¬ â¥¬ á ¬ë¬, çâ® § ¤ ç¨íª¢¨¢ «¥­â­ë. �«ï íâ®£® ¤®¬­®�¨¬ ãà ¢­¥­¨¥ à ¢­®¢¥á¨ï (5) ­  �u− u¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ®¡« áâ¨ G \ ω2,   ãà ¢­¥­¨¥ à ¢­®¢¥á¨ï (6) | ­ 

w −w ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ®¡« áâ¨ 
 \ ω1. Ǒà¨¬¥­ïï ¤ «¥¥ ä®à¬ã«ë�à¨­  (3), (4) ¨ áª« ¤ë¢ ï ¯®«ãç¥­­ë¥ ¢ëà �¥­¨ï, ¨¬¥¥¬
∫

G\ω2 σ(u)ε(�u− u)− ∫

G\ω2 g(�u− u) + a
\ω1(w,w − w)
−
∫
\ω1 f(w − w) = −

∫�0∪γ1∪γ3 σn(�u− u)+ ∫�1∪γ

tν(w)+(w − w)− ∫�1∪γ

m(w)+(wν − wν). (13)Ǒà¨ íâ®¬ ¨§ (11) ­ å®¤¨¬
−

∫�0∪γ1∪γ3 σn · �u+ ∫�1∪γ

tν(w)+w −
∫�1∪γ

m(w)+wν >

∫

ω2 g�u+ ∫ω1 fw,  ¨§ (12) á«¥¤ã¥â
∫�0∪γ1∪γ3 σn · u−

∫�1∪γ

tν(w)+w + ∫�1∪γ

m(w)+wν = −
∫

ω2 gu−
∫

ω1 fw.



110 �®â ­®¢  �. �.Ǒ®¤áâ ¢«ïï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¢ ¯à ¢ãî ç áâì (13), ¯®«ãç¨¬ ¢â®ç­®áâ¨ ­¥à ¢¥­áâ¢® (2). �®ª § ­ á«¥¤ãîé¨© à¥§ã«ìâ â.�¥®à¥¬  2 Ǒãáâì £à ­¨æ  ¯®¤®¡« áâ¨ ω1 ¢ª«îç ¥â ¢ á¥¡ï ¢áî ®¡-« áâì ¢®§¬®�­®£® ª®­â ªâ  γ. �á«¨ à¥è¥­¨¥ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­-áâ¢  (1), (2) ¤®áâ â®ç­® £« ¤ª®¥, â® ®­® ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (5){(12).�« ¤ª®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (5){(12) ï¢«ï¥âáï â ª�¥ à¥è¥­¨¥¬ ¢ -à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  (1), (2).� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨(5){(12).�â¬¥â¨¬, çâ® ­  γ1∪γ3, £¤¥ ®áãé¥áâ¢«ï¥âáï ª®­â ªâ ã¯àã£®© ç áâ¨­¨�­¥© ¯« áâ¨­ë á �¥áâª¨¬ ¢ª«îç¥­¨¥¬ ω1, ¨§ ¢ à¨ æ¨®­­®£® ­¥à -¢¥­áâ¢  ¬®�­® ¨§¢«¥çì ¤®¯®«­¨â¥«ì­ë¥ ªà ¥¢ë¥ ãá«®¢¨ï. �â¨ ãá«®¢¨ïà®¤áâ¢¥­­ë ãá«®¢¨ï¬ ¢ ª« áá¨ç¥áª®© § ¤ ç¥ �¨­ì®à¨­¨ (á¬. [11℄):
σn 6 0, στ = 0, σn(un sinα+ w) = 0.�àã£¨¥ ¨­â¥à¥á­ë¥ á«ãç ¨ à á¯®«®�¥­¨ï �¥áâª¨å ¢ª«îç¥­¨© ®â-­®á¨â¥«ì­® «¨­¨¨ ¢®§¬®�­®£® ª®­â ªâ  γ ¤«ï § ¤ ç¨ ® ª®­â ªâ¥ ¤¢ãå¯« áâ¨­, ª �¤ ï ¨§ ª®â®àëå á®¤¥à�¨â �¥áâª®¥ ¢ª«îç¥­¨¥, ¬®�­® ­ ©-â¨ ¢ [12, 13℄. ����������1. �«¥ªá¥¥¢ �. �., �«ã¤­¥¢ �. �. �à¥é¨­  ¢ ã¯àã£®¬ â¥«¥, ¢ëå®¤ïé ï ­  £à ­¨æã¯®¤ ­ã«¥¢ë¬ ã£«®¬ // �¥áâ­. ���. �¥à. ¬ â¥¬ â¨ª , ¬¥å ­¨ª , ¨­ä®à¬ â¨ª .2009. �. 9, ü 2. �. 15{29.2. �®©£¥à¨­£ �., �«ã¤­¥¢ �. �. � à ¢­®¢¥á¨¨ ã¯àã£¨å â¥«, á®¤¥à� é¨å â®­ª¨¥�¥áâª¨¥ ¢ª«îç¥­¨ï // �®ª«. ���. 2010. �. 430, ü 1. �. 1{4.3. �ã¤®© �. �. �®à¬ã«  �à¨ää¨âá  ¨ ¨­â¥£à « �¥à¥¯ ­®¢  | � ©á  ¤«ï ¯« -áâ¨­ë á �¥áâª¨¬ ¢ª«îç¥­¨¥¬ ¨ âà¥é¨­®© // �¥áâ­. ���. �¥à. ¬ â¥¬ â¨ª ,¬¥å ­¨ª , ¨­ä®à¬ â¨ª . 2010. �. 10, ü 2. C. 98{117.4. �«ã¤­¥¢ �. �. � ¤ ç  ® âà¥é¨­¥ ­  £à ­¨æ¥ �¥áâª®£® ¢ª«îç¥­¨ï ¢ ã¯àã£®©¯« áâ¨­¥ // �§¢. ���. 2010. ü 5. �. 98{110.5. Khludnev �. M. On elasti
 bodies with thin rigid in
lusions and 
ra
ks. Preprint.Friedri
h-Alexander-Univesity. Erlangen-Nuremberg, 2009. N 327. P. 1{29.6. �¥ãáâà®¥¢  �. �. �¤­®áâ®à®­­¨© ª®­â ªâ ã¯àã£¨å ¯« áâ¨­ á �¥áâª¨¬ ¢ª«îç¥-­¨¥¬ // �¥áâ­. ���. �¥à. ¬ â¥¬ â¨ª , ¬¥å ­¨ª , ¨­ä®à¬ â¨ª . 2009. �. 9,ü 4. C. 51{64.



� ¤ ç  ® ª®­â ªâ¥ ¤¢ãå ¯« áâ¨­ 1117. Khludnev A. M., Novotny A. A., Sokolowski J., Zo
howski A. Shape and topologysensitivity analysis for 
ra
ks in elasti
 bodies on boundaries of rigid in
lusions //J. Me
hani
s Physi
s of Solids. 2009. V. 57, N 10. P. 1718{1732.8. �¥ãáâà®¥¢  �. �. �¥áâª®¥ ¢ª«îç¥­¨¥ ¢ ª®­â ªâ­®© § ¤ ç¥ ¤«ï ã¯àã£¨å ¯« -áâ¨­ // �¨¡. �ãà­. ¨­¤ãáâà. ¬ â¥¬ â¨ª¨. 2009. �. 12, ü 4. �. 92{105.9. �®â ­®¢  �. �. � ¤ ç  ®¡ ®¤­®áâ®à®­­¥¬ ª®­â ªâ¥ ¤¢ãå ¯« áâ¨­, ®¤­  ¨§ ª®â®-àëå á®¤¥à�¨â �¥áâª®¥ ¢ª«îç¥­¨¥ // �¥áâ­. ���. �¥à. ¬ â¥¬ â¨ª , ¬¥å ­¨ª ,¨­ä®à¬ â¨ª . 2011. �. 11, ü 1. C. 87{98.10. �«ã¤­¥¢ �. �. �¡ ®¤­®áâ®à®­­¥¬ ª®­â ªâ¥ ¤¢ãå ¯« áâ¨­, à á¯®«®�¥­­ëå ¯®¤ã£«®¬ ¤àã£ ª ¤àã£ã // Ǒà¨ª«. ¬ â¥¬ â¨ª  â¥å­. ä¨§¨ª . 2008. �. 49, ü 4.�. 553{567.11. �¨ª¥à  �. �¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¢ â¥®à¨¨ ã¯àã£®áâ¨. �.: �¨à, 1974.12. �®â ­®¢  �. �. �®­â ªâ ¯« áâ¨­, �¥áâª¨¥ ¢ª«îç¥­¨ï ¢ ª®â®àëå ¢ëå®¤ïâ ­ £à ­¨æã // �¥áâ­. �®¬áª. £®á. ã­-â . �¥à. ¬ â¥¬ â¨ª  ¨ ¬¥å ­¨ª . 2011.�. 15, ü 3. �. 99{107.13. �®â ­®¢  �. �. � ¯®áâ ­®¢ª å ¨ à §à¥è¨¬®áâ¨ § ¤ ç ® ª®­â ªâ¥ ¤¢ãå ¯« áâ¨­,á®¤¥à� é¨å �¥áâª¨¥ ¢ª«îç¥­¨ï // �¨¡. �ãà­. ¨­¤ãáâà. ¬ â¥¬ â¨ª¨. 2012.�. 15, ü 2. �. 107{118.£. �®¢®á¨¡¨àáª 20 á¥­âï¡àï 2012 £.



��� 517.917+517.925�������� ������� ��������������Ǒ� ��Ǒ����� ��������� ����������������� ���������������������������� ��������������������� ����������. �. �ã¤ëå, �. �. �¨á¥«¥¢¨ç
§ 1. �¢¥¤¥­¨¥� áá¬®âà¨¬ ­¥«¨­¥©­ãî ­¥ ¢â®­®¬­ãî á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (���)_x = X(x, t), x(t)|t=s = x0, (1.1)£¤¥ x, X(x, t) | ¢¥ªâ®àë ¨§ Rn; G ⊂ Rn+1 | ®âªàëâ®¥ ¬­®�¥áâ¢®;

G = 
 × I; I = {t : s 6 t < t∗}; 
 ⊂ Rn | ®¡« áâì, ï¢«ïîé ïáï¯à®¥ªæ¨¥© G ¢ Rn; X(x, t) ∈ C1(G → Rn); t∗ | ç¨á«® ­  ¯®«ã¯àï¬®©
t > s ¨«¨ á¨¬¢®« +∞.� ¤ «ì­¥©è¥¬ ®â­®á¨â¥«ì­® á¨áâ¥¬ë ��� (1.1) ¡ã¤¥¬ ¨á¯®«ì§®-¢ âì ¤¢  ¯à¥¤¯®«®�¥­¨ï. �ã¤¥¬ £®¢®à¨âì, çâ® ¤«ï á¨áâ¥¬ë ��� (1.1)¢ë¯®«­ï¥âáï ¯à¥¤¯®«®�¥­¨¥ �, ¥á«¨ Xi(x, t) ∈ C

(1,1)
xt (G), à¥è¥­¨ï ¯®-á«¥¤­¥© ¯à®¤®«�¨¬ë ¤® ¡¥áª®­¥ç­®áâ¨ ¨ ®áâ îâáï ¢ ®¡« áâ¨ 
 ∈ Rn¯à¨ ¨å ¯à®¤®«�¥­¨¨ ª ª ¢¯à ¢®, â ª ¨ ¢«¥¢® ¯® t. �ã¤¥¬ £®¢®à¨âì,çâ® ¤«ï á¨áâ¥¬ë ��� (1.1) ¢ë¯®«­ï¥âáï ¯à¥¤¯®«®�¥­¨¥ �, ¥á«¨ ¢á¥¥¥ à¥è¥­¨ï á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ x0 ∈ 
s ⊂ 
 ­¥ áâà¥¬ïâáï ª £à -­¨æ¥ ∂
 ®¡« áâ¨ 
 ¯à¨ t → ∞, £¤¥ 
s ⊂ 
 | ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢®¯®«®�¨â¥«ì­®© ¬¥àë �¥¡¥£  mes
s > 0.�¢¥¤¥¬ àï¤ ®¡®§­ ç¥­¨©, ¨á¯®«ì§ã¥¬ëå ­¨�¥: ρ(x, z) | à ááâ®-ï­¨¥ ¬¥�¤ã í«¥¬¥­â ¬¨ x, z ∈ Rn; χ(x, t) = ∇ · X(x, t) | ¤¨¢¥à-£¥­æ¨ï ¢¥ªâ®à­®£® ¯®«ï X(x, t) á¨áâ¥¬ë ��� (1.1); χ(x(x0, s, t), t) =
© 2013 �ã¤ëå �. �., �¨á¥«¥¢¨ç �. �.
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∇ · X(x, t)|x=x(x0,s,t) | ¤¨¢¥à£¥­æ¨ï ¢¥ªâ®à­®£® ¯®«ï X(x, t), ¢ëç¨á-«¥­­ ï ¢¤®«ì ¥¥ à¥è¥­¨ï x = x(x0, s, t); 
t = {x(x0, s, t) = T (t, s)x0 :
x0 ∈ 
s} | ¬­®�¥áâ¢® ¯¥à¥¬¥­­®© áâàãªâãàë ¨§ Rn; T (t, s) | ®¯¥-à â®à á¤¢¨£  [1℄ ¢¤®«ì âà ¥ªâ®à¨© á¨áâ¥¬ë ��� (1.1); mes
t | ¬¥à �¥¡¥£  ¬­®�¥áâ¢  
t ⊂ Rn; D(x(x0, s, t), t) = det ∥∥ ∂x(x0,s,t)

∂x0 ∥∥ | ïª®¡¨- ­ ®â®¡à �¥­¨ï x0 → x(x0, s, t); S(x, t) = det ∥∥∂x0(x,t,s)
∂x

∥∥ | ïª®¡¨ ­®â®¡à �¥­¨ï x(x0, s, t) → x0.� à ¡®â¥ ãáâ ­ ¢«¨¢ ¥âáï á¢ï§ì â¥®à¥¬ë �¨ã¢¨««ï [2℄ ¤«ï á¨áâ¥¬ë��� (1.1) á ãáâ®©ç¨¢®áâìî ¤¢¨�¥­¨ï ¯® �ï¯ã­®¢ã [3℄. � ç áâ­®áâ¨,¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ á¨«ì­ãî ­¥ãáâ®©ç¨-¢®áâì ¯® �ï¯ã­®¢ã á¥¬¥©áâ¢  âà ¥ªâ®à¨© 
t ⊂ R
n á¨áâ¥¬ë ��� (1.1)®â­®á¨â¥«ì­® ª®¬¯ ªâ­®£® ¬­®�¥áâ¢  
s ⊂ Rn ¥¥ ­ ç «ì­ëå á®áâ®ï-­¨©. � ¨á¯®«ì§®¢ ­¨¥¬ â¥®à¥¬ë �¨ã¢¨««ï ¢¢¥¤¥­ë ¢ à áá¬®âà¥­¨¥ ¨®æ¥­¥­ë á­¨§ã äã­ªæ¨¨, å à ªâ¥à¨§ãîé¨¥ «®ª «ì­ãî à áå®¤¨¬®áâì ¨­¥®£à ­¨ç¥­­ãî á£ãé ¥¬®áâì âà ¥ªâ®à¨© á¨áâ¥¬ë ��� (1.1). Ǒ®«ã-ç¥­­ë¥ à¥§ã«ìâ âë ¯à¨¬¥­ïîâáï ª § ¤ ç¥ ® ¢å®¤¥ ª®á¬¨ç¥áª®£® «¥â -â¥«ì­®£®  ¯¯ à â  ¢  â¬®áä¥àã ¯« ­¥âë á ­¥à ¡®â îé¨¬ ¤¢¨£ â¥«¥¬(¯ áá¨¢­ë© á¯ãáª).

§ 2. �¥®à¥¬  �¨ã¢¨««ï ¤«ï ­¥ ¢â®­®¬­®©á¨áâ¥¬ë ���� ¤ «ì­¥©è¥¬ á¨áâ¥¬ã ��� (1.1) ¡ã¤¥¬ âà ªâ®¢ âì ª ª § ª®­ ¤¢¨-�¥­¨ï ¨§®¡à � îé¥© â®çª¨ x ¢ ä §®¢®¬ ¯à®áâà ­áâ¢¥ Rn. �­á ¬-¡«¥¬ �¨¡¡á  ­ §®¢¥¬ ¬­®�¥áâ¢® ¨¤¥­â¨ç­ëå á¨áâ¥¬ ¢¨¤  (1.1) á ®¤¨-­ ª®¢ë¬¨ ¯à ¢ë¬¨ ç áâï¬¨ ¨ ®â«¨ç îé¨¬¨áï ¤àã£ ®â ¤àã£  «¨èì­ ç «ì­ë¬¨ á®áâ®ï­¨ï¬¨. �â ª, ¥á«¨ á¨áâ¥¬ã ��� (1.1) âà ªâ®¢ âìª ª § ª®­ ¤¢¨�¥­¨ï ¨§®¡à � îé¥© â®çª¨ x ¢ Rn, â®  ­á ¬¡«î �¨¡¡-á  á¨áâ¥¬ë (1.1) ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ¢ R
n  ­á ¬¡«ì ¨§®¡à � îé¨åâ®ç¥ª. Ǒãáâì 
s ⊂ 
 | ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® ¯®«®�¨â¥«ì­®© ¬¥-àë �¥¡¥£  mes
s > 0, § ­¨¬ ¥¬®¥  ­á ¬¡«¥¬ ¨§®¡à � îé¨å â®ç¥ª�¨¡¡á  á¨áâ¥¬ë ��� (1.1) ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ t = s. � �-¤ ï ¨§ ¨§®¡à � îé¨å â®ç¥ª x0 ∈ 
s, ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨ï¬ á¨-



114 �ã¤ëå �. �., �¨á¥«¥¢¨ç �. �.áâ¥¬ë ��� (1.1), ¯¥à¥¬¥áâ¨âáï §  ¢à¥¬ï ®â s ¤® t ¢ ­®¢®¥ á®áâ®ï­¨¥
x(x0, s, t) = T (t, s)x0 ∈ 
t ⊂ 
, £¤¥ T (t, s) | ®¯¥à â®à á¤¢¨£  [1℄ ¯® âà -¥ªâ®à¨ï¬ á¨áâ¥¬ë ��� (1.1); 
t | ®¡à § ¬­®�¥áâ¢  
s ¢ á¨«ã á¨áâ¥¬ë��� (1.1); 
t = T (t, s)
s.�¯à¥¤¥«¥­¨¥ 1. �­®�¥áâ¢® ¯¥à¥¬¥­­®© áâàãªâãàë 
t ⊂ 
 ­ §®-¢¥¬ à ¢­®¬¥à­® áâï£¨¢ îé¨¬áï ª â®çª¥ x∗ ∈ 
, ¥á«¨sup

x∈
t

ρ(x∗, x) → 0.�¯à¥¤¥«¥­¨¥ 2. �â®¡à �¥­¨¥ F : D ⊂ Rn → Rn ­ §®¢¥¬ ­¥¯à¥-àë¢­ë¬ ¢ â®çª¥ z ∈ D ®â­®á¨â¥«ì­® ¬­®�¥áâ¢  D, ¥á«¨ ¤«ï «î¡®©
ε-®ªà¥áâ­®áâ¨ K(x, ε) â®çª¨ x = Fz áãé¥áâ¢ã¥â δ-®ªà¥áâ­®áâì K(z, δ)â®çª¨ z â ª ï, çâ® ¤«ï ¢á¥å â®ç¥ª, ¯à¨­ ¤«¥� é¨å ¬­®�¥áâ¢ãK(z, δ)∩
D, á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

F (K(z, δ) ∩D) ⊂ K(x, ε).�¨�¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ãà ¢­¥­¨¥ �¨ã¢¨««ï (ãà ¢­¥­¨¥ ­¥à §-àë¢­®áâ¨) [4℄
∂

∂t
f(x, t) = Lf(x, t), f(x, t)|t=s = f0(x), (2.1)á®®â¢¥âáâ¢ãîé¥¥ á¨áâ¥¬¥ ��� (1.1) ¨ ¢ëà � îé¥¥ § ª®­ á®åà ­¥­¨ï ­á ¬¡«ï ¨§®¡à � îé¨å â®ç¥ª �¨¡¡á  á¨áâ¥¬ë ��� (1.1). �¤¥áì

L· = −
n∑

i=1 ∂

∂xi
[Xi(x, t)·℄ = −∇ · [X(x, t)·℄ (2.2)| ®¯¥à â®à �¨ã¢¨««ï, ¤¥©áâ¢ãîé¨© ¯® ä®à¬ã«¥ L : C∞0 (Rn) → L2(Rn);

f0(x) = f(x, s) | äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬
f0(x) > 0, f0(x) ∈ C∞0 (Rn), ∫

Rn

f0(x) dx = 1.Ǒà¨ íâ®¬ f0(x) âà ªâã¥âáï ª ª ­ ç «ì­ ï äã­ªæ¨ï ¯«®â­®áâ¨ à á¯à¥-¤¥«¥­¨ï  ­á ¬¡«ï ¨§®¡à � îé¨å â®ç¥ª �¨¡¡á  á¨áâ¥¬ë ��� (1.1) ¢¬­®�¥áâ¢¥ 
s. �¥ªãé¥¥ §­ ç¥­¨¥ äã­ªæ¨¨ ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï
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f(x, t) ®¯à¥¤¥«ï¥âáï ¨§ § ¤ ç¨ �®è¨ (2.1) ¨ å à ªâ¥à¨§ã¥â á®áâ®ï­¨¥ ­á ¬¡«ï ¨§®¡à � îé¨å â®ç¥ª �¨¡¡á  á¨áâ¥¬ë ��� (1.1) ¢ ®¡à §¥ 
t¬­®�¥áâ¢  
s. �à ¢­¥­¨¥ �¨ã¢¨««ï (2.1) á ãç¥â®¬ (2.2) ¬®�­® ¯¥à¥-¯¨á âì ¢ ¢¨¤¥

d

dt
f(x, t) = −χ(x, t)f(x, t), f(x, t)|t=s = f0(x), (2.1)′£¤¥ d

dtf(x, t) | ¯®«­ ï ¯à®¨§¢®¤­ ï ¢ á¨«ã á¨áâ¥¬ë ��� (1.1). �§ãà ¢­¥­¨ï �¨ã¢¨««ï (2.1)′ á«¥¤ã¥â § ¢¨á¨¬®áâì
d

dt
D(x(x0, s, t), t) = χ(x(x0, s, t), t)D(x(x0, s, t), t),

D(x(x0, s, t), t)|t=s = 1. (2.3)� à ¡®â¥ [5℄ ¯®ª § ­®, çâ® äã­ªæ¨ï S(x, t) ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï§ ¤ ç¨ �®è¨
∂

∂t
S(x, t) = LS(x, t), S(x, t)|t=s = 1, (2.4)£¤¥ L | ®¯¥à â®à �¨ã¢¨««ï, ®¯à¥¤¥«ï¥¬ë© á®£« á­® (2.2).�¥®à¥¬  1. Ǒãáâì ¤«ï á¨áâ¥¬ë ��� (1.1) ¢ë¯®«­ï¥âáï ¯à¥¤¯®-«®�¥­¨¥ �. Ǒãáâì 
s ⊂ 
 | ª®¬¯ ªâ­®¥ ¬­®�¥áâ¢® ¯®«®�¨â¥«ì­®©¬¥àë �¥¡¥£  mes
s > 0, § ­¨¬ ¥¬®¥  ­á ¬¡«¥¬ ¨§®¡à � îé¨å â®ç¥ª�¨¡¡á  á¨áâ¥¬ë ��� (1.1) ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ t = s. Ǒãáâìª �¤ ï ¨§ ¨§®¡à � îé¨å â®ç¥ª x0 ∈ 
s, ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨ï¬á¨áâ¥¬ë ��� (1.1), ¯¥à¥¬¥áâ¨âáï §  ¢à¥¬ï ®â s ¤® t ¢ ­®¢®¥ á®áâ®ï-­¨¥ x(x0, s, t) = T (t, s)x0 ∈ 
t. Ǒãáâì 
t = {x(x0, s, t) = T (t, s)x0 :

x0 ∈ 
s} | ®¡à § ¬­®�¥áâ¢  
s ¢ á¨«ã á¨áâ¥¬ë ��� (1.1). �®£¤ ®¯¥à â®à á¤¢¨£  T (t, s) ¯® âà ¥ªâ®à¨ï¬ á¨áâ¥¬ë ��� (1.1) ®¯à¥¤¥«ï¥â£®¬¥®¬®àä¨§¬ ¬­®�¥áâ¢  
s ⊂ 
 ¢ ¬­®�¥áâ¢® 
t = T (t, s)
s. �à®¬¥â®£®, 
t ⊂ 
 ï¢«ï¥âáï ª®¬¯ ªâ­ë¬ ¬­®�¥áâ¢®¬ ¯®«®�¨â¥«ì­®© ¬¥àë�¥¡¥£  mes
t > 0 ¨ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨mes
t = t∫

s

∫
t

χ(x, τ) dxdτ +mes
s, (2.5)
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t→x∗

d

dt
lnmes
t = χ(x∗, t). (2.6)�®ª § â¥«ìáâ¢®. � ª ª ª ¤«ï á¨áâ¥¬ë ��� (1.1) ¢ë¯®«­ï¥âáï¯à¥¤¯®«®�¥­¨¥�, à¥è¥­¨ï x(t) = x(x0, s, t) ¯®á«¥¤­¥© ï¢«ïîâáï ­¥¯à¥-àë¢­ë¬¨ ¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ äã­ªæ¨ï¬¨ ª« áá  C2 ¯®

t ¨ ª« áá  C1 ¯® x0, s. �®£¤  ®â®¡à �¥­¨¥ T (t, s) : 
s → 
t, ®áãé¥áâ¢«ï-¥¬®¥ ®¯¥à â®à®¬ á¤¢¨£  T (t, s) ¯® âà ¥ªâ®à¨ï¬ x(t) = x(x0, s, t) á¨áâ¥-¬ë ��� (1.1), ï¢«ï¥âáï ¢§ ¨¬­® ®¤­®§­ ç­ë¬, ¯à¨ç¥¬ T (t, s)x0 ∈ C1¯® á®¢®ªã¯­®áâ¨ x0, s, t ¤«ï «î¡®© â®çª¨ x0 ∈ 
s ¨ t ∈ I. Ǒà¨ íâ®¬
t = {T (t, s)x0 : x0 ∈ 
s} = T (t, s)
s | ¬­®�¥áâ¢®, § ­¨¬ ¥¬®¥  ­á ¬-¡«¥¬ ¨§®¡à � îé¨å â®ç¥ª �¨¡¡á  á¨áâ¥¬ë ��� (1.1) ¢ â¥ªãé¨© ¬®-¬¥­â ¢à¥¬¥­¨ t ∈ I. Ǒ®íâ®¬ã ®â®¡à �¥­¨¥ T (t, s) : 
s → 
t, § ¤ ¢ ¥¬®¥á®®â­®è¥­¨ï¬¨ x(t) = x(x0, s, t), ¤¨ää¥à¥­æ¨àã¥¬®,   á«¥¤®¢ â¥«ì­®,¨ ­¥¯à¥àë¢­® ¢ «î¡®© â®çª¥ x∗ ∈ 
s, ¯à¨ç¥¬ «¨­¥©­ë© ®£à ­¨ç¥­­ë©®¯¥à â®à
V = ∥∥∥∥∂x(x0, s, t)∂x0 ∣∣∣∣

x0=x∗

∥∥∥∥,¤¥©áâ¢ãîé¨© ¨§ Rn ¢ Rn, ï¢«ï¥âáï ¯à®¨§¢®¤­®© �à¥è¥ ­¥«¨­¥©­®£®®¯¥à â®à  T (t, s) ¢ â®çª¥ x∗ ∈ 
s [1, 6℄. � «¥¥, â ª ª ª ­¥¯à¥àë¢­ë© ®¡-à § ª®¬¯ ªâ  ¥áâì ª®¬¯ ªâ, ¨§ ª®¬¯ ªâ­®áâ¨ 
s ⊂ 
 á«¥¤ã¥â ª®¬¯ ªâ-­®áâì 
t ⊂ 
. �§ ­¥¯à¥àë¢­®áâ¨ ¨ ¢§ ¨¬­®© ®¤­®§­ ç­®áâ¨ ®â®¡à �¥-­¨ï T (t, s) : 
s → 
t á«¥¤ã¥â, çâ® ®¯¥à â®à á¤¢¨£  T (t, s) ®¯à¥¤¥«ï¥â£®¬¥®¬®àä¨§¬ ¬­®�¥áâ¢  
s ¢ ¬­®�¥áâ¢® 
t. Ǒà¨ íâ®¬ ¢ á¨«ã â®£®,çâ® ®â®¡à �¥­¨¥, ®áãé¥áâ¢«ï¥¬®¥ ®¯¥à â®à®¬ á¤¢¨£  T (t, s) : 
s → 
t,­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬® ¨ D(x(x0, s, t), t) 6= 0, ¤«ï «î¡®© â®ç-ª¨ x ∈ 
t áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®¥®¡à â­®¥ ®â®¡à �¥­¨¥ x0 = T−1(t, s)x, ïª®¡¨ ­ ª®â®à®£® S(x, t) ã¤®-¢«¥â¢®àï¥â § ¤ ç¥ �®è¨ (2.4).� áá¬®âà¨¬ ®¡à â­®¥ ®â®¡à �¥­¨¥ T−1(t, s) : 
t → 
s. Ǒ®ª -�¥¬, çâ® T−1(t, s) ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ®â®¡à �¥­¨¥¬ ¢ ¯à®¨§¢®«ì-­®© â®çª¥ �x ∈ 
t ®â­®á¨â¥«ì­® 
t. �­ ç¥ ¤«ï «î¡®© ε-®ªà¥áâ­®áâ¨
K( �x0, ε) â®çª¨ �x0 = T−1(t, s)�x áãé¥áâ¢ã¥â δ-®ªà¥áâ­®áâì K(�x, δ) â®çª¨�x â ª ï, çâ® ¤«ï ¢á¥å â®ç¥ª x ∈ K(�x, δ) ∩
t ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥



�à¨â¥à¨© á¨«ì­®© ­¥ãáâ®©ç¨¢®áâ¨ ¯® �ï¯ã­®¢ã 117
T−1(t, s) ∈ K(�x0, ε). Ǒ®áª®«ìªã «î¡®¥ § ¬ª­ãâ®¥ ¯®¤¬­®�¥áâ¢® ª®¬-¯ ªâ  ¥áâì ª®¬¯ ªâ, ¬­®�¥áâ¢® 
s\K(�x0, ε) § ¬ª­ãâ®,   á«¥¤®¢ â¥«ì-­®, ª®¬¯ ªâ­®. Ǒ®íâ®¬ã ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ ®â®¡à �¥­¨ï T (t, s)¯®¤¬­®�¥áâ¢® D = T (
t0\K(�x0, ε)) ⊂ 
t ï¢«ï¥âáï ª®¬¯ ªâ­ë¬,   §­ -ç¨â, ¨ § ¬ª­ãâë¬ ¯®¤¬­®�¥áâ¢®¬ ¬­®�¥áâ¢  
t. � ¤àã£®© áâ®à®­ë,â ª ª ª ®â®¡à �¥­¨¥ T (t, s) ¢§ ¨¬­® ®¤­®§­ ç­®, â®çª  �x ­¥ ¯à¨­ ¤«¥-�¨â D. Ǒ®íâ®¬ã áãé¥áâ¢ã¥â δ-®ªà¥áâ­®áâì K(�x, δ) â®çª¨ �x, ¢ ª®â®à®©­¥ á®¤¥à�¨âáï ­¨ ®¤­®© â®çª¨ ¨§ ¬­®�¥áâ¢  D. �® â®£¤  ¬­®�¥áâ¢®
T−1(K(�x, δ) ∩ 
t) ­¥ á®¤¥à�¨â ­¨ ®¤­®© â®çª¨ ¨§ T−1D, â. ¥. ¨§ ¬­®-�¥áâ¢  
s\K(�x0, ε). �¥¬ á ¬ë¬ á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

T−1(K(�x, δ) ∩ 
t) ⊂ K(�x0, ε).�­ ç¥ ¤«ï ¢á¥å x ∈ K(�x, δ) ∩ 
t ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ T−1(t, s)x ∈
K(�x0, ε). � ª®­¥æ, ¢ á¨«ã ¯à®¨§¢®«  ¢ë¡®à  â®çª¨ �x ∈ 
t á«¥¤ã¥â­¥¯à¥àë¢­®áâì ®â®¡à �¥­¨ï T−1(t, s) ­  ¬­®�¥áâ¢¥ 
t. �â ª, ®¯¥à â®àá¤¢¨£  T (t, s), ã¤®¢«¥â¢®àïîé¨© á®®â­®è¥­¨î 
t = T (t, s)
s, ®¯à¥¤¥-«ï¥â £®¬¥®¬®àä¨§¬ ¬­®�¥áâ¢  
s ⊂ Rn ¢ ¬­®�¥áâ¢® 
t ⊂ Rn. � ª¨¬®¡à §®¬, T (t, s) | ¡¨¥ªâ¨¢­®¥ ®â®¡à �¥­¨¥ ¨ T (t, s), T−1(t, s) | ­¥¯à¥-àë¢­ë¥ ®â®¡à �¥­¨ï.�¥¯¥àì ¯®ª �¥¬ á¯à ¢¥¤«¨¢®áâì ä®à¬ã« (2.5), (2.6). �®â ä ªâ,çâ® ¬­®�¥áâ¢® 
t = T (t, s)
s ®¡« ¤ ¥â ¯®«®�¨â¥«ì­®© ¬¥à®© �¥¡¥£ mes
t > 0, á«¥¤ã¥â ¨§ æ¥¯®çª¨ à ¢¥­áâ¢mes
t = ∫
t

dx = ∫
s

D(x(x0, s, t), t) dx0= ∫
s

exp t∫

s

χ(x(x0, s, τ), τ) dτ dx0. (2.7)�ç¥¢¨¤­®, çâ® ¢ëà �¥­¨¥ (2.7) ¯à¨¢®¤¨â ª § ¢¨á¨¬®áâ¨
d

dt
mes
t = ∫
t

χ(x, t) dx. (2.8)



118 �ã¤ëå �. �., �¨á¥«¥¢¨ç �. �.�­â¥£à¨àãï á®®â­®è¥­¨¥ (2.8) ¯® ¯¥à¥¬¥­­®© t ¢ ¯à¥¤¥« å ®â s ¤® t ¨ãç¨âë¢ ï, çâ® (mes
t)|t=s = mes
s, ¯à¨å®¤¨¬ ª ä®à¬ã«¥ (2.5). �®-ª § â¥«ìáâ¢® ¯à¥¤¥«ì­®£® à ¢¥­áâ¢  (2.6) ®ç¥¢¨¤­®, ¥á«¨ ãç¥áâì, çâ®á®®â­®è¥­¨¥ (2.8) ¬®�¥â ¡ëâì ¯à¥®¡à §®¢ ­® ª ¢¨¤ã
d

dt
lnmes
t = ∫
t

χ(x, t) dx
∫
t

dx
. (2.9)�¥®à¥¬  ¯®«­®áâìî ¤®ª § ­ .�¨�¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¢ëà �¥­¨¥mes
t = (mes
s) · exp t∫

s

χ(x(x0, s, τ), τ) dτ , (2.10)á¯à ¢¥¤«¨¢®áâì ª®â®à®£® á«¥¤ã¥â ¨§ (2.7) ¨ ¨­â¥£à «ì­®© â¥®à¥¬ë ®áà¥¤­¥¬, £¤¥ x0 | ­¥ª®â®à ï â®çª  ¨§ ª®¬¯ ªâ  
s.
§ 3. �®áâ â®ç­ë¥ ãá«®¢¨ï á¨«ì­®©­¥ãáâ®©ç¨¢®áâ¨ ¯® �ï¯ã­®¢ã á¥¬¥©áâ¢ âà ¥ªâ®à¨© á¨áâ¥¬ë ����¯à¥¤¥«¥­¨¥ 3. �¨áâ¥¬ã ��� (1.1), ®¡« ¤ îéãî ¢ ®¡« áâ¨ G =
× I ¯®«®�¨â¥«ì­® (®âà¨æ â¥«ì­®) ®¯à¥¤¥«¥­­®© ¤¨¢¥à£¥­æ¨¥©
χ(x, t) > a(x) > 0 (χ(x, t) 6 −b(x) < 0),­ §®¢¥¬ à áè¨àïîé¥©áï (á�¨¬ îé¥©áï), ¥á«¨ χ(x, t) 6 0, â® ­¥à á-è¨àïîé¥©áï.�¯à¥¤¥«¥­¨¥ 4. �¥¬¥©áâ¢® âà ¥ªâ®à¨©
t = {x(x0, s, t) = T (t, s)x0 : x0 ∈ 
s}, s 6 t < t∗,á¨áâ¥¬ë ��� (1.1) ­ §®¢¥¬ á¨«ì­® ­¥ãáâ®©ç¨¢ë¬ ¯® �ï¯ã­®¢ã ®â-­®á¨â¥«ì­® ¬­®�¥áâ¢  
s ⊂ 
, ¥á«¨ ª ª¨¬ ¡ë ¡®«ìè¨¬ ­¨ ¡ë«®ç¨á«® ε > 0 ¨ ª ª¨¬ ¡ë ¬ «ë¬ ­¨ ¡ë«® ç¨á«® δ > 0, áà¥¤¨ ¬­®�¥-áâ¢  âà ¥ªâ®à¨© 
t áãé¥áâ¢ãîâ ¯® ªà ©­¥© ¬¥à¥ ¤¢¥ â ª¨¥ âà ¥ªâ®à¨¨



�à¨â¥à¨© á¨«ì­®© ­¥ãáâ®©ç¨¢®áâ¨ ¯® �ï¯ã­®¢ã 119�x(t) = x(�x0, s, t), ��x(t) = x(��x0, s, t), �x0, ��x0 ∈ 
s, ¨ â ª®© ¬®¬¥­â ¢à¥¬¥­¨
τ = τ(ε, δ, �x0, ��x0), s < τ < t∗, çâ®0 < ρ(�x0, ��x0) 6 δ, ρ(�x(t), ��x(t)) > ε.�á­®, çâ® áª®«ì ã£®¤­® á¨«ì­ ï ¯®¤¢¥à�¥­­®áâì § ¤ ç¨ �®è¨ (1.1)¬ «ë¬ ¢®§¬ãé¥­¨ï¬ ¥¥ ­ ç «ì­®£® á®áâ®ï­¨ï x0 ∈ 
s ï¢«ï¥âáï ¡®«¥¥á¨«ì­ë¬ á¢®©áâ¢®¬, ç¥¬ ­¥ãáâ®©ç¨¢®áâì ¥¥ âà ¥ªâ®à¨© ¯® �ï¯ã­®¢ã[6℄. �¥©áâ¢¨â¥«ì­®, ¢ ®¯à¥¤¥«¥­¨¨ 4 à¥çì ¨¤¥â ® ­¥®£à ­¨ç¥­­®¬ ¢®§-à áâ ­¨¨ à ááâ®ï­¨ï ¬¥�¤ã á®áâ®ï­¨ï¬¨ á¨áâ¥¬ë ��� (1.1) ­  ¢®§¬ã-é¥­­®© ¨ ­¥¢®§¬ãé¥­­®© âà ¥ªâ®à¨ïå.�¥®à¥¬  2. �«ï â®£® çâ®¡ë á¥¬¥©áâ¢® âà ¥ªâ®à¨© 
t á¨áâ¥¬ë��� (1.1) ¡ë«® á¨«ì­® ­¥ãáâ®©ç¨¢ë¬ ¯® �ï¯ã­®¢ã ®â­®á¨â¥«ì­® ¬­®-�¥áâ¢  
s ⊂ 
, ¤®áâ â®ç­®, çâ®¡ë ¯®á«¥¤­ïï ¯à¨­ ¤«¥� «  ª« ááãà áè¨àïîé¨åáï á¨áâ¥¬ ¨ ¤«ï ­¥¥ ¢ë¯®«­ï«¨áì ¯à¥¤¯®«®�¥­¨ï � ¨ �.�â ª, ¤«ï á¨áâ¥¬ë ��� (1.1) ¢ë¯®«­ï¥âáï æ¥¯®çª  ­¥à ¢¥­áâ¢
∇ · X(x, t) = χ(x, t) > a(x) > 0. �ë¡¥à¥¬ ε > 0 ¨§ ãá«®¢¨ï, çâ®¡ë
ε-®ªà¥áâ­®áâì S∗(x0) âà ¥ªâ®à¨¨ x(t) = x(x0, s, t) æ¥«¨ª®¬ «¥� «  ¢®¡« áâ¨ 
, â. ¥. ¨¬¥«® ¬¥áâ® áâà®£®¥ ¢ª«îç¥­¨¥ S∗ ⊂ 
. �ãé¥áâ¢®¢ -­¨¥ ε-®ªà¥áâ­®áâ¨ S∗(x0) ¨ ç¨á«  ε > 0 ¢ëâ¥ª ¥â ¨§ ¯à¥¤¯®«®�¥­¨ï �.� «¥¥, ¯ãáâì S(x0, δ0/2) = {~x0 : ρ(x0, ~x0) 6 δ0/2} | ¬ ªá¨¬ «ì­ë© § -¬ª­ãâë© è à á æ¥­âà®¬ ¢ â®çª¥ x0 à ¤¨ãá  δ0/2 â ª®©, çâ® S ⊂ 
s.�®£¤  ¤«ï è à  S ¨ ¥£® ®¡à §  S̃ = T (t, s)S ¢ á¨«ã ä®à¬ã«ë (2.10)¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥mes S̃ > (mesS) · exp( t∫

s

χ(x(x0, s, τ), τ) dτ) − ε4 ,£¤¥ x(x0, s, t) | à¥è¥­¨¥ á¨áâ¥¬ë ��� (1.1); S = S(x0, δ0/2);
δ0 > 0 | ç¨á«®, ­¥ ¯à¥¢®áå®¤ïé¥¥ § ¤ ­­®£® δ > 0. Ǒà¨ íâ®¬ ®¡à §
S̃ è à  S ¯à¨ ®â®¡à �¥­¨¨ S̃ = T (t, s)S, ª ª ¯®ª § ­® ¢ëè¥, ï¢«ï¥â-áï ª®¬¯ ªâ­ë¬ ¬­®�¥áâ¢®¬ ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ t ∈ I. �à®¬¥â®£®, ¤«ï ®¡à §  S̃ è à  S á¯à ¢¥¤«¨¢  ®æ¥­ª mes S̃ 6 (d(S̃))n,
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d(S̃) = sup

x′,x′′∈S̃

ρ(x′, x′′) = ρ(�x, ��x)| ¤¨ ¬¥âà ¬­®�¥áâ¢  S̃ ⊂ 
; �x, ��x ∈ ∂S̃. � á¨«ã ¯à¥¤¯®«®�¥­¨ï � à¥-è¥­¨¥ § ¤ ç¨ �®è¨ (1.1) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨ ­¥¯à¥àë¢­® § ¢¨-á¨â ®â ­ ç «ì­ëå á®áâ®ï­¨© x0 ∈ 
s. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¥¤¨­-áâ¢¥­­ ï äã­ªæ¨ï χ(x(x0, s, t), t). Ǒà¨ íâ®¬ ®â®¡à �¥­¨¥ x(x0, s, t) =
T (t, s)x0 ­¥¯à¥àë¢­®, ¢§ ¨¬­® ®¤­®§­ ç­® ¨ ¨¬¥¥â ­¥¯à¥àë¢­®¥ ®¡à â-­®¥ ®â®¡à �¥­¨¥ T−1(t, s). � «¥¥, â ª ª ª �x = T (t, s)�x0, ��x = T (t, s)��x0¨ ρ(�x0, ��x0) 6 δ0 < δ, ¨§ á®®â­®è¥­¨© �x0 = T−1(t, s)�x, ��x0 = T−1(t, s)��xá«¥¤ã¥â, çâ® �x0, ��x0 ∈ ∂S, £¤¥ S = S(x0, δ0/2) | § ¬ª­ãâë© è à. �¤àã£®© áâ®à®­ë, ¨§¢¥áâ­®, çâ® ¬¥à  �¥¡¥£  (®¡ê¥¬) n-¬¥à­®£® è à  S¤¨ ¬¥âà  ∂(S) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©mesS = cn(d(S))n, cn = (21−nπn/2)

n�(n/2) , (3.1)£¤¥ �(x) = ∞∫0 e−ttx−1dt| £ ¬¬ -äã­ªæ¨ï. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®æ¥¯®çª  ­¥à ¢¥­áâ¢
d(S̃) > (mes S̃)1/n > (cn)1/n · d(S) · expn−1 t∫

s

χ(τ) dτ − ε4= (cn)1/n sup
x0,~x0∈S

ρ(x0, ~x0) · expn−1 t∫

s

χ(τ) dτ − ε4
> (cn)1/nρ(x0, ~x0) · expn−1 t∫

s

χ(τ) dτ − ε4(cn)1/nρ(x0, ~x0) · exp(n−1(t− s) inf
x∈S∗

a(x))− ε4 .� «¥¥, â ª ª ª inf
x∈S∗

a(x) > 0, áãé¥áâ¢ãîâ ¯® ªà ©­¥© ¬¥à¥ ¤¢¥ â®çª¨
x(t), ~x(t) ∈ S̃ â ª¨¥, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

ρ(x(t), ~x(t)) > (cn)1/nρ(x0, ~x0) exp(a∗(t− s)/n)− ε/4,
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x∈S∗

a(x).�¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥ 1. �à¨¢¨ «ì­®¥ à¥è¥­¨¥ x = 0 § ¤ ç¨ �®è¨_x = f(x, t), x(t)|t=s = x0, x ∈ R
1,

f(x, t) ∈ C
(1,1)
xt (R1 × I), f(0, t) ≡ 0 (3.2)®¡« ¤ ¥â  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâìî ¯® �ï¯ã­®¢ã, ¥á«¨ ��� (3.2)ï¢«ï¥âáï á�¨¬ îé¨¬áï, â. ¥. ∇ · f(x, t)|x=0 6 −c < 0.�â®â à¥§ã«ìâ â á«¥¤ã¥â ¨§ â¥®à¥¬ë �ï¯ã­®¢  ®¡  á¨¬¯â®â¨ç¥áª®©ãáâ®©ç¨¢®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨�¥­¨î [6℄. �à®¬¥ â®£®, áª «ïà­ë¥á�¨¬ îé¨¥áï ��� ¢¨¤  (3.2) å à ªâ¥à­ë â¥¬, çâ® ¨å à¥è¥­¨ï  á¨¬¯-â®â¨ç¥áª¨ ãáâ®©ç¨¢ë ¯® �ï¯ã­®¢ã ¯à¨∇·f(x, t)|x=0 6 −c < 0,   ¬­®�¥-áâ¢® ­ ç «ì­ëå á®áâ®ï­¨©, § ¤ ­­ëå ¢ R1, áâà¥¬¨âáï ª ¬­®£®®¡à §¨î�0 à §¬¥à­®áâ¨ ­ã«ì ¢ R1. �àã£¨¬¨ á«®¢ ¬¨, ¬­®£®®¡à §¨¥ ­ ç «ì­ëåá®áâ®ï­¨© ��� (3.2) áâï£¨¢ ¥âáï ¢ â®çªã. �¤­ ª® ­¥ ¢áïª ï á�¨¬ î-é ïáï á¨áâ¥¬  ��� ¡ã¤¥â ãáâ®©ç¨¢®© ¨«¨, â¥¬ ¡®«¥¥,  á¨¬¯â®â¨ç¥áª¨ãáâ®©ç¨¢®© ¯® �ï¯ã­®¢ã, å®âï mes
t (ä §®¢ë© ®¡ê¥¬) ¡ã¤¥â á�¨¬ âì-áï. � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã �®è¨_x1 = x2, _x2 = ω20x1 − 2hx2, x1(0) = x01, x2(0) = x02,£¤¥ h > 0, ω20 > 0. �¨¢¥à£¥­æ¨ï ¢¥ªâ®à­®£® ¯®«ï íâ®© á¨áâ¥¬ë ���à ¢­  −2h < 0,   ¥¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

x1(t) = {x01(γ(t) + ω−1hλ(t)) + x02ω−1λ(t)} exp(−ht),
x2(t) = {x01(ω − ω−1h2)λ(t) + x02(γ(t)− ω−1hλ(t))} exp(−ht),£¤¥ ω2 = ω20 + h2, γ(t) = 
h(ωt), λ(t) = sh(ωt). � ª¨¬ ®¡à §®¬,lim

t→∞
x1(t) =∞, lim

t→∞
x2(t) = ∞¤«ï ¢á¥å ­ ç «ì­ëå á®áâ®ï­¨©, ªà®¬¥ á«ãç ï, ª®£¤  x01 = x02 = 0. � ¬¥-â¨¬, çâ® ¤«ï à¥è¥­¨© x1(t), x2(t) ¢ë¯®«­ï¥âáï ¯à¥¤¥«ì­®¥ à ¢¥­áâ¢®lim

t→∞
x2(t)/x1(t) = ω − h, lim

t→∞
[x2(t)− (ω − h)x1(t)℄ = 0.



122 �ã¤ëå �. �., �¨á¥«¥¢¨ç �. �.� ª¨¬ ®¡à §®¬, ¨áá«¥¤ã¥¬ ï á¨áâ¥¬  ��� ­¥ãáâ®©ç¨¢  ¯® �ï¯ã­®¢ã.�¤­ ª® ¬­®�¥áâ¢® ­ ç «ì­ëå á®áâ®ï­¨© à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ �®-è¨, § ¤ ­­ëå ¢ R2, áâà¥¬¨âáï ¯à¨ t → ∞ ª ¬­®£®®¡à §¨î �1 ⊂ R1,â. ¥. ¢ëà®�¤ ¥âáï ¢ ¯àï¬ãî x2 = (ω − h)x1.Ǒ®-¢¨¤¨¬®¬ã, â®â ä ªâ, çâ® ¬­®�¥áâ¢® ­ ç «ì­ëå á®áâ®ï­¨©, § -¤ ­­ëå ¢ Rn, áâà¥¬¨âáï ¯® ªà ©­¥© ¬¥à¥ ª ¬­®£®®¡à §¨î �n−1 ¨«¨ ª¬­®£®®¡à §¨î �n−k, ï¢«ï¥âáï ®¤­®© ¨§ ä®à¬ ãáâ®©ç¨¢®áâ¨ ¤¢¨�¥­¨ï¯® �ï¯ã­®¢ã. � á¢ï§¨ á íâ¨¬ ­ §®¢¥¬ ¢¥«¨ç¨­ã l = k/n ª®íää¨æ¨-¥­â®¬ á� â¨ï ¬­®£®®¡à §¨ï �n. �®£¤  á�¨¬ îé ïáï ¤¨­ ¬¨ç¥áª ïá¨áâ¥¬ , ®¡« ¤ îé ï ª®íää¨æ¨¥­â®¬ á� â¨ï l = n/n = 1, ¤«ï ª®â®-à®© á®®â¢¥âáâ¢ãîé ï ¯à¨¢¥¤¥­­ ï á¨áâ¥¬  ¨¬¥¥â ­ã«ì ¨§®«¨à®¢ ­­®©â®çª®© ¯®ª®ï, ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®© ¯® �ï¯ã­®¢ã.
§ 4. �ã­ªæ¨¨, å à ªâ¥à¨§ãîé¨¥ «®ª «ì­ãîà áå®¤¨¬®áâì ¨ ­¥®£à ­¨ç¥­­ãî á£ãé ¥¬®áâìâà ¥ªâ®à¨© ­¥ ¢â®­®¬­®© á¨áâ¥¬ë ����¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¨ ®æ¥­¨¬ á­¨§ã äã­ªæ¨¨ α(x(x0, s, t), t),

β(x(x0, s, t), t), å à ªâ¥à¨§ãîé¨¥ á®®â¢¥âáâ¢¥­­® «®ª «ì­ãî à áå®¤¨-¬®áâì ¨ ­¥®£à ­¨ç¥­­ãî á£ãé ¥¬®áâì âà ¥ªâ®à¨© á¨áâ¥¬ë ��� (1.1).�â ª, ¯ãáâì S̃ = T (t, s)S(~x0, δ0/2) | ®¡à § § ¬ª­ãâ®£® è à 
S(~x0, δ0/2) = {x0 : ρ(x0, ~x0) 6 δ0/2},£¤¥ δ0 = d(S); S ⊂ 
s ⊂ 
. Ǒà¥¤¯®«®�¨¬, çâ® δt = d(S̃). �¢¥¤¥¬ ¢à áá¬®âà¥­¨¥ äã­ªæ¨î

α(x(x0, s, t), t) = lim
δ0→0 δt/δ0, (4.1)å à ªâ¥à¨§ãîéãî «®ª «ì­ãî à áå®¤¨¬®áâì  ­á ¬¡«ï âà ¥ªâ®à¨©�¨¡¡á  á¨áâ¥¬ë ��� (1.1), ¢ëå®¤ïé¨å ¨§ ®ªà¥áâ­®áâ¨ â®çª¨ ~x0 ∈ 
s.�ç¥¢¨¤­®, çâ® ç¥¬ ¡®«ìè¥ α(x(x0, s, t), t), â¥¬ á¨«ì­¥¥ à áå®¤ïâáï âà -¥ªâ®à¨¨ ¨§  ­á ¬¡«ï. �æ¥­¨¬ á­¨§ã äã­ªæ¨î α(x(x0, s, t), t). �®£« á­®ä®à¬ã«¥ (2.10) ¨¬¥¥¬mes S̃ = mesS(~x0, δ0/2) · exp t∫

s

χ(x(x0, s, τ), τ) dτ .



�à¨â¥à¨© á¨«ì­®© ­¥ãáâ®©ç¨¢®áâ¨ ¯® �ï¯ã­®¢ã 123Ǒà¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ â®â ä ªâ, çâ® mes S̃ 6 (δt)n, ¯®«ãç¨¬ á«¥¤ãî-éãî ®æ¥­ªã á­¨§ã äã­ªæ¨¨ (4.1):
α(x(x0, s, t), t) >

√
π2 Bn · exp 1

n

t∫

s

χ(x(x0, s, τ), τ) dτ , (4.2)£¤¥ Bn = [2/n�(n/2)℄1/n. � ª¨¬ ®¡à §®¬, ¥á«¨lim
t→t∗

t∫

s

χ(x(x0, s, τ), τ) dτ = ∞,â® ¨§ ä®à¬ã«ë (4.2) á«¥¤ã¥â, çâ®lim
t→t∗

α(x(x0 , s, t), t) =∞.� ¤àã£®© áâ®à®­ë, ¯ãáâì S(~x, εt/2) = {x : ρ(x, ~x) 6 εt/2} ⊂ 
t |§ ¬ª­ãâë© è à á æ¥­âà®¬ ¢ ¯à®¨§¢®«ì­®© â®çª¥ ~x ∈ 
t ⊂ 
 ¤¨ ¬¥â-à  d(S(~x, εt/2)) = εt. �®£¤  ¤«ï ª �¤®© â®çª¨ x ∈ S(~x, εt/2) áãé¥-áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï â®çª  x0 = T−1(t, s)x ∈ 
s, £¤¥ T−1(t, s) : x →
x(x0, s, t), t ∈ I. Ǒãáâì S | ®¡à § è à  S(~x, εt/2) ¯à¨ ®â®¡à �¥­¨¨
S = T−1S(~x, εt/2), ¯à¨ç¥¬ d(S) = ε0, d(S(~x, εt/2)) = εt. �¢¥¤¥¬ ¢à áá¬®âà¥­¨¥ äã­ªæ¨î

β(x(x0, s, t), t) = lim
εt→0 ε0/εt, (4.3)ª®â®à ï å à ªâ¥à¨§ã¥â, ª ª á¨«ì­® ª â¥ªãé¥¬ã ¬®¬¥­âã ¢à¥¬¥­¨ t ∈ Iá£ãé îâáï (á¡«¨� îâáï) ¬¥�¤ã á®¡®© âà ¥ªâ®à¨¨ á¨áâ¥¬ë ��� (1.1),¡¥àãé¨¥ ­ ç «® ¢ ®ªà¥áâ­®áâ¨ â®çª¨ ~x0 ∈ 
s. �­ ç¥ £®¢®àï, äã­ªæ¨ï(4.3) å à ªâ¥à¨§ã¥â á£ãé ¥¬®áâì  ­á ¬¡«ï âà ¥ªâ®à¨© �¨¡¡á  á¨áâ¥¬ë��� (1.1). � «¥¥, ¨§ á®®â­®è¥­¨ï S = T−1S(~x, εt/2) ¨ ä®à¬ã«ë (2.10)á«¥¤ã¥â § ¢¨á¨¬®áâìmesS = mesS(~x, εt/2) · exp−

t∫

s

χ(x(x0, s, τ), τ) dτ ,



124 �ã¤ëå �. �., �¨á¥«¥¢¨ç �. �.£¤¥ x0 | ­¥ª®â®à ï â®çª  ¨§ ¬­®�¥áâ¢  S. � ª ª ª (ε0)n > mesS, â. ¥.
ε0 > (mesS)1/n, á ãç¥â®¬ ä®à¬ã«ë (3.1) ¯®«ãç¨¬, çâ®

ε0 >

√
π2 Bnεt · exp− 1

n

t∫

s

χ(x(x0, s, τ), τ) dτ ,£¤¥ Bn = [2/n�(n/2)℄1/n. �¥¬ á ¬ë¬ ¤«ï äã­ªæ¨¨ (4.3) ¨¬¥¥â ¬¥áâ®á«¥¤ãîé ï ®æ¥­ª  á­¨§ã:
β(x(x0 , s, t), t) >

√
π2 Bn · exp− 1

n

t∫

s

χ(x(x0, s, τ), τ) dτ . (4.4)�à®¬¥ â®£®, ¥á«¨ lim
t→t∗

t∫

s

χ(x(x0, s, τ), τ) dτ = −∞,â® ¨§ ä®à¬ã«ë (4.4) á«¥¤ã¥â, çâ®lim
t→t∗

β(x(x0, s, t), t) = +∞.�â ª, äã­ªæ¨ï
L(t, x0, s) = t∫

s

χ(x(x0, s, τ)τ) dτ (4.5)å à ªâ¥à¨§ã¥â ª ª «®ª «ì­ãî à áå®¤¨¬®áâì, ª®£¤  lim
t→t∗

L(t, x0, s) = ∞,â ª ¨ ­¥®£à ­¨ç¥­­ãî á£ãé ¥¬®áâì, ª®£¤  lim
t→t∗

L(t, x0, s) = −∞, âà ¥ª-â®à¨© á¨áâ¥¬ë ��� (1.1), £¤¥ x0 ∈ 
s. �â ª, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¨©à¥§ã«ìâ â�¥®à¥¬  3. Ǒãáâì ¤«ï á¨áâ¥¬ë ��� (1.1) ¢ë¯®«­ïîâáï ¯à¥¤¯®-«®�¥­¨ï A, B ¨ lim
t→t∗

L(t, x0, s) = ∞ ¤«ï x0 ∈ 
s. �®£¤  á¥¬¥©áâ¢®âà ¥ªâ®à¨© 
t á¨áâ¥¬ë ��� (1.1) ï¢«ï¥âáï á¨«ì­® ­¥ãáâ®©ç¨¢ë¬ ¯®�ï¯ã­®¢ã ®â­®á¨â¥«ì­® ¬­®�¥áâ¢  
s ⊂ 
.
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§ 5.Ǒà¨¬¥à, á¢ï§ ­­ë© á ®æ¥­ª®© á­¨§ãäã­ªæ¨¨ á£ãé ¥¬®áâ¨ âà ¥ªâ®à¨©� áá¬®âà¨¬ ¤¢¨�¥­¨¥ ª®á¬¨ç¥áª®£® «¥â â¥«ì­®£®  ¯¯ à â  á ­¥à -¡®â îé¨¬ ¤¢¨£ â¥«¥¬ (¯ áá¨¢­ë© á¯ãáª) ­  ®á­®¢­®¬ ãç áâª¥ âà ¥ª-â®à¨¨ ¢å®¤  ¢  â¬®áä¥àã ¯« ­¥âë [7{9℄. �á­®¢­®© ãç áâ®ª âà ¥ªâ®à¨¨¢å®¤  ¢  â¬®áä¥àã ¯« ­¥âë å à ªâ¥à¥­ â¥¬, çâ® ¨¬¥­­® ­  ­¥¬  íà®¤¨-­ ¬¨ç¥áª¨¥ ­ £àã§ª¨ ¨ ¨­â¥­á¨¢­®áâì â¥¯«®¯¥à¥¤ ç¨ ¤®áâ¨£ îâ á¢®¨å¬ ªá¨¬ «ì­ëå §­ ç¥­¨©. � à ¡®â¥ [7℄ ¯®ª § ­®, çâ® ¯à¨ ®¯à¥¤¥«¥­-­ëå ¯à¥¤¯®«®�¥­¨ïå á¨áâ¥¬  ���, ®¯¨áë¢ îé ï ¯«®áª®¥ ¤¢¨�¥­¨¥ª®á¬¨ç¥áª®£® «¥â â¥«ì­®£®  ¯¯ à â  ­  ®á­®¢­®¬ ãç áâª¥ âà ¥ªâ®à¨¨¢å®¤  ¢  â¬®áä¥àã ¯« ­¥âë, ¨¬¥¥â ¢¨¤
dh

dv
= −f(h, v)θ, f(h, v) = [cxsρ02m ve−λh

]−1
,

v
dθ

dv
= − cy

cx
+ g − v2/r

v
f(h, v). (5.1)�¤¥áì v = v(t) | áª®à®áâì  ¯¯ à â  ¢ â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ t; h |¢ëá®â   ¯¯ à â  ­ ¤ ¯®¢¥àå­®áâìî ¯« ­¥âë; θ | ã£®« ­ ª«®­  âà -¥ªâ®à¨¨  ¯¯ à â  ª ¯«®áª®áâ¨ ¬¥áâ­®£® £®à¨§®­â ; ρ0 | ¯«®â­®áâì â¬®áä¥àë ¯« ­¥âë ­  ¢ëá®â¥ h = 0; r | à ¤¨ãá ¯« ­¥âë; m | ¬ á-á   ¯¯ à â ; g | ãáª®à¥­¨¥ á¨«ë âï�¥áâ¨; s | å à ªâ¥à­ ï ¯«®é ¤ì ¯¯ à â ; cx | ª®íää¨æ¨¥­â «®¡®¢®£® á®¯à®â¨¢«¥­¨ï; cy | ª®íää¨-æ¨¥­â ¯®¤ê¥¬­®© á¨«ë; λ | «®£ à¨ä¬¨ç¥áª¨© £à ¤¨¥­â ¯«®â­®áâ¨  â-¬®áä¥àë.�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ­®¢®¥ ­¥§ ¢¨á¨¬®¥ ¯¥à¥¬¥­­®¥ u(t) = v(t0)−

v(t), £¤¥ v(t0) = v0 | áª®à®áâì  ¯¯ à â  ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨
t = t0. �®£¤  ¨áá«¥¤ã¥¬ ï á¨áâ¥¬  ��� (5.1) ¯à¨­¨¬ ¥â ¢¨¤

dh

du
= f(h, u)θ, f(h, u) = [cxsρ02m (v0 − u)e−λh

]−1
,(v0 − u) dθ

du
= cy
cx

− g − (v0 − u)2/r
v0 − u

f(h, u), (5.2)£¤¥ u(t) = v(t0)− v(t) | ¬®­®â®­­® ¢®§à áâ îé ï ¯® ¢à¥¬¥­¨ t äã­ª-æ¨ï; u(t0) = u0 = 0, 0 6 u < v0 − v, v0 = v(t0). Ǒãáâì h(u0) = h0,
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θ(u0) = θ0 | ­ ç «ì­ë¥ ãá«®¢¨ï ¤«ï á¨áâ¥¬ë ��� (5.2). �®£¤  ¨á-â¨­­ë¥ (ä ªâ¨ç¥áª¨¥) âà ¥ªâ®à¨¨ ª®á¬¨ç¥áª®£® «¥â â¥«ì­®£®  ¯¯ à -â  ­  ®á­®¢­®¬ ãç áâª¥ ¢å®¤  ¢  â¬®áä¥àã ¯« ­¥âë ¬®£ãâ ®â«¨ç âìáï®â ¬®¤¥«ì­ëå (à áç¥â­ëå) ¢ á¨«ã àï¤  ¯à¨ç¨­. �­ «¨§ íâ¨å ¯à¨ç¨­¯à¨¢®¤¨â ª § ¤ ç¥ ® «®ª «ì­®© à áå®¤¨¬®áâ¨, à áá¥¨¢ ­¨¨ âà ¥ªâ®à¨©á¨áâ¥¬ë ��� (5.2). �¤­  ¨§ ¯à¨ç¨­ «®ª «ì­®© à áå®¤¨¬®áâ¨ âà ¥ª-â®à¨© á¨áâ¥¬ë ��� (5.2) § ª«îç ¥âáï ¢ áª®«ì ã£®¤­® á¨«ì­®© ¯®¤¢¥à-�¥­­®áâ¨ ¬®¤¥«¨ (5.2) ¬ «ë¬ ¢®§¬ãé¥­¨ï¬ ¥¥ ­ ç «ì­ëå á®áâ®ï­¨©
h0, θ0.�¥¯¥àì á ¯®¬®éìî ä®à¬ã«ë (4.4) ®æ¥­¨¬ á­¨§ã äã­ªæ¨î á£ãé -¥¬®áâ¨ (4.3) âà ¥ªâ®à¨¨ á¨áâ¥¬ë ��� (5.2) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
h(0) = h0, θ(0) = θ0. � íâ®© æ¥«ìî ¢ëç¨á«¨¬ äã­ªæ¨î (4.5) ¤«ïá¨áâ¥¬ë ��� (5.2). �â ª, ¨§ (5.2) á«¥¤ã¥â, çâ® á¯à ¢¥¤«¨¢  æ¥¯®çª à ¢¥­áâ¢
L(u, h0, θ0, 0) = λ

v0−v∫0 f(h(u), u)θ(u) du = λ

u∫0 dh(τ)= λ[h(u, h0, θ0)− h0℄ = −λ[h0 − h(u, h0, θ0)℄, (5.3)£¤¥ h0 | ­ ç «ì­ ï ¢ëá®â  ¢å®¤  ¢  â¬®áä¥àã ¯« ­¥âë; h(u) = h(u,
h0, θ0) | ¢ëá®â , á®®â¢¥âáâ¢ãîé ï â¥ªãé¥¬ã §­ ç¥­¨î ­¥§ ¢¨á¨¬®©¯¥à¥¬¥­­®© u. � ª ª ª λ > 0 ¨ h0 − h(u, h0, θ0) > 0, ¨§ ä®à¬ã«ë (5.3)á«¥¤ã¥â, çâ® L(u, h0, θ0, 0) < 0. �¥¬ á ¬ë¬ ¨§ á®®â­®è¥­¨© (4.3), (4.4)á«¥¤ã¥â, çâ® á ¬ ä ªâ á­¨�¥­¨ï ­  ®á­®¢­®¬ ãç áâª¥ âà ¥ªâ®à¨¨ ª®á-¬¨ç¥áª®£® «¥â â¥«ì­®£®  ¯¯ à â  ¢  â¬®áä¥àã ¯« ­¥âë ®ª §ë¢ ¥â áâ -¡¨«¨§¨àãîé¨© íää¥ªâ. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ã¬¥­ìè îâáï¢®§¬ãé¥­¨ï âà ¥ªâ®à¨© á¨áâ¥¬ë ��� (5.2), á¢ï§ ­­ë¥ á ¢®§¬ãé¥­¨-ï¬¨ ¥¥ ­ ç «ì­ëå á®áâ®ï­¨© h0, θ0, ¯à¨ç¥¬ ¨§ ä®à¬ã«ë (5.3) á«¥¤ã¥â,çâ® ¤ ­­ë© áâ ¡¨«¨§¨àãîé¨© íää¥ªâ â¥¬ ¡®«ìè¥, ç¥¬ ¡®«ìè¥ «®£ -à¨ä¬¨ç¥áª¨© £à ¤¨¥­â ¯«®â­®áâ¨  â¬®áä¥àë λ > 0 ¨ ¯¥à¥¯ ¤ ¢ëá®â
h0 − h(u, h0, θ0) > 0.Ǒãáâì, ­ ¯à¨¬¥à, ª®á¬¨ç¥áª¨© «¥â â¥«ì­ë©  ¯¯ à â á­¨� ¥âáï ¢ â¬®áä¥àã �¥¬«¨ ¨ h0 − h(u, h0, θ0) = 84ª¬. � á«ãç ¥ á­¨�¥­¨ï ¢  â-
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â¨­£ , � ©¤¥¬ ©áâ¥à , �í­  â¥®à¨ï ã§«®¢ ¢®¯«®â¨« áì ¢ ¡®«¥¥ ®¡-éãî â¥®à¨î âà¥å¬¥à­ëå ¬­®£®®¡à §¨©. �ë«® ¢¢¥¤¥­® ¯®­ïâ¨¥ äã­¤ -¬¥­â «ì­®© £àã¯¯ë, ¨ â¥®à¨ï £àã¯¯ áâ «  ®¤­¨¬ ¨§ ­ ¨¡®«¥¥ ¬®é­ëå¨­áâàã¬¥­â®¢ ¢ â¥®à¨¨ ã§«®¢. � 1975 £. � ©«¨ [4℄ ®¡­ àã�¨« ¯à¨¬¥àë£¨¯¥à¡®«¨ç¥áª¨å áâàãªâãà ­  ­¥ª®â®àëå ã§« å ¨ ¤®¯®«­¥­¨ïå § æ¥¯«¥-­¨© ¢ âà¥å¬¥à­®© áä¥à¥. Ǒ®§¤­¥¥, ¢¥á­®© 1977 £., �¥àáâ®­ ¯à¥¤áâ ¢¨«â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï ¤«ï à¨¬ ­®¢®© ¬¥âà¨ª¨ ¯®áâ®ï­­®© ®âà¨æ -â¥«ì­®© ªà¨¢¨§­ë ­  âà¥å¬¥à­ëå ¬­®£®®¡à §¨ïå. �  ¯à ªâ¨ª¥ ®ª -§ «®áì, çâ® ¤®¯®«­¥­¨ï ¯à®áâëå ã§«®¢, ¨áª«îç ï â®à¨ç¥áª¨¥ ¨ á â¥«-«¨â­ë¥, ¤®¯ãáª îâ £¨¯¥à¡®«¨ç¥áªãî áâàãªâãàã. �â® ®¡áâ®ïâ¥«ìáâ¢®
© 2013 �®ª®«®¢  �. �.



� áãé¥áâ¢®¢ ­¨¨ ¥¢ª«¨¤®¢®© áâàãªâãàë 129¤ ¥â ¢®§¬®�­®áâì ¯à¥¤áâ ¢¨âì â¥®à¨î ã§«®¢ ª ª à §¤¥« £¥®¬¥âà¨¨ ¨â¥®à¨¨ ª«¥©­®¢ëå £àã¯¯. � ç¨­ ï á à ¡®â �«¥ªá ­¤íà  [5℄, ¨­¢ à¨ ­-âë ¬­®£®ç«¥­®¢ áâ ­®¢ïâáï ã¤®¡­ë¬ ¨­áâàã¬¥­â®¬ ¤«ï ¨áá«¥¤®¢ ­¨©ã§«®¢. �­®£® à §­ëå ¢¨¤®¢ â ª¨å ¬­®£®ç«¥­®¢ ¡ë«¨ ¨§ãç¥­ë §  ¯®-á«¥¤­¨¥ 30 «¥â. �à¥¤¨ ­¨å ¬­®£®ç«¥­ë ��®­ , � ãä¬ ­ , ������-Ǒ�, �-¯®«¨­®¬ë (Jones-, Kaufmann-, HOMFLY-PT, A-polynomials) ¨¤à. [2, 6, 7℄. �â® ®¡áâ®ïâ¥«ìáâ¢® á¢ï§ë¢ ¥â â¥®à¨î ã§«®¢ á  «£¥¡à®© ¨ «£¥¡à ¨ç¥áª®© £¥®¬¥âà¨¥©.�¥«ìî ­ áâ®ïé¥© à ¡®âë ï¢«ï¥âáï ¨§ãç¥­¨¥ ¥¢ª«¨¤®¢ëå áâàãª-âãà ­  ã§« å ¨ § æ¥¯«¥­¨ïå. � íâ®¬ ­ ¯à ¢«¥­¨¨ ¨§¢¥áâ­ë á«¥¤ãîé¨¥à¥§ã«ìâ âë: ¥¢ª«¨¤®¢  áâàãªâãà  ­  ã§«¥ ý¢®áì¬¥àª þ 41 ¢®§­¨ª ¥â,ª®£¤  ¥£® ª®­¨ç¥áª¨© ã£®« α à ¢¥­ 2π3 . �â®â à¥§ã«ìâ â ¯®«ãç¥­ �¥à-áâ®­®¬ [8℄. �¢­ ï ª®­áâàãªæ¨ï äã­¤ ¬¥­â «ì­®£® ¬­®�¥áâ¢  ¤«ï ª®-­¨ç¥áª®£® ¬­®£®®¡à §¨ï 41(α) ¢ E3 ¯à¥¤«®�¥­  ¢ à ¡®â¥ �. �. �¥¤­ëå¨ �. �. � ááª §®¢  [9℄. �â® äã­¤ ¬¥­â «ì­®¥ ¬­®�¥áâ¢® ¯à¥¤áâ ¢-«ï¥â á®¡®© ­¥¢ë¯ãª«ë© ¤¢ ¤æ â¨£à ­­¨ª, ¢¥àè¨­ë ª®â®à®£® § ¤ îâ-áï æ¥«®ç¨á«¥­­ë¬¨ ª®®à¤¨­ â ¬¨. �®¯à®á áãé¥áâ¢®¢ ­¨ï ¥¢ª«¨¤®¢®©áâàãªâãàë ­  § æ¥¯«¥­¨¨ � ©âå¥¤  ¨§ãç¥­ ¢ à ¡®â¥ �. �. �¬ âª®¢ [10℄. �¥«ì ­ áâ®ïé¥© à ¡®âë | ¨áá«¥¤®¢ âì ®á­®¢­ë¥ £¥®¬¥âà¨ç¥áª¨¥¨­¢ à¨ ­âë ¥¢ª«¨¤®¢  ª®­¨ç¥áª®£® ¬­®£®®¡à §¨ï, á¨­£ã«ïà­ë¬ ¬­®-�¥áâ¢®¬ ª®â®à®£® ï¢«ï¥âáï ã§¥« âà¨«¨áâ­¨ª á ¬®áâ®¬,   ­®á¨â¥«¥¬ |âà¥å¬¥à­ ï áä¥à . �ë ãáâ ­®¢¨¬ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï â ª®£® ®¡ê-¥ªâ , ­ ©¤¥¬ ¤«¨­ë ¥£® á¨­£ã«ïà­ëå £¥®¤¥§¨ç¥áª¨å ¨ ¢ëç¨á«¨¬ ®¡ê¥¬.2. Ǒà¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï�à¥å¬¥à­ë¬ ª®­¨ç¥áª¨¬ ¬­®£®®¡à §¨¥¬ ­ §ë¢ ¥âáï ¬¥âà¨ç¥áª®¥¯à®áâà ­áâ¢®, ¯®«ãç¥­­®¥ ¨§ ­ ¡®à  ­¥¯¥à¥á¥ª îé¨åáï 3-á¨¬¯«¥ªá®¢¢ ¯à®áâà ­áâ¢¥ ¯®áâ®ï­­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë k ¯ãâ¥¬ ¨§®¬¥âà¨ç¥-áª®£® ®â®�¤¥áâ¢«¥­¨ï ¨å £à ­¥©. Ǒà¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® ®¡-à §®¢ ­­®¥ ¢ à¥§ã«ìâ â¥ â ª®£® ®â®�¤¥áâ¢«¥­¨ï â®¯®«®£¨ç¥áª®¥ ¯à®-áâà ­áâ¢® (¯à®áâà ­áâ¢®-­®á¨â¥«ì) ï¢«ï¥âáï ¬­®£®®¡à §¨¥¬.� ª®¥ ¬­®£®®¡à §¨¥ ®¡« ¤ ¥â à¨¬ ­®¢®© ¬¥âà¨ª®© ¯®áâ®ï­­®© á¥ª-



130 �®ª®«®¢  �. �.æ¨®­­®© ªà¨¢¨§­ë k ­  ®¡ê¥¤¨­¥­¨¨ ª«¥â®ª à §¬¥à­®áâ¥© 2 ¨ 3. � á«ã-ç ¥ k = 0 ¡ã¤¥¬ £®¢®à¨âì, çâ® á®®â¢¥âáâ¢ãîé¥¥ ª®­¨ç¥áª®¥ ¬­®£®®¡à -§¨¥ ¨¬¥¥â (¨«¨ ¤®¯ãáª ¥â) ¥¢ª«¨¤®¢ã áâàãªâãàã. �­ «®£¨ç­® ®¯à¥-¤¥«ïîâáï ª®­¨ç¥áª¨¥ ¬­®£®®¡à §¨ï á® áä¥à¨ç¥áª®© (k = +1) ¨ £¨¯¥à-¡®«¨ç¥áª®© (k = −1) áâàãªâãà ¬¨.�¥âà¨ç¥áª ï áâàãªâãà  ¢®ªàã£ ª �¤®© 1-ª«¥âª¨ ®¯à¥¤¥«ï¥âáï ª®-­¨ç¥áª¨¬ ã£«®¬, ª®â®àë© ï¢«ï¥âáï áã¬¬®© ¤¢ã£à ­­ëå ã£«®¢ ¯à¨ à¥¡-à å, ¤ îé¨å ¯®á«¥ ®â®�¤¥áâ¢«¥­¨ï íâã ª«¥âªã.�¨­£ã«ïà­ë¬ ¬­®�¥áâ¢®¬ ª®­¨ç¥áª®£® ¬­®£®®¡à §¨ï ­ §®¢¥¬ § -¬ëª ­¨¥ ¢á¥å 1-ª«¥â®ª, ª®­¨ç¥áª¨© ã£®« ¢®ªàã£ ª®â®àëå ­¥ à ¢¥­ 2π.�«¥¤ã¥â ®â¬¥â¨âì â ª�¥, çâ® â®çª  á¨­£ã«ïà­®£® ¬­®�¥áâ¢  á ª®-­¨ç¥áª¨¬ ã£«®¬ α ¨¬¥¥â ®ªà¥áâ­®áâì, ¨§®¬¥âà¨ç­ãî ®ªà¥áâ­®áâ¨ â®ç-ª¨, «¥� é¥© ­  à¥¡à¥ ª«¨­  á ã£«®¬ à áâ¢®à  α, £à ­¨ ª®â®à®£® ¯®-¯ à­® ®â®�¤¥áâ¢«¥­ë ¯®áà¥¤áâ¢®¬ ¯®¢®à®â  âà¥å¬¥à­®£® ¯à®áâà ­áâ¢ ¢®ªàã£ à¥¡à  ª«¨­ . �á«®¢­® ª®­¨ç¥áª®¥ ¬­®£®®¡à §¨¥ ¬®�­® ¯à¥¤-áâ ¢¨âì ª ª âà¥å¬¥à­ãî áä¥àã á ¢«®�¥­­ë¬ ¢ ­¥¥ £à ä®¬, ­  ª®â®à®¬¯à®¨áå®¤¨â ¨áª �¥­¨¥ ¬¥âà¨ª¨. Ǒà¨ íâ®¬ ¥á«¨ ¨§¬¥à¨âì ¤«¨­ã ®ªàã�-­®áâ¨ ¡¥áª®­¥ç­® ¬ «®£® à ¤¨ãá  ¢®ªàã£ ª®¬¯®­¥­âë £à ä , ¢¬¥áâ®áâ ­¤ àâ­®£® 2πε ®­  ¡ã¤¥â à ¢­  αε, £¤¥ α | ª®­¨ç¥áª¨© ã£®« ¢¤®«ìª®¬¯®­¥­âë £à ä .� ¤¨¬ ®¯à¥¤¥«¥­¨¥ £àã¯¯ë £®«®­®¬¨© ¤«ï £¥®¬¥âà¨ç¥áª®£® ®à¡¨-ä®«¤ . Ǒãáâì O | £¥®¬¥âà¨ç¥áª¨© ®à¡¨ä®«¤, ®¡« ¤ îé¨© (G,X)-áâàãªâãà®© [8℄. � áá¬®âà¨¬  áá®æ¨¨à®¢ ­­®¥ á ­¨¬ (G,X)-¬­®£®®¡à -§¨¥ M = O \ �, £¤¥ � | á¨­£ã«ïà­®¥ ¬­®�¥áâ¢® ®à¡¨ä®«¤  O . Ǒãáâì®¡« áâ¨ U1, U2, . . . ¨ ®â®¡à �¥­¨ï ϕi : Ui → X § ¤ îâ «®ª «ì­ë¥ á¨-áâ¥¬ë ª®®à¤¨­ â ­  M á äã­ªæ¨ï¬¨ ¯¥à¥å®¤ 
γij = ϕi ◦ ϕ−1

j : ϕj(Ui ∩ Uj) → ϕi(Ui ∩ Uj).Ǒ® ®¯à¥¤¥«¥­¨î (G,X)-¬­®£®®¡à §¨ï ª �¤®¥ ®â®¡à �¥­¨¥ γij «®ª «ì-­® ¤¥©áâ¢ã¥â ª ª í«¥¬¥­â ¨§ G, â ª çâ® γij ¬®�­® à áá¬ âà¨¢ âì ª ª«®ª «ì­® ¯®áâ®ï­­®¥ ®â®¡à �¥­¨¥ á® §­ ç¥­¨ï¬¨ ¢ G. Ǒ®á«¥ ª®¬¯®-§¨æ¨¨ á ϕj ¯®«ãç ¥¬ «®ª «ì­® ¯®áâ®ï­­®¥ ®â®¡à �¥­¨¥ Ui ∩ Uj → G,ª®â®à®¥ ¡ã¤¥¬ â ª�¥ ®¡®§­ ç âì ç¥à¥§ γij .



� áãé¥áâ¢®¢ ­¨¨ ¥¢ª«¨¤®¢®© áâàãªâãàë 131Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ¤¢¥ ª àâë (Ui, ϕi) ¨ (Uj , ϕj) ¯®ªàë¢ îâ®¤­ã ¨ âã �¥ â®çªã x. �®£¤  ¬®�­® â ª ¨§¬¥­¨âì ®â®¡à �¥­¨¥ ϕj (à á-á¬®âà¥¢ ¥¥ ª®¬¯®§¨æ¨î á γij), çâ® ®­® ¡ã¤¥â á®¢¯ ¤ âì á ®â®¡à �¥­¨¥¬
ϕi ¢¡«¨§¨ â®çª¨ x. �  á ¬®¬ ¤¥«¥, ¥á«¨ ¯¥à¥á¥ç¥­¨¥ Ui ∩Uj á¢ï§­®, â®íâ¨ ®â®¡à �¥­¨ï ¡ã¤ãâ á®¢¯ ¤ âì ­  ¢á¥¬ ¯¥à¥á¥ç¥­¨¨, â ª çâ® ¯®«ã-ç¨âáï ®â®¡à �¥­¨¥ Ui∩Uj → X, ¯à®¤®«� îé¥¥ ϕi. �®, ¢®®¡é¥ £®¢®àï,¯ëâ ïáì â ª¨¬ ®¡à §®¬ ¯à®¤®«�¨âì ª®®à¤¨­ â­®¥ ®â®¡à �¥­¨¥ ­  ¢á¥¬­®£®®¡à §¨¥, ¬ë ¯à¨¤¥¬ ª ­¥á®£« áãîé¨¬áï §­ ç¥­¨ï¬. �«ï â®£®çâ®¡ë ¨§¡¥� âì ­¥á®£« á®¢ ­­®áâ¨, ­ ¤® ¯¥à¥©â¨ ª ã­¨¢¥àá «ì­®© ­ -ªàë¢ îé¥©.�ë¡¥à¥¬ ®â¬¥ç¥­­ãî â®çªã x0 ∈ M ¨ ª àâã (U0, ϕ0), ¯®ªàë¢ î-éãî íâã â®çªã. Ǒãáâì π : M̃ → M | ã­¨¢¥àá «ì­ ï ­ ªàë¢ îé ï¯à®áâà ­áâ¢  M . �ã¤¥¬ ¯à¥¤áâ ¢«ïâì M̃ ª ª ¯à®áâà ­áâ¢® £®¬®â®¯¨-ç¥áª¨å ª« áá®¢ ¯ãâ¥© ¢ M 
 ­ ç «®¬ ¢ ®â¬¥ç¥­­®© â®çª¥ x0 ¨ à áá¬®â-à¨¬ ¯ãâì α, ¯à¥¤áâ ¢«ïîé¨© £®¬®â®¯¨ç¥áª¨© ª« áá [α℄ ∈ M̃ (â ª çâ®
α(1) = π([α℄)). � §®¡ì¥¬ ¯ãâì α ¯à®¬¥�ãâ®ç­ë¬¨ â®çª ¬¨

x0 = α(t0), x1 = α(t1), . . . , xn = α(tn)(£¤¥ t0 = 0 ¨ t1 = 1) â ª¨¬ ®¡à §®¬, çâ®¡ë ª �¤ë© ¨§ ¯®«ãç¨¢è¨å-áï ªãá®çª®¢ ¯ãâ¨ æ¥«¨ª®¬ ¯®ªàë¢ «áï ª ª®©-â® ®¤­®© ª àâ®© (Ui, ϕi).� â¥¬, ¤¢¨£ ïáì ¢¤®«ì ¯ãâ¨ α, ¯®¤¯à ¢«ï¥¬ ®ç¥à¥¤­®¥ ®â®¡à �¥­¨¥ ϕiâ ª, çâ®¡ë ®­® á®¢¯ «® á (ã�¥ ¯®¤¯à ¢«¥­­ë¬) ®â®¡à �¥­¨¥¬ ϕi−1 ¢­¥ª®â®à®© ®ªà¥áâ­®áâ¨ xi ∈ Ui−1∩Ui. �â¨ á®£« á®¢ ­­ë¥ ¤àã£ á ¤àã£®¬ª àâë ®¡à §ãîâ  ­ «¨â¨ç¥áª®¥ ¯à®¤®«�¥­¨¥ ®â®¡à �¥­¨ï ϕ0 ¢¤®«ì¤ ­­®£® ¯ãâ¨. Ǒ®á«¥¤­¥¥ ¨§ ­®¢ëå ª®®à¤¨­ â­ëå ®â®¡à �¥­¨© ¨¬¥¥â¢¨¤
ψ = γ01(x1)γ12(x2) . . . γn−1,n(xn)ϕn.�¨ªá¨à®¢ ¢ ¡ §¨á­ãî â®çªã ¨ ­ ç «ì­®¥ ®â®¡à �¥­¨¥ ϕn, ®¯à¥¤¥«¨¬®â®¡à �¥­¨¥ à §¢¥àâª¨ D : M̃ → X ª ª ®â®¡à �¥­¨¥, § ¤ ­­®¥ «®-ª «ì­® á ¯®¬®éìî  ­ «¨â¨ç¥áª®£® ¯à®¤®«�¥­¨ï ϕ0 ¢¤®«ì ª �¤®£® ¯ã-â¨. �­ ç¥ £®¢®àï, D = ϕσ0 ◦ π ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ σ ∈ M̃. Ǒà¨



132 �®ª®«®¢  �. �.¨§¬¥­¥­¨¨ ­ ç «ì­ëå ãá«®¢¨© (¡ §¨á­®© â®çª¨ ¨ ¨áå®¤­®£® ®â®¡à �¥-­¨ï) ®¡à § ®â®¡à �¥­¨ï à §¢¥àâª¨ ¬¥­ï¥âáï ¯®¤ ¤¥©áâ¢¨¥¬ ­¥ª®â®à®£®í«¥¬¥­â  ¨§ £àã¯¯ë G.�á«¨ ­ ¤¥«¨âì ¯à®áâà ­áâ¢® ã­¨¢¥àá «ì­®© ­ ªàë¢ îé¥© (G,X)-áâàãªâãà®©, ¨­¤ãæ¨à®¢ ­­®© ­ ªàëâ¨¥¬ π, â® ®â®¡à �¥­¨¥ à §¢¥àâª¨ï¢«ï¥âáï «®ª «ì­ë¬ (G,X)-£®¬¥®¬®àä¨§¬®¬ ¬¥�¤ã M̃ ¨ X .�®âï ¢ ­ ¨¡®«¥¥ ¨­â¥à¥á­ëå á«ãç ïå £àã¯¯  G ¤¥©áâ¢ã¥â ­  Xâà ­§¨â¨¢­®, íâ® ãá«®¢¨¥ ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï ®¯à¥¤¥«¥­¨ï®â®¡à �¥­¨ï D. � ¯à¨¬¥à, ¥á«¨ £àã¯¯  G âà¨¢¨ «ì­ ,   ¬­®£®®¡à -§¨¥ X § ¬ª­ãâ®, â® § ¬ª­ãâë¥ (G,X)-¬­®£®®¡à §¨ï | íâ® ¢ â®ç­®áâ¨ª®­¥ç­®«¨áâ­ë¥ ­ ªàëâ¨ï ­ ¤ X 
 ¯à®¥ªæ¨¥© D.� áá¬®âà¨¬ â¥¯¥àì í«¥¬¥­â σ äã­¤ ¬¥­â «ì­®© £àã¯¯ë ¯à®áâà ­-áâ¢ M. �­ «¨â¨ç¥áª®¥ ¯à®¤®«�¥­¨¥ ¢¤®«ì ¯¥â«¨ σ ¯à¨¢®¤¨â ª à®áâªã
ϕσ0 , ª®â®àë© ã�¥ ¬®�­® áà ¢­¨âì á ϕ0, â ª ª ª ®­¨ ®¡  ®¯à¥¤¥«¥­ë ¢®ªà¥áâ­®áâ¨ ¡ §¨á­®© â®çª¨. �¡®§­ ç¨¬ ç¥à¥§ gσ â ª®© í«¥¬¥­â £àã¯-¯ë G, ¤«ï ª®â®à®£® ϕσ0 = gσϕ0; gσ ¡ã¤¥¬ ­ §ë¢ âì £®«®­®¬¨¥© σ. �§®¯à¥¤¥«¥­¨ï ®â®¡à �¥­¨ï à §¢¥àâª¨ «¥£ª® ¢ë¢¥áâ¨, çâ® D◦Tσ = gσ◦D,£¤¥ Tσ : τ → στ ¥áâì ¯à¥®¡à §®¢ ­¨¥ ­ ªàëâ¨ï, ¨­¤ãæ¨à®¢ ­­®¥ í«¥-¬¥­â®¬ σ. Ǒà¨¬¥­ïï íâ® à ¢¥­áâ¢® ª ¯à®¨§¢¥¤¥­¨î ¯¥â¥«ì, ¯®«ãç ¥¬,çâ® ®â®¡à �¥­¨¥ H : σ → gσ ¨§ π1(M) ¢ G ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬,ª®â®àë© ¡ã¤¥¬ ­ §ë¢ âì £®«®­®¬¨¥©M. �£® ®¡à § ­ §ë¢ ¥âáï £àã¯¯®©£®«®­®¬¨¨ ¯à®áâà ­áâ¢  M. � ¬¥â¨¬, çâ® ®â®¡à �¥­¨¥ H § ¢¨á¨â ®â¯à®¨§¢®«  ¯à¨ ¯®áâà®¥­¨¨ D: ¯à¨ ¨§¬¥­¥­¨¨ D ®¡à § ®â®¡à �¥­¨ï Há®¯àï£ ¥âáï í«¥¬¥­â®¬ ¨§ G.
�¨á. 1. �§¥« âà¨«¨áâ­¨ªá ¬®áâ®¬.

�ë ¨áá«¥¤ã¥¬ ª®­¨ç¥áª®¥ ¬­®£®®¡à §¨¥O = O(α, β; γ), ­®á¨â¥«¥¬ ª®â®à®£® ï¢«ï¥â-áï âà¥å¬¥à­ ï áä¥à  S3,   á¨­£ã«ïà­ë¬ ¬­®-�¥áâ¢®¬ � | ã§¥« âà¨«¨áâ­¨ª á ®¤­¨¬ ¬®-áâ®¬, ª®â®àë© ¯à¥¤áâ ¢«ï¥â á®¡®© £à ä, ¨§®¡-à �¥­­ë© ­  à¨á. 1.�ã­¤ ¬¥­â «ì­ ï £àã¯¯  π1(S3 \ �) ¤®-¯®«­¥­¨ï ª £à äã ¬®�¥â ¡ëâì ­ ©¤¥­  á ¯®¬®-



� áãé¥áâ¢®¢ ­¨¨ ¥¢ª«¨¤®¢®© áâàãªâãàë 133éìî  «£®à¨â¬  �¨àâ¨­£¥à  ¨ ¨¬¥¥â ¤¢  ¯®à®�¤ îé¨å í«¥¬¥­â . �ë¨§ãç ¥¬ £¥®¬¥âà¨ç¥áªãî áâàãªâãàã ­  ¤ ­­®¬ ª®­¨ç¥áª®¬ ¬­®£®®¡à -§¨¨.�®­¨ç¥áª®¥ ¬­®£®®¡à §¨¥ ï¢«ï¥âáï ¯®¯®«­¥­¨¥¬ ¤«ï ¬¥âà¨ç¥áª®-£® ¯à®áâà ­áâ¢ , ®¡à §®¢ ­­®£® ¤®¯®«­¥­¨¥¬ á¨­£ã«ïà­®£® ¬­®�¥áâ¢ 
S3 \�. �­ ç¥­¨¥ ª®­¨ç¥áª®£® ã£«  α ¢¤®«ì ª®¬¯®­¥­âë ã§«  ®¯à¥¤¥«ï-¥âáï ¯®¯®«­¥­¨¥¬ ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢ . Ǒà¨ íâ®¬ ¯à¥¤¯®« £ ¥â-áï, çâ® ¥á«¨ g ¨ h | £®¬¥®¬®àä¨§¬ë, ¯¥à¥¢®¤ïé¨¥ ®ªà¥áâ­®áâì â®çª¨¬­®£®®¡à §¨ï ¢ è àë ¢¨¤  B3 = {x ∈ R3 : ‖x‖ < 1} á í«¥¬¥­â®¬ ¯«®é -¤¨ ¯®¢¥àå­®áâ¨ ds2 = dx2+ dy2+ dz2, â® £®¬¥®¬®àä¨§¬ g ◦h−1 á®áâ®¨â¨§ ¢à é¥­¨© ¨ ¯¥à¥¬¥é¥­¨© ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ . � ª¨¬ ®¡à §®¬,®­ á®åà ­ï¥â ¥¢ª«¨¤®¢ã ¬¥âà¨ªã. � «¥¥, ¯à¥¤áâ ¢«ïï ¯®à®�¤ îé¨¥äã­¤ ¬¥­â «ì­®© £àã¯¯ë ç¥à¥§ ¬ âà¨æë ¢à é¥­¨ï ¢ ¥¢ª«¨¤®¢®¬ ¯à®-áâà ­áâ¢¥, ¯®«ãç¨¬ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¥¢ª«¨¤®¢®© áâàãªâãàë ­ ª®­¨ç¥áª®¬ ¬­®£®®¡à §¨¨. �«ï íâ®£® ­ ©¤¥¬ £àã¯¯ã £®«®­®¬¨© ¤ ­-­®£® ¬­®£®®¡à §¨ï.� áá¬®âà¨¬ ®â®¡à �¥­¨¥ £®«®­®¬¨¨ ϕ : π1(S3 \ �) → Isom(E3),ª®â®à®¥ ¯¥à¥¢®¤¨â ¯®à®�¤ îé¨¥ s ¨ t äã­¤ ¬¥­â «ì­®© £àã¯¯ë

π1(S3 \ �) = 〈s, t〉, (1)á®®â¢¥âáâ¢ãîé¨¥ ¯¥â«ï¬ ¢®ªàã£ à¥¡¥à � á ¨­¤¥ªá ¬¨ α ¨ β, ¢ «¨­¥©­ë¥¯à¥®¡à §®¢ ­¨ïS (x) = (x− e3)S + e3, T (x) = (x + e3)T − e3. (2)Ǒà¨ íâ®¬ e3 = (0, 0, 1),   S ¨ T | ¬ âà¨æë ¢à é¥­¨© ­  ã£«ë α ¨ βá®®â¢¥âáâ¢¥­­®.�¢¥¤¥¬ ®¡®§­ ç¥­¨ï M = 
tg α2 , N = 
tg β2 , â®£¤  ¬ âà¨æë ¢à é¥-­¨© S ¨ T ¨¬¥îâ ¢¨¤
S = 1

M2 + 1 M2 + 
os θ sin θ −2M sin θ2sin θ M2 − 
os θ 2M 
os θ22M sin θ2 −2M 
os θ2 −1 +M2  , (3)
T = 1

N2 + 1 N2 + 
os θ − sin θ 2N sin θ2
− sin θ N2 − 
os θ 2N 
os θ2

−2N sin θ2 −2N 
os θ2 −1 +N2 , (4)



134 �®ª®«®¢  �. �.£¤¥ θ| ã£®« ®â­®á¨â¥«ì­®£® ¯®¢®à®â  ¬¥�¤ã á¨­£ã«ïà­ë¬¨ ª®¬¯®­¥­-â ¬¨ [10℄.Ǒà¨ íâ®¬ áç¨â ¥¬, çâ® ®â®¡à �¥­¨¥ £®«®­®¬¨¨ ¯¥à¥¢®¤¨â í«¥¬¥­â
k = tsts−1t−1s−1 ¢® ¢à é¥­¨¥ ­  ã£®« γ ¢®ªàã£ á¨­£ã«ïà­®© ª®¬¯®­¥­-âë, á®®â¢¥âáâ¢ãîé¥© ¬®áâã ã§«  (á¬. à ¡®âã [11℄ ¤«ï ¡®«¥¥ ¤¥â «ì­®£®®¡êïá­¥­¨ï £¥®¬¥âà¨ç¥áª®£® á¬ëá«  ãª § ­­ëå ¯®à®�¤ îé¨å).�àã¯¯®© £®«®­®¬¨© ¨áá«¥¤ã¥¬®£® ¬­®£®®¡à §¨ï ­ §ë¢ ¥âáï £àã¯-¯ , ¯®à®�¤¥­­ ï ¢à é¥­¨ï¬¨ S ¨ T ¢®ªàã£ á¨­£ã«ïà­ëå ª®¬¯®­¥­âäã­¤ ¬¥­â «ì­®£® ¬­®�¥áâ¢  ­  ã£«ë α ¨ β á®®â¢¥âáâ¢¥­­®.3. �âàãªâãà  äã­¤ ¬¥­â «ì­®£® ¬­®�¥áâ¢ ¤«ï ã§«  âà¨«¨áâ­¨ª á ¬®áâ®¬Ǒ®áâà®¨¬ äã­¤ ¬¥­â «ì­®¥ ¬­®�¥áâ¢® ¤«ï ¬­®£®®¡à §¨ïO(α, β; γ).�â® ãª § ­­ë© ­  à¨á. 2 ­ ¡®à ­¥¯¥à¥á¥ª îé¨åáï 3-á¨¬¯«¥ªá®¢ ¢ ¯à®-áâà ­áâ¢¥ ¯®áâ®ï­­®© ­ã«¥¢®© ªà¨¢¨§­ë, ¨§ ª®â®à®£® ¯ãâ¥¬ ¨§®¬¥âà¨-ç¥áª®£® ®â®�¤¥áâ¢«¥­¨ï £à ­¥© ¯®«ãç ¥âáï ¤ ­­®¥ ª®­¨ç¥áª®¥ ¬­®£®-®¡à §¨¥. �ã­¤ ¬¥­â «ì­®¥ ¬­®�¥áâ¢® ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢¥­ ¤æ â¨-£à ­­¨ª, ¨¬¥îé¨© 8 ¢¥àè¨­.

�¨á. 2. �ã­¤ ¬¥­â «ì­ë© ¤¢¥­ ¤æ â¨£à ­­¨ª F .�â® ¬­®�¥áâ¢® ¬®�¥â ¡ëâì à¥ «¨§®¢ ­® ¢ «î¡®© ¨§ âà¥å £¥®¬¥â-à¨©: S3, H3 ¨ E3. Ǒà¨ íâ®¬, ª ª ®â¬¥ç¥­® ¢ [11℄, ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬à¥ «¨§ æ¨¨ ¬­®£®£à ­­¨ª  ¢ ¥¢ª«¨¤®¢®© £¥®¬¥âà¨¨ ï¢«ï¥âáï à ¢¥­áâ¢®
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α = β,   â ª�¥ ­ «¨ç¨¥ ­¥ª®â®à®£® á®®â­®è¥­¨ï, á¢ï§ë¢ îé¥£® ã£«ë
α ¨ γ, ¡®«¥¥ â®ç­ ï ä®à¬ã«¨à®¢ª  ¡ã¤¥â ¤ ­  ­¨�¥, ¢ â¥®à¥¬¥ 1.�â®�¤¥áâ¢«¥­¨¥ ªà¨¢®«¨­¥©­ëå £à ­¥© ¬­®£®£à ­­¨ª  F ®áãé¥-áâ¢«ï¥âáï ¨§®¬¥âà¨ç¥áª¨¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ S ¨ T ¯® á«¥¤ãîé¨¬¯à ¢¨« ¬ :S : P1P0P5P4 → P1P2P3P4;T : P2P1P0P5 → P2P3P4P5.4. �¥ «¨§ æ¨ï äã­¤ ¬¥­â «ì­®£® ¬­®�¥áâ¢ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥Ǒ®áâà®¨¬ £¥®¬¥âà¨ç¥áªãî à¥ «¨§ æ¨î äã­¤ ¬¥­â «ì­®£® ¬­®�¥-áâ¢  O(α, α; γ) ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥. �«ï íâ®£® ­ ©¤¥¬ ª®®à¤¨-­ âë ¥£® ¢¥àè¨­ ¨ ¢ëà §¨¬ ¨å ç¥à¥§ ­¥ª®â®àë© ¯ à ¬¥âà, ¨¬¥îé¨©£¥®¬¥âà¨ç¥áª¨© á¬ëá«.Ǒ®«®�¨¬ X = 
os θ2 , Y = sin θ2 , £¤¥ θ | ã£®« ®â­®á¨â¥«ì­®£® ¯®¢®-à®â  ¬¥�¤ã ª®¬¯®­¥­â ¬¨ ã§« . �®£¤  ­¥¯®¤¢¨�­ë¬¨ ¤«ï S ¨ T ¨§(2) ¡ã¤ãâ á«¥¤ãîé¨¥ ¯àï¬ë¥:Fix(S ) = (tX, tY, 1), Fix(T ) = (tX,−tY,−1), t ∈ R.� âà¥å¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ ®á¨ ¢à é¥­¨© Fix(S ) ¨Fix(T ) à á¯®«®�¥­ë ª ª áªà¥é¨¢ îé¨¥áï ¯àï¬ë¥ á ®¡é¨¬ ¯¥à¯¥­¤¨-ªã«ïà®¬ ¯® ®á¨ Oz ¨ ã£«®¬ θ ¬¥�¤ã ­¨¬¨ (à¨á. 3).�«ï äã­¤ ¬¥­â «ì­®£® ¤¢¥­ ¤æ â¨£à ­­¨ª  F (á¬. à¨á. 2) ¯ àë¥£® ¢¥àè¨­ {P1, P4}, {P2, P5} «¥� â á®®â¢¥âáâ¢¥­­® ­  ®áïå Fix(S ),Fix(T ). �§¥« âà¨«¨áâ­¨ª á ¬®áâ®¬ ®¡« ¤ ¥â âà¥¬ï á¨¬¬¥âà¨ï¬¨ ¢â®-à®£® ¯®àï¤ª . � ç áâ­®áâ¨, ¢à é¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¢ ®á¨ Ox ®áâ ¢-«ï¥â äã­¤ ¬¥­â «ì­ë© ¬­®£®£à ­­¨ª ¨­¢ à¨ ­â­ë¬. �âáî¤  á«¥¤ã¥â,çâ® ¤¢¥ ®áâ ¢è¨¥áï ¢¥àè¨­ë P0 ¨ P3 «¥� â ­  ®á¨ Ox. Ǒ¥à¥¯¨è¥¬ à -¢¥­áâ¢® P2 = P0S ¢ ª®®à¤¨­ â­®¬ ¢¨¤¥. �¬¥¥¬

P2 = (x, 0, 0)S = (tX,−tY,−1).�¥è ï íâã á¨áâ¥¬ã ®â­®á¨â¥«ì­® x, t ¨ X , ­ ©¤¥¬, çâ®
x = 3 +M22MY

, t = − 3X
MY

, X2 = 3−M212 . (∗)
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�¨á. 3. �á¨ ¢à é¥­¨© Fix(S ) ¨ Fix(T ).Ǒà¨ íâ®¬
X = 
os θ2 ¨ Y = sin θ2¯®«®�¨â¥«ì­ë¥ ¢¥«¨ç¨­ë, á¢ï§ ­­ë¥ á®®â­®è¥­¨¥¬ X2+Y 2 = 1. Ǒ®¤-áâ ¢«ïï x ¢ ¨áå®¤­®¥ à ¢¥­áâ¢®, ­ ©¤¥¬

P2 = (3 +M2 − 6Y 22MY
,
3X
M

,−1) .�â ª, ãç¨âë¢ ï á¨¬¬¥âà¨î ¬­®£®£à ­­¨ª , ¨¬¥¥¬ á«¥¤ãîé¥¥ ¯à¥¤-áâ ¢«¥­¨¥ ª®®à¤¨­ â ¥£® ¢¥àè¨­:
P0 = (x, 0, 0), P1 = (A,B, 1), P2 = (−A,B,−1),

P3 = (−x, 0, 0), P4 = (−A,−B, 1), P5 = (A,−B,−1),
Q0 = (0, 0, 1), Q1 = (0, 0,−1), (5)£¤¥
A = −3 +M2 − 6Y 22MY

, B = 3X
M

.�§ á®®â­®è¥­¨ï (∗) ¯®«ãç¨¬
X = 
os θ2 = √3−M22√3 . (6)



� áãé¥áâ¢®¢ ­¨¨ ¥¢ª«¨¤®¢®© áâàãªâãàë 137�¥¯¥àì ¯¥à¥¯¨è¥¬ ¢¥«¨ç¨­ë ¤«ï ª®®à¤¨­ â ¢¥àè¨­ ¬­®£®£à ­­¨-ª  ç¥à¥§ ¯ à ¬¥âà M = 
tg α2 . �¬¥¥¬
Y = √9 +M22√3 , A = √3(3−M2)2M√(9 +M2) ,
B = √3(3−M2)2M , x = √3(3 +M2)√9 +M2 .

(7)5. �¢ª«¨¤®¢ ®¡ê¥¬ ª®­¨ç¥áª®£® ¬­®£®®¡à §¨ï�á­®¢­ë¬ à¥§ã«ìâ â®¬ ­ áâ®ïé¥© à ¡®âë ï¢«ïîâáï ¤¢¥ á«¥¤ãî-é¨¥ â¥®à¥¬ë.�¥®à¥¬  1. Ǒãáâì α ∈
(

π3 , π), γ ∈ (0, 2π) ¨ ¢ë¯®«­¥­® á«¥¤ãîé¥¥á®®â­®è¥­¨¥: ( 
os 3α23 
os α2 )3 + sin2 γ4 = 0. (8)�®£¤  ª®­¨ç¥áª®¥ ¬­®£®®¡à §¨¥ O(α, α; γ) ¥¢ª«¨¤®¢®.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¬ âà¨æã K = TSTS−1T−1S−1,á®®â¢¥âáâ¢ãîéãî á«®¢ã k = tsts−1t−1s−1. �ç¨âë¢ ï, çâ® trS = trT =2 
osα+ 1, ¨ ¢ëç¨á«ïï á«¥¤ ¬ âà¨æë K = TSTS−1T−1S−1, ¨¬¥¥¬trK = 1272 (27 + 4r)(81 + 4r), (9)£¤¥ r = (2 
osα−1)3. � ¤àã£®© áâ®à®­ë, ¬ âà¨æ  K ¯à¥¤áâ ¢«ï¥â á®¡®©¢à é¥­¨¥ ­  ã£®« γ. � ª ª ª K | ®àâ®£®­ «ì­ ï ¬ âà¨æ , ¥¥ á«¥¤á¢ï§ ­ á ã£«®¬ ¢à é¥­¨ï á«¥¤ãîé¨¬ ®¡à §®¬:trK = 2 
os γ + 1. (10)�®£« á­® ãà ¢­¥­¨î (10)
os γ2 = √trK + 12 = 1 + 227r.�ç¨âë¢ ï, çâ® sin2 γ4 = 12(1− 
os γ2 ), ¨¬¥¥¬sin2 γ4 = − r27 = − (2 
osα− 1)327 ,



138 �®ª®«®¢  �. �.çâ® íª¢¨¢ «¥­â­® à ¢¥­áâ¢ã (8).�¡®§­ ç¨¬ ç¥à¥§ d ­ ¨¬¥­ìè¥¥ à ááâ®ï­¨¥ ¬¥�¤ã á¨­£ã«ïà­ë¬¨£¥®¤¥§¨ç¥áª¨¬¨ O(α, α; γ),   ç¥à¥§ θ | ã£®« ®â­®á¨â¥«ì­®£® ¯®¢®à®â ¬¥�¤ã ­¨¬¨. � ª�¥ ®¡®§­ ç¨¬ ç¥à¥§ lα ¨ lγ ¤«¨­ë á¨­£ã«ïà­ëå £¥®¤¥-§¨ç¥áª¨å. �¢¥¤¥¬ ¯ à ¬¥âà u = 
os θ ¨ ¡ã¤¥¬ áç¨â âì, çâ® θ ∈ ( 2π3 , π).�¥®à¥¬  2. �¢ª«¨¤®¢ ®¡ê¥¬ ª®­¨ç¥áª®£® ¬­®£®®¡à §¨ï O(α, α; γ)à ¢¥­ Vol(O(α, α; γ)) = − 21 + 2u√1− u2,¯à¨¢¥¤¥­­ë© ¥¢ª«¨¤®¢ ®¡ê¥¬ à ¢¥­vol(O(α, α; γ)) = Vol(O(α, α; γ))
dlγ l2α = (1− u)2√(−1− 2u)72√2√1 + u

√1 + 4u+ 7u2 .�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ â¥âà í¤àë Ti = Q0PiPi+1Q1, £¤¥
i = 0, . . . , 5,   P6 = P0. �å ®¡ê¥¤¨­¥­¨¥ á®áâ ¢«ï¥â äã­¤ ¬¥­â «ì­ë©¬­®£®£à ­­¨ª F , ¨§®¡à �¥­­ë© ­  à¨á. 2. �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï-¥¬, çâ® ¢á¥ ®­¨ ï¢«ïîâáï ®¤¨­ ª®¢® ®à¨¥­â¨àã¥¬ë¬¨ ¨ ­¥¢ëà®�¤¥­-­ë¬¨. � ¯®¬­¨¬, çâ® ®à¨¥­â¨àã¥¬ë© ®¡ê¥¬ â¥âà í¤à  T = V1V2V3V4á ¢¥àè¨­ ¬¨ Vi = (xi, yi, zi), i = 1, 2, 3, 4, ­ å®¤¨âáï ¯® ä®à¬ã«¥VolT = 16 det x1 − x4 y1 − y4 z1 − z4

x2 − x4 y2 − y4 z2 − z4
x3 − x4 y3 − y4 z3 − z4 . (11)Ǒà¨ íâ®¬ ¢ëà §¨¬ ¢¥àè¨­ë â¥âà í¤à®¢ ç¥à¥§ ¯ à ¬¥âà u = 
os θ ¤«ï

θ ∈
(
− 2π3 , π). �®á¯®«ì§ã¥¬áï ä®à¬ã«®© (6) ¨ ¯®«ãç¨¬, çâ® ¯¥à¥¬¥­­ ï

M ¢ ¢ëà �¥­¨ïå (7) ¤«ï ª®®à¤¨­ â ¢¥àè¨­ (5) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥
M = √

−3− 6u. �§ à ¢¥­áâ¢  á®®â¢¥âáâ¢ãîé¨å áâ®à®­ ¬­®£®£à ­­¨ª á®£« á­® á¨¬¬¥âà¨¨ ¯® ä®à¬ã«¥ (11) ­ å®¤¨¬, çâ® ®¡ê¥¬ë â¥âà í¤à®¢
P0P1Q0Q1, P5P0Q0Q1, P2P3Q0Q1, P3P4Q0Q1 à ¢­ëVol1 = u

√1 + u√1− u(1 + 2u) .�¡ê¥¬ë â¥âà í¤à®¢ P1P2Q0Q1 ¨ P4P5Q0Q1 à ¢­ëVol2 = − (1 + u) 32√1− u(1 + 2u) .



� áãé¥áâ¢®¢ ­¨¨ ¥¢ª«¨¤®¢®© áâàãªâãàë 139� ¡«¨æ  1�®­¨ç¥áª¨© ã£®« α ¬­®£®®¡à - �¢ª«¨¤®¢ ®¡ê¥¬ Vol(O) �¢ª«¨¤®¢ë ¤«¨­ë§¨ï O = O(α, α, γ), ¯ à ¬¥âàë ¨ ¯à¨¢¥¤¥­­ë© ¥¢ª«¨- ℓα ¨ ℓγ á¨­£ã«ïà­ëå
g = 
os γ2 , u = 
os θ ¤®¢ ®¡ê¥¬ vol(O) £¥®¤¥§¨ç¥áª¨å O

α = π3 + 0.01, g = 1, 0.30791, 0.182526 0.265114 12.006
u = −0.988618
α = ar
tg√15, 8√25 = 2.26274, 3√ 310 = 1.64317,

g = 107108 , u = − 79 881√ 543 = 0.03368 3√ 865 = 12.4419
α = π2 , g = 2527 , 2√5 = 4.47214, 6√5 = 2.68328,
g = 2527 , u = − 23 25216√26 = 0.0227 6√ 265 = 13.68212π3 , g = 1127 , 4√14 = 14.9666, 6√ 67 = 5.55492,

u = − 59 49648√38 = 0.01227 12√ 197 = 19.7701
α = π − 0.01, g = −0.9998, 2074.42, 0.00104 69.1858, 207.817

u = −0.50042
Ǒà¨ ¢á¥å §­ ç¥­¨ïå ¯ à ¬¥âà  θ ∈

(
− 2π3 , π) ®à¨¥­â¨à®¢ ­­ë¥ ®¡ê¥¬ë¯®«®�¨â¥«ì­ë, ¨ ¬­®£®£à ­­¨ª F (á¬. à¨á. 2) á®áâ®¨â ¨§ ­¥¢ëà®�-¤¥­­ëå â¥âà í¤à®¢. �âáî¤ Vol(F ) = 4Vol1+2Vol2 = − 21 + 2u√1− u2.�¨­£ã«ïà­ë¥ £¥®¤¥§¨ç¥áª¨¥ ª®­¨ç¥áª®£® ¬­®£®®¡à §¨ï O(α, β; γ)¯à¥¤áâ ¢«ïîâ á®¡®© ª®¬¯®­¥­âë ã§« , ª®â®àë¥ á®®â¢¥âáâ¢ãîâ à §­ë¬ª®­¨ç¥áª¨¬ ã£« ¬ α, β ¨ γ. � ©¤¥¬ ¤«¨­ë á¨­£ã«ïà­ëå ª®¬¯®­¥­â¨áá«¥¤ã¥¬®£® ¬­®£®®¡à §¨ï:

lα = lβ = ‖P1P4‖ = ‖P2P5‖, lγ = 5∑
i=0 ‖PiPi+1‖,



140 �®ª®«®¢  �. �.£¤¥ P6 = P0. �¬¥¥¬
lα = 2√ 3(1 + u)(1− u)(−1− 2u) , lγ = 6√ 2(1 + 4u+ 7u2)(1− u)(−1− 2u) , d = ‖Q0Q1‖ = 2.(12)Ǒ®«ãç¨¬ ¢ëà �¥­¨¥ ¤«ï ¯à¨¢¥¤¥­­®£® ¥¢ª«¨¤®¢  ®¡ê¥¬ :vol(O(α, α; γ)) = Vol(O(α, α; γ))

dlγ l2α = (1− u)2√(−1− 2u)72√2√1 + u
√1 + 4u+ 7u2 .� â ¡«. 1 ¯à¥¤áâ ¢«¥­ë à¥§ã«ìâ âë ç¨á«¥­­ëå íªá¯¥à¨¬¥­â®¢. � ­-­ë¥ â ¡«¨æë à á¯®«®�¥­ë ¢ ¯®àï¤ª¥ ã¢¥«¨ç¥­¨ï ¥¢ª«¨¤®¢  ®¡ê¥¬  ª®-­¨ç¥áª®£® ¬­®£®®¡à §¨ï O(α, α; γ).����������1. de la Harpe P., Kervairend M., Weber C.On the Jones polynomial // L'EnseignementMath. 1986. V. 32. P. 271{335.2. Kau�man L. New invariants in the theory of knots // Amer. Math. Monthly. 19848V. 95, N 3. P. 195{242.3. Maxwell J. C. A treatise on ele
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��� 512.6:519.61� ������ Ǒ����������������������� ������ ���������������������� ����������. �. �¥¤®à®¢�« áá ¯¥à¨®¤¨ç¥áª¨å £ ãáá®¢ëå á¨áâ¥¬ ®âªàëâ ¨ ¨§ãç¥­  ¢â®à®¬¢ à ¡®â å [1, 2℄. � ­­ë© ª« áá á¨áâ¥¬ ®ª § «áï ¤®áâ â®ç­® è¨à®ª¨¬,¢ ­¥£® ¢å®¤ïâ, ª ª á ¬ë© ¯à®áâ®© ¯®¤ª« áá, á¨áâ¥¬ë á à §­®áâ­ë¬¨¨­¤¥ªá ¬¨. � à ¡®â å [1{3℄ ®âà �¥­® ¤®áâ â®ç­® è¨à®ª®¥ ¯à¨«®�¥-­¨¥ ¯¥à¨®¤¨ç¥áª¨å £ ãáá®¢ëå á¨áâ¥¬ ª à¥è¥­¨î § ¤ ç ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨ á ¯à¨¬¥­¥­¨¥¬ £à ­¨ç­®£® ¬¥â®¤ . �âà ¤­® ®â¬¥â¨âì, çâ®à¥è¥­¨¥ ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ ¢á¥£¤  ¬®�­® ¯®«ãç¨âì¢ § ¬ª­ãâ®¬ ¢¨¤¥, çâ® ­¥¬ «®¢ �­® ¤«ï ¯à ªâ¨ç¥áª¨å ¯à¨«®�¥­¨©.�à®¬¥ â®£®, ¯®¤å®¤, ¯à¥¤«®�¥­­ë© ¤«ï ¨§ãç¥­¨ï íâ®£® ª« áá  á¨áâ¥¬,¬®�¥â áâ âì ®á­®¢®© ¤«ï ¨áá«¥¤®¢ ­¨ï ®¡é¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬.� ­ áâ®ïé¥© áâ âì¥ ¯¥à¨®¤¨ç¥áª¨¥ á¨áâ¥¬ë à áá¬ âà¨¢ îâáï áâ®çª¨ §à¥­¨ï ãá«®¢¨© áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­ëå à¥è¥­¨© ®¤­®-à®¤­ëå á¨áâ¥¬.� áá¬®âà¨¬ ®¤­®à®¤­ãî £ ãáá®¢ã á¨áâ¥¬ã ¢ ªà âª®© § ¯¨á¨ [1, 2℄
∞∑

p=0 aj,j+pxj+p = 0, j = 0, 1, 2, . . . , (1)� à ¡®â¥ [4℄ ¯®«ãç¥­  á«¥¤ãîé ï â¥®à¥¬  ® ­¥®¡å®¤¨¬ëå ¨ ¤®áâ -â®ç­ëå ãá«®¢¨ïå áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ®¤­®à®¤­ëå¡¥áª®­¥ç­ëå £ ãáá®¢ëå á¨áâ¥¬.�¥®à¥¬  1 �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ®¤­®à®¤­®© £ ãáá®¢®© á¨áâ¥¬ë (1) ï¢«ï¥âáï
© 2013 �¥¤®à®¢ �. �.



142 �¥¤®à®¢ �. �.¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å ãá«®¢¨© ¤«ï ª �¤®£® j:
∞∑

p=0 (−1)paj,j+p

aj,j

p−1∏
k=0S(j + k) = 0, j = 0, 1, 2, . . . , (2)£¤¥ ¤«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© ¯à¨­ïâ® −1∏

k=0S(j+k) = 1 ¤«ï «î¡®£® j.Ǒà¨ ã¤®¢«¥â¢®à¥­¨¨ ãá«®¢¨© (2) à¥è¥­¨¥¬ á¨áâ¥¬ë (1) ï¢«ïîâáï¢ëà �¥­¨ï ¢¨¤ 
xi = (−1)ix0

i−1∏
k=0S(k) , i = 1, 2, . . . , (3)

x0 |¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, S(k) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï(2) ¤«ï ª �¤®£® j.�á­®, çâ® ¯à¨ ¯®«ãç¥­¨¨ â¥®à¥¬ë 1 ¯à¥¤¢ à¨â¥«ì­® à §¤¥«¨«¨ ¢á¥ãà ¢­¥­¨ï á¨áâ¥¬ë (1) ­  aj,j , çâ® ¯à ¢®¬¥à­®, ¯®áª®«ìªã aj,j 6= 0 ¤«ï¢á¥å j.�¯à¥¤¥«¥­¨¥. �¨áâ¥¬ã ãà ¢­¥­¨© (2) ­ §®¢¥¬ å à ªâ¥à¨áâ¨ª®©,  ç¨á«  S(i) | å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨ á®®â¢¥âáâ¢ãîé¥£® à¥-è¥­¨ï (3) £ ãáá®¢®© á¨áâ¥¬ë (1).� ®¡é¥¬ á«ãç ¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  S(i) «î¡®£® ­¥âà¨¢¨- «ì­®£® à¥è¥­¨ï {xi}∞0 ¬®£ãâ ¨¬¥âì á«¥¤ãîé¨© ¢¨¤:1) S(i) = S = 
onst, i = 0,∞,2) S(i) = f(i)S, S = 
onst, i = 0,∞, S 6= 1,3) S(i) = f(i), i = 0,∞,4) S(i) = 



f1(i)S1, i ∈ V1,
f2(i)S2, i ∈ V2,
. . . . . . . . . . . . . . . . . . . . . . . .

fn−1(i)Sn−1, i ∈ Vn−1,
fn(i)Sn, i ∈ Vn,

Sk = 
onst, Vk ⊂ N.�¤¥áì n⋃
k=1Vk = N, Vi ∩ Vj = ∅ ¯à¨ i 6= j.



� â¥®à¨¨ ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ 143� áá¬®âà¨¬ ç áâ­ë© á«ãç © £ ãáá®¢®© á¨áâ¥¬ë,   ¨¬¥­­® ¯¥à¨®¤¨-ç¥áªãî á¨áâ¥¬ã, ¯à¨ç¥¬ ¥¥ ¯à®áâ¥©è¨© ¢¨¤, â. ¥. ®¤­®à®¤­ãî £ ãáá®¢ãá¨áâ¥¬ã á à §­®áâ­ë¬¨ ¨­¤¥ªá ¬¨ [1, 2℄:
∞∑

p=0 apxj+p = 0, j = 0, 1, 2, . . . . (4)� íâ®¬ á«ãç ¥ å à ªâ¥à¨áâ¨ª  ª �¤®£® à¥è¥­¨ï ãà ¢­¥­¨ï á¨-áâ¥¬ë (4) ¨¬¥¥â ¢¨¤
∞∑

p=0 (−1)pap

p−1∏
k=0S(j + k) = 0, j = 0, 1, 2, . . . . (5)� ©¤¥¬ â¥ à¥è¥­¨ï á¨áâ¥¬ë (4), ¥á«¨ ®­¨ áãé¥áâ¢ãîâ, ¤«ï ª®â®-àëå å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  ¯®áâ®ï­­ë, â. ¥. ¢ë¯®«­ï¥âáï ãá«®¢¨¥1) S(i) = S = 
onst. � íâ®¬ á«ãç ¥, ®ç¥¢¨¤­®, ãà ¢­¥­¨ï, á®áâ ¢«ïî-é¨¥ å à ªâ¥à¨áâ¨ªã (5) ¨áª®¬®£® à¥è¥­¨ï, á®¢¯ ¤ãâ ¬¥�¤ã á®¡®© ¨®­  ä ªâ¨ç¥áª¨ ¡ã¤¥â å à ªâ¥à¨áâ¨ª®© á ¬®© á¨áâ¥¬ë (4) [1, 2℄:

∞∑

p=0 (−1)pap

Sp
= 0. (6)�«¥¤®¢ â¥«ì­®, á®£« á­® â¥®à¥¬¥ 1 ª �¤®¥ à¥è¥­¨¥ 1

S ãà ¢­¥­¨ï(6) ¤ ¥â ¯® ä®à¬ã«¥ (3) à¥è¥­¨¥ á¨áâ¥¬ë (4):
xi = (−1)ix0

Si
, i = 0, 1, 2, . . . . (7)� ª¨¬ ®¡à §®¬, â®«ìª® à¥è¥­¨ï ¢¨¤  (7) á¨áâ¥¬ë (4) ¨¬¥îâ ¯®áâ®-ï­­ë¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  S, ª®â®àë¥ ®¯à¥¤¥«ïîâáï ¨§ ãà ¢-­¥­¨ï (6). � à ¡®â¥ [3℄ à¥è¥­¨ï â¨¯  (7) ­ §¢ ­ë äã­¤ ¬¥­â «ì­ë-¬¨ à¥è¥­¨ï¬¨ ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬, ¢ ç áâ­®áâ¨, á¨áâ¥¬ë (4). �á«¨¯à¥¤¯®«®�¨âì, çâ® ãà ¢­¥­¨¥ (6) ­¥ ¨¬¥¥â ªà â­ëå ª®à­¥©, â® ¬­®-�¥áâ¢® ¢á¥å à¥è¥­¨© ¢¨¤  (7) ¤ ¥â ¯®«­ãî á¨áâ¥¬ã äã­¤ ¬¥­â «ì­ëåà¥è¥­¨©, ª ª ¯®ª § ­® ¢ [4℄. �® ¤ ­­®¥ ãâ¢¥à�¤¥­¨¥ â ª�¥ ­¥¯®áà¥¤-áâ¢¥­­® á«¥¤ã¥â ¨§ â¥®à¥¬ë 1, ¯®áª®«ìªã ¨áª®¬ë¥ à¥è¥­¨ï á¨áâ¥¬ë



144 �¥¤®à®¢ �. �.(4) á ¯®áâ®ï­­ë¬¨ å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨ S á«¥¤ãîâ â®«ìª® ¨§ãà ¢­¥­¨ï (6).Ǒãáâì å à ªâ¥à¨áâ¨ª  (6) ¨¬¥¥â ªà â­ë¥ ­ã«¨. � ©¤¥¬ à¥è¥­¨ïá¨áâ¥¬ë (4), ®¯à¥¤¥«ï¥¬ë¥ íâ¨¬¨ ­ã«ï¬¨. �áå®¤ï ¨§ å à ªâ¥à¨áâ¨ª¨(6) ¨áª®¬ëå à¥è¥­¨© ­ ©¤¥¬ ¯à¥�¤¥ ¢á¥£® å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« 
Sk(i), á®®â¢¥âáâ¢ãîé¨¥ íâ¨¬ ­ã«ï¬.�¥¬¬  1. Ǒãáâì 1

S ï¢«ï¥âáï ­ã«¥¬ äã­ªæ¨¨ f(x) ªà â­®áâ¨ ν.�®£¤  ¢¥à­  á«¥¤ãîé ï æ¥¯®çª  à ¢¥­áâ¢:
∞∑

p=0 (−1)pap

Sp
= 0; ∞∑

p=0 (−1)ppap

Sp
= 0; . . . ; ∞∑

p=0 (−1)ppν−1ap

Sp
= 0. (8)�®ª § â¥«ìáâ¢® «¥¬¬ë ¬®�­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ à ¡®â¥ [5℄.�¥¬¬  2. �á«¨ 1

Sk
ï¢«ï¥âáï k-¬ ­ã«¥¬ å à ªâ¥à¨áâ¨ª¨ (6) ªà â-­®áâ¨ νk, â® å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  Sk,νk

(i) ¨áª®¬®£® à¥è¥­¨ï á¨-áâ¥¬ë (4), á®®â¢¥âáâ¢ãîé¨¥ ­ã«î 1
Sk
, ¨¬¥îâ ¢¨¤

Sk,m(i) = ( i

i+ 1)m

Sk, i > 0, m = 0, 1, . . . , νk − 1, Sk = 
onst, (9)£¤¥ k ¯à®¡¥£ ¥â ­ã«¨ å à ªâ¥à¨áâ¨ª¨ (6) ¡¥§ ãç¥â  ªà â­®áâ¨.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¯® ãá«®¢¨î «¥¬¬ë ãà ¢­¥­¨¥ (6)ã¤®¢«¥â¢®àï¥âáï ­¥§ ¢¨á¨¬® ®â ªà â­®áâ¨ ­ã«ï 1
Sk

(m = 0), â. ¥. ¨ ¯à¨
j = 0. �à®¬¥ â®£®, ¯à¨ m > 1 ¢ë¯®«­ïîâáï ¤®¯®«­¨â¥«ì­ë¥ á®®â­®-è¥­¨ï (8), å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  Sk,m(i) ¤®«�­ë ã¤®¢«¥â¢®àïâìå à ªâ¥à¨áâ¨ª¥ (5) á®®â¢¥âáâ¢ãîé¥£® à¥è¥­¨ï ¯à¨ j > 1.� á¨«ã ¤®¯®«­¨â¥«ì­ëå á®®â­®è¥­¨© (8) ¯à¨ m > 1 å à ªâ¥à¨-áâ¨ç¥áª¨¥ ç¨á«  Sk,m(i) ­¥®¡å®¤¨¬® ¨áª âì ¢ ¢¨¤¥ (2), â. ¥. ¢ ¢¨¤¥
Sk,m(i) = fm(i)Sk. �áå®¤ï ¨§ ¢¨¤®¢ å à ªâ¥à¨áâ¨ª¨ (5) ¨áª®¬®£® à¥è¥-­¨ï ¨ ¢ëà �¥­¨© (8), ¬®�­® ¯à¥¤¯®«®�¨âì á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë(9), â. ¥.

fm(i) = im(i+ 1)mSk.



� â¥®à¨¨ ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ 145�®ª �¥¬, çâ® íâ® ¤¥©áâ¢¨â¥«ì­® â ª. Ǒ®¤áâ ¢«ïï ä®à¬ã«ã (9) ¢ å -à ªâ¥à¨áâ¨ªã (5) ¨ ®¡®§­ ç ï ¥¥ ç¥à¥§ J , ¯®«ãç¨¬
J = ∞∑

p=0 (−1)p(j + p)map

jmSp
k

= ∞∑

p=0 (−1)pap

jmSp
k

m∑

t=0 Ct
mj

tpm−t, (10)£¤¥ Ct
m | ¡¨­®¬¨ «ì­ë¥ ª®íää¨æ¨¥­âë.� á¯¨áë¢ ï ¢ëà �¥­¨¥ (10), ¨¬¥¥¬

J = m∑

t=0 Ct
mj

t−m
∞∑

p=0 (−1)ppm−tap

Sp
k

.�âáî¤  á ãç¥â®¬ «¥¬¬ë 1, â. ¥. à ¢¥­áâ¢ (8), § ª«îç ¥¬, çâ® J = 0 ¤«ï«î¡®£® j > 1. ��¥®à¥¬  2. �á«¨ 1
Sk

ï¢«ï¥âáï k-¬ ­ã«¥¬ å à ªâ¥à¨áâ¨ª¨ (6) ªà â-­®áâ¨ νk, â® ¢ëà �¥­¨ï ¢¨¤ 
x
(k,m)
i = (−1)iimx0

Si
k

, i > 0, m = 0, 1, . . . , νk − 1, Sk = 
onst, (11)ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ á¨áâ¥¬ë (4), £¤¥ x0 |¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, k ¯à®¡¥£ ¥â ­ã«¨ å à ªâ¥à¨áâ¨ª¨(6) ¡¥§ ãç¥â  ªà â­®áâ¨.�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 1 ¢ëà �¥­¨ï (11) ï¢«ïîâáïà¥è¥­¨ï¬¨ á¨áâ¥¬ë (4). �®ª �¥¬ «¨­¥©­ãî ­¥§ ¢¨á¨¬®áâì à¥è¥­¨©(11), á­ ç «  íâ® á¤¥« ¥¬ ¤«ï «î¡®© ¯ àë à¥è¥­¨© ¨§ (11). Ǒãáâì­¥ª®â®àë¥ ¤¢  à §«¨ç­ëå à¥è¥­¨ï x
(k1,m1)
i , x(k2 ,m2)

i ¨§ (11) «¨­¥©­®§ ¢¨á¨¬ë, â. ¥. ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
C1 (−1)iim1x0

Si
k1 + C2 (−1)iim2x0

Si
k2 = 0,¯à¨ç¥¬ Ci = 
onst ¨ ¯®« £ ¥¬, çâ® Ci 6= 0 (i = 1, 2).�âáî¤  ¢ëâ¥ª ¥â, çâ®

C1 = −C2i(m2−m1)(Sk1
Sk2)i

.



146 �¥¤®à®¢ �. �.�®§¬®�­ë ¤¢  á«ãç ï.1. Ǒãáâì Sk1 = Sk2 , â®£¤  ­¥®¡å®¤¨¬® m1 6= m2, ¢ ¯à®â¨¢­®¬á«ãç ¥ ¨¬¥¥â ¬¥áâ®
x
(k1,m1)
i = (−1)iim1x0

Si
k1 = (−1)iim2x0

Si
k2 = x

(k2,m2)
i ,çâ® ­¥¢®§¬®�­® ¯® ¯à¥¤¯®«®�¥­¨î. �«¥¤®¢ â¥«ì­®,

C1 = −C2i(m2−m1) 6≡ 
onst,â. ¥. ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥, ¯®íâ®¬ã C1 = C2 = 0. �2. Ǒãáâì Sk1 6= Sk2 , ®âáî¤  C1 = −C2f(i) 6≡ 
onst, á«¥¤®¢ â¥«ì­®,
C1 = C2 = 0.Ǒãáâì n = 3, â. ¥. ­¥ª®â®àë¥ âà¨ à §«¨ç­ëå à¥è¥­¨ï ¨§ (11) «¨-­¥©­® § ¢¨á¨¬ë:

C1 (−1)iim1x0
Si

k1 + C2 (−1)iim2x0
Si

k2 + C3 (−1)iim3x0
Si

k3 = 0, (12)¯à¨ç¥¬ Ci = 
onst (i = 1, 2, 3). �á«¨ ¯à¥¤¯®«®�¨âì, çâ®, ­ ¯à¨¬¥à,
C3 = 0, â® ¨§ ¯à¥¤ë¤ãé¥£® á«¥¤ã¥â C1 = C2 = 0, ¯®íâ®¬ã ¯®« £ ¥¬,çâ® Ci 6= 0 (i = 1, 2, 3).�§ (12) ¢ëâ¥ª ¥â

C1 = −C2i(m2−m1)(Sk1
Sk2)i

− C3i(m3−m1)(Sk1
Sk3 )i

. (13)Ǒ® ¯à¥¤¯®«®�¥­¨î ¢á¥ à¥è¥­¨ï à §«¨ç­ë. �¥¬¨ �¥ à ááã�¤¥­¨ï-¬¨, ª ª ¨ ¢ á«ãç ¥ n = 2, ã¡¥�¤ ¥¬áï, çâ® ¢ ¯à ¢®© ç áâ¨ (13) ­ ©¤¥âáïå®âï ¡ë ®¤¨­ ç«¥­ áã¬¬ë, § ¢¨áïé¨© ®â i. Ǒãáâì C = min
k=2,3Ck. �®£¤ ¨§ (13) á«¥¤ã¥â, çâ® C1 = Cf(i) 6≡ 
onst, á«¥¤®¢ â¥«ì­®, C1 = C = 0,çâ® ¯à®â¨¢®à¥ç¨â á«ãç î n = 2. Ǒ®íâ®¬ã C1 = C2 = C3 = 0. �Ǒãáâì «î¡ë¥ n− 1 à¥è¥­¨© ¢¨¤  (11) «¨­¥©­® ­¥§ ¢¨á¨¬ë, â®£¤  ­ «®£¨ç­® ¢ëè¥¯à¨¢¥¤¥­­®¬ã á«ãç î, â. ¥. ª®£¤  n = 3, ¤®ª §ë¢ ¥âáï¨­¤ãªæ¨¥© «¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì «î¡ëå n à¥è¥­¨© ¢¨¤  (11). �� ¬¥â¨¬, çâ® ­¥áª®«ìª® ¤àã£®¥ ¤®ª § â¥«ìáâ¢® «¨­¥©­®© ­¥§ ¢¨-á¨¬®áâ¨ à¥è¥­¨© ¢¨¤  (11) ¤ ­® ¢ [4℄.



� â¥®à¨¨ ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ 147� ¬¥ç ­¨¥ 1. Ǒà¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 ­¥ ¨á¯®«ì§®¢ «®áì®£à ­¨ç¥­¨¥ ­  ª®«¨ç¥áâ¢® ­ã«¥© å à ªâ¥à¨áâ¨ª¨ (6). �«¥¤®¢ â¥«ì­®,â¥®à¥¬  2 ¢¥à­  ¨ ¢ á«ãç ¥ ¡¥áª®­¥ç­®£® ç¨á«  ­ã«¥© å à ªâ¥à¨áâ¨ª¨(6). �«¥¤áâ¢¨¥ 1. �¥è¥­¨ï ¢¨¤  (11) ï¢«ïîâáï äã­¤ ¬¥­â «ì­ë¬¨à¥è¥­¨ï¬¨, ¨ ®­¨ ®¡à §ãîâ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨© F £ ãá-á®¢®© á¨áâ¥¬ë (4). � ®¡é¥¬ á«ãç ¥ ¬­®�¥áâ¢® F ¬®�¥â ¨¬¥âì áç¥â­ãî¬®é­®áâì.�«¥¤áâ¢¨¥ 2. �á«¨ á¨áâ¥¬ã (4) à áá¬®âà¥âì ¯à¨ j > k0, â® ¢ëà -�¥­¨ï ¢¨¤ 
xi = (−1)i−k0xk0

Si−k0 , i > k0, (14)£¤¥ 1/S | ­¥ª®â®àë© ­ã«ì å à ªâ¥à¨áâ¨ª¨ (6), ï¢«ïîâáï à¥è¥­¨¥¬á¨áâ¥¬ë (4), j > k0.�¥®à¥¬  3. �­®�¥áâ¢® F ï¢«ï¥âáï ¯®«­®© á¨áâ¥¬®© äã­¤ ¬¥­-â «ì­ëå à¥è¥­¨© £ ãáá®¢®© á¨áâ¥¬ë (4).�®ª § â¥«ìáâ¢®. Ǒãáâì å à ªâ¥à¨áâ¨ª  (6) ¨¬¥¥â â®«ìª® ª®­¥ç-­®¥ ç¨á«® N ­ã«¥© µk = 1
Sk

á ªà â­®áâìî νk, £¤¥ k = 1, 2, . . . , N. �á«¨
νk > 1, â® ¯® «¥¬¬¥ 1 ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢  (8). �áå®¤ï ¨§ ­¨å ¯à¨
j > 0, «¥£ª® á®áâ ¢¨âì á®®â­®è¥­¨ï

∞∑

p=0 (−1)p(j + p)map

jmSp
k

= 0, m = 1, 2, . . . , νk − 1. (15)�®�­® ã¡¥¤¨âìáï, çâ®
jmSp

k(j + p)m = Sp
kj

m(j + 1)m . . . (j + p− 1)m(j + 1)m . . . (j + p− 1)m(j + p)m = p−1∏
i=0 ( j + i

j + i+ 1)m

Sk.(16)� ¢¥­áâ¢  (15) á ãç¥â®¬ ¢ëà �¥­¨© (16) £®¢®àïâ ®¡ ã¤®¢«¥â¢®à¥­¨¨­¥®¡å®¤¨¬ëå ãá«®¢¨© (5) áãé¥áâ¢®¢ ­¨ï ­¥§ ¢¨á¨¬ëå à¥è¥­¨© (11)â®«ìª® å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨ ¢¨¤  Sk,m(i) = Sk = 
onst ¨«¨
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Sk,m(i) = (

i
i+1)mSk (Sk = 
onst) �­ë¬¨ á«®¢ ¬¨, ¤àã£¨å å à ªâ¥à¨-áâ¨ç¥áª¨å ç¨á¥«, ®¯à¥¤¥«ïîé¨å ­¥§ ¢¨á¨¬ë¥ ®â á¨áâ¥¬ë F à¥è¥­¨ï,­® ­¥ ¢å®¤ïé¨¥ ¢ ­¥¥, ­¥ áãé¥áâ¢ã¥â. �â®â ä ªâ ¯®¤â¢¥à�¤ ¥âáï ¨ à¥-§ã«ìâ â ¬¨ à ¡®âë [5℄. �ç¥¢¨¤­®, à ¢¥­áâ¢  (15) ¨ á®®â­®è¥­¨ï (16)­¥ § ¢¨áïâ ®â ª®«¨ç¥áâ¢  ­ã«¥© å à ªâ¥à¨áâ¨ª¨ f(x) (6), â®ç­¥¥, ®âª®­¥ç­®áâ¨ ¨«¨ ¡¥áª®­¥ç­®áâ¨ ç¨á«  íâ¨å ­ã«¥©. �«¥¤®¢ â¥«ì­®, äã­-¤ ¬¥­â «ì­ ï á¨áâ¥¬  F ï¢«ï¥âáï ¯®«­®© ­¥§ ¢¨á¨¬® ®â ª®­¥ç­®áâ¨¨«¨ ¡¥áª®­¥ç­®áâ¨ ç¨á«  ­ã«¥© å à ªâ¥à¨áâ¨ª¨ f(x) (6). ��«¥¤áâ¢¨¥ 3. Ǒ®áª®«ìªã «î¡®¥ à¥è¥­¨¥ ®¤­®à®¤­®© £ ãáá®¢®©á¨áâ¥¬ë (4) ¢å®¤¨â ¢ «¨­¥©­ãî ®¡®«®çªã äã­¤ ¬¥­â «ì­®© á¨áâ¥¬ë

F, ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (4) § ¯¨è¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:¯à¨ ª®­¥ç­®¬ ç¨á«¥ N ­ã«¥© 1
Sk

å à ªâ¥à¨áâ¨ª¨ (6)
xi = N∑

k=1 (−1)iSi
k

νk−1∑

m=0 Cm,ki
m, Cm,k = 
onst,¯à¨ ¡¥áª®­¥ç­®¬ ç¨á«¥ ­ã«¥© 1

Sk
å à ªâ¥à¨áâ¨ª¨ (6)

xi = ∞∑

k=1 (−1)iSi
k

νk−1∑

m=0 Cm,ki
m, Cm,k = 
onst,¥á«¨ àï¤ ¢ ¯®á«¥¤­¥¬ ¢ëà �¥­¨¨ áå®¤¨âáï.�¥®à¥¬  4. �á«¨ å à ªâ¥à¨áâ¨ª  (6) ­¥ ¨¬¥¥â ­ã«¥©, â. ¥.

∞∑

p=0 (−1)pap

Sp
6= 0, (17)â® á¨áâ¥¬  á à §­®áâ­ë¬¨ ¨­¤¥ªá ¬¨ (4) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥à¥è¥­¨¥.�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ãá«®¢¨¥ (17) £®¢®à¨â ® ­¥¢ë-¯®«­¥­¨¨ ­¥®¡å®¤¨¬®£® ãá«®¢¨ï (5) áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­®£® à¥-è¥­¨ï ®¤­®à®¤­®© £ ãáá®¢®© á¨áâ¥¬ë (4). ��®�­® ¯à¨¢¥áâ¨ ¤àã£®¥ ¤®ª § â¥«ìáâ¢®, ª®â®à®¥ ­¥ ¨á¯®«ì§ã¥â­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ (5). Ǒ®¤áâ ¢«ïï ¢ëà �¥­¨¥ (6) ¢ á¨áâ¥¬ã (4) ¯à¨
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j > k0, ¯®«ãç¨¬ (−1)j−k0xk0

Sj−k0 ∞∑

p=0 (−1)pap

Sp
.� á¨«ã ãá«®¢¨ï (17) ¯®á«¥¤­¥¥ ¢ëà �¥­¨¥ à ¢­® ­ã«î â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  xk0 = 0, ­® k0 | ¯à®¨§¢®«ì­®¥ æ¥«®¥ ç¨á«® (k0 > 0),á«¥¤®¢ â¥«ì­®, ¯®«ãç¨¬ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (âà¨¢¨ «ì­®¥). �Ǒ¥à¥©¤¥¬ ª ®¡®¡é¥­¨î £ ãáá®¢ëå á¨áâ¥¬ á à §­®áâ­ë¬¨ ¨­¤¥ªá -¬¨. Ǒãáâì á¨áâ¥¬  (1) (¯®á«¥ à §¤¥«¥­¨ï ¥¥ ­  aj,j) ï¢«ï¥âáï ¯¥à¨®¤¨-ç¥áª®© á¨áâ¥¬®©. � ¯®¬­¨¬ [1, 2℄, çâ® á¨áâ¥¬  (1) ­ §ë¢ ¥âáï ¯¥à¨®¤¨-ç¥áª®©, ¥á«¨ ¥¥ ª®íää¨æ¨¥­âë ¨¬¥îâ ¢¨¤

aj,j+p

aj+p,j+p
= ap ¤«ï ¢á¥å j. (18)�¥®à¥¬  5. �á«¨ 1

Sk
ï¢«ï¥âáï k-¬ ­ã«¥¬ å à ªâ¥à¨áâ¨ª¨ (6) ªà â-­®áâ¨ νk, â® ¢ëà �¥­¨ï ¢¨¤ 

x
(k,m)
i = (−1)iimx0

ai,iSi
k

, i > 0, m = 0, 1, . . . , νk − 1, (19)ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë(1), £¤¥ x0 | ¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, k ¯à®¡¥£ ¥â ­ã«¨ å -à ªâ¥à¨áâ¨ª¨ (6) ¡¥§ ãç¥â  ¨å ªà â­®áâ¨.�®ª § â¥«ìáâ¢®. �áå®¤ï ¨§ ®¡®§­ ç¥­¨ï (18), á¨áâ¥¬ã (1) ¬®-�¥¬ ¯¥à¥¯¨á âì ¢ ¢¨¤¥
∞∑

p=0 aj,j+pxj+p = ∞∑

p=0 apaj+p,j+pxj+p.�¡®§­ ç ï ¢ëà �¥­¨¥ aj+p,j+pxj+p ª ª ­®¢®¥ ­¥¨§¢¥áâ­®¥ Xj+p,¯à¨å®¤¨¬ ª á¨áâ¥¬¥ á à §­®áâ­ë¬¨ ¨­¤¥ªá ¬¨ (4), ­¥§ ¢¨á¨¬ë¥ à¥è¥-­¨ï ª®â®à®© ¨¬¥îâ ¢¨¤ (11). Ǒ®íâ®¬ã
X

(k,m)
i = (−1)iimX0

Si
k

= (−1)iima0,0x0
Si

k

= ai,ix
(k,m)
i(i > 0, m = 0, 1, . . . , νk − 1),



150 �¥¤®à®¢ �. �.£¤¥ 1
Sk

ï¢«ï¥âáï k-¬ ­ã«¥¬ å à ªâ¥à¨áâ¨ª¨ (6) ªà â­®áâ¨ νk, x0 | ¯à®-¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, k ¯à®¡¥£ ¥â ­ã«¨ å à ªâ¥à¨áâ¨ª¨ (6) ¡¥§ãç¥â  ¨å ªà â­®áâ¨, á«¥¤®¢ â¥«ì­®, x(k,m)
i = (−1)iimx0

ai,iSi
k

(i > 0). �¨­¥©-­ ï ­¥§ ¢¨á¨¬®áâì à¥è¥­¨© (19) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ «¨­¥©­®©­¥§ ¢¨á¨¬®áâ¨ à¥è¥­¨© (11). �� ª ¢¨¤­®, ¤ ­­®¥ ¤®ª § â¥«ìáâ¢® ®á­®¢ë¢ ¥âáï ­  ã¤ ç­®© § ¬¥­¥­¥¨§¢¥áâ­ëå, ¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  S(i) ª ª â ª®¢ë¥ ­¥ ¨á¯®«ì-§ãîâáï ¤«ï ­ ©¤¥­­®£® à¥è¥­¨ï. �¥¯¥àì ¤ ¤¨¬ ¤àã£®¥ ¤®ª § â¥«ìáâ¢®á ¯à¨¬¥­¥­¨¥¬ å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« S(i). � ©¤¥¬ íâ¨ ç¨á«  ¨§­¥®¡å®¤¨¬®£® ãá«®¢¨ï (5) áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï, ¯à¨íâ®¬ ¨á¯®«ì§ã¥¬ ¤àã£®¥ ¯à¥¤áâ ¢«¥­¨¥ ª®íää¨æ¨¥­â®¢ ¯¥à¨®¤¨ç¥áª¨åá¨áâ¥¬ [1, 2℄:
aj,j+p = apaj,j

p−1∏
k=0 aj+k ∀aj,j 6= 0 (j, p = 0, 1, 2, . . . ).�a0 = a1,1, �ak = ak+1,k+1

ak,k
(k > 0).�¤¥áì ¤«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© ¬®�­® ¯®«®�¨âì −1∏

k=0 �aj+k = 1.�  ®á­®¢ ­¨¨ íâ®£® ¯à¥¤áâ ¢«¥­¨ï ¬®�¥¬ ¯¨á âì
J = ∞∑

p=0 (−1)paj,j+p

aj,j

p−1∏
k=0S(j + k) = ∞∑

p=0 (−1)papaj,j

p−1∏
k=0 aj+k

aj,j

p−1∏
k=0S(j + k) .�á¯®¬­¨¢ ¯à¥¤áâ ¢«¥­¨¥ ç¨á¥« �ak = ak+1,k+1/ak,k (k > 0), ¯à¨å®-¤¨¬ ª á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬:

J = ∞∑

p=0 (−1)pap

p−1∏
k=0 aj+k+1,j+k+1

p−1∏
k=0 aj+k,j+kS(j + k) = ∞∑

p=0 (−1)pap

p−1∏
k=0 aj+k,j+kS(j+k)

aj+k+1,j+k+1 . (20)Ǒà¨ ¯à¥¤¯®«®�¥­¨¨, çâ®
S(j + k) = aj+k+1,j+k+1

aj+k,j+k
S(j + k),
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â¨ ¤®ª § â¥«ìáâ¢  ã¤®¢«¥â¢®à¥­¨ï ãá«®¢¨ï (5)¤«ï áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ®¤­®à®¤­®© £ ãáá®¢®© á¨-áâ¥¬ë á à §­®áâ­ë¬¨ ¨­¤¥ªá ¬¨ (4), â. ¥.
J = ∞∑

p=0 (−1)pap

p−1∏
k=0S(j + k) = 0, j = 0, 1, 2, . . . . (21)�®£¤  ¯® «¥¬¬¥ 1 å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  S(i) ®¡ï§ ­ë ¡ëâì â ª¨¬¨:

S(i) = ( i

i+ 1)m

Sk, Sk = 
onst, (22)£¤¥ 1
Sk

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë.Ǒ®¤áâ ¢«ïï (22) ¢ «¥¢ãî ç áâì (21), ¯®«ãç¨¬ à ¢¥­áâ¢® (13):
J = ∞∑

p=0 (−1)pap

p−1∏
k=0 ( j+k

j+k+1)m

Sk

= ∞∑

p=0 (−1)pap(j + p)m
jmSp

k

= 0, j > 0,â. ¥. ¤®ª § ­® ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (5).� ª¨¬ ®¡à §®¬, å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  S(i) § ¯¨èãâáï â ª:
S(0) = a1,1

a0,0Sk ¨ S(i) = ai+1,i+1
ai,i

(
i

i+ 1)m

Sk, i > 0, (23)â®£¤ 
i−1∏
k=0S(i) = S(0) i−1∏

k=1S(i) = a1,1Sk

a0,0 i−1∏
k=1 ai+1,i+1Sk

ai,i

(
i

i+1)m = ai,iS
i
k

a0,0im , i > 0.�«¥¤®¢ â¥«ì­®, á®£« á­® ä®à¬ã« ¬ (3) à¥è¥­¨ï, á®®â¢¥âáâ¢ãîé¨¥ ç¨á-« ¬ (23), ¡ã¤ãâ ¨¬¥âì ¢¨¤
xi = (−1)ix0

i−1∏
k=0S(k) = (−1)iimx0

ai,iSi
k

, i > 0.� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ¨áª®¬®¥ à¥è¥­¨¥ (19). �� ª ¯àï¬®¥ á«¥¤áâ¢¨¥ â¥®à¥¬ë 5 ¢ë¯¨è¥¬ á«¥¤ãîé¨¥ â¥®à¥¬ë.



152 �¥¤®à®¢ �. �.�¥®à¥¬  6. �¥è¥­¨ï ®¤­®à®¤­ëå £ ãáá®¢®© á¨áâ¥¬ë á à §­®áâ-­ë¬¨ ¨­¤¥ªá ¬¨ (4) ¨ ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (1) á à ¢­ë¬¨ ç¨á« ¬¨
{ap}∞0 å à ªâ¥à¨áâ¨ª¨ (6) ¨§®¬®àä­ë.�¥®à¥¬  7. �¥è¥­¨ï ®¤­®à®¤­ëå ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ á à ¢­®©å à ªâ¥à¨áâ¨ª®© ¨§®¬®àä­ë. �¢®©áâ¢  ¤¢ãå ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬à §«¨ç îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à §«¨ç­ë ¨å å à ªâ¥à¨áâ¨ª¨.����������1. �¥¤®à®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©. �®¢®á¨¡¨àáª: � ãª , 2009.2. �¥¤®à®¢ �. �. �¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨ ¨å¯à¨«®�¥­¨ï. �®¢®á¨¡¨àáª: � ãª , 2011.3. �¥¤®à®¢ �. �. �à ­¨ç­ë© ¬¥â®¤ à¥è¥­¨ï ¯à¨ª« ¤­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨. �®¢®á¨¡¨àáª: � ãª , 2000.4. �¥¤®à®¢ �. �. � â¥®à¨¨ £ ãáá®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥-áª¨å ãà ¢­¥­¨© (�����) // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 2. �. 209{217.5. �£®à®¢ �. �., �¥¤®à®¢ �. �. � ¯®«­®© á¨áâ¥¬¥ äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© ¯¥-à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© // � â.§ ¬¥âª¨ ���. 2010. �. 17, ¢ë¯. 1. �. 8{17.£. �ªãâáª 3 ®ªâï¡àï 2012 £.



��� 510:164��������� �������� ������������������ � Ǒ����������� �������Ǒ. �. �¥à­¨ª®¢� «¥¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¢ ®á­®¢­®¬ â¥à¬¨­®«®£¨î ¨ ®¡®§­ ç¥-­¨ï ¨§ [1℄.1. Ǒãáâì L | ­¥¯à¥àë¢­ ï «®£¨ª  á ¬­®�¥áâ¢®¬ §­ ç¥­¨© X , £¤¥
X | ª®¬¯ ªâ­®¥ å ãá¤®àä®¢® ¯à®áâà ­áâ¢®. Ǒãáâì ML | á®¢®ªã¯-­®áâì ¢á¥å ¬®¤¥«¥© «®£¨ª¨ L , ­ ¤¥«¥­­ ï í«¥¬¥­â à­®© â®¯®«®£¨¥©.�¡®§­ ç¨¬ ç¥à¥§ �L ¬­®�¥áâ¢® ¢á¥å ¢ëáª §ë¢ ­¨© «®£¨ª¨ L .� [1, 
. 66℄ ãª § ­®, çâ® ¥á«¨ θ | (í«¥¬¥­â à­ ï) â¥®à¨ï, â®

θ ⊃ Th(Mod(θ)). (∗)� [2℄ à áá¬ âà¨¢ ¥âáï ¢®¯à®á ® â®¬, ª®£¤  ¢ á®®â­®è¥­¨¨ (∗) ¨¬¥¥â¬¥áâ® à ¢¥­áâ¢®. � ¯®¬­¨¬, çâ® ¬­®�¥áâ¢® E ⊂ Y , £¤¥ Y | â®¯®«®£¨-ç¥áª®¥ ¯à®áâà ­áâ¢®, ­ §ë¢ ¥âáï ¯«®â­ë¬ ¢ ¬­®�¥áâ¢¥ Y0 ⊂ Y , ¥á«¨
E ⊃ Y0.� [2℄ ¤®ª § ­  á«¥¤ãîé ï�¥®à¥¬  1. �«ï â®£® çâ®¡ë ¤«ï â¥®à¨¨ θ ⊂ X�L ¢ë¯®«­ï«®áìà ¢¥­áâ¢® θ = Th(Mod(θ)), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®-¢ «  â¥®à¨ï θ0 ⊂ X�L , ¯«®â­ ï ¢ θ ¨ â ª ï, çâ® θ0 = Th(Mod(θ0)).�§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â â ª®¥�«¥¤áâ¢¨¥. �«ï â®£® çâ®¡ë â¥®à¨ï θ ⊂ X�L ¡ë«  ­¥¯à®â¨¢®à¥-ç¨¢ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «  â¥®à¨ï θ0 ⊂ X�Lâ ª ï, çâ® �θ0 ∩ θ 6= ∅ ¨ θ0 = Th(Mod(θ0)).Ǒ®ª �¥¬, çâ® ¢¥à­®
© 2013 �¥à­¨ª®¢ Ǒ. �.



154 �¥à­¨ª®¢ Ǒ. �.�â¢¥à�¤¥­¨¥ 1. Ǒãáâì θi ⊂ X�L , i = 1, 2, | â ª¨¥ ¤¢¥ â¥®à¨¨,çâ® ¤«ï ª �¤®£® i = 1, 2 áãé¥áâ¢ã¥â â¥®à¨ï θ0i ⊂ X�L , ¯«®â­ ï ¢ θi ¨â ª ï, çâ® θ0i = Th(Mod(θ0i )). �®£¤ 
θ = Th(Mod(θ)),£¤¥ θ = θ1 ∪ θ2.�®ª § â¥«ìáâ¢®. �®£« á­® [1, á. 66℄ ¨¬¥¥¬Th(Mod(θ)) = Th(Mod(θ1)) ∪ Th(Mod(θ2)).Ǒ® â¥®à¥¬¥ 1 Th(Mod(θi)) = θi, i = 1, 2.�«¥¤®¢ â¥«ì­®, Th(Mod(θ)) = θ. �â¢¥à�¤¥­¨¥ ¤®ª § ­®.� [3, 
. 117; 4, 
. 71℄ á ¯®¬®éìî â¥®à¥¬ë ª®¬¯ ªâ­®áâ¨ ¤®ª § ­á«¥¤ãîé¨© ª®­¥ç­ë©  ­ «®£ â¥®à¥¬ë ��¥¢¥­£¥©¬  | �ª®«¥¬ .�¥®à¥¬  2. �á«¨ ¤«ï «î¡®£® n ∈ ω ¬­®�¥áâ¢® ¯à¥¤«®�¥­¨© T«®£¨ª¨ l ¨¬¥¥â ¬®¤¥«ì Bn ¬®é­®áâ¨ > n, â® T ¨¬¥¥â ¡¥áª®­¥ç­ãî¬®¤¥«ì.Ǒà¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2, ­¥ ¨á¯®«ì§ãîé¥¥ â¥®à¥¬ãª®¬¯ ªâ­®áâ¨.�®ª § â¥«ìáâ¢®. Ǒãáâì F | ä¨«ìâà �à¥è¥ ­  ¬­®�¥áâ¢¥ ­ -âãà «ì­ëå ç¨á¥« ω, DF | ã«ìâà ä¨«ìâà, á®¤¥à� é¨© F . �®¤¥«ì

A∗ = DF − prodλnBn,®ç¥¢¨¤­®, ¨áª®¬ ï. �¥®à¥¬  ¤®ª § ­ .�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï à á¯à®áâà ­¥­¨¥¬ â¥®à¥¬ë 2 ­  á«ã-ç © ­¥¯à¥àë¢­®© «®£¨ª¨ L .�¥®à¥¬  3. Ǒãáâì θ ⊂ X�L | § ¬ª­ãâ ï â¥®à¨ï. �®£¤  ¥á«¨ ¤«ï«î¡®£® n ∈ ω áãé¥áâ¢ã¥â ¬®¤¥«ì Bn ∈Mod(θ) ¬®é­®áâ¨ > n, â® â¥®à¨ï
θ ¨¬¥¥â ¬®¤¥«ì «î¡®© ¬®é­®áâ¨ β > ‖L ‖.



�¥ª®â®àë¥ á¢®©áâ¢  í«¥¬¥­â à­ëå â¥®à¨© 155�®ª § â¥«ìáâ¢®. �®ª �¥¬ á­ ç « , çâ® â¥®à¨ï θ ¨¬¥¥â ¡¥áª®-­¥ç­ãî ¬®¤¥«ì. Ǒãáâì D | ­¥£« ¢­ë© ã«ìâà ä¨«ìâà ­ ¤ ¬­®�¥áâ¢®¬­ âãà «ì­ëå ç¨á¥« ω. �®¤¥«ì
A∗ = D − prodλnBn¡¥áª®­¥ç­  ¨ ¯à¨­ ¤«¥�¨â Mod(θ), â ª ª ª á®£« á­® «¥¬¬¥ 5.2.1 ¨§ [1℄ª« áá Mod(θ) § ¬ª­ãâ ®â­®á¨â¥«ì­® ã«ìâà ¯à®¨§¢¥¤¥­¨ï.�§ â¥®à¥¬ë ��¥¢¥­£¥©¬  | �ª®«¥¬  ® ¯®¢ëè¥­¨¨ ¬®é­®áâ¨ [1,á. 95℄ á«¥¤ã¥â, çâ® â¥®à¨ï θ ¨¬¥¥â ¬®¤¥«¨ «î¡®© ¬®é­®áâ¨ β > ‖L ‖.�¥®à¥¬  ¤®ª § ­ .�¥®à¥¬  3 ï¢«ï¥âáï ª®­¥ç­ë¬  ­ «®£®¬ â¥®à¥¬ë �ñ¢¥­£¥©¬  |�ª®«¥¬  ¨§ [1, 
. 95℄.�«¥¤áâ¢¨¥. Ǒãáâì θ ⊂ X�L | § ¬ª­ãâ ï â¥®à¨ï, ­¥ ¨¬¥îé ï(¡¥áª®­¥ç­ëå) ¬®¤¥«¥© ­¥ª®â®à®© ¬®é­®áâ¨ α > ‖L ‖. �®£¤  áãé¥-áâ¢ã¥â â ª®¥ ç¨á«® n, çâ® ª �¤ ï ¬®¤¥«ì A ∈ Mod(θ) ¨¬¥¥â ¬®é­®áâì¬¥­ìè¥, ç¥¬ n.Ǒà¨¢¥¤¥­­®¥ á«¥¤áâ¢¨¥ ï¢«ï¥âáï à á¯à®áâà ­¥­¨¥¬ ãâ¢¥à�¤¥­¨ï¨§ ã¯à �­¥­¨ï 7.5 ¢ [5, á. 25℄ ­  á«ãç © «®£¨ª¨ L .� ¬¥ç ­¨¥. �á«¨ ¤ ­® ­¥ª®â®à®¥ ¬­®�¥áâ¢® ¯à¥¤«®�¥­¨© T «®-£¨ª¨ l, â® ­¥âàã¤­® ¯®áâà®¨âì § ¬ª­ãâãî â¥®à¨î θT ⊂ 2�l â ªãî, çâ®mod(T ) = Mod(θT ). �¤¥áì ç¥à¥§ mod(T ) ®¡®§­ ç¥­ ª« áá ¢á¥å ¬®¤¥«¥©,­  ª®â®àëå ¨áâ¨­­ë ¢á¥ ä®à¬ã«ë ¨§ T . �®áâ â®ç­® ¯®«®�¨âì

θT = ⋂

ϕ∈T

Fϕ,£¤¥ Fϕ = {h ∈ 2�l : h(ϕ) = 1}. �âáî¤  ¯®«ãç ¥¬, çâ® ¨§ â¥®à¥¬ë 3á«¥¤ã¥â â¥®à¥¬  2.� «¥¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¥¥ ®¯à¥¤¥«¥­¨¥ ¯®«­®© â¥®à¨¨.�¯à¥¤¥«¥­¨¥. �¥®à¨î θ ⊂ X�L ­ §®¢¥¬ ¯®«­®©, ¥á«¨ ®­  ¨¬¥¥â¬®¤¥«¨ ¨ ¢á¥ ¥¥ ¬®¤¥«¨ í«¥¬¥­â à­® íª¢¨¢ «¥­â­ë, â. ¥. ¥á«¨ A,B ∈Mod(θ), â® [A℄ = [B℄.� ãâ¢¥à�¤¥­¨ïå 2{4 ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® «®£¨ª  L ®¡« ¤ ¥â
t-, k- ¨ e-¬­®�¥áâ¢ ¬¨. �¬¥¥â ¬¥áâ® [1, 
. 119℄



156 �¥à­¨ª®¢ Ǒ. �.�â¢¥à�¤¥­¨¥ 2. �áïª ï ¯®«­ ï â¥®à¨ï θ, ­¥ ¨¬¥îé ï ¡¥áª®­¥ç-­ëå ¬®¤¥«¥©, ¨¬¥¥â á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ¥¤¨­áâ¢¥­­ãî ª®­¥ç-­ãî ¬®¤¥«ì.� ª¨¬ ®¡à §®¬, ¢ ãâ¢¥à�¤¥­¨¨ 2 § à ­¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¢á¥¬®¤¥«¨ â¥®à¨¨ θ ª®­¥ç­ë. �¥£ª® ¢¨¤¥âì, çâ® á¯à ¢¥¤«¨¢® â ª®¥ ãâ®ç-­¥­¨¥ ãâ¢¥à�¤¥­¨ï 2.�â¢¥à�¤¥­¨¥ 3. �á«¨ ¯®«­ ï â¥®à¨ï θ ¨¬¥¥â ª®­¥ç­ãî ¬®¤¥«ì
A0, â® A0 ¥¤¨­áâ¢¥­­  á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬ .�®ª § â¥«ìáâ¢®. Ǒãáâì B0 | ª ª ï-«¨¡® ¬®¤¥«ì â¥®à¨¨ θ. Ǒ®-ª �¥¬, çâ® B0 ¨§®¬®àä­  ¬®¤¥«¨ A0. � ª ª ª â¥®à¨ï θ ¯®«­ , ¬®¤¥-«¨ A0, B0 í«¥¬¥­â à­® íª¢¨¢ «¥­â­ë, â. ¥. Th(A0) = Th(B0). �®-£« á­® á«¥¤áâ¢¨î 6.3.5 ¨§ [1, á. 118℄, ¥á«¨ B | ª®­¥ç­ ï ¬®¤¥«ì ¨Th(A) = Th(B), â® A ≃ B. �«¥¤®¢ â¥«ì­®, A0 ≃ B0. �â¢¥à�¤¥­¨¥¤®ª § ­®.�«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥ ®¡®¡é ¥â ãâ¢¥à�¤¥­¨¥ 2.�â¢¥à�¤¥­¨¥ 4. Ǒãáâì θ ⊂ X�L | ¯®«­ ï â¥®à¨ï, ­¥ ¨¬¥îé ï(¡¥áª®­¥ç­ëå) ¬®¤¥«¥© ­¥ª®â®à®© ¬®é­®áâ¨ α > ‖L ‖. �®£¤  θ ¨¬¥¥âá â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ¥¤¨­áâ¢¥­­ãî ª®­¥ç­ãî ¬®¤¥«ì.�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® â¥®à¨ï θ ¨¬¥¥â ¡¥áª®­¥ç­ãî¬®¤¥«ì. �®£¤  ¨§ â¥®à¥¬ë ��¥¢¥­£¥©¬  | �ª®«¥¬  [1, 
. 95℄ á«¥¤ã¥â,çâ® θ ¨¬¥¥â ¬®¤¥«ì ¬®é­®áâ¨ α; ¯à®â¨¢®à¥ç¨¥. Ǒà¨¬¥­ïï ãâ¢¥à�¤¥-­¨¥ 2, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. �â¢¥à�¤¥­¨¥ ¤®ª § ­®.2. � ¯®¬­¨¬, çâ® ¤«ï «®£¨ª¨ L § ¯¨áì ‖L ‖ = ω ®§­ ç ¥â, çâ®¬­®�¥áâ¢  ª®­áâ ­â, ¯à¥¤¨ª â­ëå á¨¬¢®«®¢, á¢ï§®ª ¨ ª¢ ­â®à®¢ ¨¬¥-îâ ¬®é­®áâì 6 ω,   ¯à®áâà ­áâ¢® ¨áâ¨­­®áâ¨ X ¨¬¥¥â áç¥â­ãî ¡ §ã(â. ¥. ®­® ¥áâì ¬¥âà¨ç¥áª¨© ª®¬¯ ªâ). � ¤ ­­®© à ¡®â¥ ¯à¨¢®¤¨âáï ¤®-ª § â¥«ìáâ¢® â¥®à¥¬ë ª®¬¯ ªâ­®áâ¨ �. �. � «ìæ¥¢  ¤«ï ­¥¯à¥àë¢­®©«®£¨ª¨ L , ‖L ‖ = ω, ®â«¨ç­®¥ ®â ¨¬¥îé¥£®áï ¢ [1℄.�¥®à¥¬  4. Ǒà®áâà ­áâ¢® ML ª®¬¯ ªâ­® (‖L ‖ = ω).



�¥ª®â®àë¥ á¢®©áâ¢  í«¥¬¥­â à­ëå â¥®à¨© 157�®ª § â¥«ìáâ¢® �®£« á­® [1, á. 68℄ í«¥¬¥­â à­ ï â®¯®«®£¨ï ª®¬-¯ ªâ­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  â¥®à¨ï Th(ML ) § ¬ª­ãâ  ¢ ¯à®-áâà ­áâ¢¥ X�L . Ǒ®ª �¥¬, çâ® ¬­®�¥áâ¢® Th(ML ) § ¬ª­ãâ® ¢ ¬¥âà¨-ç¥áª®¬ ª®¬¯ ªâ¥ X�L . �«ï íâ®£® ¤®áâ â®ç­® ¯®ª § âì, çâ® ¥á«¨ ¯®á«¥-¤®¢ â¥«ì­®áâì {xn}∞n=1 â®ç¥ª ¬­®�¥áâ¢  Th(ML ) áå®¤¨âáï ª ­¥ª®â®à®©â®çª¥ x ∈ X�L , â® x ∈ Th(ML ). �¯à¥¤¥«¨¬ ®â®¡à �¥­¨¥ f : ω → X�L¯® ä®à¬ã«¥
f(n) = xn (n = 1, 2, . . . ).Ǒãáâì F | ä¨«ìâà �à¥è¥ ­  ¬­®�¥áâ¢¥ ­ âãà «ì­ëå ç¨á¥« ω, DF |ã«ìâà ä¨«ìâà, á®¤¥à� é¨© F . �®£¤  ®ç¥¢¨¤­®, çâ®

DF - lim f = x.� ª ª ª xn ∈ Th(ML ), ­ ©¤¥âáï ¬®¤¥«ìAn ∈ML â ª ï, çâ® xn = [An℄.� áá¬®âà¨¬ ¬®¤¥«ì
A = DF - prodλnAn ∈ML .Ǒ® á«¥¤áâ¢¨î 5.1.6 ¨§ [1℄ ¨¬¥¥¬[A℄ = DF - limλn[An℄ = x.� ª¨¬ ®¡à §®¬, x = [A℄ ¤«ï ¬®¤¥«¨ A ∈ML , â. ¥. x ∈ Th(ML ) ¨,§­ ç¨â, ¬­®�¥áâ¢® Th(ML ) § ¬ª­ãâ® ¢ ¯à®áâà ­áâ¢¥ X�L . �¥®à¥¬ ¤®ª § ­ .3. �áâ ­®¢¨¬áï ­  ¯®­ïâ¨¨ D-¯à¥¤¥«  [1℄. � íâ®¬ ¯ã­ªâ¥ ç¥à¥§ X®¡®§­ ç ¥âáï ä¨­ «ì­® ª®¬¯ ªâ­®¥ å ãá¤®àä®¢® ¯à®áâà ­áâ¢®. Ǒãáâì

I | ¯à®¨§¢®«ì­®¥ ­¥¯ãáâ®¥ ¬­®�¥áâ¢®, D | áç¥â­® ¯®«­ë© ã«ìâà -ä¨«ìâà ­ ¤ I. Ǒ®ª �¥¬, çâ® ¨¬¥¥â ¬¥áâ®�¥¬¬ . Ǒãáâì f ∈ XI . �®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï â®çª 
X0 ∈ X â ª ï, çâ® ¤«ï ¢áïª®© ®ªà¥áâ­®áâ¨ V â®çª¨ X0

{i ∈ I : f(i) ∈ V } ∈ D.



158 �¥à­¨ª®¢ Ǒ. �.�®ª § â¥«ìáâ¢®. Ǒãáâì ¤«ï ¢áïª®© â®çª¨ x ∈ X áãé¥áâ¢ã¥â®ªà¥áâ­®áâì Vx â ª ï, çâ® {i : f(i) ∈ Vx} 6∈ D. Ǒà®áâà ­áâ¢®X ä¨­ «ì-­® ª®¬¯ ªâ­®, ¯®íâ®¬ã ¬®�­® ¢ë¡à âì áç¥â­®¥ ¯®¤¯®ªàëâ¨¥ {Vxn
}∞n=1¯®ªàëâ¨ï {Vx}x∈X ¯à®áâà ­áâ¢  X . Ǒ®áª®«ìªã

∞⋃

n=1{i : f(i) ∈ Vxn
} = I,­ ©¤¥âáï ­®¬¥à n0, ¤«ï ª®â®à®£® {i : f(i) ∈ Vxn0} ∈ D; ¯à®â¨¢®à¥-ç¨¥. � ª¨¬ ®¡à §®¬, áãé¥áâ¢®¢ ­¨¥ â®çª¨ X0 ãáâ ­®¢«¥­®. �®ª �¥¬¥¤¨­áâ¢¥­­®áâì. Ǒãáâì áãé¥áâ¢ãîâ ¤¢¥ à §«¨ç­ë¥ â®çª¨ X1 ¨ Y1, ®¡-« ¤ îé¨¥ ãª § ­­ë¬ á¢®©áâ¢®¬. Ǒãáâì U, V | â ª¨¥ ®âªàëâë¥ ¢ X¬­®�¥áâ¢ , çâ® X1 ∈ U , Y1 ∈ V ¨ U ∩ V = ∅. �®£¤ 

{i : f(i) ∈ U} ∩ {i : f(i) ∈ V } = {i : f(i) ∈ U ∩ V } = ∅ ∈ D,çâ® ­¥¢®§¬®�­®. �¥¬¬  ¤®ª § ­ .�âã â®çªã ®¡®§­ ç¨¬, á«¥¤ãï [1℄, ç¥à¥§ D-lim f ¨ ­ §®¢¥¬ D-¯à¥¤¥-«®¬ äã­ªæ¨¨ f . � á«ãç ¥, ª®£¤  D | ã«ìâà ä¨«ìâà, X | ª®¬¯ ªâ­®¥å ãá¤®àä®¢® ¯à®áâà ­áâ¢®, â¥®à¥¬  ® áãé¥áâ¢®¢ ­¨¨ D-¯à¥¤¥« ,  ­ -«®£¨ç­ ï «¥¬¬¥, á®¤¥à�¨âáï ¢ [1℄. �®ª �¥¬ ­¥ª®â®àë¥ ãâ¢¥à�¤¥­¨ï ®áå®¤¨¬®áâ¨ D-¯à¥¤¥«®¢.�¥®à¥¬  5. Ǒãáâì {fn}∞n=1 ⊂ XI , f ∈ XI . Ǒãáâì
S = {i ∈ I : lim

n→∞
fn(i) = f(i)} ∈ D¨ áãé¥áâ¢ã¥â lim

n→∞
D-lim fn = Y . �®£¤  Y = D-lim f .�®ª § â¥«ìáâ¢®. Ǒãáâì Xn = D-lim fn, X0 = D-lim f ¨ X0 6= Y .� ©¤ãâáï ®âªàëâë¥ ¢ X ¬­®�¥áâ¢  U , V â ª¨¥, çâ® X0 ∈ U , Y ∈ V ,

U ∩ V = ∅. �ãé¥áâ¢ã¥â â ª®© ­®¬¥à N , çâ® Xn ∈ V ¯à¨ n > N . Ǒãáâì
Mk = {i : fk(i) ∈ V }. � ª ª ª D | 
ç¥â­® ¯®«­ë© ã«ìâà ä¨«ìâà,

M = S ∩ {i : f(i) ∈ U} ∩
∞⋂

k=N

Mk 6= ∅.Ǒãáâì i0 ∈ M . � ©¤¥âáï ­®¬¥à N1, ¤«ï ª®â®à®£® fn(i0) ∈ U ∩ V ¯à¨
n > N1, ­® U ∩ V = ∅; ¯à®â¨¢®à¥ç¨¥. �¥®à¥¬  ¤®ª § ­ .



�¥ª®â®àë¥ á¢®©áâ¢  í«¥¬¥­â à­ëå â¥®à¨© 159�¥®à¥¬  6. Ǒãáâì X | ä¨­ «ì­® ª®¬¯ ªâ­®¥ à¥£ã«ïà­®¥ å ã-á¤®àä®¢® ¯à®áâà ­áâ¢®, {fn}∞n=1 ⊂ XI , f ∈ XI . Ǒãáâì
S = {i ∈ I : lim

n→∞
fn(i) = f(i)} ∈ D.�®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì {D-lim fn}∞n=1 áå®¤¨âáï ª â®çª¥ D-lim f .�®ª § â¥«ìáâ¢®. Ǒãáâì Xn = D-lim fn, X0 = D-lim f . Ǒãáâì

U | ®ªà¥áâ­®áâì â®çª¨ X0. Ǒà®áâà ­áâ¢® X à¥£ã«ïà­®, ¯®íâ®¬ã ­ ©-¤¥âáï â ª ï ®ªà¥áâ­®áâì V â®çª¨ X0, çâ® V ⊂ U . Ǒ®ª �¥¬, çâ® áãé¥-áâ¢ã¥â â ª®© ­®¬¥à N , çâ® {i : fn(i) ∈ V } ∈ D ¯à¨ n > N . �®¯ãáâ¨¬¯à®â¨¢­®¥. �®£¤  áãé¥áâ¢ã¥â â ª ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {fnk
}∞k=1¯®á«¥¤®¢ â¥«ì­®áâ¨ {fn}∞n=1, çâ®

{i : fnk
(i) ∈ V } 6∈ D.Ǒãáâì

Mk = I \ {i : fnk
(i) ∈ V }.� ª ª ª D | áç¥â­® ¯®«­ë© ã«ìâà ä¨«ìâà, ¨¬¥¥¬

M = S ∩ {i : f(i) ∈ V } ∩
∞⋂

k=1Mk 6= ∅.Ǒãáâì i0 ∈M . � ©¤¥âáï ­®¬¥àN1, ¤«ï ª®â®à®£® fn(i0) ∈ V ¯à¨ n > N1.Ǒ®áª®«ìªã i0 ∈ ∞⋂
k=1Mk, ­ ©¤¥âáï â ª®© ­®¬¥à m > N1, çâ® fm(i0) 6∈ V ;¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ­®¬¥à N , ¤«ï ª®â®à®£® {i :

fn(i) ∈ V } ∈ D ¯à¨ n > N , ¯®íâ®¬ã Xn ∈ V ⊂ U ¯à¨ n > N . �¥®à¥¬ ¤®ª § ­ . ����������1. �¥©á«¥à �. ��., �í­ �¥­ì-çã­ì. �¥®à¨ï ­¥¯à¥àë¢­ëå ¬®¤¥«¥©. �.: �¨à, 1971.2. �¥à­¨ª®¢ Ǒ. �.�¡ í«¥¬¥­â à­ëå â¥®à¨ïå, ¯à®áâà ­áâ¢¥ ¬®¤¥«¥© ¨D-¯à¥¤¥« å //� â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 1. �. 155{158.3. �àè®¢ �. �., Ǒ «îâ¨­ �. �. � â¥¬ â¨ç¥áª ï «®£¨ª . �.: � ãª , 1987.4. �¯à ¢®ç­ ï ª­¨£  ¯® ¬ â¥¬ â¨ç¥áª®© «®£¨ª¥ / Ǒ®¤. à¥¤. ��. � à¢ ©á . �. 1.�¥®à¨ï ¬®¤¥«¥©. �.: � ãª , 1982,5. � ªá ��. �¥®à¨ï ­ áëé¥­­ëå ¬®¤¥«¥©. �.: �¨à, 1976.£. �®¢®á¨¡¨àáª 10 á¥­âï¡àï 2012 £.



��� 517.946� ������������ ���������Ǒ�������������� ������������������ �������� Ǒ�������������� ���������� ���������� ��������������∗)�. �. � ¤à¨­ Ǒãáâì 
 | ¨­â¥à¢ « (0, a) ®á¨ Ox, Q = 
 × (0, T ), 0 < T < +∞,
c(x, t), f(x, t), g(x), α(t), β(t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨
x ∈ 
, t ∈ [0, T ℄. � «¥¥, ¯ãáâì x0 | ä¨ªá¨à®¢ ­­ ï â®çª  
, ¨ ¯ãáâì¤«ï äã­ªæ¨¨ g(x) ¢ë¯®«­ïîâáï ãá«®¢¨ï(i) g(x) ∈ C([0, x0℄), g(x) > k0 > 0 ¯à¨ x ∈ [0, x0℄,(ii) g(x) ∈ C([x0, a℄), g(x) > k1 > 0 ¯à¨ x ∈ [x0, a℄,(iii) lim

x→x0−0 g(x) 6= lim
x→x0+0 g(x).� áá¬®âà¨¬ ãà ¢­¥­¨¥

ut − g(x)uxx + c(x, t)u = f(x, t). (1)�§ ãá«®¢¨© (i){(iii) á«¥¤ã¥â, çâ® ãà ¢­¥­¨¥ (1) ¢ ¯àï¬®ã£®«ì­¨ª¥ Q ï¢-«ï¥âáï ¯ à ¡®«¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ á à §àë¢­ë¬ ª®íää¨æ¨¥­â®¬ ¯à¨áâ àè¥© ¯à®¨§¢®¤­®©. Ǒãáâì K(x, t) ¨ N(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨,®¯à¥¤¥«¥­­ë¥ ¯à¨ x ∈ [0, x0℄, t ∈ [0, T ℄ ¨ x ∈ [x0, a℄, t ∈ [0, T ℄ á®®â¢¥â-áâ¢¥­­®. �¡®§­ ç¨¬ Q− = (0, x0)× (0, T ), Q+ = (x0, a)× (0, T ).�à ¥¢ ï § ¤ ç  I. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª å Q− ¨ Q+ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012{2014 ££. (¯à®¥ªâ ü 4402).
© 2013 � ¤à¨­  �. �.



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç 161¢ë¯®«­ïîâáï ãá«®¢¨ï
u(x, 0) = 0, x ∈ 
, (2)

u(x0 + 0, t) = α(t)u(x0 − 0, t), β(t)ux(x0 + 0, t) = ux(x0 − 0, t), (3)
u(0, t) = x0∫0 K(x, t)u(x, t) dx, u(a, t) = a∫

x0 N(x, t)u(x, t) dx, t ∈ (0, T ).(4)�à ¥¢ ï § ¤ ç  II. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª å Q− ¨ Q+ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3) ¨
ux(0, t) = x0∫0 K(x, t)u(x, t) dx, ux(a, t) = a∫

x0 N(x, t)u(x, t) dx, t ∈ (0, T ).(5)�à ¥¢ ï § ¤ ç  III. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª å Q− ¨ Q+ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3) ¨
u(0, t) = x0∫0 K(x, t)u(x, t) dx, ux(a, t) = a∫

x0 N(x, t)u(x, t) dx, t ∈ (0, T ).(6)� á«ãç ¥ K(x, t) ≡ 0, N(x, t) ≡ 0 ªà ¥¢ë¥ § ¤ ç¨ I{III ¯à¥¤áâ ¢«ï-îâ á®¡®© ®¡ëç­ë¥ § ¤ ç¨ ¤¨äà ªæ¨¨, ¨ ¨å à §à¥è¨¬®áâì ¢ ¯à®áâà ­-áâ¢ å �®¡®«¥¢  ¨§¢¥áâ­  [1, 2℄. � ¤àã£®© áâ®à®­ë, ­ «¨ç¨¥ ­¥­ã«¥¢ëåäã­ªæ¨© K(x, t), N(x, t) ®§­ ç ¥â, çâ® § ¤ ç¨ I{III ï¢«ïîâáï § ¤ ç ¬¨á ­¥«®ª «ì­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ¨­â¥£à «ì­®£® ¢¨¤ . � á«ã-ç ¥ ­¥¯à¥àë¢­®© ¯®«®�¨â¥«ì­®© ­  
 äã­ªæ¨¨ g(x) ¯®¤®¡­ë¥ § ¤ ç¨ ªâ¨¢­® ¨§ãç îâáï ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï [3{6℄, ®¤­ ª® ¤«ï ãà ¢­¥­¨© áà §àë¢­ë¬ ª®íää¨æ¨¥­â®¬ § ¤ ç¨ á ¨­â¥£à «ì­ë¬¨ ãá«®¢¨ï¬¨ à ­¥¥­¥ ¨§ãç «¨áì.



162 � ¤à¨­  �. �.�¯à¥¤¥«¨¬ ­¥®¡å®¤¨¬®¥ äã­ªæ¨®­ «ì­®¥ ¯à®áâà ­áâ¢® V :
V = {v(x, t) : ∫

Q−

(
v2 + v2t + v2xx

)
dxdt < +∞,

∫

Q+ (v2 + v2t + v2xx

)
dxdt < +∞;vraimax06t6T

x0∫0 v2x(x, t) dx < +∞, vraimax06t6T

a∫

x0 v2x(x, t) dx < +∞
}
.�®à¬ã ¢ íâ®¬ ¯à®áâà ­áâ¢¥ § ¤ ¤¨¬ ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬:

‖v‖V = { ∫
Q−

(
v2 + v2t + v2xx

)
dxdt + ∫

Q+ (v2 + v2t + v2xx

)
dxdt

} 12
× vraimax06t6T

[( x0∫0 v2x(x, t) dx) 12 +( a∫

x0 v2x(x, t) dx) 12]
.�áá«¥¤ã¥¬ ¢®¯à®á ® ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨© ªà ¥¢ëå § ¤ ç I{III.�ç¥¢¨¤­®, çâ® ¥á«¨ α(t) ≡ 0 ¨«¨ β(t) ≡ 0, â® ªà ¥¢ë¥ § ¤ ç¨ I{IIIà á¯ ¤ îé¨¥áï. Ǒ®íâ®¬ã ­¨�¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì á«ãç © |α(t)| > 0,

|β(t)| > 0 ¯à¨ t ∈ [0, T ℄.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (i){(iii),   â ª�¥ ãá«®¢¨ï
g(x) ∈ C1([0, x0℄), g(x) ∈ C1([x0, a℄), K(x, t) ∈ C1(Q−),

N(x, t) ∈ C1(Q+), c(x, t) ∈ C(Q−) ∩ C(Q+), (7)
α(t) ∈ C1[0, T ℄, β(t) ∈ C1[0, T ℄,

|α(t)| > 0, |β(t)| > 0, α(t) · β(t) > 0 ¯à¨ t ∈ [0, T ℄. (8)�®£¤  ªà ¥¢ ï § ¤ ç  I ­¥ ¬®�¥â ¨¬¥âì ¢ ¯à®áâà ­áâ¢¥ V ¡®«¥¥ ®¤­®£®à¥è¥­¨ï.�®ª § â¥«ìáâ¢®. Ǒãáâì ¢ ªà ¥¢®© § ¤ ç¥ I f(x, t) ≡ 0 ¯à¨ (x, t)
∈ Q. �¡®§­ ç¨¬

γ(t) = g(x0 − 0)β(t)
g(x0 + 0)α(t) .



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç 163� áá¬®âà¨¬ à ¢¥­áâ¢®, ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨ï (1):
t∫0 x0∫0 [uτ − g(x)uxx + c(x, τ)u℄u dxdτ+ t∫0 a∫

x0 [uτ − g(x)uxx + c(x, τ)u℄γ(τ)u dxdτ = 0.�­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬12 x0∫0 u2(x, t) dx + t∫0 x0∫0 g(x)u2x dxdτ + 12 a∫

x0 γ(t)u2(x, t) dx+ t∫0 a∫

x0 γ(τ)g(x)u2x dxdτ − t∫0 x0∫0 g′(x)uux dxdτ −
t∫0 g(0)u(0, τ)ux(0, τ) dτ

−
t∫0 x0∫0 c(x, τ)u2 dxdτ + 12 t∫0 a∫

x0 γ′(τ)u2 dxdτ − t∫0 a∫

x0 γ(τ)g′(x)uux dxdτ+ t∫0 γ(τ)g(a)u(a, τ)ux(a, τ) dτ − t∫0 a∫

x0 γ(τ)c(x, τ)u2 dxdτ. (9)�á¯®«ì§ãï ãá«®¢¨ï (4), ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¨ �­£  ¨ ãç¨-âë¢ ï ãá«®¢¨ï â¥®à¥¬ë, ­¥âàã¤­® ¯®«ãç¨âì ­¥à ¢¥­áâ¢®
x0∫0 u2(x, t) dx + a∫

x0 u2(x, t) dx + t∫0 x0∫0 u2x dxdτ + t∫0 a∫

x0 u2x dxdτ
6 C1[ t∫0 x0∫0 u2 dxdτ + t∫0 a∫

x0 u2 dxdτ + t∫0 u2x(0, τ) dτ + t∫0 u2x(a, τ) dτ],(10)¢ ª®â®à®¬ ç¨á«® C1 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t),
N(x, t), α(t) ¨ β(t).



164 � ¤à¨­  �. �.� ¬¥â¨¬, çâ® ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 
ν2(x) 6 δ1 x0∫0 ν2x(y) dy + C(δ1) x0∫0 ν2(y) dy, x ∈ [0, x0℄,
ν2(x) 6 δ1 a∫

x0 ν2x(y) dy + C(δ1) a∫

x0 ν2(y) dy, x ∈ [x0, a℄, (∗)§¤¥áì δ1 | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®. �â¨ ­¥à ¢¥­áâ¢  ­¥®¤-­®ªà â­® ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¢ ¤ «ì­¥©è¥¬.�  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ à ¢¥­áâ¢®
t∫0 x0∫0 [uτ − g(x)uxx + c(x, τ)u℄(uτ − uxx) dxdτ+ t∫0 a∫

x0 γ(τ)[uτ − g(x)uxx + c(x, τ)u℄(uτ − uxx) dxdτ = 0. (11)�­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬12 x0∫0 (g(x) + 1)u2x(x, t) dx + 12 a∫

x0 (g(x) + 1)γ(τ)u2x(x, t) dx+ t∫0 x0∫0 u2τ dxdτ + t∫0 a∫

x0 γ(τ)u2τ dxdτ + t∫0 x0∫0 g(x)u2xx dxdτ+ t∫0 a∫

x0 g(x)γ(τ)u2xx dxdτ = 12 t∫0 a∫

x0 γ′(τ)(g(x) + 1)u2x dxdτ
−

t∫0 x0∫0 g′(x)uxuτ dxdτ −
t∫0 a∫

x0 g′(x)γ(τ)uxuτ dxdτ

−
t∫0 (g(0) + 1)ux(0, τ)uτ (0, τ) dτ + t∫0 (g(a) + 1)γ(τ)ux(a, τ)uτ (a, τ) dτ
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−

t∫0 x0∫0 c(x, τ)uuτ dxdτ−
t∫0 a∫

x0 γ(τ)c(x, τ)uuτ dxdτ+ t∫0 x0∫0 c(x, τ)uuxx dxdτ+ t∫0 a∫

x0 γ(τ)c(x, τ)uuxx dxdτ. (12)�®á¯®«ì§ã¥¬áï ¢ ¯®«ãç¥­­®¬ à ¢¥­áâ¢¥ ãá«®¢¨ï¬¨ â¥®à¥¬ë ¨ § ¬¥­¨¬¢ ç¥â¢¥àâ®¬ ¨ ¯ïâ®¬ á« £ ¥¬ëå uτ (0, t) ¨ uτ (a, t) á®®â¢¥âáâ¢ãîé¨¬¨ ¨­-â¥£à « ¬¨ á ¯®¬®éìî ãá«®¢¨© (4), ¤ «¥¥ ¢®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢ ¬¨(∗), ��¥«ì¤¥à  ¨ �­£ ,   â ª�¥ ­¥à ¢¥­áâ¢®¬ (10) ¨ ¢ à¥§ã«ìâ â¥ ¯®«ã-ç¨¬
x0∫0 u2(x, t) dx + a∫

x0 u2(x, t) dx + x0∫0 u2x(x, t) dx + a∫

x0 u2x(x, t) dx+ t∫0 x0∫0 u2τ dxdτ + t∫0 a∫

x0 u2τ dxdτ + t∫0 x0∫0 u2xx dxdτ + t∫0 a∫

x0 u2xx dxdτ

6 C2[ t∫0 x0∫0 u2 dxdτ + t∫0 a∫

x0 u2 dxdτ + t∫0 x0∫0 u2x dxdτ + t∫0 a∫

x0 u2x dxdτ],(13)£¤¥ ç¨á«® C2 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t), N(x, t), α(t)¨ β(t).�¡®§­ ç¨¬
z1(t) = x0∫0 u2(x, t) dx + a∫

x0 u2(x, t) dx + t∫0 x0∫0 u2x dxdτ + t∫0 a∫

x0 u2x dxdτ.�®£¤  á«¥¤áâ¢¨¥¬ (13) ¡ã¤¥â ­¥à ¢¥­áâ¢®
z1(t) 6 M1 t∫0 z1(τ)d(τ),



166 � ¤à¨­  �. �.£¤¥ ç¨á«®M1 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t), N(x, t), α(t)¨ β(t). �§ íâ®£® ­¥à ¢¥­áâ¢  ¨ «¥¬¬ë �à®­ã®««  á«¥¤ã¥â, çâ® z1(t) ≡ 0¯à¨ t ∈ [0, T ℄. �ç¥¢¨¤­® â¥¯¥àì, çâ® ¨¬¥îâ ¬¥áâ® â®�¤¥áâ¢  u(x, t) ≡ 0¢ Q−, u(x, t) ≡ 0 ¢ Q+. �¥®à¥¬  ¤®ª § ­ .�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (i){(iii),   â ª�¥ ãá«®¢¨ï(7) ¨ (8). �®£¤  ªà ¥¢ ï § ¤ ç  II ­¥ ¬®�¥â ¨¬¥âì ¢ ¯à®áâà ­áâ¢¥ V¡®«¥¥ ®¤­®£® à¥è¥­¨ï.�®ª § â¥«ìáâ¢®. Ǒãáâì ¢ ªà ¥¢®© § ¤ ç¥ II f(x, t) ≡ 0 ¯à¨ (x, t)
∈ Q. � áá¬®âà¨¬ à ¢¥­áâ¢®, ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨ï (1):

t∫0 x0∫0 [uτ − g(x)uxx + c(x, τ)u℄u dxdτ+ t∫0 x0∫0 [uτ − g(x)uxx + c(x, τ)u℄γ(τ)u dxdτ = 0.�­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬ à ¢¥­áâ¢® (9), § â¥¬, ¨á¯®«ì§ãï ­¥à -¢¥­áâ¢  �­£ , ��¥«ì¤¥à  ¨ (∗), ¯à¨¤¥¬ ª ®æ¥­ª¥
z2(t) 6 M2 t∫0 z2(τ)d(τ),£¤¥

z2(t) = x0∫0 u2(x, t) dx + a∫

x0 u2(x, t) dx,ç¨á«® M2 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t), N(x, t), α(t) ¨
β(t). �§ íâ®£® ­¥à ¢¥­áâ¢  ¨ «¥¬¬ë �à®­ã®««  á«¥¤ã¥â, çâ® z2(t) ≡ 0¯à¨ t ∈ [0, T ℄. �¬¥îâ ¬¥áâ® â®�¤¥áâ¢  u(x, t) ≡ 0 ¢ Q−, u(x, t) ≡ 0 ¢
Q+. �¥®à¥¬  ¤®ª § ­ .Ǒ®«®�¨¬

N0 = max06t6T




a∫

x0 N2(x, t) dx 12
.



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç 167�¥®à¥¬  3. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (i){(iii), (7) ¨ (8),   â ª�¥
c(x, t) ∈ C1(Q+), c(x, t) > c0 > 0 ¯à¨ (x, t) ∈ (Q+), (14)

∃δ0 > 0 : 4(a− x0)δ02N03 < k1, c02 − δ02N0
a− x0 − [1 + g(a)℄N04δ02 > 0. (15)�®£¤  ªà ¥¢ ï § ¤ ç  III ­¥ ¬®�¥â ¨¬¥âì ¢ ¯à®áâà ­áâ¢¥ V ¡®«¥¥ ®¤­®£®à¥è¥­¨ï.�®ª § â¥«ìáâ¢®. Ǒãáâì ¢ ªà ¥¢®© § ¤ ç¥ III f(x, t) ≡ 0 ¯à¨(x, t) ∈ Q. � áá¬®âà¨¬ à ¢¥­áâ¢® (11). �­â¥£à¨àãï ¯® ç áâï¬, ¯®-«ãç¨¬12 x0∫0 u2x(x, t) dx+ 12 x0∫0 g(x)u2x(x, t) dx+ t∫0 x0∫0 u2τ dxdτ + t∫0 a∫

x0 γ(τ)u2τ dxdτ+ γ(t)2 a∫

x0 u2x(x, t) dx + γ(t)2 a∫

x0 g(x)u2x(x, t) dx + t∫0 x0∫0 g(x)u2xx dxdτ+ t∫0 a∫

x0 g(x)γ(τ)u2xx dxdτ + 12 x0∫0 c(x, t)u2(x, t) dx+ γ(t)2 a∫

x0 c(x, t)u2(x, t) dx= t∫0 x0∫0 c(x, τ)uuxx dxdτ + t∫0 a∫

x0 g(x)γ(τ)c(x, τ)uuxx dxdτ+ 12 t∫0 a∫

x0 γ′(τ)u2x dx+ 12 t∫0 a∫

x0 g(x)γ′(τ)u2x dx−
t∫0 x0∫0 g′(x)uxuτ dxdτ

−
t∫0 a∫

x0 g′(x)γ(τ)uxuτ dxdτ

− [1 + g(x0 + 0)℄ t∫0 γ(τ)α′(τ)u(x0 − 0, τ)ux(x0 + 0, τ) dτ+ 12 t∫0 a∫

x0 γ(τ)cτ (x, τ)u2 dxdτ + 12 t∫0 a∫

x0 γ′(τ)c(x, τ)u2 dxdτ



168 � ¤à¨­  �. �.+ 12 t∫0 x0∫0 cτ (x, τ)u2 dxdτ + [1 + g(a)℄ t∫0 γ(τ)ux(a, τ)uτ (a, τ) dτ
− [1 + g(0)℄ t∫0 uτ (0, τ)ux(0, τ) dτ. (16)� ¯®á«¥¤­¨å ¤¢ãå ¨­â¥£à « å § ¬¥­¨¬ uτ (0, τ) ¨ ux(a, τ) á ¯®¬®éìîªà ¥¢ëå ãá«®¢¨© (6) ¨ ¯à®¨­â¥£à¨àã¥¬ ¢ ¯¥à¢®¬ á« £ ¥¬®¬ ¯®«ãç¥­­®-£® à ¢¥­áâ¢  ¯® τ :[1 + g(a)℄ t∫0 γ(τ)ux(a, τ)uτ (a, τ) dτ − [1 + g(0)℄ t∫0 uτ (0, τ)ux(0, τ) dτ == [1 + g(a)℄ t∫0 γ(τ)uτ (a, τ) a∫

x0 N(x, τ)u(x, τ) dx dτ
− [1 + g(0)℄ t∫0 ux(0, τ) x0∫0 K(x, τ)uτ (x, τ) dx + x0∫0 Kτ (x, τ)u(x, τ) dx dτ= −[1 + g(a)℄ a∫

x0 γ(τ)u(a, τ) a∫

x0 N(x, τ)uτ (x, τ) dx dτ

− [1 + g(a)℄ a∫

x0 γ(τ)u(a, τ) a∫

x0 Nτ (x, τ)u(x, τ) dx dτ

− [1 + g(a)℄ a∫

x0 γ′(τ)u(a, τ) a∫

x0 N(x, τ)u(x, τ) dx dτ+ [1 + g(a)℄γ(t)u(a, t) a∫

x0 N(x, t)u(x, t) dx
− [1+g(0)℄ t∫0 ux(0, τ) x0∫0 K(x, τ)uτ (x, τ) dx+ x0∫0 Kτ (x, τ)u(x, τ) dx dτ.
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I = [1 + g(a)℄γ(t)u(a, t) a∫

x0 N(x, t)u(x, t) dx.�á¯®«ì§ãï ¨­â¥£à «ì­®¥ ­¥à ¢¥­áâ¢®
ν2(a) 6

2
a− x0 a∫

x0 ν2(x) dx + 2(a− x0)3 a∫

x0 ν′2(x) dx, (∗∗)­¥à ¢¥­áâ¢  �­£  ¨ ��¥«ì¤¥à , ®æ¥­¨¬ |I|:
|I| 6

(2δ02N0γ(t)
a− x0 + [1 + g(a)℄2δ02 N0γ(t)) a∫

x0 u2(x, t) dx+ 2(a− x0)δ02N0γ(t)3 a∫

x0 u2x(x, t) dx. (17)�¥à­¥¬áï ª à ¢¥­áâ¢ã (16) ¨, ãç¨âë¢ ï (17), ¯®«ãç¨¬12 x0∫0 u2x(x, t) dx+ 12 x0∫0 g(x)u2x(x, t) dx+ t∫0 x0∫0 u2τ dxdτ + t∫0 a∫

x0 γ(τ)u2τ dxdτ+ γ(t)2 a∫

x0 u2x(x, t) dx + γ(t)2 a∫

x0 g(x)− 2(a− x0)δ02N03 
u2x(x, t) dx+ t∫0 x0∫0 g(x)u2xx dxdτ + t∫0 a∫

x0 g(x)γ(τ)u2xx dxdτ + 12 x0∫0 c(x, t)u2(x, t) dx+ γ(t)2 a∫

x0 c(x, t)− 2δ02N0
a− x0 − [1 + g(a)℄2δ02 N0u2(x, t) dx

6

∣∣∣∣∣∣

t∫0 x0∫0 c(x, τ)uuxx dxdτ + t∫0 a∫

x0 g(x)γ(τ)c(x, τ)uuxx dxdτ



170 � ¤à¨­  �. �.+ 12 t∫0 a∫

x0 γ′(τ)u2x dx + 12 t∫0 a∫

x0 g(x)γ′(τ)u2x dx
−

t∫0 x0∫0 g′(x)uxuτ dxdτ −
t∫0 a∫

x0 g′(x)γ(τ)uxuτ dxdτ

− [1 + g(x0 + 0)℄ t∫0 γ(τ)α′(τ)u(x0 − 0, τ)ux(x0 + 0, τ) dτ+ 12 t∫0 a∫

x0 γ(τ)cτ (x, τ)u2 dxdτ + 12 t∫0 a∫

x0 γ′(τ)c(x, τ)u2 dxdτ+ 12 t∫0 x0∫0 cτ (x, τ)u2 dxdτ
− [1 + g(a)℄ a∫

x0 γ(τ)u(a, τ) a∫

x0 N(x, τ)uτ (x, τ) dxdτ
− [1 + g(a)℄ a∫

x0 γ(τ)u(a, τ) a∫

x0 Nτ (x, τ)u(x, τ) dxdτ
− [1 + g(a)℄ a∫

x0 γ′(τ)u(a, τ) a∫

x0 N(x, τ)u(x, τ) dxdτ+[1+g(0)℄ t∫0 ux(0, τ) x0∫0 K(x, τ)uτ (x, τ) dx+ x0∫0 Kτ (x, τ)u(x, τ) dxdτ ∣∣∣∣∣∣.�á¯®«ì§ãï ­¥à ¢¥­áâ¢  �­£  ¨ ��¥«ì¤¥à , ­¥à ¢¥­áâ¢® (∗),   â ª�¥ãá«®¢¨ï (14) ¨ (15), ¯®«ãç¨¬
m0 x0∫0 u2(x, t) dx + a∫

x0 u2(x, t) dx + x0∫0 u2x(x, t) dx+ a∫

x0 u2x(x, t) dx
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6 M3 t∫0 x0∫0 (ux

2 + u2) dxdτ + t∫0 a∫

x0 (ux
2 + u2) dxdτ,£¤¥ m0 | ä¨ªá¨à®¢ ­­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, ®¯à¥¤¥«ïîé¥¥áï g(x),

c(x, t), α(t) ¨ β(t), ç¨á«® M3 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t),
K(x, t), N(x, t), α(t) ¨ β(t).�§ íâ®£® ­¥à ¢¥­áâ¢  ¨ «¥¬¬ë �à®­ã®««  á«¥¤ã¥â, çâ® ¨¬¥îâ ¬¥áâ®â®�¤¥áâ¢  u(x, t) ≡ 0 ¢ Q−, u(x, t) ≡ 0 ¢ Q+. �¥®à¥¬  ¤®ª § ­ .Ǒ¥à¥©¤¥¬ ª ¢®¯à®áã ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨© ªà ¥¢ëå § ¤ ç I{III.Ǒ®«®�¨¬

A1(x) = (x0 − x

x0 )2
, B1(x) = (x− x0

a− x0)2.�¥®à¥¬  4. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (i){(iii), (7), (8),   â ª�¥
λ

x0∫0 K(x, t)A1(x) dx 6= 1, λ

a∫

x0 N(x, t)B1(x) dx 6= 1 (18)¯à¨ λ ∈ [0, 1℄, t ∈ [0, T ℄. �®£¤  ªà ¥¢ ï § ¤ ç  I ¨¬¥¥â à¥è¥­¨¥, ¯à¨-­ ¤«¥� é¥¥ ¯à®áâà ­áâ¢ã V .�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï ¯® ¯ -à ¬¥âàã. Ǒãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0,1℄. � áá¬®âà¨¬ á¥¬¥©áâ¢®ªà ¥¢ëå § ¤ ç: ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) â ª®¥, çâ® ¤«ï ­¥£® ¢ë-¯®«­ïîâáï ãá«®¢¨ï (2), (3),   â ª�¥ ãá«®¢¨ï
u(0, t) = λ

x0∫0 K(x, t)u(x, t) dx, u(a, t) = λ

a∫

x0 N(x, t)u(x, t) dx. (4λ)�¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® â¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ïª®â®àëå ªà ¥¢ ï § ¤ ç  (1){(3), (4λ) ¨¬¥¥â à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥¯à®áâà ­áâ¢ã V , ¤«ï «î¡®© äã­ªæ¨¨ f(x, t) ¨§ ¯à®áâà ­áâ¢  L2(Q).� ª ¨§¢¥áâ­® [6℄, ¥á«¨ ®ª �¥âáï, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨§ ¬ª­ãâ® (¢ â®¯®«®£¨¨ ®âà¥§ª  [0,1℄), â® ®­® ¡ã¤¥â á®¢¯ ¤ âì á® ¢á¥¬



172 � ¤à¨­  �. �.®âà¥§ª®¬ [0,1℄, ¨ â®£¤  ¨áå®¤­ ï ªà ¥¢ ï § ¤ ç  ¡ã¤¥â à §à¥è¨¬®© ¢­ã�­®¬ ª« áá¥.�â ª, âà¥¡ã¥âáï ¯®ª § âì, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨§ ¬ª­ãâ®. �­®�¥áâ¢® � ­¥¯ãáâ®, çâ® ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§â®£®, çâ® ç¨á«® 0 ¯à¨­ ¤«¥�¨â ¥¬ã [1, 2℄.�®ª �¥¬ ®âªàëâ®áâì �. Ǒãáâì λ0 | â®çª  ¬­®�¥áâ¢  �, λ =
λ0 + ~λ. Ǒ®ª �¥¬, çâ® ¯à¨ ¬ «ëå |~λ| ç¨á«® λ â ª�¥ ¯à¨­ ¤«¥�¨â �.Ǒãáâì v(x, t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ ¯à®áâà ­áâ¢  V . � á-á¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) â ª®¥, çâ® ¤«ï­¥£® ¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3),   â ª�¥ ãá«®¢¨ï

u(0, t) = λ0 x0∫0 K(x, t)u(x, t) dx + ~λ x0∫0 K(x, t)v(x, t) dx,
u(a, t) = λ0 a∫

x0 N(x, t)u(x, t) dx + ~λ a∫

x0 N(x, t)v(x, t) dx. (4λ,v)Ǒà¥®¡à §ã¥¬ ¤ ­­ãî § ¤ çã ª § ¤ ç¥ ¢¨¤  (1){(3), (4λ).� áá¬®âà¨¬ äã­ªæ¨î
z(x, t) = z−(x, t) = ~λA1(x)�1(t)

γ1(t) , 0 < x < x0, 0 < t < T,

z+(x, t) = ~λB1(x)�2(t)
γ2(t) , x0 < x < a, 0 < t < T,

(19)£¤¥ �1(t) = x0∫0 K(y, t)v(y, t) dy, �2(t) = a∫

x0 N(y, t)v(y, t) dy,
γ1(t) = 1− λ0 x0∫0 K(x, t)A1(x) dx, γ2(t) = 1− λ0 a∫

x0 N(x, t)B1(x) dx(§ ¬¥â¨¬, çâ® ¢á«¥¤áâ¢¨¥ (18) äã­ªæ¨ï z(x, t) ®¯à¥¤¥«¥­  ª®àà¥ªâ­®).�¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 
z−(0, t) = λ0 x0∫0 K(x, t)z−(x, t) dx + ~λ�1(t), z−(x0, t) = 0, zx

−(x0, t) = 0,
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z+(a, t) = λ0 a∫

x0 N(x, t)z+(x, t) dx + ~λ�2(t), z+(x0, t) = 0, zx
+(x0, t) = 0.Ǒ®«®�¨¬ u(x, t) = w(x, t) + z(x, t). �®£¤  á®£« á­® (4λ) ¯®«ãç¨¬

wt − g(x)wxx + c(x, t)w = f0(x, t), (20)
w(x, 0) = 0, (21)

w(x0 + 0, t) = α(t)w(x0 − 0, t), β(t)wx(x0 + 0, t) = wx(x0 − 0, t), (22)
w(0, t) = λ0 x0∫0 K(x, t)w(x, t) dx, w(a, t) = λ0 a∫

x0 N(x, t)w(x, t) dx, (23)£¤¥
f0(x, t) = { f(x, t)− z−t + g(x)z−xx − c(x, t)z−, 0 < x < x0, 0 < t < T,

f(x, t)− z+t + g(x)z+xx − c(x, t)z+, x0 < x < a, 0 < t < T.Ǒ®áª®«ìªã f0(x, t) ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã L2(Q) (çâ® ®ç¥¢¨¤­®)¨ ç¨á«® λ0 ¯à¨­ ¤«¥�¨â �, ªà ¥¢ ï § ¤ ç  I ¤«ï äã­ªæ¨¨ w(x, t),â. ¥. § ¤ ç  (20){(23), ¨¬¥¥â à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­áâ¢ã
V . �®§¢à é ïáì ª äã­ªæ¨¨ u(x, t), ¯®«ãç¨¬, çâ® § ¤ ç  (1){(3), (4λ,v)¯à¨ ¢á¥å v(x, t) ¨§ V ¨¬¥¥â à¥è¥­¨¥ u(x, t), ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­-áâ¢ã V . �¥¬ á ¬ë¬ íâ  § ¤ ç  ¯®à®�¤ ¥â ®¯¥à â®à G, ¯¥à¥¢®¤ïé¨©¯à®áâà ­áâ¢® V ¢ á¥¡ï: G(v) = u. Ǒ®ª �¥¬, çâ® ¯à¨ ¬ «ëå |~λ| íâ®â®¯¥à â®à ¡ã¤¥â á�¨¬ îé¨¬.Ǒãáâì v1(x, t) ¨ v2(x, t) | ¤¢¥ äã­ªæ¨¨ ¨§ ¯à®áâà ­áâ¢  V , u1(x, t)¨ u2(x, t) | ®¡à §ë äã­ªæ¨© v1(x, t) ¨ v2(x, t) ¯à¨ ¤¥©áâ¢¨¨ ®â®¡à -�¥­¨ï G, z1(x, t) ¨ z2(x, t) | äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ä®à¬ã«®© (19)¯® äã­ªæ¨ï¬ v1(x, t) ¨ v2(x, t), v(x, t) = v1(x, t) − v2(x, t), u(x, t) =
u1(x, t) − u2(x, t), z(x, t) = z1(x, t) − z2(x, t), w(x, t) = u(x, t) − z(x, t),~f(x, t) = f0(x, t)− f(x, t). �«ï äã­ªæ¨¨ w(x, t) ¢ë¯®«­ïîâáï à ¢¥­áâ¢ (21){(23) ¨ ãà ¢­¥­¨¥

wt − g(x)wxx + c(x, t)w = ~f(x, t). (24)
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t∫0 x0∫0 [wτ − g(x)wxx + c(x, τ)w − ~f(x, τ)℄[w + wτ − wxx℄ dxdτ+ t∫0 a∫

x0 [wτ − g(x)wxx + c(x, τ)w − ~f(x, τ)℄γ(τ)[w +wτ −wxx℄ dxdτ = 0.�­â¥£à¨àãï ¢ ¤ ­­®¬ à ¢¥­áâ¢¥ ¯® ç áâï¬, ¨á¯®«ì§ãï ãá«®¢¨ï (7), (8),(23) ¨ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¨ �­£ , ¨¬¥¥¬
x0∫0 w2(x, t) dx+ a∫

x0 w2(x, t) dx + x0∫0 w2
x(x, t) dx + a∫

x0 w2
x(x, t) dx+ t∫0 x0∫0 w2

x dxdτ + t∫0 a∫

x0 w2
x dxdτ + t∫0 x0∫0 w2

τ dxdτ + t∫0 a∫

x0 w2
τ dxdτ+ t∫0 x0∫0 w2

xx dxdτ + t∫0 a∫

x0 w2
xx dxdτ 6 C3 t∫0 x0∫0 w2 dxdτ + t∫0 a∫

x0 w2 dxdτ+ t∫0 w2
x(0, τ) dτ + t∫0 w2

x(a, τ) dτ + t∫0 x0∫0 w2
x dxdτ+ t∫0 a∫

x0 w2
x dxdτ + t∫0 x0∫0 ~f2 dxdτ + t∫0 a∫

x0 ~f2 dxdτ,£¤¥ ç¨á«® C3 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t), N(x, t), α(t)¨ β(t).�á¯®«ì§ãï ¤ «¥¥ ­¥à ¢¥­áâ¢® (∗) ¨ ¯à¨¬¥­ïï «¥¬¬ã �à®­ã®«« ,¯®«ãç¨¬
‖w(x, t)‖2V 6 M4‖ ~f(x, t)‖2L2(Q),£¤¥ ç¨á«® M4 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t), N(x, t),

α(t) ¨ β(t).
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‖u(x, t)‖V 6 M5|~λ‖v(x, t)|L2(Q), (25)£¤¥ ç¨á«®M5 â ª�¥ ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t),K(x, t),N(x, t),

α(t) ¨ β(t).Ǒãáâì ç¨á«® ~λ ­ áâ®«ìª® ¬ «®, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
M5|~λ| < 1.�«ï â ª¨å ç¨á¥« ~λ ®â®¡à �¥­¨¥ G á�¨¬ îé¥¥ ¨, á«¥¤®¢ â¥«ì­®, ¨¬¥¥â­¥¯®¤¢¨�­ãî â®çªã u(x, t): G(u) = u. �â  ­¥¯®¤¢¨�­ ï â®çª  ¯à¨-­ ¤«¥�¨â ¯à®áâà ­áâ¢ã V , ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1), ¨ ¤«ï ­¥¥¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3),   â ª�¥

u(0, t) = (λ0+~λ) x0∫0 K(x, t)u(x, t) dx, u(a, t) = (λ0+~λ) a∫

x0 N(x, t)u(x, t) dx.�âáî¤  ¯®«ãç ¥¬, çâ® ç¨á«® λ0 + ~λ ¯à¨­ ¤«¥�¨â ¬­®�¥áâ¢ã �, â¥¬á ¬ë¬ ¬­®�¥áâ¢® � ®âªàëâ®.�®ª �¥¬ â¥¯¥àì, çâ® ¬­®�¥áâ¢® � § ¬ª­ãâ®. Ǒãáâì {λk} | ¯®á«¥-¤®¢ â¥«ì­®áâì í«¥¬¥­â®¢ ¬­®�¥áâ¢  � â ª ï, çâ® λk → λ0. Ǒ®ª �¥¬,çâ® ç¨á«® λ0 â ª�¥ ¯à¨­ ¤«¥�¨â �.Ǒãáâì uk(x, t) | à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1){(3), (4λk
). �á«¥¤áâ¢¨¥¯à¨­ ¤«¥�­®áâ¨ ç¨á¥« λk ¬­®�¥áâ¢ã � äã­ªæ¨¨ λk ¡ã¤ãâ ¯à¨­ ¤«¥-� âì ¯à®áâà ­áâ¢ã V . �¡®§­ ç¨¬ ç¥à¥§ wkm(x, t) äã­ªæ¨î uk(x, t) −

um(x, t). �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ à ¢¥­áâ¢ :
wkmt − g(x)wkmxx + c(x, t)wkm = 0, (26)

wkm(x, 0) = 0, (27)
wkm(x0+0, t) = α(t)wkm(x0−0, t), β(t)wkmx(x0+0, t) = wkmx(x0−0, t),(28)
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wkm(0, t) = λk

x0∫0 K(x, t)wkm(x, t) dx + (λk − λm) x0∫0 K(x, t)um(x, t) dx,
wkm(a, t) = λk

a∫

x0 N(x, t)wkm(x, t) dx + (λk − λm) a∫

x0 N(x, t)um(x, t) dx.(29)� áá¬®âà¨¬ à ¢¥­áâ¢®, ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨ï (26):
t∫0 x0∫0 [wkmτ − g(x)wkmxx + c(x, τ)wkm ℄[wkm + wkmτ − wkmxx℄ dxdτ+ t∫0 a∫

x0 [wkmτ−g(x)wkmxx+c(x, τ)wkm℄γ(τ)[wkm+wkmτ−wkmxx℄ dxdτ = 0.�­â¥£à¨àãï ¯® ç áâï¬, ¨á¯®«ì§ãï ãá«®¢¨ï (7), (8), (29) ¨ ¯à¨¬¥­ïï­¥à ¢¥­áâ¢  ��¥«ì¤¥à , �­£  ¨ (∗), ¯®«ãç¨¬
x0∫0 w2

km(x, t) dx + a∫

x0 w2
km(x, t) dx + x0∫0 w2

kmx(x, t) dx + a∫

x0 w2
kmx(x, t) dx+ t∫0 x0∫0 w2

kmτ dxdτ+ t∫0 a∫

x0 w2
kmτ dxdτ+ t∫0 x0∫0 w2

kmxx dxdτ+ t∫0 a∫

x0 w2
kmxx dxdτ

6 C4 t∫0 x0∫0 w2
km dxdτ + t∫0 a∫

x0 w2
km dxdτ + t∫0 x0∫0 w2

kmx dxdτ+ t∫0 a∫

x0 w2
kmx dxdτ


 + |λk − λm|2 t∫0 x0∫0 u2m dxdτ + t∫0 a∫

x0 u2m dxdτ+ t∫0 x0∫0 u2mτ dxdτ + t∫0 a∫

x0 u2mτ dxdτ


, (30)£¤¥ ç¨á«® C4 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t), N(x, t), α(t)¨ β(t).
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z4(t) = x0∫0 w2

km(x, t) dx + a∫

x0 wkm
2(x, t) dx+ t∫0 x0∫0 w2

kmx dxdτ + t∫0 a∫

x0 w2
kmx dxdτ.� ¬¥â¨¬, çâ® ¨¬¥¥â ¬¥áâ® ®æ¥­ª  ‖um‖V 6 M7 á ¯®áâ®ï­­®© M7, ®¯à¥-¤¥«ïîé¥©áï äã­ªæ¨ï¬¨ g(x), c(x, t), K(x, t), N(x, t), α(t) ¨ β(t). �®£¤ á«¥¤áâ¢¨¥¬ ­¥à ¢¥­áâ¢  (30) ¨ «¥¬¬ë �à®­ã®««  ¡ã¤¥â ®æ¥­ª 

z4(t) 6 C5|λk − λm|2, (31)£¤¥ ç¨á«® C5 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x), c(x, t),K(x, t), N(x, t), α(t),
β(t) ¨ ç¨á«®¬ T .�§ (31) ¯®«ãç¨¬

‖wkm(x, t)‖2 6 C6|λk − λm|2, (32)£¤¥ C6 ®¯à¥¤¥«ï¥âáï ç¨á« ¬¨ C5 ¨ T .�§ (32) á«¥¤ã¥â, çâ® {uk(x, t)} | äã­¤ ¬¥­â «ì­ ï ¢ ¯à®áâà ­-áâ¢¥ V ¯®á«¥¤®¢ â¥«ì­®áâì. Ǒ®áª®«ìªã V ¡ ­ å®¢®, áãé¥áâ¢ã¥â äã­ª-æ¨ï u(x, t) ¨§ íâ®£® ¯à®áâà ­áâ¢ , ï¢«ïîé ïáï ¯à¥¤¥«®¬ á¥¬¥©áâ¢ 
{uk(x, t)}. Ǒ¥à¥å®¤ï â¥¯¥àì ª ¯à¥¤¥«ã ¢ á¥¬¥©áâ¢¥ § ¤ ç (1){(3), (4λk

)¯à¨ k → ∞, ¯®«ãç¨¬, çâ® ¯à¥¤¥«ì­ ï äã­ªæ¨ï u(x, t) ¡ã¤¥â à¥è¥­¨¥¬§ ¤ ç¨ (1){(3), (4λ0), ¯à¨­ ¤«¥� é¨¬ ¯à®áâà ­áâ¢ã V . �â® ®§­ ç ¥â,çâ® ç¨á«® λ0 ¯à¨­ ¤«¥�¨â ¬­®�¥áâ¢ã �.�â ª, ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®. � ª £®¢®à¨«®áì¢ëè¥, á«¥¤áâ¢¨¥¬ íâ®£® ï¢«ï¥âáï á®¢¯ ¤¥­¨¥ ¬­®�¥áâ¢  � á® ¢á¥¬ ®â-à¥§ª®¬ [0, 1℄. �® â®£¤  § ¤ ç  (1){(3), (4λ),   §­ ç¨â, ¨ ¨áå®¤­ ï § ¤ ç (1){(4) à §à¥è¨¬ë ¢ ¯à®áâà ­áâ¢¥ V .�¥®à¥¬  ¤®ª § ­ .Ǒ®«®�¨¬
A2(x) = − (x− x0)22x0 , B2(x) = (x− x0)22(a− x0) .
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λ

x0∫0 K(x, t)A2(x) dx 6= 1, λ

a∫

x0 N(x, t)B2(x) dx 6= 1 (33)¯à¨ λ ∈ [0, 1℄, t ∈ [0, T ℄. �®£¤  ªà ¥¢ ï § ¤ ç  II ¨¬¥¥â à¥è¥­¨¥, ¯à¨-­ ¤«¥� é¥¥ ¯à®áâà ­áâ¢ã V .�®ª § â¥«ìáâ¢®. �­®¢ì ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï¯® ¯ à ¬¥âàã. Ǒãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0,1℄. � áá¬®âà¨¬ á¥¬¥©-áâ¢® ªà ¥¢ëå § ¤ ç: ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) â ª®¥, çâ® ¤«ï ­¥£®¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3) ¨
ux(0, t) = λ

x0∫0 K(x, t)u(x, t) dx, ux(a, t) = λ

a∫

x0 N(x, t)u(x, t) dx. (5λ)�­®¢  ®¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® â¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ïª®â®àëå ªà ¥¢ ï § ¤ ç  (1){(3), (5λ) ¨¬¥¥â à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥¯à®áâà ­áâ¢ã V , ¤«ï «î¡®© äã­ªæ¨¨ f(x, t) ¨§ ¯à®áâà ­áâ¢  L2(Q).�ã�­® ¯®ª § âì, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®.�ç¥¢¨¤­®, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®. �«ï ¤®ª § â¥«ìáâ¢  ®âªàë-â®áâ¨ � à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1)â ª®¥, çâ® ¤«ï ­¥£® ¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3) ¨
ux(0, t) = λ0 x0∫0 K(x, t)u(x, t) dx + ~λ x0∫0 K(x, t)v(x, t) dx,
ux(a, t) = λ0 a∫

x0 N(x, t)u(x, t) dx + ~λ a∫

x0 N(x, t)v(x, t) dx(§¤¥áì v(x, t) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ ¯à®áâà ­áâ¢  V ).Ǒà¥®¡à §ã¥¬ ¤ ­­ãî § ¤ çã ª § ¤ ç¥ ¢¨¤  (1){(3), (5λ).� áá¬®âà¨¬ äã­ªæ¨î
z(x, t) = z−(x, t) = ~λA2(x)�1(t)

γ3(t) , 0 < x < x0, 0 < t < T,

z+(x, t) = ~λB2(x)�2(t)
γ4(t) , x0 < x < a, 0 < t < T,



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç 179£¤¥
γ3(t) = 1− λ0 x0∫0 K(x, t)A2(x) dx, γ4(t) = 1− λ0 a∫

x0 N(x, t)B2(x) dx.�¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 
zx

−(0, t) = λ0 x0∫0 K(x, t)z−(x, t) dx+~λ�1(t), z−(x0, t) = 0, zx
−(x0, t) = 0,

zx
+(a, t) = λ0 a∫

x0 N(x, t)z+(x, t) dx+~λ�2(t), z+(x0, t) = 0, zx
+(x0, t) = 0.� ááã�¤ ï â ª �¥, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4, ¯®«ãç¨¬ á�¨-¬ îé¨© ®¯¥à â®à G, ¯¥à¥¢®¤ïé¨© ¯à®áâà ­áâ¢® V ¢ á¥¡ï: G(v) = u.� á¨«ã á¯à ¢¥¤«¨¢®áâ¨  ¯à¨®à­®© ®æ¥­ª¨ (25) ¯®«ãç¨¬, çâ® ¬­®�¥-áâ¢® � ®âªàëâ®. � ¬ª­ãâ®áâì ¬­®�¥áâ¢  � ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®â¥®à¥¬¥ 4.�â ª, ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®,   áâ «® ¡ëâì,á®¢¯ ¤ ¥â á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄. � ¨â®£¥ § ¤ ç  (1){(3), (5λ),   §­ -ç¨â, ¨ ¨áå®¤­ ï § ¤ ç  (1){(3), (5) ¡ã¤ãâ à §à¥è¨¬ë ¢ ¯à®áâà ­áâ¢¥ V .�¥®à¥¬  ¤®ª § ­ .�¥®à¥¬  6. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (i){(iii), (7), (8), (18) ¨(33). �®£¤  ªà ¥¢ ï § ¤ ç  III ¨¬¥¥â à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥ ¯à®-áâà ­áâ¢ã V .�®ª § â¥«ìáâ¢®. �­®¢  ¨á¯®«ì§ãï ¬¥â®¤ ¯à®¤®«�¥­¨ï ¯® ¯ à -¬¥âàã, à áá¬®âà¨¬ á¥¬¥©áâ¢® ªà ¥¢ëå § ¤ ç (1){(3) á ãá«®¢¨ï¬¨

u(0, t) = λ

x0∫0 K(x, t)u(x, t) dx, ux(a, t) = λ

a∫

x0 N(x, t)u(x, t) dx. (6λ)�­®¢ì ®¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ï ª®â®-àëå ªà ¥¢ ï § ¤ ç  (1){(3), (6λ) ¨¬¥¥â à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥ ¯à®-áâà ­áâ¢ã V , ¤«ï «î¡®© äã­ªæ¨¨ f(x, t) ¨§ ¯à®áâà ­áâ¢  L2(Q).



180 � ¤à¨­  �. �.�ç¥¢¨¤­®, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®.�«ï ¤®ª § â¥«ìáâ¢  ®âªàëâ®áâ¨ � à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã:­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) â ª®¥, çâ® ¤«ï ­¥£® ¢ë¯®«­ïîâáï ãá«®¢¨ï(2), (3) ¨
u(0, t) = λ0 x0∫0 K(x, t)u(x, t) dx + ~λ x0∫0 K(x, t)v(x, t) dx,
ux(a, t) = λ0 a∫

x0 N(x, t)u(x, t) dx + ~λ a∫

x0 N(x, t)v(x, t) dx.Ǒà¥®¡à §ã¥¬ ¤ ­­ãî § ¤ çã ª § ¤ ç¥ ¢¨¤  (1){(3), (6λ). � áá¬®â-à¨¬ äã­ªæ¨î
z(x, t) = z−(x, t) = ~λA1(x)�1(t)

γ1(t) , 0 < x < x0, 0 < t < T,

z+(x, t) = ~λB2(x)�4(t)
γ4(t) , x0 < x < a, 0 < t < T,£¤¥

z−(0, t) = λ0 x0∫0 K(x, t)z−(x, t) dx + ~λ�1(t), z−(x0, t) = 0, zx
−(x0, t) = 0,

zx
+(a, t) = λ0 a∫

x0 N(x, t)z+(x, t) dx+~λ�2(t), z+(x0, t) = 0, zx
+(x0, t) = 0.� ááã�¤ ï, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ 4 ¨ 5, ¯®«ãç¨¬ á�¨¬ î-é¨© ®¯¥à â®à G, ¯¥à¥¢®¤ïé¨© ¯à®áâà ­áâ¢® V ¢ á¥¡ï: G(v) = u. � á¨-«ã á¯à ¢¥¤«¨¢®áâ¨  ¯à¨®à­®© ®æ¥­ª¨ (25) ¯®«ãç¨¬, çâ® ¬­®�¥áâ¢® �®âªàëâ®. � ¬ª­ãâ®áâì ¬­®�¥áâ¢  � ®ç¥¢¨¤­ .�â ª, ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®, áâ «® ¡ëâì, á®¢-¯ ¤ ¥â á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄. � ¨â®£¥ § ¤ ç  (1){(3), (6λ),   §­ ç¨â, ¨¨áå®¤­ ï § ¤ ç  (1){(3), (6) à §à¥è¨¬ë ¢ ¯à®áâà ­áâ¢¥ V .�¥®à¥¬  ¤®ª § ­ .



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç 181����������1. � ¤ë�¥­áª ï �. �., �®«®­­¨ª®¢ �. �., �à «ìæ¥¢  �. �. �¨­¥©­ë¥ ¨ ª¢ §¨«¨-­¥©­ë¥ ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ . �.: � ãª , 1973.2. �«¥©­¨ª �. �. �à ¥¢ë¥ § ¤ ç¨ ¤«ï «¨­¥©­ëå ãà ¢­¥­¨© í««¨¯â¨ç¥áª®£® ¨ ¯ -à ¡®«¨ç¥áª®£® â¨¯  á à §àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ // �§¢. �� ����. �¥à.¬ â. 1961. �. 25, ü 1. �. 3{20.3. Ǒã«ìª¨­  �. �.�¥«®ª «ì­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ // �¥ª« á-á¨ç¥áª¨¥ ãà ¢­¥­¨ï ¬ â. ä¨§¨ª¨. �®¢®á¨¡¨àáª: �� �� ���, 2005. �. 231{239.4. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ­¥ª®â®àëå ¯à®áâà ­áâ¢¥­­® ­¥«®ª «ì­ëå ªà -¥¢ëå § ¤ ç ¤«ï «¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© // �¥áâ. � ¬ àáª. ã­-â .�áâ¥áâ¢¥­­®­ ãç­ ï á¥à. 2008. ü 3. �. 165{174.5. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç á ­¥«®ª «ì­ë¬¨ ¨ ¨­â¥£à «ì­ë-¬¨ ãá«®¢¨ï¬¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© // �¥«¨­¥©­ë¥ £à ­¨ç­ë¥ § ¤ ç¨.2010. �. 20. �. 54{76.6. �à¥­®£¨­ �. �. �ã­ªæ¨®­ «ì­ë©  ­ «¨§. �.: � ãª , 1980.£. �ªãâáª 12 ï­¢ àï 2013 £.



��� 532.546+536.24������������� ������ ����������������������� ������ ���������������� � ��������� ������. �. �®­¤ à¥¢, �. �. �¨ª®« ¥¢, �. �. �¢ ­®¢� æ¥«ìî ¢ëï¢¨âì ¢«¨ï­¨¥ à¥ «ì­ëå á¢®©áâ¢ £ §  ­  ¤¨­ ¬¨ªã ¨§-¬¥­¥­¨ï ¯®«¥© ¤ ¢«¥­¨ï ¨ â¥¬¯¥à âãàë ¯®á«¥¤­¥£® ¯à®¢¥¤¥­ áà ¢­¨-â¥«ì­ë©  ­ «¨§ à¥§ã«ìâ â®¢ ¢ëç¨á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â  ¤¢ã¬¥à­®©¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ®â¡®à  ¨¤¥ «ì­®£® ¨ à¥ «ì­®£® £ §®¢ ç¥à¥§ ®¤¨-­®ç­ãî áª¢ �¨­ã ¯à¨ ãá«®¢¨¨ â¥¯«®®¡¬¥­  á ®ªàã� îé¨¬¨ £®à­ë¬¨¯®à®¤ ¬¨. �ªá¯¥à¨¬¥­â ¢ë¯®«­¥­ ¢ à ¬ª å ¬®¤¨ä¨æ¨à®¢ ­­®© ¬ â¥-¬ â¨ç¥áª®© ¬®¤¥«¨ ­¥¨§®â¥à¬¨ç¥áª®© ä¨«ìâà æ¨¨ £ § , ª®â®à ï ¢ë¢®-¤¨âáï ¨§ § ª®­®¢ á®åà ­¥­¨ï ¬ ááë ¨ í­¥à£¨¨,   â ª�¥ ¨§ § ª®­  � à-á¨. � ª ç¥áâ¢¥ § ¬ëª îé¨å á®®â­®è¥­¨© ¨á¯®«ì§®¢ ­ë ä¨§¨ç¥áª®¥ ¨ª «®à¨ç¥áª®¥ ãà ¢­¥­¨ï á®áâ®ï­¨ï,   â ª�¥ § ª®­ �ìîâ®­  | �¨å¬ -­ , ®¯¨áë¢ îé¨© â¥¯«®®¡¬¥­ £ §®­®á­®£® ¯« áâ  á ®ªàã� îé¨¬¨ £®à-­ë¬¨ ¯®à®¤ ¬¨. Ǒ®ª § ­®, çâ® ãç¥â à¥ «ì­ëå á¢®©áâ¢ £ §  ¯à¨¢®¤¨â«¨èì ª ¬ «ë¬ ª®«¨ç¥áâ¢¥­­ë¬ ¨§¬¥­¥­¨ï¬ ¤ ¢«¥­¨ï, ­® ­¥á¬®âàï ­ íâ® ¢«¥ç¥â §  á®¡®© áãé¥áâ¢¥­­®¥ ¯¥à¥à á¯à¥¤¥«¥­¨¥ â¥¬¯¥à âãà­®£®¯®«ï ®â¡¨à ¥¬®£® £ § .1. Ǒ®áâ ­®¢ª  § ¤ ç¨�«ï ¬ â¥¬ â¨ç¥áª®£® ®¯¨á ­¨ï ¯à®æ¥áá  ®â¡®à  £ §  ç¥à¥§ ®¤¨­®ç-­ãî áª¢ �¨­ã ¢ á«ãç ¥ â¥¯«®®¡¬¥­  á ®ªàã� îé¨¬¨ ¢¬¥é îé¨¬¨ ¯®-à®¤ ¬¨ ¯à¥¤«®�¥­­ãî à ­¥¥ á¨áâ¥¬ã ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå [1, 2℄ ¤®¯®«­¨¬ á« £ ¥¬ë¬, ®¯¨áë-¢ îé¨¬ â¥¯«®¯à®¢®¤­®áâì ¯« áâ  ¢ ­ ¯à ¢«¥­¨¨, ¯¥à¯¥­¤¨ªã«ïà­®¬
© 2013 �®­¤ à¥¢ �. �., �¨ª®« ¥¢ �. �., �¢ ­®¢ �. �.



�à ¢­¨â¥«ì­ë©  ­ «¨§ ¤¢ã¬¥à­®© ¬®¤¥«¨ 183¢¥ªâ®àã áª®à®áâ¨ ä¨«ìâà æ¨¨ £ §  ª áª¢ �¨­¥, à á¯®«®�¥­­®© ¢ æ¥­-âà¥ ªàã£®¢®£® ¯« áâ :
∂
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( �p
ZT

) = 1
r

∂

∂r

(
r
�p
ZT

∂p

r

)
, rw < r < rk, t > 0, (1)
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∂t
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∂2T
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∂t
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�p
ZT

∂T

∂r

∂�p
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− T

Z

∂Z

∂T

(
∂�p
∂r

)2
, (2)

rw < r < rk, 0 < z <
h2 , t > 0,£¤¥ �p = p

p0 , r = r

l
, rw = rw

l
, rk = rk

l
, t = κpt

l2 , T = crT
mp0 ,

δ = κ

κp , κ = λr
cr , κp = kp0

mµ
, z = z

l
, h = h

l
.� ¤ «ì­¥©è¥¬ ç¥àâ  ­ ¤ ¡¥§à §¬¥à­ë¬¨ ¯¥à¥¬¥­­ë¬¨ ¤«ï ã¤®¡áâ¢ ®¯ãáª ¥âáï. �¤¥áì ¯à¨­ïâë ®¡®§­ ç¥­¨ï: cp | ã¤¥«ì­ ï â¥¯«®¥¬ª®áâì£ § , h | ¬®é­®áâì ¯« áâ , k | ª®íää¨æ¨¥­â ¯à®­¨æ ¥¬®áâ¨ ¯« áâ ,

l | å à ªâ¥à­ë© à §¬¥à, m| ¯®à¨áâ®áâì, p| ¤ ¢«¥­¨¥, R | £ §®¢ ï¯®áâ®ï­­ ï, r | à ¤¨ «ì­ ï ª®®à¤¨­ â , T | â¥¬¯¥à âãà , t | ¢à¥-¬ï, Z | ª®íää¨æ¨¥­â ­¥á®¢¥àè¥­áâ¢  £ § , z| ª®®à¤¨­ â  ¯® ¢ëá®â¥;
κ, κp, cr, λr | â¥¬¯¥à âãà®¯à®¢®¤­®áâì, ¯ì¥§®¯à®¢®¤­®áâì, ®¡ê¥¬­ ïâ¥¯«®¥¬ª®áâì ¨ â¥¯«®¯à®¢®¤­®áâì ­ áëé¥­­®£® £ §®¬ ¯« áâ  á®®â¢¥â-áâ¢¥­­®, µ | ¤¨­ ¬¨ç¥áª ï ¢ï§ª®áâì £ § ; ­¨�­¨¥ ¨­¤¥ªáë ®§­ ç îâ:0 | ­ ç «ì­®¥ á®áâ®ï­¨¥, k | ­  ª®­âãà¥ ¯¨â ­¨ï, w | ­  áâ¥­ª¥áª¢ �¨­ë. � ãà ¢­¥­¨¨ (2) â¥¯«®¯à®¢®¤­®áâì ¯® à ¤¨ «ì­®© ª®®à-¤¨­ â¥ áç¨â ¥âáï ¯à¥­¥¡à¥�¨¬® ¬ «®© ¯® áà ¢­¥­¨î á ª®­¢¥ªâ¨¢­ë¬â¥¯«®¯¥à¥­®á®¬.� áá¬ âà¨¢ ¥âáï à¥�¨¬ ®â¡®à  £ §  á ¯®áâ®ï­­ë¬ § ¡®©­ë¬ ¤ ¢-«¥­¨¥¬:

p = pw, r = rw. (3)�­¥è­ïï £à ­¨æ  ¯« áâ  áç¨â ¥âáï ­¥¯à®­¨æ ¥¬®© ¨ â¥¯«®¨§®«¨-à®¢ ­­®©:
∂p

∂r
= 0, ∂T

∂r
= 0, r = rk. (4)



184 �®­¤ à¥¢ �. �., �¨ª®« ¥¢ �. �., �¢ ­®¢ �. �.�¢¨¤ã ¬ «®© ¬®é­®áâ¨ £ §®­®á­®£® ¯« áâ  ¯® áà ¢­¥­¨î á ¥£® à -¤¨ «ì­®© ¯à®âï�¥­­®áâìî ¨­â¥­á¨¢­®áâì â¥¯«®®¡¬¥­  ç¥à¥§ ¥£® ªà®¢-«î ¨ ¯®¤®è¢ã ¬®�­® áç¨â âì ®¤¨­ ª®¢®©. �®£¤  ¥á«¨ ¯®¬¥áâ¨âì ­ ç «®ª®®à¤¨­ âë ­  ªà®¢«î ¯« áâ , â® «¨­¨ï z = h/2 ¡ã¤¥â ®áìî á¨¬¬¥â-à¨¨. � íâ®¬ á«ãç ¥ ãá«®¢¨ï â¥¯«®®¡¬¥­  á ®ªàã� îé¨¬¨ ¯®à®¤ ¬¨¬®�­® § ¯¨á âì ¢ ¢¨¤¥
∂T

∂z
= α (T − T0) , z = 0; (5)
∂T

∂z
= 0, z = h2 ; (6)£¤¥ α = α·l

λr | ç¨á«® �¨®, λr | ª®íää¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨ ®ªàã-� îé¨å ¯®à®¤.� ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ ¤ ¢«¥­¨¥ ¨ â¥¬¯¥à âãà  áç¨â îâáï¯®áâ®ï­­ë¬¨:
p(r, z, 0) = 1, T (r, z, 0) = T0, rw 6 r 6 rk, 0 6 z 6 h/2. (7)� ª ç¥áâ¢¥ ãà ¢­¥­¨ï á®áâ®ï­¨ï ¯à¨­¨¬ ¥âáï ãà ¢­¥­¨¥ � â®­®¢  |�ãà¥¢¨ç  [3℄:

Z = (0.17376 ln(mp0
crT
 T)+ 0,73)p0

p
 p + 0.1p0
p
 p, (8)£¤¥ T
, p
 | ªà¨â¨ç¥áª¨¥ â¥¬¯¥à âãà  ¨ ¤ ¢«¥­¨¥ ¯à¨à®¤­®£® £ § ,§ ¢¨áïé¨¥ ®â ¥£® á®áâ ¢ .�«ï à¥è¥­¨ï ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (1){(8) ¨á¯®«ì§®¢ « áì ç¨-áâ® ­¥ï¢­ ï  ¡á®«îâ­® ãáâ®©ç¨¢ ï à §­®áâ­ ï áå¥¬ ,  ­ «®£¨ç­ ï áå¥-¬¥, ¢ë¢¥¤¥­­®© ¤«ï ¯«®áª®à ¤¨ «ì­®© § ¤ ç¨ ¢ à ¡®â¥ [4℄. Ǒà¨ íâ®¬ãà ¢­¥­¨¥ (2) à áé¥¯«ï¥âáï ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ ¬¥â®-¤®¬ á« ¡®©  ¯¯à®ªá¨¬ æ¨¨, ¯à¥¤«®�¥­­ë¬ �. �. �­¥­ª® [5℄. � §­®áâ-­ë¥  ­ «®£¨ ¯¥à¢®£® £à ­¨ç­®£® ãá«®¢¨ï (4), ãá«®¢¨© (5) ¨ (6) § ¯¨áë-¢ «¨áì á® ¢â®àë¬ ¯®àï¤ª®¬  ¯¯à®ªá¨¬ æ¨¨. �«ï ç¨á«¥­­®© à¥ «¨§ -æ¨¨ à §­®áâ­®© § ¤ ç¨ ¨á¯®«ì§®¢ «áï ¬¥â®¤ ¯à®áâëå ¨â¥à æ¨©.



�à ¢­¨â¥«ì­ë©  ­ «¨§ ¤¢ã¬¥à­®© ¬®¤¥«¨ 1852. �ëç¨á«¨â¥«ì­ë© íªá¯¥à¨¬¥­â� áç¥âë ¯à®¢®¤¨«¨áì ¤«ï ¯à¨à®¤­®£® £ §  �à¥¤­¥-�¨«î©áª®£® ¬¥-áâ®à®�¤¥­¨ï �¥á¯ã¡«¨ª¨ � å  (�ªãâ¨ï) ¯à¨ á«¥¤ãîé¨å ¢å®¤­ëå ¤ ­-­ëå: α = 2 ¨ 10�â/(¬2 · �), λr = 2.326�â/(¬ · �), rw = 0.1¬, rk =100.1¬, h = 10¬, l = 1¬, T0 = 323�, p0 = 240  â¬, cp = 2300��/(ª£ ·�), R = 449.4��/(ª£ · �), µ = 2 · 10−5Ǒ  · á, cr = 6 · 106��/(¬3 · �),
m = 0.2, k = 10−13 ¬2, pw = 140 ¨ 230  â¬. �à¨â¨ç¥áª¨¥ ¯ à ¬¥â-àë T
 = 205.022� ¨ p
 = 46.596  â¬ ¡ë«¨ ®¯à¥¤¥«¥­ë ¯® ¬¥â®¤¨-ª¥, ¯à¥¤áâ ¢«¥­­®© ¢ à ¡®â¥ [8℄, ¯à¨ ¨§¢¥áâ­®¬ á®áâ ¢¥ £ §  (®¡. %):
CH4 − 90.34, C2H6 − 4.98, C3H8 − 1.74, iC4H10 − 0.22, nC4H10 − 0.41,
C5H12+−1.55, CO2−0.28, N2−0.48. Ǒà®¤®«�¨â¥«ì­®áâì íªá¯¥à¨¬¥­â á®áâ ¢«ï«  ¢ ¡¥§à §¬¥à­ëå ¢¥«¨ç¨­ å t = 1.6 · 106, çâ® á®®â¢¥âáâ¢ã¥â731.1 ç. 3. �à ¢­¨â¥«ì­ë©  ­ «¨§�à ¢­¨â¥«ì­ë©  ­ «¨§ ¯à®¢¥¤¥­ á æ¥«ìî ¢ëï¢¨âì ¢«¨ï­¨¥ à¥ «ì-­ëå á¢®©áâ¢ £ §  ­  ¤¨­ ¬¨ªã ¨§¬¥­¥­¨ï ¯®«¥© ¤ ¢«¥­¨ï ¨ â¥¬¯¥à -âãàë ¯®á«¥¤­¥£®. Ǒà¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë ¯®ª §ë¢ îâ, çâ® ­ ¨-¡®«¥¥ áãé¥áâ¢¥­­ë¥ ¨§¬¥­¥­¨ï ¤ ¢«¥­¨ï ¨ â¥¬¯¥à âãàë £ §  ­ ¡«î-¤ îâáï ¯à¨ ¢ëá®ª¨å â¥¬¯ å ®â¡®à ,   â ª�¥ çâ® â¥¯«®®¡¬¥­ á ®ªàã-� îé¨¬¨ £®à­ë¬¨ ¯®à®¤ ¬¨ ®ª §ë¢ ¥â ®¤¨­ ª®¢®¥ ¢«¨ï­¨¥ ­  ¯®«ï¤ ¢«¥­¨ï ¨ â¥¬¯¥à âãàë ¤«ï ®¡®¨å â¨¯®¢ £ § . Ǒ®íâ®¬ã §¤¥áì ¯à¥¤-áâ ¢«¥­ë à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¤«ï ¤ ¢«¥­¨ï ®â¡®à  pw = 140  â¬¨ ª®íää¨æ¨¥­â  â¥¯«®®¡¬¥­  α = 10�â/(¬2 · �). �â¨ à¥§ã«ìâ âë ¯®-ª §ë¢ îâ, çâ® ¯®«¥ ¤ ¢«¥­¨ï ¤«ï ®¡®¨å â¨¯®¢ £ §  ­¥ § ¢¨á¨â ®â ¢¥à-â¨ª «ì­®© ª®®à¤¨­ âë z, â ª çâ® ­¨�¥ £à ä¨ª¨ ¤ ¢«¥­¨ï ¯à¨¢¥¤¥­ë«¨èì ¤«ï ªà®¢«¨ ¯« áâ . �¥§ã«ìâ âë ¢ëç¨á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â ¯à¥¤áâ ¢«¥­ë ­  à¨á. 1{8. �§ £à ä¨ª®¢ ­  à¨á. 1 ¨ à¨á. 2 ¢¨¤­®, çâ®ãç¥â à¥ «ì­ëå á¢®©áâ¢ £ §  ¯à¨¢®¤¨â «¨èì ª ¬ «ë¬ ª®«¨ç¥áâ¢¥­­ë¬¨§¬¥­¥­¨ï¬ ¤ ¢«¥­¨ï: ¤«ï ¨¤¥ «ì­®£® £ §  ®­® §  ¢á¥ ¢à¥¬ï ­ ¡«î¤¥-­¨ï ¡®«ìè¥ ç¥¬ ¤«ï à¥ «ì­®£®. �® íâ  à §­¨æ , ª ª ®â¬¥ç «®áì ¢ëè¥,­¨çâ®�­® ¬ «  ¯® áà ¢­¥­¨î á ¨§¬¥­¥­¨¥¬ ¤ ¢«¥­¨ï ®â ¯¥à¢®­ ç «ì-­®£® §­ ç¥­¨ï.
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�¨á. 1. �¨­ ¬¨ª  ¨§¬¥­¥­¨ï ¤ ¢«¥­¨ï ¨¤¥ «ì­®£® (ªà¨¢ë¥ 1, 2) ¨ à¥ «ì-­®£® (ªà¨¢ë¥ 3, 4) £ §®¢ ­  ªà®¢«¥ ¯« áâ . �¥ç¥â­ë¥ ­®¬¥à  á®®â¢¥âáâ¢ã-îâ r = 10.1¬, ç¥â­ë¥ | r = 100.1¬.

�¨á. 2. � á¯à¥¤¥«¥­¨¥ ¤ ¢«¥­¨ï ¨¤¥ «ì­®£® (ªà¨¢ë¥ 1, 2) ¨ à¥ «ì­®£®(ªà¨¢ë¥ 3, 4) £ §®¢ ¯® à ¤¨ãáã ­  ªà®¢«¥ ¯« áâ . �¥ç¥â­ë¥ ­®¬¥à  á®®â-¢¥âáâ¢ãîâ t = 4 · 103, ç¥â­ë¥ | t = 4 · 104.
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a)

b)�¨á. 3. �¨­ ¬¨ª  ¯®«ï â¥¬¯¥à âãà ­  ªà®¢«¥ ¯« áâ  (¯®¢¥àå­®áâì 1) ¨­  ®á¨ á¨¬¬¥âà¨¨ (¯®¢¥àå­®áâì 2): a | ¨¤¥ «ì­ë© £ §, b | à¥ «ì­ë©£ §.
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a)

b)�¨á. 4. �¨­ ¬¨ª  ¨§¬¥­¥­¨ï â¥¬¯¥à âãàë ­  ªà®¢«¥ ¯« áâ  (ªà¨¢ë¥ 1, 2)¨ ­  ®á¨ á¨¬¬¥âà¨¨ (ªà¨¢ë¥ 3, 4): a | ¨¤¥ «ì­ë© £ §, b | à¥ «ì­ë© £ §.�¥ç¥â­ë¥ ­®¬¥à  á®®â¢¥âáâ¢ãîâ r = 0.1¬, ç¥â­ë¥ | r = 10.1¬.
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 )

b)�¨á. 5. �® �¥, çâ® ¨ ­  à¨á. 4.
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 )

¡)�¨á. 6. � á¯à¥¤¥«¥­¨¥ â¥¬¯¥à âãàë ¯® à ¤¨ «ì­®© ª®®à¤¨­ â¥:   |¨¤¥ «ì­ë© £ §, ¡ | à¥ «ì­ë© £ § (ªà¨¢ë¥ 1, 2 | z = 0¬; ªà¨¢ë¥ 3, 4 |
z = 5¬). �¥ç¥â­ë¥ ­®¬¥à  á®®â¢¥âáâ¢ãîâ t = 4·103, ç¥â­ë¥| t = 1.6·105.



�à ¢­¨â¥«ì­ë©  ­ «¨§ ¤¢ã¬¥à­®© ¬®¤¥«¨ 191

 )

b)�¨á. 7. � á¯à¥¤¥«¥­¨¥ â¥¬¯¥à âãàë ¯® à ¤¨ «ì­®© ª®®à¤¨­ â¥ ­  ®á¨á¨¬¬¥âà¨¨: a | ¨¤¥ «ì­ë© £ §, b | à¥ «ì­ë© £ §. �à¨¢ ï 1 á®®â¢¥â-áâ¢ã¥â t = 4 · 103, ªà¨¢ ï 2 | t = 4 · 104, ªà¨¢ ï 3 | t = 1.6 · 105.
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 )

¡)�¨á. 8. �¨­ ¬¨ª  ¡¥§à §¬¥à­®£® à áå®¤  ¨¤¥ «ì­®£® (ªà¨¢ ï 1) ¨ à¥ «ì-­®£® (ªà¨¢ ï 2) £ §®¢: a | â¥ªãé¨© à áå®¤, b | ­ ª®¯«¥­­ë© à áå®¤.



�à ¢­¨â¥«ì­ë©  ­ «¨§ ¤¢ã¬¥à­®© ¬®¤¥«¨ 193�§ à¥§ã«ìâ â®¢ ­  à¨á. 3{7 ­¥âàã¤­® § ¬¥â¨âì, çâ® ãç¥â à¥ «ì­ëåá¢®©áâ¢ £ §  ¯à¨¢®¤¨â ª áãé¥áâ¢¥­­®¬ã ¯¥à¥à á¯à¥¤¥«¥­¨î â¥¬¯¥à -âãà­®£® ¯®«ï. �«ï ®¡®¨å â¨¯®¢ £ §  â¥¬¯¥à âãà  ­  ¢¥àå­¥© £à ­¨æ¥¯« áâ  §  áç¥â â¥¯«®®¡¬¥­  ¯®çâ¨ ¢áî¤ã ¡®«ìè¥ ç¥¬ ­  ­¨�­¥© (áà ¢-­¨ á®®â¢¥âáâ¢ãîé¨¥ ¯®¢¥àå­®áâ¨ ¨ ªà¨¢ë¥ ­  à¨á. 3{5), ¨ á ¨áâ¥ç¥­¨¥¬­¥ª®â®à®£® ¢à¥¬¥­¨ â¥¬¯¥à âãà  ­  ­¨�­¥© £à ­¨æ¥ áâ ­®¢¨âáï ¯à ª-â¨ç¥áª¨ ­¥¨§¬¥­­®© ¯® ¢à¥¬¥­¨, â®£¤  ª ª ­  ¢¥àå­¥© £à ­¨æ¥ â¥¬-¯¥à âãà  ¯à¥¤áâ ¢«ï¥â á®¡®© ¢®§à áâ îéãî äã­ªæ¨î ¢à¥¬¥­¨, â. ¥.â¥¯«®®¡¬¥­ á ®ªàã� îé¨¬¨ £®à­ë¬¨ ¯®à®¤ ¬¨ ®ª §ë¢ ¥â ®¤¨­ ª®¢®¥¢«¨ï­¨¥ ­  â¥ç¥­¨¥ ®¡®¨å â¨¯®¢ £ § . � ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨¢¡«¨§¨ áª¢ �¨­ë ­ ¡«î¤ ¥âáï à¥§ª®¥ ¯ ¤¥­¨¥ â¥¬¯¥à âãàë à¥ «ì­®£®£ §  (à¨á. 3b, ªà¨¢ë¥ 1 ¨ 3 ­  à¨á. 4b, à¨á. 5b); ­® á® ¢à¥¬¥­¥¬ ¯à®¨á-å®¤¨â ¢ëà ¢­¨¢ ­¨¥ â¥¬¯¥à âãà­®© ¢®«­ë. � ¯à¨§ ¡®©­®© §®­¥, ¤«ï¨¤¥ «ì­®£® £ § , â ª�¥ ­ ¡«î¤ ¥âáï áª ç®ª â¥¬¯¥à âãàë ¢ ­ ç «ì­®¥¢à¥¬ï (à¨á. 3a, ªà¨¢ë¥ 1 ¨ 3 ­  à¨á 4a), ­® ¤ ­­ë© áª ç®ª ­ áâ®«ìª®¬ «ë©, çâ® ¥á«¨ ­¥ ¡à âì ¢ ãç¥â â¥¯«®®¡¬¥­ á ®ªàã� îé¨¬¨ ¯®à®¤ -¬¨, â® ¬®�­® áç¨â âì, çâ® â¥¬¯¥à âãà  ¨¤¥ «ì­®£® £ §  ¢áî¤ã ¯ ¤ ¥â(á¬. ªà¨¢ë¥ 3, 4 ­  à¨á. 5a).� �­® ®â¬¥â¨âì, çâ® ¨§¬¥­¥­¨¥ â¥¬¯¥à âãàë à¥ «ì­®£® £ §  ­ ¯®àï¤®ª ¡®«ìè¥, ç¥¬ ¨¤¥ «ì­®£®. � ª�¥ á«¥¤ã¥â § ¬¥â¨âì á«¥¤ãî-é¨¥ à §«¨ç¨ï ¬¥�¤ã à á¯à¥¤¥«¥­¨ï¬¨ â¥¬¯¥à âãà ¨¤¥ «ì­®£® ¨ à¥- «ì­®£® £ §®¢: §  ¢á¥ ¢à¥¬ï ­ ¡«î¤¥­¨ï â¥¬¯¥à âãà  à¥ «ì­®£® £ § ¯à¥¤áâ ¢«ï¥â á®¡®© ¢®§à áâ îéãî äã­ªæ¨î ¯® à ¤¨ «ì­®© ª®®à¤¨­ -â¥ (à¨á. 6b, 7b), â®£¤  ª ª ¤«ï ¨¤¥ «ì­®£® £ §  á®®â¢¥âáâ¢ãîé¨¥ ªà¨¢ë¥­®áïâ ¢®«­®¢®© å à ªâ¥à (à¨á. 6a, à¨á. 7a).� § ª«îç¥­¨¥ ®â¬¥â¨¬ ¢«¨ï­¨¥ à¥ «ì­ëå á¢®©áâ¢ £ §  ­  â ª®©­¥¬ «®¢ �­ë© ¯ à ¬¥âà, ª ª ¡¥§à §¬¥à­ë© ¬ áá®¢ë© à áå®¤. �§ £à -ä¨ª®¢ ­  à¨á. 8 ¢¨¤­®, çâ® ¡¥§à §¬¥à­ë© ¬®¬¥­â «ì­ë© ¬ áá®¢ë© à á-å®¤ ¨¤¥ «ì­®£® £ §  §  ¢á¥ ¢à¥¬ï ­ ¡«î¤¥­¨ï ­¥ ¯à¥¢®áå®¤¨â ¬®¬¥­-â «ì­®£® à áå®¤  à¥ «ì­®£® £ § , ¢á«¥¤áâ¢¨¥ ç¥£® ­ ª®¯«¥­­ë© à áå®¤à¥ «ì­®£® £ §  ¢á¥£¤  ¡®«ìè¥ ­ ª®¯«¥­­®£® à áå®¤  ¨¤¥ «ì­®£®.
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��� 519.63:517.958�������-���������� ���������������� ������������������������ ��������. �. � á¨«ì¥¢ , �. �. Ǒ ¢«®¢ 1. �¢¥¤¥­¨¥�áá«¥¤®¢ ­¨¥ ¨§¬¥­¥­¨© â¥¬¯¥à âãà­®£® à¥�¨¬  £àã­â®¢ ï¢«ï-¥âáï ­¥®¡å®¤¨¬ë¬ í«¥¬¥­â®¬ ¨­�¥­¥à­®-£¥®«®£¨ç¥áª®£® ®¡®á­®¢ ­¨ïáâà®¨â¥«ìáâ¢  ®¡ê¥ªâ®¢ ¢ à ©®­ å ¢¥ç­®¬¥à§«ëå £àã­â®¢. Ǒà¨ á¥§®­-­®¬ ®ââ ¨¢ ­¨¨ ¬¥à§«ëå £àã­â®¢ ¨§¬¥­ïîâáï ¨å ä¨§¨ª®-¬¥å ­¨ç¥áª¨¥á¢®©áâ¢ , çâ® ¯à¨¢®¤¨â ª ­ àãè¥­¨î ­¥áãé¥© á¯®á®¡­®áâ¨ äã­¤ ¬¥­-â®¢ §¤ ­¨© ¨ á®®àã�¥­¨©. �«ï ãªà¥¯«¥­¨ï äã­¤ ¬¥­â®¢ ®á­®¢ ­¨©§¤ ­¨© ¨ á®®àã�¥­¨© ¨á¯®«ì§ã¥âáï ¬¥â®¤ § ¬®à �¨¢ ­¨ï £àã­â®¢. � -¬®à �¨¢ ­¨¥ £àã­â®¢ ¯à®¨§¢®¤¨âáï á ¯®¬®éìî á¯¥æ¨ «ì­ëå å®«®¤¨«ì-­ëå ãáâ ­®¢®ª ¨«¨ á ¯®¬®éìî á¥§®­­ëå ®å« �¤ îé¨å ãáâà®©áâ¢, ­¥âà¥¡ãîé¨å § âà â í«¥ªâà¨ç¥áª®© í­¥à£¨¨. �á¯®«ì§®¢ ­¨¥ á¥§®­­ëå®å« �¤ îé¨å ãáâà®©áâ¢ â ª�¥ ¯®§¢®«ï¥â ¯à®¨§¢®¤¨âì ®å« �¤¥­¨¥£àã­â®¢ ¢ à ©®­ å, £¤¥ í«¥ªâà¨ç¥áâ¢® ­¥¤®áâã¯­®, ­ ¯à¨¬¥à, ­  ­¥ä-â¥¯à®¢®¤ å ¨ £ §®¯à®¢®¤ å [1℄.�áªãááâ¢¥­­®¥ § ¬®à �¨¢ ­¨¥ £àã­â®¢ á ¨á¯®«ì§®¢ ­¨¥¬ ®å« �¤ -îé¨å ãáâà®©áâ¢ ¯à¨¬¥­ï¥âáï ¢¡«¨§¨ á¢ © ¤«ï ®¡¥á¯¥ç¥­¨ï ãáâ®©ç¨¢®-áâ¨ §  áç¥â á®§¤ ­¨ï ¢®ªàã£ á¢ ¨ £«ë¡ë § ¬¥à§è¥£® £àã­â  ¡®«ìè®©¬ ááë, ª®â®à ï ¯à¥¤®åà ­¨â £àã­â ®â à §¬®à �¨¢ ­¨ï ¢ â¥ç¥­¨¥ «¥â-­¥£® ¯¥à¨®¤ . � ª¨¥ ¯à®æ¥ááë ®¯¨áë¢ îâáï ­  ®á­®¢¥ à §«¨ç­ëå ¬®-¤¥«¥© â¥¯«®¬ áá®¯¥à¥­®á  ¢ ä¨«ìâàãîé¨å £àã­â å. � §à ¡®â ­­ë¥¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ­¥ª®â®àëå ¯à®æ¥áá®¢ ¨áªãááâ¢¥­­®£® § ¬®à -�¨¢ ­¨ï ä¨«ìâàãîé¨å £àã­â®¢ ¨ ¨å à¥è¥­¨ï à áá¬®âà¥­ë ¢ à ¡®â å
© 2013 � á¨«ì¥¢  �. �., Ǒ ¢«®¢  �. �.
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�¨á. 1. � áç¥â­ ï ®¡« áâì.[2{4℄ ¨ ¢ ¯à¥¤ë¤ãé¥© à ¡®â¥  ¢â®à®¢ [5℄.� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¬®¤¥«ì­ ï § ¤ ç  ¨áªãááâ¢¥­­®-£® § ¬®à �¨¢ ­¨ï ä¨«ìâàãîé¨å £àã­â®¢ á ¯®¬®éìî § ¬®à �¨¢ î-é¥© ª®«®­ª¨ ¢ ®¡é¥© âà¥å¬¥à­®© ¯®áâ ­®¢ª¥. �¨á«¥­­ ï à¥ «¨§ æ¨ï¬®¤¥«¨ ¡ §¨àã¥âáï ­  ¬¥â®¤¥ ª®­¥ç­ëå í«¥¬¥­â®¢ á ¨á¯®«ì§®¢ ­¨¥¬ á®-¢à¥¬¥­­®£® ¯à®£à ¬¬­®£® ¯ ª¥â  FEniCS ­  ¢ëá®ª®¯à®¨§¢®¤¨â¥«ì­ëå¢ëç¨á«¨â¥«ì­ëå á¨áâ¥¬ å.2. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì� áá¬®âà¨¬ ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì, ®¯¨áë¢ îéãî à á¯à¥¤¥«¥-­¨¥ â¥¬¯¥à âãàë ¯à¨ ­ «¨ç¨¨ ä §®¢ëå ¯¥à¥å®¤®¢ â¢¥à¤ ï ä §  |�¨¤ª ï ä §  ¯à¨ ­¥ª®â®à®© § ¤ ­­®© â¥¬¯¥à âãà¥ ä §®¢®£® ¯¥à¥å®-¤  T ∗ ¢ ®¡« áâ¨ 
 = 
− ∪
+ (à¨á. 1). �¤¥áì 
+(t) | ®¡« áâì, § ­ïâ ï�¨¤ª®© ä §®©, £¤¥ â¥¬¯¥à âãà  ¯à¥¢ëè ¥â â¥¬¯¥à âãàã ä §®¢®£® ¯¥-à¥å®¤ : 
+(t) = {x | x ∈ 
, T (x, t) > T ∗},¨ 
−(t) | ®¡« áâì, § ­ïâ ï â¢¥à¤®© ä §®©:
−(t) = {x | x ∈ 
, T (x, t) < T ∗}.� §®¢ë© ¯¥à¥å®¤ ¯à®¨áå®¤¨â ­  £à ­¨æ¥ à §¤¥«  ä § S = S(t).�«ï ¬®¤¥«¨à®¢ ­¨ï ¯à®æ¥áá®¢ â¥¯«®¯¥à¥­®á  á ä §®¢ë¬¨ ¯¥à¥å®-¤ ¬¨ ¨á¯®«ì§ã¥âáï ª« áá¨ç¥áª ï ¬®¤¥«ì �â¥ä ­ , ®¯¨áë¢ îé ï â¥¯-«®¢ë¥ ¯à®æ¥ááë, á®¯à®¢®�¤ îé¨¥áï ä §®¢ë¬¨ ¯à¥¢à é¥­¨ï¬¨ áà¥¤ë,



�®­¥ç­®-í«¥¬¥­â­ ï à¥ «¨§ æ¨ï § ¤ ç¨ 197¯®£«®é¥­¨¥¬ ¨ ¢ë¤¥«¥­¨¥¬ áªàëâ®© â¥¯«®âë [6℄:(α(φ) + ρ+Lφ′)(∂T
∂t

−
(
k

µ
grad p, gradT))− div(λ(φ) gradT ) = 0, (1)£¤¥ L | ã¤¥«ì­ ï â¥¯«®â  ä §®¢®£® ¯¥à¥å®¤ , k | â¥­§®à  ¡á®«îâ­®©¯à®­¨æ ¥¬®áâ¨ ¯®à¨áâ®© áà¥¤ë, µ | ¢ï§ª®áâì ¢®¤ë, p | ¤ ¢«¥­¨¥ ¢£àã­â¥.�®íää¨æ¨¥­âë ãà ¢­¥­¨ï ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ á®®â­®è¥-­¨ï¬:

α(φ) = ρ−c− + φ(ρ+c+ − ρ−c−), λ(φ) = λ− + φ(λ+ − λ−),
φ = { 0 ¯à¨ T < T ∗,1 ¯à¨ T > T ∗,£¤¥ ρ+, c+ ¨ ρ−, c− | ¯«®â­®áâì ¨ ã¤¥«ì­ ï â¥¯«®¥¬ª®áâì â «®© ¨ ¬¥à§-«®© §®­ë á®®â¢¥âáâ¢¥­­®.Ǒ®áª®«ìªã à áá¬ âà¨¢ ¥âáï ¯à®æ¥áá à á¯à®áâà ­¥­¨ï â¥¯«  ¢ ¯®-à¨áâ®© áà¥¤¥, ¨¬¥¥¬

c−ρ− = (1−m)cscρsc +mciρi, c+ρ+ = (1−m)cscρsc +mcwρw,£¤¥ m| ¯®à¨áâ®áâì. �­¤¥ªáë sc, w, i ®¡®§­ ç îâ ª àª á ¯®à¨áâ®© áà¥-¤ë, ¢®¤ã ¨ «¥¤ á®®â¢¥âáâ¢¥­­®. �«ï ª®íää¨æ¨¥­â®¢ â¥¯«®¯à®¢®¤­®áâ¨¢ â «®© ¨ ¬¥à§«®© §®­¥ ¢¥à­ë  ­ «®£¨ç­ë¥ á®®â­®è¥­¨ï
λ− = (1−m)λsc +mλi, λ+ = (1−m)λsc +mλw.�  ¯à ªâ¨ª¥ ä §®¢ë¥ ¯à¥¢à é¥­¨ï ­¥ ¯à®¨áå®¤ïâ ¬£­®¢¥­­® ¨ ¬®-£ãâ ¯à®¨áå®¤¨âì ¢ ¬ «®¬ ¨­â¥à¢ «¥ â¥¬¯¥à âãàë [T ∗−�, T ∗+�℄. � ª -ç¥áâ¢¥ äã­ªæ¨¨ φ ¬®�­® ¢§ïâì φ�:
φ� =  0 ¯à¨ T 6 T ∗ −�,

T−T∗+�2� ¯à¨ T ∗ −� < T < T ∗ +�,1 ¯à¨ T > T ∗ +�,
φ′� =  0 ¯à¨ T 6 T ∗ −�,12� ¯à¨ T ∗ −� < T < T ∗ +�,0 ¯à¨ T > T ∗ +�.



198 � á¨«ì¥¢  �. �., Ǒ ¢«®¢  �. �.�®£¤  ¯®«ãç¨¬ ãà ¢­¥­¨¥ ¤«ï â¥¬¯¥à âãàë ¢ ®¡« áâ¨ 
(α(φ�) + ρlLφ
′�)(∂T∂t + u gradT)− div(λ(φ�) gradT ) = 0, (2)ª®â®à®¥ ï¢«ï¥âáï áâ ­¤ àâ­ë¬ ­¥«¨­¥©­ë¬ ¯ à ¡®«¨ç¥áª¨¬ ãà ¢­¥­¨-¥¬. �à ¢­¥­¨¥ (2) ¤®¯®«­ï¥âáï ­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

T (x, 0) = T0, x ∈ 
, T = Tc, x ∈ �D, −k∂T
∂n

= 0, x ∈ �/�D. (3)�¤¥áì �D | ¬¥áâ® ª®­â ªâ  á § ¬®à �¨¢ îé¥© ª®«®­ª®©.�«ï ãç¥â  ä¨«ìâà æ¨¨ ¢ £àã­â¥ § ¯¨è¥¬ ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥-«¥­¨ï ¯« áâ®¢®£® ¤ ¢«¥­¨ï ¢ á«ãç ¥ ¯®«­®áâìî ­ áëé¥­­®© ­¥á�¨¬ -¥¬®© ¯®à¨áâ®© áà¥¤ë:
− div(λ grad p) = 0, x ∈ 
+, (4)£¤¥ λ = ρ+ k

µ . �à ¢­¥­¨¥ (4) ¤®¯®«­ï¥âáï £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨
−k
µ

∂p

∂n
= gN , x ∈ �N , p(x) = gD, x ∈ �D, −k

µ

∂p

∂n
= 0, x ∈ S. (5)�¤¥áì ∂
+ = S ∪�N ∪�D, S | ¯®¤¢¨�­ ï £à ­¨æ  ä §®¢®£® ¯¥à¥å®¤ .Ǒ®«ãç¥­­ ï § ¤ ç  (4), (5) ï¢«ï¥âáï § ¤ ç¥© á ¯®¤¢¨�­®© £à ­¨-æ¥© S. �«ï ç¨á«¥­­®£® à¥è¥­¨ï â ª®© § ¤ ç¨ ¡¥§ ¯¥à¥áâà®¥­¨ï á¥âª¨¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ä¨ªâ¨¢­ëå ®¡« áâ¥©, ª®â®àë© ®á­®¢ë¢ ¥âáï ­ ¯¥à¥å®¤¥ ª à¥è¥­¨î § ¤ ç¨ ¢ ¡®«¥¥ è¨à®ª®© ®¡« áâ¨ [6, 7℄. Ǒà¨¡«¨�¥­-­®¥ à¥è¥­¨¥, § ¢¨áïé¥¥ ®â ¯ à ¬¥âà  ¯à®¤®«�¥­¨ï ǫ, ¡ã¤¥¬ ¨áª âì ¢®¢á¥© à áç¥â­®© ®¡« áâ¨ 
. Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ¢ à¨ ­â  ¬¥â®¤  ä¨ª-â¨¢­ëå ®¡« áâ¥© á ¯à®¤®«�¥­¨¥¬ ¯® áâ àè¨¬ ª®íää¨æ¨¥­â ¬ à¥è¥­¨¥®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï

− div(λǫ gradp) = 0, x ∈ 
. (6)�¤¥áì à §àë¢­ë© ª®íää¨æ¨¥­â λǫ(x) ®¯à¥¤¥«ï¥âáï â ª:
λǫ(x) = { λ, x ∈ 
+,

λǫ, x ∈ 
−,



�®­¥ç­®-í«¥¬¥­â­ ï à¥ «¨§ æ¨ï § ¤ ç¨ 199¯à¨ ¤®áâ â®ç­® ¬ «®¬ ǫ. � ¤ ­¨¥ ¯®¤®¡­ë¬ ®¡à §®¬ ª®íää¨æ¨¥­â®¢¨¬¥¥â ä¨§¨ç¥áª¨© á¬ëá« ¨ ¬®¤¥«¨àã¥â ä¨«ìâà æ¨î ¢ ®¡« áâ¨ 
− á®ç¥­ì ¬ «ë¬ ª®íää¨æ¨¥­â®¬ λǫ→ 0 ¯à¨ ǫ→ 0.�«ï ãà ¢­¥­¨ï (6) ä®à¬¨àãîâáï £à ­¨ç­ë¥ ãá«®¢¨ï, á®®â¢¥âáâ¢ã-îé¨¥ £à ­¨ç­ë¬ ãá«®¢¨ï¬ ¨áå®¤­®© § ¤ ç¨ (4), (5):
−k
µ

∂p

∂n
(x) = gN , x ∈ �N , p(x) = gD, x ∈ �D,

−k
µ

∂p

∂n
(x) = 0, x ∈ ∂
 \ (�N ∩ �D). (7)3. � à¨ æ¨®­­ ï ä®à¬ã«¨à®¢ª Ǒà®¢¥¤¥¬ ¤¨áªà¥â¨§ æ¨î ¯®«ãç¥­­®© á¨áâ¥¬ë ãà ¢­¥­¨© (2), (3)¨ (6), (7) á ¨á¯®«ì§®¢ ­¨¥¬ ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ [8℄. �¬­®�¨¬ãà ¢­¥­¨ï ¤«ï â¥¬¯¥à âãàë ¨ ¤ ¢«¥­¨ï ­  â¥áâ®¢ë¥ äã­ªæ¨¨ vT , vp ¨¯à®¨­â¥£à¨àã¥¬ á ¨á¯®«ì§®¢ ­¨¥¬ ä®à¬ã«ë �à¨­ :

∫
 (α(φ�) + ρLφ′�)(∂T∂t +(kµ gradp, gradT))vT dx+ ∫
 (λ(φ�) gradT, gradvT ) dx = 0 ∀vT ∈ H10 (
), (8)
∫
 (λǫ gradp, gradvp) dx = 0 ∀vp ∈ H1(
). (9)�¤¥áìH1(
) | ¯à®áâà ­áâ¢® �®¡®«¥¢ , á®áâ®ïé¥¥ ¨§ äã­ªæ¨© v â ª¨å,çâ® v2 ¨ |∇v|2 ¨¬¥îâ ª®­¥ç­ë© ¨­â¥£à « ¢ 
 ¨ H10 (
) = {v ∈ H1(
) |

v|�D
= 0}.�«ï  ¯¯à®ªá¨¬ æ¨¨ ¯® ¢à¥¬¥­¨ ãà ¢­¥­¨ï ¤«ï â¥¬¯¥à âãàë ¯à¨-¬¥­¨¬ áâ ­¤ àâ­ãî ç¨áâ® ­¥ï¢­ãî áå¥¬ã ¨ ¢®á¯®«ì§ã¥¬áï ¯à®áâ¥©è¥©«¨­¥ à¨§ æ¨¥© (á ¯à¥¤ë¤ãé¥£® ¢à¥¬¥­­®£® á«®ï):

∫
 (α(φn�)+ ρlLφ
′n�)(T n+1 − T n

τ
+(k

µ
gradpn, gradT n+1))vT dx+ ∫
 (λ(φn�) gradT n+1, gradvT

)
dx = 0, (10)
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∫
 (λǫ grad pn+1, gradvp) dx = 0. (11)�«ï ç¨á«¥­­®£® à¥è¥­¨ï ­¥®¡å®¤¨¬® ¯¥à¥©â¨ ®â ­¥¯à¥àë¢­®© ¢ -à¨ æ¨®­­®© § ¤ ç¨ (10), (11) ª ¤¨áªà¥â­®© § ¤ ç¥. �¢¥¤¥¬ ª®­¥ç­®-¬¥à­ë¥ ¯à®áâà ­áâ¢  Vh, V̂h, (Vh, V̂h ∈ H1(
)) ¨ ®¯à¥¤¥«¨¬ ¢ ­¨å ¤¨á-ªà¥â­ãî ¢ à¨ æ¨®­­ãî § ¤ çã: ­ ©â¨ Th, ph ∈ Vh â ª¨¥, çâ®

∫
 (α(φn�)+ ρlLφ
′n�)( 1τ T n+1

h +(k
µ
gradpn

h, gradT n+1
h

))
vT

h dx+ ∫
 (λ(φn�) gradT n+1
h , grad vT

h

)
dx= 1

τ

∫
 (α(φn�) + ρlLφ
′n�)T n

h v
T
h dx ∀vT

h ∈ V̂h, (12)
∫
 (λǫ grad pn+1

h , gradvp
h

)
dx = 0 ∀vp

h ∈ V̂h. (13)� ¬¥â¨¬, çâ® ¢ë¡®à ¯à®áâà ­áâ¢  V̂h ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ ¢¨¤ ¯à¨¬¥­ï¥¬ëå ª®­¥ç­ëå í«¥¬¥­â®¢.4. �ëç¨á«¨â¥«ì­ ï à¥ «¨§ æ¨ïǑà®æ¥áá ç¨á«¥­­®£® à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ á®áâ®¨â ¨§ á«¥-¤ãîé¨å íâ ¯®¢:
• ¯®áâà®¥­¨¥ £¥®¬¥âà¨¨ ¨ £¥­¥à æ¨ï á¥âª¨;
• ç¨á«¥­­ ï à¥ «¨§ æ¨ï à¥è â¥«ï ­  ®á­®¢¥ ¯ ª¥â  FEniCS;
• ¢¨§ã «¨§ æ¨ï ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢.� ª ç¥áâ¢¥ ¬®¤¥«ì­®© § ¤ ç¨ à áá¬®âà¥­ ¯à®æ¥áá ¨áªãááâ¢¥­­®£®§ ¬®à �¨¢ ­¨ï ä¨«ìâàãîé¨å £àã­â®¢ á ¨á¯®«ì§®¢ ­¨¥¬ § ¬®à �¨¢ -îé¥© ª®«®­ª¨, ­  ª®â®à®© ¯®¤¤¥à�¨¢ ¥âáï ¯®áâ®ï­­ ï â¥¬¯¥à âãà 

Tc. �¥®¬¥âà¨ç¥áª ï ®¡« áâì áâà®¨âáï á ¯®¬®éìî ¯à®£à ¬¬ë Netgen,ª®â®à ï £¥­¥à¨àã¥â â¥âà í¤ «ì­ãî á¥âªã ¢ âà¥å¬¥à­®© à áç¥â­®© ®¡-« áâ¨. �  à¨á. 2 ¨§®¡à �¥­  âà¥å¬¥à­ ï à áç¥â­ ï ®¡« áâì ¯à®âï�¥­-­®áâìî 4 ¬ ¯® ª �¤®¬ã ­ ¯à ¢«¥­¨î, ¢ á¥à¥¤¨­¥ ®¡« áâ¨ ­ å®¤¨âáï
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�¨á. 2. � áç¥â­ ï á¥âª .§ ¬®à �¨¢ îé ï áª¢ �¨­  à ¤¨ãá®¬ 0.1 ¬. � áç¥â­ ï á¥âª  ¯®áâà®¥-­  á® á£ãé¥­¨¥¬ ¢¡«¨§¨ § ¬®à �¨¢ îé¥© ª®«®­ª¨ ¨ á®¤¥à�¨â 441 653ïç¥¥ª.�«ï ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨ ¨á¯®«ì§ã¥âáï ¯à®£à ¬¬­ë© ¯ -ª¥â FEniCS, à¥ «¨§ãîé¨© ¬¥â®¤ ª®­¥ç­ëå í«¥¬¥­â®¢ [8℄. Ǒ®«ãç¥­­ë¥à¥§ã«ìâ âë, §­ ç¥­¨ï â¥¬¯¥à âãàë ¨ ¤ ¢«¥­¨ï ­  ª �¤®¬ ¢à¥¬¥­­®¬á«®¥ § ¯¨áë¢ îâáï ¢ ä ©« ¨ ¢¨§ã «¨§¨àãîâáï á ¯®¬®éìî ¯à®£à ¬¬ëParaview. 5. �¨á«¥­­ë© íªá¯¥à¨¬¥­âǑà¨¢¥¤¥¬ à¥§ã«ìâ âë ¢ëç¨á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â . � áç¥âë¯à®¢®¤¨«¨áì ¯à¨ ¢å®¤­ëå ¯ à ¬¥âà å § ¤ ç¨, ¯à¥¤áâ ¢«¥­­ëå ¢ â ¡«. 1.�¥§ã«ìâ âë ç¨á«¥­­ëå à áç¥â®¢ ç¥à¥§ 20 ¤­¥© à ¡®âë § ¬®à �¨¢ -îé¥© ª®«®­ª¨ ¢ âà¥å¬¥à­®© ®¡« áâ¨ ¯à¥¤áâ ¢«¥­ë ­  à¨á. 3, 4. � áç¥â¯à®¢®¤¨«áï ¯à¨ τ = 1 ¤¥­ì ¨ Tmax = 20 ¤­¥©.�  à¨á. 5 ¨ 6 ¯à¥¤áâ ¢«¥­ë ¨§®â¥à¬ë ¯à¨ T = 0 ¨ à á¯à¥¤¥«¥­¨ïâ¥¬¯¥à âãà­®£® ¯®«ï ¤«ï à §«¨ç­ëå ¬®¬¥­â®¢ ¢à¥¬¥­¨ (5, 10, 20 ¤­¥©)¢ áà¥§¥ ¯® ­ ¯à ¢«¥­¨ï¬ y ¨ z.�¨á«¥­­®¥ ¨áá«¥¤®¢ ­¨¥ íää¥ªâ¨¢­®áâ¨ à á¯ à ««¥«¨¢ ­¨ï ­ ¢ëç¨á«¨â¥«ì­®¬ ª« áâ¥à¥ ý�à¨ ­ �ã§¬¨­þ ���� ¯à¨¢®¤¨âáï ¢ â ¡«. 2.�à¥¬ï áç¥â  ­  ¢ëç¨á«¨â¥«ì­®¬ ª« áâ¥à¥ ­  16 ¯®â®ª å á®áâ ¢¨«® ®ª®-«® 30 á¥ªã­¤, ¯à¨ § ¯ãáª¥ ­  4 ¯®â®ª  | ®ª®«® 75 á¥ªã­¤,   ­  ®¤­®¬¯®â®ª¥ | 260 á¥ªã­¤, çâ® ¯®ª §ë¢ ¥â ¤®áâ â®ç­® å®à®èãî íää¥ªâ¨¢-­®áâì à á¯ à ««¥«¨¢ ­¨ï ¢ëç¨á«¨â¥«ì­®£® ¯à®æ¥áá . �¥ª®¬¯®§¨æ¨ï®¡« áâ¨ à á¯ à ««¥«¨¢ ­¨ï ­  16 ¯®â®ª å ¯à¥¤áâ ¢«¥­  ­  à¨á. 7.



202 � á¨«ì¥¢  �. �., Ǒ ¢«®¢  �. �.� ¡«¨æ  1. Ǒ à ¬¥âàë § ¤ ç¨�¡®§­ ç¥­¨¥ �­ ç¥­¨¥ �¥âà¨ª  �¯¨á ­¨¥
Tc −30.0 £à ¤ �¥¬¯¥à âãà  § ¬®à �¨¢ îé¥© ª®«®­ª¨
T0 2.0 £à ¤ � ç «ì­ ï â¥¬¯¥à âãà 
T∗ 0.0 £à ¤ �¥¬¯¥à âãà  ä §®¢®£® ¯¥à¥å®¤ 
p0 1.0e6 Ǒ  � ç «ì­®¥ ¤ ¢«¥­¨¥
pl 1.1e6 Ǒ  � ¢«¥­¨¥ ­  «¥¢®© £à ­¨æ¥
pr 1.0e6 Ǒ  � ¢«¥­¨¥ ­  ¯à ¢®© £à ­¨æ¥
m 0.2 Ǒ®à¨áâ®áâì
k 1.0e−13 ¬2 Ǒà®­¨æ ¥¬®áâì £àã­â 
µ 1.0e−3 Ǒ /á¥ª �ï§ª®áâì ¢®¤ë
L 1.04 * 1.0e8 ��/ª£ �¤¥«ì­ ï â¥¯«®â  ä §®¢®£® ¯¥à¥å®¤ 

cρsc 1.20*1.0e6 ��/¬3 �¡ê¥¬­ ï â¥¯«®¥¬ª®áâì £àã­â 
cρf 4.20*1.0e6 ��/¬3 �¡ê¥¬­ ï â¥¯«®¥¬ª®áâì ¢®¤ë
cρi 1.91*1.0e6 ��/¬3 �¡ê¥¬­ ï â¥¯«®¥¬ª®áâì «ì¤ 
λsc 1.1 �â/(¬ £à ¤) �®íää¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨ £àã­â 
λf 0.56 �â/(¬ £à ¤) �®íää¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨ ¢®¤ë
λi 2.26 �â/(¬ £à ¤) �®íää¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨ «ì¤ 

�¨á. 3. � á¯à¥¤¥«¥­¨¥ â¥¬¯¥à âãàë ç¥à¥§ 20 ¤­¥©.
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�¨á. 4. � á¯à¥¤¥«¥­¨¥ ¤ ¢«¥­¨ï ç¥à¥§ 20 ¤­¥© (áà¥§ ¯® y ¨ z).

�¨á. 5. �à ¢­¥­¨¥ â¥¬¯¥à âãà­®£® ¯®«ï ¤«ï à §«¨ç­ëå ¬®¬¥­â®¢ ¢à¥¬¥-­¨: 5, 10 ¨ 20 ¤­¥© (áà¥§ ¯® y).
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�¨á. 6. �à ¢­¥­¨¥ â¥¬¯¥à âãà­®£® ¯®«ï ¤«ï à §«¨ç­ëå ¬®¬¥­â®¢ ¢à¥¬¥-­¨: 5, 10 ¨ 20 ¤­¥© (áà¥§ ¯® z).

�¨á. 7. �¥ª®¬¯®§¨æ¨ï ®¡« áâ¨ à á¯ à ««¥«¨¢ ­¨ï ­  16 ¯®â®ª å.



�®­¥ç­®-í«¥¬¥­â­ ï à¥ «¨§ æ¨ï § ¤ ç¨ 205� ¡«¨æ  2. � ¢¨á¨¬®áâì ¢à¥¬¥­¨ áç¥â  ®â ª®«¨ç¥áâ¢  § ¯ãé¥­­ëå ¯à®æ¥áá®¢�®«¨ç¥áâ¢® ¯à®æ¥áá®¢ 1 2 4 8 16�à¥¬ï áç¥â  (á¥ª) 260.79 151.4 75.17 41.85 29.70����������1. � â. ¬¥�¤ã­ à. ­ ãç.-¯à ªâ. ª®­ä. ¯® ¨­�¥­¥à­®¬ã ¬¥à§«®â®¢¥¤¥­¨î, ¯®-á¢ïé¥­­®© ��-«¥â¨î á®§¤ ­¨ï ��� �Ǒ� ý�ã­¤ ¬¥­âáâà®© àª®áþ. �î¬¥­ì:�¨â¨-Ǒà¥áá, 2011.2. � ¯ã­®¢ �. �. �áá«¥¤®¢ ­¨¥ ¯à®æ¥áá  ¯à®¬¥à§ ­¨ï ¯®«ãáä¥à¨ç¥áª®© ¯®¤§¥¬-­®© «¥¤®¯®à®¤­®© ¥¬ª®áâ¨, à §¬¥é¥­­®© ¢ ä¨«ìâàãîé¥¬ ¯« áâ¥ // �¨á«¥­­ë¥¬¥â®¤ë à¥è¥­¨ï § ¤ ç ä¨«ìâà æ¨¨ ¬­®£®ä §­®© ­¥á�¨¬ ¥¬®© �¨¤ª®áâ¨. �®-¢®á¨¡¨àáª, 1980. �. 228{235.3. �®­¤ à¥¢ �. �., � á¨«ì¥¢ �. �. �áªãááâ¢¥­­®¥ § ¬®à �¨¢ ­¨¥ ä¨«ìâàãîé¨å£àã­â®¢ // �¨á«¥­­ë¥ ¬¥â®¤ë à¥è¥­¨ï § ¤ ç ä¨«ìâà æ¨¨ ¬­®£®ä §­®© ­¥á�¨-¬ ¥¬®© �¨¤ª®áâ¨. �®¢®á¨¡¨àáª, 1987. �. 38{47.4. � á¨«ì¥¢ �. �., � ªá¨¬®¢ �. �., Ǒ¥âà®¢ �. �., �ë¯ª¨­ �. �. �¥¯«®¬ áá®¯¥à¥­®á¢ ¯à®¬¥à§ îé¨å ¨ ¯à®â ¨¢ îé¨å £àã­â å. �.: � ãª , 1996.5. � á¨«ì¥¢  �. �., Ǒ ¢«®¢  �. �. �¨á«¥­­®¥ à¥è¥­¨¥ ­¥áâ æ¨®­ à­®© § ¤ ç¨ ¨á-ªãááâ¢¥­­®£® § ¬®à �¨¢ ­¨ï ä¨«ìâàãîé¨å £àã­â®¢ // � â. § ¬¥âª¨ ���. 2010.�. 17, ü 2. �. 113{123.6. � ¡¨é¥¢¨ç Ǒ. �., � ¬ àáª¨© �. �. �ëç¨á«¨â¥«ì­ ï â¥¯«®¯¥à¥¤ ç . �.: �¤¨-â®à¨ « ����, 2003.7. � ¡¨é¥¢¨ç Ǒ. �.�¥â®¤ ä¨ªâ¨¢­ëå ®¡« áâ¥© ¢ § ¤ ç å ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.�.: �§¤-¢® �®áª. ã­-â , 1991.8. Logg A., Mardal K.-A., Wells G. N. Automated solution of di�erential equations bythe �nite element method. The FEniCS book. Berlin: Springer-Verl., 2012. (Le
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�ç¥â ¢ï§ª®áâ¨ ¢ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ 207¯®§¢®«ï¥â ¯®«ãç âì â®«ìª® ª ç¥áâ¢¥­­ë¥ à¥§ã«ìâ âë. � ­ ª®­¥æ, âà¥-â¨© ¯®¤å®¤ | ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï (�. �. �¢ç¨­-­¨ª®¢, �. �. �¤ãèª¨­, �. �. �­, �. �. �¥è¥â­ïª, �. �. �¥¢ã�¥­ª®,�. �. �à¨£®àì¥¢, �. �.� à®¢, �. �. Ǒ áë­®ª, �. �. �¨«ìª¥, �. �. � à-ª¨­, �. �. � ©¤ãà®¢ [4{11℄). �®«ìª® â ª®© ¯®¤å®¤ ¬®�¥â ¤ âì ª ª¨¥-â®ª®«¨ç¥áâ¢¥­­ë¥ à¥§ã«ìâ âë ¯® ¤ ­­®© ¯à®¡«¥¬ â¨ª¥. �«ï ¯®«ãç¥­¨ï¯®«­®© ª àâ¨­ë á¨âã æ¨¨ ¯à¥¤áâ ¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ãç¨âë¢ âì à¥-§ã«ìâ âë ¢á¥å âà¥å ¬¥â®¤®¢ ª ª ¢§ ¨¬®¤®¯®«­ïîé¨å ¤àã£ ¤àã£ . �ã¤ï¯® ¯®á«¥¤­¨¬ ¯ã¡«¨ª æ¨ï¬, ®æ¥­ª  ¢¥«¨ç¨­ë áª®à®áâ¨ ¤¨ää¥à¥­æ¨- «ì­®£® ¢à é¥­¨ï ï¤à  �¥¬«¨, ¯®«ãç ¥¬ ï á¥©á¬¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨,ã¯ «  ¤® ¤®«¥© £à ¤ãá  ¢ £®¤ [12℄. �¥®à¥â¨ç¥áª¨å ®æ¥­®ª ¤ ­­®£® ï¢-«¥­¨ï ¯à ªâ¨ç¥áª¨ ­¥â. � á¢ï§¨ á íâ¨¬  ªâã «ì­®© ï¢«ï¥âáï à §à ¡®â-ª  ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¯à¨«¨¢­ëå ¤¥ä®à¬ æ¨© �¥¬«¨, ª®â®àë¥¢ë§ë¢ îâ ¯¥à¥­®á ¥¥ ¢­ãâà¥­­¨å ¬ áá. � [6{8℄ ¯®áâà®¥­ë ¯«®áª¨¥ ¨âà¥å¬¥à­ë¥ ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¯¥à¥­®á  ¢­ãâà¥­­¨å ¬ áá �¥¬«¨¯à¨«¨¢­ë¬¨ ¤¥ä®à¬ æ¨ï¬¨ ¤«ï á«ãç ï ®¤­®à®¤­®© �¥¬«¨. �ëç¨á«¨-â¥«ì­ ï à¥ «¨§ æ¨ï íâ®© ¬®¤¥«¨ ¯®ª § «  ª ç¥áâ¢¥­­®¥ á®¢¯ ¤¥­¨¥ áà¥§ã«ìâ â ¬¨ « ¡®à â®à­®£® ¬®¤¥«¨à®¢ ­¨ï �. �. �¥¢ã�¥­ª®. � [9{11℄à §à ¡®â ­ë  ­ «®£¨ç­ë¥ ª¨­¥¬ â¨ç¥áª¨¥ ¤¢ã¬¥à­ë¥ ¬®¤¥«¨, ª®â®àë¥®¯¨áë¢ îâ ¢ª« ¤ ¯à¨«¨¢­ëå ¤¥ä®à¬ æ¨© ¢ ¢¥«¨ç¨­ã ¢®áâ®ç­®£® ¤¨ä-ä¥à¥­æ¨ «ì­®£® ¢à é¥­¨ï â¢¥à¤®£® ï¤à  �¥¬«¨. � íâ¨å ¬®¤¥«ïå ­ £à ­¨æ¥ â¢¥à¤®£® ¨ �¨¤ª®£® ï¤¥à �¥¬«¨ § ¤ ¢ «®áì ãá«®¢¨¥ ¯®«­®£®¯à¨«¨¯ ­¨ï. � ¤ ­­®© à ¡®â¥ á æ¥«ìî ãç¥â  ¢ï§ª®áâ¨ �¨¤ª®£® ï¤à à §¢¨¢ ¥âáï ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì á ãá«®¢¨¥¬ ç áâ¨ç­®£® ¯à®áª «ì-§ë¢ ­¨ï ­  £à ­¨æ¥ â¢¥à¤®£® ¨ �¨¤ª®£® ï¤¥à.1. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì�¯¨è¥¬ ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì, ª®â®à ï  ­ «®£¨ç­  [9{11℄, ®â-«¨ç¨¥ ¡ã¤¥â ¢ £à ­¨ç­®¬ ãá«®¢¨¨. Ǒà¨ ¯®áâà®¥­¨¨ ¬ â¥¬ â¨ç¥áª®©¬®¤¥«¨ áç¨â ¥¬ �¥¬«î â®­ª®© ®¡®«®çª®© á â¢¥à¤ë¬ ¢­ãâà¥­­¨¬ ï¤-à®¬, ¬¥�¤ã ª®â®àë¬¨ ­ å®¤¨âáï ¢ï§ª ï ­¥á�¨¬ ¥¬ ï �¨¤ª®áâì (�¨¤-ª®¥ ï¤à®). �«ï ®¯¨á ­¨ï ¤¢¨�¥­¨ï ¬ áá �¨¤ª®£® ï¤à  ¯à¨ ¤®áâ â®ç­®



208 �à¨£®àì¥¢ �. �., �ªàï¡¨­  �. �.¬ «ëå ¢ëá®â å ¯à¨«¨¢­®© ¢®«­ë ¨ ¬ «®© áª®à®áâ¨ ¤¢¨�¥­¨ï ¬®�-­® ®£à ­¨ç¨âìáï ¯®«§ãé¨¬ ¯à¨¡«¨�¥­¨¥¬. �®£¤  ãà ¢­¥­¨¥ � ¢ì¥ |�â®ªá  «¨­¥ à¨§ã¥âáï ¨ á¢®¤¨âáï ª á¨áâ¥¬¥ �â®ªá :
{
µ△v = ∇p,
∇ · v = 0, (1)£¤¥ v(r) | ¢¥ªâ®à áª®à®áâ¨, p(r) | ¤ ¢«¥­¨¥, µ | ¤¨­ ¬¨ç¥áª¨© ª®-íää¨æ¨¥­â ¢ï§ª®áâ¨.Ǒà¨¬¥­ï¥¬ë© ª¨­¥¬ â¨ç¥áª¨© ¯®¤å®¤ ¤«ï ¬®¤¥«¨à®¢ ­¨ï ¯à¨«¨¢-­ëå ¤¥ä®à¬ æ¨© á¢®¤¨âáï ª á«¥¤ãîé¥¬ã. Ǒãáâì ­ ¡«î¤ â¥«ì ­ å®-¤¨âáï ­  ¢¥àè¨­¥ ¯à¨«¨¢­®£® £®à¡  ¨ ¤¢¨�¥âáï ¢¬¥áâ¥ á ­¥©. �®£¤  ®­­ ¡«î¤ ¥â ­¥¯®¤¢¨�­ãî ®¡« áâì ¢ ¢¨¤¥ ¢ëâï­ãâ®£® â¥« , £à ­¨ç­ë¥¨ ¢­ãâà¥­­¨¥ â®çª¨ ª®â®à®£® ¯«ë¢ãâ ¯®¤ ­¨¬ á ­¥ª®â®àë¬¨ áª®à®áâï-¬¨. � íâ®¬ á«ãç ¥ ­¥®¡å®¤¨¬® § à ­¥¥ § ¤ âì ä®à¬ã ¤¥ä®à¬¨à®¢ ­­®©¯à¨«¨¢­ë¬¨ á¨« ¬¨ ¢­¥è­¥© ®¡®«®çª¨ ¨ à¥è âì ªà ¥¢ãî § ¤ çã ¤«ïá¨áâ¥¬ë �â®ªá  ¢­ãâà¨ â ª®£® â¥«  á ¯®«®áâìî ¢ ¢¨¤¥ ä®à¬ë ¢­ãâà¥­-­¥£® â¢¥à¤®£® ï¤à .�®à¬ã ®¡®«®çª¨ ¢ ª¨­¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¢ë¡¥à¥¬ ¢ ¢¨¤¥ í««¨¯-á  L á ¬ «ë¬ íªáæ¥­âà¨á¨â¥â®¬. �­ãâà¥­­¥¥ â¢¥à¤®¥ ï¤à® ¬®¤¥«¨àã¥¬ªàã£®¢ë¬ ®â¢¥àáâ¨¥¬ á à ¤¨ãá®¬ R1 ¢ æ¥­âà¥ í««¨¯á , ¡®«ìèãî ¯®«ã-®áì í««¨¯á  ®¡®§­ ç¨¬ R2. �  ¢­¥è­¥© £à ­¨æ¥ (í««¨¯á¥ L) § à ­¥¥§ ¤ ¥âáï £à ­¨ç­ ï áª®à®áâì, ¨¬¨â¨àãîé ï ­ ¯à ¢«¥­­®¥ ¤¢¨�¥­¨¥¯à¨«¨¢­®© ¢®«­ë:

vτ = v0 = 
onst, vn = 0, (2)â. ¥. ­®à¬ «ì­ ï ª®¬¯®­¥­â  áª®à®áâ¨ à ¢­  ­ã«î (ãá«®¢¨¥ ­¥¯à®­¨ª -­¨ï), ª á â¥«ì­ ï áª®à®áâì à ¢­  ¯®áâ®ï­­®© ¢¥«¨ç¨­¥. �  ¢­ãâà¥­­¥©£à ­¨æ¥ �¨¤ª®áâì | â¢¥à¤®¥ ï¤à® § ¤ ¥¬ £à ­¨ç­®¥ ãá«®¢¨¥ ¢ á«¥¤ã-îé¥¬ ¢¨¤¥:
αβvτ + (1− α)σnτ = −αβωR1 ¯à¨ r = R1, (3)£¤¥ ω|­¥¨§¢¥áâ­ ï § à ­¥¥ ã£«®¢ ï áª®à®áâì ¢à é¥­¨ï â¢¥à¤®£® ï¤à ,

α | ¡¥§à §¬¥à­ë© ¯ à ¬¥âà, 0 < α < 1, β | ª®íää¨æ¨¥­â ¯à®¯®àæ¨-®­ «ì­®áâ¨, ¨¬¥îé¨© à §¬¥à­®áâì (Ǒ  · 
)/¬.



�ç¥â ¢ï§ª®áâ¨ ¢ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ 209�á«®¢¨¥ (3) ¯à¨ à §«¨ç­ëå §­ ç¥­¨ïå ¯ à ¬¥âà  α ¯à¨­¨¬ ¥â ¢¨¤:
σnτ = 0 ¯à¨ α = 0 (¯®«­®¥ ®âáãâáâ¢¨¥ âà¥­¨ï ­  £à ­¨æ¥),
vτ = −ωR1 ¯à¨ α = 1 (ãá«®¢¨¥ ¯®«­®£® ¯à¨«¨¯ ­¨ï).�«¥¤®¢ â¥«ì­®, ¯à¨ 0 < α < 1 ãá«®¢¨¥ (3) ¬®�­® ¯à¨­ïâì ª ª ãá«®¢¨¥ç áâ¨ç­®£® ¯à®áª «ì§ë¢ ­¨ï.�¥­§®à ­ ¯àï�¥­¨© σnτ ¢ëà � ¥âáï ç¥à¥§ â¥­§®à áª®à®áâ¥© ¤¥-ä®à¬ æ¨¨ á«¥¤ãîé¨¬ ®¡à §®¬:

σnτ = σrϑ = 2µεrϑ = µ

(1
r
vr,ϑ + vϑ,r −

vϑ

r

)
. (4)Ǒ®¤áâ ¢¨¢ (4) ¢ (3), ¯®«ãç¨¬ ãá«®¢¨¥ ¯à®áª «ì§ë¢ ­¨ï ¢ á«¥¤ãîé¥¬¢¨¤¥:

αβvϑ + (1− α)µ(1
r
vr,ϑ + vϑ,r −

vϑ

r

) = −αβωR1 ¯à¨ r = R1. (5)� ª¨¬ ®¡à §®¬, ¢ à ¬ª å ¯à¨­ïâ®© ¢ëè¥ ª¨­¥¬ â¨ç¥áª®© ¬®¤¥«¨­¥®¡å®¤¨¬® à¥è¨âì ¯¥à¢ãî ªà ¥¢ãî § ¤ çã ¤«ï á¨áâ¥¬ë �â®ªá  ¢­ãâà¨í««¨¯á  á ªàã£®¢ë¬ ®â¢¥àáâ¨¥¬:




µ△v −∇p = 0, ∇ · v = 0,
vn = 0, vτ = v0 = 
onst ­  L,
αβvτ + (1− α)σnτ = −αβωR1 ¯à¨ r = R1. (6)�â¬¥â¨¬, çâ® ¯®«ãç¥­­ ï § ¤ ç  ï¢«ï¥âáï § ¤ ç¥© á ­¥¨§¢¥áâ­ë¬§ à ­¥¥ ¯ à ¬¥âà®¬ | ã£«®¢®© áª®à®áâìî ω ¢à é¥­¨ï ¢­ãâà¥­­¥£® ï¤-à . �â  ¢¥«¨ç¨­  ¤®«�­  ®¯à¥¤¥«ïâìáï ¨§ ãá«®¢¨ï áâ æ¨®­ à­®áâ¨ § -¤ ç¨, â. ¥. à ¢¥­áâ¢  ­ã«î ¯®«­®£® ¬®¬¥­â  ¢ï§ª¨å á¨«, ¯à¨«®�¥­­ëåª ¢­ãâà¥­­¥© £à ­¨æ¥ L1:M = ∮

L1 r× (σrϑnϑ) dl = kR1 ∮
L1 σrϑ dl = 0. (7)� á¢®î ®ç¥à¥¤ì, â¥­§®à ¢ï§ª¨å ­ ¯àï�¥­¨© ¬®�­® ¢ëà §¨âì ç¥à¥§ â¥­-§®à áª®à®áâ¥© ¤¥ä®à¬ æ¨¨ ε, § ¢¨áïé¨© â®«ìª® ®â ã£«®¢®© áª®à®áâ¨¢­ãâà¥­­¥£® ï¤à  ω:

σrϑ = 2µεrϑ, (8)
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εrϑ = 12(1r ∂vr(ω)

∂ϑ
+ ∂vϑ(ω)

∂r
− vϑ(ω)

r

)
. (9)Ǒ®¤áâ ¢«ïï (9) ¢ (8),   § â¥¬ ¯®«ãç¨¢è¥¥áï ¢ëà �¥­¨¥ | ¢ (7), ¯®-«ãç ¥¬ ãà ¢­¥­¨¥ á ®¤­¨¬ ­¥¨§¢¥áâ­ë¬, à¥è ï ª®â®à®¥ ­ å®¤¨¬ ­¥¨§-¢¥áâ­ãî ã£«®¢ãî áª®à®áâì ¢à é¥­¨ï ï¤à  ω.2. �¥â®¤ ¬ «®£® ¯ à ¬¥âà �«ï à¥è¥­¨ï § ¤ ç¨ (6) ¯à¨¬¥­¨¬ ¬¥â®¤ ¬ «®£® ¯ à ¬¥âà , à §-à ¡®â ­­ë© ¢ [9{11℄ ¤«ï ¬®¤¥«¨ á ¯®«­ë¬ ¯à¨«¨¯ ­¨¥¬. �§«®�¨¬¢ªà âæ¥ ¬¥â®¤ ¤«ï á«ãç ï ­ è¥© ¬®¤¥«¨ á ç áâ¨ç­ë¬ ¯à®áª «ì§ë¢ -­¨¥¬. �¥è¥­¨¥ § ¤ ç¨ (6) ¨é¥âáï ¢ ¢¨¤¥ à §«®�¥­¨ï ¯® ¬ «®¬ã ¯ à -¬¥âàã: v(r) = ∞∑

n=0λnv(n)(r),¨«¨ ¢ ¯®«ïà­ëå ª®®à¤¨­ â å
vr(r, ϑ) = ∞∑

n=0λnv(n)r (r, ϑ), vϑ(r, ϑ) = ∞∑

n=0λnv
(n)
ϑ (r, ϑ). (10)� á¨«ã «¨­¥©­®áâ¨ § ¤ ç¨ ª �¤ ï ¯®¯à ¢ª  v(n) ã¤®¢«¥â¢®àï¥â á¨áâ¥-¬¥ �â®ªá . � «ë© ¯ à ¬¥âà λ á¢ï§ ­ á íªáæ¥­âà¨á¨â¥â®¬ ε í««¨¯á á®®â­®è¥­¨¥¬ λ = ε22 .� «¥¥ ¨á¯®«ì§ã¥âáï  ­ «®£¨ç­ ï á ¯à¥¤ë¤ãé¥© ¬®¤¥«ìî áå¥¬ : ¢àï¤ ¯® ¬ «®¬ã ¯ à ¬¥âàã à §« £ îâáï ªà ¥¢ë¥ ãá«®¢¨ï, ãà ¢­¥­¨ï í«-«¨¯á  ¢ ¯®«ïà­ëå ª®®à¤¨­ â å ¨ â. ¤.. Ǒ®¤à®¡­®áâ¨ ¬®�­® ­ ©â¨ ¢ [9℄.�â«¨ç¨¥ ®â [9℄ ¡ã¤¥â â®«ìª® ¢ ªà ¥¢®¬ ãá«®¢¨¨ ­  ®ªàã�­®áâ¨. � ¨â®-£¥ à¥è¥­¨¥ ¨áå®¤­®© § ¤ ç¨ á¢®¤¨âáï ª à¥è¥­¨î ¯®á«¥¤®¢ â¥«ì­®áâ¨ªà ¥¢ëå § ¤ ç ¢­ãâà¨ ªàã£®¢®£® ª®«ìæ , ®£à ­¨ç¥­­®£® ®ªàã�­®áâï-¬¨ à ¤¨ãá®¢ R1 ¨ R2. �«ï ª �¤®£® ¯à¨¡«¨�¥­¨ï v(n) ªà ¥¢®¥ ãá«®¢¨¥áâà®¨âáï á ¯®¬®éìî ¯à¥¤ë¤ãé¥£® ¯à¨¡«¨�¥­¨ï v(n−1).�«ï ­ã«¥¢®£® ¯à¨¡«¨�¥­¨ï ¨¬¥¥¬ á«¥¤ãîéãî § ¤ çã á¨áâ¥¬ë�â®ªá  ¢ ªàã£®¢®¬ ª®«ìæ¥:

µ△v(0) −∇p = 0, ∇ · v(0) = 0,
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v(0)r

∣∣
r=R2 = 0, v

(0)
ϑ

∣∣
r=R2 = −
R2, (11)

((
αβ − (1− α)µR−11 )v(0)ϑ + (1− α)µR−11 v

(0)
r,ϑ + (1− α)µv(0)ϑ,r

)∣∣
r=R1= −αβωR1.�¤¥áì 
 | ã£«®¢ ï áª®à®áâì ¢à é¥­¨ï ¬ ­â¨¨ �¥¬«¨, à ¢­ ï ®¤­®¬ã®¡®à®âã §  áãâª¨, v0 = 
R2.�¥è¥­¨¥ § ¤ ç¨ ¨é¥¬ ¢ ¢¨¤¥ ª®¬¯«¥ªá­®£® ¯à¥¤áâ ¢«¥­¨ï ®¡é¥£®à¥è¥­¨ï á¨áâ¥¬ë �â®ªá  [9, 13℄:

µ(u + iv) = ϕ(z)− zϕ′(z) + ψ(z), p = −4Reϕ′(z),£¤¥ u ¨ v | ¤¥ª àâ®¢ë ª®¬¯®­¥­âë ¢¥ªâ®à  áª®à®áâ¨, ϕ(z) ¨ ψ(z) | ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© z = x + iy. �¢¥¤¥­-­ë¥  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ à §« £ îâáï ¢ àï¤ �®à ­ :
ϕ(z) = γ ln z + +∞∑

k=−∞
akz

k, ψ(z) = γ ln z + +∞∑

k=−∞
bkz

k.� «¥¥, ¯à®¤¥« ¢ ¢ëª« ¤ª¨, ª ª ¢ [9℄, ¯®«ãç ¥¬ ¢ëà �¥­¨ï ¤«ï ª®¬-¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ ¢ ­ã«¥¢®¬ ¯à¨¡«¨�¥­¨¨:
ϕ(z) = −iz R

22
(αβR1 + (α− 1)2µ)− αβR31ω02αβR1(R21 −R22)− 4µR22(α− 1) ,

ψ(z) = − i

z

αβR31R32(
− ω0)
αβR1(R21 −R22)− 2µR22(α− 1) . (12)�£«®¢ãî áª®à®áâì ï¤à  ®¯à¥¤¥«ï¥¬ ¨§ ãà ¢­¥­¨ï (7):M = kR1 ∮
L1 σrϑ dl = R21R22(
− ω)

r2(R21 −R22) = 0.�âáî¤  ¯®«ãç ¥¬, çâ® ã£«®¢ ï áª®à®áâì ¢à é¥­¨ï ï¤à  ω ¢ ­ã«¥¢®¬¯®àï¤ª¥ ¯à¨¡«¨�¥­¨ï à ¢­  ã£«®¢®© áª®à®áâ¨ ¢­¥è­¥© ®¡®«®çª¨ 
.�«ï ¯¥à¢®£® ¯®àï¤ª  ¯à¨¡«¨�¥­¨ï ªà ¥¢ë¥ ãá«®¢¨ï ¨¬¥îâ ¢¨¤



v(1)r

∣∣
r=R2 = R2
 sin 2ϑ+R2 sin2 ϑ∂v(0)r

∂r
, v

(1)
ϑ

∣∣
r=R2 = R2 sin2 ϑ∂v(0)ϑ

∂r
,

v(1)r

∣∣
r=R1 = 0, (

αβv
(1)
ϑ + (1− α)µ[1

r
v
(1)
r,ϑ + v

(1)
ϑ,r −

v
(1)
ϑ

r

])∣∣∣∣
r=R1 = 0,(13)



212 �à¨£®àì¥¢ �. �., �ªàï¡¨­  �. �.£¤¥ v(0)r ¨ v(0)ϑ | ®¯à¥¤¥«¥­­®¥ ¢ ­ã«¥¢®¬ ¯à¨¡«¨�¥­¨¨ ¯®«¥ áª®à®áâ¥©.� ª¨¬ ®¡à §®¬,
v(1)r

∣∣
r=R2 = R2
 sin 2ϑ,

v
(1)
ϑ

∣∣
r=R2 = 2R31αβω − 
(R1(R21 +R22)αβ + 2R22(α− 1)µ)

R1(R22 −R21)αβ + 2R22(α− 1)µ R2 sin2 ϑ,(14)((
αβ − (1− α)µR−11 )v(1)ϑ + (1− α)µR−11 v

(1)
r,ϑ + (1− α)µv(1)ϑ,r

)∣∣
r=R1 = 0.�â  § ¤ ç  â ª�¥ à¥è ¥âáï ¯à¨ ¯®¬®é¨ ª®¬¯«¥ªá­®£® ¯à¥¤áâ ¢«¥­¨ï.�®�­® ¯®ª § âì çâ® ¨§ ¢á¥å ª®íää¨æ¨¥­â®¢ à §«®�¥­¨ï ¢ àï¤ë �®à -­  ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ ­¥­ã«¥¢ë¬¨ ¡ã¤ãâ â®«ìª® 6 ª®¬¯«¥ªá­ëå­¥¨§¢¥áâ­ëå a1, a3, a−1, b1, b−1, b−3, ®áâ «ì­ë¥ ª®íää¨æ¨¥­âë à ¢­ë­ã«î. �¢¨¤ã £à®¬®§¤ª®áâ¨ ¢ëà �¥­¨© ¨å ­¥ ¯à¨¢®¤¨¬. �à ¢­¥­¨¥¤«ï ®¯à¥¤¥«¥­¨ï ã£«®¢®© áª®à®áâ¨ ï¤à  ¨¬¥¥â ¢¨¤M = αβπR1

α− 1 [2R1ω − λR22(αβ(r2 −R21)+ 2r2(α− 1)µ)
×
(
(R1(R21 +R22)αβ + 2R22(α− 1)µ)− 2R31αβω)

r
(
R1(R21 −R22)αβ + 2R22(α− 1)µ)2

− 2(R22(αβR31 − r2(αβR1 + 2(α− 1)µ))
+R31(r2 −R22)αβω)
rR1(R21 −R22)αβ − 2rR22(α − 1)µ ] = 0.(15)�âáî¤  ¯®«ãç ¥¬ ¢ëà �¥­¨¥ ¤«ï ã£«®¢®© áª®à®áâ¨ ï¤à  ¢ ¯¥à¢®¬ ¯à¨-¡«¨�¥­¨¨:

ω = 
αβR1[R21(λ− 2) +R22(λ+ 2)]+ 2R22(α− 1)(λ+ 2)µ2αβR1[R22 +R21(λ− 1)]+ 4R22(α− 1)µ . (16)�¥¯¥àì ¬®�­® ®æ¥­¨âì áª®à®áâì ¢à é¥­¨ï â¢¥à¤®£® ï¤à . �«ï íâ®-£® à §«®�¨¬ (16) ¢ àï¤ ¯® λ ¤® ¯¥à¢®£® ¯®àï¤ª :
ω = 
(1 + λ

12). (17)�ëà �¥­¨¥ (17)  ­ «®£¨ç­® à §«®�¥­¨î ¨§ [9{11℄, ¯®«ãç¥­­®¬ã ¢ ¯¥à-¢®¬ ¯à¨¡«¨�¥­¨¨ ¢ ¬®¤¥«¨ á ãá«®¢¨¥¬ ¯®«­®£® ¯à®áª «ì§ë¢ ­¨ï ­ 



�ç¥â ¢ï§ª®áâ¨ ¢ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ 213¢­ãâà¥­­¥© £à ­¨æ¥. �¥¬ á ¬ë¬ ¬®�­® á¤¥« âì ¢ë¢®¤ ® â®¬, çâ® ¢ à ¬-ª å ­ è¥© ¬®¤¥«¨ §­ ç¥­¨¥ ¢ï§ª®áâ¨ �¨¤ª®£® ï¤à  �¥¬«¨ ­¥ ®ª §ë¢ ¥â¢«¨ï­¨ï ­  ã£«®¢ãî áª®à®áâì ¤¨ää¥à¥­æ¨ «ì­®£® ¢à é¥­¨ï â¢¥à¤®£®ï¤à . �ëá®â  ¯à¨«¨¢­®© ¢®«­ë ¤«ï à¥ «ì­®© �¥¬«¨ á®áâ ¢«ï¥â ®ª®«®0,4 ¬, ­® â ª ª ª ®¡« áâìî ­ è¥£® ¨áá«¥¤®¢ ­¨ï ï¢«ï¥âáï �¨¤ª®¥ ï¤à®á â¢¥à¤ë¬ ¢­ãâà¥­­¨¬ ï¤à®¬, íâã ¢¥«¨ç¨­ã ¡¥à¥¬ ¯®àï¤ª  0,2{0,25 ¬.�®£¤  ¬ «ë© ¯ à ¬¥âà λ ¯®«ãç ¥âáï ¯®àï¤ª  10−7. �®£« á­® ä®à¬ã«¥(17) ¯®«ãç ¥¬, çâ® ®¯¥à¥�¥­¨¥ ¢­ãâà¥­­¥£® â¢¥à¤®£® ï¤à  á®áâ ¢«ï-¥â 0,39 ¬¨­ãâ ¢ £®¤. �â® ç¨á«® å®à®è® á®£« áã¥âáï á â¥®à¥â¨ç¥áª®©®æ¥­ª®© ¨§ [4℄, ¯®«ãç¥­­®© ¤àã£¨¬ ¬¥â®¤®¬, ¨ ¯®á«¥¤­¨¬¨ ®æ¥­ª ¬¨,¯®«ãç¥­­ë¬¨ ®¡à ¡®âª®© á¥©á¬¨ç¥áª¨å ¤ ­­ëå [12℄. � ¬¥â¨¬, çâ® ¢ï§-ª®áâì �¨¤ª®£® ï¤à  �¥¬«¨ | ®¤¨­ ¨§ ­ ¨¬¥­¥¥ ¨§¢¥áâ­ëå ä¨§¨ç¥áª¨å¯ à ¬¥âà®¢ �¥¬«¨. �¬¥îé¨¥áï ¢ «¨â¥à âãà¥ ®æ¥­ª¨ ¢ï§ª®áâ¨ ï¤à à §«¨ç îâáï ­  ¬­®£® ¯®àï¤ª®¢ ¨ «¥� â ¢ ¤¨ ¯ §®­¥ 10−3{1011 Ǒ ·
[14℄. � ª«îç¥­¨¥� à ¡®â¥ à §à ¡®â ­  ¤¢ã¬¥à­ ï ¬®¤¥«ì ¯¥à¥­®á  ¢­ãâà¥­­¨å ¬ áá�¥¬«¨ ¯à¨«¨¢­ë¬¨ ¤¥ä®à¬ æ¨ï¬¨ á ãç¥â®¬ ­ «¨ç¨ï ¥¥ â¢¥à¤®£® ï¤à ¨ ãá«®¢¨¥¬ ç áâ¨ç­®£® ¯à®áª «ì§ë¢ ­¨ï ­  £à ­¨æ¥ â¢¥à¤®£® ¨ �¨¤ª®-£® ï¤¥à. � ¯à¥¤«®�¥­­®¥ £à ­¨ç­®¥ ãá«®¢¨¥ ¢å®¤ïâ ¢ï§ª®áâì �¨¤ª®£®ï¤à  �¥¬«¨, ®¤¨­ à §¬¥à­ë© ¨ ®¤¨­ ¡¥§à §¬¥à­ë© ¯ à ¬¥âàë. �ëç¨á-«¨â¥«ì­ ï à¥ «¨§ æ¨ï ¬®¤¥«¨ ¯à®¢¥¤¥­  ¬¥â®¤®¬ ¬ «®£® ¯ à ¬¥âà  ¤®¯¥à¢®£® ¯®àï¤ª  ¬ «®áâ¨. �ëï¢«¥­®, çâ® ¢ íâ®¬ ¯®àï¤ª¥ ¯à¨¡«¨�¥­¨ï¢ï§ª®áâì �¨¤ª®£® ï¤à  �¥¬«¨ ­¥ ®ª §ë¢ ¥â ¢«¨ï­¨ï ­  ã£«®¢ãî áª®-à®áâì ¤¨ää¥à¥­æ¨ «ì­®£® ¢à é¥­¨ï. �æ¥­ª  ¢¥«¨ç¨­ë ¤¨ää¥à¥­æ¨- «ì­®£® ¢à é¥­¨ï â¢¥à¤®£® ï¤à  �¥¬«¨ ¬®¤¥«¨ á ãá«®¢¨¥¬ ç áâ¨ç­®£®¯à®áª «ì§ë¢ ­¨ï á®áâ ¢¨«  0,39 ¬¨­/£®¤ ¢ ¢®áâ®ç­®¬ ­ ¯à ¢«¥­¨¨.����������1. Song X., Ri
hards P. G. Seismologi
al eviden
e for di�erential rotation of the Earth'sinner 
ore // Nature. 1996. V. 382. P. 221{224.2. Souriau A., Gar
ia R., Poupinet G. The seismologi
al pi
ture of the inner 
ore:stru
ture and rotation // C. R. Geos
ien
e. 2003. V. 335. P. 51{63.3. �®¡àïª®¢ �. Ǒ., �¥¢ã�¥­ª® �. �., �¥¬ïª¨­ �. �. Ǒà¨«¨¢­®¥ ¤¥ä®à¬¨à®¢ ­¨¥¯« ­¥â: ®¯ëâ íªá¯¥à¨¬¥­â «ì­®£® ¬®¤¥«¨à®¢ ­¨ï // �¥®â¥ªâ®­¨ª . 1991. ü 6.�. 21{35.



214 �à¨£®àì¥¢ �. �., �ªàï¡¨­  �. �.4. �¨«ìª¥ �. �. �¡ ®â­®á¨â¥«ì­®¬ ¤¢¨�¥­¨¨ ï¤à  ¨ ®¡®«®çª¨ ¯« ­¥âë ¢ £à ¢¨â -æ¨®­­®¬ ¯®«¥ â®ç¥ç­®© ¬ ááë // Ǒà¨ª«. ¬ â¥¬ â¨ª  ¨ ¬¥å ­¨ª . 2006. �. 70,¢ë¯. 4. C. 617{630.5. �á ¥¢  �. �., � ©¤ãà®¢ �. �.� â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¤¢¨�¥­¨ï â¢¥à¤®£® ï¤à �¥¬«¨ // �§¢. ¢ã§®¢. Ǒ®¢®«�áª¨© à¥£¨®­. �¨§.-¬ â. ­ ãª¨. 2011. ü 1. �. 40{46.6. �à¨£®àì¥¢ �. �. Ǒ«®áª ï § ¤ ç  ® ¯¥à¥­®á¥ ¬ áá ¯à¨«¨¢­ë¬¨ ¢®«­ ¬¨ // � â.§ ¬¥âª¨ ���. 1999. �. 6, ¢ë¯. 2. C. 9{20.7. �à¨£®àì¥¢ �. �., �¥¢ã�¥­ª® �. �. Ǒà®áâà ­áâ¢¥­­ ï § ¤ ç  ® ¯¥à¥­®á¥ ¬ áá¯à¨«¨¢­ë¬¨ ¢®«­ ¬¨ / Ǒà¥¯à¨­â ü 8. �®¢®á¨¡¨àáª: ���, 1999 £.8. �à¨£®àì¥¢ �. �., �¥¢ã�¥­ª® �. �. Ǒà®áâà ­áâ¢¥­­ ï § ¤ ç  ® ¯¥à¥­®á¥ ¬ áá¯à¨«¨¢­ë¬¨ ¢®«­ ¬¨ // �ëç¨á«¨â¥«ì­ë¥ â¥å­®«®£¨¨. 2000. �. 5, ü 4. C. 40{54.9. �à¨£®àì¥¢ �. �., �ªàï¡¨­  �. �. � â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ ®â­®á¨â¥«ì-­®© ¤¨­ ¬¨ª¨ â¢¥à¤®£® ¨ �¨¤ª®£® ï¤¥à �¥¬«¨ // �¥áâ. �¨¡���. 2008. �. 21,ü 4. �. 68{72.10. �à¨£®àì¥¢ �. �., �®å­ ç¥¢áª¨© �. �., �ªàï¡¨­  �. �. � ¢ª« ¤¥ ¯à¨«¨¢­®£®¤¥ä®à¬¨à®¢ ­¨ï ­  ¤¨ää¥à¥­æ¨ «ì­®¥ ¢à é¥­¨¥ ¢­ãâà¥­­¥£® ï¤à  §¥¬«¨ //�¥áâ. �¨�¥£®à®¤. ã­-â  ¨¬. �. �. �®¡ ç¥¢áª®£®. 2011. ü 4, ç. 5. �. 2118{2119.11. �à¨£®àì¥¢ �. �., �®å­ ç¥¢áª¨© �. �., �ªàï¡¨­  �. �. �æ¥­ª  ¢ª« ¤  ¯à¨«¨¢-­®£® ¤¥ä®à¬¨à®¢ ­¨ï ­  ¢¥«¨ç¨­ã ¤¨ää¥à¥­æ¨ «ì­®£® ¢à é¥­¨ï ¢­ãâà¥­­¥-£® ï¤à  �¥¬«¨ // �¡. âà. �á¥à®á. ­ ãç.-¯à ªâ. ª®­ä. ¯®á¢ïé¥­­®© ¯ ¬ïâ¨ç«.-ª®à. ��� �. �. �®¢®¯ è¨­  ý�¥®¬¥å ­¨ç¥áª¨¥ ¨ £¥®â¥å­®«®£¨ç¥áª¨¥ ¯à®-¡«¥¬ë íää¥ªâ¨¢­®£® ®á¢®¥­¨ï ¬¥áâ®à®�¤¥­¨© â¢¥à¤ëå ¯®«¥§­ëå ¨áª®¯ ¥¬ëåá¥¢¥à­ëå ¨ á¥¢¥à®-¢®áâ®ç­ëå à¥£¨®­®¢ �®áá¨¨þ (£. �ªãâáª, 13{15 á¥­âï¡àï 2011£.). �ªãâáª: ��� �� ���, 2011. �. 237{238.12. Deguen R. Stru
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s of Earth's inner 
ore // Earth Planetary S
i.Lett. 2012. V. 333{334. P. 211{225.13. �à¨£®àì¥¢ �. �., �ªàï¡¨­  �. �. � â¥¬ â¨ç¥áª¨¥ ¯à®¡«¥¬ë ¬®¤¥«¨à®¢ ­¨ï­ ¯à ¢«¥­­®£® ¯¥à¥­®á  ¢­ãâà¥­­¨å ¬ áá �¥¬«¨ ¯à¨«¨¢­ë¬¨ ¤¥ä®à¬ æ¨ï¬¨// �¨­ ¬¨ª  á¯«®è­®© áà¥¤ë. �ë¯. 122. �®¢®á¨¡¨àáª, 2004. �. 57{62.14. Se

o R. A. Vis
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ore // Mineral Physi
s and Crystallography:a handbook of physi
al 
onstants (AGU Referen
e Shelf) V. 2. Washington, DC:Amer. Geophys. Union, 1995. P. 218.£. �ªãâáª 18 ï­¢ àï 2013 £.



��� 512.6:519.61��������� ���������� ������������������ ������ ���������������������� ����������. �. �¥¤®à®¢, �. �. Ǒ ¢«®¢, �. �. �¢ ­®¢ Ǒãáâì § ¤ ­  ­¥®¤­®à®¤­ ï ¡¥áª®­¥ç­ ï á¨áâ¥¬  «¨­¥©­ëå  «£¥¡-à ¨ç¥áª¨å ãà ¢­¥­¨©




a1,1x1 + a1,2x2 + · · ·+ a1,nxn + · · · = f1,
a2,1x1 + a2,2x2 + · · ·+ a2,nx2 + · · · = f2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,
an,1x1 + an,2x2 + · · ·+ an,nxn + · · · = fn,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(1)£¤¥ ai,k | ¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë, fi | á¢®¡®¤­ë¥ ç«¥­ë ¨ xk |­¥¨§¢¥áâ­ë¥.�ç¥¢¨¤­®, çâ® ®á­®¢­®© ¬ âà¨æ¥© á¨áâ¥¬ë (1) ï¢«ï¥âáï ¡¥áª®­¥ç-­ ï ¬ âà¨æ 
A =  a1,1 a1,2 . . . a1,n . . .

a2,1 a2,2 . . . a2,n . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .

an,1 an,2 . . . an,n . . .
. . . . . . . . .




. (2)�¢¥¤¥¬ ­¥ª®â®àë¥ á¯¥æ¨ «ì­ë¥ ¡¥áª®­¥ç­ë¥ ¬ âà¨æë, ­¥®¡å®¤¨¬ë¥¤«ï ¤ «ì­¥©è¥£® ¨§«®�¥­¨ï.�¯à¥¤¥«¥­¨¥ 1. �á«¨ ¬ âà¨æ  A = (ai,j) ¡¥áª®­¥ç­®© á¨áâ¥¬ë(1) «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨¬¥¥â í«¥¬¥­âë ai,j = 0 ¤«ï¢á¥å i > j, ¯à¨ç¥¬ í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ ­¥ à ¢­ë ­ã«î, â. ¥.
© 2013 �¥¤®à®¢ �. �., Ǒ ¢«®¢ �. �., �¢ ­®¢  �. �.



216 �¥¤®à®¢ �. �., Ǒ ¢«®¢ �. �., �¢ ­®¢  �. �.
aj,j 6= 0, j = 0, 1, 2, . . . , â® £®¢®à¨¬, çâ® â ª ï ¡¥áª®­¥ç­ ï á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (1) § ¤ ­  ¢ £ ãáá®¢®© ä®à¬¥.�¯à¥¤¥«¥­¨¥ 2. �á«¨ ¡¥áª®­¥ç­ ï ¬ âà¨æ  A = (ai,j) ¨¬¥¥â í«¥-¬¥­âë ai,j = 0, i < j, ¯à¨ç¥¬ í«¥¬¥­âë £« ¢­®© ¤¨ £®­ «¨ ­¥ à ¢­ë­ã«î, â. ¥. aj,j 6= 0, j = 0, 1, 2, . . . , â® â ªãî ¡¥áª®­¥ç­ãî ¬ âà¨æã­ §ë¢ ¥¬ âà¥ã£®«ì­®©.� ª¨¬ ®¡à §®¬, ¥á«¨ ¢á¥ í«¥¬¥­âë, à á¯®«®�¥­­ë¥ ¯®¤ £« ¢­®©¤¨ £®­ «ìî ¡¥áª®­¥ç­®© ¬ âà¨æë A = (ai,j) (aj,j 6= 0, j = 1, 2, . . . ),à ¢­ë ­ã«î, â® â ªãî ¬ âà¨æã ­ §ë¢ ¥¬ £ ãáá®¢®©. �á«¨ ¢á¥ í«¥¬¥­-âë, à á¯®«®�¥­­ë¥ ­ ¤ £« ¢­®© ¤¨ £®­ «ìî, à ¢­ë ­ã«î, â® â ªãî¡¥áª®­¥ç­ãî ¬ âà¨æã A ­ §ë¢ ¥¬ âà¥ã£®«ì­®©.�¢¥¤¥¬ ­¥ª®â®àë¥ ®¡®§­ ç¥­¨ï ¤«ï ª®­¥ç­ëå ®¯à¥¤¥«¨â¥«¥©, á®-áâ ¢«¥­­ëå ¨§ í«¥¬¥­â®¢ ¤ ­­®© ¡¥áª®­¥ç­®© ¬ âà¨æë A = (ai,k):

A

(
i1i2 . . . ip
k1k2 . . . kp

) = ∣∣∣∣∣∣∣ ai1,k1 ai1,k2 . . . ai1,kp

ai2,k1 ai2,k2 . . . ai2,kp

. . . . . .
aip,k1 aip,k2 . . . aip,kp

∣∣∣∣∣∣∣
. (3)�¯à¥¤¥«¨â¥«ì (3) ­ §ë¢ ¥âáï ¬¨­®à®¬ p-£® ¯®àï¤ª  ¬ âà¨æë A, ¥á«¨1 6 i1 < i2 < · · · < ip 6 m ¨ 1 6 k1 < k2 < · · · < kp 6 n. �¨­®àë (3), ãª®â®àëå i1 = k1, i2 = k2, . . . , ip = kp, ­ §ë¢ îâáï £« ¢­ë¬¨.� ®¡®§­ ç¥­¨ïå (3) ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â­®© ¬ âà¨æë |A = (ai,k)|n1§ ¯¨è¥âáï â ª:

|A| = A

(1 2 . . . n1 2 . . . n).Ǒãáâì ¤ ­  ¬ âà¨æ  A = (ai,k)∞1 ¡¥áª®­¥ç­®£® à ­£ . �¢¥¤¥¬á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï ¤«ï ¯®á«¥¤®¢ â¥«ì­ëå £« ¢­ëå ¬¨­®à®¢ íâ®©¬ âà¨æë:
Dk = A

(1 2 . . . k1 2 . . . k) (k = 1, 2, . . . ,∞).Ǒ¥à¥¢¥¤¥¬ á¨áâ¥¬ã (1) ¢ £ ãáá®¢ã ä®à¬ã, ¤«ï íâ®£® ¨á¯®«ì§ã¥¬à¥§ã«ìâ âë à ¡®âë [1℄.



�«£®à¨â¬ë à¥ «¨§ æ¨¨ à¥è¥­¨© ¡¥áª®­¥ç­ëå á¨áâ¥¬ 217�¥®à¥¬  1. �áïªãî ¬ âà¨æã A = (ai,k)∞1 ¡¥áª®­¥ç­®£® à ­£ , ãª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâì £« ¢­ëå ¬¨­®à®¢ ®â«¨ç­  ®â ­ã«ï, â. ¥.
Dk 6= 0 (k = 1, 2, . . . ,∞), ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï âà¥-ã£®«ì­®© ¬ âà¨æë B ­  £ ãáá®¢ã ¬ âà¨æã C:
A = BC =  b1,1 0 . . . 0 . . .

b2,1 b2,2 . . . 0 . . .
. . . . . . . . .

bn,1 bn,2 . . . bn,n . . .
. . . . . . . . .







c1,1 c1,2 . . . c1,n . . .0 c2,2 . . . c2,n . . .
. . . . . . . . .0 0 . . . cn,n . . .
. . . . . . . . .


 ,¯à¨ íâ®¬

b1,1c1,1 = D1, b2,2c2,2 = D2
D1 , . . . , bn,ncn,n = Dn

Dn−1 . . . , (4)
bj,k = bk,k

A
(1 2 ... k−1 j1 2 ... k−1 k

)

A
(1 2 ... k1 2 ... k

) , cj,k = ck,k

A
(1 2 ... k−1 k1 2 ... k−1 j

)

A
(1 2 ... k1 2 ... k

) (5)(j = k, k + 1, . . . ,∞; k = 1, 2, . . . ,∞).�«ï ä ªâ¨ç¥áª®£® ¢ëç¨á«¥­¨ï í«¥¬¥­â®¢ ¬ âà¨æ B ¨ C ¢ �­®�«¥¤áâ¢¨¥ 1. �«¥¬¥­âë áâ®«¡æ®¢ ¬ âà¨æë B ¨ áâà®ª C á¢ï§ ­ëá í«¥¬¥­â ¬¨ ¬ âà¨æë A à¥ªãàà¥­â­ë¬¨ á®®â­®è¥­¨ï¬¨
bi,k = ai,k −

k−1∑
j=1 bi,jcj,k
ck,k

, i > k, i = 1, 2, . . . ,∞, k = 1, 2, . . . ,∞, (6)
ci,k = ai,k −

i−1∑
j=1 bi,jcj,k
bi,i

, i 6 k, i = 1, 2, . . . ,∞, k = 1, 2, . . . ,∞. (7)�«¥¤áâ¢¨¥ 2. �á«¨ ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë bi,i (i = 1, 2, . . .∞)(4) ¬ âà¨æë B à ¢­ë ¥¤¨­¨æ¥, â® ¯®«ãç¨¬ ¬¥â®¤ ¨áª«îç¥­¨ï � ãáá .� ª¨¬ ®¡à §®¬, ¤«ï ®¤­®§­ ç­®£® ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ bi,k¨ ci,k ¯®« £ ¥¬, çâ® bi,i = 1, i = 1, 2, . . . . � íâ®¬ á«ãç ¥ ¯®ï¢«ï¥âáï¢®§¬®�­®áâì ¯à¥®¡à §®¢ ­¨ï ä®à¬ã« á«¥¤áâ¢¨ï 1 ¤«ï ã¤®¡áâ¢  ¢ëç¨á-«¥­¨© ¯® ­¨¬. � ¨¬¥­­®, ¢ ä®à¬ã« å (6), (7) á¤¥« ¥¬ ¯à¥®¡à §®¢ ­¨¥



218 �¥¤®à®¢ �. �., Ǒ ¢«®¢ �. �., �¢ ­®¢  �. �.á æ¥«ìî ®áâ ¢¨âì â®«ìª® ®¤­® ­¥à ¢¥­áâ¢®, ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¬¥­ïï¨­¤¥ªáë. �§ ä®à¬ã« (6), (7) ïá­®, çâ® ¯à¨ i = 1 ¨«¨ k = 1 áã¬¬ë ¢ä®à¬ã« å ¨áç¥§ îâ, ¢ ç¥¬ ¬®�­® ã¡¥¤¨âìáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á-«¥­¨¥¬. �«¥¤®¢ â¥«ì­®,
c1,i = a1,i, bi,1 = ai,1

c1,1 , i > 1,
c2,i = a2,i − b2,1c1,i, bi,2 = ai,2 − bi,1c1,2

c2,2 , i > 2,
c3,i = a3,i − 2∑

j=1 b3,jcj,i, bi,3 = ai,3 − 2∑
j=1 bi,jcj,3
cj,3 , i > 3.�¡®¡é ï ¯® ¨­¤ãªæ¨¨, ¯®«ãç¨¬

cn,i = an,i −
n−1∑
j=1 bn,jcj,i, bi,n = ai,n −

n−1∑
j=1 bi,jcj,n
cn,n

, i > n. (8)Ǒà¨ i = n ¨§ ä®à¬ã« (8) § ª«îç ¥¬, çâ® bn,n = 1 ¤«ï «î¡®£® n.�à®¬¥ â®£®, § ¬¥­ïï ¨­¤¥ªáë ¢ ¯¥à¢®© ä®à¬ã«¥ á«¥¤ãîé¨¬ ®¡à §®¬:
n = i, i = k,   ¢® ¢â®à®© | i = i, n = k, ¯®«ãç¨¬ á®®â¢¥âáâ¢ãîé¨¥ä®à¬ã«ë á«¥¤áâ¢¨ï 1.�¥áª®­¥ç­ãî á¨áâ¥¬ã (1) § ¯¨è¥¬ ªà âª®:

∞∑

i=1 aj,ixj = fj , j = 1, 2, . . . , (9)á ¡¥áª®­¥ç­®© ¬ âà¨æ¥© (2) A = (ai,j)∞1 , ª®â®àãî ¯à¥®¡à §®¢ ­¨¥¬� ãáá  ¯¥à¥¢®¤¨¬ ¢ á¨áâ¥¬ã á £ ãáá®¢®© ä®à¬®©:
∞∑

p=0 cj,j+pxj+p = bj, j = 1, 2, . . . , (10)¨«¨ ¢ ¬ âà¨ç­®© ä®à¬¥:
CX = B,



�«£®à¨â¬ë à¥ «¨§ æ¨¨ à¥è¥­¨© ¡¥áª®­¥ç­ëå á¨áâ¥¬ 219£¤¥ C | £ ãáá®¢  ¡¥áª®­¥ç­ ï ¬ âà¨æ , X , B | áâ®«¡æë ­¥¨§¢¥áâ-­ëå xj+p ¨ á¢®¡®¤­ëå ç«¥­®¢ bj á¨áâ¥¬ë (10) á®®â¢¥âáâ¢¥­­®. �¥¯¥àì­¥®¡å®¤¨¬® ¢ëç¨á«¨âì á¢®¡®¤­ë¥ ç«¥­ë bj á¨áâ¥¬ë (10) ¯à¨ ¯à¨¬¥­¥-­¨¨ ¯à¥®¡à §®¢ ­¨ï � ãáá  ª á¨áâ¥¬¥ (9). Ǒ®áª®«ìªã ¬ âà¨æ  B âà¥-ã£®«ì­ ï, ¢ [2℄ ¯®ª § ­®, çâ® ®­  ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ¤¢ãáâ®à®­­îî®¡à â­ãî ¬ âà¨æã B−1. �«¥¤®¢ â¥«ì­®, ¨áå®¤ï ¨§ (9) ¨ â¥®à¥¬ë 1á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï AX = BCX = F ¨ B−1BCX = B−1F , ®â-ªã¤  CX = B−1F , £¤¥ F | áâ®«¡¥æ á¢®¡®¤­ëå ç«¥­®¢ á¨áâ¥¬ë (9).�â®¡ë ¢ëç¨á«¨âì ¯à ¢ãî ç áâì ¯®á«¥¤­¥£® ¬ âà¨ç­®£® á®®â­®è¥­¨ï,¯®áâã¯ ¥¬ á«¥¤ãîé¨¬ ®¡à §®¬. �¡®§­ ç¨¬ ¢ëà �¥­¨¥ B−1F ª ª ­®-¢®¥ ­¥¨§¢¥áâ­®¥ Y , à áá¬®âà¨¬ ¡¥áª®­¥ç­ãî á¨áâ¥¬ã BY = F á âà¥-ã£®«ì­®© ¬ âà¨æ¥© B ¨ à¥è¨¬ ¥¥ à¥ªãàà¥­â­®: y1 = f1, y2 = f2− b2,1y1¨ â ª ¤ «¥¥, ¯® ¨­¤ãªæ¨¨ ¯®«ãç ¥¬ yn = fn −
n−1∑
k=1 bn,kyk, n = 1, 2, . . . ,£¤¥ bn,k | ª®íää¨æ¨¥­âë âà¥ã£®«ì­®© ¬ âà¨æë B.� [3℄ ¯®«ãç¥­ë ãá«®¢¨ï á®¢¬¥áâ­®áâ¨ ­¥®¤­®à®¤­ëå £ ãáá®¢ëå á¨-áâ¥¬ ¢¨¤  (10), ¯à¨ íâ®¬ áãé¥áâ¢¥­­® ¨á¯®«ì§®¢ ­ ¬¥â®¤ à¥¤ãªæ¨¨ ¢ã§ª®¬ ¨ è¨à®ª®¬ á¬ëá« å [4, 5℄. �«ï à¥è¥­¨ï £ ãáá®¢®© á¨áâ¥¬ë (10)¨§ãç¥­ë ãà¥§ ­­ë¥ á¨áâ¥¬ë ¨ ¯®«ãç¥­ë ¨å à¥è¥­¨ï, ­ ¯à¨¬¥à, ¬¥â®-¤®¬ à¥¤ãªæ¨¨ ¢ ã§ª®¬ á¬ëá«¥:

n
xj = Bn−j , j = 1, 2, . . . , n, (11)£¤¥

Bn−j = bj
cj,j

−
n−j−1∑

p=0 cj,n−p

cj,j
Bp, B0 = bn

cn,n
, j = 1, n. (12)�á«¨ ¯à¥¤¯®«®�¨âì, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥« lim
n→∞

Bn−j = B(j) ¨¢®§¬®�¥­ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢ ¢ëà �¥­¨¨ (12), â® ¤«ï ª �¤®£® j¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
B(j) = bj

cj,j
−

∞∑

p=j+1 cj,pcj,j
B(p). (13)



220 �¥¤®à®¢ �. �., Ǒ ¢«®¢ �. �., �¢ ­®¢  �. �.Ǒ®áª®«ìªã cj,j 6= 0, ®âáî¤  á«¥¤ã¥â á®®â­®è¥­¨¥
∞∑

p=j

cj,pB(p) = bj . (14)�à ¢­¨¢ ï ¢ëà �¥­¨¥ (14) á (10), ã¡¥�¤ ¥¬áï, çâ® xj = B(j), â. ¥. B(j)ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ ­¥®¤­®à®¤­®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë (10).�¯à¥¤¥«¥­¨¥ 3. � áâ­®¥ à¥è¥­¨¥ xj = B(j) ­¥®¤­®à®¤­®© £ ãá-á®¢®© á¨áâ¥¬ë (10) ¡ã¤¥â ­ §ë¢ âìáï áâà®£® ç áâ­ë¬ à¥è¥­¨¥¬ á¨-áâ¥¬ë (10).� ¬¥ç ­¨¥ 1. �ç¥¢¨¤­®, çâ® áâà®£® ç áâ­®¥ à¥è¥­¨¥ B(j) ï¢«ï-¥âáï ¥¤¨­áâ¢¥­­ë¬ â ª¨¬ à¥è¥­¨¥¬ £ ãáá®¢®© á¨áâ¥¬ë (10). �à®¬¥â®£®, ¥á«¨ ­¥ áãé¥áâ¢ã¥â áâà®£® ç áâ­®£® à¥è¥­¨ï, â® ­¥®¤­®à®¤­ ï£ ãáá®¢  á¨áâ¥¬  (10) ­¥á®¢¬¥áâ­ , â. ¥. á¨áâ¥¬  (10) ¢®®¡é¥ ­¥ ¨¬¥¥âà¥è¥­¨©. �ë¯¨è¥¬ ãá«®¢¨ï ­¥á®¢¬¥áâ­®áâ¨ £ ãáá®¢®© á¨áâ¥¬ë (10).�«ï íâ®£®, ¨á¯®«ì§ãï ª®íää¨æ¨¥­âë ¨ á¢®¡®¤­ë¥ ç«¥­ë á¨áâ¥¬ë (10),¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï:
b′j+p = bj+p

cj+p,j+p
, p = 0, 1, . . . ; c′n,j = cj,n

cj,j
, c′j,j = 1, 1 6 j 6 n. (15)�§ ª®íää¨æ¨¥­â®¢ (15) á®áâ ¢¨¬ ¡¥áª®­¥ç­ãî ¬ âà¨æã A(j):

A(j) = 
c′j+1,j 1 0 . . . 0 0 .
c′j+2,j c′j+2,j+1 1 . . . 0 0 .
. . . . . . . . .

c′j+k,j c′j+k,j+1 c′j+k,j+2 . . . 0 0 .
. . . . . . . . .

c′n−2,j c′n−1,j+1 c′n−2,j+2 . . . 1 0 .
c′n−1,j c′n−1,j+1 c′n−1,j+2 . . . c′n−1,n−2 1 .
c′n,j c′n,j+1 c′n,j+2 . . . c′n,n−2 c′n,n−1 .
. . . . . . . . .




.(16)�®¯ãáª ¥¬, çâ® ¡¥áª®­¥ç­ ï ¬ âà¨æ  A(j) ¯®à®�¤ ¥â ¡¥áª®­¥ç­ë©®¯à¥¤¥«¨â¥«ì |A(j)|. �§ £« ¢­ëå ¬¨­®à®¢ ®¯à¥¤¥«¨â¥«ï |A(j)| á®áâ ¢¨¬®¯à¥¤¥«¨â¥«¨ An(j) n-£® ¯®àï¤ª , ¯à¨ íâ®¬ ¯®« £ ï, çâ®
A0(j) = 1, A1(j) = c′j+1,j , A2(j) = ∣∣∣∣ c′j+1,j 1

c′j+2,j c′j+2,j+1 ∣∣∣∣ ,
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A3(j) = ∣∣∣∣∣∣ c′j+1,j 1 0

c′j+2,j c′j+2,j+1 1
c′j+3,j c′j+3,j+1 c′j+3,j+2 ∣∣∣∣∣∣ , . . . , An(j) =

∣∣∣∣∣∣∣∣∣∣∣

c′j+1,j 1 0 . . . 0 0
c′j+2,j c′j+2,j+1 1 . . . 0 0
. . . . . . . .
. . . . . . . .

c′j+n−1,j c′j+n−1,j+1 c′j+n−1,j+2 . . . c′j+n−1,j+n−2 1
c′j+n,j c′j+n,j+1 c′j+n,j+2 . . . c′j+n,j+n−2 c′j+n,j+n−1

∣∣∣∣∣∣∣∣∣∣∣(17)�®�­® ¯®ª § âì, çâ® ®¯à¥¤¥«¨â¥«¨ Ap(j) ¯®àï¤ª  p ¢ëç¨á«ïîâáïà¥ªãàà¥­â­®:
Ap(j) = p−1∑

k=0(−1)p−1−kc′j+p,j+kAk(j), A0(j) = 1. (18)Ǒãáâì àï¤ ∞∑
p=0(−1)p Ap(j)bj+p

cj+p,j+p
áå®¤¨âáï ¤«ï «î¡®£® j, ¯à¨ íâ®¬ ®­®¤­®¢à¥¬¥­­® ­¥ à ¢¥­ ­ã«î ¤«ï ¢á¥å j. � ª¨¬ ®¡à §®¬, ¢ë¯®«­ïîâáïãá«®¢¨ï

∞∑

p=0(−1)pAp(j) bj+p

cj+p,j+p
<∞, j = 1, 2, . . . , (19)¨ å®âï ¡ë ¤«ï ®¤­®£® j ¨¬¥¥â ¬¥áâ® ãá«®¢¨¥

∞∑

p=0(−1)pAp(j)bj+p

cj+p,j+p
6= 0, (20)£¤¥ Ap(j) ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥ (18).Ǒãáâì ­¥®¤­®à®¤­ ï £ ãáá®¢  á¨áâ¥¬  (10) á®¢¬¥áâ­ . � ©¤¥¬ ¥¥áâà®£® ç áâ­®¥ à¥è¥­¨¥.�¥®à¥¬  2. Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (19) ¨ (20) ­¥®¤­®à®¤­ ï£ ãáá®¢  á¨áâ¥¬  (10) ¨¬¥¥â áâà®£® ç áâ­®¥ à¥è¥­¨¥ xj ¢¨¤ 

xj = ∞∑

p=0(−1)pAp(j)bj+p

cj+p,j+p
, j = 1, 2, . . . , (21)£¤¥ Ap(j) ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨¥¬ (18).



222 �¥¤®à®¢ �. �., Ǒ ¢«®¢ �. �., �¢ ­®¢  �. �.Ǒ® à¥§ã«ìâ â ¬ â¥®à¥¬ 1 ¨ 2 á®áâ ¢«¥­  ¯à®£à ¬¬  ­  Ǒ�, à¥ -«¨§ãîé ï à¥è¥­¨¥ ­¥®¤­®à®¤­ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬. �«ï ¯à®¢¥à-ª¨ ¯à¥¤« £ ¥¬ëå  «£®à¨â¬®¢ ¨ à ¡®âë ¯à®£à ¬¬ë ­  Ǒ� à áá¬®âà¨¬£ ãáá®¢ã á¨áâ¥¬ã.Ǒãáâì § ¤ ­  ­¥®¤­®à®¤­ ï ¯¥à¨®¤¨ç¥áª ï £ ãáá®¢  á¨áâ¥¬ 
∞∑

p=0 (2j + 2p+ 1)!(2p)! xj+p = bj = bj ,

j = 1,∞, j = 1, 2, . . . , b = 
onst > 0. (22)� à ¡®â å [4, 5℄ ¯®«ãç¥­ë ç áâ­ë¥ à¥è¥­¨ï £ ãáá®¢®© á¨áâ¥¬ë (22)¢  ­ «¨â¨ç¥áª®¬ ¢¨¤¥:
xi = bi(2i+ 1)! 
h(√b) , i = 1, 2, . . . . (23)�ë«¨ ¯à®¢¥¤¥­ë à áç¥âë ¯® ä®à¬ã« ¬ (21) ¨ (23). Ǒà¨ ¢ëç¨á«¥­¨¨ª �¤®£® xj ¯® (21) à áç¥â § ª ­ç¨¢ ¥âáï, ª®£¤  à §­¨æ  ¬¥�¤ã ¤¢ã¬ï¢ëç¨á«¥­¨ï¬¨ áâ ­®¢¨« áì ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ ¬¥­ìè¥ § ¤ ­­®£®

ǫ = 10−6: ∣∣xp+1
j − xp

j

∣∣ < ǫ. �®¢¯ ¤¥­¨¥ à¥§ã«ìâ â®¢ ¤® è¥áâ¨ §­ ª®¢¯®á«¥ â®çª¨ ¯à®¨áå®¤¨â ã�¥ ¯à¨ p = 14. �¤¥áì ­¥®¡å®¤¨¬® § ¬¥â¨âì,çâ® ¤«ï § ¤ ç¨ (22) ä®à¬ã«  (23) á«¥¤ã¥â ¨§ ä®à¬ã«ë (21), ª ª ¤®ª -§ ­® ¢ [3℄. Ǒà®¢¥àª  ¯à¥®¡à §®¢ ­¨ï � ãáá  ®áãé¥áâ¢«ï¥âáï à¥è¥­¨¥¬ª®­¥ç­ëå á¨áâ¥¬, ¯®áª®«ìªã ä®à¬ã«  (21) ¢¥à­  ¨ ¤«ï ª®­¥ç­ëå á¨-áâ¥¬, ­® ¢ íâ®¬ á«ãç ¥ ¢¥àå­¨© ¨­¤¥ªá áã¬¬ë ¢ (21) ¡ã¤¥â à ¢¥­ n− j.�«ï ¯à®áâ®âë à áá¬®âà¨¬ á«¥¤ãîéãî ª®­¥ç­ãî á¨áâ¥¬ã ç¥â¢¥àâ®£®¯®àï¤ª : 



−2x1 + 2x2 − 3x3 + 4x4 = 1,2x1 + 2x2 + 6x3 − 7x4 = 4,
−2x1 − 2x2 − 5x3 + 9x4 = 0,
−4x1 − 4x2 − 13x3 + 15x4 = −9,¤«ï ª®â®à®© ­ ¡®à ç¨á¥« x1 = −1, x2 = 1/2, x3 = 2, x4 = 1 ï¢«ï¥âáïà¥è¥­¨¥¬.�ëç¨á«¥­¨ï ¯® à §à ¡®â ­­®© ¯à®£à ¬¬¥ ¤ îâ â¥ �¥ ç¨á« . � -ª¨¬ ®¡à §®¬, ä®à¬ã«  (21) ¢ á®ç¥â ­¨¨ á ¯à¥®¡à §®¢ ­¨¥¬ � ãáá  ¤ ¥â



�«£®à¨â¬ë à¥ «¨§ æ¨¨ à¥è¥­¨© ¡¥áª®­¥ç­ëå á¨áâ¥¬ 223¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¥á«¨ â ª®¢®¥ áãé¥áâ¢ã¥â, á¨áâ¥¬ë «î¡®£® ¯®-àï¤ª  ¢¯«®âì ¤® ¡¥áª®­¥ç­®£®.� ¬¥ç ­¨¥ 2. � ª ¯®ª § ­® ¢ [6℄, ä®à¬ã«  (21) ä ªâ¨ç¥áª¨ ï¢«ï-¥âáï à á¯¨á ­­®© ä®à¬ã«®© �à ¬¥à  £ ãáá®¢ëå á¨áâ¥¬ «î¡®£® ¯®àï¤ª ¢¯«®âì ¤® ¡¥áª®­¥ç­®£®. ����������1. �¥¤®à®¢ �. �. �¡  «£®à¨â¬¥ � ãáá  ¤«ï ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡-à ¨ç¥áª¨å ãà ¢­¥­¨© (�����) // � â. § ¬¥âª¨ ���. 2012. �. 19, ¢ë¯. 1.�. 133{140.2. �ãª �. �¥áª®­¥ç­ë¥ ¬ âà¨æë ¨ ¯à®áâà ­áâ¢  ¯®á«¥¤®¢ â¥«ì­®áâ¥©. �.: �¨§-¬ â£¨§, 1960.3. �¥¤®à®¢ �. �. �¥®¤­®à®¤­ë¥ £ ãáá®¢ë ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡-à ¨ç¥áª¨å ãà ¢­¥­¨© (�����) // � â. § ¬¥âª¨ ���. 2012. �. 19, ¢ë¯. 1.�. 124{132.4. �¥¤®à®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©. �®¢®á¨¡¨àáª: � ãª , 2009.5. �¥¤®à®¢ �. �. �¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨ ¨å¯à¨«®�¥­¨ï. �®¢®á¨¡¨àáª: � ãª , 2011.6. �¥¤®à®¢ �. �. � ªà ¬¥à®¢®áâ¨ £ ãáá®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «-£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (�����) // � â. § ¬¥âª¨ ���. 2012. �. 19, ¢ë¯. 2.�. 162{170.£. �ªãâáª 5 ­®ï¡àï 2012 £.



������������ 514.755� Ǒ���������-���������������� ��������� ����� Ǒ���Ǒ��������� ���Ǒ������ ��������� Ǒ���������� Ǒ���������� Ǒ����������� P 5. �. �. �ã¡ïª¨­. | � â. § ¬¥âª¨ ���,2013, â. 20, ¢ë¯. 1.�§ãç ¥âáï ¯à®¥ªâ¨¢­®-¤¨ää¥à¥­æ¨ «ì­ ï £¥®¬¥âà¨ï ¯ àë ¯ïâ¨¬¥à­ëå ª®¬-¯«¥ªá®¢ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P 3. �¯à¥¤¥«¥­® áâà®-¥­¨¥ ®¤­®£® ª« áá  â ª®© ¯ àë ª®¬¯«¥ªá®¢. �¨¡«¨®£à. 3.�«îç¥¢ë¥ á«®¢ : £à áá¬ ­®¢® ¬­®£®®¡à §¨¥, £à áá¬ ­®¢® ®â®¡à �¥­¨¥, ª®­ãá�¥£à¥.��� 517.96� �Ǒ����� �������������� ������������������������������ �Ǒ������� ������� Ǒ������. �. �. �¨åà¥¢ .| � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.�áá«¥¤®¢ ­  ®¤­®§­ ç­ ï à §à¥è¨¬®áâì £à ­¨ç­®© § ¤ ç¨, ®â­®áïé¥©áï ª á«ã-ç ï¬ ­ «¨ç¨ï ¢ ¨áå®¤­®© ¤¨ää¥à¥­æ¨ «ì­®© ®¯¥à æ¨¨ ¢ëà®�¤¥­¨ï ¯®àï¤ª  ¢ £¨«ì-¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ á ¯®¬®éìî í«¥¬¥­â  â¥®à¨¨ ®¯¥à â®à®¢ ¨ ¥¥ ç áâ­ë© á«ã-ç ©. �¨¡«¨®£à. 3.�«îç¥¢ë¥ á«®¢ : £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ®¡®¡é¥­­®¥ à¥è¥­¨¥, ª®¬¯ ªâ­®¥¬­®�¥áâ¢®, á¯¥ªâà ®¯¥à â®à , «¨­¥©­ë© ­¥¯à¥àë¢­ë© äã­ªæ¨®­ «.��� 517.956� ��������������� ������� ������ ��� ������������������� ��Ǒ�. �. �. �£®à®¢, �. �. � å à®¢ . | � â. § ¬¥âª¨ ���,2013, â. 20, ¢ë¯. 1.� æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ ¯à®áâà ­áâ¢  Rn+1 ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨-¯  ¢â®à®£® ¯®àï¤ª  à áá¬ âà¨¢ ¥âáï ªà ¥¢ ï § ¤ ç , ª®â®à ï ¢¯¥à¢ë¥ ¨áá«¥¤®¢ -« áì �. �. �¥à¥å®¢ë¬. Ǒà¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ­  ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ®¡®¡é¥­­ëå à¥è¥­¨©, äà¥¤£®«ì¬®-¢®áâì ªà ¥¢®© § ¤ ç¨ ¢ ­¥ª®â®à®¬ ¢¥á®¢®¬ ¯à®áâà ­áâ¢¥ �®¡®«¥¢ . �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : ãà ¢­¥­¨¥ á¬¥è ­­®£® â¨¯ , áãé¥áâ¢®¢ ­¨¥, ¥¤¨­áâ¢¥­­®áâì,®¡®¡é¥­­®¥ à¥è¥­¨¥, ­¥à ¢¥­áâ¢®, ®æ¥­ª , äà¥¤£®«ì¬®¢®áâì.



�­­®â æ¨¨ 225��� 517.954� ��������� ������������ �������������� ���������Ǒ����������� ���� �� ������ ����. �. �. � ¬ëè«ï¥¢ ,�. �. �ëçª®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.� â¥à¬¨­ å â¥®à¨¨ ®â­®á¨â¥«ì­® p-®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¨áá«¥¤®¢ ­  ¬®-¤¥«ì à á¯à®áâà ­¥­¨ï ¢®«­ ­  ¬¥«ª®© ¢®¤¥ á ãç¥â®¬ ª ¯¨««ïà­ëå íää¥ªâ®¢. Ǒà¥¤-«®�¥­  «£®à¨â¬ ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨ �®ã®«â¥à  | �¨¤®à®¢  | �¨à¨å«¥¤«ï IMBq-ãà ¢­¥­¨ï. �«. 1, ¡¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ä §®¢®¥ ¯à®áâà ­áâ¢®, ãà ¢­¥­¨¥ á®¡®«¥¢áª®£® â¨¯ , ®â­®-á¨â¥«ì­® p-®£à ­¨ç¥­­ë© ®¯¥à â®à, § ¤ ç  �®ã®«â¥à  | �¨¤®à®¢ .��� 517.946������� ������ ��� ��������� ������� ���������,�� ����������� ������������ ���������� Ǒ����������.�. �. �®� ­®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.�§ãç ¥âáï à §à¥è¨¬®áâì ­¥ª®â®àëå ­®¢ëå ªà ¥¢ëå § ¤ ç ¤«ï «¨­¥©­ëå ­¥ª« á-á¨ç¥áª¨å ãà ¢­¥­¨©, ¢ª«îç îé¨å ¢ á¥¡ï «¨­¥ à¨§®¢ ­­ë¥ ãà ¢­¥­¨ï ¬ «ëå ¯à®-¤®«ì­ëå ¢®§¬ãé¥­¨© ã¥¤¨­¥­­ëå ¢®«­. �«ï à áá¬ âà¨¢ ¥¬ëå § ¤ ç ¤®ª § ­ë â¥®-à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨©. �¨¡«¨®£à. 13.�«îç¥¢ë¥ á«®¢ : ªà ¥¢ ï § ¤ ç , «¨­¥ à¨§®¢ ­­®¥ ãà ¢­¥­¨¥,  ¯à¨®à­ ï ®æ¥­-ª , áãé¥áâ¢®¢ ­¨¥, ¥¤¨­áâ¢¥­­®áâì.��� 511.528.2�� �������� ������������ ������ ��������� ���������Ǒ����. �. A. �®à®¡®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.�áá«¥¤ã¥âáï ¤¨®ä ­â®¢® ãà ¢­¥­¨¥ x2 − y2(k2m2 − 4m) = 4t, £¤¥ ç¨á«  k,m­¥ç¥â­ë¥,   ¯à ¢ ï ç áâì 4t | ¤®áâ â®ç­® ¬ «¥­ìª®¥ ­ âãà «ì­®¥ ç¨á«®. � ©¤¥­ë­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ â ª®£® ¤¨®ä ­â®¢  ãà ¢­¥­¨ï. �¨¡«¨®£à. 1.�«îç¥¢ë¥ á«®¢ : ¤¨®ä ­â®¢® ãà ¢­¥­¨¥, à¥è¥­¨ï ¢ æ¥«ëå ç¨á« å, ®¡®¡é¥­-­®¥ ãà ¢­¥­¨¥ Ǒ¥««ï, ª¢ ¤à â¨ç­ë¥ ¯®«ï, £àã¯¯  ¥¤¨­¨æ, ¤¨®ä ­â®¢ë ¯à¨¡«¨�¥-­¨ï.��� 514.755������ ������� �������� ���������� �Ǒ������ Ǒ�������Ǒ��� ������� 2. �. Ǒ. Ǒ ¢«®¢, �. �. �¡¤à å¬ ­®¢ , �. Ǒ. �¡¤à å¬ ­®¢ .| � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.Ǒ®áâ ¢«¥­  § ¤ ç  à áç¥â  áâ¥à�­¥© ¬¥â®¤®¬ á¯« ©­  ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ª-â  2 ¨ à¥è¥­ë á«¥¤ãîé¨¥ § ¤ ç¨: áä®à¬ã«¨à®¢ ­ë â¥®à¥â¨ç¥áª¨¥ ®á­®¢ë ¬¥â®¤ á¯« ©­  ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ªâ  2; à §à ¡®â ­  «£®à¨â¬ ¯à¨¬¥­¥­¨ï á¯« ©­  ¯ïâ®©áâ¥¯¥­¨ ¤¥ä¥ªâ  2 ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨ ®¡ ¨§£¨¡¥ ã¯àã£®£® áâ¥à�­ï |¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ç¥â¢¥àâ®£® ¯®àï¤ª . �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : á¯« ©­ ¯ïâ®© áâ¥¯¥­¨ ¤¥ä¥ªâ  2, ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-­¥­¨¥ ç¥â¢¥àâ®£® ¯®àï¤ª , ¨§£¨¡ ã¯àã£®£® áâ¥à�­ï.



226 �­­®â æ¨¨��� 517.946�� ������� ������� ��� ������ ������ �����������������Ǒ�������� ��������� � ���Ǒ������� Ǒ���������.�. �. Ǒ¨­¨£¨­ . | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.�®ª § ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï à¥£ã«ïà­ëå à¥è¥­¨©,   â ª�¥ ¤®ª § ­® ­ -«¨ç¨¥ ­¥®¡å®¤¨¬ëå ¤«ï ¢®§¬®�­®£® ®¡à é¥­¨ï ¯à¥®¡à §®¢ ­¨ï � ¯« á   ¯à¨®à-­ëå ®æ¥­®ª ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà . �¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : ªà ¥¢ ï § ¤ ç , ãà ¢­¥­¨¥ á®¡®«¥¢áª®£® â¨¯ , à¥£ã«ïà­ë¥à¥è¥­¨ï,  ¯à¨®à­ë¥ ®æ¥­ª¨.��� 517.9������� ��������� � ������ � ������Ǒ����� ����� ��������. �. �. Ǒ®¯®¢ . | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.�áá«¥¤ã¥âáï § ¤ ç  ® à ¢­®¢¥á¨¨ âà¥å¬¥à­®£® ¢ï§ª®ã¯àã£®£® â¥« , ¨¬¥îé¥£®�¥áâª®¥ ¢ª«îç¥­¨¥. � áá¬®âà¥­ë á«ãç ¨ ¡¥§ ®âá«®¥­¨ï ¨ á ç áâ¨ç­® ®âá«®¨¢è¨¬áï¢ª«îç¥­¨¥¬. Ǒà¨¢¥¤¥­ë á®®â¢¥âáâ¢ãîé¨¥ ¯®áâ ­®¢ª¨ § ¤ ç ¢ ¢¨¤¥ ªà ¥¢®© § ¤ ç¨,  â ª�¥ ¢ ¢ à¨ æ¨®­­®© ä®à¬¥, ¤®ª § ­  íª¢¨¢ «¥­â­®áâì ãª § ­­ëå ¯®áâ ­®¢®ª.�áâ ­®¢«¥­  ®¤­®§­ ç­ ï à §à¥è¨¬®áâì § ¤ ç. �¨¡«¨®£à. 15.�«îç¥¢ë¥ á«®¢ : ¢ï§ª®ã¯àã£®¥ â¥«®, �¥áâª®¥ ¢ª«îç¥­¨¥, ¢ à¨ æ¨®­­®¥ ­¥à -¢¥­áâ¢®, ªà ¥¢ë¥ ãá«®¢¨ï â¨¯  ­¥à ¢¥­áâ¢, âà¥é¨­ .��� 517.946���������� �������� ������ ��� ��������� �������������������� Ǒ������������� ���������. �. �. Ǒà®ª®¯ì¥¢.| � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.� áá¬ âà¨¢ îâáï ¢®¯à®áë à §à¥è¨¬®áâ¨ ®¡à â­®© § ¤ ç ¤«ï í««¨¯â¨ª®-¯ -à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï. �áâ ­®¢«¥­  à §à¥è¨¬®áâì ­¥«¨­¥©­®© ®¡à â­®© § ¤ ç¨­ å®�¤¥­¨ï ¢¬¥áâ¥ á à¥è¥­¨¥¬ ­¥¨§¢¥áâ­®£® ª®íää¨æ¨¥­â  q(x) ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¯à¨ § ¤ ­¨¨ ¨­â¥£à «ì­®£® ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥­¨ï� ©¤¥­ë ãá«®¢¨ï à §à¥è¨¬®áâ¨ § ¤ ç¨, áä®à¬ã«¨à®¢ ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï®¡®¡é¥­­ëå à¥è¥­¨© í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï. �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : ®¡à â­ ï § ¤ ç , ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥­¨ï, í««¨¯â¨ª®-¯ -à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨,  ¯à¨®à­ ï ®æ¥­ª .��� 517.95������ � �������� ���� Ǒ������, ������ �� ��������������� ������� ���������. �. �. �®â ­®¢ . | � â. § ¬¥âª¨ ���,2013, â. 20, ¢ë¯. 1.� áá¬®âà¥­  ¢ à¨ æ¨®­­ ï § ¤ ç  á® á¢®¡®¤­®© £à ­¨æ¥©, ®¯¨áë¢ îé ï ª®­-â ªâ ¤¢ãå ¯« áâ¨­, à á¯®«®�¥­­ëå ¯®¤ § ¤ ­­ë¬ ã£«®¬ ¤àã£ ª ¤àã£ã. �¤­  ¨§¯« áâ¨­ ¤¥ä®à¬¨àã¥âáï ¢ á¢®¥© ¯«®áª®áâ¨,   ¤àã£ ï ¯®¤¢¥à�¥­  ¨§£¨¡ã. � �¤ ï¨§ ¯« áâ¨­ á®¤¥à�¨â �¥áâª®¥ ¢ª«îç¥­¨¥ ¢ á¢®¥© ¯«®áª®áâ¨, ¢ëå®¤ïé¥¥ ­  ®¡« áâì



�­­®â æ¨¨ 227ª®­â ªâ . �  £à ­¨æ¥ § ¤ ­® ­¥à ¢¥­áâ¢®, ®¡¥á¯¥ç¨¢ îé¥¥ ãá«®¢¨¥ ­¥¯à®­¨ª ­¨ï.� à¨ æ¨®­­ë¬¨ ¬¥â®¤ ¬¨ ãáâ ­®¢«¥­  à §à¥è¨¬®áâì § ¤ ç¨. � ¯à¥¤¯®«®�¥­¨¨¤®áâ â®ç­®© £« ¤ª®áâ¨ à¥è¥­¨ï ¯®«ãç¥­  ¤¨ää¥à¥­æ¨ «ì­ ï ¯®áâ ­®¢ª  § ¤ ç¨,íª¢¨¢ «¥­â­ ï ¢ à¨ æ¨®­­®©. �¨¡«¨®£à. 13.�«îç¥¢ë¥ á«®¢ : § ¤ ç  ® ª®­â ªâ¥, ¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢®, �¥áâª®¥ ¢ª«î-ç¥­¨¥, ¯« áâ¨­  �¨àª£®ä  | �ï¢ , ã¯àã£¨¥ ¯« áâ¨­ë.��� 517.917+517.925�������� ������� �������������� Ǒ� ��Ǒ����� ������������������� ������� ������������ ������������������������� ������������ ���������. �. �. �ã¤ëå, �. �. �¨á¥«¥¢¨ç.| � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 1.�áâ ­ ¢«¨¢ ¥âáï á¢ï§ì â¥®à¥¬ë �¨ã¢¨««ï ¤«ï ­¥ ¢â®­®¬­®© á¨áâ¥¬ë ®¡ëª-­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (���) á ãáâ®©ç¨¢®áâìî ¤¢¨�¥­¨ï ¯® �ï-¯ã­®¢ã. � ç áâ­®áâ¨, ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ á¨«ì­ãî­¥ãáâ®©ç¨¢®áâì ¯® �ï¯ã­®¢ã á¥¬¥©áâ¢  âà ¥ªâ®à¨© 
t = {x(x0, s, t) = T (t, s)x0 :
x0 ∈ 
s}, á¨áâ¥¬ë ��� ®â­®á¨â¥«ì­® ª®¬¯ ªâ­®£® ¬­®�¥áâ¢  
s ⊂ Rn ­ ç «ì­ëåá®áâ®ï­¨©. �¢¥¤¥­ë ¢ à áá¬®âà¥­¨¥ ¨ ®æ¥­¥­ë á­¨§ã äã­ªæ¨¨, å à ªâ¥à¨§ãîé¨¥«®ª «ì­ãî à áå®¤¨¬®áâì ¨ ­¥®£à ­¨ç¥­­ãî á£ãé ¥¬®áâì âà ¥ªâ®à¨© ­¥ ¢â®­®¬­®©á¨áâ¥¬ë ���. Ǒà¨¢¥¤¥­ á®¤¥à� â¥«ì­ë© ¯à¨¬¥à. �¨¡«¨®£à. 10.�«îç¥¢ë¥ á«®¢ : á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, â¥®-à¥¬  �¨ã¢¨««ï, ®¯¥à â®à á¤¢¨£ , «®ª «ì­ ï à áå®¤¨¬®áâì, ­¥®£à ­¨ç¥­­ ï á£ãé -¥¬®áâì.��� 514.152� ������������� ���������� ��������� �� �������������� � ������. �. �. �®ª®«®¢ . | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 1.�áá«¥¤®¢ ­ë ®á­®¢­ë¥ £¥®¬¥âà¨ç¥áª¨¥ ¨­¢ à¨ ­âë ¥¢ª«¨¤®¢  ª®­¨ç¥áª®£® ¬­®-£®®¡à §¨ï, á¨­£ã«ïà­ë¬ ¬­®�¥áâ¢®¬ ª®â®à®£® ï¢«ï¥âáï ã§¥« âà¨«¨áâ­¨ª á ¬®áâ®¬,  ­®á¨â¥«¥¬ | âà¥å¬¥à­ ï áä¥à . �áâ ­®¢«¥­ë ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ãª § ­­®£®¬­®£®®¡à §¨ï, ¢ëç¨á«¥­ë ¤«¨­ë ¥£® á¨­£ã«ïà­ëå £¥®¤¥§¨ç¥áª¨å ¨ ­ ©¤¥­ ®¡ê¥¬.�«. 3, â ¡«. 1, ¡¨¡«¨®£à. 11.�«îç¥¢ë¥ á«®¢ : ¥¢ª«¨¤®¢® ª®­¨ç¥áª®¥ ¬­®£®®¡à §¨¥, ã§¥« âà¨«¨áâ­¨ª á ¬®-áâ®¬.��� 512.6:519.61� ������ Ǒ������������ ����������� ������ ���������������������� ���������. �. �. �¥¤®à®¢. | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 1.�áá«¥¤®¢ ­ë ¯¥à¨®¤¨ç¥áª¨¥ ®¤­®à®¤­ë¥ ¡¥áª®­¥ç­ë¥ £ ãáá®¢ë á¨áâ¥¬ë «¨-­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á â®çª¨ §à¥­¨ï ®¡é¥© â¥®à¨¨ ¡¥áª®­¥ç­ëå á¨-áâ¥¬. �á¯®«ì§®¢ ­  ®á­®¢­ ï â¥®à¥¬  ® ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨ïå áã-
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orresponding formulations of problems in the form ofthe boundary value problem, and also in the variational form are studied, we prove theequivalen
e of these formulations. Existen
e and uniqueness of solutions of the problemsare proved. Bibliogr. 15.Key words: vis
oelasti
 body, rigid in
lusion, variational inequality, inequalitytype boundary 
ondition, 
ra
k.UDC 517.946Non-linear inverse problem for some 
lasses of degenerate paraboli
equations. A. V. Prokop′ev | Math. notes of YSU. 2013. Vol. 20. No. 1.In this paper the solvability of a nonlinear inverse problem for a degenerate paraboli
equation is 
onsidered. The solution of degenerate paraboli
 equation also should satisfyto a �rst initial-boundary problem 
ondition and to a rede�nition 
ondition. Conditionsare found for solvability of the problem, the existen
e theorem of generalized solution ofdegenerate paraboli
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es. The problem solvabiity is stated using avariational methods. Assuming that the solution is smooth, the di�erential statementbeing equivalent to the variationsl formulation is justi�ed. Bibliogr. 13.Key words: 
onta
t problem, variational inequality, rigid in
lusion, Kir
hho�{Love plate, elasti
 plates.UDC 517.917+517.925A 
riterion for strong Lyapunov instability of the family traje
tories ofordinary di�erential equations for the set. G. A. Rudykh, D. Ya. Kiselevi
h |Math. notes of YSU. 2013. Vol. 20. No. 1.In this paper we establish the 
onne
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al model.
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