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��� 512.543.1� ������������ ��������-������������ � ��������� ��������������������� ���� ��� ����������������������� �������������������������∗)�. �. �¡¤à å¬ ­®¢, �. �. �®� ­®¢Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  Rn á £« ¤ª®© (¤«ï¯à®áâ®âë | ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬®©) £à ­¨æ¥© �, Q| æ¨«¨­¤à
×(0, T ), 0 < T < +∞, S = �×(0, T )| ¡®ª®¢ ï £à ­¨æ Q, aij(x), i, j =1, . . . , n, a(x), N1(x, y), f(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨
x ∈ 
, y ∈ 
, t ∈ [0, T ℄. � «¥¥, ¯ãáâì p | ­ âãà «ì­®¥ ç¨á«®, Dk

t |¯à®¨§¢®¤­ ï ∂k

∂tk , A ¨ L | ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë, ¤¥©áâ¢¨¥ª®â®àëå ­  § ¤ ­­®© äã­ªæ¨¨ v(x, t) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨
Av = ∂

∂xi
(aij(x)vxj ) + a(x)v(§¤¥áì ¨ ¤ «¥¥ ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥ ¢¯à¥¤¥« å ®â 1 ¤® n),

Lv = (−1)p+1D2p
t v −Av.�à ¥¢ ï § ¤ ç  I. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

Lu = f(x, t) (1)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï
Dk

t u(x, t)|t=0 = 0, k = 0, . . . , p, t ∈ (0, T ), (2)
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ ���� (¯à®¥ªâ ü12{06{00277).
© 2013 �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �. �.



4 �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �. �.
Dk

t u(x, t)|t=T = 0, k = 1, . . . , p− 1, t ∈ (0, T ), (3)
u(x, t)|(x,t)∈S = ∫
 N1(x, y)u(y, t) dy∣∣∣∣(x,t)∈S

. (4)�à ¥¢ ï § ¤ ç  II. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«-­ïîâáï ãá«®¢¨ï (2) ¨ (3),   â ª�¥ ãá«®¢¨¥
∂u(x, t)
∂ν

∣∣∣∣(x,t)∈S

= ∫
 N1(x, y)u(y, t) dy∣∣∣∣(x,t)∈S

, (5)£¤¥ ∂
∂ν = aij(x)νj

∂
∂xi

, ν = (ν1, . . . , νn) | ¢¥ªâ®à ¢­ãâà¥­­¥© ­®à¬ «¨ ª� ¢ â¥ªãé¥© â®çª¥ x.�¯¥à â®à A ¢ ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï á¨¬¬¥âà¨ç­ë¬ (aij =
aji) ¨ í««¨¯â¨ç¥áª¨¬ ¢ 
. � íâ®© á¨âã æ¨¨ ãà ¢­¥­¨¥ (1) ¯à¨ p = 1¡ã¤¥â £¨¯¥à¡®«¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª , ¢ á«ãç ¥ �¥ p >1 ¯®¤®¡­ë¥ ãà ¢­¥­¨ï ¬®�­® ­ §¢ âì ýª¢ §¨£¨¯¥à¡®«¨ç¥áª¨¬¨þ ¨«¨¯à®áâ® ãà ¢­¥­¨ï¬¨ ­¥ª« áá¨ç¥áª®£® â¨¯  ( ¢â®à ¬ ­¥¨§¢¥áâ­® ª ª®¥-«¨¡® ¨­®¥ ­ §¢ ­¨¥ ¤«ï ¤ ­­®£® ª« áá  ãà ¢­¥­¨©). �à ¥¢ë¥ § ¤ ç¨¢ á«ãç ¥ p > 1 ¤«ï â ª¨å ãà ¢­¥­¨© á ãá«®¢¨¥¬ �¨à¨å«¥ ­  ¯®¢¥àå­®-áâ¨ S ¨ ãá«®¢¨ï¬¨ (2), (3) ¨§ãç «¨áì ¯à¥�¤¥ ¢á¥£® ¢ à ¡®â å �. �. �à -£®¢  [1, 2℄ ¨ ¤ «¥¥ ¢ à ¡®â å �. �. �£®à®¢  ¨ �. �. �¥¤®à®¢  (á¬. [3℄).� ¤ ç¨ á § ¤ ­¨¥¬ ãá«®¢¨© ¨­â¥£à «ì­®£® ¢¨¤  (4) ¨«¨ (5) à ­¥¥ ­¥¨§ãç «¨áì.� ¤àã£®© áâ®à®­ë, ªà ¥¢ë¥ § ¤ ç¨ I ¨ II ®â­®áïâáï ª ª« ááã § -¤ ç á ­¥«®ª «ì­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬. Ǒ®¤®¡­ë¥ § ¤ ç¨  ªâ¨¢­®¨§ãç îâáï ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï, ¤®áâ â®ç­® ¯®«­®¥ ¯à¥¤áâ ¢«¥­¨¥ ® á®-áâ®ï­¨¨ ¤¥« ¢ ¤ ­­®© â¥¬ â¨ª¥ ¬®�­® ­ ©â¨ ¢ [4{7℄. � á«ãç ¥ p = 1§ ¤ ç¨ I ¨ II ¨§ãç «¨áì ¢ [8, 9℄. Ǒ®¬¨¬® ¤ ­­ëå à ¡®â ¬®�­® ®â¬¥â¨âì¡«¨§ª¨¥ ¯® ¯à¨¬¥­ï¥¬®© â¥å­¨ª¥ [10{12℄, £¤¥, ¢ ç áâ­®áâ¨, à áá¬ âà¨-¢ «¨áì  ­ «®£¨ § ¤ ç I ¨ II ¤«ï ­¥ª« áá¨ç¥áª¨å ãà ¢­¥­¨© ­¥ç¥â­®£®¯®àï¤ª  (­ §ë¢ ¥¬ëå ¨­®£¤  (2m+ 1)-¯ à ¡®«¨ç¥áª¨¬¨).Ǒãáâì N2(x, y) | äã­ªæ¨ï, ¤«ï ª®â®à®© ¯à¨ x ∈ �, y ∈ 
 ¢ë¯®«-­ï¥âáï à ¢¥­áâ¢®

∂N2(x, y)
∂ν

= N1(x, y).



� à §à¥è¨¬®áâ¨ ­ ç «ì­®-ªà ¥¢ëå § ¤ ç 5� «¥¥, ¯ãáâì Mk, k = 1, 2, | ¨­â¥£à «ì­ë¥ ®¯¥à â®àë, ¤¥©áâ¢¨¥ ª®â®-àëå ­  § ¤ ­­®© äã­ªæ¨¨ v(x) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥(Mkv)(x) = v(x) − ∫
 Nk(x, y)v(y) dy.�«ï v(x) ®¯à¥¤¥«¨¬ äã­ªæ¨¨�k(x, v) = ∫
 AxNk(x, y)v(y) dy − ∫
 Nk(x, y)Ayv(y) dy,£¤¥
Ax = ∂

∂xi

(
aij(x) ∂

∂xj

)+ a(x), Ay = ∂

∂yi

(
aij(y) ∂

∂yj

)+ a(y).� �­ãî à®«ì ¢ ¤ «ì­¥©è¨å ¯®áâà®¥­¨ïå ¡ã¤ãâ ¨£à âì ãá«®¢¨ï¢§ ¨¬­®© ®¤­®§­ ç­®áâ¨ ®¯¥à â®à®¢ Mk, k = 1, 2.�á«®¢¨¥ (Ak). �ãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ m0k ¨
m1k â ª¨¥, çâ® ¤«ï «î¡®© äã­ªæ¨¨ v(x) ¨§ ¯à®áâà ­áâ¢  L2(
) ¢ë¯®«-­ïîâáï ­¥à ¢¥­áâ¢ 

m0k‖Mkv‖2L2(
) 6 ‖v‖2L2(
) 6 m1k‖Mkv‖2L2(
).Ǒ®«®�¨¬
Ñ1(x, y) = AxN1(x, y)− a(y)N1(x, y).�â¢¥à�¤¥­¨¥ 1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨¥ (A1),   â ª�¥ ãá«®-¢¨ï

N1(x, y) ∈ C2(
× 
), N1(x, y) = 0 ¯à¨ x ∈ 
, y ∈ �, (6)
aij(x) ∈ C1(
), i, j = 1, . . . , n, a(x) ∈ C(
). (7)�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ v(x) ¨§ ¯à®áâà ­áâ¢  W 22 (
) ¢ë¯®«­ï¥âáï­¥à ¢¥­áâ¢®

‖�1(x, v)‖2L2(
) 6 c0‖M1v‖2L2(
) + c1 n∑

i=1 ‖(M1v)xi‖2L2(
),¯®áâ®ï­­ë¥ c0 ¨ c1 ¢ ª®â®à®¬ ®¯à¥¤¥«ïîâáï äã­ªæ¨ï¬¨ N1(x, y), aij(x),
i, j = 1, . . . , n, ¨ a(x).



6 �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �. �.�®ª § â¥«ìáâ¢®. Ǒà¥�¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ãá«®¢¨ï (6) ¨¬¥¥â ¬¥áâ®�1(x, v) = ∫
 Ñ1(x, y)v(y) dy + ∫
 aij(y)N1yi(x, y)vyj (y) dy.�§ íâ®£® à ¢¥­áâ¢ , ãá«®¢¨© £« ¤ª®áâ¨ (6), (7) ¨ ­¥à ¢¥­áâ¢  ��¥«ì¤¥à á«¥¤ã¥â ®æ¥­ª 
‖�1(x, v)‖2L2(
) 6 b0‖v‖2L2(
) + b1 n∑

i=1 ‖vxi‖2L2(
), (8)¢ ª®â®à®© ç¨á«  b0 ¨ b1 ®¯à¥¤¥«ïîâáï äã­ªæ¨ï¬¨ N1(x, y), aij(x), i, j =1, . . . , n, ¨ a(x). �á¯®«ì§ãï ãá«®¢¨¥ (A1), ¯à®¤®«�¨¬ (8):
‖�1(x, v)‖2L2(
) 6 b0m11‖M1v‖2L2(
) + b1 n∑

i=1 ‖vxi‖2L2(
). (9)�¬¥¥¬
vxi(x)− ∫
 N1xi(x, y)v(y) dy = ∂

∂xi
[(M1v)(x)℄, i = 1, . . . , n.�§ íâ¨å à ¢¥­áâ¢, ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¨ ¢­®¢ì ãá«®¢¨ï (A1) á«¥¤ã¥â®æ¥­ª 

‖vxi‖2L2(
) 6 b2‖M1v‖2L2(
) + b3 n∑

i=1 ‖(M1v)xi‖2L2(
). (10)�§ (9), (10) ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢®. �â¢¥à�¤¥­¨¥ ¤®ª § ­®.Ǒãáâì v(x) | äã­ªæ¨ï ¨§ ¯à®áâà ­áâ¢  ◦
W 12(
). �®£¤ , ª ª ¨§-¢¥áâ­®, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

‖v‖2L2(
) 6 d0 n∑

i=1 ‖vxi‖2L2(
) (11)á ­¥ª®â®à®© ¯®áâ®ï­­®© d0, ®¯à¥¤¥«ï¥¬®© «¨èì ®¡« áâìî 
.



� à §à¥è¨¬®áâ¨ ­ ç «ì­®-ªà ¥¢ëå § ¤ ç 7�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (A1), (6) ¨ (7),   â ª�¥ãá«®¢¨ï
aij(x)ξiξj > k0|ξ|2, k0 > 0, x ∈ 
, ξ ∈ Rn, (12)

a(x) 6 −a0 < 0 ¯à¨ x ∈ 
, (13)
∃λ0 > 0∃δ0 > 0∃µ0 ∈ [0, 1℄ : λ0 > T, 2p > 1 + δ20T 2(p−1),

a0δ20 > µ0c0λ20, k0δ20 > c1λ20 + (1− µ0)d0. (14)�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f(x, t) â ª®©, çâ® f(x, t) ∈ L2(Q), ft(x, t) ∈
L2(Q), ªà ¥¢ ï § ¤ ç  I à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ W 2,2p2,x,t(Q), ¯à¨â®¬¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬.�®ª § â¥«ìáâ¢®. Ǒãáâì g(x, t) | § ¤ ­­ ï äã­ªæ¨ï. � áá¬®â-à¨¬ § ¤ çã: ­ ©â¨ äã­ªæ¨î w(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥-­¨¥¬ ãà ¢­¥­¨ï

Lw = g(x, t) + �1(x,M−11 w
) (1′)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3),   â ª�¥ ãá«®¢¨¥

w(x, t)|(x,t)∈S = 0. (4′)Ǒ®ª �¥¬, çâ® íâ  § ¤ ç  à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ W 2,2p2,x,t(Q). �®á-¯®«ì§ã¥¬áï ¬¥â®¤ ¬¨ à¥£ã«ïà¨§ æ¨¨ ¨ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã.Ǒãáâì ε|¯®«®�¨â¥«ì­®¥ ç¨á«®. � áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ª-æ¨î w(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï
Lw − εAwt = g(x, t) + �1(x,M−11 w

) (1′ε)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3), (4′). Ǒ®ª �¥¬, çâ®¤«ï ä¨ªá¨à®¢ ­­®£® ε ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë ¨ ¯à¨­ ¤«¥�-­®áâ¨ äã­ªæ¨¨ g(x, t) ¯à®áâà ­áâ¢ã L2(Q) íâ  § ¤ ç  ¨¬¥¥â à¥è¥­¨¥
w(x, t) â ª®¥, çâ® w(x, t) ∈ W 2,2p2,x,t(Q), wt(x, t) ∈ L2(0, T ;W 22 (
)).�¡®§­ ç¨¬ ¤«ï ªà âª®áâ¨ ç¥à¥§ V ¯à®áâà ­áâ¢®

V = {v(x, t) : v(x, t) ∈W 2,2p2,x,t(Q), vt(x, t) ∈ L2(0, T ;W 22 (
))}.Ǒãáâì ρ|ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ª-æ¨î w(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï
Lw − εAwt = g(x, t) + ρ�1(x,M−11 w

) (1′ε,ρ)



8 �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �. �.¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2), (3), (4′). �¡®§­ ç¨¬ç¥à¥§ R ¬­®�¥áâ¢® â¥å ç¨á¥« ρ ¨§ ®âà¥§ª  [0, 1℄, ¤«ï ª®â®àëå § ¤ -ç  (1′ε,ρ), (2), (3), 4′ à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V (¯à¨ ä¨ªá¨à®¢ ­­®¬
ε ¨ ¯à¨­ ¤«¥�­®áâ¨ äã­ªæ¨¨ g(x, t) ¯à®áâà ­áâ¢ã L2(Q)).�á«¨ ®ª �¥âáï, çâ® ¬­®�¥áâ¢® R ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®®¤­®¢à¥¬¥­­® (¢ â®¯®«®£¨¨ ®âà¥§ª  [0, 1℄), â® ®­® ¡ã¤¥â á®¢¯ ¤ âì á®¢á¥¬ ®âà¥§ª®¬ [0, 1℄ (á¬. [13℄). �®¢¯ ¤¥­¨¥ ¬­®�¥áâ¢  R á ®âà¥§ª®¬[0, 1℄ ¨ ¤ áâ à §à¥è¨¬®áâì § ¤ ç¨ (1′ε), (2), (3), (4′) ¢ ¯à®áâà ­áâ¢¥ V .�­®�¥áâ¢® R ­¥¯ãáâ®. �â® á«¥¤ã¥â ¨§ â®£®, çâ® ç¨á«® 0 ¯à¨­ ¤-«¥�¨â ¥¬ã (á¬. [1{3℄, ­¥âàã¤­® â ª�¥ ¯à®¢¥áâ¨ ­¥¯®áà¥¤áâ¢¥­­®¥ ¤®ª -§ â¥«ìáâ¢®, ¯à¨¬¥­ïï ¬¥â®¤ � «�¥àª¨­  ¨ ¨á¯®«ì§ãï ¯®«ãç¥­­ë¥ ­¨�¥ ¯à¨®à­ë¥ ®æ¥­ª¨). �âªàëâ®áâì ¨ § ¬ª­ãâ®áâì R á«¥¤ã¥â ¨§ à ¢­®-¬¥à­ëå ¯® ρ ®æ¥­®ª à¥è¥­¨© ¢ ¯à®áâà ­áâ¢¥ V (á¬. [13℄). Ǒ®ª �¥¬,çâ® ¨áª®¬ë¥ ®æ¥­ª¨ ¨¬¥îâ ¬¥áâ®.�¬­®�¨¬ ãà ¢­¥­¨¥ (1′ε,ρ) ­  äã­ªæ¨î (λ0− t)wt(x, t) ¨ à¥§ã«ìâ â¯à®¨­â¥£à¨àã¥¬ ¯® æ¨«¨­¤àã Q. �á¯®«ì§ãï ãá«®¢¨ï (2), (3) ¨ (4′),¯à¨¤¥¬ ª à ¢¥­áâ¢ã2p− 12 ∫

Q

(
Dp

tw
)2
dxdt + 12 ∫

Q

aijwxiwxj dxdt−
12 ∫

Q

aw2 dxdt+ λ0 − T2 ∫
 [Dp
tw(x, T )]2 dx+ λ0 − T2 ∫
 aijwxi(x, T )wxj (x, T ) dx= ∫

Q

(λ0 − t)gwt dxdt+ ρ

∫

Q

(λ0 − t)�1(x,M−11 w
)
wt dxdt.�§ íâ®£® à ¢¥­áâ¢  á ¯®¬®éìî ­¥à ¢¥­áâ¢ �­£ , ãâ¢¥à�¤¥­¨ï 1, ­¥à -¢¥­áâ¢  (11), ®ç¥¢¨¤­ëå ­¥à ¢¥­áâ¢

∫

Q

w2 dx dt 6 T 2 ∫
Q

w2
t dxdt 6 · · · 6 T 2p ∫

Q

(
Dp

tw
)2
dxdt, (15)  â ª�¥ ãá«®¢¨© (12){(14) ­¥âàã¤­® ¯®«ãç¨âì ¯¥à¢ãî  ¯à¨®à­ãî ®æ¥­-ªã ¤«ï à¥è¥­¨© w(x, t) ªà ¥¢®© § ¤ ç¨ (1′ε,ρ), (2), (3), (4′):

∫

Q

w2 dxdt+ n∑

i=1 ∫Q w2
xi
dxdt+ ∫

Q

(
Dp

tw
)2
dxdt 6 R1 (16)



� à §à¥è¨¬®áâ¨ ­ ç «ì­®-ªà ¥¢ëå § ¤ ç 9á ¯®áâ®ï­­®©R1, ®¯à¥¤¥«ï¥¬®© «¨èì äã­ªæ¨ï¬¨ g(x, t),N1(x, y), aij(x),
i, j = 1, . . . , n, a(x),   â ª�¥ ®¡« áâìî 
 ¨ ç¨á«®¬ T .�  á«¥¤ãîé¥¬ è £¥ ã¬­®�¨¬ ãà ¢­¥­¨¥ (1′ε,ρ) ­  (λ0− t)Awt. �­-â¥£à¨àãï ¯® æ¨«¨­¤àã Q, ¨á¯®«ì§ãï ãá«®¢¨ï (2), (3) ¨ (4′), ¯à¨¬¥­ïï­¥à ¢¥­áâ¢® �­£ , ¢â®à®¥ ®á­®¢­®¥ ­¥à ¢¥­áâ¢® ¤«ï í««¨¯â¨ç¥áª¨å®¯¥à â®à®¢ [14℄ ¨ ãç¨âë¢ ï, çâ® ¨§ (16) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢®

∫

Q

�21(x,M−11 w
)
dxdt 6 R2, (17)£¤¥ ¯®áâ®ï­­ ï R2 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x, t), N1(x, y), aij(x),

i, j = 1, . . . , n, a(x),   â ª�¥ ®¡« áâìî 
 ¨ ç¨á«®¬ T , ¯®«ãç¨¬, çâ®¤«ï à¥è¥­¨© w(x, t) ªà ¥¢®© § ¤ ç¨ (1′ε,ρ), (2), (3), (4′) ¢ë¯®«­ï¥âáï¢â®à ï  ¯à¨®à­ ï ®æ¥­ª 
n∑

i=1 ∫Q (
Dp

twxi

)2
dxdt+ ‖w‖2L2(0,T ;W 22 (
)) + ‖wt‖2L2(0,T ;W 22 (
)) 6 R3, (18)¯®áâ®ï­­ ï R3 ¢ ª®â®à®© ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x, t), N1(x, y),

aij(x), i, j = 1, . . . , n, a(x),   â ª�¥ ®¡« áâìî 
 ¨ ç¨á« ¬¨ T ¨ ε.�§ ®æ¥­®ª (16){(18) ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â, çâ® ¤«ï à¥è¥­¨©
w(x, t) ªà ¥¢®© § ¤ ç¨ (1′ε,ρ), (2), (3), (4′) ¢ë¯®«­ï¥âáï âà¥âìï  ¯à¨®à-­ ï ®æ¥­ª  ∫

Q

(
D2p

t w
)2
dx dt 6 R4 (19)á ¯®áâ®ï­­®©R4, ¢­®¢ì ®¯à¥¤¥«ï¥¬®© äã­ªæ¨ï¬¨ g(x, t), N1(x, y), aij(x),

i, j = 1, . . . , n, a(x),   â ª�¥ ®¡« áâìî 
 ¨ ç¨á« ¬¨ T ¨ ε.�æ¥­ª¨ (16){(19) ®§­ ç îâ, çâ® ¤«ï à¥è¥­¨© w(x, t) § ¤ ç¨ (1′ε,ρ),(2), (3), (4′) ¢ë¯®«­ï¥âáï à ¢­®¬¥à­ ï ¯® ρ ®æ¥­ª 
‖w‖V 6 R0.� ª £®¢®à¨«®áì ¢ëè¥, ¨§ íâ®© ®æ¥­ª¨ ¨ â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï¯® ¯ à ¬¥âàã [13℄ á«¥¤ã¥â, çâ® § ¤ ç  (1′ε), (2), (3), (4′) ¯à¨ ä¨ªá¨à®-¢ ­­®¬ ε à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V .



10 �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �. �.Ǒ®ª �¥¬, çâ® ¤«ï à¥è¥­¨© w(x, t) § ¤ ç¨ (1′ε), (2), (3), (4′) ¯à¨ ¢ë-¯®«­¥­¨¨ ¤®¯®«­¨â¥«ì­®£® ãá«®¢¨ï gt(x, t) ∈ L2(Q) ¡ã¤ãâ ¢ë¯®«­ïâìáï ¯à¨®à­ë¥ ®æ¥­ª¨, à ¢­®¬¥à­ë¥ ¯® ε.Ǒà¥�¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¤«ï à¥è¥­¨© w(x, t) § ¤ ç¨ (1′ε), (2),(3), (4′) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
∫

Q

w2 dxdt + n∑

i=1 ∫Q w2
xi
dxdt+ ∫

Q

(
Dp

tw
)2
dxdt + ε

n∑

i=1 ∫Q w2
xit dxdt+ ∫
 w2(x, T ) dx+ n∑

i=1 ∫
 w2
xi
(x, T ) dx+ ∫
 [Dp

tw(x, T )]2 dx 6 R5 (16′)á ¯®áâ®ï­­®©R5, ®¯à¥¤¥«ï¥¬®© äã­ªæ¨ï¬¨ g(x, t), N1(x, y), aij(x), i, j =1, . . . , n, a(x),   â ª�¥ ®¡« áâìî 
 ¨ ç¨á«®¬ T . � áá¬®âà¨¬ à ¢¥­áâ¢®
−
∫

Q

(λ0 − t)(Lw − εAwt)Awt dxdt= −
∫

Q

(λ0 − t)gAwt dxdt−
∫

Q

(λ0 − t)�1(x, u)Awt dxdt,£¤¥ u =M−11 w. �­â¥£à¨àãï ¯® ç áâï¬ ª ª á«¥¢ , â ª ¨ á¯à ¢ , ­¥âàã¤-­® ®âáî¤  ¯®«ãç¨âì2p− 12 ∫

Q

[
aijDp

twxiD
p
twxj + a

(
Dp

tw
)2]

dxdt+ 12 ∫
Q

(Aw)2 dxdt+ ε

∫

Q

(λ0 − t)(Awt)2 dxdt+ λ0 − T2 ∫
 {aijDp
twxi(x, T )Dp

twxj (x, T )+ a
[
Dp

tw(x, T )]2 + [Aw(x, T )℄2} dx = ∫
Q

[(λ0 − t)g℄tAwdxdt
− (λ0 − T ) ∫
 g(x, T )Aw(x, T ) dx+ ∫

Q

(λ0 − t)�1(x, ut)Aw dxdt
−
∫

Q

�1(x, u)Aw dxdt − (λ0 − T ) ∫
 �1(x, u(x, T ))Aw(x, T ) dx. (20)



� à §à¥è¨¬®áâ¨ ­ ç «ì­®-ªà ¥¢ëå § ¤ ç 11Ǒ®áª®«ìªã ¢ë¯®«­ïîâáï ¢ª«îç¥­¨ï g(x, t) ∈ L2(Q), gt(x, t) ∈ L2(Q),¯¥à¢®¥ ¨ ¢â®à®¥ á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨ ¤ ­­®£® à ¢¥­áâ¢  ï¢«ïîâáï¯®¤ç¨­¥­­ë¬¨ ¯® ®â­®è¥­¨î ª á®®â¢¥âáâ¢ãîé¨¬ á« £ ¥¬ë¬ á (Aw)2¨ [Aw(x, T )℄2 «¥¢®© ç áâ¨ ¢á«¥¤áâ¢¨¥ ­¥à ¢¥­áâ¢  �­£ . � «¥¥, â ª-�¥ ¯®¤ç¨­¥­­ë¬¨, ¯à¨ç¥¬ â¥¬ �¥ á ¬ë¬ á« £ ¥¬ë¬ «¥¢®© ç áâ¨, ¡ã-¤ãâ ¯®á«¥¤­¥¥ ¨ ¯à¥¤¯®á«¥¤­¥¥ á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨ (21) ¢á«¥¤áâ¢¨¥­¥à ¢¥­áâ¢  �­£ , ®æ¥­ª¨ (16′) ¨ ãâ¢¥à�¤¥­¨ï 1. � ª®­¥æ, âà¥âì¥ á« -£ ¥¬®¥ ¯à ¢®© ç áâ¨ (20) ¬®�­® ®æ¥­¨âì á ¯®¬®éìî ­¥à ¢¥­áâ¢ �­£ ,­¥à ¢¥­áâ¢ ãâ¢¥à�¤¥­¨ï 1, (11) ¨ (15). �ã¬¬¨àãï ¨ ¨á¯®«ì§ãï ãá«®-¢¨ï (12){(14), ¯®«ãç¨¬ á«¥¤ãîéãî ®æ¥­ªã à¥è¥­¨© u(x, t) § ¤ ç¨ (1′ε),(2), (3), (4′):
n∑

i=1 ∫Q (Dp
twxi

)2
dxdt + ∫

Q

(Aw)2 dxdt + ε

∫

Q

(Awt)2 dxdt 6 R6, (21)£¤¥ ¯®áâ®ï­­ ï R6 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x, t), N1(x, y), aij(x),
i, j = 1, . . . , n, ¨ a(x),   â ª�¥ ®¡« áâìî 
 ¨ ç¨á«®¬ T .�§ (16′) ¨ (21) ¢ëâ¥ª ¥â ®ç¥¢¨¤­ ï ®æ¥­ª  ¤«ï ¯à®¨§¢®¤­®© D2p

t w:
∥∥D2p

t w
∥∥

L2(Q) 6 R7, (22)¢ ª®â®à®© ¯®áâ®ï­­ ï R7 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ g(x, t), N1(x, y),
aij(x), i, j = 1, . . . , n, ¨ a(x),   â ª�¥ ®¡« áâìî 
 ¨ ç¨á«®¬ T .Ǒ®«ãç¥­­ëå ®æ¥­®ª (16′), (21) ¨ (22) ¢¯®«­¥ ¤®áâ â®ç­® ¤«ï ®à£ -­¨§ æ¨¨ ¯à®æ¥¤ãàë ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¢ á¥¬¥©áâ¢¥ § ¤ ç (1′ε), (2),(3), (4′). �ãé¥áâ¢®¢ ­¨¥ ¯à¥¤¥«ì­®© äã­ªæ¨¨ ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢  à¥-ä«¥ªá¨¢­®áâ¨ £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢ , ¢ë¯®«­¥­¨¥ ¤«ï ¯à¥¤¥«ì­®©äã­ªæ¨¨ ãà ¢­¥­¨ï (1′) á«¥¤ã¥â ¨§ á¢®©áâ¢ á« ¡®£® ¯à¥¤¥« .�â ª, ¯à¨ ¢ë¯®«­¥­¨¨ ¢á¥å ãá«®¢¨© â¥®à¥¬ë ¤«ï «î¡®© äã­ª-æ¨¨ g(x, t) â ª®©, çâ® g(x, t) ∈ L2(Q), gt(x, t) ∈ L2(Q), § ¤ ç  (1′), (2),(3), (4′) ¨¬¥¥â à¥è¥­¨¥ w(x, t), ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­áâ¢ãW 2,2p2,x,t(Q).�ë¡¥à¥¬ äã­ªæ¨î g(x, t) á¯¥æ¨ «ì­ë¬ ®¡à §®¬: g(x, t) = (M1f)(x, t).� ¬¥â¨¬, çâ® ¥á«¨ ¤«ï äã­ªæ¨¨ f(x, t) ¢ë¯®«­ïîâáï ¢ª«îç¥­¨ï f(x, t)
∈ L2(Q), ft(x, t) ∈ L2(Q), â® ¢á«¥¤áâ¢¨¥ ãá«®¢¨ï (A1) â ª¨¥ �¥ ¢ª«îç¥-­¨ï ¡ã¤ãâ ¢ë¯®«­ïâìáï ¨ ¤«ï äã­ªæ¨¨ g(x, t). Ǒãáâì w(x, t) | à¥è¥­¨¥§ ¤ ç¨ (1′), (2), (3), (4′) ¨¬¥­­® á â ª®© äã­ªæ¨¥© g(x, t). �®£¤  ¤«ï



12 �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �. �.äã­ªæ¨¨ u(x, t), à ¢­®©M−11 w, ¨ ¤«ï äã­ªæ¨¨ f(x, t) ¢ë¯®«­ï¥âáï à -¢¥­áâ¢®
M1(Lu− f) = 0.�á«®¢¨¥ (A1) ¨ íâ® à ¢¥­áâ¢® ®§­ ç îâ, çâ® äã­ªæ¨ï u(x, t) ï¢«ï¥âáïà¥è¥­¨¥¬ ãà ¢­¥­¨ï (1).Ǒà¨­ ¤«¥�­®áâì äã­ªæ¨¨ u(x, t) ¯à®áâà ­áâ¢ã W 2,2p2,x,t(Q) á«¥¤ã¥â¨§ ¯à¨­ ¤«¥�­®áâ¨ äã­ªæ¨¨ w(x, t) íâ®¬ã �¥ ¯à®áâà ­áâ¢ã ¨ ¢­®¢ì ¨§ãá«®¢¨ï (A1). �ë¯®«­¥­¨¥ ¤«ï äã­ªæ¨¨ u(x, t) ãá«®¢¨© (2){(4) ®ç¥¢¨¤-­®. �â «® ¡ëâì, ¯®áâà®¥­­ ï äã­ªæ¨ï u(x, t) ¡ã¤¥â ¨áª®¬ë¬ à¥è¥­¨¥¬ªà ¥¢®© § ¤ ç¨ I.�¤¨­áâ¢¥­­®áâì à¥è¥­¨© ¢ëâ¥ª ¥â ¨§ ®æ¥­ª¨ (16), ¯®áª®«ìªã íâ ®æ¥­ª  á¯à ¢¥¤«¨¢  ¨ ¢ á«ãç ¥ ε = 0 ¨ ¯à¨ f(x, t) ≡ 0 ¢ë¯®«­ï¥âáï

g(x, t) ≡ 0 ¨ R1 = 0.�¥®à¥¬  ¤®ª § ­ .Ǒ¥à¥©¤¥¬ ª  ­ «¨§ã à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ II.Ǒ®«®�¨¬
Ñ2(x, y) = AxN2(x, y)− a(y)N2(x, y).�â¢¥à�¤¥­¨¥ 2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (A2), (7),   â ª�¥

N1(x, y) ∈ C3(
× 
). (6′)�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ v(x) ¨§ ¯à®áâà ­áâ¢  W 22 (
), ã¤®¢«¥â¢®àï-îé¥© ãá«®¢¨î (5), ¢ë¯®«­ï¥âáï ®æ¥­ª 
‖�2(x, v)‖2L2(
) 6 c̃0‖M2v‖2L(
) + c̃1 n∑

i=1 ‖(M2v)xi‖2L2(
),¯®áâ®ï­­ë¥ c̃0 ¨ c̃1 ¢ ª®â®à®© ®¯à¥¤¥«ïîâáï äã­ªæ¨ï¬¨ N1(x, y), aij(x),
i, j = 1, . . . , n, ¨ a(x).�®ª § â¥«ìáâ¢®. �¬¥¥â ¬¥áâ® à ¢¥­áâ¢®�2(x, v) = ∫
 Ñ2(x, y)v(y) dy − ∫
 aij(y)N2yi(x, y)vyj (y) dy+ ∫� N2(x, y)(∫
 N1(y, z)v(z) dz)dsy.



� à §à¥è¨¬®áâ¨ ­ ç «ì­®-ªà ¥¢ëå § ¤ ç 13�âáî¤  á ¯®¬®éìî ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ­¥âàã¤­® ¢ë¢¥áâ¨ âà¥¡ã¥¬ãî®æ¥­ªã. �â¢¥à�¤¥­¨¥ ¤®ª § ­®.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (A2), (6′), (7), (12), (13),  â ª�¥ ãá«®¢¨¥
∃λ0 > 0∃δ0 > 0 : λ0 > T, 2p > 1 + δ20T 2(p−1), a0δ20 > c̃0λ20. (14′)�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f(x, t) â ª®©, çâ® f(x, t) ∈ L2(Q), ft(x, t) ∈

L2(Q), ªà ¥¢ ï § ¤ ç  II à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ W 2,2p2,x,t(Q), ¯à¨â®¬¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬.�®ª § â¥«ìáâ¢®. �­®¢ì ¢®á¯®«ì§ã¥¬áï â¥å­¨ª®©, ®á­®¢ ­­®© ­ á¢¥¤¥­¨¨ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ª ¢á¯®¬®£ â¥«ì­®© § ¤ ç¥ ¤«ï äã­ª-æ¨¨ w = M2u. �¬¥­­®, à áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ªæ¨î w(x, t),ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï
Lw = g(x, t) + �2(x,M−12 w

)
, (1′′)£¤¥ g(x, t) | § ¤ ­­ ï äã­ªæ¨ï, ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáïãá«®¢¨ï (2), (3),   â ª�¥ ãá«®¢¨¥

∂w(x, t)
∂ν

∣∣∣∣(x,t)∈S

= 0. (5′)� §à¥è¨¬®áâì § ¤ ç¨ (1′′), (2), (3), (5′) ¢ ¯à®áâà ­áâ¢¥ W 22 (Q) ãáâ -­ ¢«¨¢ ¥âáï ¯à ªâ¨ç¥áª¨ ¤®á«®¢­ë¬ ¯®¢â®à¥­¨¥¬ à ááã�¤¥­¨©, á ¯®-¬®éìî ª®â®àëå ¡ë«  ¤®ª § ­  à §à¥è¨¬®áâì § ¤ ç¨ (1′), (2), (3), (4′),á ¨á¯®«ì§®¢ ­¨¥¬ ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨ ¨ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã,¤®ª § â¥«ìáâ¢®¬ ­ «¨ç¨ï á®®â¢¥âáâ¢ãîé¨å  ¯à¨®à­ëå ®æ¥­®ª, «¨èìá â¥¬ ®â«¨ç¨¥¬, çâ® ­¥à ¢¥­áâ¢® (11) ­¥ ¨á¯®«ì§ã¥âáï.� á¨«ã à §à¥è¨¬®áâ¨ § ¤ ç¨ (1′′), (2), (3), (5′) à §à¥è¨¬®áâì ªà -¥¢®© § ¤ ç¨ II ¢­®¢ì ãáâ ­ ¢«¨¢ ¥âáï á ¯®¬®éìî á¯¥æ¨ «ì­®£® ¢ë¡®à äã­ªæ¨¨ g(x, t) ¨ ¨á¯®«ì§®¢ ­¨ï ãá«®¢¨ï (A2). �¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥. �á«®¢¨ï (14) ¨ (14′) â¥®à¥¬ 1 ¨ 2 ¯à¥¤áâ ¢«ïîâ á®¡®©­¥ª®â®àë¥ ãá«®¢¨ï ¬ «®áâ¨. �­¨ § ¢¥¤®¬® ¢ë¯®«­ïîâáï, ¥á«¨ äã­ª-æ¨ï N1(x, y) ¤®áâ â®ç­® ¬ «  (¢ ­®à¬¥ ¯à®áâà ­áâ¢  C1(
× 
)), «¨¡®ç¨á«® T ¬ «®, «¨¡® ç¨á«® a0 ¢¥«¨ª®.
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��� 517.559+517.55� Ǒ������������Ǒ�������������������� ������������� ������∗)�. �. �¨¤¥à¬ ­, �. �. Ǒàã¤­¨ª®¢�§¢¥áâ­® [1℄, çâ® äã­ªæ¨¨, áã¡£ à¬®­¨ç¥áª¨¥ ¢ ®¡« áâ¨ E ⊂ Rn,¡ã¤ãâ £ à¬®­¨ç¥áª¨¬¨ ¢ «î¡®¬ è à¥ B ⊂ E. � ª, ¢ ª ç¥áâ¢¥ ¯à¨¬¥à ,¤®¯ãáâ¨¬, çâ® äã­ªæ¨ï u(x) ï¢«ï¥âáï áã¡£ à¬®­¨ç¥áª®© ¢ ­¥ª®â®à®©®¡« áâ¨ E ⊂ Rn. � áá¬®âà¨¬ ¢ ®¡« áâ¨ E áä¥àã S(xo, r) à ¤¨ãá®¬
r > 0 á æ¥­âà®¬ ¢ â®çª¥ xo. �¡®§­ ç¨¬ ç¥à¥§ P [u℄(x) ¥¥ ¨­â¥£à «Ǒã áá®­ 

P [u℄(x) = ∫

|y−xo|=r

u(y)K(x, y) dSy,¢ ª®â®à®¬
K(x, y) = ε2 − |x− xo|2

ε|S||y − x|2n| ï¤à® Ǒã áá®­  (§¤¥áì 0 < ε < r,   |S| = 2πn/2�(n/2) | ¯«®é ¤ì ¯®¢¥àå­®-áâ¨ áä¥àë). �¯à¥¤¥«¨¬ äã­ªæ¨î
v(x) = { P [u℄(x), x ∈ B(xo, ε),

u(x), x ∈ E \B(xo, ε).� ª ª ª v(x) áã¡£ à¬®­¨ç­  ¢ ®¡« áâ¨ E, ®­  ¡ã¤¥â £ à¬®­¨ç¥áª®© ¢«î¡®¬ è à¥ B(xo, ε) ⊂ E. � ­­®¥ á¢®©áâ¢®, å à ªâ¥à¨§ãï £¨¡ª®áâìáã¡£ à¬®­¨ç¥áª¨å äã­ªæ¨©, ¯®§¢®«ï¥â ¯à¨¬¥­ïâì ¨å ¢ à §«¨ç­®£® à®-¤  ¯à¨«®�¥­¨ïå â¥®à¨¨ ¯®â¥­æ¨ « .�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ áãé¥áâ¢®¢ ­¨ï  ­ -«®£¨ç­®£® á¢®©áâ¢  ã ¯«îà¨áã¡£ à¬®­¨ç¥áª¨å äã­ªæ¨©.
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� §  2012{2014 ££. (¯à®¥ªâ ü4402).
© 2013 �¨¤¥à¬ ­ �. �., Ǒàã¤­¨ª®¢ �. �.



16 �¨¤¥à¬ ­ �. �., Ǒàã¤­¨ª®¢ �. �.� áá¬®âà¨¬ ¯«îà¨áã¡£ à¬®­¨ç¥áªãî ¢ ®¡« áâ¨ E ⊂ Cn (n > 2)äã­ªæ¨î v(z), ¤«ï ª®â®à®© ¢¢¥¤¥¬ á«¥¤ãîé¥¥�¯à¥¤¥«¥­¨¥. �ã­ªæ¨ï
v(z) = { P [u℄(z), z ∈ B(zo, ε),

u(z), z ∈ E \B(zo, ε),¯à¨­ ¤«¥�¨â ª« ááã äã­ªæ¨© F â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ã¤®-¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬.1. �ã­ªæ¨ï v(z) ¯«îà¨áã¡£ à¬®­¨ç­  ¢ E.2. �á«®¢¨¥ 1 á¯à ¢¥¤«¨¢® ¤«ï «î¡®£® è à  B(zo, ε) ⊂ E.�ä®à¬ã«¨àã¥¬ â®ç­ãî ¯®áâ ­®¢ªã § ¤ ç¨.� ¤ ç . �ë¤¥«¨âì ¬­®�¥áâ¢® äã­ªæ¨©, ®¡à §ãîé¨å ª« áá F .�§¢¥áâ­® [2℄, çâ® £ à¬®­¨ç¥áª ï äã­ªæ¨ï ¯«îà¨áã¡£ à¬®­¨ç­  â®-£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ¯«îà¨£ à¬®­¨ç­ . Ǒ®íâ®¬ã äã­ªæ¨¨ª« áá  F ï¢«ïîâáï ¯«îà¨£ à¬®­¨ç¥áª¨¬¨ ¢ è à¥ B(zo, ε).� «¥¥ ­ ¬ ¯®­ ¤®¡ïâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:1) ç¥à¥§ (�)(z) ®¡®§­ ç¨¬ « ¯« á¨ ­(�)(z) = 4 n∑

ν=1 ∂2
∂zν∂�zν

;2) ç¥à¥§ (H)(z, a) ®¡®§­ ç¨¬ ä®à¬ã �¥¢¨(H)(z, a) = 4 n∑

µ,ν=1 ∂2
∂zµ∂�zν

aµ�aν ;3) ¤«ï «®ª «ì­® áã¬¬¨àã¥¬®© ¢ Cn äã­ªæ¨¨ u(x) ®¯à¥¤¥«¨¬
Bε

z(u) = ∫

|t|<1 u(z + tε) dν(t),
Sε

z(u) = ∫

|t|=1 u(z + tε) dσ(t),
Sε(z, a)(u) = ∫

|t|=1 u(z + tε)|〈t, a〉|2 dσ(t),£¤¥ ν, σ| ­®à¬¨à®¢ ­­ë¥ ¬¥àë �¥¡¥£  ¢ Cn ¨ ­  S = {a ∈ Cn : |a| = 1}á®®â¢¥âáâ¢¥­­® â ª¨¥, çâ® ν(B) = 1, σ(S) = 1, |a| = 1, 〈z, w〉 = z1w1 +
z2w2 + · · ·+ znwn | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥.



� ¯à¥¤áâ ¢«¥­¨¨ ¯«îà¨áã¡£ à¬®­¨ç¥áª¨å äã­ªæ¨© 17�¥¬¬ . �á«¨ u ∈ C4(E), â® áãé¥áâ¢ã¥â ¯à¥¤¥«lim
ε→0 4(n+ 1)

ε2 (
nSε(z,a)(u)−Bε

z(u)) = (Hu)(z, a),£¤¥ (z, a) ∈ E × S, S = {a ∈ Cn : |a| = 1}.�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¢ ®¡« áâ¨ E è à B(z, ε) = {t ∈
Cn : |t − z| < ε} ¨ ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®© �áâà®£à ¤áª®£® | � ãáá ¢ ª®¬¯«¥ªá­®© ä®à¬¥

∫

|t−z|<ε

2 n∑

ν=1 ∂Fν

∂tν
dV (t) = ∫

|t−z|=ε

1
ε
〈Fo, t− z〉 dS(t), (1)£¤¥ Fo = (F1, . . . , Fn) | ¢¥ªâ®à-äã­ªæ¨ï ª« áá  C1. Ǒà¥¤¯®«®�¨¬, çâ®

Fν = 2u1 n∑

µ=1 ∂u2∂�tµ �aµaν , |a| = 1, u1, u2 ∈ C2.Ǒ®¤áâ ¢¨¢ §­ ç¥­¨¥ Fν ¢ ä®à¬ã«ã (1), ¯®«ãç¨¬
∫

|t−z|<ε

{u1(t)(Hu2)(t, a)− u2(t)(Hu1)(t, a)} dV (t)= ∫

|t−z|=ε

2
ε
Re{ n∑

ν=1(u1(t)∂u2∂�tν −u2(t)∂u1
∂�tν )�aν〈a, t−z〉

}
dS(t), |a| = 1.�®£« á­® íâ®© ä®à¬ã«¥

nSε(z, a)(u) = n

|S(ε)| ∫

|t−z|=ε

u(t) |〈a, t− z〉|2
ε2 dS(t)= n2ε|S(ε)| ∫

|t−z|=ε

u(t)2
ε
Re{ n∑

ν=1 ∂

∂�tν (|t− z|2 − ε2)�aν〈a, t− z〉
}
dS(t)= n2ε|S(ε)| ∫

|t−z|<ε

u(t)(H(|t− z|2 − ε2))(t, a) dV (t)= − n2ε|S(ε)| ∫

|t−z|<ε

u(t)((|t − z|2 − ε2)(Hu))(t, a) dV (t).
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nSε(z, a)(u)−Bε

z(u) = 14|B(ε)| ∫

|t−z|=ε

(ε2 − |t− z|2)(Hu)(t, a) dV (t).�á¯®«ì§ãï â®, çâ® ¤«ï ¤¢ �¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®© äã­ª-æ¨¨ F áãé¥áâ¢ã¥â ¯à¥¤¥«lim
ε→0 4(n+ 1)

ε2 (
Bε

z(f)− f(z)) = (�f)(z)(á¬., ­ ¯à¨¬¥à, [3℄), ¨§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¯®«ãç¨¬lim
ε→0 4(n+ 1)

ε2 (
nSε(z,a)(u)−Bε

z(u))= lim
ε→0{ n+ 1

|B(ε)| ∫

|t−z|<ε

(Hu)(t, a) dV (t)
− n+ 1
ε2|B(ε)| ∫

|t−z|<ε

|t− z|2(Hu)(t, a) dV (t)} = (Hu)(z, a)(§¤¥áì a ∈ S).�«¥¤áâ¢¨¥ 1. � ª ª ª |a| = 1, áãé¥áâ¢ã¥â ¯à¥¤¥«lim
ε→0 4(n+ 1)

ε2 (
nSε

z(u)−Bε
z(u)) = (�u)(z).�ä®à¬ã«¨àã¥¬ ®á­®¢­ãî â¥®à¥¬ã ¤ ­­®© à ¡®âë.�¥®à¥¬ . �« áá äã­ªæ¨© F á®áâ®¨â â®«ìª® ¨§ äã­ªæ¨© ¢¨¤ 

u(z) = A|z|2 + p(z),£¤¥ A | ­¥®âà¨æ â¥«ì­ ï ª®­áâ ­â ,   p(z) | ¯«îà¨£ à¬®­¨ç¥áª ïäã­ªæ¨ï ¢ ®¡« áâ¨ E.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬, çâ® u(z) ∈ F ∩ C4(E) | ¯«î-à¨£ à¬®­¨ç¥áª ï äã­ªæ¨ï. � ª ª ª ¢ è à¥ B(z, ε) äã­ªæ¨¨
v(z) = { P [u℄(z), z ∈ B(zo, ε),

u(z), z ∈ E \B(zo, ε),



� ¯à¥¤áâ ¢«¥­¨¨ ¯«îà¨áã¡£ à¬®­¨ç¥áª¨å äã­ªæ¨© 19¯«îà¨£ à¬®­¨ç¥áª¨¥,   ä®à¬  �¥¢¨ ®â ï¤à  Ǒã áá®­  ¢ â®çª¥ z ¨¬¥¥â¢¨¤ (HK)(z, a) = 4(n+ 1)
ε2|S(ε)| ( n

ε2 |〈t− z, a〉|2 − 1), a ∈ S,¢ë¯®«­¥­® à ¢¥­áâ¢®4(n+ 1)
ε2 (

Sε(z,a)(u)− Sε
z(u)) = (HP [u℄)(z, a) = (Hv)(z, a) = 0.� «¥¥, ¨á¯®«ì§ãï ­ ©¤¥­­ë© ¢ «¥¬¬¥ ¯à¥¤¥«, ¯®«ãç¨¬(Hu)(z, a)− (�)(z)

n
= lim

ε→0 4(n+ 1)
ε2 (

nSε(z,a)(u)−Bε
z(u))

− lim
ε→0 4(n+ 1)

ε2 (
nSε

z(u)−Bε
z(u)) = lim

ε→0 4(n+ 1)
ε2 (

nSε(z,a)(u)−Sε
z(u)) = 0.� á¨«ã â®£®, çâ® â®çª¨ (z, a) ∈ E × S ¯à®¨§¢®«ì­ë, ¨¬¥¥¬

∂2u
∂zµ∂�zν

= { 0, µ 6= ν,(�u)(z)4n , µ = ν.�âªã¤  ¯®«ãç ¥¬ ¢áî¤ã ¢ ®¡« áâ¨ E
d(�u) = ∂(�u) + �∂(�u) = n∑

ν=1 ∂(�u)∂zν
dzν + n∑

ν=1 ∂(�u)∂�zν
d�zν= n∑

ν=1 ∂

∂zν

(4n ∂2u
∂zµ∂�zµ

)
dzν + n∑

ν=1 ∂

∂�zν

(4n ∂2u
∂zµ∂�zµ

)
d�zν = 0,

µ = 1, 2, . . . , n.�«¥¤®¢ â¥«ì­®, A = �u4n | ­¥®âà¨æ â¥«ì­ ï ª®­áâ ­â ,   äã­ªæ¨ï
p(z) = u(z)−A|z|2¯«îà¨£ à¬®­¨ç¥áª ï ¢ ®¡« áâ¨ E.Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® u(z) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ ª« á-á  F . � íâ®¬ á«ãç ¥ ¤«ï ¢á¥å ε > 0 â ª¨å, çâ® B(z, ε) ⊂ E, ¨ ¤«ï «î¡ëå¥¤¨­¨ç­ëå ¢¥ªâ®à®¢ a ∈ Cn

nSε(z,a)(u)− Sε
z(u) = 0.



20 �¨¤¥à¬ ­ �. �., Ǒàã¤­¨ª®¢ �. �.�®á¯®«ì§ã¥¬áï ¢®§¬®�­®áâìî [4℄  ¯¯à®ªá¨¬ æ¨¨ ¯«îà¨áã¡£ à¬®­¨ç¥-áª®© äã­ªæ¨¨ u(z) â ª¨¬¨ �¥ äã­ªæ¨ï¬¨ um(z), m = 1, 2, . . . , ­® ¨§ª« áá  C∞(Em), £¤¥ ®¡« áâ¨
Em = {z ∈ E : dist(z, ∂E) > 1

m

} (dist(z, ∂E) = inf
∂E

|t− z|)®¡à §ãîâ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì {Em}, ¨áç¥à¯ë¢ îéãî®¡« áâì E. Ǒà¨ íâ®¬ um(z) ↓ u(z) ¢ ª �¤®© â®çª¥ ¨§ E. � ª ç¥áâ¢¥â ª¨å äã­ªæ¨© ¢ë¡¨à îâ áà¥¤­¨¥
um(t) = ∫

E

u(t+ z)Tm(|t|) dV (t),£¤¥ Tm(|t|) | ï¤à® ãáà¥¤­¥­¨ï à ¤¨ãá  1/m. � «¥¥, § ä¨ªá¨à®¢ ¢ «î-¡®¥ ­ âãà «ì­®¥ ç¨á«® m ¨ ¢ë¡à ¢ á®®â¢¥âáâ¢ãîé¥¥ ¬­®�¥áâ¢® Em,¤«ï «î¡®£® z ∈ Em ¯®«ãç¨¬ à ¢¥­áâ¢®
nSε(z,a)(um)− Sε

z(um) = 0,ª®â®à®¥ ¢ë¯®«­ï¥âáï ¤«ï «î¡ëå 0 < ε < dist(z, ∂Em) ¨ a ∈ S.�®£¤  á®£« á­® ¤®ª § ­­®¬ã ¢ëè¥ áãé¥áâ¢ãîâ ­¥®âà¨æ â¥«ì­ë¥ç¨á«  Am ¨ ¯«îà¨£ à¬®­¨ç¥áª¨¥ ¢ ®¡« áâïå Em äã­ªæ¨¨ pm(z) â ª¨¥,çâ®
um(z) = Am|z|2 + pm(z), m = 1, 2, . . . . (2)�«ï «î¡ëå ¯ à â®ç¥ª (z, a) ∈ E × S ¨ ¤«ï «î¡ëå ç¨á¥« 0 < ε <dist(z, ∂Em) ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 12π π∫

−π

um(z + aεei�) d�− umz = Amε
2.�§ ­¨å á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ª®­¥ç­®£® ¯à¥¤¥« lim

m→∞
Am = A > 0.�á¯®«ì§ãï ¤ ­­ë© ¯à¥¤¥«,   â ª�¥ à ¢¥­áâ¢  (2), ¬®�­® ãáâ ­®¢¨âìáãé¥áâ¢®¢ ­¨¥ ¯à¥¤¥«  lim

m→∞
pm(z) = p(z),



� ¯à¥¤áâ ¢«¥­¨¨ ¯«îà¨áã¡£ à¬®­¨ç¥áª¨å äã­ªæ¨© 21ª®â®àë© ï¢«ï¥âáï ¯«îà¨£ à¬®­¨ç¥áª®© äã­ªæ¨¥© ¢ ®¡« áâ¨ E. � ª¨¬®¡à §®¬, ¯®«ãç ¥¬
u(z) = A|z|2 + p(z),£¤¥ A | ­¥®âà¨æ â¥«ì­ ï ª®­áâ ­â ,   p(z) | ¯«îà¨£ à¬®­¨ç¥áª ïäã­ªæ¨ï ¢ ®¡« áâ¨ E. �ã­ªæ¨ï u(z) ï¢«ï¥âáï äã­ªæ¨¥© ¨§ ª« áá  F .�®ª �¥¬ ®¡à â­®¥: ¥á«¨ äã­ªæ¨ï ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥
u(z) = A|z|2 + p(z),â® ®­  ï¢«ï¥âáï äã­ªæ¨¥© ª« áá  F .�ë¡¥à¥¬ è à B(zo, ε) ⊂ E. �®£¤  ¢ «î¡®© â®çª¥ z ∈ B(zo, ε)

v(z) = ∫

|t−zo|=ε

(A|t|2 + p(t))K(t, z) dS(t)= A

( ∫

|t−zo|=ε

(|t|2− |t− zo|2)K(t, z) dS(t)+ ∫

|t−zo|=ε

|t− zo|2K(t, z) dS(t))+ ∫

|t−zo|=ε

p(t)K(t, z) dS(t) = A(|z|2 − |z − zo|2) +Aε+ p(z).�ç¥¢¨¤­®, çâ® äã­ªæ¨ï v(z) ¯«îà¨£ à¬®­¨ç¥áª ï ¢ è à¥ B(zo, ε) ⊂ E.Ǒà¥¤¯®«®�¨¬ ¤ «¥¥, çâ® â®çª  z ¯à¨­ ¤«¥�¨â áä¥à¥
S(zo, ε) = {z ∈ Cn : |z − zo| = ε}.�®£¤  ¤«ï ¢á¥å ¤®áâ â®ç­® ¬ «ëå ε > 0 ¨ «î¡ëå ¥¤¨­¨ç­ëå ¢¥ªâ®à®¢

a ∈ S ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®12π π∫

−π

vm(z + aεei�) d� >
12π π∫

−π

um(z + aεei�) d� > u(z) = v(z).�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï v(z) ¯«îà¨áã¡£ à¬®­¨ç¥áª ï ¢ ®¡« áâ¨ E.� [1℄ ¤ ­® ®¯à¥¤¥«¥­¨¥ £ à¬®­¨ç¥áª®£® ¯à®¤®«�¥­¨ï: ¥á«¨ äã­ª-æ¨ï u(z) áã¡£ à¬®­¨ç¥áª ï ¢ ®¡« áâ¨ E ⊂ Rn, â® äã­ªæ¨ï v(z) ­ §ë-¢ ¥âáï £ à¬®­¨ç¥áª¨¬ ¯à®¤®«�¥­¨¥¬ u(z) á® áä¥àë
S(xo, ε) = {x ∈ Rn : |x− xo| = ε}¢ è à

B(xo, ε) = {x ∈ Rn : |x− xo| < ε}, B(xo, ε).�­ «®£¨ç­® ¤ ­­®¬ã ®¯à¥¤¥«¥­¨î ¨§ ¤®ª § ­­®© â¥®à¥¬ë ¢ëâ¥ª -¥â



22 �¨¤¥à¬ ­ �. �., Ǒàã¤­¨ª®¢ �. �.�«¥¤áâ¢¨¥ 2. Ǒ«îà¨£ à¬®­¨ç¥áª¨¬ ¯à®¤®«�¥­¨¥¬ á «î¡®© áä¥-àë S(zo, ε) ¢ è à B(zo, ε) ï¢«ïîâáï ¯«îà¨áã¡£ à¬®­¨ç¥áª¨¥ äã­ªæ¨¨¢¨¤ 
v(z) = A|z|2 + p(z),£¤¥ A | ­¥®âà¨æ â¥«ì­ ï ª®­áâ ­â ,   p(z) | ¯«îà¨£ à¬®­¨ç¥áª ïäã­ªæ¨ï.�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯®«ãç ¥¬�«¥¤áâ¢¨¥ 3. �®«ìª® áã¡£ à¬®­¨ç¥áª¨¥ äã­ªæ¨¨ u(z) ¢¨¤ 
u(z) = A|z|2 + p(z),¬®£ãâ ®áãé¥áâ¢¨âì ¯«îà¨£ à¬®­¨ç¥áª®¥ ¯à®¤®«�¥­¨¥ á® áä¥àë S(zo, ε)¢ è à B(zo, ε). ����������1. �¥©¬ ­ �. �. �ã¡£ à¬®­¨ç¥áª¨¥ äã­ªæ¨¨. �.: �¨à, 1980.2. �®­ª¨­ �. �. �¢¥¤¥­¨¥ ¢ â¥®à¨î æ¥«ëå äã­ªæ¨© ¬­®£¨å ¯¥à¥¬¥­­ëå. �.: � ã-ª , 1971.3. Ǒà¨¢ «®¢ �. �. �ã¡£ à¬®­¨ç¥áª¨¥ äã­ªæ¨¨. �.: �®áâ¥å¨§¤ â, 1937.4. � ¡ â �. �. �¢¥¤¥­¨¥ ¢ ª®¬¯«¥ªá­ë©  ­ «¨§. �.: � ãª , 1976.£. � ¡ à®¢áª 31 ¬ ï 2013 £.



��� 517.956.32�����Ǒ������� ��������� �������� ��������� ������ ��� ������������������∗)�. �. �®à¤¨¥­ª®�¢¥¤¥­¨¥� áá¬ âà¨¢ ¥âáï á¬¥è ­­ ï § ¤ ç  ¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï
ϕtt − ϕxx −

∑
ϕyjyj = 0, t > 0, x > 0, (1)

pϕt + qϕx +∑ rjϕyj = 0, x = 0, (2)
ϕ, ϕt, t = 0, (3)

j = 1, 2, . . . , n; p, q, rj | ¢¥é¥áâ¢¥­­ë¥ ç¨á«  ¨«¨ £« ¤ª¨¥ äã­ªæ¨¨ ®â
t, x, yj .�ã¤¥¬ à áá¬ âà¨¢ âì ¢®¯à®áë ®¡®á­®¢ ­¨ï ª®àà¥ªâ­®áâ¨ â ª¨åá¬¥è ­­ëå § ¤ ç. � ªãàá å ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨®¡ëç­® à áá¬ âà¨¢ îâáï á¬¥è ­­ë¥ § ¤ ç¨ «¨¡® á £à ­¨ç­ë¬ ãá«®-¢¨¥¬ ϕ = 0, x = 0 «¨¡® ϕx = 0, x = 0. �«ï ®¡®á­®¢ ­¨ï ª®àà¥ªâ­®áâ¨â ª¨å á¬¥è ­­ëå § ¤ ç ¢®«­®¢®¥ ãà ¢­¥­¨¥ (1) ã¬­®� ¥âáï ­  2ϕt:

ϕtt − ϕxx −
∑

ϕyjyj = 0 | 2ϕt.Ǒ®«ãç¥­­®¥ ¢ëà �¥­¨¥ ¯à¥®¡à §ã¥âáï ª ¢¨¤ã
∂

∂t

(
ϕ2t + ϕ2x +∑ϕ2yj

)
− 2 ∂

∂x
ϕtϕx − 2∑ ∂

∂yj
ϕtϕyj = 0,

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨¡¨àáª®£® ®â¤¥«¥­¨ï ��� (�¥�¤¨áæ¨¯«¨-­ à­ë© ¯à®¥ªâ 80).
© 2013 �®à¤¨¥­ª® �. �.



24 �®à¤¨¥­ª® �. �.ª®â®à®¥ § â¥¬ ¨­â¥£à¨àã¥âáï ¯® ®¡« áâ¨, ¯à¨¬ëª îé¥© ª £à ­¨æ¥.� ª ¯®«ãç ¥âáï  ¯à¨®à­ ï ®æ¥­ª , ª®â®à ï ¨á¯®«ì§ã¥âáï ¢ ®¡®á­®¢ -­¨¨ ª®àà¥ªâ­®áâ¨ á¬¥è ­­®© § ¤ ç¨.�á«¨ § ¤ ­® ¡®«¥¥ ®¡é¥¥ £à ­¨ç­®¥ ãá«®¢¨¥ (2), ¡ã¤¥¬ áâà®¨âì ¡®-«¥¥ ®¡é¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ â®�¤¥áâ¢ . �¬­®�¨¬ ¢®«­®¢®¥ ãà ¢­¥-­¨¥ (1) ­  «¨­¥©­ãî ª®¬¡¨­ æ¨î ¢á¥å ¯¥à¢ëå ¯à®¨§¢®¤­ëå ϕ:
ϕtt − ϕxx −

∑
ϕyjyj = 0 | 2(kϕt + lϕx +∑mjϕyj

)
.�¥«¨ç¨­ë k, l,mj | ¯à®¨§¢®«ì­ë¥ (¯®ª ) ¢¥é¥áâ¢¥­­ë¥ ¯ à ¬¥âàë.Ǒ®«ãç¥­­®¥ ¢ëà �¥­¨¥ ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

∂

∂t
〈AU,U〉 − ∂

∂x
〈BU,U〉 −

∑ ∂

∂yj
〈CjU,U〉 = 0, (4)£¤¥

U = [ϕt ϕx ϕy1 . . . ϕyn ℄⊤ ;
A =  k l m1 · · · mn

l k
m1 k... . . .
mn k



, B =  l k

k l m1 · · · mn

m1 −l... . . .
mn −l



,

C1 = m1 k
−m1 l

k l m1 · · · mn

−m1... . . .
mn −m1



,

. . . , Cn = mn k
−mn l

−mn m1. . . ...
−mn

k l m1 · · · mn



.�ëà �¥­¨¥ (4) ­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ â®�¤¥áâ¢®¬ ¨­-â¥£à «  í­¥à£¨¨ ¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï. �­® áâ ­¤ àâ­ë¬ ®¡à §®¬



�¨áá¨¯ â¨¢­ë¥ ¨­â¥£à «ë í­¥à£¨¨ 25(á¬., ­ ¯à¨¬¥à [1℄) ¯à¨¢¥¤¥â ª  ¯à¨®à­®© ®æ¥­ª¥ ¨ ª ®¡®á­®¢ ­¨î ª®à-à¥ªâ­®áâ¨ á¬¥è ­­®© § ¤ ç¨ (1){(3), ¥á«¨ á¨¬¬¥âà¨ç¥áª¨¥ ¬ âà¨æë A¨ B ¡ã¤ãâ ã¤®¢«¥â¢®àïâì á«¥¤ãîé¨¬ ãá«®¢¨ï¬:
• ¬ âà¨æ  A ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­ : A > 0
• ¬ âà¨æ  B ¯®«®�¨â¥«ì­  ­  ¢¥ªâ®à å, ã¤®¢«¥â¢®àïîé¨å £à -­¨ç­®¬ã ãá«®¢¨î:

〈
B




u
v
w1...
wn



,




u
v
w1...
wn




〉
∣∣∣∣∣∣∣∣∣∣
pu+qv+∑ rjwj=0 > 0.�á«®¢¨¥ ­  ¬ âà¨æã B ­ §ë¢ ¥âáï ãá«®¢¨¥¬ ¤¨áá¨¯ â¨¢­®áâ¨.�ã¤¥â ¤®ª § ­ �¥®à¥¬ . �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥

p2 −∑ r2j > 0, pq < 0, (5)â® ¬­®�¥áâ¢® ¯ à ¬¥âà®¢ k, l,mj, ®¡¥á¯¥ç¨¢ îé¨å ¢ë¯®«­¥­¨¥ áä®à-¬ã«¨à®¢ ­­ëå ãá«®¢¨© ­  ¬ âà¨æë A, B, ­¥¯ãáâ® ¨ ¯à¥¤áâ ¢«ï¥â á®-¡®© ¢­ãâà¥­­®áâì ¢¥àå­¥© ¯®«ë (k > 0) ª®­ãá  ¢â®à®£® ¯®àï¤ª  Q ={(k, l,m1, . . . ,mn) : (p2−∑ r2j )(k2−l2−∑m2
j

)
−(pk−ql−∑ rjmj)2 > 0}.�ã¤¥â ®¡®á­®¢ ­  ­¥®¡å®¤¨¬®áâì ­¥à ¢¥­áâ¢ (5). �à®¬¥ â®£®, ¡ã-¤ãâ ®¯¨á ­ë à á¯®«®�¥­¨¥ ¨ £¥®¬¥âà¨ç¥áª¨¥ ¯ à ¬¥âàë ª®­ãá  Q.2. �¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¤¨áá¨¯ â¨¢­®áâ¨�¥£ª® ¢¨¤¥âì, çâ® A > 0⇐⇒ k > 0, k2 − l2 −∑m2

j > 0.�¥¬¬  1. �«ï â®£® çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ ¤¨áá¨¯ â¨¢­®áâ¨,¬ âà¨æ  B ¤®«�­  ¨¬¥âì n+ 1 ¯®«®�¨â¥«ì­ëå á®¡áâ¢¥­­ëå ç¨á¥«.�®ª § â¥«ìáâ¢®. Ǒãáâì λ1 6 λ2 6 . . . 6 λn+2 á®¡áâ¢¥­­ë¥ ç¨á« ¬ âà¨æë B. � á¨«ã ¯à¨­æ¨¯  �ãà ­â  | �¨è¥à 
λ2 = max

L,dimL=n+1( minU∈L,
‖U‖=1〈BU,U〉).Ǒ®íâ®¬ã ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ ¤¨áá¨¯ â¨¢­®áâ¨, â® λ2 > 0. �



26 �®à¤¨¥­ª® �. �.�¥¬¬  2. Ǒãáâì k2 − l2 −∑m2
j > 0. � âà¨æ  B ¨¬¥¥â n + 1¯®«®�¨â¥«ì­ëå á®¡áâ¢¥­­ëå ç¨á¥« â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  l < 0.Ǒà¨ íâ®¬ (n+ 2)-¥ á®¡áâ¢¥­­®¥ ç¨á«® ®âà¨æ â¥«ì­®.�®ª § â¥«ìáâ¢®. �¬¥¥¬

〈BU,U〉 = 〈B  u
v
w1...
wn



,




u
v
w1...
wn




〉

= l
(
u2 + v2 −∑w2

j

)+ 2v(ku+∑mjwj

)= −1
l

[(k2 − l2 −∑m2
j)v2 +∑(lwj −mjv)2 − (lu+ kv)2] .�áâ «®áì á®á« âìáï ­  § ª®­ ¨­¥àæ¨¨ ª¢ ¤à â¨ç­ëå ä®à¬. ��â ª, ¥á«¨ ¬ âà¨æ  A ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­  (k > 0, k2 − l2 −∑

m2
j > 0), â® ¤«ï ãá«®¢¨ï ¤¨áá¨¯ â¨¢­®áâ¨ ­¥®¡å®¤¨¬®, çâ®¡ë ¡ë«®

l < 0. 3. Ǒ¥à¥ä®à¬ã«¨à®¢ª  ãá«®¢¨ï¤¨áá¨¯ â¨¢­®áâ¨�¡®§­ ç¨¬ ç¥à¥§ B ª®­ãá ¢â®à®£® ¯®àï¤ª B = {U = [u v w1 . . . wn ℄⊤ : 〈BU,U〉 < 0}.Ǒà¥¤¯®« £ ¥¬, çâ®
k > 0, k2 − l2 −∑m2

j > 0, l < 0, (6)§­ ç¨â, ¢ á¨«ã ¯à¥¤ë¤ãé¥£® ¯ã­ªâ  ®¤­® á®¡áâ¢¥­­®¥ ç¨á«® ¬ âà¨æë
B ®âà¨æ â¥«ì­®, ®áâ «ì­ë¥ ¯®«®�¨â¥«ì­ë. Ǒ®íâ®¬ã ª®­ãá B á®áâ®¨â¨§ ¤¢ãå á¨¬¬¥âà¨ç­ëå ¯®«,   ¬­®�¥áâ¢®, £¤¥ ¢ë¯®«­ï¥âáï 〈BU,U〉 >0, à á¯®« £ ¥âáï ¬¥�¤ã ¯®« ¬¨ ª®­ãá  B. � ª¨¬ ®¡à §®¬, ãá«®¢¨¥¤¨áá¨¯ â¨¢­®áâ¨ £¥®¬¥âà¨ç¥áª¨ ®§­ ç ¥â, çâ® £¨¯¥à¯«®áª®áâì pu+qv+∑
rjwj = 0 à §¤¥«ï¥â ¯®«ë ª®­ãá  B.� ª ª ª detB = −(−l)n(k2 − l2 −∑m2

j

), ¢ á¨«ã (6) ¬ âà¨æ  B­¥¢ëà®�¤¥­­ . �®¯àï�¥­­ë¬ ª ª®­ãáã B ­ §®¢¥¬ ª®­ãáB∗ = {U = [u v w1 . . . wn ℄⊤ : 〈B−1U,U〉 < 0}.



�¨áá¨¯ â¨¢­ë¥ ¨­â¥£à «ë í­¥à£¨¨ 27�¥£ª® ¯®ª § âì, çâ® ®¡à §ãîé¨¥ ª®­ãá  B∗ ï¢«ïîâáï ­®à¬ «ï¬¨ª á â¥«ì­ëå ¯«®áª®áâ¥© ª®­ãá  B. Ǒ®íâ®¬ã ãá«®¢¨¥ à §¤¥«¥­¨ï £¨-¯¥à¯«®áª®áâìî pu+ qv +∑ rjwj = 0 ¯®« ª®­ãá  B íª¢¨¢ «¥­â­® â®¬ã,çâ® ­®à¬ «ì íâ®© £¨¯¥à¯«®áª®áâ¨ «¥�¨â ¢­ãâà¨ ¤¢®©áâ¢¥­­®£® ª®­ãá B∗. � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ ¤¨áá¨¯ â¨¢­®áâ¨ ¯à¨­¨¬ ¥â ¢¨¤
〈
B−1  p

q
r1...
rn



,




p
q
r1...
rn




〉
< 0. (7)�«¥¤ãîé¨© è £ ­ è¥£® ¯à¥®¡à §®¢ ­¨ï ãá«®¢¨ï ¤¨áá¨¯ â¨¢­®áâ¨á¢ï§ ­ á â¥¬, çâ® ¬ âà¨æã B−1 ¬®�­® ï¢­® ¢ë¯¨á âì ¨ ®­  ¯à®áâ®¢ë£«ï¤¨â. �¯à¥¤¥«¨¬ ¬ âà¨æã B̂ à ¢¥­áâ¢®¬

B̂ = (k2 − l2 −∑m2
j

)




1 0
−1 . . .

−1
−




k
−l
−m1...
−mn



[ k −l −m1 . . . −mn ℄ .�¥£ª® ¯à®¢¥à¨âì, çâ® B · B̂ = l

(
k2 − l2 −∑m2

j

)
I, §­ ç¨â,

B−1 = 1
l
(
k2 − l2 −∑m2

j

) B̂.�ç¨âë¢ ï, çâ® l(k2−l2−∑m2
j

)
< 0, ­¥à ¢¥­áâ¢® (7) ¯¥à¥¯¨áë¢ ¥¬¢ ¢¨¤¥

〈
B̂




p
q
r1...
rn



,




p
q
r1...
rn




〉
> 0. (8)



28 �®à¤¨¥­ª® �. �.�®­¥ç­®, ¢ �­®, çâ® ¬­®�¨â¥«ì l(k2 − l2 −∑m2
j

) ¢ ­¥à ¢¥­áâ¢¥ (8)¬ë ¬®�¥¬ ®â¡à®á¨âì. �® ®á­®¢­®© ãá¯¥å íâ®© à ¡®âë á¢ï§ ­ á â¥¬¯®ï¢¨¢è¨¬áï á¥©ç á ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® ¢ëà �¥­¨¥, áâ®ïé¥¥ ¢ «¥-¢®© ç áâ¨ (8), ï¢«ï¥âáï ª¢ ¤à â¨ç­®© ä®à¬®© ­¥ â®«ìª® ®â­®á¨â¥«ì­®ª®íää¨æ¨¥­â®¢ £à ­¨ç­®£® ãá«®¢¨ï p, q, rj , ­® ¨ ®â­®á¨â¥«ì­® ¯ à -¬¥âà®¢ ¨­â¥£à «  í­¥à£¨¨ k, l,mj:
〈
B̂




p
q
r1...
rn



,




p
q
r1...
rn




〉 = (k2−l2−∑m2
j

)(
p2−∑ r2j)−(kp−lq−∑mjrj

)2
= 〈Q k

l
m1...
mn



,




k
l
m1...
mn




〉
,£¤¥

Q = (p2 −∑ r2j) 1 −1
−1 . . .

−1
−




p
−q
−r1...
−rn



[ p −q −r1 . . . −rn ℄ .�¥¯¥àì ãá«®¢¨¥ ¤¨áá¨¯ â¨¢­®áâ¨ (7), (8) § ¯¨áë¢ ¥¬ ¢ ¢¨¤¥

〈
Q




k
l
m1...
mn



,




k
l
m1...
mn




〉
> 0.



�¨áá¨¯ â¨¢­ë¥ ¨­â¥£à «ë í­¥à£¨¨ 29Ǒ®áª®«ìªã íâ® ãá«®¢¨¥ ¨á¯®«ì§ã¥âáï ª ª ãá«®¢¨¥ ­  ¯ à ¬¥âàë
k, l,mj, ¬ë ¢ë¡à «¨ ¢ à¨ ­â, ¢ ª®â®à®¬ ¨¬¥­­® ®â­®á¨â¥«ì­® íâ¨å¯ à ¬¥âà®¢ ãá«®¢¨¥ ¤¨áá¨¯ â¨¢­®áâ¨ § ¯¨áë¢ ¥âáï ª ª ª¢ ¤à â¨ç­ ïä®à¬ .�ë ®¡®á­®¢ «¨ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥: çâ®¡ë ¬ âà¨æë A ¨ Bã¤®¢«¥â¢®àï«¨ ãá«®¢¨ï¬, áä®à¬ã«¨à®¢ ­­ë¬ ¢® ¢¢¥¤¥­¨¨, ¤«ï ¯ à -¬¥âà®¢ k, l,mj ¤®«�­® ¡ëâì ¢ë¯®«­¥­®

k2 − l2 −∑m2
j > 0, k > 0, l < 0,

(
p2 −∑ r2j)(k2 − l2 −∑m2

j

)
−
(
kp− lq −

∑
mjrj

)2
> 0. (9)4. � ¢¥àè¥­¨¥ ¨áá«¥¤®¢ ­¨ï ãá«®¢¨ï¤¨áá¨¯ â¨¢­®áâ¨�¡®§­ ç¨¬ ç¥à¥§A ª®­ãá ¢â®à®£® ¯®àï¤ª A = {(k, l,m1, . . . ,mn) :

k2−l2−∑m2
j > 0}. �® ¢¢¥¤¥­¨¨ ¬ë ã�¥ ¢¢¥«¨ ¢ à áá¬®âà¥­¨¥ ª®­ãáQ¢â®à®£® ¯®àï¤ª . � íâ®£® ¬®¬¥­â  ¯à¥¤¯®« £ ¥¬, çâ® ª®íää¨æ¨¥­âë£à ­¨ç­®£® ãá«®¢¨ï p, q, rj ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ (5). �¥®¡å®¤¨-¬®áâì íâ®£® ¯à¥¤¯®«®�¥­¨ï ¡ã¤¥â ®¡êïá­¥­  ¢ § ª«îç¨â¥«ì­®¬ ¯ã­ªâ¥.�§ ­¥à ¢¥­áâ¢  p2−∑ r2j > 0 (á®¤¥à� é¥£®áï ¢ (5)) ¢ëâ¥ª ¥â ¢«®-�¥­­®áâì ª®­ãá®¢ Q ⊂ A ,   â ª�¥ â®, çâ® ¯¥à¢®¥ ­¥à ¢¥­áâ¢® ¢ á¯¨áª¥­¥à ¢¥­áâ¢ (9) ¬®�¥â ¡ëâì ®¯ãé¥­®. � ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢  (9)¯à¨­¨¬ îâ ¢¨¤

k > 0; l < 0;
(
k2 − l2 −∑m2

j

)(
p2 −∑ r2j)− (kp− lq −

∑
mjrj

)2
> 0. (10)�¨¯¥à¯«®áª®áâì k = 0 à §¤¥«ï¥â ¯®«ë ª®­ãá  A ,   §­ ç¨â (¢ á¨«ãQ ⊂ A ), ¨ ¯®«ë ª®­ãá  Q. �®ª �¥¬ «¥¬¬ã, ¨§ ª®â®à®© á«¥¤ã¥â, çâ®£¨¯¥à¯«®áª®áâì l = 0 â ª�¥ à §¤¥«ï¥â ¯®«ë ª®­ãá  Q.�¥¬¬  3. �®­ãá 〈Q k

l
m1...
mn



,




k
l
m1...
mn




〉 = 0 ª á ¥âáï £¨¯¥à¯«®áª®-



30 �®à¤¨¥­ª® �. �.áâ¨ l = 0 ¯® ¯àï¬®© t p0
r1...
rn



.

�®ª § â¥«ìáâ¢®. �¥£ª® ¯à®¢¥à¨âì, çâ® â®çª¨ ¯àï¬®© t




p0
r1...
rn


à á¯®«®�¥­ë ­  ª®­ãá¥ 〈Q k

l
m1...
mn



,




k
l
m1...
mn




〉 = 0. �à ¢­¥­¨¥ £¨¯¥à-
¯«®áª®áâ¨, ª á îé¥©áï íâ®£® ª®­ãá  ¢ â®çª å ¯àï¬®© t




p0
r1...
rn



, ¥áâì

〈
Q




p0
r1...
rn



,




k
l
m1...
mn




〉
≡ ql

(
p2 −

∑
r2j ) = 0. �â® ãà ¢­¥­¨¥ § ¤ ¥â £¨-¯¥à¯«®áª®áâì l = 0. ��â ª, £¨¯¥à¯«®áª®áâì k = 0 ¨ £¨¯¥à¯«®áª®áâì l = 0 à §¤¥«ïîâ ¯®-«ë ª®­ãá  Q. � �¤ ï ¯®«  ª®­ãá  Q ¯®«­®áâìî à á¯®«®�¥­  ¢ ®¤­®©¨§ ç¥âëà¥å ç áâ¥©, ­  ª®â®àë¥ ¤¥«ïâ ¢á¥ ¯à®áâà ­áâ¢® £¨¯¥à¯«®áª®áâ¨

k = 0 ¨ l = 0. �â®¡ë ¯®ª § âì, çâ® ®¤­  ¨§ ¯®« ª®­ãá  Q à á¯®«®�¥­ ¢ ®¡« áâ¨ k > 0, l < 0, ¤®áâ â®ç­® ãª § âì ¢ íâ®© ®¡« áâ¨ å®âï ¡ë ®¤­ãâ®çªã ª®­ãá  Q.



�¨áá¨¯ â¨¢­ë¥ ¨­â¥£à «ë í­¥à£¨¨ 31Ǒ®ª �¥¬, çâ®



k
l
m1...
mn



= − q

|q|




p+ q2
p

q
r1...
rn



∈ Q.� á ¬®¬ ¤¥«¥,

k = −pq · p
2 + q2
|q|p2 > 0, l = −|q| < 0;

〈
Q




k
l
m1...
mn



,




k
l
m1...
mn




〉 = 〈Q p+ q2
p

q
r1...
rn



,




p+ q2
p

q
r1...
rn




〉

= q2
p2(p2 −∑ r2j)(p2 + q2) > 0.�ä®à¬ã«¨à®¢ ­­ ï ¢® ¢¢¥¤¥­¨¨ â¥®à¥¬  ¤®ª § ­ .5. �®¡áâ¢¥­­ë¥ ç¨á«  ¨ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë¬ âà¨æë Q�«ï â®£® çâ®¡ë ®¯¨á âì à á¯®«®�¥­¨¥ ª®­ãá  Q ¨ ¥£® £¥®¬¥âà¨-ç¥áª¨¥ ¯ à ¬¥âàë, ­ã�­® ­ ©â¨ á¨áâ¥¬ã ª®®à¤¨­ â, ¢ ª®â®à®© íâ®âª®­ãá ¡ã¤¥â ¯à¨¢¥¤¥­ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã. �âã á¨áâ¥¬ã ª®®à¤¨­ âá®áâ ¢«ïîâ ®àâ®­®à¬¨à®¢ ­­ë¥ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ¬ âà¨æë Q. �ç áâ­®áâ¨, ­ ¯à ¢«¥­¨¥ ®á¨ ª®­ãá Q § ¤ ¥â á®¡áâ¢¥­­ë© ¢¥ªâ®à, ®â¢¥-ç îé¨© ¥¤¨­áâ¢¥­­®¬ã ¯®«®�¨â¥«ì­®¬ã á®¡áâ¢¥­­®¬ã ç¨á«ã ¬ âà¨æë

Q,   £¥®¬¥âà¨ç¥áª¨¥ ¯ à ¬¥âàë ª®­ãá  Q ¢ëà � îâáï ç¥à¥§ á®¡áâ¢¥­-­ë¥ ç¨á«  ¬ âà¨æë Q. �ëç¨á«¨¬ ¢á¥ á®¡áâ¢¥­­ë¥ ç¨á«  ¨ á®¡áâ¢¥­­ë¥¢¥ªâ®àë ¬ âà¨æë Q. �«ï íâ®£® ¤®áâ â®ç­® à¥è¨âì ®¤­® ª¢ ¤à â­®¥ãà ¢­¥­¨¥.Ǒãáâì λ1 < 0 < λ2 | ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï
λ2 + (p2 + q2 +∑ r2j)λ− q2(p2 −∑ r2j) = 0.



32 �®à¤¨¥­ª® �. �.�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ® ¤«ï ¢¥ªâ®à®¢ u1 = 


p+ q2+λ1
p

q
r1...
rn



,

u2 = 


p+ q2+λ2
p

q
r1...
rn



¢ë¯®«­¥­® Qu1 = λ1u1, Qu2 = λ2u2. �­ ç¨â, λ1,

λ2 | á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë Q,   u1, u2 | á®®â¢¥âáâ¢ãîé¨¥ á®¡-áâ¢¥­­ë¥ ¢¥ªâ®àë.�á¥ ®áâ «ì­ë¥ á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë Q, à ¢­ë µ = −
(
p2 −∑

r2j ) < 0,   á®¡áâ¢¥­­ë¬ ï¢«ï¥âáï «î¡®© ¢¥ªâ®à, ¯¥à¯¥­¤¨ªã«ïà­ë©¢¥ªâ®à ¬ u1 ¨ u2.�¥á«®�­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢ λ1 < µ < 0 < λ2;0 < λ2 < |µ| < |λ1|.6. � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï�¥à ¢¥­áâ¢  (5), ¯à¨ ª®â®àëå ¤®ª § ­  ®á­®¢­ ï â¥®à¥¬ , ¯à¥¤-áâ ¢«ïîâ á®¡®© à ¢­®¬¥à­®¥ ãá«®¢¨¥ �®¯ â¨­áª®£® ¤«ï á¬¥è ­­®© § -¤ ç¨ (1){(3). �­¨ ¯®«ãç¥­ë ¢ [2℄. �á«¨ à ¢­®¬¥à­®¥ ãá«®¢¨¥ �®¯ â¨­-áª®£® ­¥ ¢ë¯®«­¥­®, â® ¤«ï á¬¥è ­­®© § ¤ ç¨ (1){(3) ¬®�­® ¯®áâà®¨âì¯à¨¬¥àë ­¥ª®àà¥ªâ­®áâ¨ �¤ ¬ à , çâ® ¨áª«îç ¥â ¯®áâà®¥­¨¥ ¤¨áá¨-¯ â¨¢­®£® ¨­â¥£à «  í­¥à£¨¨. � [2℄ ª®àà¥ªâ­®áâì á¬¥è ­­®© § ¤ ç¨¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï ¯à¨ ¢ë¯®«­¥­¨¨ à ¢­®¬¥à­®£® ãá«®¢¨ï �®-¯ â¨­áª®£® ¤®ª §ë¢ « áì á ¯®¬®éìî â¥å­¨ª¨ ¯á¥¢¤®¤¨ää¥à¥­æ¨ «ì-­ëå ®¯¥à â®à®¢. �â® £®à §¤® á«®�­¥¥ â¥å­¨ª¨ ¨­â¥£à «®¢ í­¥à£¨¨. �¯®¬®éìî ¨­â¥£à «®¢ í­¥à£¨¨ á¬¥è ­­ ï § ¤ ç  ¤«ï ¢®«­®¢®£® ãà ¢­¥-­¨ï á ¤¢ã¬ï ¯à®áâà ­áâ¢¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨ à áá¬ âà¨¢ « áì ¢ [3{5℄. �­®£®¬¥à­®© ¯®áâ ­®¢ª¥ ¯®á¢ïé¥­  à ¡®â  [6℄. �® â ¬ ¤®ª § ­®«¨èì áãé¥áâ¢®¢ ­¨¥ ¨­â¥£à «®¢ í­¥à£¨¨ ¤«ï § ¤ ç, ã¤®¢«¥â¢®àïîé¨åà ¢­®¬¥à­®¬ã ãá«®¢¨î �®¯ â¨­áª®£®. � ­­ ï à ¡®â  ï¢«ï¥âáï à §¢¨-â¨¥¬ à ¡®â [7{9℄, ¢ ª®â®àëå  ¢â®à à áá¬ âà¨¢ « ¢®«­®¢®¥ ãà ¢­¥­¨¥
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��� 517.98���������-��������������������� ������������Ǒ��������. �. �ãâ¬ ­, �. �. �®¯â¥¢� ¤ ­­®© § ¬¥âª¥ à áá¬®âà¥­® ¥áâ¥áâ¢¥­­®¥ ¯®­ïâ¨¥ ¬®­®â®­­®£®«¨­¥©­®£® ®¯¥à â®à , ¤¥©áâ¢ãîé¥£® ¨§ ¢¥ªâ®à­®© à¥è¥âª¨ ¢ ­®à¬¨à®-¢ ­­®¥ ¯à®áâà ­áâ¢®, ¯®ª § ­®, çâ® ¢áïª¨© â ª®© ®¯¥à â®à ¤®¯ãáª ¥âýà¥è¥â®ç­®-¬¥âà¨ç¥áª®¥þ à §«®�¥­¨¥ ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ à¥è¥â®ç­®£®£®¬®¬®àä¨§¬  ¨ «¨­¥©­®© ¨§®¬¥âà¨¨, ¨ ¯à¨¢¥¤¥­ë ­¥áª®«ìª® ¯à¨«®-�¥­¨© ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ª ¨áá«¥¤®¢ ­¨î ­¥¯à¥àë¢­ëå ¨ ¨§¬¥-à¨¬ëå à áá«®¥­¨© ¡ ­ å®¢ëå à¥è¥â®ª.�¯à¥¤¥«¥­¨¥. Ǒãáâì X | ¢¥ªâ®à­ ï à¥è¥âª , Y | ­®à¬¨à®¢ ­-­®¥ ¯à®áâà ­áâ¢® ¨ T : X → Y | «¨­¥©­ë© ®¯¥à â®à.(1) �¯¥à â®à T ­ §ë¢ ¥âáï ¬®­®â®­­ë¬, ¥á«¨ ¤«ï «î¡ëå
x1, x2 ∈ X ¨§ |x1| 6 |x2| á«¥¤ã¥â ‖Tx1‖ 6 ‖Tx2‖.(2) �à®©ªã (Z,H, I) ­ §®¢¥¬ à¥è¥â®ç­®-¬¥âà¨ç¥áª¨¬ à §«®�¥-­¨¥¬ ®¯¥à â®à  T , ¥á«¨ Z | ­®à¬¨à®¢ ­­ ï à¥è¥âª , H : X → Z |áîàê¥ªâ¨¢­ë© à¥è¥â®ç­ë© £®¬®¬®àä¨§¬, I : Z → Y | «¨­¥©­ ï ¨§®-¬¥âà¨ï ¨ T = I ◦H .Ǒà¨ ¤®ª § â¥«ìáâ¢¥ ¯¥à¢®£® à¥§ã«ìâ â  ¯à¨£®¤ïâáï ¤¢  ª« áá¨ç¥-áª¨å ä ªâ  ¨§ â¥®à¨¨ ¢¥ªâ®à­ëå à¥è¥â®ª, ª®â®àë¥ ¤«ï ã¤®¡áâ¢  áä®à-¬ã«¨à®¢ ­ë §¤¥áì ¢ ¢¨¤¥ â¥®à¥¬ A ¨ B.�¥®à¥¬  A [1, 18.7{18.9℄. �á«¨ K | ¯®àï¤ª®¢ë© ¨¤¥ « ¢¥ªâ®à­®©à¥è¥âª¨ X , â® ¢¥ªâ®à­®¥ ä ªâ®à-¯à®áâà ­áâ¢® X/K ï¢«ï¥âáï ¢¥ªâ®à-­®© à¥è¥âª®© ®â­®á¨â¥«ì­® ¯®àï¤ª  u 6 v, ®¯à¥¤¥«ï¥¬®£® ¤«ï ª« áá®¢u,v ∈ X/K «î¡ë¬ ¨§ á«¥¤ãîé¨å ¯®¯ à­® à ¢­®á¨«ì­ëå ãá«®¢¨©:(1) (∃x ∈ u) (∃ y ∈ v) x 6 y;
© 2013 �ãâ¬ ­ �. �., �®¯â¥¢ �. �.



�¥è¥â®ç­®-¬¥âà¨ç¥áª®¥ à §«®�¥­¨¥ ¬®­®â®­­®£® ®¯¥à â®à  35(2) (∀x ∈ u) (∃ y ∈ v) x 6 y;(3) (∀x ∈ u) (∀ y ∈ v) (∃ z ∈ K) x 6 y + z.Ǒà¨ íâ®¬ ª ­®­¨ç¥áª®¥ ®â®¡à �¥­¨¥ X → X/K ï¢«ï¥âáï à¥è¥â®ç­ë¬£®¬®¬®àä¨§¬®¬: [x℄ ∨ [y℄ = [x∨ y℄ ¨ [x℄ ∧ [y℄ = [x∧ y℄ ¤«ï ¢á¥å x, y ∈ X ,£¤¥ [x℄ := x+K.� ¯®¬­¨¬, çâ® ¯®«ã­®à¬  p : X → R ­  ¢¥ªâ®à­®© à¥è¥âª¥ X­ §ë¢ ¥âáï ¬®­®â®­­®©, ¥á«¨ ¤«ï «î¡ëå x1, x2 ∈ X ¨§ |x1| 6 |x2|á«¥¤ã¥â p(x1) 6 p(x2).�¥®à¥¬  B [1, 62.3℄. Ǒãáâì K | ¯®àï¤ª®¢ë© ¨¤¥ « ¢¥ªâ®à­®©à¥è¥âª¨ X ¨ ¯ãáâì p | ¬®­®â®­­ ï ¯®«ã­®à¬  ­  X . �®£¤  ä ªâ®à-¯®«ã­®à¬  π, ®¯à¥¤¥«ï¥¬ ï ­  X/K âà ¤¨æ¨®­­®© ä®à¬ã«®© π(u) =inf{p(x) : x ∈ u}, ¬®­®â®­­ . �á«¨ ¨¤¥ « K § ¬ª­ãâ ®â­®á¨â¥«ì­® áå®-¤¨¬®áâ¨ ¯® ¯®«ã­®à¬¥ p, â® X/K ¯à¥¤áâ ¢«ï¥â á®¡®© ­®à¬¨à®¢ ­­ãîà¥è¥âªã á ­®à¬®© π.�¥®à¥¬  1. �¨­¥©­ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ ¢¥ªâ®à­®© à¥-è¥âª¨ ¢ ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢®, ¬®­®â®­¥­ â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ®­ ¨¬¥¥â à¥è¥â®ç­®-¬¥âà¨ç¥áª®¥ à §«®�¥­¨¥.�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì ®ç¥¢¨¤­ . Ǒ®ª �¥¬ ­¥®¡å®¤¨-¬®áâì. Ǒãáâì X | ¢¥ªâ®à­ ï à¥è¥âª , Y | ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­-áâ¢® ¨ ¯ãáâì T : X → Y | ¬®­®â®­­ë© «¨­¥©­ë© ®¯¥à â®à. � ¬¥-â¨¬, çâ® K := kerT | ¯®àï¤ª®¢ë© ¨¤¥ « X : ¥á«¨ x ∈ X , x0 ∈ K¨ |x| 6 |x0|, â® ‖Tx‖ 6 ‖Tx0‖ = 0 ¨ â¥¬ á ¬ë¬ x ∈ K. Ǒ® â¥®à¥-¬¥ A ¯à®áâà ­áâ¢® Z := X/K ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥ªâ®à­ãî à¥è¥â-ªã ®â­®á¨â¥«ì­® ¥áâ¥áâ¢¥­­®£® ¯®àï¤ª ,   ª ­®­¨ç¥áª®¥ ®â®¡à �¥­¨¥
H : X → Z ï¢«ï¥âáï áîàê¥ªâ¨¢­ë¬ à¥è¥â®ç­ë¬ £®¬®¬®àä¨§¬®¬. �®-­®â®­­®áâì ®¯¥à â®à  T ®§­ ç ¥â, çâ® ‖·‖◦T | ¬®­®â®­­ ï ¯®«ã­®à¬ ­  X , ¯à¨ç¥¬ ¨¤¥ « K § ¬ª­ãâ ¯® íâ®© ¯®«ã­®à¬¥: ¥á«¨ (xn)n∈N ⊂ K,
x ∈ X ¨ ‖T (xn − x)‖ → 0, â® Tx = lim

n→∞
Txn = 0. �®£« á­® â¥®à¥¬¥ B¯à®áâà ­áâ¢® Z ï¢«ï¥âáï ­®à¬¨à®¢ ­­®© à¥è¥âª®© ®â­®á¨â¥«ì­® á®®â-¢¥âáâ¢ãîé¥© ä ªâ®à-­®à¬ë ‖·‖Z . �áâ «®áì § ¬¥â¨âì, çâ® «¨­¥©­ë©®¯¥à â®à I : Z → Y , ª®àà¥ªâ­® ®¯à¥¤¥«ï¥¬ë© ä®à¬ã«®© I(Hx) = Tx,ï¢«ï¥âáï ¨§®¬¥âà¨¥©:

‖I(Hx)‖ = ‖Tx‖ = inf{‖T (x+ x0)‖ : x0 ∈ K} = ‖Hx‖Z . �



36 �ãâ¬ ­ �. �., �®¯â¥¢ �. �.�«¥¤áâ¢¨¥ 1. Ǒãáâì X | ¢¥ªâ®à­ ï à¥è¥âª , Y | ­®à¬¨à®¢ ­-­®¥ ¯à®áâà ­áâ¢®, T : X → Y | áîàê¥ªâ¨¢­ë© ¬®­®â®­­ë© «¨­¥©­ë©®¯¥à â®à. �®£¤  ­  Y ¬®�­® ¢¢¥áâ¨ â ª®¥ ®â­®è¥­¨¥ ¯®àï¤ª , çâ® Y¯à¥¢à â¨âáï ¢ ­®à¬¨à®¢ ­­ãî à¥è¥âªã,   ®¯¥à â®à T áâ ­¥â à¥è¥â®ç-­ë¬ £®¬®¬®àä¨§¬®¬.�®ª § â¥«ìáâ¢®. Ǒãáâì (Z,H, I) | à¥è¥â®ç­®-¬¥âà¨ç¥áª®¥ à §-«®�¥­¨¥ ®¯¥à â®à  T (á¬. â¥®à¥¬ã 1). �§ áîàê¥ªâ¨¢­®áâ¨ T ¢ëâ¥ª ¥âáîàê¥ªâ¨¢­®áâì «¨­¥©­®© ¨§®¬¥âà¨¨ I : Z → Y . �¢¥¤¥¬ ®â­®è¥­¨¥ ¯®-àï¤ª  ­  Y , ¯®« £ ï y1 6 y2 ⇔ I−1y1 6 I−1y2. �®£¤ , ª ª «¥£ª® ¢¨¤¥âì,
Y ï¢«ï¥âáï ­®à¬¨à®¢ ­­®© à¥è¥âª®©,   ®¯¥à â®à I á«ã�¨â ¯®àï¤ª®-¢ë¬ ¨ ¬¥âà¨ç¥áª¨¬ ¨§®¬®àä¨§¬®¬ ¬¥�¤ã Z ¨ Y . Ǒà¨ íâ®¬ ®¯¥à â®à
T ®ª §ë¢ ¥âáï à¥è¥â®ç­ë¬ £®¬®¬®àä¨§¬®¬, ¡ã¤ãç¨ ª®¬¯®§¨æ¨¥© à¥-è¥â®ç­ëå £®¬®¬®àä¨§¬®¢ H ¨ I. ��«¥¤áâ¢¨¥ 2. Ǒãáâì X | ¢¥ªâ®à­ ï à¥è¥âª , Y | ¡ ­ å®¢®¯à®áâà ­áâ¢®, ¨ ¯ãáâì T : X → Y | ¬®­®â®­­ë© «¨­¥©­ë© ®¯¥à â®àá ¯«®â­ë¬ ¢ Y ®¡à §®¬. �®£¤  ­  Y ¬®�­® ¢¢¥áâ¨ â ª®¥ ®â­®è¥­¨¥¯®àï¤ª , çâ® Y ¯à¥¢à â¨âáï ¢ ¡ ­ å®¢ã à¥è¥âªã,   ®¯¥à â®à T áâ ­¥âà¥è¥â®ç­ë¬ £®¬®¬®àä¨§¬®¬.�®ª § â¥«ìáâ¢®. �®á¯®«ì§®¢ ¢è¨áì á«¥¤áâ¢¨¥¬ 1, á­ ¡¤¨¬ ®¡-à § Y0 ®¯¥à â®à  T ®â­®è¥­¨¥¬ ¯®àï¤ª , ¯à¥¢à é îé¨¬ Y0 ¢ ­®à¬¨-à®¢ ­­ãî à¥è¥âªã,   ®¯¥à â®à T : X → Y0 | ¢ à¥è¥â®ç­ë© £®¬®-¬®àä¨§¬. �áâ ¥âáï § ¬¥â¨âì, çâ® ­  ¯®¯®«­¥­¨¨ Y ­®à¬¨à®¢ ­­®©à¥è¥âª¨ Y0 ¬®�­® ¢¢¥áâ¨ ¯®àï¤®ª, ®â­®á¨â¥«ì­® ª®â®à®£® Y ï¢«ï¥âáï¡ ­ å®¢®© à¥è¥âª®©, á®¤¥à� é¥© Y0 ¢ ª ç¥áâ¢¥ ¢¥ªâ®à­®© ¯®¤à¥è¥âª¨(á¬., ­ ¯à¨¬¥à, [2, 1.4℄). ��¥¬¬  1. Ǒãáâì E | ¢¥ªâ®à­ ï à¥è¥âª , X ¨ Y | E-­®à¬¨-à®¢ ­­ë¥ à¥è¥âª¨, T : X → Y | «¨­¥©­ ï ¨§®¬¥âà¨ï, u, v ∈ X ,
|u| ∧ |v| = 0, Tu > Tv > 0. �®£¤  ||||u + nv|||| 6 ||||u + v|||| ¤«ï ¢á¥å n ∈ N,  ¥á«¨ à¥è¥âª  E  àå¨¬¥¤®¢ , â® v = 0.�®ª § â¥«ìáâ¢®. � á«ãç ¥ n = 1 ¤®ª §ë¢ ¥¬®¥ ­¥à ¢¥­áâ¢® ®ç¥-¢¨¤­®. Ǒà¥¤¯®«®�¨¢ ||||u+nv|||| 6 ||||u+v||||, ¯®ª �¥¬ ||||u+(n+1)v|||| 6 ||||u+v||||.� á¨«ã ®ç¥¢¨¤­ëå á®®â­®è¥­¨© −Tu 6 0 6 Tu− Tv ¨ −(n+ 1)Tv 6



�¥è¥â®ç­®-¬¥âà¨ç¥áª®¥ à §«®�¥­¨¥ ¬®­®â®­­®£® ®¯¥à â®à  370 6 nTv ¨¬¥¥¬
−Tu− nTv 6 Tu− (n+ 1)Tv 6 Tu+ nTv.�«¥¤®¢ â¥«ì­®, |Tu− (n+ 1)Tv| 6 Tu+ nTv = |Tu+ nTv|,   §­ ç¨â,

||||u− (n+ 1)v|||| = ||||Tu− (n+ 1)Tv|||| 6 ||||Tu+ nTv|||| = ||||u+ nv|||| 6 ||||u+ v||||.�ç¨âë¢ ï à ¢¥­áâ¢® |u| ∧ |v| = 0, § ª«îç ¥¬, çâ® |u + (n + 1)v| =
|u− (n+ 1)v|, ¯®íâ®¬ã ||||u+ (n+ 1)v|||| = ||||u− (n+ 1)v||||. �á«¨ à¥è¥âª  E àå¨¬¥¤®¢ , â® ¨§ n||||v|||| = ||||nv|||| 6 ||||u + nv|||| + ||||u|||| 6 ||||u + v|||| + ||||u|||| (n ∈ N)á«¥¤ã¥â ||||v|||| = 0. �� ¬¥ç ­¨¥. Ǒà¨¢¥¤¥­­®¥ ¢ëè¥ ®¡®á­®¢ ­¨¥ «¥¬¬ë 1 ¨¤¥©­® ¯®-¢â®àï¥â äà £¬¥­â ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¨§ [3℄.�¥®à¥¬  2. Ǒãáâì E |  àå¨¬¥¤®¢  ¢¥ªâ®à­ ï à¥è¥âª , X ¨ Y |
E-­®à¬¨à®¢ ­­ë¥ à¥è¥âª¨ ¨ T : X → Y | ¯®«®�¨â¥«ì­ ï «¨­¥©­ ï¨§®¬¥âà¨ï. �®£¤  T ï¢«ï¥âáï ¯®àï¤ª®¢ë¬ ¨§®¬®àä¨§¬®¬ X ­  imT .�®ª § â¥«ìáâ¢®. �á«¨ x ∈ X ¨ Tx > 0, â® u := x+ ¨ v := x−ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë 1 (¢ á¨«ã â®£®, çâ® Tu− Tv = Tx > 0),  §­ ç¨â, v = 0 ¨ â¥¬ á ¬ë¬ x > 0. ��«¥¤áâ¢¨¥ 3. �á«¨ E |  àå¨¬¥¤®¢  ¢¥ªâ®à­ ï à¥è¥âª , â® ¢áï-ª¨© ¯®«®�¨â¥«ì­ë© ¬¥âà¨ç¥áª¨© ¨§®¬®àä¨§¬ ¬¥�¤ã E-­®à¬¨à®¢ ­-­ë¬¨ à¥è¥âª ¬¨ ï¢«ï¥âáï ¯®àï¤ª®¢ë¬ ¨§®¬®àä¨§¬®¬.� á«ãç ¥ E = R ¯®á«¥¤­¥¥ ãâ¢¥à�¤¥­¨¥ á®¢¯ ¤ ¥â á â¥®à¥¬®© 1¨§ [3℄.�¥®à¥¬  3. Ǒãáâì X | ¢¥ªâ®à­ ï à¥è¥âª , Y | ­®à¬¨à®¢ ­-­ ï à¥è¥âª , ¨ ¯ãáâì «¨­¥©­ë© ®¯¥à â®à T : X → Y ¯®«®�¨â¥«¥­,áîàê¥ªâ¨¢¥­ ¨ ¬®­®â®­¥­. �®£¤  T | à¥è¥â®ç­ë© £®¬®¬®àä¨§¬.�®ª § â¥«ìáâ¢®. Ǒ® â¥®à¥¬¥ 1 ®¯¥à â®à T ¨¬¥¥â à¥è¥â®ç­®-¬¥âà¨ç¥áª®¥ à §«®�¥­¨¥ (Z,H, I). Ǒ®ª �¥¬, çâ® ®¯¥à â®à I : Z → Y¯®«®�¨â¥«¥­. �¥©áâ¢¨â¥«ì­®, ¥á«¨ x ∈ X ¨ Hx > 0, â® Hx = (Hx)+ =
H(x+),   §­ ç¨â, I(Hx) = IH(x+) = T (x+) > 0 ¢ á¨«ã ¯®«®�¨â¥«ì­®-áâ¨ T . �à®¬¥ â®£®, ¨§ áîàê¥ªâ¨¢­®áâ¨ T ¢ëâ¥ª ¥â áîàê¥ªâ¨¢­®áâì I.



38 �ãâ¬ ­ �. �., �®¯â¥¢ �. �.� ª¨¬ ®¡à §®¬, I á«ã�¨â ¯®«®�¨â¥«ì­ë¬ ¬¥âà¨ç¥áª¨¬ ¨§®¬®àä¨§-¬®¬ ¬¥�¤ã ­®à¬¨à®¢ ­­ë¬¨ à¥è¥âª ¬¨ Z ¨ Y . �®£« á­® á«¥¤áâ¢¨î 3®¯¥à â®à I ï¢«ï¥âáï ¯®àï¤ª®¢ë¬ ¨§®¬®àä¨§¬®¬ ¨, ¢ ç áâ­®áâ¨, à¥è¥-â®ç­ë¬ £®¬®¬®àä¨§¬®¬. �«¥¤®¢ â¥«ì­®, ª®¬¯®§¨æ¨ï T = I ◦H â ª�¥ï¢«ï¥âáï à¥è¥â®ç­ë¬ £®¬®¬®àä¨§¬®¬. �� ª ç¥áâ¢¥ ®¤­®£® ¨§ ¯à¨«®�¥­¨© ãáâ ­®¢«¥­­ëå ¢ëè¥ ä ªâ®¢ ¤®-ª �¥¬ â¥å­¨ç¥áªãî «¥¬¬ã ® ¢¢¥¤¥­¨¨ ¯®àï¤ª  ¢ á«®ïå ¡ ­ å®¢  à áá«®-¥­¨ï, ¬­®�¥áâ¢® á¥ç¥­¨© ª®â®à®£® ¨¬¥¥â § ¤ ­­ãî à¥è¥â®ç­ãî áâàãª-âãàã.�¥¬¬  2. Ǒãáâì Q | ¯à®¨§¢®«ì­®¥ ¬­®�¥áâ¢®, E | ¢¥ªâ®à-­ ï ¯®¤à¥è¥âª  RQ, X | ¡ ­ å®¢® à áá«®¥­¨¥ ­ ¤ Q, U | ¯®á«®©­®¯«®â­®¥ ¢ X ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­áâ¢® S(Q,X ), ¨ ¯ãáâì 6 | â ª®¥®â­®è¥­¨¥ ¯®àï¤ª  ­  U , çâ® (U , ||||·||||,6) ï¢«ï¥âáï E-­®à¬¨à®¢ ­­®©à¥è¥âª®©, £¤¥ ||||·|||| : U → E | ¯®â®ç¥ç­ ï ­®à¬ . �®£¤  ¢ ª �¤®¬á«®¥ X (q) ¬®�­® ¢¢¥áâ¨ ®â­®è¥­¨¥ ¯®àï¤ª  â ª, çâ® X (q) ¯à¥¢à -â¨âáï ¢ ¡ ­ å®¢ã à¥è¥âªã,   (U ,6) ®ª �¥âáï ¯®¤à¥è¥âª®© S(Q,X )®â­®á¨â¥«ì­® ¯®â®ç¥ç­®£® ¯®àï¤ª :(1) u 6 v ⇔ (∀ q ∈ Q) u(q) 6 v(q);(2) (u ∨ v)(q) = u(q) ∨ v(q), (u ∧ v)(q) = u(q) ∧ v(q) ¤«ï ¢á¥å q ∈ Q.�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì­®© â®çª¨ q ∈ Q à áá¬®âà¨¬«¨­¥©­ë© ®¯¥à â®à Tq : U → X (q), ®¯à¥¤¥«¥­­ë© ä®à¬ã«®© Tqu =
u(q) ¨ ¨¬¥îé¨© ¢áî¤ã ¯«®â­ë© ¢ X (q) ®¡à §. � ª «¥£ª® ¢¨¤¥âì, ®¯¥-à â®à Tq ¬®­®â®­¥­: ¥á«¨ |u| 6 |v|, â® ||||u|||| 6 ||||v||||, ¯®íâ®¬ã

‖Tqu‖ = ‖u(q)‖ = ||||u||||(q) 6 ||||v||||(q) = ‖v(q)‖ = ‖Tqv‖.�®á¯®«ì§®¢ ¢è¨áì á«¥¤áâ¢¨¥¬ 2, á­ ¡¤¨¬ X (q) ®â­®è¥­¨¥¬ ¯®àï¤-ª , ¯à¥¢à é îé¨¬ X (q) ¢ ¡ ­ å®¢ã à¥è¥âªã,   ®¯¥à â®à Tq : U →X (q) | ¢ à¥è¥â®ç­ë© £®¬®¬®àä¨§¬. Ǒ®á«¥¤­¥¥ ®¡áâ®ïâ¥«ìáâ¢® ®¡¥á-¯¥ç¨¢ ¥â ãá«®¢¨¥ (2),   ãá«®¢¨¥ (1) ¢ëâ¥ª ¥â ¨§ (2), ¯®áª®«ìªã
u 6 v ⇔ u ∨ v = v ⇔ (∀ q ∈ Q) (u ∨ v)(q) = v(q) ⇔

⇔ (∀ q ∈ Q) u(q) ∨ v(q) = v(q) ⇔ (∀ q ∈ Q) u(q) 6 v(q). �� ¬¥ç ­¨¥. � à ¬ª å ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2 á®¢¯ ¤¥­¨¥ ¯®-àï¤ª  6 á ¯®â®ç¥ç­ë¬ ¯®àï¤ª®¬ 4 ­  U ¬®�­® â ª�¥ ¢ë¢¥áâ¨ ¨§



�¥è¥â®ç­®-¬¥âà¨ç¥áª®¥ à §«®�¥­¨¥ ¬®­®â®­­®£® ®¯¥à â®à  39á«¥¤áâ¢¨ï 3. �¥©áâ¢¨â¥«ì­®, â®�¤¥áâ¢¥­­ë© ¬¥âà¨ç¥áª¨© ¨§®¬®àä¨§¬¬¥�¤ã E-­®à¬¨à®¢ ­­ë¬¨ à¥è¥âª ¬¨ (U , ||||·||||,6) ¨ (U , ||||·||||,4), ¡ã¤ãç¨¯®«®�¨â¥«ì­ë¬ (¡« £®¤ àï ¯®«®�¨â¥«ì­®áâ¨ ®¯¥à â®à®¢ Tq), ï¢«ï¥â-áï ¯®àï¤ª®¢ë¬ ¨§®¬®àä¨§¬®¬.�  ¡ §¥ «¥¬¬ë 2 ¬®�¥â ¡ëâì à¥ «¨§®¢ ­  ®á­®¢­ ï ç áâì ­ ¬¥-ç¥­­®© ¢ à ¡®â¥ [4℄ ¯à®£à ¬¬ë ¯® à §¢¨â¨î â¥®à¨¨ ¯à¥¤áâ ¢«¥­¨© à¥-è¥â®ª � ­ å  | � ­â®à®¢¨ç . � ª ç¥áâ¢¥ ¯à®áâ®£® ¯à¨¬¥à  ¯à¨¢¥¤¥¬á®®â¢¥âáâ¢ãîéãî à¥ «¨§ æ¨®­­ãî â¥®à¥¬ã ¤«ï á«ãç ï C(Q)-§­ ç­®©­®à¬ë.�¥®à¥¬  4. Ǒãáâì E := C(Q), £¤¥ Q | íªáâà¥¬ «ì­® ­¥á¢ï§­ë©ª®¬¯ ªâ. �áïª ï E-­®à¬¨à®¢ ­­ ï à¥è¥âª  � ­ å  | � ­â®à®¢¨ç ¯®àï¤ª®¢® ¨ ¬¥âà¨ç¥áª¨ ¨§®¬®àä­  ¯à®áâà ­áâ¢ã C(Q,X ) ­¥¯à¥àë¢-­ëå á¥ç¥­¨© ­¥ª®â®à®£® ¯à®áâ®à­®£® ­¥¯à¥àë¢­®£® à áá«®¥­¨ï X ¡ -­ å®¢ëå à¥è¥â®ª ­ ¤ Q.�®ª § â¥«ìáâ¢®. �®£« á­® [5, 3.4.2℄ (á¬. â ª�¥ [6, 2.4.10℄) ¤«ï«î¡®© E-­®à¬¨à®¢ ­­®© à¥è¥âª¨ � ­ å  | � ­â®à®¢¨ç  X áãé¥-áâ¢ã¥â â ª®¥ ¯à®áâ®à­®¥ ­¥¯à¥àë¢­®¥ ¡ ­ å®¢® à áá«®¥­¨¥ X ­ ¤ Q,çâ® E-­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢® (X, ||||·||||X) ¨§®¬¥âà¨ç­® ¯à®áâà ­-áâ¢ã U := C(Q,X ), á­ ¡�¥­­®¬ã ¯®â®ç¥ç­®© ­®à¬®© ||||·||||. � ¯®¬®-éìî ¨¬¥îé¥£®áï ¨§®¬®àä¨§¬  I : X → U ¢¢¥¤¥¬ ®â­®è¥­¨¥ ¯®àï¤ª ­  U , ¯®« £ ï u1 6 u2 ⇔ I−1u1 6X I−1u2. �®á¯®«ì§®¢ ¢è¨áì «¥¬-¬®© 2, ¯à¥¢à â¨¬ á«®¨ à áá«®¥­¨ïX ¢ ¡ ­ å®¢ë à¥è¥âª¨,   ¯®àï¤®ª ­ U | ¢ ¯®â®ç¥ç­ë© ¯®àï¤®ª. � à¥§ã«ìâ â¥ X ®ª �¥âáï ­¥¯à¥àë¢­ë¬à áá«®¥­¨¥¬ ¡ ­ å®¢ëå à¥è¥â®ª á à¥è¥â®ç­®© ­¥¯à¥àë¢­®© áâàãªâã-à®© U ,   E-­®à¬¨à®¢ ­­ ï à¥è¥âª  X ¡ã¤¥â ¨§®¬®àä­  C(Q,X ) ­¥â®«ìª® ¬¥âà¨ç¥áª¨, ­® ¨ ¯®àï¤ª®¢®. ��¢¥¤¥­¨¥ ¯®­ïâ¨ï «¨äâ¨­£  (·)∼ : L∞(
,X ) → L∞(
,X ) ª« á-á®¢ ¨§¬¥à¨¬ëå á¥ç¥­¨© ¨§¬¥à¨¬®£® à áá«®¥­¨ïX ¡ ­ å®¢ëå à¥è¥â®ª­  ¯à®áâà ­áâ¢¥ á ¬¥à®© 
 á®¯à®¢®�¤ ¥âáï âà¥¡®¢ ­¨¥¬ á®£« á®¢ ­­®-áâ¨ «¨äâ¨­£  á à¥è¥â®ç­ë¬¨ ®¯¥à æ¨ï¬¨ (á¬. [7, ®¯à¥¤¥«¥­¨¥ 2.2℄):(u ∨ v)∼ = u∼ ∨ v∼ ¤«ï ¢á¥å u,v ∈ L∞(
,X ).� ª ç¥áâ¢¥ ¥é¥ ®¤­®£® ¯à¨«®�¥­¨ï ¯®«ãç¥­­ëå ¢ëè¥ à¥§ã«ìâ â®¢ ¯®-ª �¥¬, çâ® íâ® âà¥¡®¢ ­¨¥ ¨§¡ëâ®ç­® ¨ ¬®�¥â ¡ëâì § ¬¥­¥­® ãá«®¢¨¥¬



40 �ãâ¬ ­ �. �., �®¯â¥¢ �. �.¯®«®�¨â¥«ì­®áâ¨:u∼ > 0 ¤«ï ¯®«®�¨â¥«ì­ëå u ∈ L∞(
,X ).�¥®à¥¬  5. Ǒãáâì X | ¨§¬¥à¨¬®¥ à áá«®¥­¨¥ ¡ ­ å®¢ëå à¥è¥-â®ª ­ ¤ ¯à®áâà ­áâ¢®¬ á ¬¥à®© 
 ¨ (·)∼ : L∞(
,X ) → L∞(
,X ) |â ª®© «¨äâ¨­£ ¢ ¨§¬¥à¨¬®¬ ¡ ­ å®¢®¬ à áá«®¥­¨¨ X , çâ® u∼ > 0­  
 ¤«ï ¯®«®�¨â¥«ì­ëå u ∈ L∞(
,X ). �®£¤  (u ∨ v)∼ = u∼ ∨ v∼ ¨(u ∧ v)∼ = u∼ ∧ v∼ ­  
 ¤«ï ¢á¥å u,v ∈ L∞(
,X ).�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ä¨ªá¨à®¢ âì ¯à®¨§¢®«ì­ãî â®çªã
ω ∈ 
 ¨ ¯à¨¬¥­¨âì â¥®à¥¬ã 3 ª ¢¥ªâ®à­®© à¥è¥âª¥ X := L∞(
,X ),­®à¬¨à®¢ ­­®© à¥è¥âª¥ Y :=X (ω) ¨ ®¯¥à â®àã T : u ∈ X 7→u∼(ω) ∈ Y ,áîàê¥ªâ¨¢­®áâì ª®â®à®£® á«¥¤ã¥â ¨§ [5, 4.4.1℄ (á¬. â ª�¥ [6, 2.4.2 (5) ¨2.5.10℄). � ����������1. Luxemburg W. A. J., Zaanen A. C. Riesz spa
es. V. I. Amsterdam; London: North-Holland Publ. Co., 1971.2. Kawai I. Lo
ally 
onvex latti
es // J. Math. So
. Japan. 1957. V. 9, N 3. P. 281{314.3. �¡à ¬®¢¨ç �. �. �¡ ¨§®¬¥âà¨ïå ­®à¬¨à®¢ ­­ëå à¥è¥â®ª // �¯â¨¬¨§ æ¨ï.1988. �ë¯. 43 (60). �. 74{80.4. Kusraev A. G., Tabuev S. N. Bana
h latti
es of 
ontinuous se
tions // �« ¤¨ª ¢ª.¬ â. �ãà­. 2012. �. 14, ü 4. �. 41{44.5. �ãâ¬ ­ �. �. � ­ å®¢ë à áá«®¥­¨ï ¢ â¥®à¨¨ à¥è¥â®ç­® ­®à¬¨à®¢ ­­ëå ¯à®-áâà ­áâ¢ // �¨­¥©­ë¥ ®¯¥à â®àë, á®£« á®¢ ­­ë¥ á ¯®àï¤ª®¬ / �à. �­-â  ¬ â¥-¬ â¨ª¨. �®¢®á¨¡¨àáª: �­-â ¬ â¥¬ â¨ª¨, 1995. �. 29. �. 63{211.6. �ãáà ¥¢ �. �. � �®à¨àã¥¬ë¥ ®¯¥à â®àë. �.: � ãª , 2003.7. � ­¨¥¢ �. �. �§¬¥à¨¬ë¥ à áá«®¥­¨ï à¥è¥â®ª ¨ ¨å ¯à¨«®�¥­¨ï // �áá«¥¤®¢ ­¨ï¯® äã­ªæ¨®­ «ì­®¬ã  ­ «¨§ã ¨ ¥£® ¯à¨«®�¥­¨ï¬. �.: � ãª , 2005. �. 9{49.£. �®¢®á¨¡¨àáª 15 ®ªâï¡àï 2013 £.



��� 517.957:517.548� ������ Ǒ������Ǒ����������������� �����������,�������������������������������� �����������C �������Ǒ����� ��������� ����-������������∗)�. �. �£®à®¢� �­ë¬ è £®¬ ¢ ¨§ãç¥­¨¨ ãáâ®©ç¨¢®áâ¨ ª« áá®¢ ®â®¡à �¥­¨© ï¢-«ï¥âáï ãáâ ­®¢«¥­¨¥ § ¬ª­ãâ®áâ¨ ®â­®á¨â¥«ì­® á« ¡®© áå®¤¨¬®áâ¨ ¢¯à®áâà ­áâ¢ å �®¡®«¥¢  ­¥ª®â®àëå ¢á¯®¬®£ â¥«ì­ëå ª« áá®¢ ®â®¡à -�¥­¨© (á¬., ­ ¯à¨¬¥à, ¬®­®£à ä¨¨ [1{4℄). Ǒà¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬®¡ ãáâ®©ç¨¢®áâ¨ ¯à®áâà ­áâ¢¥­­ëå ª®­ä®à¬­ëå ®â®¡à �¥­¨© â ª ï§ ¬ª­ãâ®áâì ¯®«ãç¥­  �. �. �¥è¥â­ïª®¬ [5℄ ¤«ï ®â®¡à �¥­¨© á ®£à -­¨ç¥­­ë¬ ¨áª �¥­¨¥¬ (á¬. â ª�¥ ¥£® ¬®­®£à ä¨¨ [1, 2℄). � ¯®¬­¨¬,çâ® ®â®¡à �¥­¨¥ v ∈ W 1,nlo
 (V ;Rn), ®¯à¥¤¥«¥­­®¥ ¢ ®¡« áâ¨ V ⊂ Rn, ï¢-«ï¥âáï ­¥¨§¬¥­ïîé¨¬ ®à¨¥­â æ¨î ®â®¡à �¥­¨¥¬ á K-®£à ­¨ç¥­­ë¬¨áª �¥­¨¥¬, K > 1, ¥á«¨ ®­® ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã
|v′(x)|n 6 K det v′(x) ¤«ï ¯. ¢. x ∈ V. (1)� à ¡®â å  ¢â®à  [6{8℄ ¯à¨ ¯®«ãç¥­¨¨ ­®¢®© á¥à¨¨ ãáâ®©ç¨¢ëå ª« áá®¢®â®¡à �¥­¨© ãáâ ­®¢«¥­  § ¬ª­ãâ®áâì ®â­®á¨â¥«ì­® à áá¬ âà¨¢ ¥¬®©á« ¡®© áå®¤¨¬®áâ¨ ª« áá  à¥è¥­¨© v ∈W 1,klo
 (V ;Rm), 2 6 k 6 min(n,m),®¯à¥¤¥«¥­­ëå ¢ ®¡« áâïå V ⊂ Rn, á«¥¤ãîé¥£® ­¥à ¢¥­áâ¢ :

F (v′(x)) 6 KG(v′(x)) ¤«ï ¯. ¢. x ∈ V, K > 1, (2)
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­-â «ì­ëå ¨áá«¥¤®¢ ­¨© (¯à®¥ªâ ü 11{01{00819) ¨ �®¢¥â  ¯® £à ­â ¬ Ǒà¥§¨¤¥­-â  �� ¤«ï ¯®¤¤¥à�ª¨ ¬®«®¤ëå à®áá¨©áª¨å ãç¥­ëå ¨ ¢¥¤ãé¨å ­ ãç­ëå èª®«(¯à®¥ªâ ��{921.2012.1).
© 2013 �£®à®¢ �. �.



42 �£®à®¢ �. �.£¤¥ k-®¤­®à®¤­ë¥ äã­ªæ¨¨ F ¨ G ï¢«ïîâáï á®®â¢¥âáâ¢¥­­® ª¢ §¨¢ë-¯ãª«®© äã­ªæ¨¥© ¨ ­ã«ì-« £à ­�¨ ­®¬ (¤«ï ®¯à¥¤¥«¥­¨ï íâ¨å ¯®­ï-â¨© á¬. ¯. 1). �â¬¥â¨¬, çâ® ­¥à ¢¥­áâ¢® (1) | íâ® ­¥à ¢¥­áâ¢® (2)
 F (ζ) = |ζ|n ¨ G(ζ) = det ζ. �¥ ¨§¬¥­ïîé¨¥ ®à¨¥­â æ¨î ®â®¡à �¥-­¨ï á ®£à ­¨ç¥­­ë¬ ¨áª �¥­¨¥¬ á®¤¥à� âáï ¢ ¡®«¥¥ è¨à®ª®¬ ª« á-á¥ ®â®¡à �¥­¨© á ª®­¥ç­ë¬ ¨áª �¥­¨¥¬, ®¯à¥¤¥«ï¥¬ëå ª ª à¥è¥­¨ï
v ∈ W 1,nlo
 (V ;Rn), § ¤ ­­ë¥ ¢ ®¡« áâïå V ⊂ Rn, ¤¨ää¥à¥­æ¨ «ì­®£®­¥à ¢¥­áâ¢ 

|v′(x)|n 6 K(x) det v′(x) ¤«ï ¯. ¢. x ∈ Vá ­¥ª®â®à®© ¨§¬¥à¨¬®© äã­ªæ¨¥© K(x) > 1, ª®­¥ç­®© ¯®çâ¨ ¢áî¤ã¢ V . �§ãç¥­¨¥ á¢®©áâ¢ ®â®¡à �¥­¨© á ª®­¥ç­ë¬ ¨áª �¥­¨¥¬ ­ ç â®¢ à ¡®â¥ �. �. �®¤®¯ìï­®¢  ¨ �. �. �®«ì¤èâ¥©­  [9℄. �¥®à¥¬ë ® § -¬ª­ãâ®áâ¨ ®â­®á¨â¥«ì­® á« ¡®© áå®¤¨¬®áâ¨ ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢ ¯®«ãç¥­ë ¤«ï íâ¨å ®â®¡à �¥­¨© �¥à¨­£®¬ ¨ �¢ ­æ®¬ [10℄ (á¬. â ª�¥áâ âìî �­  [11℄ ¨ ¬®­®£à ä¨î �¢ ­æ  ¨ � àâ¨­  [4℄). �¥«ìî ­ áâ®-ïé¥© à ¡®âë ï¢«ï¥âáï ãáâ ­®¢«¥­¨¥ § ¬ª­ãâ®áâ¨ ®â­®á¨â¥«ì­® á« ¡®©áå®¤¨¬®áâ¨ ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  ª« áá  à¥è¥­¨© ­¥à ¢¥­áâ¢ 
F (v′(x)) 6 K(x)G(v′(x)) ¤«ï ¯. ¢. x ∈ Vá ­¥ª®â®à®© ¨§¬¥à¨¬®© äã­ªæ¨¥©K(x) > 1, ª®­¥ç­®© ¯®çâ¨ ¢áî¤ã ¢ V ,£¤¥ F | ª¢ §¨¢ë¯ãª« ï äã­ªæ¨ï,   G | ­ã«ì-« £à ­�¨ ­. �¯¨è¥¬áâàãªâãàã áâ âì¨. � ¯. 1 ¯à¨¢®¤ïâáï ¨á¯®«ì§ã¥¬ë¥ ¢ à ¡®â¥ ®¡®§­ ç¥-­¨ï ¨ â¥à¬¨­ë. Ǒ. 2 á®¤¥à�¨â ®¯à¥¤¥«¥­¨¥ ¨áá«¥¤ã¥¬®£® ª« áá  ®â®¡-à �¥­¨© ¨ ä®à¬ã«¨à®¢ªã ®á­®¢­®£® à¥§ã«ìâ â  (â¥®à¥¬  1). � ¯. 3¤®ª §ë¢ ¥âáï ¢á¯®¬®£ â¥«ì­ë© à¥§ã«ìâ â (â¥®à¥¬  2). �®ª § â¥«ìáâ¢®â¥®à¥¬ë 1 ¨§«®�¥­® ¢ ¯. 4.1. �¡®§­ ç¥­¨ï ¨ â¥à¬¨­®«®£¨ï�­¥è­îî ¬¥àã �¥¡¥£  ¬­®�¥áâ¢  A ⊂ Rn ®¡®§­ ç ¥¬ ç¥à¥§ |A|.Ǒà®áâà ­áâ¢® Rm×n ¢á¥å ¢¥é¥áâ¢¥­­ëå m×n-¬ âà¨æ ζ à áá¬ âà¨¢ ¥¬á ®¯¥à â®à­®© ­®à¬®© |ζ| := sup{|ζ(x)| : x ∈ Rn, |x| < 1}. � âà¨æ �ª®¡¨ ®â®¡à �¥­¨ï v = (v1, . . . , vm) : V ⊂ Rn → Rm ¢ â®çª¥ x ∈ V¥áâì ¬ âà¨æ 

v′(x) := (∂vµ

∂xν
(x))µ=1,...,m

ν=1,...,n ∈ Rm×n.



� á« ¡®¬ ¯à¥¤¥«¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®â®¡à �¥­¨© 43�®¢®àïâ, çâ® äã­ªæ¨ï � : Rm×n → R ¯®«®�¨â¥«ì­® ®¤­®à®¤­  áâ¥-¯¥­¨ p ∈ R, ¥á«¨ �(tx) = tp�(x) ¤«ï ¢á¥å t > 0 ¨ ζ ∈ Rm×n \ {0}.�«¥¤ãï �®àà¨ [12℄, ­¥¯à¥àë¢­ãî äã­ªæ¨î F : Rm×n → R ­ §ë¢ ¥¬ª¢ §¨¢ë¯ãª«®©, ¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
F (ζ) 6

∫(0,1)n F (ζ + ϕ′(x)) dx (3)¤«ï ¢á¥å äã­ªæ¨© ϕ ∈ C∞0 ((0, 1)n;Rm) ¨ ¬ âà¨æ ζ ∈ Rm×n. �®¢®à¨¬,çâ® äã­ªæ¨ï G : Rm×n → R ¥áâì ­ã«ì-« £à ­�¨ ­, ¥á«¨ äã­ªæ¨¨ G¨ −G ª¢ §¨¢ë¯ãª«ë (á¬., ­ ¯à¨¬¥à, [4℄). �®«ìª®  ää¨­­ë¥ ª®¬¡¨-­ æ¨¨ ¬¨­®à®¢, ­ §ë¢ ¥¬ë¥ ª¢ §¨ ää¨­­ë¬¨ äã­ªæ¨ï¬¨, ï¢«ïîâáï­ã«ì-« £à ­�¨ ­ ¬¨ (á¬., ­ ¯à¨¬¥à, [4, 12℄).2. �¯à¥¤¥«¥­¨¥ ª« áá  ¨ ä®à¬ã«¨à®¢ª ®á­®¢­®£® à¥§ã«ìâ â �¨ªá¨àã¥¬ ç¨á«® k ∈ N, 2 6 k 6 min(n,m). �«ï ­¥¯à¥àë¢­ëåäã­ªæ¨© F : Rm×n → R ¨ G : Rm×n → R ¢ ¤ «ì­¥©è¥¬ áç¨â ¥¬, çâ®¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ¯à¥¤¯®«®�¥­¨ï: (H1) F ï¢«ï¥âáï ª¢ §¨¢ë¯ãª-«®© äã­ªæ¨¥©; (H2) G ï¢«ï¥âáï ­ã«ì-« £à ­�¨ ­®¬; (H3) F ¨ G ¯®«®-�¨â¥«ì­® ®¤­®à®¤­ë áâ¥¯¥­¨ k; (H4) sup{K > 0 : F (ζ) > KG(ζ), ζ ∈
Rm×n} = 1; (H5) cF := inf{F (ζ) : ζ ∈ Rm×n, |ζ| = 1} > 0. �á¯®«ì-§ãï (H4), «¥£ª® ¯®ª § âì, çâ® G 6≡ 0. � ª ª ª äã­ªæ¨¨ F ¨ G ­¥¯à¥-àë¢­ë, ¨§ (H3) á«¥¤ãîâ ­¥à ¢¥­áâ¢ 

cF |ζ|k 6 F (ζ) 6 CF |ζ|k ¨ cG|ζ|k 6 |G(ζ)| 6 CG|ζ|k, ζ ∈ Rm×n, (4)á ª®­áâ ­â ¬¨ cF ¨§ (H5),
cG := inf{|G(ζ)| : ζ ∈ Rm×n, |ζ| = 1} > 0,
CF := sup{F (ζ) : ζ ∈ Rm×n, |ζ| = 1} <∞¨
CG := sup{|G(ζ)| : ζ ∈ Rm×n, |ζ| = 1} <∞.�ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à �¥­¨¥ v ∈ W 1,klo
 (V ;Rm), ®¯à¥¤¥«¥­­®¥ ¢®¡« áâ¨ V ⊂ Rn, «¥�¨â ¢ ª« áá¥ F = FF,G, ¥á«¨ ¤«ï ­¥£® áãé¥áâ¢ã¥â



44 �£®à®¢ �. �.¨§¬¥à¨¬ ï äã­ªæ¨ï K(x) > 1, ª®­¥ç­ ï ¯®çâ¨ ¢áî¤ã ¢ V , â ª ï, çâ®
v ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

F (v′(x)) 6 K(x)G(v′(x)) ¤«ï ¯. ¢. x ∈ V. (5)� á¨«ã ­¥à ¢¥­áâ¢ (4) ¨ (5) ¤«ï ®â®¡à �¥­¨ï v : V → Rm ª« áá  F¯®çâ¨ ¢áî¤ã ¢ V ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® G(v′(x)) > 0. Ǒà¨ íâ®¬ ¢ á«ã-ç ¥, ª®£¤  G(v′(x)) = 0, ¨¬¥¥¬ F (v′(x)) = 0. Ǒ®íâ®¬ã ¤«ï ®â®¡à �¥­¨ï
v ∈ F ¯®çâ¨ ¢áî¤ã ¢ ¥£® ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ª®àà¥ªâ­® ®¯à¥¤¥«¥­ äã­ªæ¨ï K(x, v) ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã: K(x, v) = F (v′(x))/G(v′(x))¯à¨ G(v′(x)) > 0 ¨ K(x, v) = 1 ¯à¨ G(v′(x)) = 0. Ǒà¨ íâ®¬ K(x, v)¯®çâ¨ ¢áî¤ã ª®­¥ç­  ¨ K(x, v) > 1,   ®â®¡à �¥­¨¥ v ã¤®¢«¥â¢®àï¥â­¥à ¢¥­áâ¢ã (5) 
 K(x) = K(x, v). �á­®¢­ë¬ à¥§ã«ìâ â®¬ à ¡®âë ï¢-«ï¥âáï á«¥¤ãîé ï�¥®à¥¬  1. Ǒãáâì äã­ªæ¨¨ F (ζ) ¨ G(ζ) ã¤®¢«¥â¢®àïîâ ¯à¥¤¯®-«®�¥­¨ï¬ (H1){(H5) ¨ V | ®¡« áâì ¢ Rn. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì-­®áâì (vj : V → Rm)j∈N ®â®¡à �¥­¨© ª« áá  F = FF,G, ª®â®à ï á« ¡®áå®¤¨âáï ¢ W 1,klo
 (V ;Rm) ª ®â®¡à �¥­¨î v : V → Rm. Ǒà¥¤¯®«®�¨¬,çâ® ¤«ï ­¥ª®â®à®© ¨§¬¥à¨¬®© äã­ªæ¨¨ M(x) > 1 ¢ë¯®«­¥­ë ­¥à ¢¥­-áâ¢ 

K(x, vj) 6 M(x) <∞ ¤«ï ¯. ¢. x ∈ V, j ∈ N.�®£¤  ¯à¥¤¥«ì­®¥ ®â®¡à �¥­¨¥ v ¯à¨­ ¤«¥�¨â ª« ááã F. �à®¬¥ â®£®,¤«ï «î¡®© ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ (vjν )ν∈N á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥
K(x, v) 6 lim sup

ν→∞
K(x, vjν ) ¤«ï ¯. ¢. x ∈ V. (6)3. �á¯®¬®£ â¥«ì­ ï â¥®à¥¬ �«îç¥¢ë¬ ä ªâ®¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ á«¥¤ãîé¥© â¥®à¥¬ë ï¢«ï-¥âáï ¯®«ãç¥­­ë© �ç¥à¡¨ ¨ �ãáª® [13, â¥®à¥¬  II.4℄ à¥§ã«ìâ â ® ¯®«ã­¥-¯à¥àë¢­®áâ¨ ®â­®á¨â¥«ì­® á« ¡®© áå®¤¨¬®áâ¨ ¨­â¥£à «ì­ëå äã­ªæ¨-®­ «®¢ á ª¢ §¨¢ë¯ãª«ë¬¨ ¨­â¥£à ­¤ ¬¨ (áà. á [11, â¥®à¥¬  3.1℄).�¥®à¥¬  2. �«ï äã­ªæ¨© F (ζ) ¨ G(ζ), ã¤®¢«¥â¢®àïîé¨å (H1){(H5), ¨ ¨§¬¥à¨¬®© äã­ªæ¨¨ K(x) > 1, ª®­¥ç­®© ¯®çâ¨ ¢áî¤ã ¢ ®¡« áâ¨

V ⊂ Rn, ¯®«®�¨¬
H(x, ζ) = max(0, F (ζ)−K(x)G(ζ)). (7)



� á« ¡®¬ ¯à¥¤¥«¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®â®¡à �¥­¨© 45Ǒãáâì ¯®á«¥¤®¢ â¥«ì­®áâì (vj : V → Rm)j∈N á« ¡® áå®¤¨âáï ¢ ¯à®áâà ­-áâ¢¥ W 1,klo
 (V ;Rm) ª v : V → Rm. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï ¨§¬¥à¨¬®£®¬­®�¥áâ¢  E ⊂ V ¢ë¯®«­¥­®, çâ® ∫
E

H(x, v′j(x)) dx → 0 ¯à¨ j → ∞.�®£¤  H(x, v′(x)) = 0 ¤«ï ¯. ¢. x ∈ V .�®ª § â¥«ìáâ¢®. �§ ¯à¥¤¯®«®�¥­¨© (H1) ¨ (H2) ¨¬¥¥¬, çâ®äã­ªæ¨¨ F (ζ) ¨ −G(ζ) ª¢ §¨¢ë¯ãª«ë. � ª ª ª «¨­¥©­ ï ª®¬¡¨­ -æ¨ï ª¢ §¨¢ë¯ãª«ëå äã­ªæ¨© á­®¢  ª¢ §¨¢ë¯ãª« , «¥£ª® ¯à®¢¥à¨âì,çâ® äã­ªæ¨ï H(x, ζ) ª¢ §¨¢ë¯ãª«  ¯® ζ ¤«ï ¯. ¢. x ∈ V . �à®¬¥ â®-£®, ¨§ ­¥à ¢¥­áâ¢ (4) á«¥¤ã¥â, çâ® 0 6 H(x, ζ) 6 ρ(x)|ζ|k ¤«ï ¯. ¢.
x ∈ V ¨ ¢á¥å ζ ∈ Rm×n, £¤¥ ρ(x) = CF + CGK(x). �«ï t > 0 ¯®«®�¨¬
Et = {x ∈ E : ρ(x) < t}. Ǒ® â¥®à¥¬¥ 3.1 ¨§ [11℄ ¯®«ãç ¥¬

∫

Et

H(x, v′(x)) dx 6 lim inf
j→∞

∫

Et

H(x, v′j(x)) dx.Ǒ® ãá«®¢¨î ¯à¥¤¥« ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  à ¢¥­ ­ã«î.Ǒ®íâ®¬ã H(x, v′(x)) = 0 ¯®çâ¨ ¢áî¤ã ¢ Et. �âáî¤ , ãç¨âë¢ ï, çâ®
E = ⋃

t>0Et ¨ Et ⊂ Es ¯à¨ t < s, ¯®«ãç ¥¬ H(x, v′(x)) = 0 ¤«ï ¯. ¢.
x ∈ E. 4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1Ǒãáâì äã­ªæ¨ï H(x, ζ) ®¯à¥¤¥«¥­  ä®à¬ã«®© (7) á K(x) = M(x).�®£¤  ¨¬¥¥¬ H(x, v′j(x)) = 0 ¤«ï ¯. ¢. x ∈ V . �§ â¥®à¥¬ë 2 á«¥¤ã¥â, çâ®
H(x, v′(x)) = 0 ¨, á«¥¤®¢ â¥«ì­®, F (v′(x)) 6 M(x)G(v′(x)) ¯®çâ¨ ¢î¤ã¢ V . Ǒ®íâ®¬ã v ∈ F ¨, ªà®¬¥ â®£®, K(x, v) 6 M(x) ¤«ï ¯. ¢. x ∈ V .�áâ «®áì ¤®ª § âì á®®â­®è¥­¨¥ (6). �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®�-­® áç¨â âì, çâ® ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì vjν ¢ë¯®«­ï¥â à®«ì ¨áå®¤­®©¯®á«¥¤®¢ â¥«ì­®áâ¨ vj . Ǒ®«®�¨¬ L(x) = lim sup

j→∞
K(x, vj). �¥®¡å®¤¨¬®¯®ª § âì, çâ®

K(x, v) 6 L(x) (8)¤«ï ¯. ¢. x ∈ V . �á«¨ G(v′(x)) = 0, â® K(x, v) = 1 6 L(x) ¨, áâ «® ¡ëâì,­¥à ¢¥­áâ¢® (8) ¢ë¯®«­¥­®. Ǒ®íâ®¬ã ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® ­¥à -¢¥­áâ¢® (8) â ª�¥ á¯à ¢¥¤«¨¢® ¤«ï ¯®çâ¨ ¢á¥å â®ç¥ª x ¨§ ¨§¬¥à¨¬®£®



46 �£®à®¢ �. �.¬­®�¥áâ¢  U = {x ∈ V : G(v′(x)) > 0}. Ǒà¥¤¯®«®�¨¬, çâ® |U | > 0.� áá¬®âà¨¬ ¬­®�¥áâ¢®
N = {x ∈ U : L(x) < K(x, v)}.�¥®¡å®¤¨¬® ¯®ª § âì, çâ® |N | = 0. � ¬¥â¨¬, çâ® N = ∞⋃

l,µ=1Nlµ, £¤¥
Nlµ = ∞⋂

j=µ

{x ∈ U : K(x, vj) 6 K(x, v)− 1/l}.�ã¤¥¬ ¤®ª §ë¢ âì, çâ® |Nlµ| = 0 ¤«ï l, µ ∈ N. �¥©áâ¢¨â¥«ì­®, ¯ãáâì
E = Nlµ, â®£¤  K(x, vj) 6 K(x, v) − 1/l ¤«ï ¢á¥å x ∈ E ¨ j > µ.Ǒ®íâ®¬ã F (v′j(x)) 6 (K(x, v) − 1/l)G(v′j(x)) ¯à¨ j > µ ¤«ï ¯. ¢. x ∈ E.�á¯®«ì§ãï â¥®à¥¬ã 2, ¯®«ãç ¥¬, çâ® F (v′(x)) 6 (K(x, v)− 1/l)G(v′(x))¤«ï ¯. ¢. x ∈ E. � ª ª ª G(v′(x)) > 0 ¤«ï x ∈ E = Nlµ ⊂ U , â®
K(x, v) 6 K(x, v)−1/l ¤«ï ¯. ¢. x ∈ E. �«¥¤®¢ â¥«ì­®, |E| = |Nlµ| = 0.�¥¬ á ¬ë¬ |N | = 0. �â® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.����������1. �¥è¥â­ïª �. �. Ǒà®áâà ­áâ¢¥­­ë¥ ®â®¡à �¥­¨ï á ®£à ­¨ç¥­­ë¬ ¨áª �¥­¨¥¬.�®¢®á¨¡¨àáª: � ãª , 1983.2. �¥è¥â­ïª �. �. �¥®à¥¬ë ãáâ®©ç¨¢®áâ¨ ¢ £¥®¬¥âà¨¨ ¨  ­ «¨§¥. 2-¥ ¨§¤., ¯¥à¥à ¡.�®¢®á¨¡¨àáª: �§¤-¢® �­-â  ¬ â¥¬ â¨ª¨, 1996.3. �®¯ë«®¢ �. Ǒ. �áâ®©ç¨¢®áâì ¢ C-­®à¬¥ ª« áá®¢ ®â®¡à �¥­¨©. �®¢®á¨¡¨àáª:� ãª , 1990.4. Iwanie
 T., Martin G. Geometri
 fun
tion theory and non-linear analysis. Oxford:Oxford Univ. Press, 2001. (Oxford Math. Monogr.).5. �¥è¥â­ïª �. �. �â®¡à �¥­¨ï á ®£à ­¨ç¥­­ë¬ ¨áª �¥­¨¥¬ ª ª íªáâà¥¬ «¨ ¨­-â¥£à «®¢ â¨¯  �¨à¨å«¥ // �¨¡. ¬ â. �ãà­. 1968. �. 9, ü 3. �. 652{666.6. �£®à®¢ �. �. �áâ®©ç¨¢®áâì ª« áá®¢ à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­ëå á®®â­®è¥­¨©,¯®áâà®¥­­ëå á ¯®¬®éìî ¢ë¯ãª«ëå ¨ ª¢ §¨ ää¨­­ëå äã­ªæ¨© // �à. ¯® £¥®-¬¥âà¨¨ ¨  ­ «¨§ã. �®¢®á¨¡¨àáª: �§¤-¢® �­-â  ¬ â¥¬ â¨ª¨, 2003. �. 275{288.7. Egorov A. A. Stability of 
lasses of solutions to partial di�erential relations 
onstru
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tions and null Lagrangians // EQUADIFF 2003. Ha
kensa
k,NJ, World S
i. Publ., 2005. P. 1065{1067.8. �£®à®¢ �. �. �¢ §¨¢ë¯ãª«ë¥ äã­ªæ¨¨ ¨ ­ã«ì-« £à ­�¨ ­ë ¢ ¯à®¡«¥¬ å ãáâ®©-ç¨¢®áâ¨ ª« áá®¢ ®â®¡à �¥­¨© // �¨¡. ¬ â. �ãà­. 2008. �. 49, ü 4. �. 796{812.9. �®¤®¯ìï­®¢ �. �., �®«ì¤èâ¥©­ �. �. �¢ §¨ª®­ä®à¬­ë¥ ®â®¡à �¥­¨ï ¨ ¯à®-áâà ­áâ¢  äã­ªæ¨© á ¯¥à¢ë¬¨ ®¡®¡é¥­­ë¬¨ ¯à®¨§¢®¤­ë¬¨ // �¨¡. ¬ â. �ãà­.1976. �. 17, ü 3. �. 515{531.
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��� 517.956� ������������� ������������Ǒ����� ������� ��������� ��������� ���������� ��Ǒ�������� Ǒ������∗)�. �. �£®à®¢� à ¡®â å [1{3℄ ¨áá«¥¤®¢ ­ë ®¡®¡é¥­­ ï ¨ äà¥¤£®«ì¬®¢  à §à¥-è¨¬®áâì ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  ¢â®à®£® ¯®-àï¤ª . �§¢¥áâ­®, çâ® ¯¥à¢ë¥ ¢ �­ë¥ à¥§ã«ìâ âë ¯® á¯¥ªâà «ì­®© â¥®-à¨¨ ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  ¢â®à®£® ¯®àï¤ª  ¯®«ãç¥­ë ¢ à ¡®â å�. �. � «ì¬¥­®¢ , �. �. �®¨á¥¥¢ , �. �. Ǒ®­®¬ à¥¢  ¨ ¤àã£¨å ¬ â¥-¬ â¨ª®¢ [4{6℄.� ¤ ­­®© à ¡®â¥ ®¡®¡é îâáï à¥§ã«ìâ âë à ¡®âë [7℄ ­  á«ãç © ¯¥à-¢®© ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  ç¥â­®£® ¯®àï¤ª ,ª®â®à ï ¢¯¥à¢ë¥ ¯®áâ ¢«¥­  ¨ ¨áá«¥¤®¢ ­  �. �. �¥à¥å®¢ë¬ [8℄ ¤«ïãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  ¢â®à®£® ¯®àï¤ª .Ǒãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥©
S, ST = S × (0, T ), Q = 
× (0, T ), 
t = 
× {t} ¤«ï 0 6 t 6 T .� æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ Q à áá¬®âà¨¬ ãà ¢­¥­¨¥ á¬¥è ­­®£®â¨¯  ç¥â­®£® ¯®àï¤ª 

Lu = 2s∑
i=1 ki(x, t)Di

tu+Mu = f(x, t), (1)£¤¥
Mu = (−1)m ∑

|α|,|β|=m

Dα(aαβ(x)Dβu) + a0(x)u,
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� §  2012{2014 ££. (¯à®¥ªâ ü4402).
© 2013 �£®à®¢ �. �.
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Dtu = ∂u

∂t
, Dαu = ∂αu

∂xα11 . . . ∂xαn
n
, |α| = n∑

i=1 αi,

s > 2 ¨ m > 1 | æ¥«ë¥ ç¨á« .�«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì, çâ® ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1)¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë ¢ Q ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï
aαβ = aβα,

∑

|α|,|β|=m

aαβξ
αξβ > ν|ξ|2m, ξ ∈ Rn, ν > 0.Ǒ®«®�¨¬

P±0 = {(x, 0) : (−1)s−1k2s(x, 0) ≷ 0, x ∈ 
},
P±

T = {(x, T ) : (−1)s−1k2s(x, T ) ≷ 0, x ∈ 
}.�¥à¥§ n = (n1, . . . , nn) ®¡®§­ ç¨¬ ¢¥ªâ®à ¢­ãâà¥­­¥© ­®à¬ «¨ ª S.Ǒ¥à¢ ï ªà ¥¢ ï § ¤ ç . � ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ®¡« -áâ¨ Q â ª®¥, çâ®
∂iu

∂ni

∣∣∣∣
ST

= 0, i = 0,m− 1, (2)
Di

tu|t=0 = 0, i = 0, s− 1, Ds
tu|P+0 = 0,

Dj
tu |t=T= 0, j = 0, s− 2, Ds−1

t u|
P

−

T
= 0. (3)�  ­¨§®âà®¯­®¬ ¯à®áâà ­áâ¢¥ �®¡®«¥¢  Wm,s2 (Q) ¢¢¥¤¥¬ áª «ïà-­®¥ ¯à®¨§¢¥¤¥­¨¥(u, v)m,s = ∫

Q

[ ∑

|α|6m

DαuDαv +Ds
tuD

s
tv
]
dQ, u, v ∈ Wm,s2 (Q),¯à¨ç¥¬ ‖u‖2m,s = (u, u)m,s ¨ (u, v)0,0 = (u, v), ‖u‖2 = (u, u) ¤«ï äã­ªæ¨©

u, v ¨§ L2(Q).Ǒãáâì CL | ª« áá äã­ªæ¨© ¨§ W 2m,2s2 (Q), ã¤®¢«¥â¢®àïîé¨å ªà -¥¢ë¬ ãá«®¢¨ï¬ (2), (3), W̃m,s2 (Q) | § ¬ëª ­¨¥ CL ¯® ­®à¬¥ ‖ · ‖m,s.Ǒãáâì CL∗ | ª« áá äã­ªæ¨© v(x, t) ¨§ W 2m,2s2 (Q), ã¤®¢«¥â¢®àïî-é¨å ªà ¥¢ë¬ ãá«®¢¨ï¬ (2) ¨
Di

tv
∣∣
t=0,t=T

= 0, j = 0, s− 2,
Ds−1

t v
∣∣
P

−0 = 0, Ds−1
t v

∣∣
t=T

= 0, Ds
tv
∣∣
P
+
T
= 0. (3∗)



50 �£®à®¢ �. �.�¢¥¤¥¬ ¯à®áâà ­áâ¢® Ŵm,s2 (Q) ª ª § ¬ëª ­¨¥ CL∗ ¯® ­®à¬¥
‖ · ‖m,s. �¡®§­ ç¨¬ ç¥à¥§ W̃−m,−s2 (Q) (Ŵ−m,−s2 (Q)) ¯à®áâà ­áâ¢® «¨-­¥©­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨®­ «®¢ ­ ¤ £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬
W̃m,s2 (Q) (Ŵm,s2 (Q)), ¯à¨ç¥¬ L2(Q) ®â®�¤¥áâ¢«ï¥âáï á ¥£® á®¯àï�¥­-­ë¬ ¯à®áâà ­áâ¢®¬.�¯à¥¤¥«¥­¨¥ 1. �ã­ªæ¨ï u(x, t) ∈ W̃m,s2 (Q) ­ §ë¢ ¥âáï ®¡®¡é¥­-­ë¬ à¥è¥­¨¥¬ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ (1){(3), ¥á«¨ ¢ë¯®«­¥­® ¨­â¥-£à «ì­®¥ â®�¤¥áâ¢®
a(u, v) ≡ ∫

Q

{(−1)sk2sDs
tuD

s
tv + (−1)s−1[k2s−1 − sk2st℄Ds

tuD
s−1
t v+ s∑

i=1 s−2∑
j=0 bijDi

tuD
j
tv + ∑

|α||β|=m

aαβD
βuDαv + a0uv} dQ = 〈f, v〉 (4)¤«ï «î¡®© äã­ªæ¨¨ v ∈ Ŵm,s2 (Q), £¤¥ 〈·, ·〉 | ¤¢®©áâ¢¥­­®¥ á®®â­®è¥-­¨¥ ¬¥�¤ã Ŵ−m,−s2 (Q) ¨ Ŵm,s2 (Q), f ∈ Ŵ−m,−s2 (Q).� á¨«ã â¥®à¥¬ë �¨áá  ¨¬¥¥¬

a(u, v) = 〈Au, v〉, u ∈ W̃m,s2 (Q), v ∈ Ŵm,s2 (Q),£¤¥ A | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ®¯¥à â®à ¨§ W̃m,s2 (Q) ¢ Ŵ−m,−s2 (Q).Ǒà¨ íâ®¬ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
〈Au, v〉 = 〈u,A∗v〉, u ∈ W̃m,s2 (Q), v ∈ Ŵm,s2 (Q), (5)  â®�¤¥áâ¢® (4) íª¢¨¢ «¥­â­® ®¯¥à â®à­®¬ã ãà ¢­¥­¨î Au = f . Ǒãáâì

G(t, τ) | äã­ªæ¨ï �à¨­  ®¯¥à â®à  ly = (−1)s−1y2s−1 + y á ªà ¥¢ë¬¨ãá«®¢¨ï¬¨
y(i)|t=0t=T = 0, i = 0, s− 2; y(s−1)(0) = 0.�¡®§­ ç¨¬ ç¥à¥§ Ĥm,s(Q) ¯®¯®«­¥­¨¥ Ŵm,s2 (Q) ¯® ­®à¬¥

‖v‖2̂
Hm,s(Q)=∫

Q


v2+ ∑

|α|=m




T∫0 G(t, τ)Dαv dτ




2+ T∫0 G(t, τ)v dτ2
 dQ.�¥¬¬  1. Ǒãáâì ª®íää¨æ¨¥­â a0(x) > 0 ¤®áâ â®ç­® ¡®«ìè®©, ¢ë-¯®«­¥­® ãá«®¢¨¥(−1)s−1[2k2s−1 − k2st℄ > δ > 0, (x, t) ∈ Q,



� äà¥¤£®«ì¬®¢®© à §à¥è¨¬®áâ¨ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ 51¨ ¨¬¥¥â ¬¥áâ®(−1)s−1k2s(x, 0) 6 0, (−1)s−1k2s(x, T ) > 0.�®£¤  áãé¥áâ¢ã¥â ª®­áâ ­â  C1 > 0 â ª ï, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
C1‖v‖Ĥm,s(Q) 6 ‖A∗v‖

W̃−m,−s2 (Q)¤«ï ¢á¥å äã­ªæ¨© v ∈ Ŵm,s2 (Q).�®ª § â¥«ìáâ¢®. �«ï «î¡®© äã­ªæ¨¨ v ∈ Ŵm,s2 (Q) ¯®«®�¨¬
u(x, t) = T∫0 G(t, τ)v(x, τ) dτ.�®£¤  ­¥âàã¤­® ¢¨¤¥âì, çâ® äã­ªæ¨ï u(x, t) ¯à¨­ ¤«¥�¨â W̃m,s2 (Q),

lu = v ¨ ¨¬¥¥â ¬¥áâ®
DαDk

t u ∈ L2(Q), |α| 6 m, k = 0, 2s− 1; D3s−1
t u ∈ L2(Q).�­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç ¥¬ à ¢¥­áâ¢®

〈u,A∗v〉 = ∫
Q

[12(−1)s−1(2k2s−1 − k2st)(D2s−1
t u

)2+ ∑

|α|,|β|=m

aαβD
αuDβu+ a0u2 +D2s−1

t u

2s−2∑

k=0 αk(x, t)Dk
t u+ u

2s−2∑

k=1 βk(x, t)Dk
t u

]
dQ+ 12 ∫
T

[ ∑

|α|,|β|=m

aαβD
αDs−1

t uDβDs−1
t u+ a0(Ds−1

t u
)2]

dx, (6)£¤¥ αk, βk | £« ¤ª¨¥ äã­ªæ¨¨ ¢ Q. � ¤àã£®© áâ®à®­ë, ­  ®á­®¢ ­¨¨â¥®à¥¬ ¢«®�¥­¨ï ¨¬¥¥¬
∥∥Dj

tu
∥∥2 6 ε‖u‖2m,2s−1 + Cε‖u‖2, ε > 0, j = 0, 2s− 2.�®£¤  ¢ á¨«ã ­¥à ¢¥­áâ¢ �®à¤¨­£  ¨ �®è¨ á ¬ «ë¬ ¯ à ¬¥âà®¬ ¨§ (6)á«¥¤ã¥â ®æ¥­ª 

〈u,A∗v〉 > C2‖u‖2m,2s−1, C2 > 0,



52 �£®à®¢ �. �.®âªã¤  á ãç¥â®¬ ®ç¥¢¨¤­ëå ­¥à ¢¥­áâ¢
‖u‖m,s 6 C‖u‖m,2s−1, ‖v‖

Ĥm,s
6 C‖u‖m,2s−1, C > 0,¯®«ãç ¥¬ ãâ¢¥à�¤¥­¨¥ «¥¬¬ë 1.�§ «¥¬¬ë 1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 1 ¨ f ¯à¨­ ¤«¥�¨â

Ŵ−m,−s2 (Q). �®£¤  ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ Au = f ¯«®â­® à §à¥è¨¬®(R(A) = Ŵ−m,−s2 (Q)).Ǒãáâì G∗(t, τ) | äã­ªæ¨ï �à¨­  ®¯¥à â®à  l∗y ≡ (−1)sy(2s−1) + yá ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨
y(i)|t=0t=T = 0, i = 0, s− 2, y(s−1)(T ) = 0.�¡®§­ ç¨¬ ç¥à¥§ H̃m,s(Q) ¯®¯®«­¥­¨¥ W̃m,s2 (Q) ¯® ­®à¬¥

‖u‖
H̃m,s

= ∫
Q


u2 + ∑

|α|=m




T∫0 G∗(t, τ)Dαu dτ




2
+ T∫0 G∗(t, τ)u dτ2

 dQ.�¥¬¬  2. Ǒãáâì ª®íää¨æ¨¥­â a0(x) > 0 ¤®áâ â®ç­® ¡®«ìè®©, ¢ë-¯®«­¥­® ãá«®¢¨¥(−1)s−1[2k2s−1 + (1− 4s)k2st℄ > δ > 0, (x, t) ∈ Q,¨ ¨¬¥¥â ¬¥áâ®(−1)s−1k2s(x, 0) > 0, (−1)s−1k2s(x, T ) 6 0.�®£¤  áãé¥áâ¢ã¥â ª®­áâ ­â  C3 > 0 â ª ï, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
C3‖u‖H̃m,s

6 ‖Au‖
Ŵ−m,−s2 (Q)¤«ï ¢á¥å äã­ªæ¨© u ∈ W̃m,s2 (Q).�®ª § â¥«ìáâ¢®. �«ï «î¡®© äã­ªæ¨¨ u(x, t) ¨§ W̃m,s2 (Q) ¯®«®-�¨¬

v(x, t) = T∫0 G∗(t, τ)u(x, τ) dτ,



� äà¥¤£®«ì¬®¢®© à §à¥è¨¬®áâ¨ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ 53¯à¨ íâ®¬ v ∈ Ŵm,s2 (Q), l∗v = u ¨ ¨¬¥¥â ¬¥áâ®
DαDk

t v ∈ L2(Q), |α| 6 m, k = 0, 2s− 1; D3s−1
t v ∈ L2(Q).�­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 1 ¯®«ãç ¥¬ à ¢¥­áâ¢®

〈Au, v〉 = ∫
Q

{12(−1)s−1[2k2s−1 + (1− 4s)k2st℄(D2s−1
t v

)2+ ∑

|α|,|β|=m

aαβD
αvDβv + a0v2 +D2s−1

t v

2s−2∑

k=0 α∗
k(x, t)Dk

t v+ v

2s−2∑

k=1 β∗
k(x, t)Dk

t v

}
dQ+ 12 ∫
0 [ ∑

|α|,|β|=m

aαβD
αDs−1

t vDβDs−1
t v+ a0(Ds−1

t v
)2]

dx. (7)�§ à ¢¥­áâ¢  (7), ¢ë¡¨à ï a0(x) > 0 ¤®áâ â®ç­® ¡®«ìè¨¬, ¨¬¥¥¬
〈Au, v〉 > C4‖v‖2m,2s−1, C4 > 0.�âáî¤  ­¥âàã¤­® ¯®«ãç¨âì á¯à ¢¥¤«¨¢®áâì ®æ¥­ª¨ «¥¬¬ë 2.�§ «¥¬¬ë 2 ­¥¯®áà¥¤áâ¢¥­­® ¯®«ãç ¥¬�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 2. �®£¤  ªà ¥¢ ï§ ¤ ç  (1){(3) ¬®�¥â ¨¬¥âì ­¥ ¡®«¥¥ ®¤­®£® ®¡®¡é¥­­®£® à¥è¥­¨ï ¨§¯à®áâà ­áâ¢  W̃m,s2 (Q).� «¥¥ à áá¬®âà¨¬ A ª ª ®¯¥à â®à ¨§ H̃m,s(Q) ¢ Ŵ−m,−s2 (Q) á ®¡-« áâìî ®¯à¥¤¥«¥­¨ï D(A) = W̃m,s2 (Q). Ǒà¨ íâ®¬ D(A∗) ⊆ Ŵm,s2 (Q),  à ¢¥­áâ¢® (5) ¨  ¯à¨®à­ ï ®æ¥­ª  «¥¬¬ë 1 á¯à ¢¥¤«¨¢ë ¤«ï äã­ªæ¨©

v ¨§ D(A∗).�¥®à¥¬  3. Ǒãáâì a0(x) > 0 ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï(−1)s−1[2k2s−1 − k2st℄ > δ > 0, (x, t) ∈ Q;
ki(x, t) ≡ 0, i = 1, 2s− 2;(−1)s−1k2s(x, 0) 6 0, (−1)s−1k2s(x, T ) > 0.



54 �£®à®¢ �. �.�®£¤  ¤«ï ¯¥à¢®£® ¯®«®�¨â¥«ì­®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ®¯¥à -â®à  A∗ ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
µ1 >

δ2c0T , c0 > 0.�®ª § â¥«ìáâ¢®. Ǒãáâì ¤«ï ­¥ª®â®à®© äã­ªæ¨¨ v ∈ D(A∗)á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®0 = 〈u,A∗v − µv〉, u ∈ W̃m,s2 (Q), µ > 0.� ¤ ­­®¬ à ¢¥­áâ¢¥ ¯®«®�¨¬
u = T∫0 G0(t, τ)v dτ,£¤¥ G0(t, τ) | äã­ªæ¨ï �à¨­  ®¯¥à â®à  l0y = (−1)s−1y2s−1 á ªà ¥¢ë-¬¨ ãá«®¢¨ï¬¨

y(i)|t=0t=T = 0, i = 0, s− 2; y(s−1)(0) = 0.�­â¥£à¨àãï ¯® ç áâï¬, á ãç¥â®¬ ãá«®¢¨© â¥®à¥¬ë ¨¬¥¥¬0 = ∫
Q

[ (−1)s−12 (2k2s−1 − k2st)v2 − µuv

]
dQ+ 12 ∫
T

[ ∑

|α|,|β|=m

aαβD
αDs−1

t uDβDs−1
t u+ a0(Ds−1

t u
)2]

dx. (8)�¯à ¢¥¤«¨¢  ®æ¥­ª 
|(u, v)| 6 C0T ‖v‖2, C0 = max |G0(t, τ)|.�¥¯¥àì ¨§ à ¢¥­áâ¢  (8) ¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë 3 ¯®«ãç¨¬ ­¥à -¢¥­áâ¢® 0 >

(
δ2 − c0Tµ)‖v‖2.�âáî¤  á«¥¤ã¥â, çâ® ãà ¢­¥­¨¥ A∗v − µv = 0 ¨¬¥¥â âà¨¢¨ «ì­®¥à¥è¥­¨¥ ¯à¨ µ < δ2c0T . Ǒ®íâ®¬ã ¤«ï µ1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® µ1 >

δ2c0T.�¥®à¥¬  4. �£à ­¨ç¥­­®¥ ¢ H̃m,s(Q) ¬­®�¥áâ¢® ª®¬¯ ªâ­®¢ Ŵ−m,−s2 (Q).



� äà¥¤£®«ì¬®¢®© à §à¥è¨¬®áâ¨ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ 55�®ª § â¥«ìáâ¢®. �§ ®£à ­¨ç¥­­®áâ¨ ¬­®�¥áâ¢  M ¢ H̃m,s(Q)á«¥¤ã¥â, çâ® ¬­®�¥áâ¢®
M ′ = T∫0 G∗(t, τ)u dτ, u ∈M



®£à ­¨ç¥­® ¢ ¯à®áâà ­áâ¢¥Wm,2s−12 (Q). Ǒãáâì um | ¯à®¨§¢®«ì­ ï ¯®-á«¥¤®¢ â¥«ì­®áâì ¨§ M . Ǒ®«®�¨¬

vm = T∫0 G∗(t, τ)um dτ.�®£¤  ¢ á¨«ã ¨§¢¥áâ­ëå â¥®à¥¬ ¢«®�¥­¨ï ¨§ {vm} ¬®�­® ¨§¢«¥çìäã­¤ ¬¥­â «ì­ãî ¢ W 0,s−12 (Q) ¯®á«¥¤®¢ â¥«ì­®áâì {v′m}, ¤«ï ª®â®à®©{
Ds−1

t v′m(x, 0)} â ª�¥ äã­¤ ¬¥­â «ì­  ¢ L2(
). �¥¯¥àì ãâ¢¥à�¤¥­¨¥â¥®à¥¬ë á«¥¤ã¥â ¨§ ®æ¥­ª¨
‖u′m − u′k‖Ŵ−m,−s2 (Q) 6 C5[∥∥Ds−1

t v′m −Ds−1
t v′k

∥∥+ ‖v′m − v′k‖+ ∥∥Ds−1
t v′m(x, 0)−Ds−1

t v′k(x, 0)∥∥L2(
)], C5 > 0.�¥®à¥¬  4 ¤®ª § ­ .�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ¢«®�¥­¨¥ Ĥm,s(Q) ¢ W̃−m,−s2 (Q)¢¯®«­¥ ­¥¯à¥àë¢­®.�¥¬¬  3. �¯¥à â®à A ¤®¯ãáª ¥â § ¬ëª ­¨¥ A.�®ª § â¥«ìáâ¢®. Ǒãáâì uk ¯à¨­ ¤«¥�¨â W̃m,s2 (Q) ¨ uk → 0 ¢­®à¬¥ H̃m,s(Q), Auk → w ¢ ¯à®áâà ­áâ¢¥ Ŵ−m,−s2 (Q) ¯à¨ k → ∞.� ¬¥â¨¬, çâ® uk → 0 ¢ ¯à®áâà ­áâ¢¥ L2(Q).�«ï «î¡®© äã­ªæ¨¨ v ∈ CL∗ ¨¬¥¥¬
〈Auk, v〉 = a(uk, v) = (uk, L

∗v) → 0¯à¨ k → ∞. �«¥¤®¢ â¥«ì­®, 〈w, v〉 = 0, v ∈ CL∗ . �§ ¯«®â­®áâ¨ CL∗ ¢
Ŵm,s2 (Q) ¯®«ãç ¥¬, çâ® w = 0, â. ¥. ®¯¥à â®à A ¤®¯ãáª ¥â § ¬ëª ­¨¥.Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ 1 ¨ 2. �®£¤  ¨§ à ¢¥­áâ¢  R(A) =
Ŵ−m,−s2 (Q) á«¥¤ã¥â, çâ® ãà ¢­¥­¨¥ Au = f ¢¥§¤¥ à §à¥è¨¬® ¨ (A)−1 |®£à ­¨ç¥­­ë© ®¯¥à â®à ¨§ Ŵ−m,−s2 (Q) ¢ H̃m,s(Q)



56 �£®à®¢ �. �.� áá¬®âà¨¬ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥
Au− λu = f, f ∈ Ŵ−m,−s2 (Q). (9)�¥®à¥¬  5. Ǒãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï(−1)s−1[2k2s−1 − k2st℄ > δ > 0, (−1)s−1[2k2s−1 + (1− 4s)k2st℄ > δ > 0¨ ¨¬¥¥â ¬¥áâ®

k2s(x, 0) = 0, k2s(x, T ) = 0, x ∈ 
.�®£¤  ãà ¢­¥­¨¥ (9) äà¥¤£®«ì¬®¢® ¢ ¯à®áâà ­áâ¢¥ H̃m,s(Q).�®ª § â¥«ìáâ¢®. �­ ç «  ­ ©¤¥âáï ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«®
λ0 > 0 â ª®¥, çâ® ¤«ï L+λ0 ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï «¥¬¬ 1 ¨ 2. Ǒà¨íâ®¬ ®¯¥à â®à (A+λ0)−1 ®£à ­¨ç¥­. �¥¯¥àì äà¥¤£®«ì¬®¢®áâì ãà ¢­¥-­¨ï (9) á«¥¤ã¥â ¨§ â®£®, çâ® ®­® íª¢¨¢ «¥­â­® ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

u = (λ+ λ0)(A+ λ0)−1u+ (A+ λ0)−1f¢ ¯à®áâà ­áâ¢¥ H̃m,s(Q) á ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ®¯¥à â®à®¬.����������1. �¨å ©«®¢ �. Ǒ. �¡ ®¡®¡é¥­­®© § ¤ ç¥ �à¨ª®¬¨ // �à. ����. 1968. �. 103.�. 142{161.2. � à â®¯à ª«¨¥¢ �. �. � ­¥ª®â®àëå ªà ¥¢ëå § ¤ ç å ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£®â¨¯  ¢ ¬­®£®¬¥à­ëå ®¡« áâïå // �®ª«. �®«£.  ª ¤. ­ ãª. 1970. �. 23, ü 10.�. 1183{1186.3. �¨¤¥­ª® �. Ǒ. �¡ ®¡®¡é¥­­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ �à¨ª®¬¨ // �ªà. ¬ â.�ãà­. 1973. �. 25, ü 1. �. 14{19.4. �®¨á¥¥¢ �. �. �à ¢­¥­¨ï á¬¥è ­­®£® â¨¯  á® á¯¥ªâà «ì­ë¬ ¯ à ¬¥âà®¬. �.:�§¤-¢® �®áª. ã­-â , 1988.5. �ã§ì¬¨­ �. �. �¥ª« áá¨ç¥áª¨¥ ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  ¨ ¨å ¯à¨«®�¥­¨ï ª£ §®¤¨­ ¬¨ª¥. �.: �§¤-¢® �¥­¨­£à. ã­-â , 1990.6. � « å¨â¤¨­®¢ �. �., �à¨­®¢ �. �. � á¯¥ªâà «ì­®© â¥®à¨¨ ãà ¢­¥­¨© á¬¥è ­-­®£® â¨¯ . � èª¥­â: Mumtoz SO'Z, 2010.7. �£®à®¢ �. �. � äà¥¤£®«ì¬®¢®© à §à¥è¨¬®áâ¨ ®¤­®© ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢-­¥­¨ï á¬¥è ­­®£® â¨¯  // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 1. �. 55{64.8. �¥à¥å®¢ �. �. �à ¥¢ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  // Ǒà¨¬¥­¥­¨¥¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ «¨§  ª § ¤ ç ¬ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¨ ¢ëç¨á-«¨â¥«ì­®© ¬ â¥¬ â¨ª¨. �®¢®á¨¡¨àáª, 1979. �. 128{136.£. �ªãâáª 6  ¢£ãáâ  2013 £.



��� 517.954�� ������������� ��������������������������� �������������������� ����� | �����. �. � ¬ëè«ï¥¢ �¢¥¤¥­¨¥� æ¨«¨­¤à¥ [0, l℄×R à áá¬®âà¨¬ «¨­¥ à¨§®¢ ­­®¥ ãà ¢­¥­¨¥ �¥­-­¨ | �îª 
utt − uxx + auxxxx − buxxtt = 0, (0.1)á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �®è¨
u(x, 0) = u0(x), ut(x, 0) = u1(x) (0.2)¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ �¥­ à 

u(0, t) = uxx(0, t) = u(l, t) = uxx(l, t) = 0. (0.3)� â¥¬ â¨ç¥áª ï ¬®¤¥«ì (0.1){(0.3) ®¯¨áë¢ ¥â ¤¢ãáâ®à®­­¥¥ à á-¯à®áâà ­¥­¨¥ ¤«¨­­ëå ¢®«­ ­  ¬¥«ª®© ¢®¤¥ á ãç¥â®¬ ¯®¢¥àå­®áâ­®£®­ âï�¥­¨ï [1℄. Ǒ à ¬¥âàë a ¨ b â ª®¢ë, çâ® a − b = σ − 1/3, £¤¥ σ |ç¨á«® �®­¤ , ãç¨âë¢ îé¥¥ ¯®¢¥àå­®áâ­®¥ ­ âï�¥­¨¥ ¨ £à ¢¨â æ¨®­-­ë¥ á¨«ë. � [2℄ ¨§ãç¥­® à á¯à®áâà ­¥­¨¥ ¤«¨­­ëå ¢®«­ ¬ «®©  ¬¯«¨-âã¤ë. Ǒ®ª § ­®, çâ® ¯à¨ ­ «¨ç¨¨ ¯®¢¥àå­®áâ­®£® ­ âï�¥­¨ï à á¯à®-áâà ­¥­¨¥ â ª¨å ¢®«­ ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬ (0.1), ª®â®à®¥ ¢¯¥à¢ë¥¯®«ãç¥­® ¢ [3℄. � ¤ ç  (0.1){(0.3) ¢ ­¥¢ëà®�¤¥­­®¬ á«ãç ¥ ¨áá«¥¤®¢ -­  ¢ [4{6℄. � ®¡é¥¬ á«ãç ¥ ¤ ­­ãî ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì ã¤ ¥âáïà¥¤ãæ¨à®¢ âì ª § ¤ ç¥ �®è¨
u(0) = u0, . . . , u(n−1)(0) = un−1 (0.4)¤«ï ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯  ¢ëá®ª®£® ¯®àï¤ª  [7℄

Lu(n) =Mu (0.5)
© 2013 � ¬ëè«ï¥¢  �. �.



58 � ¬ëè«ï¥¢  �. �.¨ ¨áá«¥¤®¢ âì á ¯®¬®éìî ¬¥â®¤®¢ â¥®à¨¨ ®â­®á¨â¥«ì­® p-á¥ªâ®à¨ «ì-­ëå ®¯¥à â®à®¢.� ¯. 1 ¬¥â®¤ë ¨ ¨¤¥¨ â¥®à¨¨ ®â­®á¨â¥«ì­® p-á¥ªâ®à¨ «ì­ëå ®¯¥-à â®à®¢ [7℄ à á¯à®áâà ­ïîâáï ­  á«ãç © ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯ ¢ëá®ª®£® ¯®àï¤ª  [8℄, ¢ ¯. 2 ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¤­®§­ ç-­®© à §à¥è¨¬®áâ¨  ¡áâà ªâ­®© § ¤ ç¨ �®è¨. Ǒ. 3 á®¤¥à�¨â ®á­®¢-­ë¥ à¥§ã«ìâ âë ®¡  ­ «¨â¨ç¥áª®¬ ¨áá«¥¤®¢ ­¨¨ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥-«¨ �¥­­¨ | �îª  ª ª ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (0.1){(0.3).1. �â­®á¨â¥«ì­® (n, p)-á¥ªâ®à¨ «ì­ë¥®¯¥à â®àëǑãáâì U ¨ F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , L,M ∈ L (U;F) | ®¯¥à -â®àë. Ǒ®áâà®¨¬ ¬­®�¥áâ¢ 
σL

n (M) = {µn : µ ∈ σL(M)}, ρL
n(M) = C \ σL

n (m).�¯à¥¤¥«¥­¨¥ 1.1. �¯¥à â®à M ­ §®¢¥¬ (n, p)-á¥ªâ®à¨ «ì­ë¬®â­®á¨â¥«ì­® ®¯¥à â®à  L, ¨«¨ (L, n, p)-á¥ªâ®à¨ «ì­ë¬, ¥á«¨ áãé¥-áâ¢ãîâ ª®­áâ ­âë K > 0 ¨ θ ∈ (π/2, π) â ª¨¥, çâ®
SL

θ,n(M) = {µ ∈ C : | arg(µn)| < θ, µ 6= 0} ⊂ ρL
n(M), (1.1)¯à¨ íâ®¬max{∥∥RL(µn,p)(M)∥∥L (V), ∥∥LL(µn,p)(M)∥∥L (G)} 6
K

p∏
k=0 ∣∣µn

k

∣∣
(1.2)¤«ï ¢á¥å µk ∈ SL

θ,n(M), k = 0, p.�¥¬¬  1.1 [7℄. Ǒãáâì ®¯¥à â®à M (L, n, p)-á¥ªâ®à¨ «¥­. �®-£¤  ¤«¨­ë ¢á¥å æ¥¯®ç¥ª M -¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ ®£à ­¨ç¥­ë ç¨á-«®¬ p.�®§ì¬¥¬ α ∈ ρL(M) ¨ à¥¤ãæ¨àã¥¬ ãà ¢­¥­¨¥ (0.5) ª ¯ à¥ íª¢¨¢ -«¥­â­ëå ¥¬ã ãà ¢­¥­¨©
RL

α(M)u(n) = (αL −M)−1Mu, (1.3)
LL

α(M)f (n) =M(αL−M)−1f. (1.4)



�¡  ­ «¨â¨ç¥áª®¬ ¨áá«¥¤®¢ ­¨¨ 59�¯¥à â®àë ¢ ¯à ¢ëå ç áâïå (1.3), (1.4) ¬®�­® ®â®�¤¥áâ¢¨âì á ­¥¯à¥-àë¢­ë¬¨ ®¯¥à â®à ¬¨, ®¯à¥¤¥«¥­­ë¬¨ ­  ¯à®áâà ­áâ¢ å U ¨ F á®®â-¢¥âáâ¢¥­­®. Ǒ®íâ®¬ã ãà ¢­¥­¨ï (1.3), (1.4) ã¤®¡­® à áá¬ âà¨¢ âì ª ªª®­ªà¥â­ë¥ ¨­â¥à¯à¥â æ¨¨ ãà ¢­¥­¨ï
Av(n) = Bv, (1.5)®¯à¥¤¥«¥­­®£® ­  ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ V, £¤¥ A,B ∈ L (V). �¥ª-â®à-äã­ªæ¨î v ∈ Cn(R+;V), ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î (1.5), ¡ã-¤¥¬ ­ §ë¢ âì à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.�¯à¥¤¥«¥­¨¥ 1.2. �¯¥à â®à-äã­ªæ¨î V . ∈ C∞(R+;L (V)) ¡ã-¤¥¬ ­ §ë¢ âì ¯à®¯ £ â®à®¬ ãà ¢­¥­¨ï (1.5), ¥á«¨ ¤«ï «î¡®£® v ∈ V¢¥ªâ®à-äã­ªæ¨ï v(t) = V tv ¡ã¤¥â à¥è¥­¨¥¬ íâ®£® ãà ¢­¥­¨ï.�¥¬¬  1.2. Ǒãáâì ®¯¥à â®à M (L, n, p)-á¥ªâ®à¨ «¥­. �®£¤  ¨­-â¥£à «ë â¨¯  � ­ä®à¤  | �¢ àæ 

U t
m = 12πi ∫

γ

µn−m−1(µnL−M)−1Leµt dµ, (1.6)
F t

m = 12πi ∫
γ

µn−m−1L(µnL−M)−1eµt dµ, (1.7)£¤¥ t ∈ R+, m = 0, 1, . . . , n − 1, γ ⊂ ρL
n(M) | ª®­âãà, ®¡à §®¢ ­­ë©«ãç ¬¨, ¢ëå®¤ïé¨¬¨ ¨§ ­ ç «  ª®®à¤¨­ â ¯®¤ ã£« ¬¨ θ ¨ −θ, ®¯à¥¤¥-«ïîâ ¯à®¯ £ â®àë ®¤­®à®¤­ëå ãà ¢­¥­¨© (1.3) ¨ (1.4) á®®â¢¥âáâ¢¥­­®.�®ª § â¥«ìáâ¢®. �®ª �¥¬ ¤«ï U t

m. �¬¥¥¬
∥∥U t

m

∥∥ 6
12πi ∫

γ

|µ|n−m−1P (|µn|)|eµt| |dµ|� ª ª ª |eµt| = eRe(µt),   | arg(µt)| = | argµ + arg t| > | argµ| − | arg t| =� > π2 ¯à¨ � ∈ (π/2, π), µt «¥�¨â ¢ «¥¢®© ¯®«ã¯«®áª®áâ¨ ¨ Re(µt) < 0,  ¨­â¥£à « U t
m áå®¤¨âáï ¯à¨ t > 0. �¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®©¬®�­® ã¡¥¤¨âìáï, çâ® ¤«ï «î¡®£® u ∈ U ¢¥ªâ®à-äã­ªæ¨¨ u(t) = U t

mu ¨
f(t) = F t

mf ¯à¨ ¢á¥å t ∈ R+ ¡ã¤ãâ à¥è¥­¨ï¬¨ ãà ¢­¥­¨© (1.3) ¨ (1.4)á®®â¢¥âáâ¢¥­­®.
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U0 = n−1⋂

m=0kerU .
m = n−1⋂

m=0{ϕ ∈ U : U t0ϕ = 0 ∃t ∈ R+},
F0 = n−1⋂

m=0 kerF .0 = n−1⋂
m=0{ψ ∈ F : F t0ψ = 0 ∃t ∈ R

}+¨ ç¥à¥§ L0 (M0) ®¡®§­ ç¨¬ áã�¥­¨¥ ®¯¥à â®à  L (M) ­  U0 (U0 ∩domM).�«¥¤áâ¢¨¥ 1.1. � ãá«®¢¨ïå «¥¬¬ë 1.1 L0 ∈ L (U0;F0), M0 ∈C l(U0;F0), ¯à¨ íâ®¬ áãé¥áâ¢ã¥â ®¯¥à â®à M−10 ∈ L (F0;U0).�®ª § â¥«ìáâ¢®. Ǒãáâì u0 ∈ U0. �®£¤  ¢ á¨«ã (1.6), (1.7)
F t0L0u0 = F t0Lu0 = LU t0u0 = 0.Ǒãáâì u0 ∈ domM ∩ U0. �®£¤ 
F t0M0u0 = F t0Mu0 =MU t0u0 = 0,â ª ª ª ®¯¥à â®àë L ¨ M ª®¬¬ãâ¨àãîâ ç¥à¥§ à¥§®«ì¢¥­âã. Ǒ®ª �¥¬,çâ® áãé¥áâ¢ã¥â ®¯¥à â®à (λnL0 −M0)−1. Ǒãáâì u0 ∈ U0. �®£¤ 12πi ∫

γ

(µnL−M)−1
λ− µ

eµt dµ(λnL0 −M0)u0= 12πi ∫
γ

I+ (λn − µn)(µnL−M)−1L
λ− µ

u0 dµ= −eλtu0 + λn−1U t
n−1u0 + λn−2U t

n−2u0 + · · ·+ U t0u0 = −eλtu0.�­ «®£¨ç­® ¤«ï f0 ∈ F0 ¨¬¥¥¬(λnL0 −M0) 12πi ∫
γ

(µnL−M)−1
λ− µ

eµt dµf0 = −eλtf0.�­ ç¨â, ¯à¨ «î¡®¬ λ ∈ C ®¯¥à â®à (λnL0 − M0)−1 à ¢¥­ áã�¥­¨î®¯¥à â®à 
− 12πi ∫

γ

(µnL−M)−1
λ− µ

e(µ−λ)t dµ (1.8)



�¡  ­ «¨â¨ç¥áª®¬ ¨áá«¥¤®¢ ­¨¨ 61­  F0. �¯¥à â®à M−10 à ¢¥­ áã�¥­¨î ®¯¥à â®à  (1.8) ­  F0 ¯à¨ λ = 0.Ǒ®«®�¨¬
U1 = imU .0 = {u ∈ U : lim

t→0+U t0u = u
}
,

F1 = imF .0 = {f ∈ F : lim
t→0+F t0f = f

}¨ ç¥à¥§ L1 ¨ M1 ®¡®§­ ç¨¬ áã�¥­¨ï ®¯¥à â®à®¢ L ¨ M ­  U1 ¨ U1 ∩domM á®®â¢¥âáâ¢¥­­®.�«¥¤áâ¢¨¥ 1.2. � ãá«®¢¨ïå «¥¬¬ë 1.1 L1 ∈ L (U1;F1), M1 ∈C l(U1;F1).�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã á«¥¤áâ¢¨ï 1.1.�ç¥¢¨¤­®, çâ® U0 ⊕ U1 ⊂ U ¨ F0 ⊕ F1 ⊂ F. � ¤ «ì­¥©è¥¬ ­ ¬¯®âà¥¡ãîâáï ¤¢¥ £¨¯®â¥§ë:
U0 ⊕ U1 = U(F0 ⊕ F1 = F), (1.9)áãé¥áâ¢ã¥â ®¯¥à â®à L−11 ∈ L (F1;U1). (1.10)�¨¯®â¥§  (1.9) ¨¬¥¥â ¬¥áâ®, ­ ¯à¨¬¥à, ¢ á«ãç ¥ à¥ä«¥ªá¨¢­®áâ¨ ¯à®-áâà ­áâ¢  U (F) (â¥®à¥¬  �£¨ { �¥¤®à®¢ ). �¨¯®â¥§  (1.10) á¯à ¢¥¤-«¨¢ , ¥á«¨ ¢ë¯®«­¥­® (1.9) ¨ imL1 = F1 (â¥®à¥¬  � ­ å ). � ¬¥â¨¬¥é¥, çâ® ¨§ (1.9) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ¯à®¥ªâ®à®¢ P = s- lim

t→0+U t0 ¨
Q = s- lim

t→0+F t0 ¢ ¯à®áâà ­áâ¢ å U ¨ F á®®â¢¥âáâ¢¥­­®.�«¥¤áâ¢¨¥ 1.3. Ǒãáâì ®¯¥à â®àM (L, n, p)-á¥ªâ®à¨ «¥­ ¨ ¢ë¯®«-­¥­ë ãá«®¢¨ï (1.9), (1.10). �®£¤  ®¯¥à â®à H =M−10 L0 ∈ L (U0) ­¨«ì-¯®â¥­â¥­ áâ¥¯¥­¨ p.�®ª § â¥«ìáâ¢®. �á«¨ ϕ ∈ U0, â® ϕ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¨«¨
M -¯à¨á®¥¤¨­¥­­ë¬ ¢ëá®âë q 6 p ¢¥ªâ®à®¬ ®¯¥à â®à  L. Ǒ®íâ®¬ã
Hq+1ϕ = 0 ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ®â­®á¨â¥«ì­® ¯à¨á®¥¤¨­¥­­®£® ¢¥ªâ®à .�­ ç¨â, Hp+1 = O.2. �¡áâà ªâ­ ï § ¤ ç  �®è¨�¥¯¥àì ¢á¥ £®â®¢® ¤«ï ¤®ª § â¥«ìáâ¢  ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨§ ¤ ç¨ �®è¨ lim

t→0+u(m)(t) = um, m = 0, 1, . . . , n− 1, (2.1)



62 � ¬ëè«ï¥¢  �. �.¤«ï ãà ¢­¥­¨ï (0.5), ª®â®à®¥ ¢ á¨«ã (L, n, p)-á¥ªâ®à¨ «ì­®áâ¨ ®¯¥à â®-à  M ¨ ãá«®¢¨© (1.9), (1.10) à¥¤ãæ¨àã¥âáï ª ¢¨¤ã
H(u0)(n) = u0 +M−10 f0, (2.2)(u1)(n) = Su1 + L−1

in f
1, (2.3)£¤¥ f0 = (I −Q)f , f1 = Qf , u0 = (I − P )u, u1 = Pu.�¥¬¬  2.1. Ǒãáâì ®¯¥à â®àM (L, n, p)-á¥ªâ®à¨ «¥­ ¨ ¢ë¯®«­¥­ëãá«®¢¨ï (1.9), (1.10). �®£¤  ¤«ï «î¡®© ¢¥ªâ®à-äã­ªæ¨¨

f0 ∈ Cn(p+1)([0, T ℄;F0)áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2.2), ª®â®à®¥ ¨¬¥¥â ¢¨¤
u0(t) = −

p∑

q=0HqM−10 f0(nq)(t).�®ª § â¥«ìáâ¢®. Ǒ®¤áâ ­®¢ª®© ¢¥ªâ®à-äã­ªæ¨¨ u0 = u0(t) ¢(2.2) ã¡¥�¤ ¥¬áï ¢ áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨ï. �¤¨­áâ¢¥­­®áâì ¯®«ãç -¥âáï ¯®á«¥¤®¢ â¥«ì­ë¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ®¤­®à®¤­®£® ãà ¢­¥­¨ï0 = Hpu0(np) = . . . = Hu0(n) = u0.� ¬¥ç ­¨¥ 2.1. �§ «¥¬¬ë 2.1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â, çâ® ­ -ç «ì­ë¥ §­ ç¥­¨ï uk á ­¥®¡å®¤¨¬®áâìî ¤®«�­ë ¯à¨­ ¤«¥� âì ¬­®�¥-áâ¢ ¬M k
f = {u ∈ U : (I−P )u = −

p∑

q=0HqM−10 f0(nq+k)(0)}, k = 0, . . . , n− 1,�¥¬¬  2.2. � ãá«®¢¨ïå «¥¬¬ë 2.1 ¤«ï «î¡ëå um ∈ U1, m =0, . . . , n−1, ¨ f1 ∈ C([0, T ℄;F1) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨�®è¨ (2.1) ¤«ï ãà ¢­¥­¨ï (2.3), ª®â®à®¥ ¨¬¥¥â ¢¨¤
u1(t) = n−1∑

m=0U t
mum + t∫0 U t−s

n−1L−11 f1(s) ds.�®ª § â¥«ìáâ¢®. � ª ª ª U t
m | ¯à®¯ £ â®àë ãà ¢­¥­¨ï, ­¥¯®-áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®© ã¡¥�¤ ¥¬áï, çâ® ¢¥ªâ®à-äã­ªæ¨ï u1 = u1(t)



�¡  ­ «¨â¨ç¥áª®¬ ¨áá«¥¤®¢ ­¨¨ 63ï¢«ï¥âáï à¥è¥­¨¥¬ ¤ ­­®© § ¤ ç¨. Ǒãáâì v = v(t), t ∈ [0, T ℄, | ¤àã-£®¥ à¥è¥­¨¥ íâ®© § ¤ ç¨. �®£¤  ¢¥ªâ®à-äã­ªæ¨ï v(t) − u(t) ¤®«�­ ¡ëâì à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ �®è¨ ¤«ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï.�ç¥¢¨¤­®, çâ® v(t)− u(t) ≡ 0.�â ª, ¤®ª § ­ �¥®à¥¬  2.1. Ǒãáâì ®¯¥à â®àM (L, n, p)-á¥ªâ®à¨ «¥­ ¨ ¢ë¯®«­¥-­ë ãá«®¢¨ï (1.9), (1.10). �®£¤  ¤«ï «î¡ëå uk ∈ M k
f , k = 0, . . . , n − 1,¨ ¢¥ªâ®à-äã­ªæ¨¨ f = f(t), t ∈ [0, T ℄, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬«¥¬¬ 2.1 ¨ 2.2, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.5), (2.1),ª®â®à®¥ ¨¬¥¥â ¢¨¤ u(t) = u0(t) + u1(t).3. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì �¥­­¨ | �îª �¥à­¥¬áï ª ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (0.1){(0.3).Ǒ®«®�¨¬ U = {

v ∈ W 22 (0, l) : v(0, t) = v(l, t) = 0}, F = L2(
),®¯¥à â®àë L ¨ M § ¤ ¤¨¬ ä®à¬ã« ¬¨
L = I − b

∂2
∂x2 , M = ∂2

∂x2 − a
∂4
∂x4 ,domM = {

v ∈ W 42 (0, l) : v(0, t) = vxx(0, t) = v(l, t) = vxx(l, t) = 0}.�ç¥¢¨¤­®, çâ® L ∈ L (U;F),   M ∈ C l(U;F).�¥¬¬  3.1. Ǒà¨ «î¡ëå a, b ∈ R ®¯¥à â®àM (L, 2, 0)-á¥ªâ®à¨ «¥­.�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨®¤­®à®¤­®© § ¤ ç¨ �¨à¨å«¥ ¤«ï ®¯¥à â®à  � ¯« á  � = ∂2
∂x2 , ®¯à¥¤¥-«¥­­®£® ¢ ®¡« áâ¨ 
 = [0, l℄. �¡®§­ ç¨¬ ç¥à¥§ ϕk = sin πkx

l á®¡áâ¢¥­­ë¥äã­ªæ¨¨, á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ λk = −
(

πk
l

)2.
L-á¯¥ªâà ®¯¥à â®à  M ¨¬¥¥â ¢¨¤

σL(M) = {µk = λk − aλ2k1− bλk
, k ∈ N \ {l : λl = λ}

}
.Ǒ®áª®«ìªã λk ∼ −k2 ¯à¨ k → ∞, ¢®-¯¥à¢ëå, áãé¥áâ¢ã¥â á¥ªâ®à âà¥¡ã-¥¬®£® à áâ¢®à , á®¤¥à� é¨© σL(M), §­ ç¨â,

SL
θ,2(M) = {µ ∈ C : | arg(µ2)| < θ, µ 6= 0} ⊂ ρL2 (M).



64 � ¬ëè«ï¥¢  �. �.�®-¢â®àëå, ¯à¨ ¤®áâ â®ç­ëå ¡®«ìè¨å |µ|, «¥� é¨å ¢­¥ íâ®£® ¬­®�¥-áâ¢ , ¨¬¥¥¬max{∥∥RL
µ2(M)∥∥L (U), ∥∥LL

µ2(M)∥∥L (F)} 6 
onst |µ|−2, µ ∈ SL
θ,2(M).�«¥¤®¢ â¥«ì­®, ®¯¥à â®à M (L, 2, 0)-á¥ªâ®à¨ «¥­. �¥¬¬  ¤®ª § ­ .�¥¬¬  3.2. Ǒà¨ «î¡ëå a, b ∈ R ¢ë¯®«­¥­ë ãá«®¢¨ï (1.9), (1.10).�®ª § â¥«ìáâ¢®. Ǒ®áª®«ìªã ¯à®áâà ­áâ¢  U ¨ F à¥ä«¥ªá¨¢­ë,¢ á¨«ã «¥¬¬ë 3.1 ¨ â¥®à¥¬ë �£¨ | �¥¤®à®¢  ãá«®¢¨ï (1.9) ¢ë¯®«­ï-îâáï, ¯à¨ íâ®¬(i) U0 = F0 = {0}, U1 = U, F1 = F, ¥á«¨ 1− bλk 6= 0;(ii) U0 = F0 = kerL = span 
ol(ϕj , 0), U1 = {u ∈ U : 〈u, ϕj〉 = 0},

F1 = {f ∈ F : 〈f, ϕj〉 = 0} = imL, ¥á«¨ 1− bλj = 0.�á«®¢¨¥ (1.10) â®�¥ ¢ë¯®«­ï¥âáï, ¯à¨ç¥¬ ®¯¥à â®à L−11 ¬®�­®¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
L−11 =∑

k

′ 〈·, ϕk〉ϕk(1− bλk)�âà¨å ã §­ ª  áã¬¬ë ®§­ ç ¥â ®âáãâáâ¢¨¥ á« £ ¥¬ëå, ¤«ï ª®â®àëå1− bλl = 0. �¥¬¬  ¤®ª § ­ .�¥®à¥¬  3.1. Ǒà¨ «î¡ëå a, b ∈ R, T ∈ R+, uk ∈ U1 áãé¥áâ¢ã¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.3).�®ª § â¥«ìáâ¢®. � ª ª ª ãà ¢­¥­¨¥ (0.1) ®¤­®à®¤­®, ¯à¨ uk ∈
U1 ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2.1.����������1. Quintero J. R., Munoz Grajales J. C. Instability of solitary waves for a generalizedBenney{Luke equation // Nonlinear Anal. Theory, Methods, Appl. 2008. V. 68,N 10. P. 3009{3033.2. Pego R. L., Quintero J. R. Two-dimensional solitary waves for a Benney{Luke equa-tion // Physi
a D. 1999. V. 132, N 4. P. 476{496.3. Benney D. J., Luke J. C. On the intera
tions of permanent waves of �nite amplitude// J. Math. Phys. 1964. V. 43. P. 309{313.4. Gonzalez N. A. The Cau
hy problem for Benney{Luke and generalized Benney{Lukeequations // Di�er. Integral Equations. 2007. V. 20, N 12. P. 1341{1362.5. Quintero J. R. A remark on the Cau
hy problem for the generalized Benney{Lukeequation // Di�er. Integral Equations. 2008. V. 21, N 9{10. P. 859{890.
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∗) � ¡®â  ¯¥à¢®£®  ¢â®à  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ -¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ë ¯à®¥ªâ®¢ 12{01{98510, 12{01{00631 ¨ 12{01{00448).
© 2013 �¢ ­®¢  �. �., �¨ª¨ä®à®¢ �. �.



�âà®¥­¨¥ ®ªà¥áâ­®áâ¥© 5-¢¥àè¨­ 67� 1904 £. �¥à­¨ª¥ [4℄ ¤®ª § «, çâ® ¢ «î¡®¬ ¯«®áª®¬ £à ä¥ á ¬¨-­¨¬ «ì­®© áâ¥¯¥­ìî 5 áãé¥áâ¢ã¥â 5-¢¥àè¨­ , á¬¥�­ ï á 6−-¢¥àè¨­®©.� 1922 £. �à ­ª«¨­ ãá¨«¨« íâ® ãâ¢¥à�¤¥­¨¥, ¤®ª § ¢ ¢ [5℄, çâ® «î¡®©¯«®áª¨© £à ä á ¬¨­¨¬ «ì­®© áâ¥¯¥­ìî 5 á®¤¥à�¨â 5-¢¥àè¨­ã, á¬¥�-­ãî á ¤¢ã¬ï 6−-¢¥àè¨­ ¬¨.�¡®§­ ç¨¬ ç¥à¥§ v1, . . . , vd(v) á®á¥¤¥© ¢¥àè¨­ë v ¢ æ¨ª«¨ç¥áª®¬ ¯®-àï¤ª¥ ¢®ªàã£ v. �ã¤¥¬ £®¢®à¨âì, çâ® 5-¢¥àè¨­  v ¨¬¥¥â â¨¯ (d1, . . . ,
d5), ¥á«¨ d(vi) 6 di. �á«¨ ¯®àï¤®ª á®á¥¤¥© ¢ â¨¯¥ ­¥ ¢ �¥­, â® ­ ¤á®®â¢¥âáâ¢ãîé¨¬¨ áâ¥¯¥­ï¬¨ áâ ¢¨âáï ç¥àâ . �«¥¤ãîé¥¥ ®¯¨á ­¨¥®ªà¥áâ­®áâ¥© 5-¢¥àè¨­ ¢ ¯«®áª¨å âà¨ ­£ã«ïæ¨ïå á ¬¨­¨¬ «ì­®© áâ¥-¯¥­ìî 5, ®¡®§­ ç ¥¬ëå ¤ «¥¥ ç¥à¥§ T5, ¤ ­® �¥¡¥£®¬ [1, á. 36℄ ¢ 1940 £.¨ ¢ª«îç ¥â à¥§ã«ìâ âë �¥à­¨ª¥ ¨ �à ­ª«¨­ .�¥®à¥¬  1. � «î¡®© ¯«®áª®© âà¨ ­£ã«ïæ¨¨ á ¬¨­¨¬ «ì­®© áâ¥-¯¥­ìî 5 áãé¥áâ¢ã¥â 5-¢¥àè¨­  ®¤­®£® ¨§ á«¥¤ãîé¨å â¨¯®¢:(6, 6, 7, 7, 7), (6, 6, 6, 7, 9), (6, 6, 6, 6, 11),(5, 6, 7, 7, 8), (5, 6, 6, 7, 11), (5, 6, 6, 8, 8),(5, 6, 6, 9, 7), (5, 7, 6, 6, 12), (5, 8, 6, 6, 10), (5, 6, 6, 6, 17),(5, 5, 7, 7, 8), (5, 13, 5, 7, 7), (5, 10, 5, 7, 8), (5, 8, 5, 7, 9),(5, 7, 5, 7, 10), (5, 7, 5, 8, 8), (5, 5, 7, 6, 12), (5, 5, 8, 6, 10),(5, 6, 5, 7, 12), (5, 6, 5, 8, 10), (5, 17, 5, 6, 7), (5, 11, 5, 6, 8),(5, 11, 5, 6, 9), (5, 7, 5, 6, 13), (5, 8, 5, 6, 11), (5, 9, 5, 6, 10), (5, 6, 6, 5,∞),(5, 5, 7, 5, 41), (5, 5, 8, 5, 23), (5, 5, 9, 5, 17), (5, 5, 10, 5, 14), (5, 5, 11, 5, 13).�®à¬ «ì­®© ¯«®áª®© ª àâ®© ­ §ë¢ ¥âáï ¯«®áª¨© ¯á¥¢¤®£à ä, ¢ª®â®à®¬ à §à¥è¥­ë ¯¥â«¨ ¨ ªà â­ë¥ à¥¡à , ­® ª �¤ ï ¢¥àè¨­  ¨ ª �-¤ ï £à ­ì ¨¬¥îâ áâ¥¯¥­ì ­¥ ¬¥­¥¥ 3 (áâ¥¯¥­ìî £à ­¨ áç¨â ¥âáï ª®«¨-ç¥áâ¢® ¨­æ¨¤¥­â­ëå ¥© à¥¡¥à); M5 | ­®à¬ «ì­ ï ¯«®áª ï ª àâ  á ¬¨-­¨¬ «ì­®© áâ¥¯¥­ìî 5. �¥á®¬ wT5(H) (wM5(H)) ¯®¤£à ä  H ª àâë
T5 (M5) ­ §®¢¥¬ ¬¨­¨¬ «ì­ãî áã¬¬ã áâ¥¯¥­¥© ¢¥àè¨­ ¯®¤£à ä  H ¢ª àâ¥ T5 (M5). �¥à¥§ wM (H) (wT (H)) ®¡®§­ ç¨¬ ¬ ªá¨¬ã¬ wM5 (H)(wT5(H)) ¯® ¢á¥¬ M5 (¯® ¢á¥¬ T5). �¨ª« ­  k ¢¥àè¨­ å ®¡®§­ ç¨¬ç¥à¥§ Ck,   k-§¢¥§¤ã á æ¥­âà®¬ ¢ 5-¢¥àè¨­¥ | ç¥à¥§ Sk.



68 �¢ ­®¢  �. �., �¨ª¨ä®à®¢ �. �.� 1963 £. �®æ¨£ [6℄ ¢ë¢¥« ¨§ â¥®à¥¬ë �¥¡¥£  [1, 
. 36℄, çâ® wT (C3) 618, ¨ ¯à¥¤¯®«®�¨«, çâ® wT (C3) 6 17. �®­áâàãªæ¨ï, ¯®«ãç îé ïáï ¨§¤®¤¥ª í¤à  ¤®¡ ¢«¥­¨¥¬ ¢ ª �¤ãî £à ­ì 5-¢¥àè¨­ë, á®¥¤¨­¥­­®© á ¨­-æ¨¤¥­â­ë¬¨ íâ®© £à ­¨ ¢¥àè¨­ ¬¨ ¤®¤¥ª í¤à , ¯®ª §ë¢ ¥â â®ç­®áâì®æ¥­ª¨. � 1989 £. �. �. �®à®¤¨­ [7℄, ­¥ ¨á¯®«ì§ãï â¥®à¥¬ã �¥¡¥£ ,¤®ª § « £¨¯®â¥§ã �®æ¨£ .�æ¥­ª¨ �¥à­¨ª¥ wM (S1) 6 11 [4℄ ¨ �à ­ª«¨­  wM (S2) 6 17 [5℄â®ç­ë. � [1℄ ¤®ª § ­®, çâ® wM (S3) 6 24 ¨ wM (S4) 6 31. Ǒ®§¤­¥¥ íâ¨¤¢  à¥§ã«ìâ â  ¡ë«¨ ã«ãçè¥­ë ¤® â®ç­ëå ®æ¥­®ª: wM (S3) 6 23 [8℄ ¨
wM (S4) 6 30 [9℄. � ¬¥â¨¬, çâ® ­¥à ¢¥­áâ¢® wM (S3) 6 23 «¥£ª® ¢«¥ç¥â®æ¥­ªã wM (S2) 6 17 ¨ ­¥¬¥¤«¥­­® á«¥¤ã¥â ¨§ â®£®, çâ® wM (S4) 6 30(¤®áâ â®ç­® ã¤ «¨âì ¢¥àè¨­ã ¬ ªá¨¬ «ì­®© áâ¥¯¥­¨ ¨§ §¢¥§¤ë ¬¨­¨-¬ «ì­®£® ¢¥á ).�§ â¥®à¥¬ë �¥¡¥£  [1, 
. 36℄ â ª�¥ á«¥¤ã¥â, çâ® wT (C4) 6 26 ¨
wT (C5) 6 31. � 1998 £. �. �. �®à®¤¨­ ¨ �ã¤ « [9℄ ¤®ª § «¨, çâ®
wT (C4) = 25 ¨ wT (C5) = 30, ¯à¨ç¥¬ ®¡¥ ®æ¥­ª¨ â®ç­ë.� ¡«¨æ  �¥¡¥£  (á¬. â¥®à¥¬ã 1) ¢ ª ç¥áâ¢¥ á«¥¤áâ¢¨© ¤ ¥â à §-«¨ç­ë¥ ä ªâë ® áâà®¥­¨¨ ¯«®áª¨å £à ä®¢ á ¬¨­¨¬ «ì­®© áâ¥¯¥­ìî 5,¤®¯ãáª îé¨¥ ã«ãçè¥­¨ï (¯à¨¬¥àë á¬. ¢ëè¥). �¥áª®«ìª® â ª¨å á«¥¤-áâ¢¨© ¤®¢¥¤¥­® ¤® ­¥ã«ãçè ¥¬ëå à¥§ã«ìâ â®¢, ­® ­  íâ® ¯®âà¥¡®¢ «¨áì¤¥áïâª¨ «¥â ¨ ­®¢ë¥ ¨¤¥¨. � æ¥«®¬ �¥ ­ ¬ ­¥¨§¢¥áâ­ë ã«ãçè¥­¨ï ­¨®¤­®£® ¨§ ¯ à ¬¥âà®¢ íâ®© â ¡«¨æë, ­¥ ãåã¤è îé¨¥ ®áâ «ì­ëå ¥¥ ¯ -à ¬¥âà®¢.� [1℄ �¥¡¥£ ­¥ ¤ ¥â ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1,   «¨èì ãª §ë¢ ¥â ¥£®¨¤¥î. �à®¬¥ â®£®, ­ ¬¨ ¡ë«¨ § ¬¥ç¥­ë ï¢­ë¥ ­¥â®ç­®áâ¨ (¨«¨ ®¯¥ç â-ª¨) ¢ â¥®à¥¬¥ 1. � á¢ï§¨ á íâ¨¬ ¬ë à¥è¨«¨ ¤ âì ­¥§ ¢¨á¨¬®¥ ¤®ª § -â¥«ìáâ¢® â¥®à¥¬ë 1 ¨ ¨á¯à ¢¨âì íâ¨ ®è¨¡ª¨ (¨«¨ ®¯¥ç âª¨). � ¨¬¥­­®,­ è¥ ¤®ª § â¥«ìáâ¢® ¢ëï¢¨«® á«¥¤ãîé¨¥ ­¥â®ç­®áâ¨ ¢ â¥®à¥¬¥ 1:(1) ¢ â¨¯¥ (5, 11, 5, 6, 8) ¢¬¥áâ® 11 ¤®«�­® ¡ëâì 15;(2) ¢ â¨¯¥ (5, 17, 5, 6, 7) ¢¬¥áâ® 17 ¤®«�­® ¡ëâì 27;(3) ¢ â¨¯¥ (6, 6, 6, 6, 11) ¨§«¨è­¥© ï¢«ï¥âáï ç¥àâ ;(4) ¢¬¥áâ® â¨¯  (5, 6, 7, 7, 8) ¤®«�­ë ¡ëâì (5, 8, 6, 7, 7) ¨ (5, 7, 6, 8, 7);(5) â¨¯ (5, 6, 6, 9, 7) ï¢«ï¥âáï ¨§«¨è­¨¬;(6) ¢¬¥áâ® (5, 5, 7, 7, 8) ¤®áâ â®ç­® ¯¨á âì (5, 5, 7, 7, 8).� «¥¥ ¬ë ¯®áâ ¢¨«¨ ¯¥à¥¤ á®¡®© § ¤ çã á ¯®¬®éìî ¤®¯®«­¨â¥«ì-



�âà®¥­¨¥ ®ªà¥áâ­®áâ¥© 5-¢¥àè¨­ 69­ëå á®®¡à �¥­¨© ãá¨«¨âì ¯®«ãç¥­­ë© ­ ¬¨ ¨á¯à ¢«¥­­ë© ¢ à¨ ­ââ¥®à¥¬ë 1 ¨ á¬®£«¨ § ¬¥­¨âì ¯ à ¬¥âà 41 ¢ â¨¯¥ (5, 5, 7, 5, 41) ­  40.� ¨¬¥­­® ¤®ª § ­  á«¥¤ãîé ï�¥®à¥¬  2. � «î¡®© ¯«®áª®© âà¨ ­£ã«ïæ¨¨ á ¬¨­¨¬ «ì­®© áâ¥-¯¥­ìî 5 áãé¥áâ¢ã¥â 5-¢¥àè¨­  ®¤­®£® ¨§ á«¥¤ãîé¨å â¨¯®¢:(6, 6, 7, 7, 7), (6, 6, 6, 7, 9), (6, 6, 6, 6, 11),(5, 8, 6, 7, 7), (5, 7, 6, 8, 7), (5, 6, 6, 7, 11), (5, 6, 6, 8, 8),(5, 7, 6, 6, 12), (5, 8, 6, 6, 10), (5, 6, 6, 6, 17),(5, 5, 7, 7, 8), (5, 13, 5, 7, 7), (5, 10, 5, 7, 8), (5, 8, 5, 7, 9),(5, 7, 5, 7, 10), (5, 7, 5, 8, 8), (5, 5, 7, 6, 12), (5, 5, 8, 6, 10),(5, 6, 5, 7, 12), (5, 6, 5, 8, 10), (5, 27, 5, 6, 7), (5, 15, 5, 6, 8),(5, 11, 5, 6, 9), (5, 7, 5, 6, 13), (5, 8, 5, 6, 11), (5, 9, 5, 6, 10), (5, 6, 6, 5,∞),(5, 5, 7, 5, 40), (5, 5, 8, 5, 23), (5, 5, 9, 5, 17), (5, 5, 10, 5, 14), (5, 5, 11, 5, 13).2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2Ǒãáâì G | ª®­âà¯à¨¬¥à ª â¥®à¥¬¥ 2, â. ¥. G | ¯«®áª ï âà¨ ­£ã-«ïæ¨ï á ¬¨­¨¬ «ì­®© áâ¥¯¥­ìî 5, ¢ ª®â®à®© ­¥â ­¨ ®¤­®£® ¨§ â¨¯®¢,ãª § ­­ëå ¢ â¥®à¥¬¥ 2. �¥à¥§ V (G), E(G) ¨ F (G) ®¡®§­ ç¨¬ ¬­®�¥áâ¢ ¢¥àè¨­, à¥¡¥à ¨ £à ­¥© £à ä  G á®®â¢¥âáâ¢¥­­®.�®à¬ã«ã �©«¥à  |V (G)| − |E(G)|+ |F (G)| = 2 ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥(2|E(G)| − 6|V (G)|) + (4|E(G)| − 6|F (G)|) = −12.�âáî¤  ∑

v∈V (G)(d(v)− 6) + ∑

f∈F (G)(2r(f)− 6) < 0, (1)£¤¥ d(v) | áâ¥¯¥­ì ¢¥àè¨­ë v,   r(f) | à ­£ £à ­¨ f .� ç «ì­ë© § àï¤ µ(v) ª �¤®© ¢¥àè¨­ë v ∈ V (G) ¯®«®�¨¬ à ¢-­ë¬ d(v)− 6,   § àï¤ ª �¤®© £à ­¨ f £à ä  G à ¢¥­ 2r(f)− 6 = 0. �§(1) ¨¬¥¥¬ ∑

v∈V

(d(v) − 6) < 0. (2)



70 �¢ ­®¢  �. �., �¨ª¨ä®à®¢ �. �.� ¬¥â¨¬, çâ® § àï¤ 5-¢¥àè¨­ë à ¢¥­ −1, § àï¤ 6-¢¥àè¨­ë à ¢¥­ 0,  § àï¤ë ¢á¥å ®áâ «ì­ëå ¢¥àè¨­ ¯®«®�¨â¥«ì­ë. Ǒ¥à¥à á¯à¥¤¥«¨¬ § -àï¤ë ¢¥àè¨­ â ª, çâ®¡ë ­®¢ë© § àï¤ µ∗(v) ª �¤®© ¢¥àè¨­ë v áâ «­¥®âà¨æ â¥«ì­ë¬. Ǒ®áª®«ìªã áã¬¬  § àï¤®¢ ¢¥àè¨­ ¯à¨ ¯¥à¥à á¯à¥-¤¥«¥­¨¨ á®åà ­ï¥âáï, ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥ á (2), çâ® ¨ § ¢¥àè¨â ¤®-ª § â¥«ìáâ¢® â¥®à¥¬ë.�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ¯à ¢¨«  ¯¥à¥à á¯à¥¤¥«¥­¨ï § àï-¤®¢.R1. � �¤ ï ¢¥àè¨­  v áâ¥¯¥­¨ > 7 ®â¤ ¥â ¢ £à ­ì § àï¤ ξ(v) =
d(v)−6

d(v) .R2. Ǒãáâì T = xyz, £¤¥ d(x) = 5, â®£¤  x ¯®«ãç ¥â ®â £à ­¨ T :(a) ξ(y) + ξ(z), ¥á«¨ d(y) > 6 ¨ d(z) > 6,(b) ξ(y)/2, ¥á«¨ d(y) > 6, d(z) = 5.2.1. Ǒà®¢¥àª  â®£®, çâ® µ∗(v) > 0 ¤«ï ¢á¥å v ∈ V (G). �ã¤¥¬£®¢®à¨âì, çâ® â¨¯ (d1, . . . , d5) ¯®£«®é ¥âáï â¨¯®¬ (d′1, . . . , d′5), ¥á«¨ di 6

d′i ¤«ï ¢á¥å 1 6 i 6 5.� «¥¥ à áá¬ âà¨¢ ¥¬ ¢ à¨ ­âë ®ªà¥áâ­®áâ¨ 5-¢¥àè¨­ë v ¯® ç¨á«ãá¬¥�­ëå á ­¥© 5-¢¥àè¨­. �¬¥¥¬ ¯ïâì ¢ à¨ ­â®¢: (1) ­¥â 5-¢¥àè¨­;(2) ®¤­  5-¢¥àè¨­ ; (3) ¤¢¥ 5-¢¥àè¨­ë; (4) âà¨ 5-¢¥àè¨­ë ¨ (5) ç¥âëà¥5-¢¥àè¨­ë.�«ãç © 1. �¥â 5-¢¥àè¨­.� ¬¥â¨¬, çâ® ¯®àï¤®ª ¢¥àè¨­ ¢®ªàã£ v ¢ ¤ ­­®¬ á«ãç ¥ ­¥ ¨¬¥¥â§­ ç¥­¨ï. �á«¨ ¢ ®ªà¥áâ­®áâ¨ v ¨¬¥¥âáï ­¥ ¬¥­¥¥ ç¥âëà¥å ¢¥àè¨­áâ¥¯¥­¨ > 7, â® ¯® ­ è¨¬ ¯à ¢¨« ¬ µ∗(v) > −1 + 8 × 17 > 0. Ǒãáâì ¢®ªà¥áâ­®áâ¨ v ­¥ ¡®«¥¥ âà¥å 7+-¢¥àè¨­.Ǒ®¤á«ãç © 1.1. �à¨ 7+-¢¥àè¨­ë. �á«¨ áãé¥áâ¢ã¥â å®âï ¡ë ®¤­ ¢¥àè¨­  áâ¥¯¥­¨ > 8, â® ¢¥àè¨­  v ¯®«ãç ¥â ­¥ ¬¥­¥¥ 4× 17 +2× 14 > 1,â. ¥. µ∗(v) > 0. �á«¨ ¢á¥ âà¨ ¢¥àè¨­ë ¨¬¥îâ áâ¥¯¥­ì 7, â® µ∗(v) =
−1 + 6× 17 < 0, ­® â¨¯  (6, 6, 7, 7, 7) ­¥â ¢ ª®­âà¯à¨¬¥à¥, ¯®áª®«ìªã ®­¯à¨áãâáâ¢ã¥â ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 2.Ǒ®¤á«ãç © 1.2. �¢¥ 7+-¢¥àè¨­ë (â. ¥. v ¨¬¥¥â â¨¯ (6, 6, 6, x, y),£¤¥ x > 7 ¨ y > 7). �á«¨ x > 8 ¨ y > 8, â® µ∗(v) > −1+ 4× 14 = 0. �á«¨å®âï ¡ë ®¤­  ¨§ áâ¥¯¥­¥© x, y ­¥ ¬¥­¥¥ 10, â® µ∗(v) > −1+2× 17+2× 25 > 0.



�âà®¥­¨¥ ®ªà¥áâ­®áâ¥© 5-¢¥àè¨­ 71Ǒãáâì x = 7,   y 6 9, â®£¤  µ∗(v) 6 −1 + 2 × 17 + 2 × 13 < 0, ­® â¨¯ (6, 6, 6, 7, 9) ­¥â ¢ ª®­âà¯à¨¬¥à¥.Ǒ®¤á«ãç © 1.3. �¤­  7+-¢¥àè¨­  x. �¥àè¨­  v ¯®«ãç ¥â § àï¤2 × x−6
x , çâ® ­¥ ¬¥­ìè¥ 1 ¯à¨ x > 12. Ǒà¨ x 6 11 ¯®«ãç ¥¬ â¨¯(6, 6, 6, 6, 11), ®âáãâáâ¢ãîé¨© ¢ ª®­âà¯à¨¬¥à¥.�«ãç © 2. �¤­  5-¢¥àè¨­ .�á«¨ ¢ ®ªà¥áâ­®áâ¨ v ¨¬¥¥âáï ç¥âëà¥ 7+-¢¥àè¨­ë, â®

µ∗(u) > −1 + 32 × 17 + 32 × 17 + 4× 17 = 0.Ǒãáâì ¢ ®ªà¥áâ­®áâ¨ v ­¥ ¡®«¥¥ âà¥å 7+-¢¥àè¨­.Ǒ®¤á«ãç © 2.1. �à¨ 7+-¢¥àè¨­ë. �¥àè¨­  v ¨¬¥¥â â¨¯ (1) (5, x,6, y, z) ¨«¨ (2) (5, 6, x, y, z) (à¨á. 1).
�¨á. 1. Ǒ®¤á«ãç © 2.1 á«ãç ï 2.(1) Ǒãáâì v â¨¯  (5, x, 6, y, z). �á«¨ x > 9 ¨«¨ z > 9, â® v ¯®«ãç ¥â­¥ ¬¥­¥¥ 32 × 13 + 2 × 17 + 32 × 17 = 1. Ǒãáâì 7 6 x 6 8 ¨ 7 6 z 6 8.�¢¨¤ã á¨¬¬¥âà¨¨ ¬¥�¤ã x ¨ z ¡ã¤¥¬ áç¨â âì, çâ® x 6 z. �á«¨ x = 8,â® µ∗(v) > −1 + 32 × 14 + 2× 17 + 32 × 14 > 0.Ǒãáâì x = 7 ¨ z = 8, â®£¤ 

µ∗(v) = 2× y − 6
y

+ 32 × 14 + 32 × 17 > 1¯à¨ y > 8, ®âªã¤  á«¥¤ã¥â â¨¯ (5, 7, 6, 7, 8), ª®â®àë© á®¤¥à�¨âáï ¢ â¨¯¥(5, 8, 6, 7, 7), ®âáãâáâ¢ãîé¥¬ ¢ ª®­âà¯à¨¬¥à¥. �á«¨ x = z = 7, â®
µ∗(v) = 2× y − 6

y
+ 32 × 17 + 32 × 17 > 1



72 �¢ ­®¢  �. �., �¨ª¨ä®à®¢ �. �.¯à¨ y > 9. �âáî¤  ¯®«ãç ¥¬ â¨¯ (5, 7, 6, 8, 7) (¢¢¨¤ã á¨¬¬¥âà¨¨ §¤¥áìç¥àâë ­ ¤ 6, 8 ­¥ âà¥¡ã¥âáï).(2) Ǒãáâì v â¨¯  (5, 6, x, y, z), â®£¤ 
µ∗(v) = −1 + 32 × z − 6

z
+ 2× y − 6

y
+ 2× x− 6

x
.�á«¨ z > 9, â®

µ∗(v) > −1 + 32 × 13 + 4× 17 > 0.Ǒãáâì 7 6 z 6 8. �á«¨ z = 8 ¨ å®âï ¡ë ®¤­  ¨§ áâ¥¯¥­¥© x, y ­¥ ¬¥­¥¥8, â®
µ∗(v) > −1 + 32 × 14 + 2× 14 + 2× 17 > 0.Ǒà¨ x = y = 7 ¯®«ãç ¥¬ µ∗(v) < 0 ¨ â¨¯ (5, 6, 7, 7, 8), ª®â®àë© á®¤¥à-�¨âáï ¢ â¨¯¥ (5, 8, 6, 7, 7).�á«¨ �¥ z = 7, â® ¤«ï â¨¯  (5, 6, 7, 8, 7) ¨¬¥¥¬
µ∗(v) = −1 + 32 × 17 + 2× 14 + 2× 17 = 0,  â¨¯ (5, 6, 7, 7, 7) ¯®£«®é ¥âáï â¨¯®¬ (5, 8, 6, 7, 7).Ǒ®¤á«ãç © 2.2. �¢¥ 7+-¢¥àè¨­ë. �¥àè¨­  v ¨¬¥¥â â¨¯ (1) (5, 6,6, x, y), (2) (5, 6, x, y, 6) ¨«¨ (3) (5, x, 6, 6, y) (à¨á. 2).

�¨á. 2. Ǒ®¤á«ãç © 2.2 á«ãç ï 2.(1) Ǒãáâì v â¨¯  (5, 6, 6, x, y). �á«¨ x > 10, â® µ∗(v) > −1+2× 25 +32 × 17 > 0. Ǒãáâì 7 6 x 6 9.



�âà®¥­¨¥ ®ªà¥áâ­®áâ¥© 5-¢¥àè¨­ 73�á«¨ x = 7, â® µ∗(v) = −1+ 32 × y−6
y +2× 17 > 0 ¯à¨ y > 12, ®âªã¤ ¯®«ãç ¥¬ â¨¯ (5, 6, 6, 7, 11). �á«¨ x = 8, â® µ∗(v) = −1 + 32 × y−6

y +2 × 14 > 0 ¯à¨ y > 9, â. ¥. ¨¬¥¥¬ (5, 6, 6, 8, 8). � ª®­¥æ, ¥á«¨ x = 9, â®
µ∗(v) = −1+ 32 × y−6

y +2× 13 > 0 ¯à¨ y > 8, ¨ ¯®«ãç ¥¬ â¨¯ (5, 6, 9, 6, 7),ª®â®àë© ¯®£«®é ¥âáï â¨¯®¬ (6, 6, 6, 7, 9) ¨§ á«ãç ï 1.2.(2) Ǒãáâì v â¨¯  (5, 6, x, y, 6). �§ á¨¬¬¥âà¨¨ ¯®«®�¨¬ x 6 y. �á«¨
x > 8, â® µ∗(v) > −1+2× 14 = 0. �á«¨ x = 7, â® µ∗(v) = −1+2× y−6

y +2× 17 > 0 ¯à¨ y > 10, â. ¥. ¨¬¥¥¬ â¨¯ (5, 6, 7, 9, 6), ª®â®àë© ¯®£«®é ¥âáïâ¨¯®¬ (6, 6, 6, 7, 9).(3) Ǒãáâì v â¨¯  (5, x, 6, 6, y). �§ á¨¬¬¥âà¨¨ x 6 y. �á«¨ x > 9,â® µ∗(v) > −1 + 32 × 13 + 32 × 13 = 0. Ǒãáâì x 6 8. �á«¨ x = 7, â®
µ∗(v) = −1+ 32× 17+ 32× y−6

y > 0 ¯à¨ y > 13, â. ¥. ¨¬¥¥¬ â¨¯ (5, 7, 6, 6, 12).�á«¨ x = 8, â® µ∗(v) = −1 + 32 × 14 + 32 × y−6
y > 0 ¯à¨ y > 11, ®âªã¤ ¯®«ãç ¥¬ (5, 8, 6, 6, 10).Ǒ®¤á«ãç © 2.3. �¤­  7+-¢¥àè¨­ . �¥àè¨­  v ¨¬¥¥â â¨¯ (5, 6, 6,

x, 6) ¨«¨ (5, 6, 6, 6, x).�á«¨ v â¨¯  (5, 6, 6, x, 6), â® µ∗(v) > −1 + 2× x−6
x > 0 ¯à¨ x > 12,®âªã¤  á«¥¤ã¥â â¨¯ (5, 6, 6, 11, 6), ª®â®àë© ¯®£«®é ¥âáï ã�¥ ¯®«ãç¥­-­ë¬ ¢ëè¥ â¨¯®¬ (6, 6, 6, 6, 11). �á«¨ �¥ v â¨¯  (5, 6, 6, 6, x), â® µ∗(v) >

−1 + 32 × x−6
x > 0 ¯à¨ x > 18, ®âªã¤  ¯®«ãç ¥¬ (5, 6, 6, 6, 17).�«ãç © 3. �¢¥ 5-¢¥àè¨­ë.�¥àè¨­  v ¯®«ãç ¥â 32 × x−6

x + 2 × y−6
y + 32 × z−6

z , ¥á«¨ v â¨¯ (5, 5, x, y, z), ¨ x−6
x + 32 × y−6

y + 32 × z−6
z , ¥á«¨ v â¨¯  (5, x, 5, y, z) (à¨á. 3).Ǒ®¤á«ãç © 3.1. �à¨ 7+-¢¥àè¨­ë. Ǒãáâì v â¨¯  (5, 5, x, y, z). �á«¨

x > 9 ¨«¨ z > 9, â®
µ∗(v) > −1 + 32 × 13 + 2× 17 + 32 × 17 = 0.Ǒãáâì 7 6 x 6 8, 7 6 z 6 8 ¨ ¨§ á¨¬¬¥âà¨¨ x 6 z. �á«¨ x = z = 8,â®
µ∗(v) > −1 + 32 × 14 + 2× 17 + 32 × 14 > 0.Ǒãáâì x = z = 7, â®£¤ 

µ∗(v) > −1 + 32 × 17 + 2× y − 6
y

+ 32 × 17 > 0



74 �¢ ­®¢  �. �., �¨ª¨ä®à®¢ �. �.¯à¨ y > 9, ®âªã¤  á«¥¤ã¥â â¨¯ (5, 5, 7, 8, 7). �á«¨ �¥ x = 7 ¨ z = 8, â®
µ∗(v) > −1 + 32 × 17 + 2× y − 6

y
+ 32 × 14 > 0¯à¨ y > 8, ®âªã¤  ¯®«ãç ¥¬ (5, 5, 7, 7, 8). �¥¬ á ¬ë¬ ¨¬¥¥¬ â¨¯ (5, 5, 7, 7, 8),ãª § ­­ë© ¢ â¥®à¥¬¥ 2.Ǒãáâì v ¨¬¥¥â â¨¯ (5, x, 5, y, z). �á«¨ y > 11 ¨«¨ z > 11, â®

µ∗(v) > −1 + 17 + 32 × 17 + 32 × 511 > 0.Ǒãáâì 7 6 y 6 10, 7 6 z 6 10 ¨ ¨§ á¨¬¬¥âà¨¨ y 6 z. �á«¨ y = z = 7,â® µ∗(v) > −1 + 32 × 17 × 2 + x−6
x > 0 ¯à¨ x > 14, ®âªã¤  ¯®«ãç ¥¬ â¨¯(5, 13, 5, 7, 7).

�¨á. 3. �«ãç © 3.�á«¨ y = 7 ¨ z = 8, â®
µ∗(v) > −1 + x− 6

x
+ 32 × 17 + 32 × 14 > 0¯à¨ x > 11, ¯®«ãç ¥¬ â¨¯ (5, 10, 5, 7, 8). �á«¨ y = 7 ¨ z = 9, â®

µ∗(v) > −1 + x− 6
x

+ 32 × 17 + 32 × 13 > 0¯à¨ x > 9, ®âªã¤  ¨¬¥¥¬ â¨¯ (5, 8, 5, 7, 9). �á«¨ y = 7 ¨ z = 10, â®
µ∗(v) > −1 + x− 6

x
+ 32 × 17 + 32 × 25 > 0¯à¨ x > 8, çâ® ¢«¥ç¥â â¨¯ (5, 7, 5, 7, 10).�á«¨ y = z = 8, â®

µ∗(v) > −1 + x− 6
x

+ 32 × 14 + 32 × 14 > 0¯à¨ x > 8, ®âªã¤  á«¥¤ã¥â â¨¯ (5, 7, 5, 8, 8). �á«¨ y > 9 ¨ z > 9, â®
µ∗(v) > −1 + 32 × 13 + 32 × 13 = 0.



�âà®¥­¨¥ ®ªà¥áâ­®áâ¥© 5-¢¥àè¨­ 75Ǒ®¤á«ãç © 3.2. �¢¥ 7+-¢¥àè¨­ë. �¬¥¥¬ á«¥¤ãîé¨¥ ¢ à¨ ­âë:(1) (5, 5, 6, y, z), (2) (5, 5, x, 6, z), (3) (5, x, 5, 6, z) ¨ (4) (5, 6, 5, y, z). � -¬¥â¨¬, çâ® ¢ à¨ ­âë (2) ¨ (4) á®¢¯ ¤ îâ á â®çª¨ §à¥­¨ï ¯®«ãç ¥¬®£®¢¥àè¨­®© v § àï¤ . � ¬¥â¨¬ â ª�¥, çâ® â¨¯ (5, 5, 6, y, z) ¯®£«®é ¥âáïâ¨¯®¬ (5, 6, 6, y, z), ã�¥ à áá¬®âà¥­­ë¬ ¢ á«ãç ¥ 2.2. Ǒ®íâ®¬ã ¯® áã-â¨ ã ­ á ®áâ îâáï â®«ìª® ¢ à¨ ­âë (2) ¨ (3) (  â¨¯ë, ¯®«ãç îé¨¥áï¯à¨ ¯¥à¥¡®à¥ ¢ à¨ ­â  (4), ¬®�­® «¥£ª® ¢ë¯¨á âì ¨§ à¥è¥­¨ï ¢ à¨ ­â (2)).Ǒ®¤á«ãç © 3.2.1. �¥àè¨­  v â¨¯  (5, 5, x, 6, z). �§ á¨¬¬¥âà¨¨¡ã¤¥¬ áç¨â âì, çâ® x 6 z. �á«¨ x > 9, â® µ∗(v) > −1+ 32 × 13 + 32 × 13 = 0.�á«¨ x = 7, â® µ∗(v) = −1 + 32 × z−6
z + 32 × 17 > 0 ¯à¨ z > 13, ¯®«ãç ¥¬(5, 5, 7, 6, 12). �á«¨ x = 8, â® µ∗(v) = −1 + 32 × z−6

z + 32 × 14 > 0 ¯à¨
z > 11, ®âªã¤  á«¥¤ã¥â â¨¯ (5, 5, 8, 6, 10).�®£« á­® § ¬¥ç ­¨î, á¤¥« ­­®¬ã ¢ëè¥, ¨§ á«ãç ï 3.2.1 ¯®«ãç ¥¬â¨¯ë (5, 6, 5, 7, 12) ¨ (5, 6, 5, 8, 10).Ǒ®¤á«ãç © 3.2.2. �¥àè¨­  v â¨¯  (5, x, 5, 6, z). �¥àè¨­  v ¯®-«ãç ¥â φ(x, z) = x−6

x + 32 × z−6
z . �â®¡ë ­ ©â¨ ¢á¥ â¨¯ë ¢¥àè¨­, ¤«ïª®â®àëå µ∗(v) < 0, à¥è ¥¬ ­¥à ¢¥­áâ¢® φ(x, z) < 1, à ¢­®á¨«ì­®¥ ­¥à -¢¥­áâ¢ã (x − 4)(z − 6) < 24 (­ ¯®¬­¨¬, çâ® x > 7, z > 7). Ǒ®áª®«ìªã

φ(10, 10) = 24, ¯®«ãç ¥¬ 7 6 x 6 9 ¨«¨ 7 6 z 6 9.�á«¨ z = 7, â® x < 24 + 4, ¯®«ãç ¥¬ â¨¯ (5, 27, 5, 6, 7). �á«¨ z = 8,â® x < 242 + 4, ®âªã¤  á«¥¤ã¥â â¨¯ (5, 15, 5, 6, 8). �á«¨ z = 9, â® x < 12,¯®«ãç ¥¬ (5, 11, 5, 6, 9). �á«¨ x = 7, â® z < 243 + 6, ¨¬¥¥¬ (5, 7, 5, 6, 13).�á«¨ x = 8, â® z < 244 + 6, ®âªã¤  á«¥¤ã¥â (5, 8, 5, 6, 11). �á«¨ x = 9, â®
z < 245 + 6, ¨ ¯®«ãç ¥¬ â¨¯ (5, 9, 5, 6, 10).Ǒ®¤á«ãç © 3.3. �¤­  7+-¢¥àè¨­ . �¬¥¥¬ á«¥¤ãîé¨¥ ¢ à¨ ­-âë: (1) (5, 5, 6, 6, z), (2) (5, 5, 6, y, 6), (3) (5, x, 5, 6, 6). � ¬¥â¨¬, çâ® â¨¯(5, 5, 6, 6, z) ¯®£«®é ¥âáï â¨¯®¬ (5, 6, 6, 6, z), ã�¥ à áá¬®âà¥­­ë¬ ¢ á«ã-ç ¥ 2.3,   â¨¯ (5, 5, 6, y, 6) | â¨¯®¬ (6, 6, 6, 6, 11) (á¬. á«ãç © 1.3). �á«¨�¥ v ¨¬¥¥â â¨¯ (5, x, 5, 6, 6), â® µ∗(v) < 0 ¯à¨ áª®«ì ã£®¤­® ¡®«ìè¨å x,¯®«ãç ¥¬ â¨¯ (5,∞, 5, 6, 6), ª®â®à®£® ­¥â ¢ ª®­âà¯à¨¬¥à¥.�«ãç © 4. �à¨ 5-¢¥àè¨­ë.�¬¥¥¬ ¤¢  ¢ à¨ ­â : (5, 5, 5, x, y) ¨ (5, 5, x, 5, y), ¯¥à¢ë© ¨§ ª®â®àëå¯®£«®é ¥âáï â¨¯®¬ (5, 6, 5, x, y) (á¬. á«ãç © 3.2). Ǒãáâì v | ¢¥àè¨­ 



76 �¢ ­®¢  �. �., �¨ª¨ä®à®¢ �. �.â¨¯  (5, 5, x, 5, y). �§ á¨¬¬¥âà¨¨ ¯ãáâì x 6 y. �á«¨ x > 12, â® µ∗(v) >

−1 + 12 + 12 = 0. Ǒãáâì 6 6 x 6 11.�á«¨ x = 6, â® ¨¬¥¥¬ (5, 5, 5, 6,∞) ¡« £®¤ àï á«ãç î 3.3. Ǒãáâì
x = 7, â®£¤  µ∗(v) = −1 + 17 + y−6

y > 0 ¯à¨ y > 42, ®âªã¤  ¯®«ãç ¥¬â¨¯ (5, 5, 7, 5, 41). (� ¯. 2.2 á ¯®¬®éìî ¤®¯®«­¨â¥«ì­ëå á®®¡à �¥­¨©¯®ª �¥¬, çâ® ¥á«¨ y = 41, â® â ª ï ¢¥àè¨­  ¨¬¥¥â ­¥®âà¨æ â¥«ì­ë©§ àï¤ µ∗.)�á«¨ x = 8, â® µ∗(v) = −1 + 14 + y−6
y > 0 ¯à¨ y > 24, ®âªã¤ ¯®«ãç ¥¬ (5, 5, 8, 5, 23). �á«¨ x = 9, â® µ∗(v) = −1 + 13 + y−6

y > 0¯à¨ y > 18, ¨¬¥¥¬ (5, 5, 9, 5, 17). �­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç ¥¬ â¨¯ë(5, 5, 10, 5, 14) ¨ (5, 5, 11, 5, 13).�«ãç © ç¥âëà¥å 5-¢¥àè¨­ ¢ ®ªà¥áâ­®áâ¨ v ­¥ ­ã�¤ ¥âáï ¢ à áá¬®â-à¥­¨¨, ¯®áª®«ìªã â¨¯ (5, 5, 5, 5, x) ¯®£«®é ¥âáï â¨¯®¬ (5, 6, 6, 5,∞).2.2. � ¢¥àè¥­¨¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2. �ë ¤®ª § «¨â¥®à¥¬ã 2, ¢ ª®â®à®© ¢¬¥áâ® â¨¯  (5, 5, 7, 5, 40) áâ®¨â «¥¡¥£®¢áª¨© â¨¯(5, 5, 7, 5, 41). � ¬¥â¨¬, çâ® ¯®á«¥ ¯à¨¬¥­¥­¨ï ¯à ¢¨« R1 ¨ R2 ¨§ ¢á¥åâ¨¯®¢ ¢ â¥®à¥¬¥ 2 ®âà¨æ â¥«ì­ë© § àï¤ ¨¬¥¥â â®«ìª® ¢¥àè¨­  â¨¯ (5, 5, 7, 5, 41), £¤¥ ¢á¥ áâ¥¯¥­¨ ¢¥àè¨­ ­¥ ¡®«ìè¥ ãª § ­­ëå ¢ â¨¯¥. �á-¯®«ì§ãï ¤®¯®«­¨â¥«ì­ë¥ á®®¡à �¥­¨ï, ¤®ª �¥¬, çâ® (5, 5, 7, 5, 41) ¬®�-­® § ¬¥­¨âì ­  (5, 5, 7, 5, 40), ­¥ ãåã¤è¨¢ ­¨ ®¤­®£® ¨§ ®áâ «ì­ëå, ã�¥¯®«ãç¥­­ëå ¯ à ¬¥âà®¢.� §®¢¥¬ 5-¢¥àè¨­ã v ¯«®å®©, ¥á«¨ d(v1) = d(v2) = d(v4) = 5,
d(v3) = 7 ¨ d(v5) = 41 (à¨á. 4).

�¨á. 4. Ǒ«®å ï 5-¢¥àè¨­ .
Ǒ®á«¥ ¯à¨¬¥­¥­¨ï R1 ¨ R2 ¨¬¥¥¬ µ∗(v)= −1+ 286287 < 0, â. ¥. ­ ¬ ­¥ å¢ â ¥â ε = 1287¤«ï â®£®, çâ®¡ë § àï¤ ¯«®å®© ¢¥àè¨­ë váâ « à ¢¥­ ­ã«î. �â®¡ë § ¢¥àè¨âì ¤®ª § -â¥«ìáâ¢® â¥®à¥¬ë 2, ¤®áâ â®ç­® ¯®ª § âì,çâ® ¢ ®ªà¥áâ­®áâ¨ ¯«®å®© ¢¥àè¨­ë v ¢á¥-£¤  ­ ©¤ãâáï ¢¥àè¨­ë, ª®â®àë¥ ¬®£ãâ ¤ âì¢¥àè¨­¥ v ­¥¤®áâ îé¨© § àï¤ ε, á®åà ­¨¢¯à¨ íâ®¬ ­¥®âà¨æ â¥«ì­®áâì á¢®¥£® § àï¤  µ∗.
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�¨á. 5. �¥àè¨­  v á¬¥�­ á ¯«®å®© ¢¥àè¨­®© v1.
�¨á. 6. �¥àè¨­  v á¬¥�­ á ¯«®å®© ¢¥àè¨­®© v2.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ v1 â ª�¥ ¯«®å ï,â® ¡« £®¤ àï ®âáãâáâ¢¨î ¢ G ¢¥àè¨­ â¨¯ (5, 5, 7, 7, 8) ¢¥àè¨­  v2 á¬¥�­  á ¢¥àè¨­®©
x áâ¥¯¥­¨ ­¥ ¬¥­¥¥ 9 (à¨á. 5),   §­ ç¨â, v2¯®«ãç ¥â ­¥ ¬¥­¥¥ 2× 114 + 2× 17 + 2× 13 =1 + 221 > 1 + 2× ε. Ǒ®íâ®¬ã v2 ¬®�¥â ¤ âìª �¤®© ¨§ ¯«®å¨å ¢¥àè¨­ v ¨ v1 § àï¤ ε,á®åà ­¨¢ ¯à¨ íâ®¬ ­¥®âà¨æ â¥«ì­®áâì á¢®-¥£® § àï¤ .Ǒãáâì â¥¯¥àì v2 ¯«®å ï. �®£¤  ¢¥àè¨-­  v1 á¬¥�­  á ¤¢ã¬ï ¢¥àè¨­ ¬¨ áâ¥¯¥­¨41 (à¨á. 6),   §­ ç¨â, v1 ¯®«ãç ¥â ­¥ ¬¥­¥¥2× 3541 = 1+ 2941 > 1+2ε, â. ¥. v1 ¬®�¥â ¤ âìª �¤®© ¨§ ¯«®å¨å ¢¥àè¨­ v ¨ v2 § àï¤ ε,á®åà ­¨¢ ¯à¨ íâ®¬ ­¥®âà¨æ â¥«ì­®áâì á¢®-¥£® § àï¤ .�â ª, ¥á«¨ ®¤­  ¨§ ¢¥àè¨­ v1, v2 ¯«®-å ï, â® ­ è  ¯«®å ï v, ¯®«ãç¨¢ § àï¤ ε ®â­¥ ï¢«ïîé¥©áï ¯«®å®© ¢¥àè¨­ë v2 ¨«¨ v1,¨¬¥¥â § àï¤, à ¢­ë© ­ã«î (  v1 ¨ v2 á®åà -­ïîâ § àï¤ë µ∗ > 0).Ǒãáâì, ­ ª®­¥æ, ­¨ ®¤­  ¨§ ¢¥àè¨­ v1¨ v2 ­¥ ï¢«ï¥âáï ¯«®å®© ¨ v1 á¬¥�­  á ¢¥àè¨­ ¬¨ v, v2, y, x, v5 ¢æ¨ª«¨ç¥áª®¬ ¯®àï¤ª¥ (à¨á. 7).

�¨á. 7. �¨ ®¤­  ¨§ ¢¥àè¨­ v1 ¨ v2 ­¥ ï¢«ï¥âáï ¯«®å®©.



78 �¢ ­®¢  �. �., �¨ª¨ä®à®¢ �. �.�á«¨ d(x) = 5, â® d(y) > 8 (â ª ª ª v1 ­¥ ï¢«ï¥âáï ¯«®å®©) ¨
µ∗(v1) > −1 + 2× 12 · 14 + 2× 12 · 3541 = 20161 > ε.�­ ç¨â, v1 ¬®�¥â ¤ âì § àï¤ ε ¢¥àè¨­¥ v (§ ¬¥â¨¬, çâ® ¢¥àè¨­  x ­¥ï¢«ï¥âáï ¯«®å®©). �á«¨ �¥ d(x) > 6, â® µ∗(v1) > −1 + 32 × 3541 = 2381 > ε.�¥®à¥¬  2 ¤®ª § ­ .�¢â®àë ¡« £®¤ àïâ �. �. �®à®¤¨­  §  âé â¥«ì­ãî ¯à®¢¥àªã ¤®-ª § â¥«ìáâ¢  ¨ ¯®«¥§­ë¥ § ¬¥ç ­¨ï.����������1. Lebesgue H. Quelques 
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��� 517.956�������� �������������� ��������� ��������������Ǒ������������� ���������� ������ �������������Ǒ����Ǒ����������. �. �®«âã­®¢áª¨©Ǒãáâì x = (x1, . . . , xn) | â®çª  ®£à ­¨ç¥­­®© ®¡« áâ¨ D ¯à®áâà ­-áâ¢  Rn á £« ¤ª®© £à ­¨æ¥© �, t | ç¨á«® ¨§ ®£à ­¨ç¥­­®£® ¨­â¥à¢ « (0, T ), Q | æ¨«¨­¤à D × (0, T ).� æ¨«¨­¤à¥ Q à áá¬®âà¨¬ ãà ¢­¥­¨¥
utt −�u+ q(x)a(x, t)u = f0(x, t), (1)£¤¥ � | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥­­ë¬ (x1, . . . , xn), äã­ªæ¨¨ a(x, t)¨ f0(x, t) ¨§¢¥áâ­ë ¨ § ¤ ­ë ¯à¨ (x, t) ∈ Q.� à ¡®â¥ ¨§ãç ¥âáï�¡à â­ ï § ¤ ç . � ©â¨ äã­ªæ¨¨ u(x, t) ¨ q(x), á¢ï§ ­­ë¥ ¢ Qãà ¢­¥­¨¥¬ (1) ¨ â ª¨¥, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï:

u(x, t)|�×(0,T ) = µ(x, t), (2)
u(x, 0) = u0(x), x ∈ D, (3)
ut(x, 0) = u1(x), x ∈ D, (4)

T∫0 α(t)u(x, t) dt = h0(x), x ∈ D. (5)�ã­ªæ¨¨ µ(x, t), u0(x), u1(x), α(t), h0(x) ¨§¢¥áâ­ë ¨ § ¤ ­ë ¯à¨ x ∈ D,
t ∈ [0, T ℄.
© 2013 �®«âã­®¢áª¨© �. �.



80 �®«âã­®¢áª¨© �. �.�á«®¢¨ï (2){(4) ï¢«ïîâáï ãá«®¢¨ï¬¨ ¯¥à¢®© ­ ç «ì­®-ªà ¥¢®© § -¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï (1). �á«®¢¨¥ (5) | ãá«®¢¨¥ ¨­-â¥£à «ì­®£® ¯¥à¥®¯à¥¤¥«¥­¨ï, ¯®§¢®«ïîé¥¥ ­ ©â¨ ¢¬¥áâ¥ á à¥è¥­¨¥¬
u(x, t) ¨ ­¥¨§¢¥áâ­ë© ª®íää¨æ¨¥­â q(x).�¤¥« ¥¬ á«¥¤ãîé¥¥Ǒà¥¤¯®«®�¥­¨¥ 1. �ãé¥áâ¢ã¥â äã­ªæ¨ï U = U(x, t) ¨§ ª« áá 
C4(Q), ã¤®¢«¥â¢®àïîé ï £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2){(4).Ǒà®¨§¢¥¤¥¬ § ¬¥­ã u(x, t) = v(x, t) + U(x, t) ¨ ¯¥à¥ä®à¬ã«¨àã¥¬®¡à â­ãî § ¤ çã: âà¥¡ã¥âáï ­ ©â¨ äã­ªæ¨¨ v(x, t) ¨ q(x), á¢ï§ ­­ë¥ ¢æ¨«¨­¤à¥ Q ãà ¢­¥­¨¥¬

vtt −�v + q(x)a(x, t)(v + U) = f(x, t) (1′)¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©
v(x, t)|�×(0,T ) = 0, (2′)
v(x, 0) = 0, x ∈ D, (3′)
vt(x, 0) = 0, x ∈ D, (4′)

T∫0 α(t)v(x, t) dt = h(x), x ∈ D. (5′)�ã­ªæ¨¨ f(x, t) ¨ h(x) à ¢­ë á®®â¢¥âáâ¢¥­­®
f(x, t) = f0(x, t)− (Utt −�U), h(x) = h0(x) − T∫0 α(t)U(x, t) dt.�¬­®�¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (1′) ­  äã­ªæ¨î α(t), ¯à®¨­â¥£à¨-àã¥¬ ¯®ç«¥­­® ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢® ¯® ¯¥à¥¬¥­­®© t ¢ ¯à¥¤¥« å ®â

t = 0 ¤® t = T ¨ ¢ëà §¨¬ ª®íää¨æ¨¥­â
q(x) = [

T∫0 α(t)f(x, t) dt +�h(x)] − T∫0 α(t)vtt(x, t) dt
T∫0 α(t)a(x, t)U(x, t) dt + T∫0 α(t)a(x, t)v(x, t) dt . (6)



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  81� «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å ­¥à ¢¥­áâ¢ ¯à¨ x ∈
D: 0 < H1 6

T∫0 α(t)f(x, t) dt +�h(x) 6 H2,0 < A1 6

T∫0 α(t)a(x, t)U(x, t) dt 6 A2. (7)� ª�¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® α(T ) = 0, â®£¤ 
T∫0 α(t)vtt(x, t) dt = −

T∫0 α′(t)vt(x, t) dt.�¢¥¤¥¬ á¥¬¥©áâ¢® áà¥§ îé¨å äã­ªæ¨© σρ(ξ) ¯à¨ ρ > 0:
σρ(ξ) = ξ, ¥á«¨ |ξ| 6 ρ,

−ρ, ¥á«¨ ξ 6 −ρ,
ρ, ¥á«¨ ξ > ρ.�«ï äã­ªæ¨¨ p(x, t), § ¤ ­­®© ¢ æ¨«¨­¤à¥ Q, ¨ ç¨á¥« β, γ ¨§ ¨­â¥à¢ « (0, 1) ®¯à¥¤¥«¨¬ ª®íää¨æ¨¥­â

qp(x) = [
T∫0 α(t)f(x, t) dt +�h(x)]+ σβH1(ξ1)

T∫0 α(t)a(x, t)U(x, t) dt + σγA1(ξ2) ≡ H(x) + σβH1(ξ1)
A(x) + σγA1(ξ2) , (8)£¤¥

ξ1 = T∫0 α′(t)pt(x, t) dt, ξ2 = T∫0 α(t)a(x, t)p(x, t) dt.�®£¤  ª®íää¨æ¨¥­â qp(x) ®æ¥­¨¢ ¥âáï ¢ D á«¥¤ãîé¨¬ ®¡à §®¬:0 < q∗ 6 qp 6 q∗∗, (9)£¤¥
q∗ = (1− β)H1

A2 + γA1 , q∗∗ = H2 + βH1(1− γ)A1 .



82 �®«âã­®¢áª¨© �. �.�¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢  äã­ªæ¨©, ¨á¯®«ì§ã¥¬ë¥ ¤ «¥¥:
V = {v(x, t) | v(x, t) ∈W 22 (Q) ∩ L∞

(0, T ;W 22 (D)),
vt(x, t) ∈W 22 (Q) ∩ L∞

(0, T ;W 22 (D)),�vt(x, t) ∈ L2(Q) ∩ L∞(0, T ;L2(D))},
Ṽ = {v(x, t) | v(x, t) ∈ V, vtt(x, t) ∈W 2,12 (Q)},
Ṽ0 = {v(x, t) | v(x, t) ∈ Ṽ , v(x, t)|�×(0,T ) = 0}.�®à¬ë ¢ íâ¨å ¯à®áâà ­áâ¢ å ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

‖v‖V = ‖v‖W 22 (Q) + ‖v‖L∞(0,T ;W 22 (D)) + ‖vt‖W 22 (Q)+ ‖vt‖L∞(0,T ;W 22 (D)) + ‖�vt‖L2(Q) + ‖�vt‖L∞(0,T ;L2(D)),
‖v‖

Ṽ
= ‖v‖V + ‖vtt‖W 2,12 (Q).�áá«¥¤ã¥¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t), ª®â®-à ï ã¤®¢«¥â¢®àï¥â ¢ æ¨«¨­¤à¥ Q ãà ¢­¥­¨î

−ε�vtt + vttt −�vt + qv(av)t = Fv(x, t), ε > 0, (10)ãá«®¢¨ï¬ (2′), (3′), (4′) ¨ ãá«®¢¨î
vtt(x, 0) = fv(x, 0), (11)£¤¥

Fv(x, t) = ft(x, t)−qv(x)(aU)t(x, t), fv(x, t) = f(x, t)−qv(x)a(x, t)u0(x).� ¬¥â¨¬, çâ® (10) | ­¥«¨­¥©­®¥ ­ £àã�¥­­®¥ ãà ¢­¥­¨¥ á®áâ ¢­®£®â¨¯  [1, 2℄, ¤«ï ª®â®à®£® ¯®áâ ¢«¥­  ­¥«¨­¥©­ ï ­ £àã�¥­­ ï | ¢¢¨¤ããá«®¢¨ï (11) | ªà ¥¢ ï § ¤ ç .�¤¥« ¥¬ ¢ �­®¥Ǒà¥¤¯®«®�¥­¨¥ 2. � §¬¥à­®áâì ®¡« áâ¨ à ¢­  2 ¨«¨ 3, ¨ � ª« á-á  C2.�®£¤  [3℄ ¤«ï äã­ªæ¨¨ w ∈ W 22,0(D) á¯à ¢¥¤«¨¢® ¢â®à®¥ ®á­®¢­®¥­¥à ¢¥­áâ¢® ¤«ï í««¨¯â¨ç¥áª®£® ®¯¥à â®à  �:
‖w‖W 22 (D) 6 CD‖�w‖L2(D),



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  83¨ á®£« á­® â¥®à¥¬ ¬ ¢«®�¥­¨ï ¢¥à­® ­¥à ¢¥­áâ¢®
‖w‖2

C(D) 6 kD‖�w‖2L2(D).Ǒ®«ãç¨¬ ®æ¥­ª¨, ¯à¥¤¢ àïîé¨¥ ¢¢®¤¨¬ë¥ ¤ «¥¥ ®¡®§­ ç¥­¨ï. �á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ fv(x, 0) ¨ í«¥¬¥­â à­®£® ­¥à ¢¥­áâ¢  (b1 +
· · ·+ bm)2 6 m

(
b21 + · · ·+ b2m) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

∫

D

f2p (x, 0) dx 6 2 ∫
D

[
f2(x, 0) + (q∗∗)2a2(x, 0)u20(x)] dx ≡ A, (12)

n∑

i=1 ∫D f2pxi
(x, 0) dx 6 B00 ∫

D

dx




T∫0 |p(x, t)| dt2
+B01 n∑

i=1 ∫D dx




T∫0 |pxi(x, t)| dt2 +B10 ∫
D

dx




T∫0 |pt(x, t)| dt2
+B11 n∑

i=1 ∫D dx




T∫0 |ptxi(x, t)| dt2 +B+ C11,00 n∑

i=1 ∫D dx




T∫0 |ptxi(x, t)| dt2


T∫0 |p(x, t)| dt2
+ C10,01 n∑

i=1 ∫D dx




T∫0 |pt(x, t)| dt2


T∫0 |pxi(x, t)| dt2
+ C10,00 ∫

D

dx




T∫0 |pt(x, t)| dt2


T∫0 |p(x, t)| dt2
, (13)£¤¥

B = 3 n∑

i=1 ∫D [
f2xi

(x, 0) + (q∗∗)2[a(x, 0)u0(x)℄2xi

]
dx+ Ã1nmesD max16i6n
max

D
(HxiA−HAxi)2,
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B00 = Ã1n[ max16i6n

max
D

H2
xi
max

Q
(αa)2 +max

D
H2 max16i6n

max
Q

(αaxi)2],
B01 = Ã1max

D
H2max

Q
(αa)2, B10 = Ã1n max16i6n

max
D

A2
xi
max[0,T ℄(α′)2,

B11 = Ã1max
D

A2max[0,T ℄(α′)2, C11,00 = Ã1max[0,T ℄(α′)2max
Q

(αa)2,
C10,01 = Ã1max[0,T ℄(α′)2max

Q
(αa)2,

C10,00 = Ã1nmax[0,T ℄(α′)2 max16i6n
max

Q
(αaxi)2,

Ã1 = 27(1− γ)4A41 maxD

[
a2(x, 0)u20(x)].� á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ Fp(x, t) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

‖Fp‖2L∞(Q) 6 F, ‖Fpt‖2L∞(Q) 6 F , (14)£¤¥
F = 2{‖ft‖2L∞(Q) + (q∗∗)2‖(aU)t‖2L∞(Q)},
F = 2{‖ftt‖2L∞(Q) + (q∗∗)2‖(aU)tt‖2L∞(Q)}.�¡®§­ ç¨¬ F ∗∗ = F ∗∗1 + F ∗∗2 , £¤¥

F ∗∗1 = mesD{(73T 3 + 4T)F + 143 T 3F}, F ∗∗2 = T (A+B).�¢¥¤¥¬ äã­ªæ¨¨
a0(x, t) = a(x, t)(2T − t), a1(x, t) = at(x, t)(2T − t),

F ∗∗(τ) = F ∗∗(T )|T=τ .�®áâ â®ç­ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ®¡à â­®© § ¤ ç¨ (1′){(5′), ª®â®à ïíª¢¨¢ «¥­â­  ¨áå®¤­®© § ¤ ç¥ (1){(5), ¤ ¥â�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ¯à¥¤¯®«®�¥­¨ï 1 ¨ 2, äã­ªæ¨¨
f0(x, t), α(t), h0(x) ¨ a(x, t) â ª®¢ë, çâ®

f0(x, t) ∈ C2(Q), α(t) ∈ C1([0, T ℄), α(T ) = 0, h0(x) ∈ C3(D),
a(x, t) ∈ C2(Q), a(x, t) > 0, at(x, t) 6 0 ¯à¨ (x, t) ∈ Q.



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  85Ǒà¥¤¯®«®�¨¬, çâ® ­  £à ­¨æ¥ � ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï:
µ(x, 0)|� = 0, µtt(x, 0)−�u0(x) − f0(x, 0)|� = 0,

h0(x)− T∫0 α(t)µ(x, t) dt∣∣∣∣� = 0.Ǒà¥¤¯®«®�¨¬ â ª�¥, çâ® ¢ ®¡« áâ¨ D ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  (7),  ¢ æ¨«¨­¤à¥ Q ­¥à ¢¥­áâ¢ 196 > (q∗∗)2a20(x, t),
|a0t(x, t)| > 4q∗∗[6(a0t + a1)2(x, t) + T 2(2max

Q
a21 + 3max

Q
a21t)], (15)18 > q∗∗a(x, T ), |a0t(x, t)| > 16(q∗∗)2T 2max

D
a2t (x, T ), (16)¤«ï ­¥ª®â®à®£® ¯®«®�¨â¥«ì­®£® ç¨á«  ν

ν3(1 + ν) > max{T 2kD mes D[B10 + 4C10,00T 3kD(1 + ν)F ∗∗℄1/16 ,

T 2kD mes D[B00 + 8C10,00TkD(1 + ν)F ∗∗℄1/(8T 2) ,

T 2(B11 + (T 2/2)B01 + 8T 3kD(1 + ν)F ∗∗[C11,00 + C10,01℄)1/2 }
, (17)

√83 kD(1 + ν) T∫0 |α′(τ)|√F ∗∗(τ)
τ

dτ 6 βH1
√8kD(1 + ν) T∫0 |α(τ)|max

D
|a(x, τ)|√τF ∗∗(τ) dτ 6 γA1. (18)�®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ {v(x, t), q(x)} ®¡à â­®© § ¤ ç¨ (1′){(5′) â -ª®¥, çâ® v(x, t) ∈ V , q(x) ∈ L∞(D).�®ª § â¥«ìáâ¢®. Ǒãáâì p(x, t) ∈ Ṽ0. � áá¬®âà¨¬ á¥¬¥©áâ¢® § -¤ ç (λ ∈ [0, 1℄): ­ ©â¨ äã­ªæ¨î vλ(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Qà¥è¥­¨¥¬ ãà ¢­¥­¨ï

Lεpλ ≡ −ε�vtt + vttt − λ�vt + λqp(av)t = λFp (10pλ)



86 �®«âã­®¢áª¨© �. �.¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï £à ­¨ç­ë¥ ãá«®¢¨ï (2′), (3′), (4′) ¨ãá«®¢¨¥
vtt(x, 0) = fp(x, 0). (11p)�®ª �¥¬ à §à¥è¨¬®áâì § ¤ ç ¢ ¯à®áâà ­áâ¢¥ Ṽ0 ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï¯® ¯ à ¬¥âàã. �¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® â¥å λ ∈ [0, 1℄, ¤«ï ª®â®àëå§ ¤ ç  (10pλ), (2′), (3′), (4′), (11p) à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ Ṽ0. �á-«¨ íâ® ¬­®�¥áâ¢® ®ª �¥âáï ­¥¯ãáâë¬ ¨ ®âªàëâë¬ ¢ ¨­¤ãæ¨à®¢ ­­®©â®¯®«®£¨¨, â® ®­® ¡ã¤¥â á®¢¯ ¤ âì á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄. � §à¥è¨-¬®áâì § ¤ ç¨ (10p0), (2′), (3′), (4′), (11p) ¢ ¯à®áâà ­áâ¢¥ Ṽ0 ¢ëâ¥ª ¥â¨§ à §à¥è¨¬®áâ¨ ¯¥à¢®© á¬¥è ­­®© § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® (®â-­®á¨â¥«ì­® vtt(x, t)) ãà ¢­¥­¨ï (10p0), â ª ª ª ¯® ãá«®¢¨ï¬ â¥®à¥¬ë 1

Fp(x, t) ∈ L2(Q), fp(x, 0) ∈ ◦
W 12(D) (á¬., ­ ¯à¨¬¥à, [4℄). �¥è¥­¨¥ ­ å®-¤¨âáï ¯® ä®à¬ã«¥

v(x, t) = t∫0 dt1 t1∫0 vtt(x, t2) dt2.�â «® ¡ëâì, λ = 0 ¯à¨­ ¤«¥�¨â ¬­®�¥áâ¢ã �, çâ® ¤®ª §ë¢ ¥â ¥£®­¥¯ãáâ®âã.�«ï ¤®ª § â¥«ìáâ¢  ®âªàëâ®áâ¨ ¬­®�¥áâ¢  � ¯®«ãç¨¬ ­¥®¡å®¤¨-¬ë¥  ¯à¨®à­ë¥ ®æ¥­ª¨. �¬­®�¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (10pλ) ­  ¢ëà -�¥­¨¥ (2T − t)(−�vtt + vtt) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢®¯® æ¨«¨­¤àã Q.� ¯à ¢®© ç áâ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ç áâï¬ ¨ á¤¥« ¥¬ ®æ¥­ªã á ¨á-¯®«ì§®¢ ­¨¥¬ ­¥à ¢¥­áâ¢  �®è¨:∣∣∣∣
∫

Q

λFp(2T − t)(−�vtt + vtt) dxdt∣∣∣∣
6

∣∣∣∣
∫

Q

λFp(2T − t)vtt dxdt

∣∣∣∣+ ∣∣∣∣∫
Q

λ[Fp(2T − t)℄t�vt dxdt

∣∣∣∣+ T

∣∣∣∣
∫

D

λFp�vt(x, T ) dx∣∣∣∣ 6
14 ∫

Q

v2tt dxdt+ 14λ∫
Q

(�vt)2 dxdt+ 18λT ∫
D

(�vt)2(x, T ) dx+ λ2 ∫
Q

F 2
p (2T − t)2 dxdt



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  87+ λ

∫

Q

[Fp(2T − t)℄2t dxdt+ 2λT ∫
D

F 2
p (x, T ) dx. (19)�¥âàã¤­® ¯à®¢¥à¨âì, çâ® áã¬¬  âà¥å ¯®á«¥¤­¨å ¢ë¯¨á ­­ëå á« £ ¥¬ëå­¥ ¡®«ìè¥ ç¨á«  F ∗∗1 .� «¥¥ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ Mi(i = 1, . . . ) § ¢¨áïâ â®«ìª® ®â ¢å®¤­ëå ¤ ­­ëå § ¤ ç¨ (10), (2′), (3′),(4′), (11) | ¨§¢¥áâ­ëå äã­ªæ¨© ¨ ¨å ­®à¬ ¢ á®®â¢¥âáâ¢ãîé¨å ¯à®-áâà ­áâ¢ å, ®¯à¥¤¥«ï¥¬ëå ãá«®¢¨ï¬¨ â¥®à¥¬ë 1, ­® ­¥ § ¢¨áïâ ®â ç¨-á¥« ε ¨ λ ¨ äã­ªæ¨¨ p(x, t) ∈ Ṽ0.�¥¯¥àì ¢ ¯®«ãç¨¢è¥¬áï ­¥à ¢¥­áâ¢¥

∫

Q

Lεpλ(2T − t)(−�vtt + vtt) dxdt 6

∣∣∣∣
∫

Q

λFp(2T − t)(−�vtt + vtt) dxdt∣∣∣∣¯à®¨­â¥£à¨àã¥¬ «¥¢ãî ç áâì ¯® ç áâï¬, ãçâ¥¬ ­¥à ¢¥­áâ¢  (15) ¨ (16)¨§ ãá«®¢¨ï â¥®à¥¬ë 1, ®æ¥­ªã (19) ¨ ­¥à ¢¥­áâ¢  ¤«ï äã­ªæ¨¨ v(x, t)â ª®©, çâ® v(0, t) = 0:
∫

Q

v2 dxdt 6
T 22 ∫

Q

v2t dxdt, ∫

D

v2(x, T ) dx 6 T

∫

Q

v2t dxdt,¯®«ãç¨¬ ®æ¥­ªã
∫

Q

[
ε(2T − t)(�vtt)2 + ε

n∑

i=1(2T − t)v2ttxi+ 12 n∑

i=1 v2ttxi
+ 18v2tt + λ

18(�vt)2 + λ
12 n∑

i=1 v2txi
+ λ

18qp|a0t|v2t ] dxdt+ 12T n∑

i=1 ∫D v2ttxi
(x, T ) dx+ 12T ∫

D

v2tt(x, T ) dx+ λ
38T ∫

D

(�vt(x, T ))2 dx + λ
12T ∫

D

v2txi
(x, T ) dx+ λ

14T ∫
D

qpa(x, T )v2t (x, T ) dx 6 T

n∑

i=1 ∫D f2pxi
(x, 0) + (F ∗∗ − TB) ≡ F ∗∗

p .(20)



88 �®«âã­®¢áª¨© �. �.� áá¬®âà¨¬ æ¨«¨­¤à Qτ = {(x, t) : x ∈ D, 0 < t < τ}, £¤¥ τ | ¯à®¨§-¢®«ì­®¥ ç¨á«® ¨§ [0, T ℄. �­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã, ã¬­®�¨¬ ®¡¥ ç áâ¨ãà ¢­¥­¨ï (10pλ) ­  ¢ëà �¥­¨¥ (2τ − t)(−�vtt + vtt), ¨á¯®«ì§ã¥¬ (19)¨ ¯®«ãç¨¬
ε ‖v‖2̃

V
6 M1F ∗∗

p . (21)� ¬¥â¨¬ á«¥¤ãîé¥¥: ¥á«¨ ¯à¨ ®æ¥­ª¥ ¨­â¥£à « 
∣∣∣∣
∫

Q

Fp(2T − t)(−�vtt + vtt) dxdt∣∣∣∣­¥ ¯à®¢®¤¨âì ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬, â®  ­ «®£¨ç­® ¯®«ãç ¥âáï®æ¥­ª 
‖v‖2̃

V
6
M2
ε

(1
ε
‖Fp‖2L2(Q) + (F ∗∗

p − F ∗∗1 )). (21′)� ¬¥â¨¬ â ª�¥, çâ® ¥á«¨ äã­ªæ¨ï v(x, t) ã¤®¢«¥â¢®àï¥â ®¤­®à®¤­®¬ããá«®¢¨î (11p) vtt(x, 0) = 0, â® á¯à ¢¥¤«¨¢  ®æ¥­ª 
‖v‖2̃

V
6
M2
ε

(1
ε
‖Fp‖2L2(Q)). (22)�®ª �¥¬ ®âªàëâ®áâì ¬­®�¥áâ¢  �. Ǒãáâì ¯à¨ ­¥ª®â®à®¬ λ § ¤ ç (10pλ), (2′), (3′), (4′), (11p) à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ Ṽ0. �®£¤  ¤«ï«î¡®© äã­ªæ¨¨ w(x, t) ∈ Ṽ0 áãé¥áâ¢ã¥â äã­ªæ¨ï v(x, t) ∈ Ṽ0, ª®â®à ïï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

−ε�vtt + vttt − λ�vt + λqp(av)t = λFp + λ̂(Fp +�wt − qp(aw)t)¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (2′), (3′), (4′), (11p). �«¥¤®¢ â¥«ì­®, § ¤ ç (10pλ), (2′), (3′), (4′), (11p) ¯®à®�¤ ¥â ®¯¥à â®à P , ¯¥à¥¢®¤ïé¨© ¯à®-áâà ­áâ¢® Ṽ0 ¢ á¥¡ï: P (w) = v. �®§ì¬¥¬ äã­ªæ¨¨ w1, w2 ∈ Ṽ0 ¨ ¨å®¡à §ë v1, v2 ∈ Ṽ0. � áá¬®âà¨¬ à §­®áâ¨ w = w1 − w2, �v = v1 − v2.�®£¤  �v ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
Lεpλ�v = λ̂(�wt − qp(aw)t)¨ ®¤­®à®¤­ë¬ ãá«®¢¨ï¬ (2′), (3′), (4′), (11p). �æ¥­ª  (22) ¯à¨¢®¤¨â ª­¥à ¢¥­áâ¢ã

‖v‖2̃
V

6
M2
ε
λ̂ 2(1

ε
‖�wt − qp(aw)t‖2L2(Q)) 6 λ̂2M3

ε2 ‖w‖2̃
V
.



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  89�¥¬ á ¬ë¬ ¤«ï ¢á¥å λ̂ â ª¨å, çâ® λ̂M3
ε2 < 1, ®¯¥à â®à P á�¨¬ îé¨©,á«¥¤®¢ â¥«ì­®, ¨¬¥¥â ­¥¯®¤¢¨�­ãî â®çªã w0 ∈ Ṽ0, ª®â®à ï, ®ç¥¢¨¤­®,ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (10pλ+λ̂), (2′), (3′), (4′), (11p).�âªàëâ®áâì ¬­®�¥áâ¢  � ¤®ª § ­ , ¢¬¥áâ¥ á® á¢®¨¬ í«¥¬¥­â®¬ λ®­® á®¤¥à�¨â ¨ ¥£® ®ªà¥áâ­®áâì (λ− ε√

M3 , λ+ ε√
M3 )∩ [0, 1℄. Ǒ®áª®«ìªã®ªà¥áâ­®áâì ¨¬¥¥â ä¨ªá¨à®¢ ­­ë© à ¤¨ãá, ­¥ § ¢¨áïé¨© ®â λ, ¨ ç¨á«®0 ¯à¨­ ¤«¥�¨â �, â® � á®¢¯ ¤ ¥â á ®âà¥§ª®¬ [0, 1℄.�¥¬ á ¬ë¬ ¤«ï «î¡®© äã­ªæ¨¨ p(x, t) ∈ Ṽ0 ¤®ª § ­  à §à¥è¨¬®áâì§ ¤ ç¨ (10p), (2′), (3′), (4′), (11p) ¢ ¯à®áâà ­áâ¢¥ Ṽ0, â. ¥. ¤ ­­ ï § ¤ ç ¯®à®�¤ ¥â ®¯¥à â®à P , ¯¥à¥¢®¤ïé¨© ¯à®áâà ­áâ¢® Ṽ0 ¢ á¥¡ï: P (p) = v.Ǒ®ª �¥¬, çâ® ®¯¥à â®à P ¨¬¥¥â ¢ Ṽ0 ­¥¯®¤¢¨�­ãî â®çªã. � á-á¬®âà¨¬ ®£à ­¨ç¥­­®¥, § ¬ª­ãâ®¥ ¨ ¢ë¯ãª«®¥ ¬­®�¥áâ¢® äã­ªæ¨© ¨§¯à®áâà ­áâ¢  Ṽ0:

K̃0 = {p(x, t) | p(x, t) ∈ Ṽ0, p(x, 0) = pt(x, 0) = 0,116 ∫
Q

(�pt)2 dxdt 6 (1 + ν)F ∗∗,
18T 2 ∫

Q

(�p)2 dxdt 6 (1 + ν)F ∗∗,12 n∑

i=1 ∫Q p2txi
dxdt 6 (1 + ν)F ∗∗, ‖p‖

Ṽ
6 R

}
.�¨ªá¨à®¢ ­­®¥ ç¨á«® R ¡ã¤¥â ®¯à¥¤¥«¥­® ¯®§¤­¥¥.�æ¥­ªã (20) ¯à¨ λ = 1 § ¯¨è¥¬ ¢ ç áâ¨ç­®¬ ¢¨¤¥:

∫

Q

[ 116(�vt)2+ 18T 2 (�v)2+12 n∑

i=1 v2txi

]
dxdt 6 T

n∑

i=1 f2pxi
(x, 0)+(F ∗∗−TB),(20′)ãçâ¥¬ ®æ¥­ªã (13) ¨ ¯à¨¬¥­¨¬ ­¥à ¢¥­áâ¢ 

∫

D

dx




T∫0 |w(x, t)| dt2
6

∫

D

dx


T

T∫0 w2(x, t) dt = T

∫

Q

w2(x, t) dxdt,
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


T∫0 |w(x, t)| dt2
6 T

T∫0 max
D

w2(x, t) dt
6 T

T∫0 (kD

∫

D

(�w(x, t))2 dx) dt = TkD

∫

D

(�w(x, t))2 dxdt,
w(x, t)|�×(0,T ) = 0,¤«ï ®æ¥­ª¨ á«¥¤ãîé¨å ¨­â¥£à «®¢, § ¢¨áïé¨å ®â äã­ªæ¨¨ p(x, t) ∈ K̃0:

∫

D

dx




T∫0 |ptxi(x, t)| dt2


T∫0 |p(x, t)| dt2
6 T 2kD

∫

Q

p2txi
dxdt

∫

Q

(�p)2 dxdt 6 8T 4kD(1 + ν)F ∗∗
∫

Q

p2txi
dxdt,

∫

D

dx




T∫0 |pt(x, t)| dt2


T∫0 |pxi(x, t)| dt2
6 T 2kD

∫

Q

p2xi
dxdt

∫

Q

(�pt)2 dxdt 6 T 2kD
T 22 ∫

Q

p2txi
dxdt 16(1 + ν)F ∗∗= 8T 4kD(1 + ν)F ∗∗

∫

Q

p2txi
dxdt,

∫

D

dx




T∫0 |pt(x, t)| dt2


T∫0 |p(x, t)| dt2
6 mesD(TkD)2 ∫

Q

(�pt)2 dxdt ∫
Q

(�p)2 dxdt.�¥à ¢¥­áâ¢® (17) â®£¤  ¤ ¥â, çâ® ®¯¥à â®à P äã­ªæ¨¨ ¬­®�¥áâ¢  K̃0¯¥à¥¢®¤¨â ¢ äã­ªæ¨¨ v(x, t), ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ®£à ­¨ç¥­¨ï¬,®¯à¥¤¥«ïîé¨¬ K̃0, §  ¨áª«îç¥­¨¥¬ ¯®á«¥¤­¥£®: ‖v‖
Ṽ

6 R. �¢¥¤¥¬



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  91¢ ¯à®áâà ­áâ¢¥ Ṽ0 ­®à¬ã ‖v‖1, à ¢­ãî ª¢ ¤à â­®¬ã ª®à­î ®â «¥¢®©ç áâ¨ ­¥à ¢¥­áâ¢  (20) ¨ íª¢¨¢ «¥­â­ãî ¨áå®¤­®© ­®à¬¥ ‖v‖
Ṽ
. �®£¤ ¨§ (20) á«¥¤ã¥â, çâ®

‖v‖21 6 r‖p‖21 + F ∗∗, r ∈ (0, 1),§­ ç¨â, ¢á¥ äã­ªæ¨¨ p(x, t) ∈ K̃0, «¥� é¨¥ ¢ è à¥ ‖p‖1 6 R à ¤¨ãá  Râ ª®£®, çâ® R2(1− r) > F ∗∗, ¯¥à¥¢®¤ïâáï ®¯¥à â®à®¬ P ¢ è à à ¤¨ãá 
R (¯® ­®à¬¥ ‖v‖1). �¨á«® R ®¯à¥¤¥«¥­®.Ǒ®ª �¥¬, çâ® ®¯¥à â®à P ¢¯®«­¥ ­¥¯à¥àë¢­ë©. Ǒãáâì {pn(x, t)}|®£à ­¨ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨§ ¯à®áâà ­áâ¢  Ṽ0, {vn(x, t)} | ¯®-á«¥¤®¢ â¥«ì­®áâì ®¡à §®¢ äã­ªæ¨© pn(x, t) ¯à¨ ¤¥©áâ¢¨¨ ®¯¥à â®à 
P . � á¨«ã ®æ¥­ª¨ (21) ¯®á«¥¤®¢ â¥«ì­®áâì {vn(x, t)} ®£à ­¨ç¥­  ¢¯à®áâà ­áâ¢¥ Ṽ0. Ǒ®á«¥¤®¢ â¥«ì­®áâ¨ {pnxi(x, t)}, {pntxi(x, t)} (i =1, n) à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¯® τ ¢ W 12 (Qτ ),   ¯®á«¥¤®¢ â¥«ì­®áâ¨
{pn(x, τ)}, {pnt(x, τ)} à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¯® τ ¢ W 22 (D). �§ ®£à -­¨ç¥­­®áâ¨ ¢ëè¥ãª § ­­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©,   â ª�¥ ¨§ ª®¬¯ ªâ-­®áâ¨ ¢«®�¥­¨© W 12 (Qτ ) ¢ L2(D) ¨ W 22 (D) ¢ C(D) á«¥¤ã¥â [3℄, çâ® áã-é¥áâ¢ãîâ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ {pnk

(x, t)} ¨ {vnk
(x, t)} á®®â¢¥âáâ¢ã-îé¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨ äã­ªæ¨¨ p(x, t) ¨ v(x, t) â ª¨¥, çâ® ¯à¨

k → ∞ ¨¬¥îâ ¬¥áâ® áå®¤¨¬®áâ¨:
pnk

(x, t) → p(x, t) á« ¡® ¢ Ṽ ¨ ¯®çâ¨ ¢áî¤ã ¢ Q,
vnk

(x, t) → v(x, t) á« ¡® ¢ Ṽ ¨ ¯®çâ¨ ¢áî¤ã ¢ Q,
pn(x, t) → p(x, t) á¨«ì­® ¢ L∞

(0, T ;W 12 (D)),
pnt(x, t) → p(x, t) á¨«ì­® ¢ L∞

(0, T ;W 12 (D)),
pn(x, t) → p(x, t) á¨«ì­® ¢ L∞(0, T ;C(D)),
pnt(x, t) → pt(x, t) á¨«ì­® ¢ L∞(0, T ;C(D)).�§ íâ¨å áå®¤¨¬®áâ¥© á«¥¤ã¥â, çâ® äã­ªæ¨¨ p(x, t) ¨ v(x, t) á¢ï§ ­ë ãà ¢-­¥­¨¥¬ (10p),   äã­ªæ¨ï v(x, t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (2′), (3′), (4′),(11p).�¡®§­ ç¨¬ wk(x, t) = vnk

(x, t) − v(x, t). �«ï äã­ªæ¨¨ wk ¨¬¥¥â¬¥áâ® à ¢¥­áâ¢®
−ε�wktt + wkttt −�wkt + qpnk

(awt)t = (qp − qpnk
)(a(v + U))t ≡ F̃ (x, t),



92 �®«âã­®¢áª¨© �. �.¢ë¯®«­ïîâáï ãá«®¢¨ï (2′), (3′), (4′) ¨ ãá«®¢¨¥
wktt(x, 0) = (qp − qpnk

)a(x, 0)u0(x) ≡ ~f(x).�æ¥­ª ,  ­ «®£¨ç­ ï (21′), ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã
‖wk‖2̃V 6

M4
ε

(1
ε
‖F̃‖2L2(Q) + ‖ ~f‖2W 12 (D)),ª®â®à®¥ ¢¬¥áâ¥ á á¨«ì­®© áå®¤¨¬®áâìî qpnk

(x) → qp(x) ¢W 12 (D) (® áå®-¤¨¬®áâ¨ áà¥§®ª á¬. [3℄) ¢«¥ç¥â áå®¤¨¬®áâì ‖wk‖Ṽ
→ 0 ¯à¨ k → ∞,¯®ª §ë¢ îéãî ª®¬¯ ªâ­®áâì ¨ ­¥¯à¥àë¢­®áâì ®¯¥à â®à  P , â. ¥. ¥£®¢¯®«­¥ ­¥¯à¥àë¢­®áâì.� á¨«ã ¢¯®«­¥ ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  P , ¥£® á¢®©áâ¢  ¯¥à¥¢®-¤¨âì ¬­®�¥áâ¢® K̃0 ¢ á¥¡ï ¨ â¥®à¥¬ë � ã¤¥à  [5℄ ®¯¥à â®à P ¨¬¥¥â­  ¬­®�¥áâ¢¥ K̃0 ­¥¯®¤¢¨�­ãî â®çªã. �â  ­¥¯®¤¢¨�­ ï â®çª , â. ¥.äã­ªæ¨ï v(x, t) ¨§ ¯à®áâà ­áâ¢  Ṽ0, ¡ã¤¥â à¥è¥­¨¥¬ § ¤ ç¨ (10), (2′),(3′), (4′), (11). Ǒ®áª®«ìªã à¥è¥­¨¥ ¯®«ãç¥­® ¤«ï ä¨ªá¨à®¢ ­­®£® ε,®¡®§­ ç¨¬ ¥£® ç¥à¥§ vε(x, t).�§ ®æ¥­ª¨,  ­ «®£¨ç­®© (20), á«¥¤ãîâ ­¥à ¢¥­áâ¢  (τ ∈ [0, T ℄)38τ ∫

D

(�vt(x, τ))2 dx 6 F ∗∗(τ)(1 + ν),18τ ∫
D

(�v(x, τ))2 dx 6 F ∗∗(τ)(1 + ν),¨ ¢ á¨«ã ¯à¥¤¯®«®�¥­¨ï 2
|vt(x, τ)|2 6

83 kD(1 + ν)F ∗∗(τ)
τ

,

|v(x, τ)|2 6 8kD(1 + ν)τF ∗∗(τ), x ∈ D.�¢¨¤ã ­¥à ¢¥­áâ¢ (18) ¯®«ãç ¥¬
σβH1(ξ1) = ξ1, σγA1(ξ2) = ξ2.�®£¤  ª®íää¨æ¨¥­â qvε(x) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (6).Ǒ®ª �¥¬, çâ® á ¯®¬®éìî ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯® ¯ à ¬¥âàã ε¬®�­® ¤®ª § âì à §à¥è¨¬®áâì ¢ ¯à®áâà ­áâ¢¥ V § ¤ ç¨ (1′), (2′), (3′),(4′), (5′).



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  93�§ ®æ¥­ª¨,  ­ «®£¨ç­®© (20), á«¥¤ã¥â, çâ®
‖vε‖2V + ε‖�vεtt‖2L2(Q) 6 M5F ∗∗,§­ ç¨â, áãé¥áâ¢ãîâ ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì {εk}, ¯®¤¯®á«¥¤®¢ -â¥«ì­®áâì äã­ªæ¨© {vεk

(x, t)} ¨ äã­ªæ¨ï v(x, t) â ª¨¥, çâ® ¯à¨ k → ∞¨¬¥îâ ¬¥áâ® áå®¤¨¬®áâ¨:
vεk

(x, t) → v(x, t) á« ¡® ¢ V ¨ ¯®çâ¨ ¢áî¤ã ¢ Q,
εk�vεktt → 0 á« ¡® ¢ L2(Q),

vεk
(x, t) → v(x, t) á¨«ì­® ¢ L∞(0, T ;C(D)),

vεkt(x, t) → vt(x, t) á¨«ì­® ¢ L∞(0, T ;C(D)).�â «® ¡ëâì, äã­ªæ¨ï v(x, t) ã¤®¢«¥â¢®àï¥â ¢ æ¨«¨­¤à¥ Q ãà ¢­¥­¨î(vtt −�v + qva(v + U))t = ft(x, t), (23)  â ª�¥ ãá«®¢¨ï¬ (2′), (3′), (4′) ¨ (11).�®ª �¥¬, çâ® äã­ªæ¨ï v(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1′),   â ª-�¥ ãá«®¢¨î (5′). Ǒà®¨­â¥£à¨àã¥¬ ãà ¢­¥­¨¥ (23) ¯® ¯¥à¥¬¥­­®© t ¢¯à¥¤¥« å ®â t = 0 ¤® t = τ , £¤¥ τ ∈ [0, T ℄:[vtt−�v+qva(v+U)℄(x, τ)−[vtt−�v+qva(v+U)℄(x, 0) = f(x, τ)−f(x, 0).� ª ª ª ¤«ï äã­ªæ¨¨ v(x, t) ¢ë¯®«­ïîâáï ãá«®¢¨ï (3′) ¨ (11), v(x, t)ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1′):[vtt −�v + qva(v + U)℄(x, τ) = f(x, τ).�¬­®�¨¬ ¯®ç«¥­­® ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ­  äã­ªæ¨î α(τ) ¨ ¯à®¨­â¥-£à¨àã¥¬ ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢® ¯® ¯¥à¥¬¥­­®© τ ¢ ¯à¥¤¥« å ®â τ = 0¤® τ = T :
T∫0 [vtt −�v + qva(v + U)℄(x, τ)α(τ) dτ = T∫0 f(x, τ) dτ.� á¨«ã ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â  qv(x) ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¯®«ã-ç¨¬ � T∫0 α(τ)v(x, τ) dτ = �h(x), x ∈ D,



94 �®«âã­®¢áª¨© �. �.¨§ ãá«®¢¨© á®£« á®¢ ­¨ï
h(x)∣∣�= T∫0 α(τ)v(x, τ) dτ ∣∣�= 0,¯®íâ®¬ã ¢ë¯®«­ï¥âáï ¨ ãá«®¢¨¥ (5′)
T∫0 α(τ)v(x, τ) dτ = h(x), x ∈ D.Ǒ® ®¯à¥¤¥«¥­¨î qv(x) ∈ L∞(D). �¥®à¥¬  1 ¤®ª § ­ .�¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ®¡à â­®© § ¤ ç¨ (1){(5) ¤®ª �¥¬ áà¥¤¨äã­ªæ¨© á«¥¤ãîé¥£® ¬­®�¥áâ¢ :

V (N, q∗, q∗∗, A∗, A∗∗) =u(x, t) ∈ V : max(‖u‖2L2(Q), ‖ut‖2L2(Q),
‖utt‖2L2(Q), ‖u(x, T )‖2L2(D), ‖ut(x, T )‖2L2(D)) 6 N ;0 < q∗ 6 qu(x) 6 q∗∗; 0 < A∗ 6

T∫0 α(t)a(x, t)u(x, t) dx 6 A∗∗



.Ǒ® â¥®à¥¬¥ 1 â ª¨¥ à¥è¥­¨ï ¨ ç¨á«  N , q∗ ¨ q∗∗, A∗ ¨ A∗∗ áãé¥áâ¢ãîâ.�®íää¨æ¨¥­â qu(x) ¤«ï à¥è¥­¨ï u(x, t) ¨§ ¬­®�¥áâ¢  V (N, q∗, q∗∗, A∗,

A∗∗) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
qu(x) = T∫0 α(t)f0(x, t) dxdt +�h0(x) + T∫0 α′(t)ut(x, t) dt

T∫0 α(t)a(x, t)u(x, t) dt .�¡®§­ ç¨¬
S(T ) = 20T 2max

Q
a2tt + (88T 2 + 4T + 5)max

Q
a2t + (28T 2 + 4T + 5)max

Q
a2.�®áâ â®ç­ë¥ ãá«®¢¨ï ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï, á®£« á®¢ ­­ë¥ áãá«®¢¨ï¬¨ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï, ¯à¨¢¥¤¥­ë ¢ á«¥¤ãîé¥© â¥®à¥¬¥.



�¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç  95�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1, ¨ ¯ãáâì ¢®¡« áâ¨ D ­ ç «ì­ ï äã­ªæ¨ï u0(x) à ¢­  ­ã«î.Ǒà¥¤¯®«®�¨¬ â ª�¥, çâ® á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 132 > NTS(T )(A∗)2 kD max[0,T ℄(α′(t))2,116 > NT 3S(T )(q∗∗
A∗

)2max
Q

[α(t)a(x, t)℄2. (24)�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ {u(x, t), qu(x)} ®¡à â­®© § ¤ -ç¨ (1){(5) â ª®¥, çâ® u(x, t) ∈ V (N, q∗, q∗∗, A∗, A∗∗), qu(x) ∈ L∞(D).�®ª § â¥«ìáâ¢®. � §­®áâì ¤¢ãå à¥è¥­¨©�v(x, t) = u2(x, t) − u1(x, t)ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î�vtt −��v + q2a�v = (q1 − q2)a(x, t)u1(x, t)= q1(x) T∫0 α(t)a(x, t)�v(x, t) dt− T∫0 α′(t)�vt(x, t) dt
T∫0 α(t)a(x, t)u2(x, t) dt a(x, t)u1(x, t), (25)®¤­®à®¤­ë¬ ãá«®¢¨ï¬ (2′), (3′), (4′), (5′) ¨ ãá«®¢¨î�vtt(x, 0) = (q1 − q2)a(x, 0)u0(x) = 0. (11′)�æ¥­ª  à §­®áâ¨ ª®íää¨æ¨¥­â®¢ ¢ ®¡« áâ¨ D ¤¥« ¥âáï, ª ª ¢ ¤®ª § -â¥«ìáâ¢¥ â¥®à¥¬ë 1:(q1 − q2)2 6

2TkD(A∗)2{(q∗∗)2maxQ
[α(t)a(x, t)℄2 ∫

Q

(��v)2 dxdt+max[0,T ℄(α′(t))2 ∫
Q

(��vt)2 dxdt}. (26)Ǒ®ç«¥­­® ¯à®¤¨ää¥à¥­æ¨à®¢ ¢ ¯® t ãà ¢­¥­¨¥ (25), ¯®«ãç¨¬
L�v ≡ �vttt −��vt + q2(a�v)t = (q1 − q2)[a(x, t)u1(x, t)℄t.



96 �®«âã­®¢áª¨© �. �.�¡®§­ ç¨¬ �(x, t) = (q1(x)− q2(x))[a(x, t)u1(x, t)℄t¨ à áá¬®âà¨¬ à ¢¥­áâ¢®
∫

Q

L�v(2T − t)(−��vtt + �vtt) dxdt = ∫
Q

�(x, t)(2T − t)(−��vtt + �vtt) dxdt.� ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¯®«ãç ¥¬ ®æ¥­ªã,  ­ «®£¨ç­ãî®æ¥­ª ¬ (20) ¨ (20′):
∫

Q

[ 18 �v 2tt + 116 (��vt)2 + 18T 2 (��v)2] dxdt
6

∫

Q

�2(2T − t)2 dxdt+ ∫
Q

[�(2T − t)℄2t dxdt+ 2T ∫
D

�2(x, T ) dx. (27)�®¡ ¢¨¬ ®æ¥­ªã (¨ ¯®¤®¡­ë¥ ¥©)
∫

Q

[�(2T − t)℄2t dxdt 6 max
D

(q1 − q2)2 ∫
Q

[(au1)t(2T − t)℄2t dxdt
6 max

D
(q1−q2)2N[20T 2max

Q
a2tt+(80T 2+5)max

Q
a2t+(20T 2+5)max

Q
a2].�®£¤  á ãç¥â®¬ (26) ¯®«ãç¨¬

∫

Q

[ 18 �v 2tt + 116(��vt)2 + 18T 2 (��v)2] dxdt
6
2TkD(A∗)2NS(T ){(q∗∗)2maxQ

(αa)2 ∫
Q

(��v)2 dxdt+max[0,T ℄(α′)2 ∫
Q

(��vt)2 dxdt}. (28)�§ ®æ¥­ª¨ (28) ¨ ­¥à ¢¥­áâ¢  (24) á«¥¤ã¥â à ¢¥­áâ¢® �vtt(x, t) = 0 ¯®çâ¨¢áî¤ã ¢ Q. �­ ç¨â, �v(x, t) = 0 ¯®çâ¨ ¢áî¤ã ¢ Q, â ª ª ª äã­ªæ¨ï �v(x, t)ã¤®¢«¥â¢®àï¥â ®¤­®à®¤­ë¬ ãá«®¢¨ï¬ (3′) ¨ (2′).�¥®à¥¬  2 ¤®ª § ­ .
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�¯«¥â¥­¨¥, ¨¬¥îé¥¥ ª®­¥ç­ãî è¨à¨­ã 992. �¯à¥¤¥«¥­¨ï ¨ ¯à¨¬¥àëǑãáâìM | ¬­®�¥áâ¢®. �¡®§­ ç¨¬ ç¥à¥§ S(M) á®¢®ªã¯­®áâì ¢á¥å¢§ ¨¬­® ®¤­®§­ ç­ëå ®â®¡à �¥­¨© M ­  á¥¡ï, Fun(M,G) | ¤¥ª àâ®-¢® ¯à®¨§¢¥¤¥­¨¥ ¨§®¬®àä­ëå ª®¯¨© £àã¯¯ë G, ¨­¤¥ªá¨à®¢ ­­ëå í«¥-¬¥­â ¬¨ ¬­®�¥áâ¢  M . �¥ª àâ®¢® á¯«¥â¥­¨¥ £àã¯¯ë A á £àã¯¯®© B®¡®§­ ç¨¬ ç¥à¥§ AıB [8℄.�¯à¥¤¥«¥­¨¥. �®¢®àïâ, çâ® £àã¯¯  G ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã,¥á«¨ ¤«ï «î¡®£® ¬­®�¥áâ¢  E ¯®à®�¤ îé¨å í«¥¬¥­â®¢ £àã¯¯ë G áãá«®¢¨¥¬ 1 ∈ E = E−1 áãé¥áâ¢ã¥â â ª®¥ ­ âãà «ì­®¥ ç¨á«® k, çâ®
G = Ek.�¯à¥¤¥«¥­¨¥. �®¢®àïâ, çâ® £àã¯¯  G ¨¬¥¥â áç¥â­ãî (­¥áç¥â-­ãî) áâà®£ãî ª®­ä¨­ «ì­®áâì, ¥á«¨ £àã¯¯ G ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥-­  ¢ ¢¨¤¥ ®¡ê¥¤¨­¥­¨ï áç¥â­®© (­¥áç¥â­®©) æ¥¯®çª¨ á®¡áâ¢¥­­ëå ¯®¤-¬­®�¥áâ¢ Hi, ã¤®¢«¥â¢®àïîé¨å ¤¢ã¬ ãá«®¢¨ï¬: 1) H−1

i = Hi ¤«ï «î-¡®£® ¨­¤¥ªá  i; 2) ¤«ï «î¡®£® ¨­¤¥ªá  i áãé¥áâ¢ã¥â â ª®© ¨­¤¥ªá j, çâ®
j > i ¨ HiHi ⊆ Hj .Ǒà¥¤«®�¥­¨¥ 1. �«ï «î¡®£® ­¥¯ãáâ®£® ¬­®�¥áâ¢  I ¤¥ª àâ®¢®¯à®¨§¢¥¤¥­¨¥ Fun(I, S(N)) ¨¬¥¥â ­¥áç¥â­ãî áâà®£ãî ª®­ä¨­ «ì­®áâì(á¬. [3, «¥¬¬  3.5℄).Ǒà¥¤«®�¥­¨¥ 2. Ǒãáâì G | ­¥áç¥â­ ï £àã¯¯ . �àã¯¯  G ¨¬¥¥â­¥áç¥â­ãî áâà®£ãî ª®­ä¨­ «ì­®áâì â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  £àã¯¯ 
G ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã ¨ ­¥ ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ áç¥â­®£® ç¨á« á¢®¨å á®¡áâ¢¥­­ëå ¯®¤£àã¯¯ (á¬. [3, 2.2℄).Ǒà¨¬¥à 1. � áá¬®âà¨¬ £àã¯¯ã S(N) ¨ ¯à®¨§¢®«ì­®¥ ­¥¯ãáâ®¥ ¬­®-�¥áâ¢® I. �®£¤  ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ Fun(I, S(N)) ¨¬¥¥â ª®­¥ç­ãîè¨à¨­ã. �â® ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ¯à¥¤«®�¥­¨© 1 ¨ 2.Ǒà¨¬¥à 2. Ǒãáâì G | ª®­¥ç­ ï £àã¯¯ , á®¢¯ ¤ îé ï á® á¢®¨¬ª®¬¬ãâ ­â®¬, I | ­¥¯ãáâ®¥ ¬­®�¥áâ¢®. �®£¤  ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥Fun(I,G) ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã (á¬. [4, â¥®à¥¬  4.1℄).Ǒãáâì X,Y | ¯à®¨§¢®«ì­ë¥ ¬­®�¥áâ¢ , A 6 S(X) , B 6 S(Y ).�«ï ¢áïª®£® ¯à¥®¡à §®¢ ­¨ï a ∈ A ç¥à¥§ xa ¡ã¤¥¬ ®¡®§­ ç âì ®¡à §



100 �®à®¡®¢ �. A.í«¥¬¥­â  x ∈ X ¯à¨ ®â®¡à �¥­¨¨ a. �«ï ¤àã£¨å £àã¯¯ ¯à¥®¡à §®¢ -­¨© ¡ã¤¥¬ ¨á¯®«ì§®¢ âì  ­ «®£¨ç­ë¥ ®¡®§­ ç¥­¨ï. �¥ª àâ®¢ë¬ á¯«¥-â¥­¨¥¬ £àã¯¯ë ¯à¥®¡à §®¢ ­¨© A á £àã¯¯®© ¯à¥®¡à §®¢ ­¨© B ­ §ë-¢ ¥âáï £àã¯¯  ¯à¥®¡à §®¢ ­¨© AııB ¬­®�¥áâ¢  X × Y , á®áâ®ïé ï ¨§í«¥¬¥­â®¢ (b, f), b ∈ B, f ∈ Fun(Y,A), ¤¥©áâ¢ãîé¨å ­  X × Y ¯® ¯à -¢¨«ã (x, y)(b, f) = (xf(yb), yb). �¡®§­ ç¨¬ £àã¯¯ã Fun(Y,A) á¨¬¢®«®¬
F , ¥¤¨­¨æã £àã¯¯ë B | ç¥à¥§ e,   ¥¤¨­¨æã £àã¯¯ë F | ç¥à¥§ ε.�¥¬¬  1. � ¤¥ª àâ®¢®¬ á¯«¥â¥­¨¨ AııB £àã¯¯ ¯à¥®¡à §®¢ ­¨©áãé¥áâ¢ã¥â â ª ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  N , ¨§®¬®àä­ ï F , çâ® ä ª-â®à-£àã¯¯  AııB/N ¨§®¬®àä­  £àã¯¯¥ B.�®ª § â¥«ìáâ¢®. �á­®, çâ® ¤«ï ª �¤®© äã­ªæ¨¨ f ∈ F ¨ «î-¡®£® ¯à¥®¡à §®¢ ­¨ï b ∈ B ¯à ¢¨«® y 7→ f(yb−1) ®¯à¥¤¥«ï¥â äã­ªæ¨î
f b ¨§ F . �§¢¥áâ­® (á¬. [8, 6.2.12℄), çâ® â ¡«¨æ  ã¬­®�¥­¨ï ¢ £àã¯¯¥
AııB ¢ëç¨á«ï¥âáï ¯® á«¥¤ãîé¥© ä®à¬ã«¥:(∀b, b′ ∈ B)(∀f, f ′ ∈ F )(b, f)(b′, f ′) = (bb′, f b′f ′).�§ â ¡«¨æë ã¬­®�¥­¨ï ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â, çâ® ¬­®�¥áâ¢ (B, ε) ¨ (e, F ) ï¢«ïîâáï ¯®¤£àã¯¯ ¬¨ ¢ AııB ¨ ¬­®�¥áâ¢® (B, ε)(e, F )á®¢¯ ¤ ¥â á AııB. �§ â ¡«¨æë ã¬­®�¥­¨ï á«¥¤ã¥â â ª�¥ ¯à ¢¨«® ¤«ïá®¯àï�¥­¨ï: (∀b ∈ B)(∀f ∈ F ) (b, ε)−1(e, f)(b, ε) = (e, f b).Ǒ®íâ®¬ã (e, F ) ⊳ AııB.Ǒ®ª �¥¬, çâ® (B, ε) ∩ (e, F ) = {(e, ε)}. � á ¬®¬ ¤¥«¥, ¯ãáâì g ∈(B, ε) ∩ (e, F ). �®£¤  ­ ©¤ãâáï â ª¨¥ í«¥¬¥­âë b ∈ B, f ∈ F , çâ®(e, f) = (b, ε). �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®© â®çª¨ (x, y) ∈ X × Y ¢ë¯®«-­¥­® (xf(y), y) = (x, yb). Ǒ®íâ®¬ã yb = y ¤«ï «î¡®£® y ¨§ Y . �­ ç¨â,
b = e, ¯®íâ®¬ã g = (e, ε).�â ª, AııB = (e, F ) ⋋ (B, ε). �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ®®â®¡à �¥­¨ï B → (B, ε) ¨ F → (e, F ) ¯® ¯à ¢¨« ¬ b 7→ (b, ε) ¨ f 7→(e, f) ï¢«ïîâáï ¨§®¬®àä¨§¬ ¬¨. �¥¬ á ¬ë¬ N = (e, F ) | ¨áª®¬ ï­®à¬ «ì­ ï ¯®¤£àã¯¯ . �¥¬¬  ¤®ª § ­ .� 2006 £. �¨«á®­ ãáâ ­®¢¨« ª®­¥ç­ãî  ªá¨®¬ â¨§¨àã¥¬®áâì ª« áá ª®­¥ç­ëå à §à¥è¨¬ëå £àã¯¯ [9℄. �ã¤¥¬ £®¢®à¨âì, çâ® ª®­¥ç­ ï £àã¯¯ 
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G ®¡« ¤ ¥â á¢®©áâ¢®¬ �¨«á®­ , ¥á«¨ áãé¥áâ¢ãîâ í«¥¬¥­â g ¨§ G\{1}¨ ­ ¡®àë x, y ¨§ G56 â ª¨¥, çâ® g = [gx1 , gy1 ℄ . . . [gx56 , gy56 ℄.3. � âà¨ç­ ï ¯à¥¤áâ ¢¨¬®áâì £àã¯¯Ǒãáâì D | â¥«®, V = Dn | ¬­®�¥áâ¢® áâà®ª ¤«¨­ë n. Ǒà¥¢à -â¨¬ ¬­®�¥áâ¢® V ¢ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ â¥«®¬ D, ¯®« £ ï, çâ®
dv| à¥§ã«ìâ â ã¬­®�¥­¨ï ª �¤®£® í«¥¬¥­â  áâà®ª¨ v ­  áª «ïà d ∈ Dá«¥¢ . � ¨¬¥­ìè¥¥ ¯®¤¯à®áâà ­áâ¢® ¯à®áâà ­áâ¢  V , á®¤¥à� é¥¥ á¨-áâ¥¬ã ¢¥ªâ®à®¢W , ®¡®§­ ç¨¬ ç¥à¥§ 〈W 〉 ¨ ­ §®¢¥¬ «¨­¥©­®© ®¡®«®çª®©á¨áâ¥¬ë W .�¯à¥¤¥«¥­¨¥. Ǒãáâì D | â¥«®, G 6 GLn(D). �®£¤  £àã¯¯  G¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¤¥©áâ¢ã¥â ­  ¯à®áâà ­áâ¢¥ áâà®ª Dn. �àã¯¯ 
G ­ §ë¢ ¥âáï ­¥¯à¨¢®¤¨¬®©, ¥á«¨ ¤«ï ª �¤®£® ­¥­ã«¥¢®£® ¢¥ªâ®à  v«¨­¥©­ ï ®¡®«®çª  ®à¡¨âë ¢¥ªâ®à  v ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë Gá®¢¯ ¤ ¥â á Dn.�¥¬¬  2. �¥¯à¨¢®¤¨¬ ï  ¡¥«¥¢  ¯®¤£àã¯¯  G ¢ GLn(D)¨§®¬®àä­  ¯®¤£àã¯¯¥ ¬ã«ìâ¨¯«¨ª â¨¢­®© £àã¯¯ë ­¥ª®â®à®£® ¯®«ï â®©�¥ å à ªâ¥à¨áâ¨ª¨, çâ® ¨ â¥«® D.�®ª § â¥«ìáâ¢®. Ǒãáâì F | æ¥­âà â¥«  D . �¡®§­ ç¨¬ ç¥à¥§
F [G℄ ¬­®�¥áâ¢® ª®­¥ç­ëå «¨­¥©­ëå ª®¬¡¨­ æ¨© í«¥¬¥­â®¢ £àã¯¯ë Gá ª®íää¨æ¨¥­â ¬¨ ¨§ F . �á­®, çâ® R = F [G℄ | ª®¬¬ãâ â¨¢­®¥  áá®-æ¨ â¨¢­®¥ ª®«ìæ® á ¥¤¨­¨æ¥©. Ǒ®ª �¥¬, çâ® R| ª®«ìæ® ¡¥§ ¤¥«¨â¥«¥©­ã«ï.�ë¡¥à¥¬ ¯à®¨§¢®«ì­ë¥ ­¥­ã«¥¢ë¥ í«¥¬¥­âë a ¨ b ¢ ª®«ìæ¥ R. Ǒ®ãá«®¢¨î ­ ©¤¥âáï â ª®© ¢¥ªâ®à v ¨§ Dn, çâ® va 6= 0. �®£¤  «¨­¥©­ ï®¡®«®çª  〈{vag | g ∈ G}〉 | ­¥­ã«¥¢®¥ ¯®¤¯à®áâà ­áâ¢®, ¨­¢ à¨ ­â­®¥®â­®á¨â¥«ì­® £àã¯¯ë G. �¢¨¤ã ­¥¯à¨¢®¤¨¬®áâ¨ £àã¯¯ë G § ª«îç ¥¬,çâ® 〈{vag | g ∈ G}〉 = Dn. � ª ª ª b 6= 0, ­ ©¤¥âáï â ª®© í«¥¬¥­â
g0 ∈ G, çâ® vag0b 6= 0. � ç áâ­®áâ¨, ag0b 6= 0, çâ® à ¢­®á¨«ì­® á®®â­®-è¥­¨î ab 6= 0, ¯®áª®«ìªã R | ª®¬¬ãâ â¨¢­®¥ ª®«ìæ®. � ª ª ª ­¥­ã-«¥¢ë¥ í«¥¬¥­âë ª®«ìæ  R ¢ë¡à ­ë ¯à®¨§¢®«ì­®, ãáâ ­®¢¨«¨, çâ® R |ª®¬¬ãâ â¨¢­®¥  áá®æ¨ â¨¢­®¥ ª®«ìæ® ¨ ¡¥§ ¤¥«¨â¥«¥© ­ã«ï. �§¢¥áâ­®,çâ® ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â ¯®«¥ ç áâ­ëå P ª®«ìæ  R ¨ ¢«®�¥­¨¥
π : R →֒ P . �®£¤  G 6 R∗ ≃ (Rπ)∗ 6 P ∗. �¥¬¬  ¤®ª § ­ .



102 �®à®¡®¢ �. A.�¯à¥¤¥«¥­¨¥. Ǒãáâì V | (ª®­¥ç­®¬¥à­®¥) «¥¢®¥ ¢¥ªâ®à­®¥ ¯à®-áâà ­áâ¢® ­ ¤ â¥«®¬, G 6 GL(V ). �®§ì¬¥¬ ¢ V ­¥ã¯«®â­ï¥¬ãî ¬ â-à¥èªã G-¤®¯ãáâ¨¬ëå ¯®¤¯à®áâà ­áâ¢:
V = V0 > V1 > · · · > Vr = 0.�ç¥¢¨¤­®, çâ® G ¨­¤ãæ¨àã¥â ¢ ª �¤®¬ ä ªâ®à¥ Vi/Vi+1 ­¥¯à¨¢®-¤¨¬ãî £àã¯¯ã G|Vi/Vi+1 ¯® ä®à¬ã«¥(v + Vi+1)g = vg + Vi+1, v ∈ Vi, g ∈ G.�áâ¥áâ¢¥­­®¥ ®â®¡à �¥­¨¥

G→
r−1∏
i=0G|Vi/Vi+1ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ £àã¯¯ë G. �àã¯¯ë G|Vi/Vi+1 ­ §ë¢ îâáï­¥¯à¨¢®¤¨¬ë¬¨ ç áâï¬¨ £àã¯¯ë G,   ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥

r−1∏
i=0G|Vi/Vi+1­ §ë¢ ¥âáï á¢ï§ª®© ­¥¯à¨¢®¤¨¬ëå ç áâ¥© £àã¯¯ë G.4. �¥®à¥¬ë ¨ á«¥¤áâ¢¨ï�¥®à¥¬  1. Ǒãáâì G | «¨¡® ª®­¥ç­ ï ­¥¥¤¨­¨ç­ ï £àã¯¯ , á®¢-¯ ¤ îé ï á® á¢®¨¬ ª®¬¬ãâ ­â®¬, «¨¡® £àã¯¯  ¢á¥å ¢§ ¨¬­® ®¤­®§­ ç-­ëå ®â®¡à �¥­¨© ¡¥áª®­¥ç­®£® áç¥â­®£® ¬­®�¥áâ¢  ­  á¥¡ï. Ǒãáâì

H | ¡¥áª®­¥ç­ ï £àã¯¯  ª®­¥ç­®© è¨à¨­ë. �®£¤  ¤¥ª àâ®¢® á¯«¥â¥-­¨¥ GıH | £àã¯¯  ª®­¥ç­®© è¨à¨­ë, ­¥ ¨¬¥îé ï ¨§®¬®àä­®£® ¯à¥¤-áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬.�®ª § â¥«ìáâ¢®. Ǒãáâì á­ ç «  G | ª®­¥ç­ ï ­¥¥¤¨­¨ç­ ï£àã¯¯ , á®¢¯ ¤ îé ï á® á¢®¨¬ ª®¬¬ãâ ­â®¬. � áá¬®âà¨¬ ¤¥ª àâ®¢®¯à®¨§¢¥¤¥­¨¥ Fun(H,G). �§¢¥áâ­®, çâ® Fun(H,G) | £àã¯¯  ª®­¥ç­®©è¨à¨­ë (á¬. [4, â¥®à¥¬  4.1℄). Ǒ® ®¯à¥¤¥«¥­¨î ¤¥ª àâ®¢® á¯«¥â¥­¨¥
GıH | à áè¨à¥­¨¥ £àã¯¯ë ª®­¥ç­®© è¨à¨­ë á ¯®¬®éìî £àã¯¯ë, â ª-�¥ ¨¬¥îé¥© ª®­¥ç­ãî è¨à¨­ã. Ǒ®íâ®¬ã GıH | £àã¯¯  ª®­¥ç­®© è¨-à¨­ë (á¬. [1, «¥¬¬  7℄). Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë 1 ¤®ª § ­®.



�¯«¥â¥­¨¥, ¨¬¥îé¥¥ ª®­¥ç­ãî è¨à¨­ã 103�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥­¨¥. Ǒà¥¤¯®«®�¨¬, çâ® £àã¯¯  GıHâ®ç­® ¯à¥¤áâ ¢¨¬  ¬ âà¨æ ¬¨ áâ¥¯¥­¨ n ­ ¤ â¥«®¬ D. Ǒãáâì á­ ç « 
harD 6= 0. �á«¨ ¡ë ¯à®áâ®¥ ç¨á«® 
harD ¡ë«® ¥¤¨­áâ¢¥­­ë¬ ¯à®áâë¬¤¥«¨â¥«¥¬ ¯®àï¤ª  £àã¯¯ë G, â® £àã¯¯  G ¡ë«  ¡ë 
harD-£àã¯¯®©,  â ª�¥ ­¨«ì¯®â¥­â­®© £àã¯¯®©, á®¢¯ ¤ îé¥© á® á¢®¨¬ ª®¬¬ãâ ­â®¬,çâ® ­¥¢®§¬®�­®. Ǒ®íâ®¬ã ¢ £àã¯¯¥ G áãé¥áâ¢ã¥â í«¥¬¥­â g ¯à®áâ®£®¯®àï¤ª  p, ¢§ ¨¬­® ¯à®áâ®£® á ç¨á«®¬ 
harD.� á«ãç ¥, ª®£¤  
harD = 0, ¢ ª ç¥áâ¢¥ g ¢®§ì¬¥¬ ¯à®¨§¢®«ì­ë©í«¥¬¥­â ¯à®áâ®£® ¯®àï¤ª .� «¥¥, ®ç¥¢¨¤­®, çâ® £àã¯¯  A = Fun(H, £à(g)) ¢ª« ¤ë¢ ¥âáï ¢£àã¯¯ã Fun(H,G),   £àã¯¯  Fun(H,G), ª ª ¨§¢¥áâ­®, ¢ª« ¤ë¢ ¥âáï ¢
GıH . �¥¬ á ¬ë¬ £àã¯¯  A â®ç­® ¯à¥¤áâ ¢¨¬  ¬ âà¨æ ¬¨ áâ¥¯¥­¨ n­ ¤ â¥«®¬ D. � áá¬®âà¨¬ £®¬®¬®àä¨§¬ ϕ £àã¯¯ë A ­  á¢ï§ªã ­¥¯à¨-¢®¤¨¬ëå ç áâ¥©. Ǒãáâì V = Dn. �®£¤  ï¤à® kerϕ áâ ¡¨«¨§¨àã¥â­¥ª®â®àãî ¬ âà¥èªã ¯®¤¯à®áâà ­áâ¢ ¢ V . �ë¡¥à¥¬ ¡ §¨á ¢¥ªâ®à­®-£® ¯à®áâà ­áâ¢  V , á®£« á®¢ ­­ë© á íâ®© ¬ âà¥èª®©. � íâ®¬ ¡ §¨á¥¬ âà¨æ  ª �¤®£® ®¯¥à â®à  ¨§ kerϕ ¨¬¥¥â ¡«®ç­®-âà¥ã£®«ì­ë© ¢¨¤ á®áª «ïà­ë¬¨ ª«¥âª ¬¨ ¯® ¤¨ £®­ «¨, ¯à¨ç¥¬ ¢á¥ áª «ïàë à ¢­ë 1. Ǒ®-áª®«ìªã £àã¯¯  kerϕ á®áâ®¨â ¨§ ã­¨¯®â¥­â­ëå ¬ âà¨æ, «¨¡® kerϕ |£àã¯¯  ¡¥§ ªàãç¥­¨ï, ª®£¤  
harD = 0, «¨¡® kerϕ | q-£àã¯¯ , ª®£¤ 
harD = q 6= 0 (á¬. [10, 1.3.2℄). Ǒ®ª �¥¬, çâ® ¢ «î¡®¬ á«ãç ¥ kerϕ = 1.� á«ãç ¥ â¥«  ­ã«¥¢®© å à ªâ¥à¨áâ¨ª¨ kerϕ| ¯®¤£àã¯¯ , ­¥ ¨¬¥-îé ï ªàãç¥­¨ï, ¢ ¯¥à¨®¤¨ç¥áª®© £àã¯¯¥ A. �«¥¤®¢ â¥«ì­®, £àã¯¯ kerϕ âà¨¢¨ «ì­ . � á«ãç ¥ â¥«  å à ªâ¥à¨áâ¨ª¨ q 6= 0 ï¤à® kerϕ |
q-¯®¤£àã¯¯  ¢ p-£àã¯¯¥. �­®¢  § ª«îç ¥¬, çâ® £àã¯¯  kerϕ âà¨¢¨ «ì-­ . �â ª, ®â®¡à �¥­¨¥ ϕ ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬, ¯®íâ®¬ã £àã¯¯  A¢ª« ¤ë¢ ¥âáï ¢ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥  ¡¥«¥¢ëå ­¥¯à¨¢®¤¨¬ëå ¬ âà¨ç-­ëå £àã¯¯ á í«¥¬¥­â ¬¨ ¨§ â¥«  D. � �¤ë© á®¬­®�¨â¥«ì ¢ ãª § ­-­®¬ ¯àï¬®¬ ¯à®¨§¢¥¤¥­¨¨ ¢ª« ¤ë¢ ¥âáï ¢ ¬ã«ìâ¨¯«¨ª â¨¢­ãî £àã¯¯ã­¥ª®â®à®£® ¯®«ï ¯® «¥¬¬¥ 2. Ǒ®íâ®¬ã ª �¤ë© í«¥¬¥­â ¯à®¥ªæ¨¨ £àã¯-¯ë A ­  íâ®â á®¬­®�¨â¥«ì ï¢«ï¥âáï ª®à­¥¬ ¬­®£®ç«¥­  xp − 1 ¢ ãª -§ ­­®¬ ¯®«¥. � ç áâ­®áâ¨, ¯à®¥ªæ¨ï £àã¯¯ë A ­  «î¡®© á®¬­®�¨â¥«ì¯àï¬®£® ¯à®¨§¢¥¤¥­¨ï ª®­¥ç­ . �«¥¤®¢ â¥«ì­®, A| ª®­¥ç­ ï £àã¯¯ ,çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î £àã¯¯ë A. Ǒ®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥



104 �®à®¡®¢ �. A.§ ª ­ç¨¢ ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¢ á«ãç ¥ ª®­¥ç­®© £àã¯¯ë G.Ǒãáâì G | £àã¯¯  ¢á¥å ¢§ ¨¬­® ®¤­®§­ ç­ëå ®â®¡à �¥­¨© ¡¥áª®-­¥ç­®£® áç¥â­®£® ¬­®�¥áâ¢  ­  á¥¡ï. � áá¬®âà¨¬ ¤¥ª àâ®¢® ¯à®¨§¢¥-¤¥­¨¥ Fun(H,G). �ëè¥ ¯®ª § ­®, çâ® íâ® £àã¯¯  ª®­¥ç­®© è¨à¨­ë,¯®íâ®¬ã â ª �¥, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ã¡¥�¤ ¥¬áï, çâ® GıH |£àã¯¯  ª®­¥ç­®© è¨à¨­ë.�¥¯¥àì ¤®ª �¥¬ ¯®á«¥¤­¥¥ ãâ¢¥à�¤¥­¨¥. Ǒà¥¤¯®«®�¨¬, çâ® £àã¯-¯  GıH ¨§®¬®àä­® ¯à¥¤áâ ¢¨¬  ¬ âà¨æ ¬¨ áâ¥¯¥­¨ n ­ ¤ â¥«®¬ D.�á­®, çâ® £àã¯¯  G ¢ ­¥¥ ¢ª« ¤ë¢ ¥âáï, ¯®íâ®¬ã â® �¥ á ¬®¥ ¬®�­®áª § âì ¯à® £àã¯¯ã G. � áá¬®âà¨¬ ¤¢¥ ¯¥à¨®¤¨ç¥áª¨¥  ¡¥«¥¢ë ¯®¤-£àã¯¯ë £àã¯¯ë G. Ǒãáâì A1 | £àã¯¯ , ¯®à®�¤¥­­ ï ¢á¥¬¨ ­¥§ ¢¨á¨-¬ë¬¨ âà ­á¯®§¨æ¨ï¬¨,   A2 | £àã¯¯ , ¯®à®�¤¥­­ ï ¢á¥¬¨ ­¥§ ¢¨á¨-¬ë¬¨ âà®©­ë¬¨ æ¨ª« ¬¨. �¡¥ ®­¨ ­¥ ¨¬¥îâ ¨§®¬®àä­®£® ¯à¥¤áâ ¢-«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬ ­ã«¥¢®© å à ªâ¥à¨áâ¨ª¨, ª ª ¯®ª §ë¢ -îâ à ááã�¤¥­¨ï, ¯à¨¢¥¤¥­­ë¥ ¢ëè¥. �®ç­® â ª �¥ ¯à®¢¥àï¥âáï, çâ®£àã¯¯  A1 ­¥ ¨¬¥¥â ¨§®¬®àä­®£® ¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬å à ªâ¥à¨áâ¨ª¨, ®â«¨ç­®© ®â 2,   £àã¯¯  A2 ­¥ ¨¬¥¥â ¨§®¬®àä­®£®¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬ å à ªâ¥à¨áâ¨ª¨, ®â«¨ç­®© ®â 3.Ǒ®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.�«¥¤áâ¢¨¥ 1. Ǒãáâì H | ¡¥áª®­¥ç­ ï £àã¯¯  ª®­¥ç­®© è¨à¨­ë¨ ª®­¥ç­ ï £àã¯¯  G ®¡« ¤ ¥â á¢®©áâ¢®¬ �¨«á®­ . �®£¤  ¢ £àã¯¯¥ GıHáãé¥áâ¢ã¥â ¡¥áª®­¥ç­ ï ¯®¤£àã¯¯  ª®­¥ç­®© è¨à¨­ë, ­¥ ¨¬¥îé ï ¨§®-¬®àä­®£® ¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬.�®ª § â¥«ìáâ¢®. �®£« á­® à¥§ã«ìâ âã �¨«á®­  [9℄ £àã¯¯  G ¨§ãá«®¢¨ï á«¥¤áâ¢¨ï ­¥ ï¢«ï¥âáï à §à¥è¨¬®©. �¢¨¤ã ª®­¥ç­®áâ¨ £àã¯¯ë
G íâ® ®§­ ç ¥â, çâ® ¬ âà¥èª  ¯®á«¥¤®¢ â¥«ì­ëå ª®¬¬ãâ ­â®¢ £àã¯¯ë
G áâ ¡¨«¨§¨àã¥âáï. Ǒ®íâ®¬ã ¢ £àã¯¯¥ G ­ ©¤¥âáï ­¥âà¨¢¨ «ì­ ï ¯®¤-£àã¯¯  N , á®¢¯ ¤ îé ï á® á¢®¨¬ ª®¬¬ãâ ­â®¬. �à®¬¥ â®£®, ¤¥ª àâ®-¢® á¯«¥â¥­¨¥ NıH ¢ª« ¤ë¢ ¥âáï ¢ ¤¥ª àâ®¢® á¯«¥â¥­¨¥ GıH (á¬. [11,22.12℄). �®£« á­® â¥®à¥¬¥ 1 ¯®¤£àã¯¯  £àã¯¯ë GıH , ¨§®¬®àä­ ï £àã¯-¯¥ NıH , ï¢«ï¥âáï ¨áª®¬®© ¡¥áª®­¥ç­®© £àã¯¯®© ª®­¥ç­®© è¨à¨­ë, ­¥¨¬¥îé¥© ¨§®¬®àä­®£® ¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬.�¥®à¥¬  2. Ǒãáâì ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  i £àã¯¯  Ki®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ «î¡®£® ç¨á« 



�¯«¥â¥­¨¥, ¨¬¥îé¥¥ ª®­¥ç­ãî è¨à¨­ã 105ª®¯¨© £àã¯¯ë Ki ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã. Ǒãáâì G1 = K1, Gi+1 =
GiııKi+1. Ǒãáâì H | £àã¯¯  ª®­¥ç­®© è¨à¨­ë. �®£¤  ¤«ï «î¡®£®­ âãà «ì­®£® ç¨á«  i £àã¯¯  GiııH ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã.�®ª § â¥«ìáâ¢® ¡ã¤¥¬ ¢¥áâ¨ ¨­¤ãªæ¨¥© ¯® i. Ǒ®ª �¥¬, çâ®
K1ııH | £àã¯¯  ª®­¥ç­®© è¨à¨­ë. � áá¬®âà¨¬ £àã¯¯ë K1 ¨ H ª ª£àã¯¯ë ¯à¥®¡à §®¢ ­¨© ¬­®�¥áâ¢ X ¨ Y á®®â¢¥âáâ¢¥­­®. Ǒ® ãá«®¢¨î¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ Fun(Y,K1) | £àã¯¯  ª®­¥ç­®© è¨à¨­ë. Ǒ®«¥¬¬¥ 1 ¤¥ª àâ®¢® á¯«¥â¥­¨¥ K1ııH á®¤¥à�¨â ­®à¬ «ì­ãî ¯®¤£àã¯¯ã,¨§®¬®àä­ãî Fun(Y,K1), ï¢«ïîéãîáï ï¤à®¬ £®¬®¬®àä¨§¬  ­  £àã¯¯ã,¨§®¬®àä­ãî £àã¯¯¥ H . �àã£¨¬¨ á«®¢ ¬¨, K1ııH | à áè¨à¥­¨¥ ®¤­®©£àã¯¯ë ª®­¥ç­®© è¨à¨­ë á ¯®¬®éìî ¤àã£®© £àã¯¯ë ª®­¥ç­®© è¨à¨-­ë. Ǒ®íâ®¬ã £àã¯¯  K1ııH ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã (á¬. [1, «¥¬¬  7℄).�á­®¢ ­¨¥ ¨­¤ãªæ¨¨ ¢ë¯®«­¥­®.Ǒãáâì ã�¥ ¤®ª § ­®, çâ® £àã¯¯  GiııN ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã¤«ï «î¡®© £àã¯¯ë N ª®­¥ç­®© è¨à¨­ë. �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî £àã¯-¯ã H ª®­¥ç­®© è¨à¨­ë. �ëè¥ ¯®ª § ­®, çâ® £àã¯¯  Ki+1ııH ¨¬¥¥âª®­¥ç­ãî è¨à¨­ã. Ǒ®íâ®¬ã ¯® ¨­¤ãªâ¨¢­®¬ã ¯à¥¤¯®«®�¥­¨î £àã¯¯ 
Giıı(Ki+1ııH) ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã. � ª ª ª(GiııKi+1)ııH ≃ Giıı(Ki+1ııH)(á¬. [8, 6.2.13℄), ¤®ª § â¥«ìáâ¢® ¨­¤ãªâ¨¢­®£® ¯¥à¥å®¤  § ¢¥àè¥­®.�«¥¤áâ¢¨¥ 2. Ǒãáâì ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  i £àã¯¯ 
Ki | «¨¡® ª®­¥ç­ ï ­¥¥¤¨­¨ç­ ï £àã¯¯ , á®¢¯ ¤ îé ï á® á¢®¨¬ ª®¬-¬ãâ ­â®¬, «¨¡® £àã¯¯  ¢á¥å ¢§ ¨¬­® ®¤­®§­ ç­ëå ®â®¡à �¥­¨© ¡¥áª®-­¥ç­®£® áç¥â­®£® ¬­®�¥áâ¢  ­  á¥¡ï. Ǒãáâì H | ¡¥áª®­¥ç­ ï £àã¯¯ ª®­¥ç­®© è¨à¨­ë, G1 = K1, Gi+1 = GiııKi+1. �®£¤  ¤«ï «î¡®£® ­ -âãà «ì­®£® ç¨á«  i £àã¯¯  GiııH ¨¬¥¥â ª®­¥ç­ãî è¨à¨­ã ¨ ­¥ ¨¬¥¥â¨§®¬®àä­®£® ¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬.�®ª § â¥«ìáâ¢®. Ǒãáâì H | ¯à®¨§¢®«ì­ ï ¡¥áª®­¥ç­ ï £àã¯¯ ª®­¥ç­®© è¨à¨­ë, i | ¯à®¨§¢®«ì­®¥ ­ âãà «ì­®¥ ç¨á«®. � áá¬®âà¨¬£àã¯¯ã H ª ª ¯®¤£àã¯¯ã ¢ S(Y ), £¤¥ Y | ­¥ª®â®à®¥ ¬­®�¥áâ¢®. �á«¨¡ë Y ¡ë«® ª®­¥ç­ë¬ ¬­®�¥áâ¢®¬, â® £àã¯¯  S(Y ) ¡ë«  ¡ë ª®­¥ç-­®© £àã¯¯®©, á®¤¥à� é¥© ¡¥áª®­¥ç­ãî ¯®¤£àã¯¯ã H , çâ® ­¥¢®§¬®�­®.�â ª, Y | ¡¥áª®­¥ç­®¥ ¬­®�¥áâ¢®. Ǒà¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¯®-ª § ­®, ¢ ç áâ­®áâ¨, çâ® ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ Fun(Y,Gi) ­¥ ¨¬¥¥â



106 �®à®¡®¢ �. A.¨§®¬®àä­®£® ¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬. Ǒ® «¥¬¬¥ 1 ¯®-á«¥¤­ïï £àã¯¯  ¢ª« ¤ë¢ ¥âáï ¢ £àã¯¯ã GiııH , ¯®íâ®¬ã íâ® ¤¥ª àâ®¢®á¯«¥â¥­¨¥ £àã¯¯ ¯à¥®¡à §®¢ ­¨© â ª�¥ ­¥ ¨¬¥¥â ¨§®¬®àä­®£® ¯à¥¤-áâ ¢«¥­¨ï ¬ âà¨æ ¬¨ ­ ¤ â¥«®¬.� ª®­¥æ, ¯à¨¬¥àë 1 ¨ 2 ¯®ª §ë¢ îâ, çâ® á¥¬¥©áâ¢® £àã¯¯ (Ki)i∈Nã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë 2. Ǒ®íâ®¬ã £àã¯¯  GiııH ¨¬¥¥â ª®­¥ç-­ãî è¨à¨­ã. �¥áª®­¥ç­ ï £àã¯¯  H ª®­¥ç­®© è¨à¨­ë ¨ ­ âãà «ì­®¥ç¨á«® i ¢ë¡à ­ë ¯à®¨§¢®«ì­®. �«¥¤áâ¢¨¥ ¤®ª § ­®.����������1. Bergman G. Generating in�nite symmetri
 groups // Bull. London Math. So
.2006. V. 38. P. 429{440.2. Droste M., Holland W. C. Generating automorphism groups of 
hains // ForumMath. 2005. V. 17. P. 699{710.3. Droste M., G�obel R. Un
ountable 
o�nalities of permutation groups // J. LondonMath. So
. 2005. V. 71. P. 335{344.4. Cornulier Y. de. Strongly bounded groups and in�nite powers of �nite groups //Comm. Algebra. 2006. V. 34. P. 2337{2345.5. �®«áâëå �. �. �àã¯¯ë  ¢â®¬®àä¨§¬®¢ ®â­®á¨â¥«ì­® á¢®¡®¤­ëå £àã¯¯ ¡¥áª®-­¥ç­®£® à ­£  // �¥áâ­. ���. �¥à. � â¥¬ â¨ª , ¬¥å ­¨ª , ¨­ä®à¬ â¨ª .2006. ü 1. �. 24{48.6. Tolstykh V. On the Bergman property for the automorphism groups of relativelyfree groups // J. London Math. So
. 2006. V. 73. P. 669{680.7. �®à®¡®¢ �. �. �¯«¥â¥­¨¥ £àã¯¯, ¨¬¥îé¥¥ ª®­¥ç­ãî è¨à¨­ã // �¥�¤ã­ à.ª®­ä. �«£¥¡à  ¨ ¥¥ ¯à¨«®�¥­¨ï. �¥§. ¤®ª«. �à á­®ïàáª: �¨¡. ä¥¤. ã­-â,2007. �. 76{77.8. � à£ ¯®«®¢ �. �., �¥à§«ïª®¢ �. �. �á­®¢ë â¥®à¨¨ £àã¯¯. �.: � ãª , 1996.9. Wilson J. S. Finite axiomatization of �nite soluble groups // J. London Math. So
.2006. V. 74, N 3. P. 566{582.10. Shirvani M., Wehrfritz B. A. F. Skew linear groups. Cambridge: Cambridge Univ.Press, 1986.11. �¥©¬ ­ �. �­®£®®¡à §¨ï £àã¯¯. �.: �¨à, 1969.£. �®¢®á¨¡¨àáª 4 á¥­âï¡àï 2013 £.



��� 515.12:517.987������������� ��������� �������Ǒ������ Ǒ����������� � II�. �. � «î£¨­Ǒãáâì I = [0, 1℄ | § ¬ª­ãâë© ¥¤¨­¨ç­ë© ®âà¥§®ª ¢ R. �¥à¥§ II®¡®§­ ç¨¬ â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® ¢á¥å äã­ªæ¨© ¨§ I ¢ I á â®-¯®«®£¨¥© ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨ (â¨å®­®¢áª®© â®¯®«®£¨¥©). �®à®è®¨§¢¥áâ­® [1, á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 2.3.15℄, çâ® íâ® ¯à®áâà ­áâ¢® á¥¯ à -¡¥«ì­®. � 1968 £. �. �. Ǒà¨áâ«¨ [2℄ ¯®áâ ¢¨« ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨áç¥â­®£® ¯®¤¬­®�¥áâ¢  S ⊂ II , ï¢«ïîé¥£®áï ®¤­®¢à¥¬¥­­® ¯«®â­ë¬ ¨á¥ª¢¥­æ¨ «ì­® § ¬ª­ãâë¬ ¢ II (á¥ª¢¥­æ¨ «ì­ ï § ¬ª­ãâ®áâì S ®§­ -ç ¥â, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fn ∈ S áå®¤¨âáï ¯®â®ç¥ç­®ª f , â® f ∈ S). Ǒ®«®�¨â¥«ì­ë© ®â¢¥â ­  â ª®© ¢®¯à®á ¡ë« ¯®«ãç¥­íâ¨¬ �¥  ¢â®à®¬ ¢ [3℄. � ª ç¥áâ¢¥ í«¥¬¥­â®¢ ¬­®�¥áâ¢  S ®­ à áá¬ â-à¨¢ ¥â äã­ªæ¨¨ ¢¨¤  fn(t) = (nt), ®¯à¥¤¥«¥­­ë¥ ­  ¬­®�¥áâ¢¥ J , ï¢-«ïîé¥¬áï ¬ ªá¨¬ «ì­ë¬ ¬­®�¥áâ¢®¬ ¨àà æ¨®­ «ì­ëå «¨­¥©­® ­¥§ -¢¨á¨¬ëå ­ ¤ Z ç¨á¥« ®âà¥§ª  I (á¨¬¢®« (nt) ®§­ ç ¥â ¤à®¡­ãî ç áâìç¨á«  nt). �«ï ¤®ª § â¥«ìáâ¢  á¥ª¢¥­æ¨ «ì­®© § ¬ª­ãâ®áâ¨ ¬­®�¥-áâ¢  S = {fn : n ∈ N} ¨á¯®«ì§ã¥âáï ¤®¢®«ì­® â®­ª¨© à¥§ã«ìâ â � à-¤¨ | �¨ââ«¢ã¤  [4, â¥®à¥¬  1.40℄,   â ª�¥ â¥®à¥¬  �¥à¯¨­áª®£® [5℄® áãé¥áâ¢®¢ ­¨¨ ¢ R ¡ §¨á  � ¬¥«ï ­ ¤ ¯®«¥¬ Q, ï¢«ïîé¥£®áï ­¥¨§-¬¥à¨¬ë¬ ¯® �¥¡¥£ã ¯®¤¬­®�¥áâ¢®¬. �®¢¥àè¥­­® ïá­®, çâ® ¢ â ª®£®â¨¯  ª®­áâàãªæ¨ïå ¨á¯®«ì§ã¥âáï  ªá¨®¬  ¢ë¡®à . Ǒ®¨áª¨ ¢ ¨­â¥à­¥â¥¯®ª § «¨, çâ® ¢ ¬ â¥¬ â¨ç¥áª®© «¨â¥à âãà¥ ­¥ ¯®ï¢«ï«®áì ¤àã£¨å à¥-è¥­¨© § ¤ ç¨ Ǒà¨áâ«¨. � ­ áâ®ïé¥© § ¬¥âª¥ ¬ë ¯à¥¤« £ ¥¬ ¤àã£®¥,¡®«¥¥ í«¥¬¥­â à­®¥ à¥è¥­¨¥ íâ®© § ¤ ç¨, ¢ ª®â®à®¬  ªá¨®¬  ¢ë¡®à  ­¥¯à¨¬¥­ï¥âáï (¤ �¥ ¢ ¡®«¥¥ á« ¡®© ä®à¬¥, ¨§¢¥áâ­®© ª ª  ªá¨®¬  áç¥â-­®£® ¢ë¡®à , ª®â®à ï ç áâ® ¯à¨¬¥­ï¥âáï ¢ â¥®à¨¨ ¬¥àë ¡¥§ ª ª¨å «¨¡®®£®¢®à®ª). �­ ç¥ £®¢®àï, ¯®áâà®¥­¨¥ ¨áª®¬®£® ¬­®�¥áâ¢  S ¨ ¤®ª § -
© 2013 � «î£¨­ �. �.



108 � «î£¨­ �. �.â¥«ìáâ¢® ¥£® á¢®©áâ¢ ¯à®¢®¤¨âáï ¢ à ¬ª å â¥®à¨¨ ¬­®�¥áâ¢ �¥à¬¥«® |�à¥­ª¥«ï ZF .� ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ ç¨á«® 0 < δ < 1/8. �«ï «î¡®£® m ∈ N¨ «î¡ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© à æ¨®­ «ì­ëå ç¨á¥« A = (ak)mk=1, B =(bk)mk=1, C = (ck)mk=1 ¨§ I â ª¨å, çâ®0 6 a1 < b1 < · · · < am < bm 6 1 ¨ m∑

k=1(bk − ak) < δ, (∗)à áá¬®âà¨¬ äã­ªæ¨¨
fm,A,B,C(x) =  ck, ¥á«¨ x ∈ [ak, bk℄ ¯à¨ ­¥ª®â®à®¬ 1 6 k 6 m,0, ¥á«¨ x ∈ I \

m⋃
k=1[ak, bk℄.�­®�¥áâ¢® ¢á¥å â ª¨å äã­ªæ¨© áç¥â­®, ¯®íâ®¬ã ¨å ¬®�­® § ­ã¬¥à®-¢ âì ¢ ®¤­ã ¯®á«¥¤®¢ â¥«ì­®áâì. �¡®§­ ç¨¬ ~fn = fmn,An,Bn,Cn (n ∈ N).�¡®§­ ç¨¬ ç¥à¥§ λ ®¡ëç­ãî ¬¥àã �¥¡¥£  ­  ®âà¥§ª¥ I. �á«¨ ®¡®§­ -ç¨âì ç¥à¥§ supp f ­®á¨â¥«ì äã­ªæ¨¨ f , â® ãá«®¢¨¥ (∗) ®§­ ç ¥â, çâ®

λ(supp ~fn) < δ ¤«ï ¢á¥å n ∈ N.�«ï «î¡®£® n ∈ N ¯®«®�¨¬ gn = (1 + radn)/2, £¤¥ radn(x) =sign(sin 2nπx) | äã­ªæ¨¨ � ¤¥¬ å¥à . �§ ®àâ®£®­ «ì­®áâ¨ äã­ªæ¨©� ¤¥¬ å¥à  á«¥¤ãîâ à ¢¥­áâ¢  ‖gn − gm‖1 = ‖gn − gm‖22 = (‖gn‖22 +
‖gm‖22)/4 = 1/2 ¤«ï ¢á¥å m,n ∈ N, m 6= n, £¤¥ ‖ · ‖p | ®¡ëç­ ï Lp-­®à¬  ¢ ¯à®áâà ­áâ¢¥ Lp(I). � áá¬®âà¨¬ ¨áª®¬ãî ¯®á«¥¤®¢ â¥«ì­®áâìäã­ªæ¨©

hn(x) = { ~fn(x), ¥á«¨ x ∈ supp ~fn,

gn(x), ¥á«¨ x ∈ I \ supp ~fn

(n ∈ N).�á­®¢­®© à¥§ã«ìâ â â¥¯¥àì ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:�¥®à¥¬  1. �­®�¥áâ¢® äã­ªæ¨© S = {hn : n ∈ N} ¯«®â­® ¢ ¯à®-áâà ­áâ¢¥ II ¨ ­¥ á®¤¥à�¨â ­¨ ®¤­®© ­¥âà¨¢¨ «ì­®© áå®¤ïé¥©áï ¯®¤-¯®á«¥¤®¢ â¥«ì­®áâ¨.�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¯«®â­®áâ¨ ¬­®�¥áâ¢  S­¥®¡å®¤¨¬® ¤«ï «î¡®£® ε > 0 ¨ «î¡ëå ¤¢ãå ª®­¥ç­ëå ¯®á«¥¤®¢ â¥«ì-­®áâ¥© à §«¨ç­ëå â®ç¥ª (xk)mk=1 ⊂ I, (yk)mk=1 ⊂ I ¯®¤®¡à âì äã­ªæ¨î



�¥ª¢¥­æ¨ «ì­® § ¬ª­ãâ®¥ áç¥â­®¥ ¯«®â­®¥ ¯®¤¬­®�¥áâ¢® ¢ II 109
hn ∈ S â ªãî, çâ® |yk − hn(xk)| < ε ¤«ï ¢á¥å k = 1, . . . ,m. � ª ª ª¬­®�¥áâ¢® à æ¨®­ «ì­ëå ç¨á¥« ¯«®â­® ¢ ®âà¥§ª¥ I, ¬®�­® ¯®¤®¡à âìª®­¥ç­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ à æ¨®­ «ì­ëå ç¨á¥« A = (ak)mk=1, B =(bk)mk=1, C = (ck)mk=1 ¨§ I â ª¨¥, çâ® |yk −ck| < ε ¤«ï ¢á¥å k = 1, . . . ,m ¨
a1 6 x1 6 b1 6 · · · 6 am 6 xm 6 bm (¬®�­® áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì-­®áâì â®ç¥ª (xk)mk=1 ã¯®àï¤®ç¥­  ¯® ¢®§à áâ ­¨î). �à®¬¥ â®£®, ¢ë¡¨-à ï â®çª¨ ak, bk ¨§ ®ªà¥áâ­®áâ¥© (xk − δ/2m,xk + δ/2m) (k = 1, . . . ,m),¬®�­® áç¨â âì, çâ® ¢ë¯®«­¥­® â ª�¥ ãá«®¢¨¥ (∗). Ǒ®íâ®¬ã äã­ª-æ¨ï fm,A,B,C ¯à¨®¡à¥â ¥â ¢ ¯à®¢¥¤¥­­®© à ­¥¥ ­ã¬¥à æ¨¨ ­¥ª®â®àë©­®¬¥à n ¨ ¯® ¯®áâà®¥­¨î äã­ªæ¨¨ hn ¯®«ãç ¥¬ |hn(xk) − yk| < ε(k = 1, . . . ,m). Ǒ«®â­®áâì ¬­®�¥áâ¢  S ⊂ II ¤®ª § ­ .�âáãâáâ¢¨¥ ­¥âà¨¢¨ «ì­ëå áå®¤ïé¨åáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¥© ¯®-«ãç ¥âáï ¨§ á«¥¤ãîé¨å ®æ¥­®ª:
‖hn−hm‖1 > ‖gn−gm‖1−‖hn·χsupp ~fn

‖1−‖hm·χsupp ~fm
‖1−‖ ~fn‖1−‖ ~fm‖1

>
12 − 4δ = δ1 > 0 m,n ∈ N, m 6= n.�¤¥áì ç¥à¥§ χA ¬ë ®¡®§­ ç ¥¬ å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î ¬­®�¥-áâ¢  A ⊂ I. Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢­®¥. Ǒãáâì ­¥âà¨¢¨ «ì­ ï ¯®¤¯®-á«¥¤®¢ â¥«ì­®áâì hnk

(x) áå®¤¨âáï ¤«ï ¢á¥å x ∈ I ª ­¥ª®â®à®© äã­ª-æ¨¨ h(x). Ǒ¥à¥å®¤ï ª ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ ki, ¬®�­® áç¨â âì, çâ®
hnki

6= hnkj
¤«ï ¢á¥å i, j ∈ N, i 6= j ( ªá¨®¬  ¢ë¡®à  ¤«ï íâ®£® ­¥âà¥¡ã¥âáï). �¡®§­ ç¨¬ ui = hnki

− hnki+1 (i ∈ N). � ®¤­®© áâ®à®­ë,¯®á«¥¤®¢ â¥«ì­®áâì ui áå®¤¨âáï ¯®â®ç¥ç­® ª ­ã«î, á ¤àã£®© áâ®à®­ë,¨¬¥¥¬ ®æ¥­ªã ‖ui‖ > δ1 > 0 (i ∈ N). � á®� «¥­¨î, ¬ë ­¥ ¬®�¥¬áà §ã á®á« âìáï ­  â¥®à¥¬ã �¥¡¥£  ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¯®¤ §­ ª®¬¨­â¥£à « , â ª ª ª ¢ ¤®ª § â¥«ìáâ¢¥ íâ®© â¥®à¥¬ë ¨á¯®«ì§ã¥âáï  ªá¨-®¬  áç¥â­®£® ¢ë¡®à . �â   ªá¨®¬  ­¥®¡å®¤¨¬ , ­ ¯à¨¬¥à, ¤«ï ¤®ª -§ â¥«ìáâ¢  áç¥â­®©  ¤¤¨â¨¢­®áâ¨ ¬¥àë �¥¡¥£ , â ª ª ª ãâ¢¥à�¤¥­¨¥® â®¬, çâ® ¢¥é¥áâ¢¥­­ ï ¯àï¬ ï R ï¢«ï¥âáï áç¥â­ë¬ ®¡ê¥¤¨­¥­¨¥¬áç¥â­ëå ¬­®�¥áâ¢, ­¥ ¯à®â¨¢®à¥ç¨â  ªá¨®¬ ¬ â¥®à¨¨ ZF (á¬. [6, â¥®-à¥¬  10.6℄). �® ¢ ­ è¥© á¨âã æ¨¨ äã­ªæ¨¨ ui áâã¯¥­ç âë¥, â. ¥. ¨¬¥îâ¢¨¤ m∑
k=1αk · χAk

, £¤¥ αk ∈ I ¨ Ak | ­¥ª®â®àë¥ ¨­â¥à¢ «ë ¢ I. �­ -ç¥ £®¢®àï, ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ¨­â¥£à «ë ï¢«ïîâáï ­  á ¬®¬ ¤¥«¥ª®­¥ç­ë¬¨ ¨­â¥£à «ì­ë¬¨ áã¬¬ ¬¨ �¨¬ ­ . Ǒ®íâ®¬ã á®è«¥¬áï ­ 



110 � «î£¨­ �. �.¯à¨¢®¤¨¬ãî ­¨�¥ ã¯à®é¥­­ãî ä®à¬ã«¨à®¢ªã â¥®à¥¬ë �¥¡¥£  (â¥®à¥-¬ã 2), ¢ á¨«ã ª®â®à®© ãá«®¢¨ï lim
i→∞

ui(x) = 0 (x ∈ I) ¨ ‖ui‖ > δ1 (i ∈ N)¯à®â¨¢®à¥ç¨¢ë. �¥®à¥¬  1 ¤®ª § ­ .� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ®¡¥é ­­ãî ä®à¬ã«¨à®¢ªã â¥®à¥¬ë �¥-¡¥£  ¤«ï ¨­â¥£à «  �¨¬ ­ , ª®â®à ï ¤®ª §ë¢ ¥âáï áà¥¤áâ¢ ¬¨ â¥®à¨¨¬­®�¥áâ¢ �¥à¬¥«® | �à¥­ª¥«ï.�¥®à¥¬  2. Ǒãáâì ®¡ê¥¤¨­¥­¨¥ ¬­®�¥áâ¢ â®ç¥ª à §àë¢  (¢ á¬ëá-«¥ ®¯à¥¤¥«¥­¨ï �®è¨) äã­ªæ¨© fn : [a, b℄ → R (n ∈ N) ¨¬¥¥â ­ã«¥¢ãî¬¥àã �¥¡¥£ . �á«¨ ¯à¨ ­¥ª®â®à®¬ C > 0 ¢ë¯®«­ï¥âáï |fn(x)| 6 C(n ∈ N, x ∈ [a, b℄) ¨ ¯®á«¥¤®¢ â¥«ì­®áâì fn áå®¤¨âáï ¯®çâ¨ ¢áî¤ã ª¨­â¥£à¨àã¥¬®© ¯® �¨¬ ­ã äã­ªæ¨¨ f , â®lim
n→∞

b∫

a

fn(x) dx = b∫

a

f(x) dx.�ë ­¥ ¡ã¤¥¬ ¯à¨¢®¤¨âì ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë, â ª ª ª ®­®­¥§­ ç¨â¥«ì­® ®â«¨ç ¥âáï ®â âà ¤¨æ¨®­­®£® ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë�¥¡¥£ . �¥®¡å®¤¨¬® â®«ìª®  ªªãà â­® ¯à®á«¥¤¨âì §  â¥¬, çâ®¡ë ¢¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  ­¨£¤¥ ­¥ ¡ë«  ¨á¯®«ì§®¢ ­   ªá¨®¬  áç¥â­®£®¢ë¡®à .�ëà � î ¡« £®¤ à­®áâì �. �. �ãâ¬ ­ã, § ¨­â¥à¥á®¢ ¢è¥¬ã ¬¥­ï§ ¤ ç¥© Ǒà¨áâ«¨. ����������1. �­£¥«ìª¨­£ �. �¡é ï â®¯®«®£¨ï. �.: �¨à, 1986.2. Priestley W. M. Nets and sequen
es, an example // Amer. Math. Monthly 1968.V. 75. P. 1098{1099.3. Priestley W. M. A sequentially 
losed 
onutable dense subset of II // Pro
. Amer.Math. So
. 1970. V. 24, N 2. P. 270{271.4. Hardy G. H., Littlewood J. E. Some problems of Diopfantine approximation. I //A
ta Math. 1914. V. 37. P. 155{191.5. Sierpi�nski W. Sur la question de la mesurabilit�e de la base de M. Hamel // Fund.Math. 1920. V. 1. P. 105{111.6. Je
h T. J. The axiom of 
hoi
e. Amsterdam: North-Holland, 1973.£. �®¢®á¨¡¨àáª 16 á¥­âï¡àï 2013 £.



��� 512.543.1� ������������ �������� �������� Ǒ�����Ǒ����������������������∗)�. �. � ¬á à ¥¢ � ¡®â  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î à §à¥è¨¬®áâ¨ «¨­¥©­ëå ®¡à â-­ëå § ¤ ç ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© (­ §ë¢ ¥¬ëå â ª�¥ãà ¢­¥­¨ï¬¨ á®¡®«¥¢áª®£® â¨¯ ). �¡à â­ë¬¨ § ¤ ç ¬¨ ¤«ï ¤¨ää¥-à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯à¨­ïâ® ­ §ë¢ âì â ª¨¥ § ¤ ç¨, ¢ ª®â®àëå¢¬¥áâ¥ á à¥è¥­¨¥¬ ­¥¨§¢¥áâ­ë¬¨ ï¢«ïîâáï â¥ ¨«¨ ¨­ë¥ ª®íää¨æ¨¥­-âë á ¬®£® ãà ¢­¥­¨ï ¨«¨ (¨) ¥£® ¯à ¢ ï ç áâì (¢­¥è­¥¥ ¢®§¤¥©áâ¢¨¥).� á«ãç ¥ ¥á«¨ ­¥¨§¢¥áâ­ë ª®íää¨æ¨¥­âë, ®¡à â­ ï § ¤ ç  ­¥«¨­¥©­ ,¥á«¨ �¥ ­¥¨§¢¥áâ­  ¯à ¢ ï ç áâì, â® ®¡à â­ ï § ¤ ç  «¨­¥©­  (¨¬¥­­®â ª ï § ¤ ç  à áá¬ âà¨¢ ¥âáï ¢ ­ áâ®ïé¥© à ¡®â¥).�áá«¥¤®¢ ­¨ï¬ à §à¥è¨¬®áâ¨ ®¡à â­ëå § ¤ ç ¯®á¢ïé¥­ë ¬­®£®-ç¨á«¥­­ë¥ à ¡®âë ª ª ¬ â¥¬ â¨ª®¢, â ª ¨ á¯¥æ¨ «¨áâ®¢ ¯® ¬ â¥¬ â¨-ç¥áª®¬ã ¬®¤¥«¨à®¢ ­¨î. �á¥ íâ¨ à ¡®âë ¯¥à¥ç¨á«¨âì ­¥¢®§¬®�­®, ­®ª ª ­ ¨¡®«¥¥ ¡«¨§ª¨¥ ¯® ¯®áâ ­®¢ª¥ § ¤ ç ¨ ¨á¯®«ì§ã¥¬ë¬ ¬¥â®¤ ¬®â¬¥â¨¬ ¬®­®£à ä¨¨ [1{5℄. � áá¬ âà¨¢ ¥¬ë¥ ¢ à ¡®â¥ ãà ¢­¥­¨ï á ¬¨¯® á¥¡¥ ¨§ãç îâáï â ª�¥ ¤®¢®«ì­® ¤ ¢­® (á¬., ­ ¯à¨¬¥à, [5{10℄), ­® ¨á-á«¥¤®¢ ­¨ï¬ ¨¬¥­­® ®¡à â­ëå § ¤ ç ¤«ï â ª¨å ãà ¢­¥­¨© ¯®á¢ïé¥­®áà ¢­¨â¥«ì­® ¬ «® à ¡®â, ®â¬¥â¨¬ «¨èì [11{14℄.Ǒãáâì 
 | ¨­â¥à¢ « (0, 1) ®á¨ Ox, Q | ¯àï¬®ã£®«ì­¨ª 
× (0, T ),0 < T < +∞, a(x, t), c(x, t), f(x, t), h(x, t), h1(x, t), h2(x, t) | ¨§¢¥áâ­ë¥äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ x ∈ 
, t ∈ [0, T ℄.�¡à â­ ï § ¤ ç  I. � ©â¨ äã­ªæ¨¨ u(x, t) ¨ q(t), á¢ï§ ­­ë¥ ¢
∗) � ¡®â  ¢ë¯®«­¥­  ¢ à ¬ª å ¯à®¥ªâ  ý�®áã¤ àáâ¢¥­­®¥ § ¤ ­¨¥ ¢ëáè¨¬ ãç¥¡-­ë¬ § ¢¥¤¥­¨ï¬ (2012{2014 ££.) ¤«ï ¯à®¢¥¤¥­¨ï ���þ (ª®¤ ¯à®¥ªâ  ü1.926.2011).
© 2013 � ¬á à ¥¢  �. �.



112 � ¬á à ¥¢  �. �.¯àï¬®ã£®«ì­¨ª¥ Q ãà ¢­¥­¨¥¬
ut − uxxt + a(x, t)uxx + c(x, t)u = f(x, t) + q(t)h(x, t), (1)¯à¨ ¢ë¯®«­¥­¨¨ ¤«ï äã­ªæ¨¨ u(x, t) ãá«®¢¨©

u(0, t) = u(1, t) = 0, 0 < t < T, (2)
u(x, 0) = 0, x ∈ 
, (3)

ux(0, t) = 0, 0 < t < T. (4)�¡à â­ ï § ¤ ç  II. � ©â¨ äã­ªæ¨¨ u(x, t), q1(t) ¨ q2(t), á¢ï§ ­-­ë¥ ¢ ¯àï¬®ã£®«ì­¨ª¥ Q ãà ¢­¥­¨¥¬
ut−uxxt+a(x, t)uxx+ c(x, t)u = f(x, t)+q1(t)h1(x, t)+q2(t)h2(x, t), (5)¯à¨ ¢ë¯®«­¥­¨¨ ¤«ï äã­ªæ¨¨ u(x, t) ãá«®¢¨©

ux(0, t) = ux(1, t) = 0, 0 < t < T, (6)  â ª�¥ ãá«®¢¨© (2) ¨ (3).� à áá¬ âà¨¢ ¥¬ëå ®¡à â­ëå § ¤ ç å (2) ¨ (3) áãâì ãá«®¢¨ï ®¡ëç-­®© ¯¥à¢®© ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª®£® ãà ¢-­¥­¨ï (1) (¨«¨ (5)) á ¨§¢¥áâ­®© ¯à ¢®© ç áâìî, ãá«®¢¨ï �¥ (4) ¨ (6)¬®�­® âà ªâ®¢ âì ª ª ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥­¨ï. �¥®¡å®¤¨¬®áâì íâ¨åãá«®¢¨© ¤¨ªâã¥âáï ¨¬¥­­® ­ «¨ç¨¥¬ ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢ q(t)¨«¨ q1(t) ¨ q2(t). � ¬¥â¨¬, çâ® à ­¥¥ ®¡à â­ë¥ § ¤ ç¨ ¤«ï ¯á¥¢¤®¯ -à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© á ­¥¨§¢¥áâ­ë¬ ª®íää¨æ¨¥­â®¬, § ¢¨áïé¨¬ ®â¢à¥¬¥­­®© ¯¥à¥¬¥­­®© t, ¨§ãç «¨áì «¨èì ¢ á«ãç ¥ ¯¥à¥®¯à¥¤¥«¥­¨ï ¨­-â¥£à «ì­®£® ¢¨¤  [11{14℄. �à®¬¥ â®£®, ®¡à â­ ï § ¤ ç  á ­¥¨§¢¥áâ­®©¯à ¢®© ç áâìî á®áâ ¢­®£® â¨¯  à ­¥¥ ­¥ ¨§ãç « áì.�ë¯®«­¨¬ ­¥ª®â®àë¥ ä®à¬ «ì­ë¥ ¯®áâà®¥­¨ï, ª á îé¨¥áï § ¤ -ç¨ I. Ǒ®«®�¨¬ ¢ ãà ¢­¥­¨¨ (1) x = 0. Ǒãáâì ¢ë¯®«­ï¥âáï ãá«®¢¨¥
h(0, t) 6= 0 . �®£¤  ¨§ à ¢¥­áâ¢ 
ut(0, t)− uxxt(0, t) + a(0, t)uxx(0, t) + c(0, t)u(0, t) = f(0, t) + q(t)h(0, t)
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q(t) = −uxxt(0, t) + a(0, t)uxx(0, t)− f(0, t)

h(0, t) .�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:
c1(x, t) = −h(x, t)

h(0, t) , c2(x, t) = a(0, t)h(x, t)
h(0, t) ,

f1(x, t) = f(x, t)− f(0, t)h(x, t)
h(0, t) .Ǒ®«ãç¨¬

ut−uxxt+a(x, t)uxx+c(x, t)u = c1(x, t)uxxt(0, t)+c2(x, t)uxx(0, t)+f1(x, t).(7)Ǒ®«®�¨¬ ¢ ãà ¢­¥­¨¨ (7) x = 1. Ǒ®«ãç¨¬
ut(1, t)− uxxt(1, t) + a(1, t)uxx(1, t) + c(1, t)u(1, t)= c1(1, t)uxxt(0, t) + c2(1, t)uxx(0, t) + f1(1, t).�«¥¤®¢ â¥«ì­®, ¤«ï äã­ªæ¨¨ v(x, t) = uxx(x, t) ¢ë¯®«­ï¥âáï ãá«®¢¨¥
−vt(1, t) + a(1, t)v(1, t) = c1(1, t)vt(0, t) + c2(1, t)v(0, t) + f1(1, t). (8)Ǒà®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (7) ¯® x ¨ ¯®«®�¨¬ x = 0:
uxt(0, t)− uxxxt(0, t) + ax(0, t)uxx(0, t)+ a(0, t)uxxx(0, t)+ cx(0, t)u(0, t)+ c(0, t)ux(0, t) = c1x(0, t)uxxt(0, t) + c2x(0, t)uxx(0, t) + f1x(0, t).�âáî¤ 
− vxt(0, t) = −ax(0, t)v(0, t)− a(0, t)vx(0, t) + c1x(0, t)vt(0, t)+ c2x(0, t)v(0, t) + f1x(0, t). (9)�¢ �¤ë ¯à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (7) ¯® x. Ǒ®«ãç¨¬
vt − vxxt + axxv + 2axvx + avxx + cxxu+ 2cxux + cv= c1xx(x, t)vt(0, t) + c2xx(x, t)v(0, t) + f1xx(x, t). (10)
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v(x, t). � ¯®¬®éìî à¥è¥­¨ï íâ®© § ¤ ç¨ ¨ ¡ã¤¥â ¯®áâà®¥­® à¥è¥­¨¥¨áå®¤­®© ®¡à â­®© § ¤ ç¨.�¢¥¤¥¬ ¥é¥ ®¡®§­ ç¥­¨ï:
b1(x, t) = axx(x, t) + c(x, t), b2(x, t) = 2ax(x, t), b3(x, t) = a(x, t),

b4(x, t) = 2cx(x, t), b5(x, t) = cxx(x, t),
F1(x, t) = c1xx(x, t)vt(0, t) + c2xx(x, t)v(0, t) + f1xx(x, t),
γ1(t) = −a(1, t), γ2(t) = c1(1, t), γ3(t) = c2(1, t),

η1(t) = −a(0, t), η2(t) = c1x(0, t), η3(t) = c2x(0, t)− ax(0, t),
ϕ1(t) = f1(1, t), ψ1(t) = f1x(0, t).Ǒ®áª®«ìªã ¯®áâà®¥­­ ï ­¥«®ª «ì­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨© ¢¨¤ (1) à ­¥¥ ­¥ ¨§ãç « áì, ¨áá«¥¤ã¥¬ ¥¥ ­¥§ ¢¨á¨¬® ®â ¨áå®¤­®© ®¡à â­®©§ ¤ ç¨.Ǒãáâì bi(x, t), i = 1, 2, 3, 4, 5, F1(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥-¤¥«¥­­ë¥ ¯à¨ (x, t) ∈ Q, ηj(t), γj(t), j = 1, 2, 3, ϕ1(t), ψ1(t) | § ¤ ­­ë¥äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ t ∈ [0, T ℄.�¥«®ª «ì­ ï § ¤ ç  I. � ©â¨ äã­ªæ¨¨ v(x, t) ¨ u(x, t), ª®â®àë¥ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

vt−vxxt+b1(x, t)v+b2(x, t)vx+b3(x, t)vxx+b4(x, t)ux+b5(x, t)u = F1(x, t),(11)
v = uxx, (12)  â ª�¥ ãá«®¢¨ï¬

−vt(1, t) = γ1(t)v(1, t) + γ2(t)vt(0, t) + γ3(t)v(0, t) + ϕ1(t), 0 < t < T,(13)
−vxt(0, t) = η1(t)vx(0, t) + η2(t)vt(0, t) + η3(t)v(0, t) + ψ1(t), 0 < t < T,(14)

v(x, 0) = 0, x ∈ 
, (15)
u(1, t) = 0, ux(0, t) = 0, 0 < t < T. (16)
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V = {v(x, t) : ∫

Q

(
v2t + v2x + v2xxt

)
dxdt < +∞

}
.Ǒ®«®�¨¬ �γ2 = max06t6T

|γ2(t)|, k1 = 1− δ21�γ2δ2,
k2 = 2− �γ2δ2

δ21 − �γ2δ21(1 + 1
δ2), k3 = 1− �γ2

δ21 (1 + 1
δ2).�¤¥áì δ1 ¨ δ2 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« , ¢¥-«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

bi(x, t) ∈ C(Q), i = 1, 2, 3, 4, 5, (17)
F1(x, t) ∈ L2(Q), ϕ1(t) ∈ L2([0, T ℄), ψ1(t) ∈ L2([0, T ℄), (18)

η2(t) > 0, t ∈ [0, T ℄), (19)¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ1 ¨ δ2 â ª¨¥, çâ®
k1 > 0, k2 > 0, k3 > 0. (20)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (11){(16) ¨¬¥¥â à¥è¥­¨¥ u(x, t), v(x, t)â ª®¥, çâ® u(x, t) ∈ V , v(x, t) ∈ V .�®ª § â¥«ìáâ¢®. �áâ ­®¢¨¬ ­ «¨ç¨¥ ¯®¤å®¤ïé¨å  ¯à¨®à­ëå®æ¥­®ª à¥è¥­¨© ­ áâ®ïé¥© § ¤ ç¨.�¬­®�¨¬ ãà ¢­¥­¨¥ (11), § ¯¨á ­­®¥ ¢ ¯¥à¥¬¥­­ëå x ¨ τ , ­  äã­ª-æ¨î vτ −vxxτ ¨ à¥§ã«ìâ â ¯à®¨­â¥£à¨àã¥¬ ®â 0 ¤® t ¯® ¢à¥¬¥­­®© ¯¥à¥-¬¥­­®© t ¨ ®â 0 ¤® 1 ¯® ¯à®áâà ­áâ¢¥­­®© x. �ë¯®«­¨¢ ¤®¯®«­¨â¥«ì­®¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬, ¯®«ãç¨¬

t∫0 1∫0 v2xxτ dxdτ+2 t∫0 1∫0 v2xτ dxdτ+ t∫0 1∫0 v2τ dxdτ
− 2 t∫0 vxτ (1, τ)vτ (1, τ) dτ + 2 t∫0 vxτ (0, τ)vτ (0, τ) dτ + t∫0 1∫0 b1vxxvτ dxdτ
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t∫0 1∫0 b1vxxvxxτ dxdτ −

t∫0 1∫0 b2vxvxxτ dxdτ

−
t∫0 1∫0 b3vvxxτ dxdτ −

t∫0 1∫0 b4uxvxxτ dxdτ −
t∫0 1∫0 b5uvxxτ dxdτ= t∫0 1∫0 F1(vτ − vxxτ ) dxdτ.�®á¯®«ì§®¢ ¢è¨áì ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (13) ¨ (14), ãá«®¢¨ï¬¨ â¥®-à¥¬ë, ­¥à ¢¥­áâ¢®¬ �­£ , ­¥à ¢¥­áâ¢®¬

ω2(x) 6 δ

1∫0 ω′2(x) dx +(1 + 1
δ

) 1∫0 ω2(x) dx, (∗)á¯à ¢¥¤«¨¢ë¬ ¯à¨ ¢á¥å x ∈ [0, 1℄ (§¤¥áì δ | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì-­®¥ ç¨á«®),   â ª�¥ ¯à¥¤áâ ¢«¥­¨¥¬
v(x, τ) = τ∫0 vξ(x, ξ) dξ,¯®«ãç¨¬, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®(k1−δ0) t∫0 1∫0 v2xxτ dxdτ+(k2−δ0) t∫0 1∫0 v2xτ dxdτ+(k3−δ0) t∫0 1∫0 v2τ dxdτ

6 C1 t∫0 T∫0 1∫0 v2xxξ(x, ξ) dxdξdτ + t∫0 T∫0 1∫0 v2xξ(x, ξ) dxdξdτ+ t∫0 T∫0 1∫0 v2ξ (x, ξ) dxdξdτ+C2 T∫0 (ϕ21(t)+ψ21(t)) dt+∫Q F 21 (t) dxdt,



� à §à¥è¨¬®áâ¨ ®¡à â­ëå § ¤ ç 117¢ ª®â®à®¬ δ0 | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, ç¨á«  C1 ¨ C2®¯à¥¤¥«ïîâáï äã­ªæ¨ï¬¨ bj(x, t), j = 1, 2, 3, 4, 5, ηi(x, t), γi(x, t), i =1, 2, 3. Ǒ®áª®«ìªã ç¨á«  k1, k2, k3 ¯®«®�¨â¥«ì­ë, ä¨ªá¨àãï δ0 ­ -áâ®«ìª® ¬ «ë¬, çâ®¡ë ¢ë¯®«­ï«®áì
k1 − δ0 > 0, k2 − δ0 > 0, k3 − δ0 > 0,¯®«ãç¨¬

t∫0 1∫0 (v2xxτ + v2xτ + v2τ) dxdτ
6 C3 t∫0 T∫0 1∫0 (v2xxξ(x, ξ) + v2xξ(x, ξ) + v2ξ (x, ξ)) dxdξdτ+ C4 T∫0 (ϕ21(t) + ψ21(t)) dt+ ∫

Q

F 21 (t) dxdt.Ǒà¨¬¥­¨¢ «¥¬¬ã �à®­ã®«« , ¯à¨å®¤¨¬ ª  ¯à¨®à­®© ®æ¥­ª¥
t∫0 1∫0 (v2xxτ + v2xτ + v2τ) dxdτ 6 C0 T∫0 (ϕ21(t) + ψ21(t)) dt+ ∫

Q

F 21 (t) dxdt,(21)¢ ª®â®à®© ç¨á«® C0 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ bj(x, t), j = 1, 2, 3, 4, 5,
ηi(x, t), γi(x, t), i = 1, 2, 3,   â ª�¥ ç¨á«®¬ T .�§ (21) á«¥¤ã¥â ®ç¥¢¨¤­ ï ®æ¥­ª 

‖v‖2V + ‖u‖2V 6 M




T∫0 (ϕ21(t) + ψ21(t)) dt+ ∫
Q

F 21 (t) dxdt. (22)�®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã. Ǒãáâì λ ∈[0, 1℄. � áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ªæ¨¨ u(x, t) ¨ v(x, t), ã¤®¢«¥â¢®-àïîé¨¥ ¢ ¯àï¬®ã£®«ì­¨ª¥ Q ãà ¢­¥­¨î
vt − vxxt + b1(x, t)v + b2(x, t)vx + b3(x, t)vxx= F1(x, t)− λ[b4(x, t)ux + b5(x, t)u℄, (11λ)
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−vt(1, t) = λ[γ1(t)v(1, t) + γ2(t)vt(0, t) + γ3(t)v(0, t)℄ + ϕ1(t), 0 < t < T,(13λ)
−vxt(0, t) = λ[η1(t)vx(0, t)+η2(t)vt(0, t)+η3(t)v(0, t)℄+ψ1(t), 0 < t < T,(14λ)

v(x, 0) = 0, x ∈ 
,
u(1, t) = 0, ux(0, t) = 0, 0 < t < T.�¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® â¥å ç¨á¥« λ, ¤«ï ª®â®àëå ªà ¥¢ ï § ¤ -ç  (11λ), (13λ), (14λ), (12), (15) ¨ (16) à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V ¤«ï¯à®¨§¢®«ì­®© äã­ªæ¨¨ F (x, t) ∈ L2(Q) ¨ äã­ªæ¨© ϕ1(t) ¨ ψ1(t) ¨§ ¯à®-áâà ­áâ¢  L2([0, T ℄). �á«¨ ¡ã¤¥â ¤®ª § ­®, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®,®âªàëâ® ¨ § ¬ª­ãâ® (¢ â®¯®«®£¨¨ ®âà¥§ª  [0,1℄), â® ®­® ¡ã¤¥â á®¢¯ ¤ âìá® ¢á¥¬ ®âà¥§ª®¬ [0,1℄ [15℄.�¥¯ãáâ®â  � ®ç¥¢¨¤­ , â ª ª ª ç¨á«® 0 ¯à¨­ ¤«¥�¨â ¥¬ã [10℄. �â-ªàëâ®áâì ¨ § ¬ª­ãâ®áâì á«¥¤ãîâ ¨§  ¯à¨®à­ëå ®æ¥­®ª, ¯®«ãç¥­­ëå¢ëè¥.�âáî¤  ¯® â¥®à¥¬¥ ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã [15℄ ªà ¥-¢ ï § ¤ ç  (11λ), (13λ), (14λ), (12), (15), (16) à §à¥è¨¬  ¤«ï λ ∈ [0, 1℄.�¥®à¥¬  ¤®ª § ­ .�¥à­¥¬áï ª ­¥«®ª «ì­®© § ¤ ç¥, ¯®«ãç¥­­®© à¥¤ãªæ¨¥© ¨áå®¤­®©®¡à â­®© § ¤ ç¨. Ǒ®«®�¨¬�c1 = max06x61,06t6T

|c1xx(x, t)|,
k′1 = k1 − δ23�c12 , k′2 = k2 − �c1δ4

δ23 , k′3 = k3 − �c12δ23(1 + 1
δ4).�¤¥áì δ3 ¨ δ4 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« , ¢¥-«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.�ä®à¬ã«¨àã¥¬ â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¤«ï § ¤ ç¨: ­ ©-â¨ äã­ªæ¨¨ v(x, t) ¨ u(x, t), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (10) ¨(12),   â ª�¥ ãá«®¢¨ï¬ (8), (9), (15) ¨ (16).
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h(0, t) 6= 0, h(x, t) ∈ C2(Q), t ∈ [0, T ℄, (23)

f(x, t) ∈ L2(Q), fx(x, t) ∈ L2(Q), fxx(x, t) ∈ L2([0, T ℄), (24)
a(x, t), c(x, t) ∈ C2(Q), c1xx(x, t) 6 0, t ∈ [0, T ℄, (25)¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ3 ¨ δ4 â ª¨¥, çâ®

k′1 > 0, k′2 > 0, k′3 > 0. (26)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (10), (12), (8), (9), (15) ¨ (16) ¨¬¥¥âà¥è¥­¨¥ v(x, t) ¨ u(x, t) â ª®¥, çâ® v(x, t) ∈ V ¨ u(x, t) ∈ V .�®ª § â¥«ìáâ¢®. Ǒ®¢â®àïï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1, â. ¥.ã¬­®� ï ãà ¢­¥­¨¥ (10), § ¯¨á ­­®¥ ¢ ¯¥à¥¬¥­­ëå x ¨ τ , ­  äã­ªæ¨î
vτ − vxxτ ¨ ¨­â¥£à¨àãï à¥§ã«ìâ â ®â 0 ¤® t ¯® ¢à¥¬¥­­®© ¯¥à¥¬¥­­®© ¨®â 0 ¤® 1 ¯® ¯à®áâà ­áâ¢¥­­®©, ¢®á¯®«ì§®¢ ¢è¨áì ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨(8) ¨ (9), ãá«®¢¨ï¬¨ â¥®à¥¬ë, ­¥à ¢¥­áâ¢®¬ �­£ , ­¥à ¢¥­áâ¢®¬ (∗),¯à¥¤áâ ¢«¥­¨¥¬

v(x, τ) = τ∫0 vξ(x, ξ) dξ,  â ª�¥ «¥¬¬®© �à®­ã®«« , ¯à¨¤¥¬ ª ®æ¥­ª¥ ¢¨¤  (22). �§ íâ®© ®æ¥­ª¨¨ â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã á«¥¤ã¥â à §à¥è¨¬®áâì§ ¤ ç¨ (10), (12), (8), (9), (15), (16).�¥®à¥¬  ¤®ª § ­ .Ǒ¥à¥©¤¥¬ ª ¨§ãç¥­¨î à §à¥è¨¬®áâ¨ ¨áå®¤­®© ®¡à â­®© § ¤ ç¨ I.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1′. �®£¤ ®¡à â­ ï § ¤ ç  I ¨¬¥¥â à¥è¥­¨¥ u(x, t) ¨ q(t) â ª®¥, çâ® u(x, t) ∈ V ,
q(t) ∈ L2([0, T ℄).�®ª § â¥«ìáâ¢®. Ǒãáâì u(x, t) ¨ v(x, t) |äã­ªæ¨¨, ï¢«ïîé¨¥áïà¥è¥­¨¥¬ ­¥«®ª «ì­®© § ¤ ç¨ (10), (12), (8), (9), (15) ¨ (16). Ǒ®«®�¨¬
w(x, t) = ut(x, t)− uxxt(x, t) + a(x, t)uxx(x, t) + c(x, t)u(x, t)

− f1(x, t)− c1(x, t)uxxt(0, t) + c2(x, t)uxx(0, t).
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wxx(x, t) = 0, (x, t) ∈ Q,

wx(0, t) = w(1, t) = 0, 0 < t < T.�§ íâ¨å à ¢¥­áâ¢ á«¥¤ã¥â, çâ® w(x, t) ≡ 0 ¢ Q. Ǒ®«®�¨¬
q(t) = −uxxt(0, t) + a(0, t)uxx(0, t)− f(0, t)

h(0, t) .�ç¥¢¨¤­®, çâ® äã­ªæ¨¨ u(x, t) ¨ q(t) á¢ï§ ­ë ¢ ¯àï¬®ã£®«ì­¨ª¥Q ãà ¢-­¥­¨¥¬ (1). �áâ «®áì ¯®ª § âì, çâ® ¢ë¯®«­ï¥âáï ãá«®¢¨¥ u(0, t) = 0.Ǒ®«®�¨¬ ¢ (1) x = 0. Ǒ®«ãç¨¬ ut(0, t) + c(0, t)u(0, t) = 0. �§ íâ®£®à ¢¥­áâ¢  ¨ ãá«®¢¨ï u(0, 0) = 0 á«¥¤ã¥â u(0, t) = 0. Ǒà¨­ ¤«¥�­®áâì
u(x, t) ¨ q(t) âà¥¡ã¥¬ë¬ ª« áá ¬ ®ç¥¢¨¤­ . �¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥. �  á ¬®¬ ¤¥«¥ ¤®ª § ­®, çâ® à¥è¥­¨¥ u(x, t) ¡ã¤¥ââ ª¨¬, çâ® äã­ªæ¨ï uxx(x, t) â ª�¥ ï¢«ï¥âáï í«¥¬¥­â®¬ ¯à®áâà ­áâ¢  V .Ǒà¨¢¥¤¥¬ ¥é¥ ®¤¨­ ¢ à¨ ­â â¥®à¥¬ë ® à §à¥è¨¬®áâ¨ ®¡à â­®©§ ¤ ç¨ I.�­®¢ì ­ ç­¥¬ á ä®à¬ «ì­ëå ¯®áâà®¥­¨©. Ǒà®¤¨ää¥à¥­æ¨àã¥¬ãà ¢­¥­¨¥ (1) ¯® ¯¥à¥¬¥­­®© x ¨ ¯®«®�¨¬ x = 0. �ç¨â ï, çâ® ¢ë¯®«-­ï¥âáï ãá«®¢¨¥ hx(0, t) 6= 0, ¢ëç¨á«¨¬ q(t):

q(t) = −uxxxt(0, t) + ax(0, t)uxx(0, t) + a(0, t)uxxx(0, t)− fx(0, t)
hx(0, t) .Ǒ®«®�¨¬ v(x, t) = uxx(x, t). �®£¤  q(t) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

q(t) = −vxt(0, t) + ax(0, t)v(0, t) + a(0, t)vx(0, t)− fx(0, t)
hx(0, t) .�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:

a1(x, t) = −h(x, t)
hx(0, t) , a2(x, t) = a(0, t)h(x, t)

hx(0, t) ,

a3(x, t) = ax(0, t)h(x, t)
hx(0, t) , f2(x, t) = f(x, t)− fx(0, t)h(x, t)

hx(0, t) .Ǒ®«ãç¨¬
ut − vt + a(x, t)v + c(x, t)u= a1(x, t)vxt(0, t) + a2(x, t)vx(0, t) + a3(x, t)v(0, t) + f2(x, t). (27)
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ut(0, t)− vt(0, t) + a(0, t)v(0, t) + c(0, t)u(0, t)= a1(0, t)vxt(0, t) + a2(0, t)vx(0, t) + a3(0, t)v(0, t) + f2(0, t).�«¥¤®¢ â¥«ì­®, ¢ë¯®«­ï¥âáï ãá«®¢¨¥
− vt(0, t) = −a(0, t)v(0, t) + a1(0, t)vxt(0, t) + a2(0, t)vx(0, t)+ a3(0, t)v(0, t) + f2(0, t). (28)Ǒ®«®�¨¬ ¢ (27) x = 1:
ut(1, t)− vt(1, t) + a(1, t)v(1, t) + c(1, t)u(1, t)= a1(1, t)vxt(0, t) + a2(1, t)vx(0, t) + a3(1, t)v(0, t) + f2(1, t).�âáî¤ 
− vt(1, t) = −a(1, t)v(0, t) + a1(1, t)vxt(0, t)+ a2(1, t)vx(0, t) + a3(1, t)v(0, t) + f2(1, t). (29)�¢ �¤ë ¯à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (27) ¯® x:
vt − vxxt + axxv + 2axvx + avxx + cxxu+ 2cxux + cv= a1xx(x, t)vxt(0, t) + a2xx(x, t)vx(0, t) + a3xx(x, t)v(0, t) + f2xx(x, t).(30)� à¥§ã«ìâ â¥ ¯à¨è«¨ ª ­¥«®ª «ì­®© § ¤ ç¥ ¤«ï äã­ªæ¨© u(x, t) ¨

v(x, t). � ¯®¬®éìî à¥è¥­¨ï íâ®© § ¤ ç¨ ¨ ¡ã¤¥â ¯®áâà®¥­® à¥è¥­¨¥¨áå®¤­®© ®¡à â­®© § ¤ ç¨.�¢¥¤¥¬ ¥é¥ ®¡®§­ ç¥­¨ï:
d1(x, t) = axx(x, t) + c(x, t), d2(x, t) = 2ax(x, t), d3(x, t) = a(x, t),

d4(x, t) = 2cx(x, t), d5(x, t) = cxx(x, t),
F2(x, t) = a1(x, t)vxt(0, t) + a2(x, t)vx(0, t) + a3(x, t)v(0, t) + f2(x, t),

α1(t) = a1(0, t), α2(t) = a2(0, t), α3(t) = a3(0, t)− a(0, t),
β1(t) = a1(1, t), β2(t) = a2(1, t), β3(t) = a3(1, t)− a(1, t),
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ϕ2(t) = f2(0, t), ψ2(t) = f2(1, t).�§ãç¨¬ ­¥«®ª «ì­ãî § ¤ çã ¢ ®¡é¥¬ ¢¨¤¥ ­¥§ ¢¨á¨¬® ®â ¨áå®¤­®©®¡à â­®© § ¤ ç¨.Ǒãáâì di(x, t), i = 1, 2, 3, 4, 5, F2(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥-¤¥«¥­­ë¥ ¯à¨ (x, t) ∈ Q, αj(t), βj(t), j = 1, 2, 3, ϕ2(t), ψ2(t) | § ¤ ­­ë¥äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ t ∈ [0, T ℄.�¥«®ª «ì­ ï § ¤ ç  II. � ©â¨ äã­ªæ¨¨ v(x, t) ¨ u(x, t), ª®â®àë¥ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

vt−vxxt+d1(x, t)vxx+d2(x, t)vx+d3(x, t)v+d4(x, t)ux+d5(x, t)u = F2(x, t),(31)
v = uxx, (32)  â ª�¥ ãá«®¢¨ï¬

−vt(0, t) = α1(t)vxt(0, t) + α2(t)vx(0, t) + α3(t)v(0, t) + ϕ2(t), (33)
−vt(1, t) = β1(t)vxt(0, t) + β2(t)vx(0, t) + β3(t)v(0, t) + ψ2(t), (34)

v(x, 0) = 0, x ∈ 
, (35)
u(1, t) = 0, ux(0, t) = 0, 0 < t < T. (36)Ǒ®«®�¨¬ �β1 = max06t6T

|β1(t)|,
m1 = 1− δ25δ6 − �β1δ6

δ25 , m2 = 2− δ25(1 + 1
δ6)−

�β1
δ25 (1 + 1

δ6), m3 = 1.�¤¥áì δ5 ¨ δ6 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« , ¢¥-«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.�¥®à¥¬  3. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
di(x, t) ∈ C(Q), i = 1, 2, 3, 4, 5, (37)

F2(x, t) ∈ L2(Q), ϕ2(t) ∈ L2([0, T ℄), ψ2(t) ∈ L2([0, T ℄), (38)
α1(t) > 0, t ∈ [0, T ℄), (39)¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ5 ¨ δ6 â ª¨¥, çâ®
m1 > 0, m2 > 0. (40)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (31){(36) ¨¬¥¥â à¥è¥­¨¥ u(x, t), v(x, t)â ª®¥, çâ® u(x, t) ∈ V , v(x, t) ∈ V.



� à §à¥è¨¬®áâ¨ ®¡à â­ëå § ¤ ç 123�®ª § â¥«ìáâ¢®. �áâ ­®¢¨¬ ­ «¨ç¨¥ ¯®¤å®¤ïé¨å  ¯à¨®à­ëå®æ¥­®ª à¥è¥­¨© ­ áâ®ïé¥© § ¤ ç¨.�¬­®�¨¬ ãà ¢­¥­¨¥ (31), § ¯¨á ­­®¥ ¢ ¯¥à¥¬¥­­ëå x ¨ τ , ­  äã­ª-æ¨î vτ −vxxτ ¨ à¥§ã«ìâ â ¯à®¨­â¥£à¨àã¥¬ ®â 0 ¤® t ¯® ¢à¥¬¥­­®© ¯¥à¥-¬¥­­®© t ¨ ®â 0 ¤® 1 ¯® ¯à®áâà ­áâ¢¥­­®© x. Ǒà®¨­â¥£à¨à®¢ ¢ ¤®¯®«-­¨â¥«ì­® ¯® ç áâï¬, ¯®«ãç¨¬
t∫0 1∫0 v2xxτ dxdτ + 2 t∫0 1∫0 v2xτ dxdτ + t∫0 1∫0 v2τ dxdτ

− 2 t∫0 vxτ (1, τ)vτ (1, τ) dτ + 2 t∫0 vxτ (0, τ)vτ (0, τ) dτ+ t∫0 1∫0 d1vvτ dxdτ + t∫0 1∫0 d2vxvτ dxdτ+ t∫0 1∫0 d3vxxvτ dxdτ + t∫0 1∫0 d4uxvτ dxdτ+ t∫0 1∫0 d5vτ dxdτ −
t∫0 1∫0 d1vvxxτ dxdτ

−
t∫0 1∫0 d2vxvxxτ dxdτ −

t∫0 1∫0 d3vxxvxxτ dxdτ

−
t∫0 1∫0 d4uxvxxτ dxdτ −

t∫0 1∫0 d5uvxxτ dxdτ= t∫0 1∫0 F2(vτ − vxxτ ) dxdτ.�®á¯®«ì§®¢ ¢è¨áì ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (33) ¨ (34), ãá«®¢¨ï¬¨ â¥®à¥-
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ω2(x) 6 δ

1∫0 ω′2(x) dx +(1 + 1
δ

) 1∫0 ω2(x) dx, (∗)á¯à ¢¥¤«¨¢ë¬ ¯à¨ ¢á¥å x ∈ [0, T ℄ (§¤¥áì δ| ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì-­®¥ ç¨á«®),   â ª�¥ ¯à¥¤áâ ¢«¥­¨¥¬
v(x, τ) = τ∫0 vξ(x, ξ) dξ,¯®«ãç¨¬(m1 − δ′0) t∫0 1∫0 v2xxτ dxdτ + (m2 − δ′0) t∫0 1∫0 v2xτ dxdτ+ (m3 − δ′0) t∫0 1∫0 v2τ dxdτ 6 C′1 t∫0 T∫0 1∫0 v2xxξ(x, ξ) dxdξdτ+ t∫0 T∫0 1∫0 v2xξ(x, ξ) dxdξdτ + t∫0 T∫0 1∫0 v2ξ (x, ξ) dxdξdτ+ C′2 T∫0 (ϕ22(t) + ψ22(t)) dt+ ∫

Q

F 22 (t) dxdt,£¤¥ δ′0 | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, ç¨á«  C′1 ¨ C′2 ®¯à¥¤¥-«ïîâáï äã­ªæ¨ï¬¨ dj(x, t), j = 1, 2, 3, 4, 5, βi(x, t), αi(x, t), i = 1, 2, 3.Ǒ®áª®«ìªã ç¨á«  m1, m2, m3 ¯®«®�¨â¥«ì­ë, ä¨ªá¨àãï δ′0 ­ áâ®«ìª®¬ «ë¬, çâ® m1 − δ′0 > 0, m2 − δ′0 > 0, m3 − δ′0 > 0, ¨¬¥¥¬
t∫0 1∫0 (v2xxτ + v2xτ + v2τ) dxdτ

6 C′3 t∫0 T∫0 1∫0 (v2xxξ(x, ξ) + v2xξ(x, ξ) + v2ξ (x, ξ)) dxdξdτ
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Q

F 22 (t) dxdt.Ǒà¨¬¥­¨¢ «¥¬¬ã �à®­ã®«« , ¯®«ãç¨¬  ¯à¨®à­ãî ®æ¥­ªã
t∫0 1∫0 (v2xxτ + v2xτ + v2τ) dxdτ

6 C′0 T∫0 (ϕ22(t) + ψ22(t)) dt+ ∫
Q

F 22 (t) dxdt, (41)¢ ª®â®à®© ç¨á«® C′0 ®¯à¥¤¥«ï¥âáï äã­ªæ¨ï¬¨ dj(x, t), j = 1, 2, 3, 4, 5,
βi(x, t), αi(x, t), i = 1, 2, 3,   â ª�¥ ç¨á«®¬ T .�§ (41) á«¥¤ã¥â ®ç¥¢¨¤­ ï ®æ¥­ª 

‖v‖2V + ‖u‖2V 6 M ′




T∫0 (ϕ21(t) + ψ21(t)) dt+ ∫
Q

F 21 (t) dxdt. (42)Ǒ®¢â®àïï ¤®ª § â¥«ìáâ¢® á ¨á¯®«ì§®¢ ­¨¥¬ â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®-¤®«�¥­¨ï ¯® ¯ à ¬¥âàã [15℄, ¯®«ãç¨¬, çâ® ªà ¥¢ ï § ¤ ç  (31){(36)à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V . �¥®à¥¬  ¤®ª § ­ .�®§à é ïáì ª ­¥«®ª «ì­®© § ¤ ç¥ (30), (32), (28), (29), (35), (36),¯®«ãç¥­­®© à¥¤ãªæ¨¥© ¨áå®¤­®© ®¡à â­®© § ¤ ç¨, áä®à¬ã«¨àã¥¬ â¥®-à¥¬ã à §à¥è¨¬®áâ¨ íâ®© § ¤ ç¨.Ǒ®«®�¨¬�a1 = max
Q

|a1xx(x, t)|, m′1 = m1 − δ27�a1δ92 − δ28�a1δ102 − �a12δ28 ,
m′2 = m2 − δ27�a12 (1 + 1

δ9)− δ8�a12 (1 + 1
δ10), m′3 = m3 − �a12δ27 .�¤¥áì δ7, δ8, δ9 ¨ δ10 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á-« , ¢¥«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.�ä®à¬ã«¨àã¥¬ â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¤«ï § ¤ ç¨: ­ ©-â¨ äã­ªæ¨¨ v(x, t) ¨ u(x, t), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (30) ¨(32),   â ª�¥ ãá«®¢¨ï¬ (28), (29), (35) ¨ (36).
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hx(0, t) 6= 0, t ∈ [0, T ℄, a(x, t) ∈ C2(Q), c(x, t) ∈ C2(Q), (43)
f2(x, t) ∈ L2(Q), f2x(x, t) ∈ L2(Q), f2xx(x, t) ∈ L2([0, T ℄), (44)

h(x, t) ∈ C2(Q), a1xx(x, t) 6 0, t ∈ [0, T ℄, (45)¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ7, δ8, δ9 ¨ δ10 â ª¨¥, çâ®
m′1 > 0, m′2 > 0, m′3 > 0. (46)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (30), (32), (28), (29), (35) ¨ (36) ¨¬¥¥â à¥è¥-­¨¥ v(x, t) ¨ u(x, t) â ª®¥, çâ® v(x, t) ∈ V ¨ u(x, t) ∈ V .�®ª § â¥«ìáâ¢®. Ǒ®¢â®àïï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3, â. ¥.ã¬­®� ï ãà ¢­¥­¨¥ (30), § ¯¨á ­­®¥ ¢ ¯¥à¥¬¥­­ëå x ¨ τ , ­  äã­ªæ¨î

vτ − vxxτ ¨ ¨­â¥£à¨àãï à¥§ã«ìâ â ®â 0 ¤® t ¯® ¢à¥¬¥­­®© ¯¥à¥¬¥­­®© ¨®â 0 ¤® 1 ¯® ¯à®áâà ­áâ¢¥­­®©, ¢®á¯®«ì§®¢ ¢è¨áì ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨(28) ¨ (29), ãá«®¢¨ï¬¨ â¥®à¥¬ë, ­¥à ¢¥­áâ¢®¬ �­£ , ­¥à ¢¥­áâ¢®¬ (∗),¯à¥¤áâ ¢«¥­¨¥¬
v(x, τ) = τ∫0 vξ(x, ξ) dξ  â ª�¥ «¥¬¬®© �à®­ã®«« , ¯à¨¤¥¬ ª ®æ¥­ª¥ ¢¨¤  (42). �§ íâ®© ®æ¥­ª¨¨ â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã á«¥¤ã¥â à §à¥è¨¬®áâì§ ¤ ç¨ (30), (32), (28), (29), (35), (36). �¥®à¥¬  ¤®ª § ­ .Ǒ¥à¥©¤¥¬ ª ¨§ãç¥­¨î à §à¥è¨¬®áâ¨ ¨áå®¤­®© ®¡à â­®© § ¤ ç¨ I.�¥®à¥¬  4. Ǒãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 3′. �®£¤ ®¡à â­ ï § ¤ ç  I ¨¬¥¥â à¥è¥­¨¥ u(x, t) ¨ q(t) â ª®¥, çâ® u(x, t) ∈ V ¨

q(t) ∈ L2([0, T ℄).�®ª § â¥«ìáâ¢®. Ǒãáâì u(x, t) ¨ v(x, t) | äã­ªæ¨¨, ï¢«ïîé¨-¥áï à¥è¥­¨¥¬ ­¥«®ª «ì­®© § ¤ ç¨ (30), (32), (28), (29), (35) ¨ (36).Ǒ®«®�¨¬
w(x, t) = ut(x, t)−uxxt(x, t)+ a(x, t)uxx(x, t) + c(x, t)u(x, t)− f2xx(x, t)

− a1xx(x, t)uxt(0, t)− a2xx(x, t)ux(0, t)− a3xx(x, t)u(0, t).
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wxx(x, t) = 0, (x, t) ∈ Q,

wx(0, t) = w(1, t) = 0, 0 < t < T.�¥¬ á ¬ë¬ w(x, t) ≡ 0 ¢ Q. Ǒ®«®�¨¬
q(t) = −uxxxt(0, t) + ax(0, t)uxx(0, t) + a(0, t)uxxx(0, t)− f2x(0, t)

hx(0, t) .�ç¥¢¨¤­®, çâ® äã­ªæ¨¨ u(x, t) ¨ q(t) á¢ï§ ­ë ¢ ¯àï¬®ã£®«ì­¨ª¥Q ãà ¢-­¥­¨¥¬ (1).�áâ «®áì ¯®ª § âì, çâ® ¢ë¯®«­ï¥âáï ãá«®¢¨¥ u(0, t) = 0. Ǒ®«®�¨¬¢ (1) x = 0. Ǒ®«ãç¨¬ ut(0, t) + c(0, t)u(0, t) = 0 . �§ íâ®£® à ¢¥­áâ¢  ¨ãá«®¢¨ï u(0, 0) = 0 á«¥¤ã¥â, çâ® u(0, t) = 0. Ǒà¨­ ¤«¥�­®áâì u(x, t) ¨
q(t) âà¥¡ã¥¬ë¬ ª« áá ¬ ®ç¥¢¨¤­ . �¥®à¥¬  ¤®ª § ­ .Ǒ®áâà®¨¬ ­¥«®ª «ì­ãî § ¤ çã ¤«ï ®¡à â­®© § ¤ ç¨ II. �­®¢ì ­ ç-­¥¬ á ä®à¬ «ì­ëå ¯®áâà®¥­¨©. Ǒ®«®�¨¬ ¢ ãà ¢­¥­¨¨ (5) x = 0,  § â¥¬ x = 1. Ǒãáâì ¢ë¯®«­ï¥âáï ãá«®¢¨¥

h1(0, t)h2(1, t)− h1(1, t)h2(0, t) 6= 0.�®£¤  ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©




ut(0, t)− uxxt(0, t) + a(0, t)uxx(0, t) + c(0, t)u(0, t)= f(0, t) + q1(t)h1(0, t) + q2(t)h2(0, t),
ut(1, t)− uxxt(1, t) + a(1, t)uxx(1, t) + c(1, t)u(1, t)= f(1, t) + q1(t)h1(1, t) + q2(t)h2(1, t).¬®�­® ­ ©â¨ q1(t) ¨ q2(t):

q1(t) = [−uxxt(0, t) + a(0, t)uxx(0, t)− f(0, t)℄h2(1, t)
h1(0, t)h2(1, t)− h1(1, t)h2(0, t)

− [−uxxt(1, t) + a(1, t)uxx(1, t)− f(1, t)℄h2(0, t)
h1(0, t)h2(1, t)− h1(1, t)h2(0, t) ,

q2(t) = −[−uxxt(0, t) + a(0, t)uxx(0, t)− f(0, t)℄h1(1, t)
h1(0, t)h2(1, t)− h1(1, t)h2(0, t)+ [−uxxt(1, t) + a(1, t)uxx(1, t)− f(1, t)℄h1(0, t)

h1(0, t)h2(1, t)− h1(1, t)h2(0, t) .
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J(t) = h1(0, t)h2(1, t)− h1(1, t)h2(0, t),

χ1(x, t) = −h1(x, t)h2(1, t) + h1(1, t)h2(x, t)
J(t) ,

χ2(x, t) = a(0, t)[h1(x, t)h2(1, t)− h1(1, t)h2(x, t)℄
J

,

χ3(x, t) = h1(x, t)h2(0, t)− h1(0, t)h2(x, t)
J(t) ,

χ4(x, t) = a(1, t)[h1(x, t)h2(0, t)− h1(0, t)h2(x, t)℄
J(t) ,

f3(x, t) = −f(0, t)[h2(1, t)− h1(1, t)℄ + f(1, t)[h2(0, t)− h1(0, t)℄
J(t) + f(x, t).Ǒ®«ãç¨¬

ut − uxxt + a(x, t)uxx + c(x, t)u = f3(x, t) + χ1(x, t)uxxt(0, t)+ χ2(x, t)uxx(0, t) + χ3(x, t)uxxt(1, t) + χ4(x, t)uxx(1, t). (47)Ǒà®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (47) ¯® ¯¥à¥¬¥­­®© x ¨ ¯®«®�¨¬ x = 0:
uxt(0, t)− uxxxt(0, t) + ax(0, t)uxx(0, t) + a(0, t)uxxx(0, t)+ cx(0, t)u(0, t) + c(0, t)ux(0, t) = f3x(0, t) + χ1x(0, t)uxxt(0, t)+ χ2x(0, t)uxx(0, t) + χ3x(0, t)uxxt(1, t) + χ4x(0, t)uxx(1, t).Ǒãáâì v = uxx. �âáî¤ 
vxt(0, t) = ax(0, t)v(0, t) + a(0, t)vx(0, t)− f3x(0, t)− χ1x(0, t)vt(0, t)

− χ2x(0, t)v(0, t)− χ3x(0, t)vt(1, t)− χ4x(0, t)v(1, t). (48)Ǒà¨ x = 1 ¯®«ãç¨¬
vxt(1, t) = ax(1, t)v(1, t) + a(1, t)vx(1, t)− f3x(1, t)− χ1x(1, t)vt(0, t)

− χx2(1, t)v(0, t)− χ3x(1, t)vt(1, t)− χ4x(1, t)v(1, t). (49)�¢ �¤ë ¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (47) ¯® x:
vt − vxxt + axx(x, t)v + 2ax(x, t)vx + a(x, t)vxx + cxx(x, t)u



� à §à¥è¨¬®áâ¨ ®¡à â­ëå § ¤ ç 129+ 2cx(x, t)ux + c(x, t)v = χ0xx(x, t) + χ1xx(x, t)uxxt(0, t)+ χ2xx(x, t)uxx(0, t) + χ3xx(x, t)uxxt(1, t) + χ4xx(x, t)uxx(1, t). (50)Ǒ®«ãç¨«¨ ­¥«®ª «ì­ãî § ¤ çã ¤«ï äã­ªæ¨© v(x, t) ¨ u(x, t). �®-ª § ¢ à §à¥è¨¬®áâì íâ®© § ¤ ç¨, á¬®�¥¬ ¤®ª § âì à §à¥è¨¬®áâì ¨á-å®¤­®© ®¡à â­®© § ¤ ç¨ II. Ǒ®áª®«ìªã ¯®áâà®¥­­ ï ­¥«®ª «ì­ ï § ¤ ç ¤«ï ãà ¢­¥­¨ï ¢¨¤  (5) à ­¥¥ ­¥ ¨§ãç « áì, ¨áá«¥¤ã¥¬ ¥¥ ­¥§ ¢¨á¨¬®®â ¨áå®¤­®© ®¡à â­®© § ¤ ç¨. �«ï íâ®£® ¢­®¢ì ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï:
r1(x, t) = a(x, t), r2(x, t) = 2ax(x, t), r3(x, t) = axx(x, t) + c(x, t),

r4(x, t) = 2cx(x, t), r5(x, t) = cxx(x, t),
F3(x, t) = f3xx(x, t) + χ1xx(x, t)uxxt(0, t) + χ2xx(x, t)uxx(0, t)+ χ3xx(x, t)uxxt(1, t) + χ4xx(x, t)uxx(1, t),
µ1(t) = −χ1x(0, t), µ2(t) = −χ2x(0, t) + ax(0, t), µ3(t) = −χ3x(0, t),

µ4(t) = −χ4x(0, t), µ5(t) = a(0, t), ϕ3(t) = −f3x(0, t),
ν1(t) = −χ1x(1, t), ν2(t) = −χ2x(1, t), ν3(t) = −χ3x(1, t),

ν4(t) = −χ4x(1, t) + ax(1, t), ν5(t) = a(1, t), ψ3(t) = −f3x(1, t).Ǒãáâì ri(x, t), i = 1, 2, 3, 4, 5, F3(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­-­ë¥ ¯à¨ (x, t) ∈ Q, µj(t), νj(t), j = 1, 2, 3, 4, ϕ3(t), ψ3(t) | § ¤ ­­ë¥äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ t ∈ [0, T ℄.�¥«®ª «ì­ ï § ¤ ç  III. � ©â¨ äã­ªæ¨¨ v(x, t) ¨ u(x, t), ª®â®-àë¥ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬
vt−vxxt+r1(x, t)vxx+r2(x, t)vx+r3(x, t)v+r4(x, t)ux+r5(x, t)u = F3(x, t),(51)

v = uxx, (52)  â ª�¥ ãá«®¢¨ï¬
vxt(0, t) = µ1(t)vt(0, t) + µ2(t)v(0, t) + µ3(t)vt(1, t)+ µ4(t)v(1, t) + µ5(t)vx(0, t) + ϕ3(t), (53)
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vxt(1, t) = ν1(t)vt(0, t) + ν2(t)v(0, t) + ν3(t)vt(1, t)+ ν4(t)v(1, t) + ν5(t)vx(1, t)ψ3(t), (54)

v(x, 0) = 0, x ∈ 
, (55)
ux(1, t) = 0, ux(0, t) = 0, 0 < t < T. (56)Ǒ®«®�¨¬ �µ4 = max06t6T

|µ4(t)|, �ν3 = max06t6T
|ν3(t)|,

n1 = 1, n2 = 2− δ211δ12 − �ν3δ12
δ211 − δ213δ14 − �µ4δ14

δ213 ,

n3 = 1− δ211(1 + 1
δ12)− �ν3

δ211(1 + 1
δ12)− δ213(1 + 1

δ14)− �µ4
δ213(1 + 1

δ14).�¤¥áì δ11, δ12, δ13 ¨ δ14 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ç¨á« , ¢¥«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.�¥®à¥¬  5. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
ri(x, t) ∈ C(Q), i = 1, 2, 3, 4, 5, (57)

F3(x, t) ∈ L2(Q), ϕ3(t) ∈ L2([0, T ℄), ψ3(t) ∈ L2([0, T ℄), (58)
µ3(t) > 0, ν4(t) 6 0, t ∈ [0, T ℄), (59)¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ11, δ12, δ13 ¨ δ14 â ª¨¥, çâ®

n2 > 0, n3 > 0. (60)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (51){(56) ¨¬¥¥â à¥è¥­¨¥ u(x, t), v(x, t) â ª®¥,çâ® u(x, t) ∈ V , v(x, t) ∈ V .�¥à­¥¬áï ª à¥¤ãæ¨à®¢ ­­®© ­¥«®ª «ì­®© § ¤ ç¥ (50), (52), (48),(49), (55), (56). �¡®§­ ç¨¬ �χ1 = max
Q

|χ1xx(x, t)|, �χ3 = max
Q

|χ3xx(x, t)|,
n′1 = n1 − �χ1δ2172 − �χ3δ2212 ,

n′2 = n2 − �χ1δ162δ215 − �χ1δ182δ217 − �χ3δ20δ2192 − �χ3δ22δ2212 ,

n′3 = n3 − 2�χ1
δ215 (1 + 1

δ16)− 2�χ1
δ217 (1 + 1

δ18)− �χ1δ2152
− 2�χ3δ219(1 + 1

δ20)− 2�χ3δ221(1 + 1
δ22)− �χ32δ219 .�¤¥áì δ15{δ22 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« , ¢¥-«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.
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J(t) 6= 0, t ∈ [0, T ℄, a(x, t), c(x, t) ∈ C2(Q), f3(x, t) ∈ L2(Q), (61)

f3x(x, t) ∈ L2(Q), f3xx(x, t) ∈ L2([0, T ℄),
h1(x, t), h2(x, t) ∈ C2(Q), (62)

χ2xx(x, t) 6 0, χ4(x, t) 6 0, t ∈ [0, T ℄, (63)áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ15{δ22 â ª¨¥, çâ®
n1 > 0, n′2 > 0, n′3 > 0. (64)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (50), (52), (48), (49), (55) ¨ (56) ¨¬¥¥â à¥è¥-­¨¥ v(x, t) ¨ u(x, t) â ª®¥, çâ® v(x, t) ∈ V ¨ u(x, t) ∈ V .Ǒ¥à¥©¤¥¬ ª ¨§ãç¥­¨î à §à¥è¨¬®áâ¨ ¨áå®¤­®© ®¡à â­®© § ¤ ç¨ II.�¥®à¥¬  6. Ǒãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 5′. �®£¤ ®¡à â­ ï § ¤ ç  II ¨¬¥¥â à¥è¥­¨¥ u(x, t), q1(t), q2(t) â ª®¥, çâ® u(x, t) ∈

V , q1(t) ∈ L2([0, T ℄), q2(t) ∈ L2([0, T ℄).�®ª § â¥«ìáâ¢  â¥®à¥¬ 5, 5′ ¨ 6  ­ «®£¨ç­ë ¤®ª § â¥«ìáâ¢ ¬â¥®à¥¬ 1, 1′ ¨ 2 á®®â¢¥âáâ¢¥­­®.Ǒà¨¢¥¤¥¬ ¥é¥ ®¤¨­ ¢ à¨ ­â â¥®à¥¬ë ® à §à¥è¨¬®áâ¨ ®¡à â­®©§ ¤ ç¨ II.�­®¢ì ¯®áâà®¨¬ ­¥«®ª «ì­ãî § ¤ çã. Ǒà®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢-­¥­¨¥ (5) ¯® ¯¥à¥¬¥­­®© x. Ǒ®«®�¨¬ x = 0,   § â¥¬ x = 1. Ǒãáâì¢ë¯®«­ï¥âáï ãá«®¢¨¥ h1x(0, t)h2x(1, t) − h1x(1, t)h2x(0, t) 6= 0. �¡®§­ -ç¨¬
J1(t) = h1x(0, t)h2x(1, t)− h1x(1, t)h2x(0, t),

G1(t) = −uxxxt(0, t) + ax(0, t)uxx(0, t) + a(0, t)uxxx(0, t)− fx(0, t),
G2(t) = −uxxxt(1, t) + ax(1, t)uxx(1, t) + a(1, t)uxxx(1, t)− fx(1, t).�®£¤  ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

{
q1(t)h1x(0, t) + q2(t)h2x(0, t) = G1(t),
q1(t)h1x(1, t) + q2(t)h2x(1, t) = G2(t)
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q1(t) = G1(t)h2x(1, t)−G2(t)h2x(0, t)

J1(t) ,

q2(t) = G2(t)h1x(0, t)−G1(t)h1x(1, t)
J1(t) .�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:

l1(x, t) = h2x(0, t)h1(x, t) + h1x(0, t)h2(x, t)
J1(t) ,

l2(x, t) = −a(1, t)[h2x(0, t)h1(x, t)− h1x(0, t)h2(x, t)℄
J1(t) ,

l3(x, t) = −ax(1, t)[h2x(0, t)h1(x, t)− h1x(0, t)h2(x, t)℄
J1(t) ,

l4(x, t) = −h2x(1, t)h1(x, t) + h1x(1, t)h2(x, t)
J1(t) ,

l5(x, t) = a(0, t)[h2x(1, t)h1(x, t)− h1x(1, t)h2(x, t)℄
J1(t) ,

l6(x, t) = ax(0, t)[h2x(1, t)h1(x, t) − h1x(1, t)h2(x, t)℄
J1(t) ,

f4(x, t) = h1(x, t)[fx(1, t)h2x(0, t)− fx(0, t)h2x(1, t)℄
J1(t)+ h2(x, t)[fx(0, t)h1x(1, t)− fx(1, t)h1x(0, t)℄

J1(t) + f(x, t).Ǒ®«ãç¨¬ ãà ¢­¥­¨¥
ut − uxxt + a(x, t)uxx + c(x, t)u = l1(x, t)uxxxt(1, t) + l2(x, t)uxxx(1, t)+ l3(x, t)uxx(1, t) + l4(x, t)uxxxt(0, t) + l5(x, t)uxxx(0, t)+ l6(x, t)uxx(0, t) + f4(x, t).Ǒ®«®�¨¬ x = 0. Ǒãáâì v = uxx. �®£¤ 
− vt(0, t) + a(0, t)v(0, t) = l1(0, t)vxt(1, t) + l2(0, t)vx(1, t)+ l3(0, t)v(1, t) + l4(0, t)vxt(0, t) + l5(0, t)vx(0, t)
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− vt(1, t) + a(1, t)v(1, t) = l1(1, t)vxt(1, t) + l2(1, t)vx(1, t)+ l3(1, t)v(1, t) + l4(1, t)vxt(0, t) + l5(1, t)vx(0, t)+ l6(1, t)v(0, t) + f4(1, t). (66)�¢ �¤ë ¯à®¤¨ää¥à¥­æ¨à®¢ ¢ ãà ¢­¥­¨¥ (47) ¯® x, ¨¬¥¥¬
vt − vxxt + axx(x, t)v + 2ax(x, t)vx + a(x, t)vxx+ cxx(x, t)u + 2cx(x, t)ux + c(x, t)v = l1xx(x, t)vxt(1, t)+ l2xx(x, t)vx(1, t) + l3xx(x, t)v(1, t) + l4xx(x, t)vxt(0, t)+ l5xx(x, t)vx(0, t) + l6xx(x, t)v(0, t) + f4xx(x, t). (67)Ǒ®«ãç¨«¨ ­¥«®ª «ì­ãî § ¤ çã ¤«ï äã­ªæ¨© v(x, t) ¨ u(x, t). �®-ª § ¢ à §à¥è¨¬®áâì íâ®© § ¤ ç¨, á¬®�¥¬ ¯®ª § âì à §à¥è¨¬®áâì ¨á-å®¤­®© ®¡à â­®© § ¤ ç¨ II. Ǒ®áª®«ìªã ¯®áâà®¥­­ ï ­¥«®ª «ì­ ï § ¤ ç ¤«ï ãà ¢­¥­¨ï ¢¨¤  (5) à ­¥¥ ­¥ ¨§ãç « áì, à áá¬®âà¨¬ ¥¥ ­¥§ ¢¨á¨¬®®â ¨áå®¤­®© ®¡à â­®© § ¤ ç¨. �«ï íâ®£® ¢­®¢ì ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï:
s1(x, t) = a(x, t), s2(x, t) = 2ax(x, t), s3(x, t) = axx(x, t) + c(x, t),

s4(x, t) = 2cx(x, t), s5(x, t) = cxx(x, t),
F4(x, t) = l1xx(x, t)vxt(1, t) + l2xx(x, t)vx(1, t) + l3xx(x, t)v(1, t)+ l4xx(x, t)vxt(0, t) + l5xx(x, t)vx(0, t) + l6xx(x, t)v(0, t) + f4xx(x, t),

ρ1(t) = −h2x(1, t)h1(0, t) + h1x(1, t)h2(0, t)
J1(t) ,

ρ2(t) = a(0, t)[h2x(1, t)h1(0, t)− h1x(1, t)h2(0, t)℄
J1(t) ,

ρ3(t) = ax(0, t)[h2x(1, t)h1(0, t)− h1x(1, t)h2(0, t)℄
J1(t) ,

ρ4(t) = h2x(0, t)h1(0, t)− h1x(0, t)h2(0, t)
J1(t) ,
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ρ5(t) = −a(1, t)[h2x(0, t)h1(0, t)− h1x(0, t)h2(0, t)℄

J1(t) ,

ρ6(t) = −ax(1, t)[h2x(0, t)h1(0, t)− h1x(0, t)h2(0, t)℄
J1(t) ,

ϕ4(t) = h1(0, t)[fx(1, t)h2x(0, t)− fx(0, t)h2x(1, t)℄
J1(t)+ h2(0, t)[fx(0, t)h1x(1, t)− fx(1, t)h1x(0, t)℄

J1(t) + f(0, t),
ι1(t) = −h2x(1, t)h1(1, t) + h1x(1, t)h2(1, t)

J1(t) ,

ι2(t) = a(0, t)[h2x(1, t)h1(1, t)− h1x(1, t)h2(1, t)℄
J1(t) ,

ι3(t) = ax(0, t)[h2x(1, t)h1(1, t)− h1x(1, t)h2(1, t)℄
J1(t) ,

ι4(t) = h2x(0, t)h1(1, t)− h1x(0, t)h2(1, t)
J1(t) ,

ι5(t) = −a(1, t)[h2x(0, t)h1(1, t)− h1x(0, t)h2(1, t)℄
J1(t) ,

ι6(t) = −ax(1, t)[h2x(0, t)h1(1, t)− h1x(0, t)h2(1, t)℄
J1(t) ,

ψ4(t) = h1(1, t)[fx(1, t)h2x(0, t)− fx(0, t)h2x(1, t)℄
J1(t)+ h2(1, t)[fx(0, t)h1x(1, t)− fx(1, t)h1x(0, t)℄

J1(t) + f(1, t).Ǒãáâì si(x, t), i = 1, 2, 3, 4, 5, F4(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥-¤¥«¥­­ë¥ ¯à¨ (x, t) ∈ Q, ρj(t), ιj(t), j = 1, 2, 3, 4, 5, 6, ϕ4(t), ψ4(t) |äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ t ∈ [0, T ℄.�¥«®ª «ì­ ï § ¤ ç  IV. � ©â¨ äã­ªæ¨¨ v(x, t) ¨ u(x, t), ª®â®-àë¥ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬
vt−vxxt+s1(x, t)vxx+s2(x, t)vx+s3(x, t)v+s4(x, t)ux+s5(x, t)u = F4(x, t),(68)
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v = uxx, (69)  â ª�¥ ãá«®¢¨ï¬

− vt(0, t) = ρ1(t)vxt(0, t) + ρ2(t)vx(0, t) + ρ3(t)v(0, t)+ ρ4(t)vxt(1, t) + ρ5(t)vx(1, t) + ρ6(t)v(1, t) + ϕ4(t), (70)
− vt(1, t) = ι1(t)vxt(0, t) + ι2(t)vx(0, t) + ι3(t)v(0, t)+ ι4(t)vxt(1, t) + ι5(t)vx(1, t) + ι6(t)v(1, t) + ψ4(t), (71)

v(x, 0) = 0, x ∈ 
, (72)
ux(1, t) = 0, ux(0, t) = 0, 0 < t < T. (73)Ǒ®«®�¨¬ �ι1 = max06t6T

|ι1(t)|, �ρ4 = max06t6T
|ρ4(t)|,

p1 = 1− δ223δ24 − �ι1δ24
δ223 − δ225δ26 − �ρ4δ26

δ225 ,

p2 = 2− δ223(1 + 1
δ24)− �ι1

δ223(1 + 1
δ24)− δ225(1 + 1

δ26)− �ρ4
δ225(1 + 1

δ26),
p3 = 1.�¤¥áì δ23{δ26 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« , ¢¥-«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.�¥®à¥¬  7. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

si(x, t) ∈ C(Q), i = 1, 2, 3, 4, 5, (74)
F4(x, t) ∈ L2(Q), ϕ4(t) ∈ L2([0, T ℄), ψ4(t) ∈ L2([0, T ℄), (75)

ρ1(t) > 0, ι4(t) 6 0, t ∈ [0, T ℄, (76)¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ23, δ24, δ25 ¨ δ26 â ª¨¥, çâ®
p1 > 0, p2 > 0. (77)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (68){(73) ¨¬¥¥â à¥è¥­¨¥ u(x, t), v(x, t) â ª®¥,çâ® u(x, t) ∈ V , v(x, t) ∈ V .



136 � ¬á à ¥¢  �. �.�¥à­¥¬áï ª à¥¤ãæ¨à®¢ ­­®© ­¥«®ª «ì­®© § ¤ ç¥ (67), (69), (65),(66), (72), (73). �¡®§­ ç¨¬ �l1 = max
Q

|l1xx(x, t)|,
p′1 = p1 − �l1δ227δ282 −

�l1δ229δ302 −
�l12δ229 ,

p′2 = p2 − �l12δ227(1 + 1
δ28)−

�l12δ229(1 + 1
δ30),

p′3 = p3 − �l12δ227 .�¤¥áì δ27{δ30 | ­¥ª®â®àë¥ ä¨ªá¨à®¢ ­­ë¥ ¯®«®�¨â¥«ì­ë¥ ç¨á« , ¢¥-«¨ç¨­ë ª®â®àëå ¡ã¤ãâ ãâ®ç­¥­ë ­¨�¥.�¥®à¥¬  7′. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
J1 6= 0, t ∈ [0, T ℄, a(x, t), c(x, t) ∈ C2(Q), f3(x, t) ∈ L2(Q), (78)

f3x(x, t) ∈ L2(Q), f3xx(x, t) ∈ L2([0, T ℄),
h1(x, t), h2(x, t) ∈ C2(Q), (79)
l2xx(x, t) > 0, t ∈ [0, T ℄, (80)¨ áãé¥áâ¢ãîâ ¯®«®�¨â¥«ì­ë¥ ç¨á«  δ27{δ30 â ª¨¥, çâ®
p′1 > 0, p′2 > 0, p′3 > 0. (81)�®£¤  ­¥«®ª «ì­ ï § ¤ ç  (67), (69), (65), (66), (72), (73) ¨¬¥¥â à¥è¥­¨¥

v(x, t) ¨ u(x, t) â ª®¥, çâ® v(x, t) ∈ V ¨ u(x, t) ∈ V .Ǒ¥à¥©¤¥¬ ª ¨§ãç¥­¨î à §à¥è¨¬®áâ¨ ¨áå®¤­®© ®¡à â­®© § ¤ ç¨ II.�¥®à¥¬  8. Ǒãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 7′. �®£¤ ®¡à â­ ï § ¤ ç  II ¨¬¥¥â à¥è¥­¨¥ u(x, t), q1(t), q2(t) â ª®¥, çâ® u(x, t) ∈
V , q1(t) ∈ L2([0, T ℄), q2(t) ∈ L2([0, T ℄).�®ª § â¥«ìáâ¢  â¥®à¥¬ 7, 7′ ¨ 8  ­ «®£¨ç­ë ¤®ª § â¥«ìáâ¢ ¬â¥®à¥¬ 5, 5′ ¨ 6 á®®â¢¥âáâ¢¥­­®.



� à §à¥è¨¬®áâ¨ ®¡à â­ëå § ¤ ç 137����������1. Prilepko A. I., Orlovsky D. G., Vasin I. A. Methods for solving inverse problems inmathemati
al physi
s. New York; Basel: Mar
ell Dekker In
., 2000.2. Anikonov Yu. E. Inverse and ill-posed problems. Utre
ht: VSP, 1997.3. Ivan
hov M. Inverse problems for equations of paraboli
 type. ???: VNTL Publ.,2003. (Math. Stud. Monogr. Ser.; V. 10).4. Belov Yu. Ya. Inverse problems for partial di�erential equations. Utre
ht: VSP,2002.5. Kozhanov A. I. Composite type equations and inverse problems. Utre
ht: VSP,1999.6. �¥¬¨¤¥­ª® �. �., �á¯¥­áª¨© �. �. �à ¢­¥­¨ï ¨ á¨áâ¥¬ë, ­¥à §à¥è¥­­ë¥ ®â­®-á¨â¥«ì­® áâ àè¥© ¯à®¨§¢®¤­®©. �®¢®á¨¡¨àáª: � ãç. ª­., 1998.7. Sviridyuk G. A., Fedorov V. E. Linear Sobolev type equations and degeneratesemigroup of operators. Utre
ht: VSP, 2003.8. �«ìè¨­ �. �., �¢¥è­¨ª®¢ �. �., �®à¯ãá®¢ �. �., Ǒ«¥â­¥à �. �. �¨­¥©­ë¥ ¨­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯ . �.: �¨§¬ â«¨â, 2002.9. Pyatkov S. G. Operator theory. Non
lassi
al problems. Utre
ht: VSP, 2002.10. �ªã¡®¢ �. �. �¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ë¥ ãà ¢­¥­¨ï ¨ ¨å ¯à¨-«®�¥­¨ï. � ªã: �«¬, 1985.11. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ®¡à â­ëå § ¤ ç ¢®ááâ ­®¢«¥­¨ï ª®íää¨æ¨¥­-â®¢ ¢ ãà ¢­¥­¨ïå á®áâ ¢­®£® â¨¯  // �¥áâ­. ���. �¥à. � â¥¬ â¨ª , ¬¥å ­¨ª ,¨­ä®à¬ â¨ª . �. 8, ü2. 2008. �. 81{99.12. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ª®íää¨æ¨¥­â­ëå ®¡à â­ëå § ¤ ç ¤«ï ­¥ª®â®-àëå ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  // � ãç. ¢¥¤®¬®áâ¨ �¥«£®à®¤áª. £®á. ã­-â .� â¥¬ â¨ª . �¨§¨ª . T. 5, ü18. 2010. �. 88{98.13. �¡« ¡¥ª®¢ �. �. �¡à â­ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï �¥­¤� ¬¨­  | �®­  | � -å®­¨ // �­ä®à¬ æ¨®­­ë¥ â¥å­®«®£¨¨ ¨ ®¡à â­ë¥ § ¤ ç¨ à æ¨®­ «ì­®£® ¯à¨à®-¤®¯®«ì§®¢ ­¨ï. � ­âë-� ­á¨©áª: �£®àáª. ��� ¨­ä®à¬. â¥å­®«®£¨©, 2005.�. 6{9.14. Fedorov V. E., Urazaeva A. V. An inverse problem for linear Sobolev type equations// J. Inverse Ill-posed Probl. 2004. V. 12, N 4. P. 387{395.15. �à¥­®£¨­ �. �. �ã­ªæ¨®­ «ì­ë©  ­ «¨§. �.: � ãª , 1980.£. �« ­-�¤í 27 á¥­âï¡àï 2013 £.



��� 517.956.4������������ ������� ��������� 2n-Ǒ������������� ���������� ���������� ��Ǒ���������������� Ǒ�� n > 4 � Ǒ������������� ������� ����������∗)�. �. Ǒ®¯®¢, �. �. �¨­ï¢áª¨©�§¢¥áâ­®, çâ® ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© á ¬¥­ïîé¨¬áï ­ -¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ £« ¤ª®áâì ­ ç «ì­ëå ¨ £à ­¨ç­ëå ¤ ­­ëå ­¥ ®¡¥á-¯¥ç¨¢ ¥â ¯à¨­ ¤«¥�­®áâ¨ à¥è¥­¨ï £�¥«ì¤¥à®¢áª¨¬ ¯à®áâà ­áâ¢ ¬ [1℄.� ­ áâ®ïé¥© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¯®«­ ï ¬ âà¨æ  ãá«®¢¨© áª«¥¨¢ -­¨ï ¤«ï 2n-¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¯à¨ n > 4. �â¬¥â¨¬, çâ® á«ãç ¨
n = 1, 2, 3 ¨áá«¥¤®¢ ­ë ¢ [2{4℄.� ®¡« áâ¨ Q+ = R+ × (0, T ) ¡ã¤¥¬ à áá¬ âà¨¢ âì á¨áâ¥¬ã ãà ¢­¥-­¨©

u1t = Lu1, −u2t = Lu2, L ≡ (−1)n+1 ∂2n
∂x2n . (1)�é¥âáï à¥è¥­¨¥ á¨áâ¥¬ë (1) ¨§ ¯à®áâà ­áâ¢  ��¥«ì¤¥à  Hp,p/2n

x t , p =2nl+ γ, 0 < γ < 1, ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬
u1(x, 0) = ϕ1(x), u2(x, T ) = ϕ2(x), x > 0, (2)¨ ãá«®¢¨ï¬ áª«¥¨¢ ­¨ï

T1~u1(0, t) = T2~u2(0, t), (3)£¤¥ ~uk = (uk, uk
x, . . . , u

k
x . . . x︸ ︷︷ ︸2n−1 ), T1, T2 | ­¥¢ëà®�¤¥­­ë¥ ¬ âà¨æë á ¯®-áâ®ï­­ë¬¨ ¤¥©áâ¢¨â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨.

∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨­®¡à­ ãª¨ �®áá¨¨ ¢ à ¬ª å £®áã¤ àáâ¢¥­-­®£® § ¤ ­¨ï ­  ¢ë¯®«­¥­¨¥ ��� ­  2012{2014 ££. (¯à®¥ªâë ü 5562, ü 4402).
© 2013 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.



� §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ 139Ǒà¥¤¯®« £ ¥¬, çâ® ϕ1(x), ϕ2(x) ∈ Hp(R),
ω1(x, t) = 1

π

∫

R

U(x, t; ξ, 0)ϕ1(ξ) dξ,
ω2(x, t) = 1

π

∫

R

U(ξ, T ;x, t)ϕ2(ξ) dξ,¨ ¯®«ì§ã¥¬áï ¨­â¥£à «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ à¥è¥­¨ï ¤«ï á¨áâ¥¬ë (1):
u1(x, t) = t∫0 ~U1(x, t; 0, τ)~α(τ) dτ + ω1(x, t),
u2(x, t) = T∫

t

~U2(0, τ ;x, t)~β(τ) dτ + ω2(x, t), (4)£¤¥ ~U1, ~U2 | ¢¥ªâ®à-áâà®ª¨ ~U1 = (U, V1, . . . , Vn−1), ~U2 = (U,W1, . . . ,
Wn−1), U | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥, Vp,Wp | í«¥¬¥­â à­ë¥ à¥-è¥­¨ï �. � ââ ¡à¨£  ¯¥à¢®£® ãà ¢­¥­¨ï ¨§ (1) ¨ ~α(t), ~β(t) | ¢¥ªâ®à-áâ®«¡æë ­¥¨§¢¥áâ­ëå ¯«®â­®áâ¥© á ª®¬¯®­¥­â ¬¨ αp(t), βp(t), p = 0, 1,
. . . , n − 1. �ã­ªæ¨¨ ω1(x, t), ω2(x, t) ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨©(1) ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2) ¢ R.�á«®¢¨ï áª«¥¨¢ ­¨ï (3) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

~u1(0, t) = (T−11 · T2)~u2(0, t) = (P−1JP )~u2(0, t), (5)£¤¥ P , J | ­¥¢ëà®�¤¥­­ ï ¯à¥®¡à §ãîé ï ¨ �®à¤ ­®¢  ¬ âà¨æë ¤«ï¬ âà¨æë T−11 T2. Ǒà¥¤¯®« £ ¥¬, çâ® ¢á¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ª®à­¨¬ âà¨æë T−11 T2 ï¢«ïîâáï ¤¥©áâ¢¨â¥«ì­ë¬¨ ç¨á« ¬¨. �¬¥áâ® ãá«®¢¨©áª«¥¨¢ ­¨ï (5) ¡ã¤¥¬ à áá¬ âà¨¢ âì ãá«®¢¨ï áª«¥¨¢ ­¨ï ¢¨¤ 
~u1(0, t) = J~u2(0, t), (6)áç¨â ï, çâ® ¢ ¯®áâ ¢«¥­­®© ªà ¥¢®© § ¤ ç¥ ¬®�­® ¢¢¥áâ¨ § ¬¥­ë Pu1 =

v1, Pu2 = v2. Ǒãáâì ¬ âà¨æ  J á®áâ®¨â ¨§ ®¤­®© ¨«¨ ¤¢ãå �®à¤ ­®¢ëåª«¥â®ª. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ à áá¬®âà¨¬ á«ãç © ¬ âà¨æë
J =  σ0 0 . . . 0 00 −σ1 . . . 0 0

. . . . . . . . . . . . . . .0 0 . . . σ2n−2 10 0 . . . 0 −σ2n−1 .



140 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.� ¬¥â¨¬, çâ® ¢ á«ãç ¥ á¨¬¬¥âà¨ç­®© ¬ âà¨æë J ¬ë ­ å®¤¨¬áï ¢ ãá«®-¢¨ïå à ¡®âë [2℄. �ã¤¥¬ áç¨â âì, çâ® ª®íää¨æ¨¥­âë σj ¬ âà¨æë Jã¤®¢«¥â¢®àïîâ ãá«®¢¨î ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (1),(2), (6):
T∫0 {[

n−1∑
i=0 (−1)i ∂iu

∂xi
· ∂

2n−1−iu

∂x2n−1−i

]

x=+0+ [ n−1∑
i=0 (−1)i ∂iu

∂xi
· ∂

2n−1−iu

∂x2n−1−i

]

x=−0} dt = 0.�¥®à¥¬ . Ǒãáâì ϕ1, ϕ2 ∈ Hp(R+), p = 2nl + γ, n > 4 , ¨ θ ∈( 12 − 1
n ; 12 − 12n). �®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ 2nl ãá«®¢¨©

Ls(ϕ1, ϕ2) = 0, s = 1, . . . , 2nl, (7)áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àïîé¥¥ãá«®¢¨ï¬ (2), (6), ¨§ ¯à®áâà ­áâ¢ 1) Hp,
x

p/2n
t (Q+), £¤¥ 0 < γ < n− 1− 2nθ;2) Hq,

x
q/2n
t , q = 2nl+ n− 1− 2nθ, ¥á«¨ n− 1− 2nθ < γ < 1;3) Hq−ε,

x
(q−ε)/2n
t , ¥á«¨ γ = n− 1− 2nθ, £¤¥ ε | áª®«ì ã£®¤­® ¬ « ï¯®«®�¨â¥«ì­ ï ¯®áâ®ï­­ ï.�®ª § â¥«ìáâ¢®. �§¢¥áâ­® [2, 5, 6℄, çâ® ¥á«¨ ¢¢¥¤¥­­ë¥ ¯«®â­®-áâ¨ ~α(t), ~β(t) ¯à¨­ ¤«¥� â ¯à®áâà ­áâ¢ã H l−1+ γ+12n (0, T ) ¨ ã¤®¢«¥â¢®-àïîâ ãá«®¢¨ï¬

~α(s)(0) = ~β(s)(T ) = 0, s = 0, . . . , l− 1, (8)â® à¥è¥­¨ï u1(x, t), u2(x, t) ¯à¨­ ¤«¥� â Hp,p/2n
x t (Q+), p = 2nl+ γ, 0 <

γ < 1.�§ ãá«®¢¨© áª«¥¨¢ ­¨ï (6) ¯®«ãç¨¬ á¨áâ¥¬ã ¨­â¥£à «ì­ëå ãà ¢­¥-­¨© á ®¯¥à â®à ¬¨ �¡¥«ï ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­ëå ¯«®â­®áâ¥© ~α(t),
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~β(t):





t∫0 ∂i ~U1
∂xi (0, t; 0, τ)~α(τ) dτ + ∂iω1

∂xi (0, t)= (−1)iσi

[
T∫
t

∂i ~U2
∂xi (0, τ ; 0, t)~β(τ) dτ + ∂iω2

∂xi (0, t)],
i = 0, 1, . . . , 2n− 3,

t∫0 ∂2n−2~U1
∂x2n−2 (0, t; 0, τ)~α(τ) dτ + ∂2n−2ω1

∂x2n−2 (0, t)= σ2n−2 T∫
t

∂2n−2~U2
∂x2n−2 (0, τ ; 0, t)~β(τ) dτ + σ2n−2 ∂2n−2ω2

∂x2n−2 (0, t)+ 0∫
−∞

~B0(η) dη · ~β(t) + (−1)n 2n�( 12n

) ∂2n−1ω2
∂x2n−1 (0, t),

∞∫0 ~A0(η) dη · ~α(t) + (−1)n 2n�( 12n

) ∂2n−1ω1
∂x2n−1 (0, t)

−σ2n−1 0∫
−∞

~B0(η) dη · ~β(t)− (−1)n 2nσ2n−1�( 12n

) ∂2n−1ω2
∂x2n−1 (0, t),

(9)
£¤¥

~Ai(η) = { �f (i)(η), �g(i)1 (η), . . . , �g(i)n−1(η)},
~Bi(η) = { �f (i)(−η), �h(i)1 (−η), . . . , �h(i)n−1(−η)},�f (i)(η) = 2nf (i)(η)�(1+i2n ) , �g(i)p (η) = 2ng(i)p (η)�( 1+i2n ) , �h(i)p (η) = 2nh(i)p (η)�( 1+i2n ) ,äã­ªæ¨¨ f(η), gp(η), hp(η) ï¢«ïîâáï à¥è¥­¨ï¬¨ «¨­¥©­®£® ¤¨ää¥à¥­-æ¨ «ì­®£® ãà ¢­¥­¨ï (2n− 1)-£® ¯®àï¤ª 

z(2n−1)(η)− (−1)n2n · η · z(η) = 0.Ǒà¨ ¯®«ãç¥­¨¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¢ (9) ¨á¯®«ì§ãîâáï á®®â­®-è¥­¨ï
t∫0 ∂2n−1Vp(x, t; 0, τ)

∂x2n−1 ∣∣∣∣
x=0αp(τ) dτ = (−1)nαp(t) ∞∫0 gp(η) dη,
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T∫

t

∂2n−1Wp(0, τ ;x, t)
∂x2n−1 ∣∣∣∣

x=0βp(τ) dτ = (−1)nβp(t) 0∫
−∞

hp(η) dη.�«ï ã¤®¡áâ¢  § ¯¨á¨ ¡ã¤¥¬ áç¨â âì T = 1. �§ ãà ¢­¥­¨© (9) ¯à¨¯®¬®é¨ ä®à¬ã« ®¡à é¥­¨ï ®¯¥à â®à  �¡¥«ï [1, 7, 8℄, ¯®«ãç¨¬ íª¢¨¢ -«¥­â­ãî á¨áâ¥¬ã á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© 2n-£® ¯®àï¤ª :




1sin π(1+i)2n

~Ai(0)~α(t) + σi 
tg π(1+i)2n ~Bi(0)~β(t)
−σi

π

1∫0 ( τ
t

)1− 1+i2n
~Bi(0)~β(τ)

τ−t dτ = d
dt

t∫0 �i(τ)(t−τ)1− 1+i2n

dτ,

i = 0, 1, . . . , 2n− 3,
t∫0 ∂2n−2~U1

∂x2n−2 (0, t; 0, τ)~α(τ) dτ = σ2n−2 1∫
t

∂2n−2 ~U2
∂x2n−2 (0, τ ; 0, t)~β(τ) dτ+�2n−2(t) + ∞∫0 ~A0(η) dη · ~β(t) + (−1)n 2n�( 12n ) ∂2n−1ω2

∂x2n−1 (0, t),
∞∫0 ~A0(η) dη · (~α(t) + σ2n−1~β(t)) = �2n−1(t),

(10)
£¤¥ ¢¢¥¤¥­ë ­®¢ë¥ ®¡®§­ ç¥­¨ï:�i(t) = 2n

π�( 1+i2n )[σi(−1)i ∂iω2
∂xi

(0, t)− ∂iω1
∂xi

(0, t)],�2n−1(t) = (−1)n 2n�( 12n)[− σ2n−1 ∂2n−1ω2
∂x2n−1 (0, t)− ∂2n−1ω1

∂x2n−1 (0, t)].Ǒà¥¤¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¢ (10) ¯à¥®¡à §ã¥¬ á ¯®¬®éìî ¯®á«¥¤­¥£®:
t∫0 ∂2n−2~U1
∂x2n−2 (0, t; 0, τ)~α(τ) dτ = σ2n−2 1∫

t

∂2n−2~U2
∂x2n−2 (0, τ ; 0, t)~β(τ) dτ+�2n−2(t) + 1

σ2n−1�2n−1(t)− 1
σ2n−1 ∞∫0 ~A0(η) dη · ~α(t)+ (−1)n 2n�( 12n) ∂2n−1ω2

∂x2n−1 (0, t).
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F s0 (t) = t∫0 �(s+1)0 (τ) − �(s+1)0 (0)(t− τ)1− 12n

dτ,

F s
i (t) = d

dt

t∫0 �(s)
i (τ) − �(s)

i (0)(t− τ)1− 1+i2n

dτ, i = 1, . . . , 2n− 3,
F s2n−1(t) = �(s)2n−1(t)− �(s)2n−1(0),

F s2n−2(t) = σ2n−1[− t∫0 ~A2n−2(0)~α(s)(τ)(t− τ)1− 12n

dτ+ σ2n−2 1∫
t

~B2n−2(0)~β(s)(τ)(τ − t)1− 12n

dτ − σ2n−2 1∫
t

~B2n−2(0)~β(s)(τ)
τ1− 12n

dτ+�(s)2n−2(t)− �(s)2n−2(0)]+ F s2n−1(t)+ (−1)n 2nσ2n−1�( 12n) [∂2n+s−1ω2
∂x2n−1∂ts (0, t)− ∂2n+s−1ω2

∂x2n−1∂ts (0, 0)],
Gs

j(t) = (−1)1+j d

dt

1∫
t

�(s)
i (1)− �(s)

j (τ)(τ − t)1− 1+j2n

dτ,

s = 0, . . . , l − 1, j = 1, . . . , 2n− 2.� ª ª ª [5℄ �l−1
i ∈ Hqi , qi = 1 + γ−i2n , äã­ªæ¨¨ F l−1

i (t), Gl−1
i (t) (i =0, . . . , 2n− 2), F l−12n−1(t) ¯à¨­ ¤«¥� â ¯à®áâà ­áâ¢ã H(1+γ)/2n(0, 1), ¯à¨-ç¥¬ F l−1

i (t) = O(t(1+γ)/2n), Gl−1
i (t) = O((1 − t)(1+γ)/2n) ¤«ï ¬ «ëå t ¨1− t á®®â¢¥âáâ¢¥­­®.



144 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.� ¯®¬®éìî ¢¢¥¤¥­­ëå ®¡®§­ ç¥­¨© ¯¥à¥¯¨è¥¬ á¨áâ¥¬ã (10):




1sin π2n

~A0(0)~α(t) + σ0 
tg π2n ~B0(0)~β(t)
−σ0

π

1∫0 ( τ
t

)1− 12n
~B0(0)~β(τ)

τ−t dτ = �0(0)
t1− 12n

+ 2n�′0(0)t 12n + F 00 (t),1sin π(1+i)2n

~Ai(0)~α(t) + σi 
tg π(1+i)2n ~Bi(0)~β(t)
−σi

π

1∫0 ( τ
t

)1− 1+i2n
~Bi(0)~β(τ)

τ−t dτ = �i(0)
t1− 1+i2n

+ F 0
i (t),

i = 1, . . . , 2n− 3,
∞∫0 ~A0(η) dη · ~α(t) = F s2n−2(t) + σ2n−1σ2n−2 1∫

t

~B2n−2(0)~β(s)(τ)
τ1− 12n

dτ+σ2n−1�2n−2(0) + �2n−1(0) + (−1)n 2nσ2n−1�( 12n ) ∂2n−1ω2
∂x2n−1 (0, 0),

∞∫0 ~A0(η) dη · (~α(t) + σ2n−1~β(t)) = �2n−1(t).
(11)

� ¤® ¤®ª § âì áãé¥áâ¢®¢ ­¨¥ â ª¨å à¥è¥­¨© ~α(t), ~β(t) á¨áâ¥¬ë (11) ¨§¯à®áâà ­áâ¢  H l−1+ γ+12n (0, 1), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (8).Ǒà¥¤¯®«®�¨¬, çâ® äã­ªæ¨¨ ~α(t), ~β(t) á¨áâ¥¬ë (11) ¯à¨­ ¤«¥� â¨áª®¬®¬ã ¯à®áâà ­áâ¢ã. �â¬¥â¨¬, çâ® ®¯à¥¤¥«¨â¥«¨ ¬ âà¨æ



f g1 . . . gn−1
f ′′ g′′1 . . . g′′n−1... ... . . . ...

f (2n−2) g
(2n−2)1 . . . g

(2n−2)
n−1 


n×n

,




g′1 g′2 . . . g′n−1
g′′′1 g′′′2 . . . g′′′n−1... ... . . . ...

g
(2n−3)1 g

(2n−3)2 . . . g
(2n−3)
n−1 

(n−1)×(n−1)¢ ­ã«¥ ®â«¨ç­ë ®â ­ã«ï (á¬. [10, 11℄). � á¨«ã íâ®£® ¨§ á¨áâ¥¬ë (11)¯®«ãç ¥¬, çâ® ¤«ï â®£® çâ®¡ë ~α(0) = 0, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë-
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



−σi

π

1∫0 ~Bi(0)~β(τ)
τ
1+i2n

dτ = �i(0), i = 1, 3, . . . , 2n− 3,
σ2n−1 ∞∫0 ~A0(η)dη · ~β(0) = �2n−1(0). (12)�à®¬¥ â®£®, ¤®«�­ë ¢ë¯®«­ïâìáï ãá«®¢¨ï





−σi

π

1∫0 ~Bi(0)~β(τ)
τ
1+i2n

dτ = �i(0), i = 0, 2, . . . , 2n− 4,
σ2n−2 1∫

t

~B2n−2(0)~β(s)(τ)
τ1− 12n

dτ +�2n−2(0) + 1
σ2n−1�2n−1(0)+(−1)n 2n�( 12n ) ∂2n−1ω2

∂x2n−1 (0, 0) = 0. (13)Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (12) ¨ (13) á ãç¥â®¬ â®£®, çâ®
[(

τ

t

)1− 1+i2n

−
(
t

τ

) 1+i2n
]
· 1
τ − t

= 1
t1− 1+i2n τ

1+i2n

, (14)á¨áâ¥¬ã (11) ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥:




~A0(0)~α(t)sin π2n
+ σ0 
tg π2n ~B0(0)~β(t)− σ0

π

1∫0 ( t
τ

) 12n
~B0(0)~β(τ)

τ−t dτ= 2n�′0(0)t 12n + F 00 (t),
~Ai(0)~α(t)sin π(1+i)2n

+ σi 
tg π(1+i)2n ~Bi(0)~β(t)− σi

π

1∫0 ( t
τ

) 1+i2n
~Bi(0)~β(τ)

τ−t dτ= F 0
i (t), i = 1, . . . , 2n− 3,

∞∫0 ~A0(η) dη · ~α(t) = F 02n−2(t),
∞∫0 ~A0(η) dη · (~α(t) + σ2n−1~β(t)− σ2n−1~β(0)) = F 02n−1(t).

(15)
Ǒ®«ãç¥­­ãî á¨áâ¥¬ã (15) ¯¥à¥¯¨è¥¬ ¢ ¬ âà¨ç­®¬ ¢¨¤¥:





A1~α(t) + �1D11A1~β(t)− 1
π

1∫0 �1D12( t
τ )A1~β(τ)

τ−t dτ = F 01 (t),
A2~α(t)−�2D21A2~β(t) + 1

π

1∫0 �2D22( t
τ )A2~β(τ)

τ−t dτ = F 02 (t), (16)
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A1 =  �f(0) �g1(0) . . . �gn−1(0)�f ′′(0) �g′′1 (0) . . . �g′′n−1(0)... ... . . . ...∞∫0 �f(η) dη ∞∫0 �g1(η) dη . . .

∞∫0 �gn−1(η) dη ,

A2 =  �f ′(0) �g′1(0) . . . �g′n−1(0)... ... . . . ...�f (2n−3)(0) �g(2n−3)1 (0) . . . �g(2n−3)
n−1 (0)

∞∫0 �f(η) dη ∞∫0 �g1(η) dη . . .
∞∫0 �gn−1(η) dη ,

Dij (i, j = 1, 2) | ¤¨ £®­ «ì­ë¥ ¬ âà¨æë:
D11 = diag{
os (2k + 1)π2n , 0}

k=0,...,n−2,
D12 = diag{sin (2k + 1)π2n ·

(
t

τ

) 2k+12n

, 0}
k=0,...,n−2,

D21 = diag{
os 2kπ2n ,−1}
k=1,...,n−1,

D22 = diag{sin 2kπ2n ·
(
t

τ

) 2k+12n

, 0}
k=1,...,n−1,�1 = diag{σ2i}i=0,...,n−1, �2 = diag{σ2i+1}i=0,...,n−1,F s1 (t), F s2 (t) | ¢¥ªâ®àëF s1 (t) = (sin π2n[2n�(s+1)0 (0)t 12n +F s0 (t)], sin π(1 + i)2n F s

i (t), F s2n−2(t)),
i = 2, 4, . . . , 2n− 3,F s2 (t) = (sin π(1 + i)2n F s

i (t), F s2n−1(t)),
i = 1, 3, . . . , 2n− 3, s = 0, . . . , l− 1.Ǒ®«®�¨¬

~β(0) = A−12 F 03 , (17)



� §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ 147£¤¥ F s3 (t) | ¢¥ªâ®àF s3 (t) = (− sin2 π(1+i)2n
σiπ2 1∫0 F s

i (τ)(1− τ) 1+i2n

dτ + sin π(1+i)2n
σiπ

Gs
i (0),1

σ2n−1�(s)2n−1(0)), i = 1, 3, . . . , 2n− 3, s = 0, . . . , l− 1.�¥£ª® ¯®ª § âì [7℄, çâ® ¯¥à¢ë¥ n− 1 ãá«®¢¨© ¨§ (17) à ¢­®á¨«ì­ëãá«®¢¨ï¬ βp(1) = 0, p = 1, . . . , n− 1.�¢¥¤¥¬ ¢ (15) ­®¢ë¥ ¨áª®¬ë¥ äã­ªæ¨¨ �β(t) = ~β(t) − ~β(0)(1 − t).�®£¤  á¨áâ¥¬  (16) ¯à¨¬¥â ¢¨¤




A1~α(t) + �1D11A1 �β(t)− 1
π

1∫0 �1D12( t
τ

)
A1 �β(τ)

τ−t dτ = F 1(t),
A2~α(t)−�2D21A2 �β(t) + 1

π

1∫0 �2D22( t
τ

)
A2 �β(τ)

τ−t dτ = F 2(t), (18)£¤¥ F 1(t), F 2(t) | ¢¥ªâ®àëF 1(t) = (sin π2n[− 4n22n− 1 ~B0(0)~β(0)F(−1 + 12n, 1, 1 + 12n ; t)t 12n+ 2n�′0(0)t 12n + F 00 (t)], sin π(1 + i)2n [
− 4n2(2n− 1− i)(1 + i) ~Bi(0)~β(0)

× F

(
−1 + 1 + i2n , 1, 1 + 1 + i2n ; t)t 1+i2n + F 0

i (t)], F 04 (t)),
i = 2, 4, . . . , 2n− 3,F 2(t) = (sin π(1 + i)2n [

− 4n2(2n− 1− i)(1 + i) ~Bi(0)~β(0)
× F

(
−1 + 1 + i2n , 1, 1 + 1 + i2n ; t)t 1+i2n + F 0

i (t)], F 02n−1+ σ2n−1 ∞∫0 ~A0(η) dη · ~β(0)t), i = 1, 3, . . . , 2n− 3.



148 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«­¥­¨¨ 2n ãá«®¢¨© (12), (13) ¯®«ãç¨«¨ á¨-áâ¥¬ã (18). � «¥¥, ¥á«¨ l > 1,  ­ «®£¨ç­® [7, 10℄, ¯à¨ ¢ë¯®«­¥­¨¨ 2nlãá«®¢¨© ¢¨¤  (7) ¯à¨¤¥¬ ª á¨áâ¥¬¥ ãà ¢­¥­¨©




A1~α(l−1)(t) + �1D11A1 ~β(l−1)(t)
− 1

π

1∫0 �1D12( t
τ )D( t

τ )A1 ~β(l−1)(τ)
τ−t dτ = F̃1(t),

A2~α(l−1)(t)−�2D21A2 ~β(l−1)(t)+ 1
π

1∫0 �2D22( t
τ )A2 ~β(l−1)(τ)
τ−t dτ = F̃2(t), (19)£¤¥ ~β(l−1)(t) = ~β(l−1)(t) − ~β(l−1)(0)(1 − t) ¨ äã­ªæ¨¨ F̃1(t), F̃2(t) ¯à¨-­ ¤«¥� â ¯à®áâà ­áâ¢ã H(1+γ)/2n(0, 1), ¯à¨ç¥¬ F̃1,2(t) = O(t 1+γ2n ) ¤«ï¬ «ëå t.Ǒ¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã áãé¥áâ¢®¢ ­¨ï äã­ªæ¨© ~α(l−1)(t),

~β(l−1)(t) ¨§ ¯à®áâà ­áâ¢  H(1+γ)/2n ¢ ¯®«ãç¥­­®© á¨áâ¥¬¥ ãà ¢­¥­¨©(19). � ª ª ª ®¯à¥¤¥«¨â¥«¨ ¬ âà¨æ A1 ¨ A2 ­¥ à ¢­ë ­ã«î, ¨áª«îç ï
~α(l−1)(t) ¨§ á¨áâ¥¬ë (19), ¨¬¥¥¬

K~β ≡ A~β(t)− 1
π

1∫0 B(t, τ)~β(τ)
τ − t

dτ = ~Q(t), (20)£¤¥ ~β(t) | ¢¥ªâ®à á ª®¬¯®­¥­â ¬¨ (~β(l−1)
p (t)), p = 0, . . . , n−1,   ¬ âà¨æë®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

A = A−11 �1D11A1 +A−12 �2D21A2,
B(t, τ) = A−11 �1D12( t

τ

)
A1 +A−12 �2D22( t

τ

)
A2,

~Q(t) = A−11 F̃1(t)−A−12 F̃2(t).�¨áâ¥¬ã á¨­£ã«ïà­ëå ãà ¢­¥­¨© (20) ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥
K~β ≡ A~β(t)− B

π

1∫0 ~β(τ)
τ − t

dτ + 1
π

1∫0 M(t, τ)~β(τ) dτ = ~Q(t), (21)
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B ≡ B(t, t), M(t, τ) = B −B(t, τ)

τ − t
.�«ï â®£® çâ®¡ë ¢ë¤¥«¨âì å à ªâ¥à¨áâ¨ç¥áªãî ç áâì ®¯¥à â®à  K ¢®¡é¥¬ á«ãç ¥, ¯¥à¥¯¨è¥¬ á¨áâ¥¬ã á¨­£ã«ïà­ëå ãà ¢­¥­¨© (21) ¢ ¢¨¤¥

B−1K~β = B−1 ~Q(t). (22)Ǒ®«ì§ãïáì ä®à¬ã«®© ¯¥à¥áâ ­®¢ª¨ Ǒã ­ª à¥ | �¥àâà ­  [8, 9℄, ¢ë¤¥-«¨¬ å à ªâ¥à¨áâ¨ç¥áªãî ç áâì K0 ®¯¥à â®à  |B|B−1K á¨áâ¥¬ë ãà ¢-­¥­¨© (22):
K0~β ≡ a~β(t) + b

π

1∫0 ~β(τ)
τ − t

dτ, (23)£¤¥ a = a(σj), b = b(σj), j = 0, . . . , 2n− 1, ®¯à¥¤¥«ïîâáï ¢ ï¢­®¬ ¢¨¤¥,ª ª ¢ [2, 7℄.Ǒ®«ãç¥­­ãî á¨áâ¥¬ã á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©
K0~β = ~G, ~G = K∗|B|B−1 ~Q− k~β (24)¬®�­® à¥è¨âì ¢ ª« áá¥ äã­ªæ¨©, ®£à ­¨ç¥­­ëå ­  ª®­æ å ®âà¥§ª [0, 1℄. �¬¥¥¬ [8, 9℄
~β(t) = 12 ~G(t) + χ(t)2π 1∫0 ~G(τ) dτ

χ(τ)(τ − t) , (25)£¤¥ χ(t) = t1/2+θ(1 − t)1/2−θ, θ = 1
π ar
tg ∣∣ab ∣∣, ¥á«¨ n ç¥â­®, ¨ χ(t) =

t1/2−θ(1− t)1/2+θ, ¥á«¨ n ­¥ç¥â­®.Ǒ®¤áâ ¢«ïï ¢ (25) §­ ç¥­¨ï ~G(t), ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ãà ¢­¥­¨©�à¥¤£®«ì¬ 
~β +K∗∗k~β = ~Q∗, (26)£¤¥

K∗∗k~β = 1
π

1∫0 N(t, τ)~β(τ) dτ.� á¨«ã «¥¬¬ë ® ¯à¨­ ¤«¥�­®áâ¨ ª« ááã ��¥«ì¤¥à  ¨­â¥£à «  â¨¯ �®è¨ ­  ª®­æ å ª®­âãà  ¨­â¥£à¨à®¢ ­¨ï (á¬. [1, 9℄) ¯à¨ ¢ë¯®«­¥­¨¨



150 Ǒ®¯®¢ �. �., �¨­ï¢áª¨© �. �.­¥à ¢¥­áâ¢  1+γ2n < 12 − θ, â. ¥. ¯à¨ γ < n − 1 − 2nθ (θ < 12 − 12n ) ¯®«ã-ç¨¬, çâ® à¥è¥­¨ï ãà ¢­¥­¨© �à¥¤£®«ì¬  (26) ¯à¨­ ¤«¥� â ¯à®áâà ­-áâ¢ã H 1+γ2n (0, 1) ¨ ®¡à é îâáï ¢ ­ã«ì ­  ª®­æ å 0, 1 ¯®àï¤ª  1+γ2n . �à®-¬¥ â®£®, à¥è¥­¨ï ãà ¢­¥­¨© �à¥¤£®«ì¬  (26) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 12−θ ¯à¨ n−1−2nθ < γ < 1 ( 12− 1
n < θ < 12− 12n )¨ ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 12 − θ − ε ¯à¨ γ = n− 1− 2nθ.�¥®à¥¬  ¤®ª § ­ .� ¬¥ç ­¨¥ 1. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë ¯à¨ θ 6 12 − 1

n ,â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2), (6) ¨§ ¨áª®¬®£®¯à®áâà ­áâ¢  Hp,
x

p/2n
t ¯à¨ ¢ë¯®«­¥­¨¨ 2nl ãá«®¢¨© (7).� ¬¥ç ­¨¥ 2. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë ¯à¨ θ > 12 − 12n ,â®, ª ª ¯®ª § ­® ¢ [12℄, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1),(2), (6) ¨§ ¨áª®¬®£® ¯à®áâà ­áâ¢  Hp,

x
p/2n
t ¯à¨ ¢ë¯®«­¥­¨¨ 4nl− 2l+ 2ãá«®¢¨© ¢¨¤  (7).� ¬¥ç ­¨¥ 3. �®ª § ­­ ï â¥®à¥¬ , ®ç¥¢¨¤­®, ®áâ ¥âáï á¯à ¢¥¤-«¨¢®©, ¥á«¨ �®à¤ ­®¢  ¬ âà¨æ  J á®áâ®¨â ¨§ ­¥ ¬¥­¥¥ ç¥¬ ¤¢ãå ª«¥â®ª.�á«¨ ¬ âà¨æ  J á®áâ®¨â ¨§ ®¤­®© ª«¥âª¨, â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­-­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2), (6) ¨§ ¨áª®¬®£® ¯à®áâà ­áâ¢  Hp,

x
p/2n
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��� 517.946� ������������ Ǒ������������������������� ������� ��������� Ǒ�������Ǒ����������������������∗)�. �. Ǒ®¯®¢�¢¥¤¥­¨¥� áâ®ïé ï à ¡®â  ¯à¥¤áâ ¢«ï¥â á®¡®© ¨áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨¯à®áâà ­áâ¢¥­­® ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç á £à ­¨ç­ë¬ ãá«®¢¨¥¬�. �. � ¬ àáª®£® á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¤«ï ®¤­®¬¥à­ëå«¨­¥©­ëå ¯á¥¢¤®£¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª .Ǒãáâì 
 | ¨­â¥à¢ « (0, 1) ®á¨ Ox, Q | ¯àï¬®ã£®«ì­¨ª 
× (0, T ),0 < T < +∞. � ®¡« áâ¨ Q à áá¬ âà¨¢ ¥âáï ãà ¢­¥­¨¥
utt − a(x, t)uxx + c(x, t)u − uxxt = f(x, t), (x, t) ∈ Q, (1.1)á ­¥«®ª «ì­ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ 1

ux(0, t) = α1(t)u(0, t) + α2(t)u(1, t), 0 < t < T, (1.2)
ux(1, t) = β1(t)u(0, t) + β2(t)u(1, t), 0 < t < T, (1.3)á ­¥«®ª «ì­ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ 2
u(0, t) = α1(t)ux(0, t) + α2(t)ux(1, t), 0 < t < T, (1.4)
u(1, t) = β1(t)ux(0, t) + β2(t)ux(1, t), 0 < t < T, (1.5)

∗) � ¡®â  ¢ë¯®«­¥­  ¢ à ¬ª å à¥ «¨§ æ¨¨ ��Ǒ ý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨-ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (á®£« è¥­¨¥ü14.132.21.1349).
© 2013 Ǒ®¯®¢ �. �.
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ux(0, t) = α1(t)u(0, t) + α2(t)ux(1, t), 0 < t < T, (1.6)
u(1, t) = β1(t)u(0, t) + β2(t)ux(1, t), 0 < t < T, (1.7)£¤¥ a(x, t), c(x, t), f(x, t), α1(t), α2(t), β1(t), β2(t) | § ¤ ­­ë¥ äã­ªæ¨¨,®¯à¥¤¥«¥­­ë¥ ¯à¨ x ∈ 
 = [0, 1℄, t ∈ [0, T ℄.�à ¥¢ ï § ¤ ç  1. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«-­ïîâáï ­¥«®ª «ì­ë¥ ªà ¥¢ë¥ ãá«®¢¨ï 1 (1.2), (1.3),   â ª�¥ ­ ç «ì­ë¥ãá«®¢¨ï

u(x, 0) = 0, ut(x, 0) = 0, x ∈ 
. (1.8)�à ¥¢ ï § ¤ ç  2. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«-­ïîâáï ­¥«®ª «ì­ë¥ ªà ¥¢ë¥ ãá«®¢¨ï 2 (1.4), (1.5),   â ª�¥ ­ ç «ì­ë¥ãá«®¢¨ï (1.8).�à ¥¢ ï § ¤ ç  3. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï-¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«-­ïîâáï ­¥«®ª «ì­ë¥ ªà ¥¢ë¥ ãá«®¢¨ï 3 (1.6), (1.7),   â ª�¥ ­ ç «ì­ë¥ãá«®¢¨ï (1.8).�â¬¥â¨¬, çâ® ¢ [1℄ ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ ¨ ¯à®¤®«�¥­¨ï ¯® ¯ -à ¬¥âàã ¨áá«¥¤®¢ ­  à §à¥è¨¬®áâì ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï £¨-¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï
utt − uxx + c(x, t)u = f(x, t) (1.9)á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ 1, 2 ¨«¨ 3. � ­ áâ®ïé¥© à ¡®â¥ ¤®ª §ë¢ ¥â-áï à §à¥è¨¬®áâì ªà ¥¢ëå § ¤ ç 1{3 ¬¥â®¤ ¬¨, ¨á¯®«ì§®¢ ­­ë¬¨ ¯à¨¨áá«¥¤®¢ ­¨¨ ãà ¢­¥­¨ï (1.9). � á«ãç ¥ «®ª «ì­ëå ªà ¥¢ëå ãá«®¢¨©(1.2), (1.3), ¨«¨ (1.4), (1.5), ¨«¨ (1.6), (1.7), â. ¥. ¯à¨ ¢ë¯®«­¥­¨¨ãá«®¢¨© α2(t) = β1(t) ≡ 0, â¥®à¥¬ë à §à¥è¨¬®áâ¨  ­ «®£¨ç­ëå ªà -¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© (1.1), ­ §ë¢ ¥¬ëå ¯á¥¢¤®£¨¯¥à¡®«¨ç¥áª¨¬¨,



154 Ǒ®¯®¢ �. �.¤®ª § ­ë ¢ [2, 4℄. �â¬¥â¨¬ â ª�¥, çâ® ¢ [5℄ ¤«ï ¢®«­®¢®£® ãà ¢­¥-­¨ï (1.9) ¢ á«ãç ¥ c = c(x) ¬¥â®¤®¬ �ãàì¥ ¨áá«¥¤®¢ ­ë ®¡é¨¥ ¯à®-áâà ­áâ¢¥­­® ­¥«®ª «ì­ë¥ ªà ¥¢ë¥ § ¤ ç¨ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨-¥­â ¬¨ αi, βj ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï á ¬®á®¯àï�¥­­®áâ¨ ¢ L2 ®¯¥à -â®à  − d2
dx2 + c(x), ®¯à¥¤¥«¥­­®£® ­  äã­ªæ¨ïå, ã¤®¢«¥â¢®àïîé¨å ªà -¥¢ë¬ ãá«®¢¨ï¬. � §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨�¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢  V1 ¨ W1:

V1 = {v(x, t) : v(x, t) ∈ L∞
(0, T ;W 22 (
)),

vt(x, t) ∈ L2(0, T ;W 22 (
)) ∩ L∞
(0, T ;W 12 (
)), vtt(x, t) ∈ L2(Q)},

W1 = {v(x, t) : v(x, t) ∈ V1, vx(x, t) ∈ V1}.�®à¬ë ¢ íâ¨å ¯à®áâà ­áâ¢ å ®¯à¥¤¥«¨¬ ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬:
‖v‖V1 = ‖v‖L∞(0,T ;W 22 (
)) + ‖vt‖L2(0,T ;W 22 (
))+ ‖vt‖L∞(0,T ;W 12 (
)) + ‖vtt‖L2(Q),

‖v‖W1 = ‖v‖V1 + ‖vx‖V1 .�¯à¥¤¥«¨¬ äã­ªæ¨¨, ª®â®àë¥ ¯®­ ¤®¡ïâáï ­¨�¥. Ǒãáâì ν0 | ç¨á«® ¨§®âà¥§ª  [0,1℄. Ǒ®«®�¨¬
ai(x, t) = βi(t)− αi(t)2 (x−ν0)2+[ν0βi(t)+(1−ν0)αi(t)℄(x−ν0), i = 1, 2,�(t) = [1− a1(0, t)℄[1− a2(1, t)℄− a1(1, t)a2(0, t),

b1(x, t) = 1�(t){a1(x, t)[1− a2(1, t)℄ + a2(x, t)a1(1, t)},
b2(x, t) = 1�(t){a1(x, t)a2(0, t) + a2(x, t)[1− a1(0, t)℄},
A1(x, t) = {b2(x, t)b1(1, t)− b1(x, t)[1 + b2(1, t)℄}�(t),
A2(x, t) = {b1(x, t)b2(0, t)− b2(x, t)[1 + b1(0, t)℄}�(t).



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ 155Ǒãáâì ξ | ¢¥ªâ®à (ξ1, ξ2, ξ3, ξ4) ¨§ ¯à®áâà ­áâ¢  R4. �¯à¥¤¥«¨¬ «¨­¥©-­ë¥ ä®à¬ë �1(t, ξ), �2(t, ξ) ¨ �(x, t, ξ):�1(t, ξ) = [b1xx(0, t)− 2b1t(0, t)℄ξ1 + [b2xx(0, t)− 2b2t(0, t)℄ξ2+ [b1xx(0, t)− b1tt(0, t)− c(0, t)b1(0, t)− c(0, t) + b1xxt(0, t)℄ξ3+ [b2xx(0, t)− b2tt(0, t)− c(0, t)b2(0, t) + b2xxt(0, t)℄ξ4,�2(t, ξ) = [b1xx(1, t)− 2b1t(1, t)℄ξ1 + [b2xx(1, t)− 2b2t(1, t)℄ξ2+ [b1xx(1, t)− b1tt(1, t)− c(1, t)b1(1, t) + b1xxt(1, t)℄ξ3+ [b2xx(1, t)− b2tt(1, t)− c(1, t)b2(1, t)− c(1, t) + b2xxt(1, t)℄ξ4,�(x, t, ξ) = A1(x, t)�1(t, ξ) +A2(x, t)�2(t, ξ) + [b1xx(x, t) − 2b1t(x, t)℄ξ1+[b2xx(x, t)−2b2t(x, t)℄ξ2+[b1xx(x, t)−b1tt(x, t)−c(x, t)b1(x, t)+bxxt(x, t)℄ξ3+ [b2xx(x, t) − b2tt(x, t)− c(x, t)b2(x, t) + b2xxt(x, t)℄ξ4.�¯à¥¤¥«¨¬ äã­ªæ¨î ~f(x, t):~f(x, t) = f(x, t) +A1(x, t)f(0, t) +A2(x, t)f(1, t).�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ f1(x, t, u) = f(x, t) + (a− 1)uxx, â®£¤  á¯à ¢¥¤«¨¢®à ¢¥­áâ¢®~f1(x, t, u) = f1(x, t) +A1(x, t)f1(0, t) +A2(x, t)f1(1, t)= f(x, t) + (a− 1)uxx(x, t) +A1(x, t)f(0, t) +A1(x, t)(a − 1)uxx(0, t)+A2(x, t)f(1, t) + A2(x, t)(a − 1)uxx(1, t)= ~f(x, t) +A1(x, t)(a − 1)uxx(0, t) +A2(x, t)(a− 1)uxx(1, t).�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
a(x, t), c(x, t) ∈ C1(Q), αi(t) ∈ C3([0, T ℄), βi(t) ∈ C3([0, T ℄), i = 1, 2;

|�(t)| > δ0 > 0 ¯à¨ t ∈ [0, T ℄; (2.1)
f(x, t) ∈ L2(Q), fx(x, t) ∈ L2(Q). (2.2)�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï u(x, t) ¨§ ¯à®áâà ­áâ¢  V1,ï¢«ïîé ïáï ¢ ¯àï¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.1) ¨ ã¤®¢«¥-â¢®àïîé ï ãá«®¢¨ï¬ (1.2), (1.3), (1.8).



156 Ǒ®¯®¢ �. �.�®ª § â¥«ìáâ¢®. Ǒãáâì w = (wt(0, t), wt(1, t), w(0, t), w(1, t)).�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ®á­®¢ ­® ­  ¨áá«¥¤®¢ ­¨¨ à §à¥è¨¬®áâ¨¢ ¯à®áâà ­áâ¢¥ W1 á«¥¤ãîé¥© ¢á¯®¬®£ â¥«ì­®© ­ ç «ì­®-ªà ¥¢®© § -¤ ç¨ ¤«ï ýáãé¥áâ¢¥­­® ­ £àã�¥­­®£®þ [2, 3℄ ¯á¥¢¤®£¨¯¥à¡®«¨ç¥áª®£®ãà ¢­¥­¨ï: ­ ©â¨ äã­ªæ¨î w(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì­¨ª¥ Qà¥è¥­¨¥¬ ãà ¢­¥­¨ï
wtt −wxx + c(x, t)w −wxxt = ~f1(x, t, u) +A1(x, t)[wxx(0, t) +wxxt(0, t)℄+A2(x, t)[wxx(1, t) + wxxt(1, t)℄ + �(x, t, w) (2.3)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï

w(x, 0) = wt(x, 0) = 0, x ∈ 
, (2.4)
wx(0, t) = wx(1, t) = 0, 0 < t < T. (2.5)�áª®¬ ï à §à¥è¨¬®áâì ãáâ ­ ¢«¨¢ ¥âáï á ¯®¬®éìî ¬¥â®¤  ¯à®¤®«�¥-­¨ï ¯® ¯ à ¬¥âàã. �á­®¢®© ¤«ï ¯à¨¬¥­¥­¨ï ¬¥â®¤  ¯à®¤®«�¥­¨ï ¯®¯ à ¬¥âàã ¨ ¤«ï ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯® ¯ à ¬¥âàã à¥£ã«ïà¨§ æ¨¨ï¢«ïîâáï  ¯à¨®à­ë¥ ®æ¥­ª¨.� ©¤ï à¥è¥­¨¥ w(x, t) ªà ¥¢®© § ¤ ç¨ (2.3){(2.5), ¯®«®�¨¬

u(x, t) = w(x, t) + b1(x, t)w(0, t) + b2(x, t)w(1, t).�â  äã­ªæ¨ï ¨ ¡ã¤¥â ¨áª®¬ë¬ à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ 1.Ǒãáâì λ|ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ á¥¬¥©áâ¢® ­ ç «ì­®-ªà ¥¢ëå § ¤ ç: ­ ©â¨ äã­ªæ¨î w(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì­¨ª¥
Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï
wtt − wxx + cw − wxxt = ~f1(x, t, u) + λ[A1(x, t)(wxx(0, t) + wxxt(0, t))+A2(x, t)(wxx(1, t) + wxxt(1, t)) + �(x, t, w)℄ (2.6)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2.4), (2.5).Ǒ®ª �¥¬, çâ® ¤ ­­ ï ªà ¥¢ ï § ¤ ç  ¨¬¥¥â à¥è¥­¨¥, ¯à¨­ ¤«¥� -é¥¥ ¯à®áâà ­áâ¢ã W1 ¤«ï ¢á¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄. �«ï ¤®ª § -â¥«ìáâ¢  ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã.�¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® â¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ïª®â®àëå ªà ¥¢ ï § ¤ ç  (2.6), (2.4), (2.5) ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2.1),



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ 157(2.2) ¨¬¥¥â à¥è¥­¨¥ w(x, t), ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­áâ¢ã W1. �á«¨¯®ª �¥¬, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®, â® ®­® ¡ã¤¥âá®¢¯ ¤ âì á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄.Ǒà¨ λ = 0 ªà ¥¢ ï § ¤ ç  (2.6), (2.4), (2.5) ) ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®-¢¨© (2.1), (2.2) à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ W1 (á¬. [2℄). �§ íâ®£® á«¥-¤ã¥â, çâ® ç¨á«® 0 ¯à¨­ ¤«¥�¨â ¬­®�¥áâ¢ã V , áâ «® ¡ëâì, ¬­®�¥áâ¢®� ­¥¯ãáâ®.�âªàëâ®áâì ¨ § ¬ª­ãâ®áâì ¬­®�¥áâ¢  � ¤®ª §ë¢ ¥âáï á ¯®¬®éìî ¯à¨®à­ëå ®æ¥­®ª. �áâ ­®¢¨¬ ¨å ­ «¨ç¨¥.Ǒ®«®�¨¬
F = ~f1(x, t, u) + λ[A1(x, t)[wxx(0, t) + wxxt(0, t)℄+A2(x, t)[wxx(1, t) + wxxt(1, t)℄ + �(x, t, w)℄.� áá¬®âà¨¬ à ¢¥­áâ¢®

t∫0 ∫
 (wxττ − wxxx + cwx + cxw − wxxxτ )
×
[
wxτ −

(
x− 12)(wxx + wxxτ ) + 14wxττ − γwxxxτ

]
dxdτ= t∫0 ∫
 Fx

[
wxτ −

(
x− 12)(wxx + wxxτ ) + 14wxττ − γwxxxτ

]
dxdτ,£¤¥ γ|ä¨ªá¨à®¢ ­­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, ¢¥«¨ç¨­  ª®â®à®£® ¡ã¤¥âãâ®ç­¥­  ­¨�¥.�­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï ãª § ­­®¥ ¢ëè¥ ­ ç «ì­®¥ãá«®¢¨¥ ¤«ï äã­ªæ¨¨ w(x, t), ­¥âàã¤­® ®â ¤ ­­®£® à ¢¥­áâ¢  ¯¥à¥©â¨ª á«¥¤ãîé¥¬ã:12 ∫
 [

w2
xt(x, t)+w2

xx(x, t)] dx+4γ + 18 ∫
 w2
xxt(x, t) dx+γ2 ∫
 w2

xxx(x, t) dx+ 14 t∫0 ∫
 w2
xxτ dxdτ + γ

t∫0 ∫
 w2
xxxτ dx dτ + 14 t∫0 [w2

xx(0, τ) + w2
xxτ (0, τ)
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xx(1, τ) + w2

xxτ (1, τ)℄ dτ = −λγ
t∫0 ∫
 [A1x(x, τ)(wxx(0, τ) + wxxt(0, τ))+A2x(x, τ)(wxx(1, τ) + wxxt(1, τ))℄wxxxτ dxdτ+ ∫
 (

x− 12)wxt(x, t)wxx(x, t) dx − 14 ∫
 wxx(x, t)wxxt(x, t) dx+ t∫0 ∫
 (
x− 12)wxxτ [wxττ − wxxx℄ dxdt + t∫0 ∫
 [ ~f1x − cwx − cxw + λ�x℄

×
[
wxτ −

(
x− 12)(wxx + wxxτ ) + 14wxττ − γwxxxτ

]
dxdτ+ 12 t∫0 ∫
 [

w2
xτ + w2

xx

]
dxdτ −

t∫0 ∫
 (
x− 12)wxxwxxxτ dxdτ+ λ

t∫0 ∫
 [A1x(x, τ)(wxx(0, τ) + wxxt(0, τ)) +A2x(x, τ)(wxx(1, τ)+ wxxt(1, τ))℄[wxτ −
(
x− 12)(wxx + wxxτ ) + 14wxττ

]
dxdτ. (2.7)Ǒ¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (2.7) ®æ¥­¨¬ á ¯®¬®éìî­¥à ¢¥­áâ¢  �­£ :

∣∣∣∣∣∣
λγ

t∫0 ∫
 [A1x(x, τ)(wxx(0, τ) + wxxτ (0, τ)) +A2x(x, τ)(wxx(1, τ)+ wxxt(1, τ))℄wxxxτ dxdτ

∣∣∣∣∣∣
6
γ2 t∫0 ∫
 w2

xxxτ dxdτ + 2γmax
Q

[
A21x(x, t)]

×




t∫0 w2
xx(0, τ) dτ + t∫0 w2

xxτ (0, τ) dτ + 2γmax
Q

[
A22x(x, t)]

×




t∫0 w2
xx(1, τ) dτ + t∫0 w2

xxτ (1, τ) dτ. (2.8)



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ 159�«ï ¢â®à®£® á« £ ¥¬®£® ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (2.7) ¨¬¥¥â ¬¥áâ® ®æ¥­-ª 
∣∣∣∣
∫
 (

x− 12)wxt(x, t)wxx(x, t) dx∣∣∣∣ 6
14 ∫
 w2

xt(x, t) dx + 14 ∫
 w2
xx(x, t) dx.(2.9)�«ï âà¥âì¥£® á« £ ¥¬®£® ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (2.7) ¨¬¥¥â ¬¥áâ®®æ¥­ª 

∣∣∣∣
14 ∫
 wxx(x, t)wxxt(x, t) dx∣∣∣∣ 6

18 ∫
 w2
xx(x, t) dx + 18 ∫
 w2

xxt(x, t) dx.(2.10)�á¯®«ì§ãï ­¥à ¢¥­áâ¢® �­£  ¨ í«¥¬¥­â à­ë¥ ­¥à ¢¥­áâ¢  ¢«®�¥­¨ï,­¥âàã¤­® ¯®ª § âì, çâ® ®áâ ¢è¨¥áï á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢ (2.7) ®æ¥­¨¢ îâáï á¢¥àåã ¢¥«¨ç¨­®©
δ


γ

t∫0 ∫
 w2
xxxτ dxdτ + t∫0 (w2

xx(0, τ) + w2
xxτ (0, τ) + w2

xx(1, τ)+ w2
xxτ (1, τ)) dτ+K1 t∫0 ∫
 (

w2
xx + w2

xτ + w2
xxτ + w2

xττ + w2
xxx

)
dxdτ+ t∫0 ∫
 (

f21 + f21x) dxdτá ¯à®¨§¢®«ì­ë¬ ¯®«®�¨â¥«ì­ë¬ ç¨á«®¬ δ ¨ ç¨á«®¬ K1, ®¯à¥¤¥«ï¥¬ë¬äã­ªæ¨ï¬¨ a(x, t), c(x, t), α1(t), α2(t), β1(t) ¨ β2(t),   â ª�¥ ç¨á« ¬¨ δ¨ γ. � ª ª ª f1(x, t, u) = f(x, t) + (a − 1)[wxx(x, t) + b1xx(x, t)w(0, t) +
b2xx(x, t)w(1, t)℄, á¯à ¢¥¤«¨¢ë ®æ¥­ª¨
f21 (x, t, u) 6 K2[f2(x, t)+w2

xx(x, t)+b21xx(x, t)w2(0, t)+b22xx(x, t)w2(1, t)],
f21x(x, t, u) 6 K3[f2x(x, t)+w2

xx(x, t)+b21xx(x, t)w2(0, t)+b22xx(x, t)w2(1, t)+ w2
xxx(x, t) + b21xxx(x, t)w2(0, t) + b22xxx(x, t)w2(1, t)].
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w2(0, t) + w2(1, t) 6 C1 ∫
 [

w2
x(x, t) + w2(x, t)] dx

6 C2 ∫
 [
w2

xxx(x, t) + w2
xx(x, t)] dx.� «¥¥ ¢ë¡¥à¥¬ ç¨á«® γ â ª, çâ®2γmax{max

Q

[
A21x(x, t)],max

Q

[
A22x(x, t)]} < 14 .�á¯®«ì§ãï ­¥à ¢¥­áâ¢  (2.8){(2.10),   â ª�¥ ¯®¤¡¨à ï ç¨á«® δ ¬ «ë¬,­¥âàã¤­® ¯®«ãç¨âì, çâ® ¨§ (2.7) á«¥¤ã¥â ­¥à ¢¥­áâ¢®

∫
 [
w2

xt(x, t) +w2
xx(x, t)] dx+ ∫
 [

w2
xxt(x, t) +w2

xxx(x, t) +w2
xττ (x, t)] dx+ t∫0 ∫
 w2

xxxτ (x, t) dxdτ + t∫0 [
w2

xx(0, τ) + w2
xxτ (0, τ) + w2

xx(1, τ)+ w2
xxτ (1, τ)] dτ 6 K4 t∫0 ∫
 (

w2
xτ + w2

xx + w2
xxτ + w2

xττ + w2
xxx

)
dxdτ+ t∫0 ∫
 (

f2 + f2x) dxdτ, (2.11)¢ ª®â®à®¬ ç¨á«®K4 ®¯à¥¤¥«ï¥âáï «¨èì äã­ªæ¨ï¬¨ a(x, t), c(x, t), α1(t),
α2(t), β1(t) ¨ β2(t). �§ (2.11) á ¯®¬®éìî «¥¬¬ë �à®­ã®««  ­¥âàã¤­®¯®«ãç¨âì ¯¥à¢ãî  ¯à¨®à­ãî ®æ¥­ªã∫
 [

w2
xt(x, t) + w2

xx(x, t) + w2
xxt(x, t) + w2

xxx(x, t) + w2
xττ (x, t)] dx+ t∫0 ∫
 w2

xxxτ (x, t) dxdτ + t∫0 [
w2

xx(0, τ) + w2
xxτ (0, τ) + w2

xx(1, τ)+ w2
xxτ (1, τ)] dτ 6 K5 T∫0 ∫
 (

f2 + f2x) dxdτ, (2.12)



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ 161¯®áâ®ï­­ ï K5 ¢ ª®â®à®© ®¯à¥¤¥«ï¥âáï ç¨á«®¬ T ,   â ª�¥ äã­ªæ¨ï¬¨
a(x, t), c(x, t), α1(t), α2(t), β1(t) ¨ β2(t). � ª®­¥æ, ¯à®¤¨ää¥à¥­æ¨à®-¢ ¢ ¯® x ãà ¢­¥­¨¥ (2.6), á ¯®¬®éìî (2.12) ­¥âàã¤­® ¯®«ãç¨âì ¢â®àãî ¯à¨®à­ãî ®æ¥­ªã

t∫0 ∫
 [
w2

ττ + w2
xττ

]
dxdτ 6 K6 T∫0 ∫
 (

f2 + f2x) dxdτ, (2.13)¯®áâ®ï­­ ï K6 ¢ ª®â®à®© ®¯à¥¤¥«ï¥âáï ç¨á«®¬ T , äã­ªæ¨ï¬¨ a(x, t),
c(x, t), α1(t), α2(t), β1(t) ¨ β2(t).�æ¥­®ª (2.12) ¨ (2.13) ¢¯®«­¥ ¤®áâ â®ç­® ¤«ï ¤®ª § â¥«ìáâ¢  ®â-ªàëâ®áâ¨ ¨ § ¬ª­ãâ®áâ¨ ¬­®�¥áâ¢  �. �¥©áâ¢¨â¥«ì­®, íâ¨ ®æ¥­ª¨®§­ ç îâ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢

‖w‖W1 6 M1(‖f‖L2(Q) + ‖fx‖L2(Q)),
‖F‖L2(Q) + ‖Fx‖L2(Q) 6 M2‖w‖W1 .� ¯®¬®éìî ¯®«ãç¥­­ëå ­¥à ¢¥­áâ¢, ¯à¨¬¥­ïï áâ ­¤ àâ­ë¥ ¯à¨¥¬ë¤®ª § â¥«ìáâ¢  ®âªàëâ®áâ¨ ¨ § ¬ª­ãâ®áâ¨ ¬­®�¥áâ¢  � (á¬. [6℄), ­¥-âàã¤­® ãáâ ­®¢¨âì âà¥¡ã¥¬®¥. �®­ªà¥â­ë¥ à¥ «¨§ æ¨¨ ¬®�­® ­ ©â¨,­ ¯à¨¬¥à, ¢ [7, 8℄.�àã£¨¬¨ á«®¢ ¬¨, ªà ¥¢ ï § ¤ ç  (2.6), (2.4), (2.5) ¯à¨ ¢ë¯®«­¥-­¨¨ ãá«®¢¨© â¥®à¥¬ë ¨¬¥¥â à¥è¥­¨¥ w(x, t), ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­-áâ¢ã W1 ¯à¨ ¢á¥å §­ ç¥­¨ïå λ, ¢ â®¬ ç¨á«¥ ¨ ¯à¨ λ = 1.Ǒ®«®�¨¬

u(x, t) = w(x, t) + b1(x, t)w(0, t) + b2(x, t)w(1, t).�ç¥¢¨¤­®, çâ® äã­ªæ¨ï u(x, t) ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã V1 ¨ ï¢«ï-¥âáï à¥è¥­¨¥¬ ¯®áâ ¢«¥­­®© ªà ¥¢®© § ¤ ç¨.�¤¨­áâ¢¥­­®áâì à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (1.1){(1.3), (1.8) ¢ ¯à®-áâà ­áâ¢¥ V1 á«¥¤ã¥â ¨§ ®æ¥­ª¨ (2.12).�¥®à¥¬  ¯®«­®áâìî ¤®ª § ­ .� §à¥è¨¬®áâì ªà ¥¢ëå § ¤ ç 2 ¨ 3�¥®à¥¬  2. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï
a(x, t), c(x, t) ∈ C2(Q), αi(t), βi(t) ∈ C3([0, T ℄), i = 1, 2; (3.1)
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α21(t) + β22(t) 6 2α2(t)β1(t) ¯à¨ t ∈ [0, T ℄; (3.2)

α1(t)− α2(t) > 0 ¯à¨ t ∈ [0, T ℄; (3.3)
α2(t) + β1(t) = 0 ¯à¨ t ∈ [0, T ℄; (3.4)

∃µ0 ∈ (0; 3/2) : [µ0 + 5α′1(t)℄ξ21 + 4α′2(t)ξ1ξ2 + [µ0 − 5β′2(t)℄ξ22 > 0¯à¨ t ∈ [0, T ℄, ξ ∈ R2; (3.5)
f(x, t) ∈ L2(Q), ft(x, t) ∈ L2(Q), fxt(x, t) ∈ L2(Q),
f(x, 0) ≡ 0 ¯à¨ x ∈ 
, fx(0, 0) = fx(1, 0) ≡ 0. (3.6)�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï u(x, t) ¨§ ¯à®áâà ­áâ¢  V1,ï¢«ïîé ïáï ¢ ¯àï¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.1) ¨ ã¤®¢«¥-â¢®àïîé ï ãá«®¢¨ï¬ (1.4), (1.5), (1.8).�®ª § â¥«ìáâ¢® à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ 2 ®á­®¢ ­® ­  ¬¥-â®¤¥ à¥£ã«ïà¨§ æ¨¨ íâ¨å § ¤ ç ªà ¥¢ë¬¨ § ¤ ç ¬¨ ¢¨¤  1, ¨á¯®«ì§®¢ -­¨¨ â¥®à¥¬ë 1,  ¯à¨®à­ëå ®æ¥­®ª ¨ ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥. Ǒãáâì ε |¯®«®�¨â¥«ì­®¥ ç¨á«®. Ǒ®«®�¨¬

α1ε(t) = α1(t) + ε, β2ε(t) = β2(t)− ε.� áá¬®âà¨¬ á«¥¤ãîéãî ¢á¯®¬®£ â¥«ì­ãî ªà ¥¢ãî § ¤ çã: ­ ©â¨äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥-­¨ï (1.1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ­ ç «ì­ë¥ ãá«®¢¨ï (1.8),  â ª�¥ ­¥«®ª «ì­ë¥ ãá«®¢¨ï
u(0, t) = α1ε(t)ux(0, t) + α2(t)ux(1, t), 0 < t < T, (3.7)
u(1, t) = β1(t)ux(0, t) + β2ε(t)ux(1, t), 0 < t < T. (3.8)Ǒ®ª �¥¬, çâ® ¯®«ãç¥­­ ï ªà ¥¢ ï § ¤ ç  ¤«ï «î¡®£® ε > 0 ¯à¨ ¢ë-¯®«­¥­¨¨ ãá«®¢¨© (3.1){(3.3) ¨¬¥¥â à¥è¥­¨¥ u(x, t) â ª®¥, çâ® u(x, t) ∈

V1, ut(x, t) ∈ V1.Ǒ®«®�¨¬ △0ε(t) = α1ε(t)β2ε(t) − α2(t)β1(t). � ¬¥â¨¬, çâ® ¢ á¨«ããá«®¢¨ï (3.2) ¯à¨ t ∈ [0, T ℄ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
△0ε(t) = −ε2 + ε(β2(t)− α1(t)) + α1(t)β2(t)− α2(t)β1(t) 6 −ε

22 ,



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ 163¨«¨ ε2−2ε(β2(t)−α1(t))−2α1(t)β2(t)+2α2(t)β1(t) > 0, £¤¥ ¤¨áªà¨¬¨­ ­â­¥¯®«®�¨â¥«ì­ë©:(β2(t)− α1(t))2 + 2(α1(t)β2(t)− α2(t)β1(t))= β22(t) + α21(t)− 2α2(t)β1(t) 6 0.�«¥¤®¢ â¥«ì­®, ãá«®¢¨ï (3.7), (3.8) íª¢¨¢ «¥­â­ë ¨áá«¥¤®¢ ­­ë¬ ãá«®-¢¨ï¬ ªà ¥¢®© § ¤ ç¨ 1:
ux(0, t) = β2ε(t)

△0ε(t)u(0, t)− α2(t)
△0ε(t)u(1, t), 0 < t < T, (3.7′)

ux(1, t) = − β1(t)
△0ε(t)u(0, t) + α1ε(t)

△0ε(t)u(1, t), 0 < t < T. (3.8′)�á«¨ ¯®«®�¨âì ν0 = 0, â® äã­ªæ¨ï △(t), ¢ëç¨á«¥­­ ï ¯® íâ¨¬ ãá«®¢¨-ï¬, ¨¬¥¥â ¢¨¤
△(t) = 1− 12△0ε(t) [α1ε(t)− α2(t)℄.�®£« á­® (3.3) ¨¬¥¥¬ △(t) > 1. �ë¯®«­¥­¨¥ íâ®£® ­¥à ¢¥­áâ¢  ¨ ãá«®-¢¨ï (3.1), (3.5) ®§­ ç îâ, çâ® ¤«ï ªà ¥¢®© § ¤ ç¨ (1.1), (1.8), (3.7′),(3.8′) ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤  íâ  § ¤ ç  ¡ã¤¥â¨¬¥âì à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥ V1. �®«¥¥ â®£®, ¥á«¨ ¢¬¥áâ® § ¤ ç¨(1.1), (1.8), (3.7′), (3.8′) à áá¬®âà¥âì ý¯à®¤¨ää¥à¥­æ¨à®¢ ­­ãî ¯® tþ§ ¤ çã: ­ ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì­¨ª¥ Q à¥-è¥­¨¥¬ ãà ¢­¥­¨ï

uttt − a(x, t)uxxt − at(x, t)uxx + c(x, t)ut + ct(x, t)u − uxxtt = ft(x, t)¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (1.8),   â ª�¥ ãá«®¢¨ï
uxt(0, t) = β2ε(t)

△0ε(t)ut(0, t)− α2(t)
△0ε(t)ut(1, t)+( β2ε(t)

△0ε(t))t

u(0, t)− ( α2(t)
△0ε(t))t

u(1, t), 0 < t < T,

uxt(1, t) = − β1(t)
△0ε(t)ut(0, t) + α1ε(t)

△0ε(t)ut(1, t)
−
(
β1(t)
△0ε(t))t

u(0, t) +( α1ε(t)△0ε(t))t

u(1, t), 0 < t < T,



164 Ǒ®¯®¢ �. �.â® ­¥âàã¤­® ¯®ª § âì, ¯®¢â®àïï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1, çâ® ¤ ­­ ï§ ¤ ç  ¡ã¤¥â ¨¬¥âì à¥è¥­¨¥ u(x, t) â ª®¥, çâ® u(x, t) ∈ V1, ut(x, t) ∈ V1.�¥à­¥¬áï ª ªà ¥¢®© § ¤ ç¥ (1.1), (1.8), (3.7), (3.8). � ª á«¥¤ã¥â ¨§¤®ª § ­­®£®, íâ  § ¤ ç  ¨¬¥¥â à¥è¥­¨¥ uε(x, t) â ª®¥, çâ® uε(x, t) ∈ V1,
uεt(x, t) ∈ V1. � áá¬®âà¨¬ à ¢¥­áâ¢®

t∫0 ∫
 (uετττ − uεxxτ + cuετ + cτuε − uεxxττ)
×
[
uεττ − µ

(
x− 12)(uεxτ + uεxττ) + 14uετττ − 14uεxxττ

]
dxdτ= t∫0 ∫
 f1τ[uεττ − µ

(
x− 12)(uεxτ + uεxττ ) + 14uετττ −

14uεxxττ

]
dxdτ,£¤¥ µ ∈ (µ0; 3/2). �­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï ­ ç «ì­ë¥ ãá«®-¢¨ï (1.8) ¤«ï äã­ªæ¨¨ u(x, t), ãá«®¢¨ï (3.6), ­¥«®ª «ì­ë¥ ªà ¥¢ë¥ ãá«®-¢¨ï (3.7), (3.8), ®â ¤ ­­®£® à ¢¥­áâ¢  ¯¥à¥©¤¥¬ ª á«¥¤ãîé¥¬ã:12 ∫
 [

u2εtt(x, t) + u2εxt(x, t)] dx + 14 ∫
 u2εxtt(x, t) dx+ 18 ∫
 u2εxxt(x, t) dx+ 14 t∫0 ∫
 u2ετττ dxdτ + 3− 2µ4 t∫0 ∫
 u2εxττ dxdτ + 14 t∫0 ∫
 u2εxxττ dxdτ+ µ4 t∫0 [u2εττ (0, τ) + u2εττ(1, τ) + u2εxτ (0, τ) + u2εxτ (1, τ)] dτ+ t∫0 {[
µ4 + 54α′1(τ)]u2εxττ (0, τ) + α′2(τ)uεxττ (0, τ)uεxττ (1, τ)+ [µ4 − 54β′2(τ)]u2εxττ(1, τ)} dτ + 14α1ε(t)u2εxtt(0, t)+ 12α2(t)uεxtt(0, t)uεxtt(1, t)− 14β2ε(t)u2εxtt(1, t)= µ

∫
 (
x− 12)uεtt(x, t)uεxt(x, t) dx − 14 ∫
 uεxt(x, t)uεxtt(x, t) dx
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t∫0 ∫
 (
x− 12)uεxττ [uετττ − uεxxτ ℄ dxdτ + t∫0 ∫
 [f1τ − cuετ − cτuε℄

×
[
uεττ − µ

(
x− 12)(uεxτ + uεxττ) + 14uετττ − 14uεxxττ

]
dxdτ+ µ2 t∫0 ∫
 [

u2εττ + u2εxτ

]
dxdτ − µ

t∫0 ∫
 (
x− 12)uεxτuεxxττ dxdτ+ t∫0 [(uεxτ (1, τ) + uεxττ(1, τ))uεττ (1, τ)− (uεxτ (0, τ) + uεxττ(0, τ))

× uεττ(0, τ)℄ dτ + 14 t∫0 [uεxτ (1, τ)uετττ(1, τ) − uεxτ (0, τ)uετττ(0, τ)℄ dτ
− 12 t∫0 uεxττ (0, τ)[α′′′1 (τ)uεx(0, τ) + 3α′′1(τ)uεxτ (0, τ) + α′′′2 (τ)uεx(1, τ)+3α′′2(τ)uεxτ (1, τ)℄ dτ + 12 t∫0 uεxττ (1, τ)[β′′′1 (τ)uεx(0, τ)+3β′′1 (τ)uεxτ (0, τ)+ β′′′2 (τ)uεx(1, τ) + 3β′′2 (τ)uεxτ (1, τ)℄ dτ. (3.9)�§ ãá«®¢¨© (3.2){(3.6) ¢ëâ¥ª ¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢

t∫0 {[
µ4 + 54α′1(τ)]u2εxττ(0, τ) + α′2(τ)uεxττ (0, τ)uεxττ (1, τ)+ [µ4 − 54β′2(τ)]u2εxττ(1, τ)} dτ >

µ− µ04 t∫0 [u2εxττ(0, τ) +u2εxττ (1, τ)] dτ,(3.10)14α1ε(t)u2εxtt(0, t) + 12α2(t)uεxtt(0, t)uεxtt(1, t)− 14β2ε(t)u2εxtt(1, t) > 0.�«ï ¯¥à¢®£® ¨ ¢â®à®£® á« £ ¥¬ëå ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (3.9) ¨¬¥îâ



166 Ǒ®¯®¢ �. �.¬¥áâ® ®æ¥­ª¨,  ­ «®£¨ç­ë¥ (2.9), (2.10):
∣∣∣∣
∫
 (x− 12)uεtt(x, t)uεxt(x, t) dx∣∣∣∣ 6

14 ∫
 u2εtt(x, t) dx + 14 ∫
 u2εxt(x, t) dx,(3.11)∣∣∣∣
14 ∫
 uεxt(x, t)uεxtt(x, t) dx∣∣∣∣ 6

18 ∫
 u2εxt(x, t) dx + 18 ∫
 u2εxtt(x, t) dx.(3.12)�á¯®«ì§ãï ­¥à ¢¥­áâ¢®
t∫0 [v2(0, τ) + v2(1, τ)℄ dτ 6 δ

t∫0 ∫
 v2x(x, τ) dxdτ + C(δ) t∫0 ∫
 v2(x, τ) dτ,¢ ª®â®à®¬ δ | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, ®æ¥­¨¢ ï ¯à ¢ãîç áâì à ¢¥­áâ¢  (3.9) á ¯®¬®éìî ­¥à ¢¥­áâ¢  �­£  ¨ í«¥¬¥­â à­ëå¨­â¥£à «ì­ëå ­¥à ¢¥­áâ¢, ãç¨âë¢ ï ­¥à ¢¥­áâ¢  (3.10){(3.12) ¨ ¯à¨-¬¥­ïï «¥¬¬ã �à®­ã®«« , ¯®«ãç ¥¬, çâ® ¤«ï à¥è¥­¨© ªà ¥¢®© § ¤ ç¨(1.1), (1.8), (3.7), (3.8) ¨¬¥¥â ¬¥áâ®  ¯à¨®à­ ï ®æ¥­ª 
∫
 [

u2εtt(x, t) + u2εxt(x, t) + u2εxtt(x, t) + w2
εxxt(x, t)] dx+ t∫0 ∫
 [

u2ετττ(x, t) + u2εxττ (x, t) + u2εxxττ(x, t)] dxdτ+ t∫0 [u2εττ(0, τ) + u2εττ (1, τ) + u2εxτ (0, τ) + u2εxτ (1, τ)+ u2εxττ(0, τ) + u2εxττ (1, τ)] dτ 6 K7 T∫0 ∫
 (
f2 + f2τ ) dxdτ, (3.12)¢ ª®â®à®© ¯®áâ®ï­­ ï K7 ®¯à¥¤¥«ï¥âáï ç¨á«®¬ T ,   â ª�¥ äã­ªæ¨ï¬¨

a(x, t), c(x, t), α1(t), α2(t), β1(t) ¨ β2(t). � ª®­¥æ, ¨á¯®«ì§ãï íâã ®æ¥­ªã,ãà ¢­¥­¨¥ (1.1) ¨ ¯à®¤¨ää¥à¥­æ¨à®¢ ­­®¥ ¯® ¯¥à¥¬¥­­®© t ãà ¢­¥­¨¥



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ 167(1.1), ­¥âàã¤­® ¯®«ãç¨âì ¢â®àãî  ¯à¨®à­ãî ®æ¥­ªã
∫
 u2εxx(x, t) dx + t∫0 ∫
 u2εxxτ (x, t) dxdτ 6 K8 T∫0 ∫
 (

f2 + f2τ ) dxdτ (3.13)
 ¯®áâ®ï­­®© K8, ®¯à¥¤¥«ï¥¬®© ç¨á«®¬ T ¨ § ¤ ­­ë¬¨ äã­ªæ¨ï¬¨
a(x, t), c(x, t), α1(t), α2(t), β1(t) ¨ β2(t).�æ¥­®ª (3.12), (3.13) ¤®áâ â®ç­® ¤«ï ®áãé¥áâ¢«¥­¨ï ¯à¥¤¥«ì­®£®¯¥à¥å®¤  ¯à¨ ε → 0 ¢ ªà ¥¢®© § ¤ ç¥ (1.1), (1.8), (3.7), (3.8). Ǒà¥-¤¥«ì­ ï äã­ªæ¨ï ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã V1 ¨ ï¢«ï¥âáï ¨áª®¬ë¬à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ 2.�¥®à¥¬  3. Ǒãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

a(x, t), c(x, t) ∈ C2(Q), αi(t), βi(t) ∈ C3([0, T ℄), i = 1, 2;
α2(t) > −1, β2(t) 6 0 ¯à¨ t ∈ [0, T ℄;

∃µ0 ∈ (0; 3/2) : [µ0(1 + α22(t))− 5β′2(t)]ξ21 + 4(α2(t)− β1(t))ξ1ξ2 > 0¯à¨ t ∈ [0, T ℄, ξ ∈ R2;
f(x, t) ∈ L2(Q), ft(x, t) ∈ L2(Q), fxt(x, t) ∈ L2(Q),

f(x, 0) ≡ 0 ¯à¨ x ∈ 
, fx(1, 0) ≡ 0.�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï u(x, t) ¨§ ¯à®áâà ­áâ¢  V1,ï¢«ïîé ïáï ¢ ¯àï¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.1) ¨ ã¤®¢«¥-â¢®àïîé ï ãá«®¢¨ï¬ (1.6){(1.8).�®ª § â¥«ìáâ¢® ¤ ­­®© â¥®à¥¬ë ¢¯®«­¥  ­ «®£¨ç­® ¤®ª § â¥«ì-áâ¢ã â¥®à¥¬ë 2. �¥£ã«ïà¨§ãîé¥© ¡ã¤¥â á«¥¤ãîé ï § ¤ ç : ­ ©â¨äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì­¨ª¥ Q à¥è¥­¨¥¬ ãà ¢­¥-­¨ï (1.1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ­ ¯ç «ì­ë¥ ãá«®¢¨ï (1.8),  â ª�¥ ãá«®¢¨ï
ux(0, t) = [α1(t)− α2(t)β1(t)

β2(t)− ε

]
u(0, t) + α2(t)

β2(t)− ε
u(1, t), 0 < t < T,

ux(1, t) = − β1(t)
β2(t)− ε

u(0, t) + 1
β2(t)− ε

u(1, t), 0 < t < T.



168 Ǒ®¯®¢ �. �.�â  § ¤ ç  ¨¬¥¥â à¥è¥­¨¥ u(x, t) â ª®¥, çâ® u(x, t) ∈ V1, ut(x, t) ∈ V1.�¯à¨®à­ë¥ ®æ¥­ª¨, à ¢­®¬¥à­ë¥ ¯® ε, ¢ë¢®¤ïâáï, ª ª ¢ ¤®ª § â¥«ì-áâ¢¥ â¥®à¥¬ë 2. Ǒà¥¤¥«ì­ë© ¯¥à¥å®¤ ®áãé¥áâ¢«ï¥âáï áâ ­¤ àâ­ë¬ ®¡-à §®¬; ¯à¥¤¥«ì­ ï äã­ªæ¨ï ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã V1 ¨ ï¢«ï¥âáïà¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ 3. �¥®à¥¬  ¤®ª § ­ .� ª«îç¥­¨¥1. �â¢¥à�¤¥­¨ï â¥®à¥¬ 1{3 á¯à ¢¥¤«¨¢ë ¨ ¤«ï ¡®«¥¥ ®¡é¨å ãà ¢-­¥­¨© ¢¨¤ 
utt − a(x, t)uxx + b(x, t)ux + c(x, t)ut + d(x, t)u − uxxt = f(x, t)¯à¨ ¢ë¯®«­¥­¨¨ ­¥®¡å®¤¨¬ëå ãá«®¢¨© £« ¤ª®áâ¨ ­  ¢å®¤­ë¥ ¤ ­­ë¥.2. �á«®¢¨ï f(x, 0) ≡ 0, fx(0, 0) = fx(1, 0) ≡ 0 â¥®à¥¬ 2 ¨ 3 ï¢«ïîâáïâ¥å­¨ç¥áª¨¬¨, ¨ ®â ­¨å ¢¯®«­¥ ¬®�­® ®âª § âìáï. � ªà ¥¢ëå ãá«®¢¨ïå§ ¤ ç 1{3 ¢¯®«­¥ ¢®§¬®�­® ¯à¨áãâáâ¢¨¥ á¢®¡®¤­ëå ç«¥­®¢ ϕ(t) ¨ ψ(t).3. Ǒ®«ãç¥­­ë© ¯® å®¤ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 à¥§ã«ìâ â ® à §-à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ (2.3){(2.5) ¤«ï ýáãé¥áâ¢¥­­® ­ £àã�¥­­®-£®þ ãà ¢­¥­¨ï (2.3) ¨¬¥¥â ¨ á ¬®áâ®ïâ¥«ì­®¥ §­ ç¥­¨¥.4. �¤¨­áâ¢¥­­®áâì à¥è¥­¨© ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ 1{3®ç¥¢¨¤­ . ����������1. Bouziani A. Strong solution for a mixed problem with nonlo
al 
ondition for 
ertainpluriparaboli
 equation // Hiroshima Math. J. 1997. V. 27, N 3.1. �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨ ­¥ª®â®àëå ¯à®áâà ­áâ¢¥­­® ­¥«®ª «ì­ëå ªà ¥-¢ëå § ¤ ç ¤«ï «¨­¥©­ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  // �®ª«.��. 2009. �. 427, ü 6. �. 747{749.2. �ªã¡®¢ �. �. �¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ë¥ ãà ¢­¥­¨ï ¨ ¨å ¯à¨«®-�¥­¨ï. � ªã: �«¬, 1985.3. � åãè¥¢ �. �. � £àã�¥­­ë¥ ãà ¢­¥­¨ï ¨ ¨å ¯à¨¬¥­¥­¨¥. �.: � ãª , 2012.4. Kozhanov A. I. Composite type equations and inverse problems. Utre
ht: VSP, 1999.5. � �¥â¨ç �. �. � ª« áá¨ç¥áª®© à §à¥è¨¬®áâ¨ á¬¥è ­­®© § ¤ ç¨ ¤«ï ®¤­®¬¥à-­®£® £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  // �¨ää¥à¥­æ. ãà ¢­¥­¨ï.2006. �. 42, ü 8. �. 1072{1077.6. �à¥­®£¨­ �. �. �ã­ªæ¨®­ «ì­ë©  ­ «¨§. �.: � ãª , 1980.



� à §à¥è¨¬®áâ¨ ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ 1697. �®� ­®¢ �. �. �¡ ®¤­®© ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¥ á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨-¥­â ¬¨ ¤«ï ãà ¢­¥­¨© â¥¯«®¯à®¢®¤­®áâ¨ ¨ �««¥à  // �¨ää¥à¥­æ. ãà ¢­¥­¨ï.2004. �. 40, ü 6. �. 769{774.8. �®� ­®¢ �. �., Ǒã«ìª¨­  �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ á ­¥«®ª «ì-­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬ ¨­â¥£à «ì­®£® ¢¨¤  ¤«ï ¬­®£®¬¥à­ëå £¨¯¥à¡®«¨ç¥-áª¨å ãà ¢­¥­¨© // �¨ää¥à¥­æ. ãà ¢­¥­¨ï. 2006. �. 42, ü 9. �. 1166{1179.£. �ªãâáª 5 ¨î­ï 2013 £.



��� 517.956������ �Ǒ���������� � ���������Ǒ�������� ��������� ������������ �������������� ��������������������� ��Ǒ��. �. � £ ¤¥¥¢ �¢¥¤¥­¨¥Ǒãáâì X, Y ¨ U | £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢ . �  ¨­â¥à¢ «¥ J ⊂ R¯à¨ t0 ∈ J à áá¬®âà¨¬ § ¤ çã �®ã®«â¥à  | �¨¤®à®¢  [1℄
L(x(t0)− x0) = 0 (1)¤«ï ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯  [2{6℄

L _x(t) =Mtx(t) + f(t) +Bu(t), (2)§¤¥áì L,Mt ∈ L (X;Y) (â. ¥. ®¯¥à â®àë «¨­¥©­ë ¨ ­¥¯à¥àë¢­ë) ¯à¨ª �¤®¬ t ∈ J, B ∈ L (U;Y),   ¢¥ªâ®à-äã­ªæ¨¨ u : [0, T ) → U, f :[0, T )→ Y ¯®¤«¥� â ¤ «ì­¥©è¥¬ã ®¯à¥¤¥«¥­¨î.�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨®­ « ª ç¥áâ¢ 
J(u) = α

1∑
q=0 T∫

t0 ∥∥z(q)(t)−z(q)d (t)∥∥2
Z
dt+(1−α) θ∑

q=0 T∫

t0 〈Nqu
(q)(t), u(q)(t)〉U dt,(3)£¤¥ α ∈ (0, 1℄, θ = 0, 1, [t0, T ℄ ⊂ J. �¤¥áì U ¨ Z | £¨«ì¡¥àâ®¢ë ¯à®áâà ­-áâ¢ , Nq ∈ L (U) | á ¬®á®¯àï�¥­­ë¥ ¨ ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­­ë¥®¯¥à â®àë, zd = zd(t, u) | ¯« ­®¢®¥ ­ ¡«î¤¥­¨¥ ¨§ ­¥ª®â®à®£® £¨«ì-¡¥àâ®¢  ¯à®áâà ­áâ¢  ­ ¡«î¤¥­¨© Z,   z = Cx, C ∈ L (X;Z). �¥§ã«ì-â âë ¨áá«¥¤®¢ ­¨ï § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï

J(v) = min
u∈U∂

J(u), α ∈ (0, 1) (4)
© 2013 � £ ¤¥¥¢  �. �.



� ¤ ç¨ ®¯â¨¬ «ì­®£® ¨ �¥áâª®£® ã¯à ¢«¥­¨ï 171¨ § ¤ ç¨ �¥áâª®£® ã¯à ¢«¥­¨ï
J(v) = min

u∈U∂

J(u), α = 1 (5)¤«ï á¨áâ¥¬ë «¥®­âì¥¢áª®£® â¨¯  | ª®­¥ç­®¬¥à­®£®  ­ «®£  ãà ¢­¥­¨ïá®¡®«¥¢áª®£® â¨¯  |
L _x(t) =Mx(t) + f(t) +Bu(t)á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �®ã®«â¥à  | �¨¤®à®¢  (1) ¯à¥¤áâ ¢«¥­ë ¢ [7℄.�¤¥áì U∂ | ­¥ª®â®à®¥ ¢ë¯ãª«®¥ ª®¬¯ ªâ­®¥ ¯®¤¬­®�¥áâ¢® ¤®¯ãáâ¨-¬ëå ã¯à ¢«¥­¨© ¢ ¯à®áâà ­áâ¢¥ ã¯à ¢«¥­¨© U.�¥á¬®âàï ­  áå®�¥áâì ¯®áâ ­®¢®ª § ¤ ç¨ ®¯â¨¬ «ì­®£® ¨ �¥áâ-ª®£® ã¯à ¢«¥­¨ï á¨áâ¥¬®©, íâ¨ § ¤ ç¨ ­¥áãâ à §­ãî á¬ëá«®¢ãî ­ -£àã§ªã. Ǒà¨ ®¯â¨¬ «ì­®¬ ã¯à ¢«¥­¨¨ ãç¨âë¢ ¥âáï ¢¥«¨ç¨­  ã¯à ¢-«ïîé¥£® ¢®§¤¥©áâ¢¨ï ¯à¨¢¥¤¥­¨ï á¨áâ¥¬ë ¢ ­ã�­®¥ á®áâ®ï­¨¥,   ¯à¨�¥áâª®¬ ã¯à ¢«¥­¨¨ íâ  ¢¥«¨ç¨­  ­¥ ãç¨âë¢ ¥âáï, â. ¥. ¯à¨ �¥áâª®¬ã¯à ¢«¥­¨¨ ­ ¤® ¯à¨¢¥áâ¨ á¨áâ¥¬ã ¢ ­ã�­®¥ á®áâ®ï­¨¥, ­¥¢§¨à ï ­ § âà ç¥­­ë¥ ¤«ï íâ®£® ãá¨«¨ï.�¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ à¥è¥­¨ï¬¨ § ¤ ç¨ �®è¨ ¤«ï «¨­¥©­ëåáâ æ¨®­ à­ëå (¯à¨ Mt ≡M) ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  (2) ¢¯¥à¢ë¥¨§ãç «®áì ¢ [8℄. � [9, 10℄ à áá¬®âà¥­  § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥-­¨ï à¥è¥­¨ï¬¨ ­ ç «ì­®-ª®­¥ç­ëå § ¤ ç ¤«ï «¨­¥©­ëå áâ æ¨®­ à­ëåãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢ á®®â¢¥âáâ¢¥­-­®. � ¤ ç¥ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï à¥è¥­¨ï¬¨ ¯®«ã«¨­¥©­ëå áâ æ¨-®­ à­ëå ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  ¯®á¢ïé¥­  ¬®­®£à ä¨ï [11℄.�à®¬¥ â®£® ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¤«ï ­¥áâ æ¨®­ à­ëå ãà ¢­¥-­¨© á®¡®«¥¢áª®£® â¨¯  à áá¬ âà¨¢ ¥âáï ¢ [12℄, £¤¥ § ¢¨á¨¬®áâì ®â ¢à¥-¬¥­¨ ®¯¥à â®à  M ¨¬¥¥â ¢¨¤ ¤®¬­®�¥­¨ï ­  áª «ïà­ãî äã­ªæ¨î. �¤ ­­®© à ¡®â¥ ¢ à ¬ª å â¥®à¨¨ ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  [5℄ áâ -¢¨âáï § ¤ ç  ®¯â¨¬ «ì­®£® ¨ �¥áâª®£® ã¯à ¢«¥­¨ï ¤«ï ãà ¢­¥­¨ï á®¯¥à â®à-äã­ªæ¨¥© Mt (¢¯¥à¢ë¥ â ª®¥ ãà ¢­¥­¨¥ à áá¬ âà¨¢ ¥âáï ¢[13℄).�â¬¥â¨¬ â ª�¥, çâ® ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ¬¥â®¤ ¬¨ ®¯â¨¬ «ì­®£®ã¯à ¢«¥­¨ï  ªâ¨¢­® ¨áá«¥¤ãîâáï § ¤ ç¨ ® ¢®ááâ ­®¢«¥­¨¨ ¤¨­ ¬¨ç¥-áª¨ ¨áª �¥­­ëå á¨£­ «®¢ | § ¤ ç¨ ®¯â¨¬ «ì­®£® ¨§¬¥à¥­¨ï [14℄.



172 � £ ¤¥¥¢  �. �.� à §¤. 1 ¯à¨¢¥¤¥­ë ­¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï ¨§ â¥®à¨¨ ­¥áâ æ¨®­ à-­ëå ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  [13, 15℄. � à §¤. 2 áâà®¨âáï á¨«ì­®¥à¥è¥­¨¥ § ¤ ç¨ �®ã®«â¥à  | �¨¤®à®¢  ¤«ï ­¥áâ æ¨®­ à­®£® ãà ¢­¥-­¨ï,   § â¥¬ ¢ à §¤. 3 ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâìà¥è¥­¨ï § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï à¥è¥­¨ï¬¨ â ª®£® ãà ¢­¥-­¨ï.�¯¨á®ª «¨â¥à âãàë ­¥ ¯à¥â¥­¤ã¥â ­  ¯®«­®âã ¨ ®âà � ¥â «¨èì«¨ç­ë¥ ¯à¨áâà áâ¨ï  ¢â®à .1. �â­®á¨â¥«ì­® á¯¥ªâà «ì­® ®£à ­¨ç¥­­ ï®¯¥à â®à-äã­ªæ¨ï�®ª § â¥«ìáâ¢  ãâ¢¥à�¤¥­¨©, ¯à¨¢¥¤¥­­ëå ¢ íâ®¬ à §¤¥«¥, ¬®�­®­ ©â¨ ¢ [13℄ (á¬. â ª�¥ [15℄).Ǒãáâì X ¨ Y | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , J | ¯à®¬¥�ãâ®ª ¢ R,
L ∈ L (X;Y), Mt ∈ L (X;Y) ¤«ï ¢á¥å t ∈ J.�«¥¤ãï â¥à¬¨­®«®£¨¨, ¨á¯®«ì§ã¥¬®© ¢ [5℄, ¬­®�¥áâ¢  ρL(Mt) =
{µ ∈ C : (µL −Mt)−1 ∈ L (Y;X)} ¨ σL(Mt) = C \ ρL(Mt) ¡ã¤¥¬ ­ -§ë¢ âì á®®â¢¥âáâ¢¥­­® L-à¥§®«ì¢¥­â­ë¬ ¬­®�¥áâ¢®¬ ¨ L-á¯¥ªâà®¬®¯¥à â®à-äã­ªæ¨¨ Mt.�ç¥¢¨¤­®, çâ® ¥á«¨ kerL ∩ kerMt 6= {0} ¯à¨ ­¥ª®â®à®¬ t ∈ J, â®
ρL(Mt) = ⊘.�¥¬¬  1 [5℄. Ǒãáâì L ∈ L (X;Y), Mt ∈ L (X;Y) ¤«ï t ∈ J. �®£¤ 
L-à¥§®«ì¢¥­â­®¥ ¬­®�¥áâ¢® ρL(Mt) ®¯¥à â®à  Mt ®âªàëâ®,   L-á¯¥ªâà
σL(Mt) ®¯¥à â®à  Mt § ¬ª­ãâ.Ǒà¨ t ∈ J ®¯¥à â®à-äã­ªæ¨¨ (µL−Mt)−1, RL

µ (Mt) = (µL−Mt)−1L¨ LL
µ(Mt) = L(µL−Mt)−1 ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® µ ∈ C á ®¡« áâìî®¯à¥¤¥«¥­¨ï ρL(Mt) ¡ã¤¥¬ ­ §ë¢ âì á®®â¢¥âáâ¢¥­­® L-à¥§®«ì¢¥­â®©,¯à ¢®© ¨ «¥¢®© L-à¥§®«ì¢¥­â ¬¨ ®¯¥à â®à  Mt.� ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï â®�¤¥áâ¢ , á¯à ¢¥¤«¨¢ë¥ ¯à¨ä¨ªá¨à®¢ ­­®¬ t ∈ J ¨ «î¡ëå µ, λ ∈ ρL(M):(λ− µ)(λL −Mt)−1L(µL−Mt)−1 = (µL−Mt)−1 − (λL −Mt)−1,

L(µL−Mt)−1Mt =Mt(µL−M)−1L. (6)



� ¤ ç¨ ®¯â¨¬ «ì­®£® ¨ �¥áâª®£® ã¯à ¢«¥­¨ï 173�¥¬¬  2. Ǒãáâì L ∈ L (X;Y), Mt ∈ L (X;Y) ¤«ï t ∈ J. �®£¤ 
L-à¥§®«ì¢¥­â , ¯à ¢ ï ¨ «¥¢ ï L-à¥§®«ì¢¥­âë ®¯¥à â®à Mt  ­ «¨â¨ç-­ë ¯® µ ¢ ρL(Mt).�¯à¥¤¥«¥­¨¥ 1. �¯¥à â®à-äã­ªæ¨ïMt ­ §ë¢ ¥âáï á¯¥ªâà «ì­®®£à ­¨ç¥­­®© ®â­®á¨â¥«ì­® ®¯¥à â®à  L (¨«¨ ¯à®áâ® (L, σ)-®£à ­¨ç¥­-­®©), ¥á«¨

∃at ∈ C(J;R+)∀t ∈ J max{|µ| : µ ∈ σL(Mt)} 6 at < +∞.� á¨«ã à ¢¥­áâ¢ (6) á¯à ¢¥¤«¨¢ �¥®à¥¬  1. Ǒãáâì ®¯¥à â®à-äã­ªæ¨ï Mt ∈ C(J;L (X;Y)) á¨«ì-­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® t ∈ J ¨ (L, σ)-®£à ­¨ç¥­ . �®£¤  ®¯¥à â®à-äã­ªæ¨ï (µL−Mt)−1 á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® t ∈ J ¯à¨ µ ∈ Et =
{λ ∈ C : |λ| > 2at}.Ǒãáâì ®¯¥à â®à-äã­ªæ¨ïMt (L, σ)-®£à ­¨ç¥­ ,   ª®­âãà γt = {µ ∈
C : |µ| = 2at}. � áá¬®âà¨¬ ¨­â¥£à «ë

Pt = 12πi ∫
γt

RL
µ (Mt) dµ, Qt = 12πi ∫

γt

LL
µ(Mt) dµ,ª®â®àë¥ áãé¥áâ¢ãîâ ¢ á¨«ã «¥¬¬ë 2. � [5℄ ¯®ª § ­®, çâ® ¯à¨ ä¨ª-á¨à®¢ ­­®¬ t ∈ J ®¯¥à â®àë Pt : X → X ¨ Qt : Y → Y ï¢«ïîâáï¯à®¥ªâ®à ¬¨.�¥¬¬  3. Ǒãáâì ®¯¥à â®à-äã­ªæ¨ï Mt ∈ C(J;L (X;Y)) á¨«ì-­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® t ∈ J ¨ (L, σ)-®£à ­¨ç¥­ . �®£¤  ®¯¥à â®à-äã­ªæ¨¨ Pt ∈ C(J;L (X)) ¨ Qt ∈ C(J;L (Y)) á¨«ì­® ¤¨ää¥à¥­æ¨àã¥-¬ë ¯® t ∈ J.Ǒ®«®�¨¬ X0

t = kerPt, Y0
t = kerQt, X1

t = imPt, Y1
t = imQt ¤«ï¢á¥å t ∈ J. �¡®§­ ç¨¬ ç¥à¥§ Lt,k ¨ Mt,k áã�¥­¨¥ ®¯¥à â®à®¢ L ¨ Mt ­ 

Xk
t , k = 0, 1.�¥®à¥¬  2. Ǒãáâì ®¯¥à â®à-äã­ªæ¨ï Mt ∈ C(J;L (X;Y)) à ¢­®-¬¥à­® ­¥¯à¥àë¢­  ¨ á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® t ∈ J,   â ª�¥ (L, σ)-®£à ­¨ç¥­ . �®£¤ (i) ¨¬¥¥â ¬¥áâ® ¤¥©áâ¢¨¥ ®¯¥à â®à®¢ Lt,k : Xk

t → Yk
t , Mt,k : Xk

t →
Yk

t ¤«ï ¢á¥å t ∈ J, k = 0, 1;



174 � £ ¤¥¥¢  �. �.(ii) áãé¥áâ¢ãîâ ®¯¥à â®àë M−1
t,0 ∈ L (Y0

t ;X0
t

), t ∈ J, ¯à¨ç¥¬, ¥á«¨®¯¥à â®à-äã­ªæ¨ï Mt : J → L (X;Y) á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬ , â®®¯¥à â®à-äã­ªæ¨ï M−1
t,0 (I −Qt) ∈ L (Y;X0

t

) á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬ ¯® t ∈ J,   ¯à¨ ãá«®¢¨¨ á¨«ì­®© ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à-äã­ªæ¨¨ d
dtMt®¯¥à â®à-äã­ªæ¨ï d

dt

(
M−1

t,0 (I−Qt)) â ª�¥ á¨«ì­® ­¥¯à¥àë¢­  ¯® t ∈ J;(iii) áãé¥áâ¢ãîâ ®¯¥à â®àë L−1
t,1 ∈ L (Y1

t ;X1
t

), t ∈ J, ¯à¨ íâ®¬ ®¯¥-à â®à-äã­ªæ¨ï L−1
t,1Qt ∈ C

(
J;L (Y;X1

t

)) á¨«ì­® ­¥¯à¥àë¢­  ¯® t ∈ J;(iv) ®¯¥à â®àë Mt,1 ∈ L (X1
t ,Y

1
t

), t ∈ J, â ª®¢ë, çâ® ®¯¥à â®à-äã­ªæ¨ï Mt,1Pt ∈ L (X,Y1
t

) á¨«ì­® ­¥¯à¥àë¢­  ¯® t ∈ J.�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ à ¢¥­áâ¢ (6), â¥®à¥¬ë 1 ¨ «¥¬¬ë 3.Ǒ®¤à®¡­¥¥ á¬. ¢ [15℄.� ¬¥ç ­¨¥ 1. �¥âàã¤­® ¯®ª § âì, çâ® L−1
t,1 ∈ C

(
J;L (Y1;X1

t

)) ¢¯à¥¤¯®«®�¥­¨¨ Y1
t ≡ Y1.Ǒà¨ ãá«®¢¨¨ (L, σ)-®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à-äã­ªæ¨¨ Mt ¢ ãá«®-¢¨ïå â¥®à¥¬ë 2 ¯®áâà®¨¬ ®¯¥à â®àë Ht = M−1

t,0 Lt,0 ∈ L (X0
t

) ¨ St =
L−1

t,1Mt,1 ∈ L (X1
t

), á ¯®¬®éìî ª®â®àëå áä®à¬ã«¨àã¥¬ á«¥¤ãîé¥¥�¯à¥¤¥«¥­¨¥ 2. (L, σ)-®£à ­¨ç¥­­ãî ®¯¥à â®à-äã­ªæ¨î Mt ¡ã-¤¥¬ ­ §ë¢ âì (L, 0)-®£à ­¨ç¥­­®©, ¥á«¨ Ht ≡ O ¤«ï ¢á¥å t ∈ J.�¥®à¥¬  3. Ǒãáâì ®¯¥à â®à-äã­ªæ¨ï Mt ∈ L (X;Y) à ¢­®¬¥à­®­¥¯à¥àë¢­  ¨ á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® t ∈ J,   â ª�¥ (L, 0)-®£à -­¨ç¥­ . �®£¤  kerL = X0
t , imL = Y1

t ¤«ï ¢á¥å t ∈ J.�®ª § â¥«ìáâ¢® ¤«ï ª �¤®£® ä¨ªá¨à®¢ ­­®£® t ∈ J á¬. ¢ [5℄.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®¡®§­ ç âì kerL = kerPt = X0, kerQt = Y0
t ,imPt = X1

t , imL = imQt = Y1. �¥à¥§ L0 ®¡®§­ ç¨¬ áã�¥­¨¥ ®¯¥à â®à 
L ­  X0, ç¥à¥§ Lt,1 |áã�¥­¨¥ ®¯¥à â®à  L ­  X1

t , ç¥à¥§Mt,k, k = 0, 1, |áã�¥­¨¥ ®¯¥à â®à®¢ Mt ­  X0 ¨ X1
t á®®â¢¥âáâ¢¥­­®, t ∈ J.2. �¨«ì­ë¥ à¥è¥­¨ï § ¤ ç¨ �®ã®«â¥à  |�¨¤®à®¢  ¤«ï ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ïá®¡®«¥¢áª®£® â¨¯ � áá¬®âà¨¬ § ¤ çã �®ã®«â¥à  | �¨¤®à®¢  (1) ¤«ï ­¥áâ æ¨®­ à-­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯  ¢¨¤ 

L _x(t) =Mtx(t), (7)



� ¤ ç¨ ®¯â¨¬ «ì­®£® ¨ �¥áâª®£® ã¯à ¢«¥­¨ï 175£¤¥, ª ª ¨ ¢ëè¥, L ∈ L (X;Y), Mt ∈ L (X;Y) ¤«ï ¢á¥å t ∈ J.�¯à¥¤¥«¥­¨¥ 3. �¯¥à â®à X(t, τ) = L−1
t,1 Ỹ (t)Ỹ −1(τ)Lτ,1Pτ ­ §®-¢¥¬ í¢®«îæ¨®­­ë¬ (à §à¥è îé¨¬) ®¯¥à â®à®¬ ãà ¢­¥­¨ï (7), £¤¥

Ỹ (t) = IY1 + t∫

t0 Tt1 dt1+ ∞∑

n=2 t∫

t0 tn∫

t0 · · ·
t2∫

t0 TtnTtn−1 . . . Tt1dt1 . . . dtn ∈ L (Y1)á ®¯¥à â®à®¬ Tt =Mt,1L−1
t,1 ∈ C(J;L (Y1)).�¥¬¬  4. �¢®«îæ¨®­­ë© ®¯¥à â®à X(t, τ) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨äã­¤ ¬¥­â «ì­ë¬¨ á¢®©áâ¢ ¬¨:(i) X(t, t) = Pt;(ii) X(t, s)X(s, τ) = X(t, τ);(iii) X(t, τ)|X1

τ
= [X(τ, t)|X1

t
℄−1;(iv) ‖X(t, τ)‖L (X) 6 K exp( t∫

τ

‖Ts‖L (Y1) ds) (τ 6 t).�¯à¥¤¥«¥­¨¥ 4. �¥ªâ®à-äã­ªæ¨î x ∈ H1(X) = {x ∈ L2(X) : _x ∈
L2(X)} ­ §ë¢ ¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (2), ¥á«¨ ®­  ¯®çâ¨¢áî¤ã ­  J ®¡à é ¥â ¥£® ¢ â®�¤¥áâ¢®. �¨«ì­®¥ à¥è¥­¨¥ x = x(t) ãà ¢-­¥­¨ï (2) ­ §ë¢ ¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ �®ã®«â¥à  | �¨¤®-à®¢  (1), (2), ¥á«¨ ®­® ã¤®¢«¥â¢®àï¥â (1).� ¯®¬®éìî í¢®«îæ¨®­­®£® ®¯¥à â®à  ¬®�­® § ¤ âì à¥è¥­¨¥ § -¤ ç¨ �®ã®«â¥à  | �¨¤®à®¢  (1), (7) ¢ ¢¨¤¥ x(t) = X(t, t0)x0.�¥®à¥¬  4. Ǒãáâì ®¯¥à â®à-äã­ªæ¨ï Mt ∈ C(J;L (X;Y)) á¨«ì­®¤¨ää¥à¥­æ¨àã¥¬  ¯® t ∈ J ¨ (L, 0)-®£à ­¨ç¥­ . �®£¤  ¤«ï «î¡ëå x0 ∈
X ¨ f ∈ H1(Y) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ á¨«ì­®¥ à¥è¥­¨¥ x ∈ H1(X)§ ¤ ç¨�®ã®«â¥à | �¨¤®à®¢  (1) ¤«ï ãà ¢­¥­¨ï L _x(t) =Mtx(t)+f(t),¨¬¥îé¥¥ ¢¨¤

x(t) = X(t, t0)x0 + t∫

t0 X(t, τ)L−1
τ,1Qτf(τ) dτ −M−1

t,0 (I −Qt)f(t).�®ª § â¥«ìáâ¢®. Ǒ®¤¥©áâ¢ã¥¬ ¯à®¥ªâ®à®¬ (I−Qt) ­  ãà ¢­¥­¨¥
L _x(t) =Mtx(t) + f(t), ¯®«ãç¨¬(I −Qt)L _x(t) = (I −Qt)Mtx(t) + (I −Qt)f(t),
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L(I − Pt) _x(t) =Mt(I − Pt)x(t) + (I −Qt)f(t),0 = (I − Pt)x(t) +M−1

t,0 (I −Qt)f(t).� ª ¨ ¯à¥�¤¥, ®¡®§­ ç¨¬ x0(t) = (I − Pt)x(t), â®£¤ 
x0(t) = −M−1

t,0 (I −Qt)f(t).�­®¢ì á¤¥« ¥¬ § ¬¥­ã Lx(t) = y(t) ∈ Y1 ¤«ï ¢á¥å t ∈ J ¨ ¯®«ãç¨¬(L _x(t)) = _y(t) =Mtx(t) + f(t) =Mtx
0(t) +MtPtx(t) + f(t)=Mt(−M−1

t,0 (I −Qt)f(t)) +MtPtx(t) + f(t)=MtPtx(t) +Qtf(t) =MtL
−1
t,1y(t) +Qtf(t).� ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ L _x(t) = Mx(t) + f(t) ¬®�­® ¯à¥¤áâ ¢¨âì ¢¢¨¤¥ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨©_y(t) = Tty(t) +Qtf(t), (8)0 = x0(t) +M−1

t,0 (I −Qt)f(t) (9)­  ¯®¤¯à®áâà ­áâ¢ å Y1 ¨ X0 á®®â¢¥âáâ¢¥­­®. �«ï «î¡®£® x0 ∈ X¯®«ãç¨¬ Lx0 = y0 ∈ Y1, ¨ § ¤ ç  �®ã®«â¥à  | �¨¤®à®¢  L(x(t0) −
x0) = 0 ¯à¨¬¥â ¢¨¤ y(t0)−y0 = 0. �®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï (8) á®£« á­®[16, á. 138{153℄ ¨¬¥¥â ¢¨¤

y(t) = Ỹ (t)Ỹ −1(t0)y0 + t∫

t0 Ỹ (t)Ỹ −1(τ)Qτf(τ) dτ.� á¨«ã ¯à¨¢¥¤¥­­ëå ¢ëè¥ à ááã�¤¥­¨© á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 
Ptx(t) = L−1

t,1y(t) ¨ y0 = Lt0,1Pt0x0,   á«¥¤®¢ â¥«ì­®,
Ptx(t) = L−1

t,1 Ỹ (t)Ỹ −1(t0)Lt0,1Pt0x0 + t∫

t0 L−1
t,1 Ỹ (t)Ỹ −1(τ)Qτf(τ) dτ,¯à¨ç¥¬ íâ  äã­ªæ¨ï ª« áá  H1(X) ¯® ¯®áâà®¥­¨î ¢ á¨«ã ãá«®¢¨© â¥®-à¥¬ë ¨ â¥®à¥¬ë 2. �ã­ªæ¨ï x0(t) = −M−1

t,0 (I −Qt)f(t) ∈ H1(X) ¢ á¨«ãâ¥®à¥¬ë 2(ii) à §à¥è ¥â ãà ¢­¥­¨¥ (9), ®âªã¤  ¢ á¨«ã ®¯à¥¤¥«¥­¨ï 4á«¥¤ã¥â ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë.



� ¤ ç¨ ®¯â¨¬ «ì­®£® ¨ �¥áâª®£® ã¯à ¢«¥­¨ï 1773. �¯â¨¬ «ì­®¥ ¨ �¥áâª®¥ ã¯à ¢«¥­¨ïà¥è¥­¨ï¬¨ § ¤ ç¨ �®ã®«â¥à  | �¨¤®à®¢ ¤«ï ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ï�ë¤¥«¨¬ ¢ ¯à®áâà ­áâ¢¥H1(U) § ¬ª­ãâ®¥ ¢ë¯ãª«®¥ ¯®¤¬­®�¥áâ¢®
H1

∂(U) = Uad | ¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨©.�¯à¥¤¥«¥­¨¥ 5. �¥ªâ®à-äã­ªæ¨î v ∈ H1
∂(U) ­ §®¢¥¬ ®¯â¨¬ «ì-­ë¬ (�¥áâª¨¬) ã¯à ¢«¥­¨¥¬ à¥è¥­¨ï¬¨ § ¤ ç¨ (1), (2), ¥á«¨

J(v) = min
u∈H1

∂ (U) J(u), α ∈ (0, 1) (α = 1),£¤¥ ¯ àë (x, u) ∈ X ×H1
∂(U) ã¤®¢«¥â¢®àïîâ (1), (2).� á¨«ã â¥®à¥¬ë 4 ¯à¨ «î¡ëå x0 ∈ X, f ∈ H1(Y) ¨ u ∈ H1(U)áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ á¨«ì­®¥ à¥è¥­¨¥ x ∈ H1(X) § ¤ ç¨ (1), (2),¨¬¥îé¥¥ ¢¨¤

x(t) = X(t, t0)x0 + t∫

t0 X(t, s)L−1
s,1Qs(f(s) +Bu(s)) ds

−M−1
t,0 (I −Qt)(f(t) +Bu(t)). (10)� ä¨ªá¨àã¥¬ x0 ∈ X, f ∈ H1(Y) ¨ à áá¬®âà¨¬ (10) ª ª ®â®¡à �¥-­¨¥ D : u→ x(u).�¥¬¬  5. Ǒãáâì ¯à®áâà ­áâ¢  X, Y ¨ U £¨«ì¡¥àâ®¢ë. Ǒãáâì®¯¥à â®à-äã­ªæ¨ï Mt ∈ C(J;L (X;Y)) á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬  ¯®

t ∈ J, (L, 0)-®£à ­¨ç¥­ ,   í«¥¬¥­âë x0 ∈ X, f ∈ H1(Y) ä¨ªá¨à®¢ ­ë.�®£¤  ®â®¡à �¥­¨¥ D : H1(U) → H1(X), ®¯à¥¤¥«¥­­®¥ ä®à¬ã«®© (10),­¥¯à¥àë¢­®.�®ª § â¥«ìáâ¢®. � á¨«ã â®£®, çâ® B ∈ L (U;Y) ¨ ®¯¥à â®à-äã­ªæ¨ï Mt ­ã�­®£® ª« áá  £« ¤ª®áâ¨ ¯® t,   â ª�¥ ¢¨¤  à¥è¥­¨ï(10), ãâ¢¥à�¤¥­¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ â¥®à¥¬ 2 ¨ 4.� ¯à®áâà ­áâ¢¥ H1(Y) ¢¢¥¤¥¬ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥[y, z℄ = 1∑
q=0 T∫

t0 〈y(q), z(q)〉Y dt.



178 � £ ¤¥¥¢  �. �.�¥®à¥¬  5. Ǒãáâì ¯à®áâà ­áâ¢  X, Y ¨ U £¨«ì¡¥àâ®¢ë. Ǒãáâì®¯¥à â®à-äã­ªæ¨ï Mt ∈ C(J;L (X;Y)) á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬  ¯®
t ∈ J ¨ (L, 0)-®£à ­¨ç¥­ . �®£¤  ¯à¨ «î¡ëå x0 ∈ X, f ∈ H1(Y) áãé¥-áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ v ∈ H1

∂(U) § ¤ ç¨ (1){(4).�®ª § â¥«ìáâ¢®. Ǒ®«ì§ãïáì ®â®¡à �¥­¨¥¬ D ¨§ «¥¬¬ë 5, ¯¥à¥-¯¨è¥¬ äã­ªæ¨®­ « áâ®¨¬®áâ¨ (3) ¢ ¢¨¤¥
J(u) = ‖Cx(t;u)− zd‖2H1(Z) + [η, u℄,£¤¥ η(k)(t) = Nku

(k), k ∈ {0, 1}. �âªã¤ 
J(u) = π(u, u)− 2λ(u) + ‖zd − Cx(t; 0)‖2H1(Z),£¤¥ π(u, u) = ‖C(x(t;u)−x(t; 0))‖2H1(Z)+[η, u℄ | ¡¨«¨­¥©­ ï ­¥¯à¥àë¢-­ ï ª®íàæ¨â¨¢­ ï ä®à¬  ­  H1(U),  
λ(u) = 〈zd − Cx(t; 0), C(x(t;u) − x(t; 0))〉H1(Z)| «¨­¥©­ ï ­¥¯à¥àë¢­ ï ­  H1(U) ä®à¬ . �­ ç¨â, ãâ¢¥à�¤¥­¨¥ â¥®-à¥¬ë á«¥¤ã¥â ¨§ [17, £«. 1℄.�­ «®£¨ç­® ä®à¬ã«¨àã¥âáï à¥§ã«ìâ â ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨ï§ ¤ ç¨ �¥áâª®£® ã¯à ¢«¥­¨ï.�«¥¤áâ¢¨¥. Ǒãáâì ¯à®áâà ­áâ¢  X, Y ¨ U £¨«ì¡¥àâ®¢ë. Ǒãáâì®¯¥à â®à-äã­ªæ¨ï Mt ∈ C(J;L (X;Y)) á¨«ì­® ¤¨ää¥à¥­æ¨àã¥¬  ¯®

t ∈ J ¨ (L, 0)-®£à ­¨ç¥­ . �®£¤  ¯à¨ «î¡ëå x0 ∈ X ¨ f ∈ H1(Y)áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ �¥áâª®¥ ã¯à ¢«¥­¨¥ v ∈ H1
∂(U) § ¤ ç¨ (1){(3), (5). ����������1. � £à¥¡¨­  �. A. � § ¤ ç¥ �®ã®«â¥à  | �¨¤®à®¢  // �§¢. ¢ã§®¢. � â¥¬ â¨ª .2007. ü 3. �. 22{28.2. Favini A., Yagi A. Degenerate di�erential equations in Bana
h spa
es. New York;Basel; Hong Kong: Mar
el Dekker, In
., 1999.3. Pyatkov S. G. Operator theory. Non
lassi
al problems. Utre
ht; Boston; K�oln;Tokyo: VSP, 2002.4. Sidorov N., Loginov B., Sinitsyn A., Falaleev M. Lyapunov{Shmidt methods innonlinear analysis and appli
ations. Dordre
ht; Boston; London: Kluwer A
ad.Publ., 2002.
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��� 517.9������� � �����Ǒ������ �������������� Ǒ�������������. �. �¢¨à¨¤îª, ��. �. �«ì-�¥«ä¨�¥®à¨ï σ-®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¢ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å ª­ áâ®ïé¥¬ã ¢à¥¬¥­¨ ¤®áâ â®ç­® å®à®è® à §¢¨â  (á¬., ­ ¯à¨¬¥à, [1; 2,£«. 4℄), ¨¬¥¥â ¬­®£®ç¨á«¥­­ë¥ ¯à¨«®�¥­¨ï [3{6℄ ¨ ¤ �¥ à á¯à®áâà ­¥­ ­  «®ª «ì­® ¢ë¯ãª«ë¥ ¯à®áâà ­áâ¢  [7℄. � áâ «® ¢à¥¬ï à á¯à®áâà ­¥-­¨ï íâ®© â¥®à¨¨ ¨ ­  ª¢ §¨¡ ­ å®¢ë ¯à®áâà ­áâ¢  [8℄, ¯à¨ç¥¬ ­¥®¡å®¤¨-¬®áâì ¤¨ªâã¥âáï ­¥ â®«ìª® �¥« ­¨¥¬ ¯®¯®«­¨âì â¥®à¨î, ­® ¨ áâà¥¬«¥-­¨¥¬ ª ¡®«¥¥ ¯®«­®¬ã ¨áá«¥¤®¢ ­¨î ­¥ª« áá¨ç¥áª¨å ¬®¤¥«¥© ¬ â¥¬ -â¨ç¥áª®© ä¨§¨ª¨. Ǒ® âà ¤¨æ¨¨ [1℄ ­ ç­¥¬ á ¡ §®¢ëå ®¯à¥¤¥«¥­¨© [8℄,ª®â®àë¥ ¨««îáâà¨àã¥¬ ¯à¨¬¥à ¬¨ ¨§ ª¢ §¨á®¡®«¥¢áª¨å ¯à®áâà ­áâ¢[9℄. � â¥¬ ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ® à áé¥¯«¥­¨¨, ª®â®à ïà¥£« ¬¥­â¨àã¥â à áé¥¯«¥­¨¥ ¯ àë ª¢ §¨¡ ­ å®¢ëå ¯à®áâà ­áâ¢ ¢ ¯àï-¬ë¥ áã¬¬ë,   â ª�¥ à áé¥¯«¥­¨¥ ¤¥©áâ¢¨© ¯ àë «¨­¥©­ëå ®¯¥à â®à®¢,®â®¡à � îé¨å ®¤­® ª¢ §¨¡ ­ å®¢® ¯à®áâà ­áâ¢® ¢ ¤àã£®¥.1. �¢ §¨¡ ­ å®¢ë ¯à®áâà ­áâ¢ Ǒãáâì U | ­¥ª®â®àë© (¢®®¡é¥ £®¢®àï, ¡¥áª®­¥ç­®¬¥à­ë©) «¨­¥ «.�â®¡à �¥­¨¥ U‖ · ‖ : U → R ­ §ë¢ ¥âáï ª¢ §¨­®à¬®©, ¥á«¨(i) ∀u ∈ U U‖u‖ > 0, ¯à¨ç¥¬ U‖u‖ = 0 ⇔ u =0, £¤¥ 0∈ U;(ii) ∀u ∈ U ∀α ∈ R U‖αu‖ = |α|U‖u‖;(iii) ∀u, v ∈ U U‖u+ v‖ 6 K(U‖u‖+U ‖v‖), £¤¥ K ∈ [1,+∞).�á«¨ K = 1, â® ª¢ §¨­®à¬  U‖ · ‖ ­ §ë¢ ¥âáï ­®à¬®©. �¨­¥ « U,á­ ¡�¥­­ë© ª¢ §¨­®à¬®© U‖ · ‖, ­ §ë¢ ¥âáï ª¢ §¨­®à¬¨à®¢ ­­ë¬ ¯à®-áâà ­áâ¢®¬. � ¤ «ì­¥©è¥¬, ­¥ â¥àïï ®¡é­®áâ¨, ¡ã¤¥¬ ®â®�¤¥áâ¢«ïâì«¨­¥ « U ¨ ª¢ §¨­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢® (U,U ‖ · ‖).
© 2013 �¢¨à¨¤îª �. �., �«ì-�¥«ä¨ ��. �.



�¥®à¥¬  ® à áé¥¯«¥­¨¨ ¢ ª¢ §¨¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å 181Ǒ®á«¥¤®¢ â¥«ì­®áâì {uk} ⊂ U ­ §®¢¥¬ äã­¤ ¬¥­â «ì­®©, ¥á«¨
∀ε ∈ R+ ∃N ∈ N ∀k, l ∈ N (k, l > N) ⇒ (U‖uk − ul‖ < ε).Ǒ®á«¥¤®¢ â¥«ì­®áâì {uk} ⊂ U ­ §ë¢ ¥âáï áå®¤ïé¥©áï, ¥á«¨

∃u ∈ U ∀ε ∈ R+ ∃N ∈ N ∀k ∈ N (k > N) ⇒ (U‖uk − u‖ < ε).�¥ªâ®à u ∈ U ­ §ë¢ ¥âáï ¯à¥¤¥«®¬ áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨®¡®§­ ç ¥âáï u = lim
k→∞

uk. �¢ §¨­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢® U ­ -§ë¢ ¥âáï ¯®«­ë¬, ¥á«¨ «î¡ ï äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì
{uk} ⊂ U ¨¬¥¥â ¯à¥¤¥« u ∈ U. Ǒ®«­®¥ ª¢ §¨­®à¬¨à®¢ ­­®¥ ¯à®áâà ­-áâ¢® U ­ §ë¢ ¥âáï ª¢ §¨¡ ­ å®¢ë¬.�ã¤¥¬ £®¢®à¨âì, çâ® ª¢ §¨¡ ­ å®¢® ¯à®áâà ­áâ¢® U = (U,U ‖ · ‖)¢«®�¥­® ¢ ª¢ §¨¡ ­ å®¢® ¯à®áâà ­áâ¢® F = (F,F ‖ · ‖), ¥á«¨ U ⊂ F;­¥¯à¥àë¢­® ¢«®�¥­® U →֒ F, ¥á«¨ ®­® ¢«®�¥­®, F‖u‖ 6 
onstU ‖u‖ ¯à¨¢á¥å u ∈ U ¨ ª®­áâ ­â  ­¥ § ¢¨á¨â ®â u; ¯«®â­® ¨ ­¥¯à¥àë¢­® ¢«®-�¥­®, ¥á«¨ ¢¤®¡ ¢®ª U = F, ¯à¨ç¥¬ § ¬ëª ­¨¥ ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ª¢ §¨­®à¬ë F‖ · ‖.Ǒà¨¬¥à 1. Ǒãáâì ¯®á«¥¤®¢ â¥«ì­®áâì {λk} ⊂ R+ â ª®¢ , çâ®lim
k→∞

λk = +∞. Ǒ®  ­ «®£¨¨ á ¯à®áâà ­áâ¢ ¬¨ �®¡®«¥¢  Wm
q ¢¢¥¤¥¬ ¢à áá¬®âà¥­¨¥ ª¢ §¨á®¡®«¥¢áª¨¥ ¯à®áâà ­áâ¢ 

lmq = {u = {uk} ⊂ R : ∞∑

k=1 (λm2 |uk|
)q
< +∞

}
,£¤¥ m ∈ R, q ∈ R+. Ǒà®áâà ­áâ¢  lmq ª¢ §¨¡ ­ å®¢ë ¯à¨ ¢á¥å m ∈ R,

q ∈ R+ á ª¢ §¨­®à¬®©
m
q ‖u‖ = ( ∞∑

k=1 (λm2 |uk|
)q
)1/q

,¯à¨ íâ®¬ ®­¨ â®�¥ ¡ ­ å®¢ë, â®«ìª® ¥á«¨ q ∈ [1,+∞). �á«¨ q ∈ (0, 1),â® ª®­áâ ­â  à ¢­  K = 21/q. � ¬¥â¨¬ ¥é¥, çâ® ¥á«¨ m = 0, â® l0q = lq.� ª®­¥æ, ¨¬¥îâ ¬¥áâ®  ­ «®£¨ â¥®à¥¬ ¢«®�¥­¨ï �®¡®«¥¢ : lmq ⊂ lnq¯«®â­® ¨ ­¥¯à¥àë¢­® ¯à¨ ¢á¥å m > n.Ǒãáâì U = (U,U ‖ · ‖) ¨ F = (F,F ‖ · ‖) | ª¢ §¨¡ ­ å®¢ë ¯à®áâà ­-áâ¢ . �¨­¥©­ë© ®¯¥à â®à L : U → F, ®â®¡à � îé¨© ¯à®áâà ­áâ¢® U ¢



182 �¢¨à¨¤îª �. �., �«ì-�¥«ä¨ ��. �.¯à®áâà ­áâ¢® F, ­ §ë¢ ¥âáï ®£à ­¨ç¥­­ë¬, ¥á«¨ F‖Lu‖ 6 
onstU ‖u‖¯à¨ ¢á¥å u ∈ U ¨ ª®­áâ ­â  ­¥ § ¢¨á¨â ®â u, ¨ ­¥¯à¥àë¢­ë¬, ¥á-«¨ lim
k→∞

Luk = L( lim
k→∞

uk) ¤«ï «î¡®© áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì­®áâ¨
{uk} ⊂ U.� ª¢ §¨¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å á¯à ¢¥¤«¨¢® ¡ §®¢®¥ ãâ¢¥à�¤¥-­¨¥ äã­ªæ¨®­ «ì­®£®  ­ «¨§  | «¨­¥©­ë© ®¯¥à â®à ®£à ­¨ç¥­ â®ç­®â®£¤ , ª®£¤  ®­ ­¥¯à¥àë¢¥­. �­®�¥áâ¢® «¨­¥©­ëå ­¥¯à¥àë¢­ëå ®¯¥-à â®à®¢, ®â®¡à � îé¨å ¯à®áâà ­áâ¢® U ¢ ¯à®áâà ­áâ¢® F, ®¡®§­ ç¨¬á¨¬¢®«®¬ L (U;F). �â® ¯à®áâà ­áâ¢® ª¢ §¨¡ ­ å®¢® á ª¢ §¨­®à¬®©L (U;F)‖L‖ = sup

U‖u‖=1 F‖Lu‖.�¯¥à â®à L ∈ L (U;F) ­ §ë¢ ¥âáï â®¯«¨­¥©­ë¬ (â. ¥. â®¯®«®£¨ç¥-áª¨¬ ¨ «¨­¥©­ë¬) ¨§®¬®àä¨§¬®¬, ¥á«¨ áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à
L−1 ∈ L (F;U).Ǒà¨¬¥à 2. Ǒãáâì ­¥ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì {λk} ⊂ R â -ª®¢ , çâ® lim

k→∞
λk = +∞. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ª¢ §¨®¯¥à â®à � ¯« -á  �u = {λkuk}. �¯¥à â®à � ¯à¨­ ¤«¥�¨â L (lmq ; lm−2

q

) ¯à¨ ¢á¥å m ∈
R, q ∈ R+, ¯à¨ç¥¬ áãé¥áâ¢ã¥â ª¢ §¨®¯¥à â®à �à¨­  �−1u = {λ−1

k uk

},ª®â®àë© ¯à¨­ ¤«¥�¨â L (lm−2
q ; lmq ). � ª¨¬ ®¡à §®¬, ª¢ §¨®¯¥à â®à� ¯« á  � : lmq → lm−2

q | â®¯«¨­¥©­ë© ¨§®¬®àä¨§¬ ¯à¨ ¢á¥å m ∈ R,
q ∈ R+. 2. �¥®à¥¬  ® à áé¥¯«¥­¨¨Ǒãáâì U ¨ F | ª¢ §¨¡ ­ å®¢ë ¯à®áâà ­áâ¢ , L,M ∈ L (U;F). �¢¥-¤¥¬ ¢ à áá¬®âà¥­¨¥ L-à¥§®«ì¢¥­â­®¥ ¬­®�¥áâ¢®

ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L (F;U)}¨ L-á¯¥ªâà σL(M) = C \ ρL(M) ®¯¥à â®à  M . �¥âàã¤­® ¯®ª § âì,çâ® ¬­®�¥áâ¢® ρL(M) ¢á¥£¤  ®âªàëâ®, ¯®íâ®¬ã L-á¯¥ªâà ®¯¥à â®à  M¢á¥£¤  § ¬ª­ãâ. � ª�¥ ­¥âàã¤­® ¯®ª § âì, çâ® L-à¥§®«ì¢¥­â  (µL −
M)−1 ®¯¥à â®à  M £®«®¬®àä­  ­  ρL(M).�¯¥à â®à M ­ §ë¢ ¥âáï á¯¥ªâà «ì­® ®£à ­¨ç¥­­ë¬ ®â­®á¨â¥«ì-­® ®¯¥à â®à  L (ª®à®âª®, (L, σ)-®£à ­¨ç¥­­ë¬), ¥á«¨

∃a ∈ R+ ∀µ ∈ C (|µ| > a) ⇒
(
µ ∈ ρL(M)) .



�¥®à¥¬  ® à áé¥¯«¥­¨¨ ¢ ª¢ §¨¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å 183Ǒà¨¬¥à 3. Ǒãáâì U = lm+2
q , F = lmq . � ¤ ¤¨¬ ®¯¥à â®àë L,M ∈L (lm+2

q ; lmq ) ä®à¬ã« ¬¨ L = λ − �, M = α�, £¤¥ λ ∈ R, α ∈ R \
{0} | ­¥ª®â®àë¥ ª®­áâ ­âë. Ǒ®áª®«ìªã L-á¯¥ªâà σL(M) ®¯¥à â®à 
M á®áâ®¨â ¨§ â®ç¥ª {µk = αλk

λ−λk
, k ∈ N \ {l : λ = λl}

}, ®¯¥à â®à M(L, σ)-®£à ­¨ç¥­.Ǒà¨¬¥à 4. � áá¬®âà¨¬ ª¢ §¨®¯¥à â®à �à¨­  �−1 ∈ L (lmq ; lm+2
q

)ª ª ®¯¥à â®à �−1 ∈ L (lmq ; lmq ), çâ® ¢®§¬®�­® ¢ á¨«ã  ­ «®£  â¥®à¥¬¢«®�¥­¨ï �®¡®«¥¢ . Ǒ®«®�¨¬ U = F = lmq , L = �−1, M = I | ¥¤¨-­¨ç­ë© ®¯¥à â®à ­  lmq . Ǒ®áª®«ìªã L-á¯¥ªâà σL(M) ®¯¥à â®à  M ¢íâ®¬ á«ãç ¥ á®áâ®¨â ¨§ â®ç¥ª {λk}, ®¯¥à â®à M ­¥ ï¢«ï¥âáï (L, σ)-®£à ­¨ç¥­­ë¬.Ǒà¨¬¥à 3 ¯®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ ®â­®á¨â¥«ì­® σ-®£à ­¨ç¥­-­ëå ®¯¥à â®à®¢,   ¯à¨¬¥à 4 ãáâ ­ ¢«¨¢ ¥â â®â ä ªâ, çâ® ­¥ ¢á¥ ®¯¥à -â®àë ®â­®á¨â¥«ì­® σ-®£à ­¨ç¥­ë.Ǒãáâì ®¯¥à â®à M (L, σ)-®£à ­¨ç¥­. �ë¡¥à¥¬ ª®­âãà γ = {µ ∈ C :
|µ| = r > a} ¨ ¯®áâà®¨¬ ®¯¥à â®àë

P = 12πi ∫
γ

RL
µ (M) dµ, Q = 12πi ∫

γ

LL
µ (M) dµ,£¤¥ RL

µ (M) = (µL−M)−1L| ¯à ¢ ï,   LL
µ(M) = (µL−M)−1L| «¥¢ ï

L à¥§®«ì¢¥­âë ®¯¥à â®à M , ¯à¨ç¥¬ ¨­â¥£à «ë ¯®­¨¬ îâáï ¢ á¬ëá«¥�¨¬ ­ .�¥¬¬  1. Ǒãáâì ®¯¥à â®à M (L, σ)-®£à ­¨ç¥­. �®£¤  ®¯¥à â®àë
P ∈ L (U) (≡ L (U;U)) ¨ Q ∈ L (F) | ¯à®¥ªâ®àë.�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à�¤¥­¨ï ¯®çâ¨ ¤®á«®¢­® ¯®¢â®àï¥âá®®â¢¥âáâ¢ãîé¥¥ ¤®ª § â¥«ìáâ¢® ¤«ï á«ãç ï ¡ ­ å®¢ëå ¯à®áâà ­áâ¢(á¬. [1; 2, £«. 4℄), ¯®íâ®¬ã ®¯ãáª ¥âáï.Ǒ®«®�¨¬ U0 = kerP , U1 = imP , F0 = kerQ, F1 = imQ ¨ ç¥à¥§ Lk¨ Mk ®¡®§­ ç¨¬ áã�¥­¨¥ ®¯¥à â®à®¢ L ¨ M ­  Uk, k = 0, 1, á®®â¢¥â-áâ¢¥­­®.Ǒà¨¬¥à 5. Ǒãáâì ¯à®áâà ­áâ¢  U, F ¨ ®¯¥à â®àë L,M â ª¨¥, ª ª¢ ¯à¨¬¥à¥ 3. �®£¤ 

U0 = { {0}, ¥á«¨ λ /∈ {λk};
{u ∈ U : uk = 0, k ∈ N \ {l : λ = λl}};
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U1 = { U, ¥á«¨ λ /∈ {λk};

{u ∈ U : ul = 0, λl = λ}.Ǒ®¤¯à®áâà ­áâ¢  Fk, k = 0, 1, ®¯à¥¤¥«ïîâáï  ­ «®£¨ç­®.�¥®à¥¬  1 (â¥®à¥¬  ® à áé¥¯«¥­¨¨). Ǒãáâì ®¯¥à â®à M (L, σ)-®£à ­¨ç¥­. �®£¤ (i) Lk,Mk ∈ L (Uk;Fk), k = 0, 1;(ii) áãé¥áâ¢ãîâ ®¯¥à â®àë M−10 ∈ L (F0;U0) ¨ L−11 ∈ L (F1;U1).�®ª § â¥«ìáâ¢®. �â¢¥à�¤¥­¨¥ (i) ¢ëâ¥ª ¥â ¨§ «¥£ª® ¯à®¢¥àï¥-¬ëå â®�¤¥áâ¢ LP = QL ¨ MP = QM . �«ï ¤®ª § â¥«ìáâ¢  (ii) § ¬¥-â¨¬, çâ® ®¯¥à â®à M−10 à ¢¥­ áã�¥­¨î ®¯¥à â®à 
− 12πi ∫

γ

(µL−M)−1 dµ
µ­  ¯®¤¯à®áâà ­áâ¢® F0,   ®¯¥à â®à L−11 à ¢¥­ áã�¥­¨î ®¯¥à â®à 12πi ∫

γ

(µL−M)−1 dµ­  ¯®¤¯à®áâà ­áâ¢® F1. Ǒ®¤à®¡­¥¥ á¬. ¢ [2, £«. 4℄.�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ®¯¥à â®àë H = M−10 L0 ∈ L (U0) ¨ S =
L−11 M1 ∈ L (U1).�«¥¤áâ¢¨¥ 1. Ǒãáâì ®¯¥à â®à M (L, σ)-®£à ­¨ç¥­. �®£¤ (µL−M)−1 = −

∞∑

k=0HkM−10 (I −Q) + ∞∑

k=0µ−kSk−1L−11 Q, |µ| > a.�ã¤¥¬ £®¢®à¨âì, çâ® ∞ | ãáâà ­¨¬ ï ®á®¡ ï â®çª  L-à¥§®«ì¢¥­-âë ®¯¥à â®à  M , ¥á«¨ H ≡ O; ¯®«îá ¯®àï¤ª  p ∈ N, ¥á«¨ Hp 6= O,  
Hp+1 ≡ O; áãé¥áâ¢¥­­® ®á®¡ ï â®çª , ¥á«¨ Hk 6= O, k ∈ N. �¤®¡-­® ¢ ¤ «ì­¥©è¥¬ ãáâà ­¨¬ãî ®á®¡ãî â®çªã ¢ ¡¥áª®­¥ç­®áâ¨ ­ §ë¢ âì¯®«îá®¬ ¯®àï¤ª  ­ã«ì,   (L, σ)-®£à ­¨ç¥­­ë© ®¯¥à â®à M ­ §ë¢ âì(L, p)-®£à ­¨ç¥­­ë¬, ¥á«¨ ∞ | ­¥áãé¥áâ¢¥­­ ï ®á®¡ ï â®çª  ¥£® L-à¥-§®«ì¢¥­âë.Ǒà¨¬¥à 6. Ǒãáâì ¯à®áâà ­áâ¢  U, F ¨ ®¯¥à â®àë L,M â ª¨¥, ª ª¢ ¯à¨¬¥à¥ 3. �®£¤  ®¯¥à â®à M (L, 0)-®£à ­¨ç¥­. �¥©áâ¢¨â¥«ì­®, ª ª­¥âàã¤­® ¯®ª § âì, ¢ ¤ ­­®¬ á«ãç ¥ H = O.
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��� 517.956� ������������ �������� �������������� ��� Ǒ����������������������� �������� Ǒ�������. �. �¥«¥è¥¢ 1. Ǒ®áâ ­®¢ª  ®¡à â­®© § ¤ ç¨Ǒãáâì Q | ¯àï¬®ã£®«ì­¨ª {(x, t) : x ∈ (0, 1), t ∈ (0, T ), T < ∞}.� «¥¥, ¯ãáâì f(x, t), c(x, t), h(x, t) |äã­ªæ¨¨ ®¯à¥¤¥«¥­­ë¥ ¢Q, u0(x) |¨§¢¥áâ­ ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¯à¨ x ∈ [0, 1℄. �à¥¡ã¥âáï ­ ©â¨äã­ªæ¨¨ u(x, t), q(t), á¢ï§ ­­ë¥ ¢ ¯àï¬®ã£®«ì­¨ª¥ Q ãà ¢­¥­¨¥¬
ut + uxxxx + c(x, t)u = f(x, t) + q(t)h(x, t), (1)¯à¨ç¥¬ ¤«ï äã­ªæ¨¨ u(x, t) ¤®«�­ë ¢ë¯®«­ïâìáï ãá«®¢¨ï

ux(0, t) = 0, ux(1, t) = 0, (2)
uxxx(0, t) = 0, uxxx(1, t) = 0, (3)

u(0, t) = 0, (4)
u(x, 0) = 0, x ∈ [0, 1℄. (5)�¡à â­ë¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢ëá®ª®£® ¯®àï¤-ª  ¨§ãç¥­ë áà ¢­¨â¥«ì­® ¬ «®. � à ¡®â å [1, 2℄ ­¥¨§¢¥áâ­ë© ¯ à ¬¥âà§ ¢¨á¨â ®â ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®© x. �¡à â­ë¥ § ¤ ç¨ ¤«ï ¯ -à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï á ¯ à ¬¥âà®¬, § ¢¨áïé¨¬ ®â ¢à¥¬¥­­®© ¯¥-à¥¬¥­­®© t, à ­¥¥ à áá¬ âà¨¢ «¨áì â®«ìª® ¢ á«ãç ¥ ¨­â¥£à «ì­®£® ¯¥-à¥®¯à¥¤¥«¥­¨ï [3, 4℄. � ¯®¤®¡­®© ¯®áâ ­®¢ª¥ § ¤ ç¨ à ­¥¥ ­¥ ¨§ãç -«¨áì. �«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¯®áâ ¢«¥­­®© ®¡-à â­®© § ¤ ç¨ ­ ¬ ¯®âà¥¡ã¥âáï à §à¥è¨¬®áâì ­¥«®ª «ì­®© § ¤ ç¨ ¤«ïãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ .
© 2013 �¥«¥è¥¢  �. �.



� à §à¥è¨¬®áâ¨ «¨­¥©­®© ®¡à â­®© § ¤ ç¨ 1872. � §à¥è¨¬®áâì ­¥«®ª «ì­®© § ¤ ç¨Ǒãáâì f(x, t), c(x, t) | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¢Q, äã­ª-æ¨¨ αi(t), βi(t), γi(t), δi(t) (i = 0, 1, 2) § ¤ ­ë ¨ ®¯à¥¤¥«¥­ë ¯à¨ t ∈[0, T ℄. �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î v(x, t), ã¤®¢«¥â¢®àïîéãî ¢ ¯àï¬®-ã£®«ì­¨ª¥ Q ãà ¢­¥­¨î
vt + vxxxx + c(x, t)v = f(x, t), (6)¤«ï ª®â®à®© ¢ë¯®«­ïîâáï ãá«®¢¨ï

{
vx(0, t) = α1(t)v(0, t) + α2(t)v(1, t) + α0(t), t ∈ (0, T ),
vx(1, t) = β1(t)v(0, t) + β2(t)v(1, t) + β0(t), t ∈ (0, T ), (7)

{
vxxx(0, t) = γ1(t)v(0, t) + γ2(t)v(1, t) + γ0(t), t ∈ (0, T ),
vxxx(1, t) = δ1(t)v(0, t) + δ2(t)v(1, t) + δ0(t), t ∈ (0, T ), (8)

v(x, 0) = 0, x ∈ (0, 1). (9)�«ï ¯à®áâ®âë ¨§«®�¥­¨ï â¥®à¥¬ ¨ ¤®ª § â¥«ìáâ¢ ¢¢¥¤¥¬ ®¡®§­ -ç¥­¨ï:
η1(t) = δ1(t)− β′1(t) + α2(t)c(0, t), η2(t) = δ2(t)− β′2(t)− c(1, t)β2(t),
η3(t) = α′1(t)− γ1(t) + α1(t)c(0, t), η4(t) = α′2(t)− γ2(t)− β1(t)c(1, t),

η5(t) = α′2(t)c(0, t)− β′1(t)c(1, t).� ¤ «ì­¥©è¥¬ ¡ã¤¥â áãé¥áâ¢¥­­® ¨á¯®«ì§®¢ âìáï á«¥¤ãîé¥¥ ¨­-â¥£à «ì­®¥ ­¥à ¢¥­áâ¢®:
w2(y, t) 6 δ0 1∫0 w2

x(x, t) dx + 4
δ0 1∫0 w2(x, t) dx, (10)¢ ª®â®à®¬ δ0 | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, y ∈ [0, 1℄, t ∈ (0, T ).�¥®à¥¬  1. Ǒãáâì ¢ë¯®«­ïîâáï ¢ª«îç¥­¨ï c(x, t) ∈ C1(Q), f(x, t)

∈ L2(Q), ft(x, t) ∈ L2(Q), αi(t) ∈ C1([0, T ℄), βi(t) ∈ C1([0, T ℄), γi(t) ∈
C1([0, T ℄), δi(t) ∈ C1([0, T ℄) (i = 1, 2).�à®¬¥ â®£®, ¯ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

α1(t)ξ2 + [α2(t)− β1(t)℄ξζ − β2(t)ζ2 > 0,
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ct(x, t) 6 0 ¯à¨ (x, t) ∈ Q,

c(x, t)− δ

δ20 [γ21(t) + γ22(t) + δ21(t) + δ22(t)] > 0,
c(x, t)− 4

δδ20 [γ21(t) + γ22(t) + δ21(t) + δ22(t)] > 0,£¤¥ δ ¨ δ0 | ¯®«®�¨â¥«ì­ë¥ ç¨á«  â ª¨¥, çâ®
δ2δ20 6

14 , 4δ20
δ2 6

14 .�®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ ­¥«®ª «ì­®© § ¤ ç¨ (6){(9) â ª®¥, çâ® v(x, t) ∈
W 4,12 (Q).�®ª § â¥«ìáâ¢®. Ǒãáâì

V = {v(x, t) : v(x, t) ∈W 4,12 (Q), vxxt(x, t) ∈ L2(Q)}.�®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨. Ǒãáâì ε | ä¨ªá¨à®¢ ­­®¥ ¯®-«®�¨â¥«ì­®¥ ç¨á«®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã: ­ ©â¨ à¥-è¥­¨¥ ãà ¢­¥­¨ï
vt + vxxxx − εvxxt + c(x, t)v = f(x, t), (6ε)ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (7){(9)�®ª § â¥«ìáâ¢® à §à¥è¨¬®áâ¨ íâ®© § ¤ ç¨ ¡ã¤¥â ¯à®¢¥¤¥­® ­¨�¥á ¯®¬®éìî ¬¥â®¤  ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã, à¥è¥­¨¥ § ¤ ç¨ (6){(9) ¡ã¤¥â ¯®«ãç¥­® á ¯®¬®éìî ¯à¥¤¥«ì­®£® ¯¥à¥å®¤ . Ǒ®áª®«ìªã ¨¤«ï ¯à¨¬¥­¥­¨ï â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã, ¨ ¤«ï¯®á«¥¤ãîé¥£® ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ­¥®¡å®¤¨¬ë å®à®è¨¥  ¯à¨®à­ë¥®æ¥­ª¨, ãáâ ­®¢¨¬ ¢­ ç «¥ ¨å ­ «¨ç¨¥.� áá¬®âà¨¬ à ¢¥­áâ¢®:

t∫0 1∫0 [vτ + vxxxx − εvxxτ + c(x, τ)v℄(vτ − vxxτ ) dxdτ= t∫0 1∫0 f(x, τ)(vτ − vxxτ ) dxdτ.



� à §à¥è¨¬®áâ¨ «¨­¥©­®© ®¡à â­®© § ¤ ç¨ 189�­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï ãá«®¢¨ï (7){(9), ­¥âàã¤­® ®â¤ ­­®£® à ¢¥­áâ¢  ¯¥à¥©â¨ ª á«¥¤ãîé¥¬ã:
t∫0 1∫0 v2τ dxdτ + (1 + ε) t∫0 1∫0 v2xτ dxdτ + 12 1∫0 v2xx(x, t) dx+ 12 1∫0 v2xxx(x, t) dx + 12 1∫0 c(x, t)v2x(x, t) dx+ ε

t∫0 1∫0 v2xxτ dxdτ + 12 1∫0 c(x, t)v2(x, t) dx
− 12 t∫0 1∫0 cτ (x, τ)v2 dτ − 12 t∫0 1∫0 cτ (x, τ)v2x dτ + (1 + ε) t∫0 [α1(τ)v2τ (0, τ)+ [α2(τ) − β1(τ)℄vτ (1, τ)vτ (0, τ) − β2(τ)v2τ (1, τ)] dτ= [δ1(t)v(0, t) + δ2(t)v(1, t)℄vxx(1, t)− [γ1(t)v(0, t) + γ2(t)v(1, t)℄vxx(0, t)+ δ0(t)vxx(1, t)− γ0(t)vxx(0, t)+ t∫0 [ [η2(τ)− εβ′2(τ)℄′2 + β′2(τ)c(1, τ)℄v2(1, τ) dτ

−
t∫0 [η1(τ) − εβ′1(τ)℄vτ (1, τ)v(0, τ) dτ+ t∫0 [ [η3(τ) − εα′1(t)℄′2 − α′1(τ)c(0, τ)℄v2(0, τ) dτ

−
t∫0 [η4(τ) − εα′2(τ)℄vτ (0, τ)v(1, τ) dτ+ t∫0 [β′1(τ)− δ′1(τ)℄v(0, τ)vxx(1, τ) dτ + t∫0 [β1(τ)− δ1(τ)℄vτ (0, τ)vxx(1, τ) dτ+ t∫0 [β′2(τ)− δ′2(τ)℄v(1, τ)vxx(1, τ) dτ + t∫0 [β2(τ)− δ2(τ)℄vτ (1, τ)vxx(1, τ) dτ



190 �¥«¥è¥¢  �. �.+ t∫0 [γ′1(τ)−α′1(τ)℄v(0, τ)vxx(0, τ) dτ+ t∫0 [γ1(τ)−α1(τ)℄vτ (0, τ)vxx(0, τ) dτ+ t∫0 [γ′2(τ)−α′2(τ)℄v(1, τ)vxx(0, τ) dτ+ t∫0 [γ2(τ)−α2(τ)℄vτ (1, τ)vxx(0, τ) dτ
−

t∫0 [δ0(τ)− (1 + ε)β′0(τ)℄vτ (1, τ) dτ−
t∫0 [(1 + ε)α′0(τ) + γ0(τ)℄vτ (0, τ) dτ

−
t∫0 [α′2(τ)c(0, τ)−β′1(τ)c(1, τ)℄v(1, τ)v(0, τ) dτ− t∫0 [δ′0(τ)−β′0(τ)℄vxx(1, τ) dτ+ t∫0 [α′0(τ) − γ′0(τ)℄vxx(0, τ) dτ + t∫0 c(1, τ)β′0(τ)v(1, τ) dτ

−
t∫0 c(0, τ)α′0(τ)v(0, τ) dτ

−
t∫0 [δ2(τ) − (1 + ε)β′2(τ) − c(1, τ)β2(τ)℄uτ (1, τ)u(1, τ) dτ

−
t∫0 [(1 + ε)α′1(τ) − c(0, τ)α1(τ) − γ1(τ)℄uτ (0, τ)u(0, τ) dτ

−
t∫0 1∫0 cx(x, τ)vvxτ dxdτ + t∫0 1∫0 f(x, τ)vτ dxdτ −

1∫0 t∫0 f(x, τ)vxxτ dxdτ.�ç¨âë¢ ï, çâ® âà¨ ¯®á«¥¤­¨å á« £ ¥¬ëå «¥¢®© ç áâ¨ ¤ ­­®£® à ¢¥­-áâ¢  ­¥®âà¨æ â¥«ì­ë (¨§ ãá«®¢¨© â¥®à¥¬ë) ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®
t∫0 1∫0 v2τ dxdτ + (1 + ε) t∫0 1∫0 v2xτ dxdτ + 12 1∫0 v2xx(x, t) dx



� à §à¥è¨¬®áâ¨ «¨­¥©­®© ®¡à â­®© § ¤ ç¨ 191+ 12 1∫0 v2xxx(x, t) dx + 12 1∫0 c(x, t)v2x(x, t) dx + t∫0 1∫0 εv2xxτ dxdτ+ 12 1∫0 c(x, t)v2(x, t) dx − 12 t∫0 1∫0 cτ (x, τ)v2 dτ 6 |�|,£¤¥ ç¥à¥§ � ®¡®§­ ç¥­  ¯à ¢ ï ç áâì ¯à¥¤ë¤ãé¥£® à ¢¥­áâ¢ .Ǒà¨¬¥­¨¬ ª ¯¥à¢ë¬ ¤¢ã¬ á« £ ¥¬ë¬ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢®�­£ , § â¥¬ ¨á¯®«ì§ã¥¬ ¨­â¥£à «ì­ë¥ ­¥à ¢¥­áâ¢  (10), ¯®«ãç¨¬ á«¥-¤ãîéãî æ¥¯®çªã ­¥à ¢¥­áâ¢
|[δ1(t)v(0, t) + δ2(t)v(1, t)℄vxx(1, t) + [γ1(t)v(0, t) + γ2(t)v(1, t)℄vxx(0, t)|

6
δ202 v2xx(1, t) + 1

δ20 [δ21(t)v2(0, t) + δ22(t)v2(1, t)℄ + δ202 v2xx(0, t)+ 1
δ20 [γ21(t)v2(0, t) + γ22(t)v2(1, t)℄

6
δ

δ20 [δ21(t) + δ22(t) + γ21(t) + γ22(t)℄ 1∫0 v2x(x, t) dx+ 4
δ20δ [δ21(t) + δ22(t) + γ21(t) + γ22(t)℄ 1∫0 v2(x, t) dx+ δ20 [δ 1∫0 v2xxx(x, t) dx + 4

δ

1∫0 v2xx(x, t) dx℄�áâ «ì­ë¥ á« £ ¥¬ë¥ ¢å®¤ïé¨¥ ¢ ¢ëà �¥­¨¥ �, á ¯®¬®éìî ­¥à -¢¥­áâ¢ �­£  ¨ (10) ¡ã¤ãâ ¯®¤ç¨­ïâìáï ­¥®âà¨æ â¥«ì­ë¬ á« £ ¥¬ë¬«¥¢®© ç áâ¨. Ǒ®ª �¥¬ íâ® ­  ¯à¨¬¥à¥ è¥áâ®£® á« £ ¥¬®£®:
∣∣∣∣∣∣

t∫0 [η1(τ) − εβ′1(τ)℄vτ (1, τ)v(0, τ) dτ ∣∣∣∣∣∣
6
δ22 t∫0 v2τ (1, τ) dτ + 12δ2 t∫0 [η1(τ) − εβ′1(τ)℄2v2(0, τ) dτ
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6
δ2C2 t∫0 1∫0 (v2xτ + v2τ) dxdτ + C2δ2 max

t∈[0,T ℄ |[η1(t)− εβ′1(t)℄2|
×

t∫0 1∫0 (v2x + v2) dxdτǑà¨¬¥­ïï ¢á¥ ¢ëè¥áª § ­­®¥ ª ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  ¨ ¨á-¯®«ì§ãï «¥¬¬ã �à®­ã®«« , ¯®«ãç¨¬ ®æ¥­ªã
t∫0 1∫0 v2τ dxdτ + 1∫0 v2xx(x, t) dx + 1∫0 v2xxx(x, t) dx+ t∫0 1∫0 v2xτ dxdτ + ε

t∫0 1∫0 v2xxτ dxdτ 6 N.£¤¥ N | ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â ¨áå®¤­ëå ¤ ­­ëå ¨ ç¨á« 
ε. �ç¥¢¨¤­®, çâ® â ª�¥ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

t∫0 1∫0 v2xxxx dxdτ 6 N.� §à¥è¨¬®áâì § ¤ ç¨ (6ε), (7){(9) ¤®ª §ë¢ ¥âáï á ¯®¬®éìî â¥®-à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã [5℄. Ǒãáâì λ | ç¨á«® ¨§®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t) ï¢-«ïîéãîáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (6ε), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (9),  â ª�¥ ãá«®¢¨ï¬
{
vx(0, t) = λ[α1(t)v(0, t) + α2(t)v(1, t)℄ + α0(t), t ∈ (0, T ),
vx(1, t) = λ[β1(t)v(0, t) + β2(t)v(1, t)℄ + β0(t), t ∈ (0, T ), (7λ)

{
vxxx(0, t) = λ[γ1(t)v(0, t) + γ2(t)v(1, t)℄ + γ0(t), t ∈ (0, T ),
vxxx(1, t) = λ[δ1(t)v(0, t) + δ2(t)v(1, t)℄ + δ0(t), t ∈ (0, T ). (8λ)� ª ¨§¢¥áâ­®, ¤ ­­ ï § ¤ ç  à §à¥è¨¬  ¢ ¯à®áâà ­áâ¢¥ V , ¥á«¨¨¬¥¥â ¬¥áâ®  ¯à¨®à­ ï ®æ¥­ª  ¢á¥¢®§¬®�­ëå ¥¥ à¥è¥­¨© ¢ ¯à®áâà ­-áâ¢¥ V [5℄. Ǒ®áª®«ìªã (11) ¨ ¥áâì âà¥¡ã¥¬ ï ®æ¥­ª , ¯®«ãç¨«¨, çâ®



� à §à¥è¨¬®áâ¨ «¨­¥©­®© ®¡à â­®© § ¤ ç¨ 193§ ¤ ç  (6ε), (7λ), (8λ), (9) à §à¥è¨¬  ¯à¨ ¢á¥å λ ¨§ ®âà¥§ª  [0, 1℄, â. ¥.¨ ¯à¨ λ = 1.� «¥¥ ãáâ ­®¢¨¬ ®æ¥­ª¨, à ¢­®¬¥à­ë¥ ¯® ε. Ǒ®¢â®à¨¬ ¤¥©áâ¢¨ï¯®«ãç¥­¨ï ­¥à ¢¥­áâ¢  (11) §  ¨áª«îç¥­¨¥¬ á« £ ¥¬®£® ¢ ¯à ¢®© ç -áâ¨, ¯à¥¤áâ ¢«ïîé¥£® á®¡®© ¨­â¥£à « ®â äã­ªæ¨¨ f(x, τ)vxxτ . �«ïíâ®£® á« £ ¥¬®£® ¢ë¯®«­¨¬ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¯® ¯¥à¥¬¥­­®©
τ . Ǒà¨¬¥­ïï ª ¢®§­¨ªè¨¬ ¨­â¥£à « ¬ ­¥à ¢¥­áâ¢® �­£  ¨ ¯®¢â®àïï¢á¥ ®áâ «ì­ë¥ ¢ëª« ¤ª¨, ¯à®¤¥« ­­ë¥ à ­¥¥, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

t∫0 1∫0 v2τ dxdτ + 1∫0 v2xx(x, t) dx + 1∫0 v2xxx(x, t) dx+ t∫0 1∫0 v2xτ dxdτ + ε

t∫0 1∫0 v2xxτ dxdτ + t∫0 1∫0 v2xxxx dxdτ 6 N0,£¤¥ N0 | ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â ¨áå®¤­ëå ¤ ­­ëå ¨ ­¥ § -¢¨áïé ï ®â ε. �â  ®æ¥­ª  ¯®§¢®«ï¥â ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯à¨ ε → 0 ¨ ¢¯à¥¤¥«¥ ¯®«ãç¨âì âà¥¡ã¥¬®¥ à¥è¥­¨¥.�¥®à¥¬  ¤®ª § ­ .3. � §à¥è¨¬®áâì ®¡à â­®© § ¤ ç¨� áá¬®âà¨¬ ã¯à®é¥­­ãî á¨âã æ¨î: ¯ãáâì c(x, t) ≡ c(t).�«ï ¯à®áâ®âë ¨§«®�¥­¨ï â¥®à¥¬ë ¨ ¤®ª § â¥«ìáâ¢  ¢¢¥¤¥¬ á«¥¤ã-îé¨¥ ®¡®§­ ç¥­¨ï:
f1(x, t) = f(x, t)− f(0, t)h(x, t)

h(0, t) , h1(x, t) = h(x, t)
h(0, t) ,

α0(t) = f1x(0, t), β0(t) = f1x(1, t), γ0(t) = f1xxxx(0, t), δ0(t) = f1xxxx(1, t),
α1(t) = h1x(0, t), β2(t) = h1x(1, t), γ1(t) = h1xxx(0, t), δ2(t) = h1xxx(1, t).�¥®à¥¬  2. Ǒãáâì ¤«ï äã­ªæ¨© c(t), f(x, t), ft(x, t), αi(t), βi(t),
γi(t) (i = 0, 2), f1xxxx(x, t), f1xxxxt(x, t), hxxxx(x, t), hxxxxt(x, t) ¢ë¯®«-­ïîâáï ¢ª«îç¥­¨ï c(t) ∈ C1([0, T ℄), f(x, t) ∈ L2(Q), ft(x, t) ∈ L2(Q),
αi(t) ∈ C1([0, T ℄), βi(t) ∈ C1([0, T ℄), γi(t) ∈ C1([0, T ℄), δi(t) ∈ C1([0, T ℄)(i = 0, 2), f1xxxx ∈ L2(Q), f1xxxxt ∈ L2(Q), h(x, t) ∈ L2(Q), fxxxx(x, t) ∈
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L2(Q), hxxxx(x, t) ∈ C(Q), hxxxxt(x, t) ∈ C(Q). � «¥¥, ¯ãáâì ¢ë¯®«­ï-îâáï ãá«®¢¨ï

[
α1(t)− 12h21xxxx(x, t)] ξ2 + [α2(t)− β1(t)℄ξζ − β2(t)ζ2 > 0,

h(0, t) 6= 0, ¯à¨ t ∈ [0, T ℄,
c(t) > c0 > 0, ¯à¨ t ∈ [0, T ℄.�®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ ®¡à â­®© § ¤ ç¨ (1){(5) â ª®¥, çâ®

u(x, t) ∈ W 4,12 (Q), q(t) ∈ L2(Q)�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t),ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î
vt + vxxxx + c(t)v = f1xxxx(x, t) + h1xxxx(x, t)v(0, t) (12)¨ ãá«®¢¨ï¬
{
vx(0, t) = α1(t)v(0, t) + α0(t), t ∈ (0, T ),
vx(1, t) = β2(t)v(1, t) + β0(t), t ∈ (0, T ), (13)

{
vxxx(0, t) = γ1(t)v(0, t) + γ0(t), t ∈ (0, T ),
vxxx(1, t) = δ2(t)v(1, t) + δ0(t), t ∈ (0, T ). (14)

v(x, 0) = v0(x), x ∈ (0, 1). (15)� §à¥è¨¬®áâì ­¥«®ª «ì­®© § ¤ ç¨ (12){(15) ¯®ª �¥¬ á ¯®¬®éìî¬¥â®¤  ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã. Ǒãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0, 1℄.� áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t), ã¤®¢«¥â¢®àïîéãî ãà ¢­¥-­¨î
vt + vxxxx + c(t)v = f1xxxx(x, t) + λh1xxxx(x, t)v(0, t) (12λ)¨ ãá«®¢¨ï¬ (13){(15).�§ â¥®à¥¬ë 1 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï § ¤ ç¨ (12λ), (13){(15) ¯à¨ λ = 0. �«ï â®£® çâ®¡ë ¯®«ãç¨âì à §à¥è¨¬®áâì § ¤ ç¨ ¯à¨¢á¥å λ (¢ â®¬ ç¨á«¥ ¨ ¯à¨ λ = 1), ¤®áâ â®ç­® ãáâ ­®¢¨âì ­ «¨ç¨¥ à ¢-­®¬¥à­®© ¯® λ  ¯à¨®à­®© ®æ¥­ª¨ à¥è¥­¨© íâ®© § ¤ ç¨ ¢ ¯à®áâà ­áâ¢¥
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W 4,12 (Q). �«ï ¯®«ãç¥­¨ï ­¥®¡å®¤¨¬ëå ­¥à ¢¥­áâ¢ à áá¬®âà¨¬ à ¢¥­-áâ¢®

t∫0 1∫0 [vτ + vxxxx + c(τ)v℄[vτ − vxxτ ℄ dxdτ= t∫0 1∫0 [f1xxxx(x, τ) + h1xxxx(x, τ)v(0, tau)℄[vτ − vxxτ ℄ dxdτ.Ǒ®¢â®àïï ¤¥©áâ¢¨ï ¯à¨ ¯®«ãç¥­¨¨ ­¥à ¢¥­áâ¢  (11) ¨ ãç¨âë¢ ïãá«®¢¨ï â¥®à¥¬ë 2, ¨¬¥¥¬ ®æ¥­ªã
t∫0 1∫0 v2τ dxdτ + 1∫0 v2xx(x, t) dx + 1∫0 v2xxx(x, t) dx+ t∫0 1∫0 v2xτ dxdτ + t∫0 1∫0 v2xxxx dxdτ 6 N1,£¤¥ N1 | ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â ¨áå®¤­ëå ¤ ­­ëå. �§ ¯®«ã-ç¥­­®© ®æ¥­ª¨ á®£« á­® â¥®à¥¬¥ ® ¬¥â®¤¥ ¯à®¤®«�¥­¨¨ ¯® ¯ à ¬¥âàãá«¥¤ã¥â à §à¥è¨¬®áâì ­¥«®ª «ì­®© § ¤ ç¨ (12λ), (13){(15) ¯à¨ ¢á¥å λ¨§ ®âà¥§ª  [0, 1℄. � ç áâ­®áâ¨, à §à¥è¨¬  § ¤ ç  (12), (13){(15).Ǒ®ª �¥¬, çâ® á ¯®¬®éìî à¥è¥­¨ï v(x, t), ¬®�­® ¯®áâà®¨âì à¥è¥-­¨¥ u(x, t), q(t) ¨áå®¤­®© ®¡à â­®© § ¤ ç¨. �¬¥¥¬

uxxxx(x, t) = v(x, t), (16)
ux(0, t) = 0, t ∈ [0, T ℄, ux(1, t) = 0, t ∈ [0, T ℄, (17)
uxxx(1, t) = 0, t ∈ [0, T ℄, u(0, t) = 0, t ∈ [0, T ℄. (18)�§ íâ¨å à ¢¥­áâ¢ ­ å®¤¨¬ u(x, t).� «¥¥, ¯®«®�¨¬ w(x, t) = vt + vxxxx+ c(t)v− f(x, t). �ç¥¢¨¤­®, çâ®¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

∂4
∂x4w(x, t) = 0, w(0, t) = 0, wx(0, t) = wx(0, t) = 0, wxxx(1, t) = 0.�«¥¤®¢ â¥«ì­®, w(x, t) ≡ 0, t ∈ [0, T ℄.



196 �¥«¥è¥¢  �. �.�àã£¨¬¨ á«®¢ ¬¨, ¤«ï ®¯à¥¤¥«¥­­®© ¯® à¥è¥­¨î äã­ªæ¨¨ v(x, t)§ ¤ ç¨ (12){(15), u(x, t) ¢ë¯®«­ï¥âáï ãà ¢­¥­¨¥ (1). �¥¯¥àì ®ç¥¢¨¤­®,çâ® äã­ªæ¨¨ u(x, t) ¨ q(t) = uxxxx(0,t)−f(0,t)
h(0,t) á¢ï§ ­ë ¢ ¯àï¬®ã£®«ì­¨ª¥

Q ãà ¢­¥­¨¥¬ (1). Ǒ®ª �¥¬, çâ® ¤«ï äã­ªæ¨¨ u(x, t) ¢ë¯®«­ï¥âáïãá«®¢¨¥ uxxx(0, t) = 0. Ǒà®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (1) âà¨�¤ë ¯®¯¥à¥¬¥­­®© x ¨ ¯®«®�¨¬ x = 0, ¯®«ãç¨¬ uxxxt(0, t) + c(t)uxxx(0, t) =0, ¨ â ª ª ª c(t) > c0 > 0 ¯à¨ t ∈ [0, T ℄ ¨ ¨¬¥¥â ¬¥áâ® ãá«®¢¨¥ (5),â® uxxx(0, t) = 0. �«¥¤®¢ â¥«ì­®, ¤«ï äã­ªæ¨¨ u(x, t) ¢ë¯®«­ïîâáïãá«®¢¨ï (2){(5).�â «® ¡ëâì, ¯®áâà®¥­­ë¥ äã­ªæ¨¨ u(x, t), q(t) ¯à¨­ ¤«¥� â âà¥-¡ã¥¬ë¬ ª« áá ¬ ¨ ¤ îâ à¥è¥­¨¥ § ¤ ç¨ (1){(5). �¥®à¥¬  ¤®ª § ­ .� ®¡é¥¬ á«ãç ¥ c = c(x, t) ¢¬¥áâ® ãà ¢­¥­¨ï (12) ¯®ï¢¨âáï ãà ¢­¥-­¨¥ á ¤®¯®«­¨â¥«ì­ë¬¨ á« £ ¥¬ë¬¨ cx(x, t), cxx(x, t), cxxx(x, t) ¨
cxxxx(x, t). �¥¬ á ¬ë¬ § ¤ ç  ­ å®�¤¥­¨ï äã­ªæ¨¨ u(x, t) ®ª �¥âáï­¥ à á¯ ¤ îé¥©áï ­  ¤¢¥ ­¥§ ¢¨á¨¬ë¥ § ¤ ç¨ ­ å®�¤¥­¨ï äã­ªæ¨¨
v(x, t) ¯® ãà ¢­¥­¨î (12) ¨ ãá«®¢¨ï¬ (13){(15) ¨ ¤ «¥¥ ­ å®�¤¥­¨ïäã­ªæ¨¨ u(x, t) ¯® ãà ¢­¥­¨î (16) ¨ ãá«®¢¨ï¬ (17), (18). � ª¨å-«¨¡®¯à¨­æ¨¯¨ «ì­ëå § âàã¤­¥­¨© ®¡é¨© á«ãç © ­¥ ¯®à®�¤ ¥â, ­¥®¡å®¤¨-¬ë¥  ¯à¨®à­ë¥ ®æ¥­ª¨ «¥£ª® ¢ë¢®¤ïâáï á ¯®¬®éìî ­¥ª®â®àëå ãá«®¢¨©¬ «®áâ¨ ­  ¢¥«¨ç¨­ë |cx(x, t)|, |cxx(x, t)|, |cxxx(x, t)| ¨ |cxxxx(x, t)|.����������1. �¨à¨««®¢  �. �. �¡à â­ ï § ¤ ç  ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢ëá®ª®£® ¯®-àï¤ª  á ­¥¨§¢¥áâ­ë¬ ª®íää¨æ¨¥­â®¬ ¯à¨ à¥è¥­¨¨ ¢ á«ãç ¥ ¨­â¥£à «ì­®£® ¯¥-à¥®¯à¥¤¥«¥­¨ï // � â. § ¬¥âª¨ ���. 2003. �.10, ¢ë¯. 1. �.34{35.2. �®� ­®¢ �. �., �¨à¨««®¢  �. �. � ­¥ª®â®àëå ®¡à â­ëå § ¤ ç å ¤«ï ¯ à ¡®«¨-ç¥áª®£® ãà ¢­¥­¨ï ç¥â¢¥àâ®£® ¯®àï¤ª  // � â. § ¬¥âª¨ ���. 2000. �. 7, ¢ë¯. 1.�.35{48.3. �¥«¥è¥¢  �. �. �¡à â­ ï § ¤ ç  ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢ëá®ª®£® ¯®-àï¤ª : á«ãç © ­¥¨§¢¥áâ­®£® ª®íää¨æ¨¥­â , § ¢¨áïé¥£® ®â ¢à¥¬¥­¨ // �¥áâ­¨ª���. � â¥¬ â¨ª  ¨ ¨­ä®à¬ â¨ª . 2010/9. �. 175{1824. �¥«¥è¥¢  �. �. � à §à¥è¨¬®áâ¨ ®¡à â­®© § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥-­¨ï ¢ëá®ª®£® ¯®àï¤ª  á ­¥¨§¢¥áâ­ë¬ ª®íää¨æ¨¥­â®¬ ¯à¨ ¯à®¨§¢®¤­®© ¯® ¢à¥-¬¥­¨ // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 2. �. 180{201.5. �à¥­®£¨­ �. �. �ã­ªæ¨®­ «ì­ë©  ­ «¨§. �.: �¨§¬ â«¨â, 2002.£. �« ­-�¤í 30 á¥­âï¡àï 2013 £.



��� 512.6:519.61� n-Ǒ������������ ������������������� �������� ������������������������. �. �¥¤®à®¢�áå®¤ï ¨§ ®á­®¢­®© â¥®à¥¬ë £ ãáá®¢ëå á¨áâ¥¬ [1℄, ¢ [2℄ á ®¡é¨å¯®§¨æ¨© à áá¬®âà¥­  â¥®à¨ï ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ [3℄.� ¤ ­­®© áâ âì¥ ¯à¨¬¥­¨¬ ¯®¤å®¤ à ¡®âë [2℄ ¤«ï ¨§ãç¥­¨ï ¯®çâ¨ ¯¥à¨-®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬, å®âï íâ¨ á¨áâ¥¬ë ¢ ¤®áâ â®ç­®© ¬¥à¥à áá¬®âà¥­ë ¢ [3{5℄.Ǒãáâì § ¤ ­  á«¥¤ãîé ï ®¤­®à®¤­ ï £ ãáá®¢  á¨áâ¥¬ :
∞∑

p=0 aj,j+p

aj,j
xj+p = 0, j = 0, 1, 2, . . . . (1)� [1℄ ¯®«ãç¥­  ®á­®¢­ ï â¥®à¥¬  ® ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëåãá«®¢¨ïå áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ®¤­®à®¤­ëå ¡¥áª®-­¥ç­ëå £ ãáá®¢ëå á¨áâ¥¬ (1).�¥®à¥¬ . �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ®¤­®à®¤­®© £ ãáá®¢®© á¨áâ¥¬ë (1) ï¢«ï¥âáï¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å ãá«®¢¨© ¤«ï ª �¤®£® j:

∞∑

p=0 (−1)paj,j+p

aj,j

p−1∏
k=0S(j + k) = 0, j = 0, 1, 2, . . . , (2)£¤¥ ¤«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© ¯à¨­ïâ® −1∏

k=0S(j + k) = 1 ¤«ï ¢á¥å j.
© 2013 �¥¤®à®¢ �. �.



198 �¥¤®à®¢ �. �.Ǒà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2) à¥è¥­¨¥¬ á¨áâ¥¬ë (1) ï¢«ïîâáï ¢ë-à �¥­¨ï ¢¨¤ 
xi = (−1)ix0

i−1∏
k=0S(k) , i = 1, 2, . . . , (3)£¤¥ x0 | ¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, S(k) ã¤®¢«¥â¢®àïîâ ãà ¢-­¥­¨ï¬ (2) ¤«ï ª �¤®£® j.�¨áâ¥¬  ãà ¢­¥­¨© (2) ­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ª®©,   ç¨á«  S(i)| å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨ á®®â¢¥âáâ¢ãîé¥£® à¥è¥­¨ï (3) £ ãá-á®¢®© á¨áâ¥¬ë (1) [1, 3, 4℄.� ¯®¬­¨¬, çâ® ¥á«¨ ª®íää¨æ¨¥­âë ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (1)á®åà ­ïîâáï ¤«ï ¢á¥å ¤àã£¨å ãà ¢­¥­¨© á¨áâ¥¬ë, â® â ª¨¥ á¨áâ¥¬ë ­ -§ë¢ îâáï ¯¥à¨®¤¨ç¥áª¨¬¨,   ¥á«¨ ¯¥à¨®¤¨ç¥áª¨ ¯®¢â®àïîâáï ª®íää¨-æ¨¥­âë ¡®«¥¥ ç¥¬ ®¤­®£® ¨§ ¯¥à¢ëå ãà ¢­¥­¨© ¤«ï ¤àã£¨å ãà ¢­¥­¨©á¨áâ¥¬ë, â® â ª¨¥ á¨áâ¥¬ë ­ §ë¢ îâáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¬¨.� áá¬®âà¨¬ ç áâ­ë© á«ãç © £ ãáá®¢®© á¨áâ¥¬ë,   ¨¬¥­­® ¯®çâ¨¯¥à¨®¤¨ç¥áªãî á¨áâ¥¬ã, ¯à¨ íâ®¬ ¯®« £ ¥¬, çâ® ¯¥à¨®¤¨ç¥áª¨ ¯®¢â®-àïîâáï á ¯¥à¨®¤®¬ n ª®íää¨æ¨¥­âë ¯¥à¢ëå n ãà ¢­¥­¨© ¤«ï ¤àã£¨åãà ¢­¥­¨© á¨áâ¥¬ë.�â ª, ª®íää¨æ¨¥­âë á¨áâ¥¬ë (1) (¤«ï ¯à®áâ®âë ¯®« £ ¥¬ aj,j = 1)¨¬¥îâ ¢¨¤

aj,j+p =  ap, j = nl,

bp, j = nl+ 1,
. . .

gp, j = nl+ n− 1, p > 0, l = 0, 1, 2, . . . . (4)Ǒà¨ íâ®¬ ¢ ¢ëà �¥­¨¨ (4) ¢ á¨«ã ¯à¥¤¯®«®�¥­¨ï ® aj,j ¤®«�­ë ¢ë-¯®«­ïâìáï à ¢¥­áâ¢  a0 = b0 = · · · = g0 = 1.� íâ®¬ á«ãç ¥ å à ªâ¥à¨áâ¨ª  (2) ª �¤®£® à¥è¥­¨ï ãà ¢­¥­¨ï á¨-



� n-¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ å 199áâ¥¬ë (1) á ª®íää¨æ¨¥­â ¬¨ (4) ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 1 ¨¬¥¥â ¢¨¤




∞∑
p=0 (−1)pap

p−1∏
k=0S(j+k) = 0, j = nl,

∞∑
p=0 (−1)pbp

p−1∏
k=0S(j+k) = 0, j = nl + 1,

. . .
∞∑

p=0 (−1)pgp

p−1∏
k=0S(j+k) = 0, j = nl + n− 1, p > 0, l = 0, 1, 2, . . . . (5)

� ¬¨ ãà ¢­¥­¨ï ¢ á¨áâ¥¬¥ (5) ï¢«ïîâáï ¡¥áª®­¥ç­ë¬¨ á¨áâ¥¬ ¬¨ ¢§ ¢¨á¨¬®áâ¨ ®â j. � ¯à¨¬¥à, ¯¥à¢®¥ ãà ¢­¥­¨¥ à á¯¨è¥âáï â ª:




j = 0 a0 − 1
S(0)(a1 − a2

S(1) + a3
S(1)S(2) − a4

p−1∏
k=1S(k) + . . .

) = 0,
j = n a0 − 1

S(n)(a1 − a2
S(n+1) + a3

p−1∏
k=1S(n+k) − . . .

) = 0,
. . . ,

j = nl a0 − 1
S(nl)(a1 − a2

S(nl+1) + a3
p−1∏
k=1 S(nl+k) − . . .

) = 0,
. . . ,

(6)
£¤¥ l = 0, 1, 2, . . . . �à ¢­¨¢ ï ª �¤®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (6) ¤àã£ á¤àã£®¬, ¬®�­® áç¨â âì, çâ®

S(0) = S(n) = S(2n) = · · · = S(nl) = · · · = S(0) = 
onst . (7)�®£¤  ¯®ï¢«ï¥âáï ¢®§¬®�­®áâì æ¨ª«¨ç¥áª®£® ¤®¯ãé¥­¨ï ¢ë¯®«­¥­¨ïá®®â­®è¥­¨©:
S(1) = S(n+ 1) = S(2n+ 1) = · · · = S(nl + 1) = · · · = S(1) = 
onst, . . .
S(n− 1) = S(n+ n− 1) = · · · = S(nl + n− 1) = · · · = S(n−1) = 
onst .(8)� ©¤¥¬ à¥è¥­¨ï á¨áâ¥¬ë (1) á ª®íää¨æ¨¥­â ¬¨ (4), ¥á«¨ ®­¨ áã-é¥áâ¢ãîâ, ¤«ï ª®â®àëå ¢ë¯®«­¥­ë ãá«®¢¨ï (8). Ǒãáâì ã¤®¢«¥â¢®àïîâ-



200 �¥¤®à®¢ �. �.áï ãá«®¢¨ï (8). �®£¤  ¯¥à¢ ï á¨áâ¥¬  ¢ (5) á ãç¥â®¬ (7) ¨ (8) ¯à¥®¡à -§ã¥âáï ¢ ®¤­® ãà ¢­¥­¨¥:
n−1∑
l=0 ∞∑

p=0 (−1)np+lanp+l

l−1∏
k=0S(k) µp(n) = 0, (9)£¤¥ 1

S(0)S(1) . . . S(n−1) = µ(n). (10)�«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© §¤¥áì ¨ ­¨�¥ áç¨â ¥¬, çâ® −1∏
k=0S(k) = 1.�­ «®£¨ç­® à á¯¨áë¢ ï, ª ª ¨ (6), ¢â®àãî á¨áâ¥¬ã ¢ (5), á ãç¥â®¬(7) ¨ (8) â ª�¥ ¯à¥®¡à §ã¥¬ ¥¥ ¢ ®¤­® ãà ¢­¥­¨¥:

n−1∑
l=0 ∞∑

p=0 (−1)np+lbnp+l

l∏
k=1S(k) µp(n) = 0, (11)Ǒà®¤®«� ï â ª¨¬ ®¡à §®¬ ¤«ï ®áâ «ì­ëå á¨áâ¥¬ ¢ (5), ¯®«ãç¨¬ãà ¢­¥­¨ï,  ­ «®£¨ç­ë¥ (9) ¨ (11), ª®â®àë¥ ¢ ®¡é¥¬ á«ãç ¥ ¢ë£«ï¤ïââ ª:

n−1∑
l=0 ∞∑

p=0 (−1)np+lgt
np+l

l+t−1∏
k=t

S(k) µp(n) = 0, t = 0, 1, . . . , n− 1,
g0np+l = anp+l, g

1
np+l = bnp+l, . . . , g

n−1
np+l = gnp+l.

(12)� ç áâ­®áâ¨, ¯à¨ t = 0 ¨ t = 1 ¯®«ãç¨¬ á®®â¢¥âáâ¢¥­­® á®®â­®è¥­¨ï(9) ¨ (11) á®®â¢¥âáâ¢¥­­®.Ǒ®áª®«ìªã l+t−1∏
k=t

S(k) = l−1∏
k=0S(k+t), ¢ëà �¥­¨¥ (12) ®ª®­ç â¥«ì­®¯à¨¬¥â ¢¨¤

n−1∑
l=0 ∞∑

p=0 (−1)np+lgt
np+l

l−1∏
k=0S(k+t) µp(n) = 0, t = 0, 1, . . . , n− 1. (13)�¨áâ¥¬ã (13) ¬®�­® ­ §ë¢ âì å à ªâ¥à¨áâ¨ª®© á ¬®© á¨áâ¥¬ë (1) áª®íää¨æ¨¥­â ¬¨ (4).



� n-¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ å 201�¥®¡å®¤¨¬® ¯®¤ç¥àª­ãâì, çâ® ¯à¨ à áªàëâ¨¨ ä®à¬ã«ë (13) ¯® t­ã�­® ãç¨âë¢ âì á®®â­®è¥­¨ï (7) ¨ (8), ¢á«¥¤áâ¢¨¥ ç¥£® ¨¬¥îâ ¬¥áâ®¯¥à¨®¤¨ç¥áª¨¥ à ¢¥­áâ¢  á ¯¥à¨®¤®¬ n:
S(0) = S(n) = S(2n) = . . . , S(1) = S(n+1) = S(2n+1) = . . . , (14)¨ â. ¤.�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

∞∑

p=0(−1)npgt
np+lµ

p(n) = f t
l (µ, n), (15)¯à¨ íâ®¬ ¤®¯ãáª ¥¬, çâ® áâ¥¯¥­­ë¥ àï¤ë ¢ (15) ¨¬¥îâ ®¡é¨© ªàã£ ¡á®«îâ­®© áå®¤¨¬®áâ¨ á à ¤¨ãá®¬ R > 0. �®£¤  (13) ¯¥à¥¯¨è¥âáïâ ª:

f t0(µ, n) + n−1∑
l=1 (−1)lf t

l (µ, n)
S(t) l−1∏

k=1S(k+t) = 0, t = 0, 1, . . . , n− 1. (16)�âáî¤ 
S(t) = S(t)(n) = n−1∑

l=1 (−1)l+1f t
l (µ, n)

f t0(µ, n) l−1∏
k=1S(k+t) = 0, t = 0, n− 1, (17)¯à¨ íâ®¬ ¯®« £ ¥¬, çâ® f t0(µ, n) 6= 0.Ǒ¥à¢ë¥ âà¨ ãà ¢­¥­¨ï ®â­®á¨â¥«ì­® S(0) = S(0)(n), S(1) = S(1)(n),

S(2) = S(2)(n) ¢ (17) ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤ ( à£ã¬¥­âë µ, n ¤«ï äã­ª-æ¨© f t
l (µ, n) ®¯ãé¥­ë):

S(0) = f01
f00 − f02

f00S(1) + 1
S(1)S(2)[f03f00 + n−1∑

l=4 (−1)l+1f0l
f00 l−1∏

k=3S(k) ],
S(1) = f11

f10 + 1
S(2) n−1∑

l=2 (−1)l+1f1l
f10 l∏

k=3S(k) ,
S(2) = n−2∑

l=1 (−1)l+1f2l
f20 l+1∏

k=3S(k) + (−1)nf2n−1
f20S(0) n−1∏

k=3 S(k) .
(18)



202 �¥¤®à®¢ �. �.� ¯®á«¥¤­¥¬ ãà ¢­¥­¨¨ ãçâ¥­® à ¢¥­áâ¢® S(n) = S(0), ª®â®à®¥ á«¥¤ã¥â¨§ á®®â­®è¥­¨© (14). �ç¥¢¨¤­®, çâ® à¥è¥­¨¥ á¨áâ¥¬ë (18) á¢®¤¨âáï ªà¥è¥­¨î ®¤­®£® ª¢ ¤à â­®£® ãà ¢­¥­¨ï, à¥è¨¢ ª®â®à®¥ ­ ©¤¥¬
S(0)(n) = E0(µ, n, S(3)(n), S(4)(n), . . . , S(n−1)(n));
S(1)(n) = E1(µ, n, S(3)(n), S(4)(n), . . . , S(n−1)(n)); (19)
S(2)(n) = E2(µ, n, S(3)(n), S(4)(n), . . . , S(n−1)(n)).Ǒà¨ t = 3 á®®â­®è¥­¨¥ (17) ¤ ¥â

S(3)(n) = n−3∑
l=1 (−1)l+1f3l

f30 l+2∏
k=4S(k) + (−1)n−1f3n−2

f30S(0) n−1∏
k=4 S(k) + (−1)nf3n−1

f30S(0)S(1) n−1∏
k=4 S(k) . (20)Ǒ®¤áâ ¢«ïï §­ ç¥­¨ï S(0), S(1) ¨§ (19) ¢ (20), ¯®«ãç¨¬  «£¥¡à ¨-ç¥áª®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® S(3), à¥è¨¢ ª®â®à®¥, ­ ©¤¥¬

S(3)(n) = E3(µ, n, S(4)(n), S(5)(n), . . . , S(n−1)(n)). (21)� á¢®î ®ç¥à¥¤ì, ¯®¤áâ ¢«ïï (21) ¢ (19), ¯¥à¥¯¨è¥¬ (19) ¢ ¢¨¤¥
S(0)(n) = E0(µ, n, S(4)(n), S(5)(n), . . . , S(n−1)(n));
S(1)(n) = E1(µ, n, S(4)(n), S(5)(n), . . . , S(n−1)(n)); (22)
S(2)(n) = E2(µ, n, S(4)(n), S(5)(n), . . . , S(n−1)(n)).Ǒà®¤®«� ï íâ®â ¯à®æ¥áá ¤«ï t = 4 ¨ ¤ «¥¥, ¢ ª®­æ¥ ª®­æ®¢ ¯®«ãç¨¬

S(n−2)(n) = En−2(µ, n, S(n−1)(n)), (23)á«¥¤®¢ â¥«ì­®,
S(0)(n) = E0(µ, n, S(n−1)(n)), . . . , S(n−3)(n) = En−3(µ, n, S(n−1)(n)).(24)Ǒà¨ t = n − 1 á®®â­®è¥­¨¥ (17) á ãç¥â®¬ (23) ¨ (24) ¤ ¥â ãà ¢­¥-­¨¥ ®â­®á¨â¥«ì­® ®¤­®£® ­¥¨§¢¥áâ­®£® S(n−1)(n), à¥è¨¢ ª®â®à®¥ ­ ©¤¥¬

S(n−1)(n) ¨ â¥¬ á ¬ë¬ ¢ëà §¨¬ ¢á¥ S(i)(n), i = 0, 1, . . . , n− 1, ç¥à¥§ µ:
S(0)(n) = F0(µ, n), S(1)(n) = F1(µ, n), . . . , S(n−1)(n) = Fn−1(µ, n). (25)



� n-¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ å 203� ãç¥â®¬ (25) á®®â­®è¥­¨¥ (10) ¤ ¥â á«¥¤ãîé¥¥ å à ªâ¥à¨áâ¨ç¥-áª®¥ ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï ¯ à ¬¥âà  µ:1− µF0(µ, n)F1(µ, n) . . . Fn−1(µ, n) = 0. (26)�¥®à¥¬ . �á«¨ µ ï¢«ï¥âáï ª®à­¥¬ ãà ¢­¥­¨ï (26), â® ¢ëà �¥­¨¥¢¨¤ 
xni = (−1)niµix0, xni+1 = (−1)ni+1µix0

S(0) , xni+2 = (−1)ni+2µix0
S(0)S(1) ,

. . . , xni+(n−1) = (−1)ni+(n−1)µix0
S(0)S(1) . . . S(n−2) , i = 0, 1, . . . ,∞. (27)ï¢«ï¥âáï à¥è¥­¨¥¬ £ ãáá®¢®© á¨áâ¥¬ë (1) á ª®íää¨æ¨¥­â ¬¨ (4).�®ª § â¥«ìáâ¢®. � á¨«ã ¢ë¯®«­¥­¨ï ãá«®¢¨© (8) ¤«ï å à ªâ¥-à¨áâ¨ç¥áª¨å ç¨á¥« S(i) ¨ ãá«®¢¨© (14) ¤«ï ç¨á¥« S(i) å à ªâ¥à¨áâ¨ª (5) ¨áª®¬®£® à¥è¥­¨ï ¯à¥®¡à §ã¥âáï ¢ ª®­¥ç­ãî á¨áâ¥¬ã (16), ª ª ¢íâ®¬ ã¡¥¤¨«¨áì ¢ëè¥. Ǒãáâì µ0 ï¢«ï¥âáï ª®à­¥¬ ãà ¢­¥­¨ï (26). �â®§­ ç¥­¨¥ µ0 ¯®¤áâ ¢«ï¥¬ ¢ (25) ¨ ­ å®¤¨¬ ¢á¥ S(i)(n), i = 0, 1, . . . , n−1.�ç¥¢¨¤­®, çâ® ¯à¨ íâ¨å §­ ç¥­¨ïå S(i)(n), i = 0, 1, . . . , n−1, ãà ¢­¥­¨¥(26) á ãç¥â®¬ (10) ¯à¥¢à é ¥âáï ¢ â®�¤¥áâ¢®. Ǒ®áª®«ìªã ¢ëà �¥­¨ï(25) ï¢«ïîâáï à¥è¥­¨¥¬ (10), á¨áâ¥¬  (10) ã¤®¢«¥â¢®àï¥âáï ¯à¨ µ = µ0.�®£¤  á ãç¥â®¬ á®®â­®è¥­¨© (7), (8) ¨ (14) ¨ â¥®à¥¬ë 1, â. ¥. ä®à-¬ã«ë (3), «¥£ª® ã¡¥�¤ ¥¬áï, çâ® ¢ëà �¥­¨¥ (27) ï¢«ï¥âáï à¥è¥­¨¥¬£ ãáá®¢®© á¨áâ¥¬ë (1) á ª®íää¨æ¨¥­â ¬¨ (4). �¥©áâ¢¨â¥«ì­®, ä®à¬ã-«  (3) ¯à¨ 0 6 i 6 n − 1 ¨ ä®à¬ã«  (27) ¯à¨ i = 0 á®¢¯ ¤ îâ. � «¥¥,áà ¢­¨¢ ï ä®à¬ã«ã (3) ¯à¨ 0 6 i 6 2n− 1 ¨ ä®à¬ã«ã (27) ¯à¨ i = 1 ¨â. ¤., ã¡¥�¤ ¥¬áï, çâ® íâ¨ ¢ëà �¥­¨ï ¯®«­®áâìî á®¢¯ ¤ îâ, â¥¬ á ¬ë¬â¥®à¥¬  ¤®ª § ­ .�¥®à¥¬ã 2 ¬®�­® ¤®ª § âì ¨ ­¥¯®áà¥¤áâ¢¥­­®, ¨á¯®«ì§ãï  ¯à¨®à¨§ ¤ ­­ë¥ ¢ëà �¥­¨ï (27).�¥ ­ àãè ï ®¡é­®áâ¨, ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢¥¤¥¬ ¤«ï ¯¥à-¢®© á¨áâ¥¬ë ¢ (1) á ª®íää¨æ¨¥­â ¬¨ (4), â. ¥. ¤«ï ªà â­ëå ç¨á«ã n
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∞∑

p=0 apxj+p = ∞∑

p=0 apxnl+p = ∞∑

p=0 anpxnl+np + ∞∑

p=0 anp+1xnl+np+1+ ∞∑

p=0 anp+2xnl+np+2 + · · ·+ ∞∑

p=0 anp+n−1xnl+np+n−1. (28)Ǒ®¤áâ ¢«ïï á®®â­®è¥­¨ï (27) ¯à¨ µ = µ0 ¢ (28), ¯®«ãç¨¬
∞∑

p=0(−1)n(l+p)anpµ
l+p0 x0 − ∞∑

p=0 (−1)n(l+p)anp+1µl+p0 x0
S(0) + ∞∑

p=0(−1)n(l+p)
× anp+2µl+p0 x0

S(0)S(1) + · · ·+ ∞∑

p=0 (−1)n(l+p)+(n−1)anp+(n−1)µl+p0 x0
S(0)S(1) . . . S(n−2)= (−1)nlµl0x0[ n−1∑

i=0 ∞∑

p=0 (−1)np+ianp+iµ
p0

i−1∏
k=0S(k) ]

.� ãç¥â®¬ ãà ¢­¥­¨ï (16) ¯à¨ t = 0 ¨ ®¡®§­ ç¥­¨© (15) ¯®«ãç¨¬(−1)nlµl0x0[ n−1∑
i=0 (−1)if0i (µ0, n)i−1∏

k=0S(k) ] = 0,çâ® ¯®ª §ë¢ ¥â ã¤®¢«¥â¢®à¥­¨¥ ãà ¢­¥­¨© á¨áâ¥¬ë (1) á ª®íää¨æ¨¥­-â ¬¨ (4) ¯à¨ j = nl, l = 0, 1, 2, . . . . �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï ã¤®¢«¥-â¢®à¥­¨¥ ®áâ «ì­ëå ãà ¢­¥­¨© á¨áâ¥¬ë (1) ¯®®ç¥à¥¤­® ¯à¨ j = nl+1,
j = nl+ 2, . . . , j = nl+ n− 1, l = 0, 1, 2, . . . . �¥®à¥¬  ¤®ª § ­ . �Ǒãáâì § ¤ ­  ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« aj,j â ª¨å, çâ® aj,j 6= 0 ¤«ï«î¡®£® j. �®áâ ¢¨¬ ¨§ íâ¨å ç¨á¥« ¨ ¨§ ª®íää¨æ¨¥­â®¢ ap, bp, . . . , gpá¨áâ¥¬ë (1) á¨áâ¥¬ã ª®íää¨æ¨¥­â®¢ aj,j+p á«¥¤ãîé¨¬ ®¡à §®¬:
aj,j+p = apaj+p,j+p, j = nl, l = 0, 1, . . . , p = 0, 1, . . . ,

bpaj+p,j+p, j = nl+ 1, l = 0, 1, . . . , p = 0, 1, . . . ,
. . .

gpaj+p,j+p, j = nl+ n− 1, l = 0, 1, . . . , p = 0, 1, . . . . (29)



� n-¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ å 205Ǒ®áâà®¨¬ ¨§ ª®íää¨æ¨¥­â®¢ (29), (13) £ ãáá®¢ã ®¤­®à®¤­ãî ¡¥á-ª®­¥ç­ãî á¨áâ¥¬ã, ªà âª ï § ¯¨áì ª®â®à®© ¨¬¥¥â ¢¨¤
∞∑

p=0 aj,j+pxj+p = 
∞∑

p=0 apaj+p,j+pxj+p = 0, j = nl,

∞∑
p=0 bpaj+p,j+pxj+p = 0, j = nl + 1,
. . . ,
∞∑

p=0 gpaj+p,j+pxj+p = 0, j = nl + n− 1, (30)£¤¥ l = 0, 1, 2, . . . .�¥§ âàã¤  ¤®ª §ë¢ ¥âáï á«¥¤ãîé ï�¥®à¥¬ . �¥è¥­¨ï ¡¥áª®­¥ç­®© á¨áâ¥¬ë á à §­®áâ­ë¬¨ ¨­¤¥ªá -¬¨ (1) á ª®íää¨æ¨¥­â ¬¨ (4) ¨ á¨áâ¥¬ë (30) á ®¤­¨¬ ¨ â¥¬ �¥ å à ª-â¥à¨áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ (26) ¨§®¬®àä­ë.�«¥¤áâ¢¨¥. �ëà �¥­¨ï ¢¨¤ 
xni = (−1)niµix0

ani,ni
, xni+1 = (−1)ni+1µix0

S(0)ani+1,ni+1 , . . . ,
xni+(n−1) = (−1)ni+(n−1)µix0

S(0)S(1) . . . S(n−2)ani+n−1,ni+n−1 , i = 0, 1, . . . . (31)ï¢«ïîâáï à¥è¥­¨ï¬¨ ¡¥áª®­¥ç­®© á¨áâ¥¬ë (30), £¤¥ µ | ª®à­¨ å à ª-â¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï (26).� ¬¥ç ­¨¥. Ǒà¨ n = 1 á¨áâ¥¬  (30), ®ç¥¢¨¤­®, ¯¥à¨®¤¨ç¥áª ï[2, 3℄. Ǒà¨ n = 2 ¨ n = 3 á¨áâ¥¬ë ¢¨¤  (30) à ­¥¥ ­ §¢ ­ë ¯®çâ¨ ¯¥à¨-®¤¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨ [3{5℄. Ǒà¨ n → ∞ ¯®«ãç¨¬ £ ãáá®¢ã á¨áâ¥¬ã ¢®¡é¥¬ ¢¨¤¥.� ª¨¬ ®¡à §®¬, £ ãáá®¢ë¬ ¡¥áª®­¥ç­ë¬ á¨áâ¥¬ ¬ ¢¨¤  (30) ¬®�-­® ¤ âì ®¡é¥¥ ­ §¢ ­¨¥ | n-¯¥à¨®¤¨ç¥áª¨¥ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë á¯¥à¨®¤®¬ n. �á­®, çâ® ¯à¨ n = 1 â ª¨¥ á¨áâ¥¬ë ­ §¢ ­ë ¯à®áâ® ¯¥à¨-®¤¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨.�¥¯¥àì à áá¬®âà¨¬ ª®­ªà¥â­ë¥ ¯à¨¬¥àë, ª®£¤  n = 2 ¨ n = 3.�â¨ á«ãç ¨ á¯¥æ¨ «ì­® ¨§ãç¥­ë à ­¥¥ [3{5℄ ¨, ª ª ãª § ­® ¢ëè¥, á®®â-¢¥âáâ¢ãîé¨¥ ¨¬ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë ­ §¢ ­ë ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¬¨.



206 �¥¤®à®¢ �. �.�®«¥¥ â®£®, ¨¬¥­­® íâ¨ á«ãç ¨ ¢ ¤ ­­®© áâ âì¥ ¯®«ãç¨«¨ ¯àï¬®¥ ®¡®¡-é¥­¨¥ ­  ¯à®¨§¢®«ì­®¥ ç¨á«® n. �â ª, ¯ãáâì n = 2.�®£¤  â¥®à¥¬  2, â®ç­¥¥, ä®à¬ã«  (27) ¤ ¥â
x2i = µix0, x2i+1 = −1µix0

S(0)(2) ,£¤¥ µ ®¯à¥¤¥«ï¥âáï ¨§ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï (26), ª®â®à®¥ ¢¤ ­­®¬ á«ãç ¥ á ãç¥â®¬ ®¡®§­ ç¥­¨© (25) ¨¬¥¥â ¢¨¤1− µF0(µ, 2)F1(µ, 2) = 1− µS(0)(2)S(1)(2) = 0.�á«¨ ¯à¨¢¥áâ¨ ®¡®§­ ç¥­¨ï ¢ á®®â¢¥âáâ¢¨¥ á à ¡®â®© [5℄, â. ¥. S(0)(2) =
S′, S(1)(2) = S′′, â® ®¡®§­ ç¥­¨¥ (10) ¤ ¥â1

S(0)(2)S(1)(2) = µ(2) = 1
S′S" = µ.�¢¥¤¥¬ äã­ªæ¨¨ fi, ϕi, i = 1, 2, á®£« á­® [5℄. �®£¤  å à ªâ¥à¨áâ¨ç¥áª®¥ãà ¢­¥­¨¥ ¯¥à¥¯¨è¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

f2(µ)ϕ2(µ) − µf1(µ)ϕ1(µ) = 0.�¥¬ á ¬ë¬ à¥§ã«ìâ âë ¤ ­­®£® ¯à¨¬¥à  ¯®«­®áâìî á®¢¯ ¤ îâ á à¥-§ã«ìâ â ¬¨ à ¡®âë [3℄.Ǒà¨ n = 3 ¢ á¨«ã â¥®à¥¬ë 2 ¨¬¥¥¬
x3i = (−1)iµix0, x3i+1 = (−1)i+1µix0

S(0)(3) , x3i+2 = (−1)iµix0
S(0)(3)S(1)(3) .� «¥¥  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¯à¨¬¥àã ã¡¥�¤ ¥¬áï, çâ® à¥§ã«ìâ âë¤ ­­®£® ¯à¨¬¥à  ¯®«­®áâìî á®¢¯ ¤ îâ á à¥§ã«ìâ â®¬ à ¡®âë [5℄.����������1. �¥¤®à®¢ �. �. � â¥®à¨¨ £ ãáá®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥-áª¨å ãà ¢­¥­¨© (�����) // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 2. �. 209{217.2. �¥¤®à®¢ �. �. � â¥®à¨¨ ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à -¨ç¥áª¨å ãà ¢­¥­¨© // � â. § ¬¥âª¨ ���. 2013. �. 20, ¢ë¯. 1. �. 141{152.3. �¥¤®à®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©. �®¢®á¨¡¨àáª: � ãª , 2009.4. �¥¤®à®¢ �. �. �¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨ ¨å¯à¨«®�¥­¨ï. �®¢®á¨¡¨àáª: � ãª , 2011.5. �¥¤®à®¢ �. �. �¡ ®¡®¡é¥­¨ïå ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨-­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© // � â. § ¬¥âª¨ ���. 2011. �. 18, ¢ë¯. 1.�. 147{154.£. �ªãâáª 28 ¨î«ï 2013 £.



��� 517.518.85�� ����� �Ǒ��������. �. �����������®å®«®¢ �. �.�«ï âà¥ã£®«ì­®© ¬ âà¨æë ã§«®¢ ¨­â¥à¯®«¨à®¢ ­¨ï M = {xk,n} ­ ®âà¥§ª¥ [−1, 1℄ ¯® n-© áâà®ª¥ −1 6 x0,n < x1,n < · · · < xn,n 6 1, n =3, 4, 5, . . . , ¤«ï «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ f(x) ∈ C[−1, 1℄ ®¯à¥¤¥«¨¬¨­â¥à¯®«ïæ¨®­­ë© ¯à®æ¥áá � £à ­�  {Ln(M, f, x)}∞n=3:
Ln(M, f, x) = n∑

k=0 f(xk,n)lk,n(M, x), (1)£¤¥
lk,n = ωn(x)

ω′
n(xk,n)(x − xk,n) , ωn(x) = n∏

i=0(x− xk,n).�«¥¤ãï �. �. �¥à­èâ¥©­ã [1℄, ¯à¨ «î¡®¬ n > 3 ¤«ï äã­ªæ¨¨ f(x) ∈
C[−1, 1℄ ¯®«®�¨¬

Bn(M, f, x) = n∑

k=0 f(xk,n)λk,n(M, x), (2)£¤¥
λ0,n(M, x) = l0,n(M, x), λn,n(M, x) = ln,n(M, x),

λ1,n(M, x) = 3l1,n(M, x) + l2,n(M, x)4 ,

λn−1,n(M, x) = 3ln−1,n(M, x) + ln−2,n(M, x)4 ,

λk,n(M, x) = lk−1,n(M, x) + 2lk,n(M, x) + lk+1,n(M, x)4 .
© 2013 �®å®«®¢ �. �.



208 �®å®«®¢ �. �.�¨««§ ¨ � à¬  [2℄ à áá¬®âà¥«¨ ¯à®æ¥áá (2) ¢ á«ãç ¥ ¬ âà¨æë �¥-¡ëè¥¢  ¢â®à®£® à®¤ , â. ¥. ¬ âà¨æë U , n-ï áâà®ª  ª®â®à®© á®áâ®¨â ¨§­ã«¥© ¬­®£®ç«¥­ 
ωn+1(U, x) = (1− x2)Un−1(x),£¤¥ Un−1 | ¬­®£®ç«¥­ �¥¡ëè¥¢  ¢â®à®£® à®¤  áâ¥¯¥­¨ n − 1, ¨ ¯®ª -§ «¨, çâ® lim

n→∞
max

x∈[−1,1℄ |f(x) −Bn(U, f, x)| = 0¤«ï «î¡®© äã­ªæ¨¨ f(x) ∈ C[−1, 1℄ (­  á ¬®¬ ¤¥«¥ ¢ [2℄ ¯®«ãç¥­ ¡®«¥¥á¨«ì­ë© à¥§ã«ìâ â ® ¯®àï¤ª¥ ­ ¨«ãçè¥£® ¯à¨¡«¨�¥­¨ï).Ǒãáâì α, β > −1 ¨ {P (α,β)
n (x)}∞

n=3 | ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®£®-ç«¥­®¢ �ª®¡¨, ®àâ®£®­ «ì­ëå ­  ®âà¥§ª¥ [−1, 1℄ á ¢¥á®¬ w(x) = (1 −
x)α(1 + x)β . � ª ç¥áâ¢¥ ¬ âà¨æë ¨­â¥à¯®«¨à®¢ ­¨ï ¢®§ì¬¥¬ ¬ âà¨æã,á®áâ ¢«¥­­ãî ¨§ ª®à­¥© ¬­®£®ç«¥­  (1− x2)P (α,β)

n−1 (x), ¨ ¯® n-© áâà®ª¥íâ®© ¬ âà¨æë M(α,β) = {xk,n}n
k=1, n = 3, 4, . . . , −1 = xn,n < xn−1,n <

· · · < x1,n = 1, § ¯¨è¥¬ ¯® ä®à¬ã«¥ (2) ¬­®£®ç«¥­ Bn(M(α,β), f, x) ¤«ïäã­ªæ¨¨ f(x) ∈ C[−1, 1℄.�¥®à¥¬  1. �á«¨ |α| = |β| = 1/2, â® ¤«ï «î¡®© äã­ªæ¨¨ f(x) ∈
C[−1, 1℄ á¯à ¢¥¤«¨¢®lim

n→∞
max

x∈[−1,1℄ |f(x)−Bn(M(α,β), f, x)| = 0.�«îç¥¢ë¬ ¬®¬¥­â®¬ ¤®ª § â¥«ìáâ¢  ï¢«ï¥âáï ãáâ ­®¢«¥­¨¥ á¯à -¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢
n−2∑
k=2 |lk(M(α,β), x) + lk+1(M(α,β), x)| 6 C(α,β) ¯à¨ |α| = |β| = 12 ,£¤¥ C(α,β) > 0 § ¢¨áïâ â®«ìª® ®â α ¨ β.Ǒãáâì M = Ml, £¤¥ Ml | ¬ âà¨æ  à ¢­®®âáâ®ïé¨å ã§«®¢ ­  ®â-à¥§ª¥ [−1, 1℄: xk,n = −1 + 2k

n , k = 0, 1, 2, . . . , n; n = 1, 2, 3, . . . .� [1℄ �. �. �¥à­èâ¥©­ § ¬¥â¨«, çâ® ¤«ï ¬ âà¨æë Ml ¯®¤®¡­®¥ (2)ý¢­¥á¥­¨¥ ¯®¯à ¢®ª ã�¥ ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬þ. � ª�¥ ¨§¢¥áâ­®,çâ® ¯à®æ¥áá {Ln(Ml, f, x)}∞n=1 áå®¤¨âáï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ x = 0 ¨á¯à ¢¥¤«¨¢ 



�¡ ®¤­®¬ ®¯¥à â®à¥ �. �. �¥à­èâ¥©­  209�¥®à¥¬  2 [3℄. �«ï ª �¤®£® r > 0 ­ ©¤¥âáï â ª ï ¯®áâ®ï­­ ï
Ar, çâ® max

|x|6r/
√

n
λn+1(Ml, x) 6 Ar lnn.�¤¥áì λn(Ml, x) | äã­ªæ¨ï �¥¡¥£  ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá � £à ­�  (1).�¡®§­ ç¨¬ ç¥à¥§ µn(Ml, x) äã­ªæ¨î �¥¡¥£  ¯à®æ¥áá  (2).�¥®à¥¬  3. �«ï ª �¤®£® r > 0 ­ ©¤¥âáï â ª ï ¯®áâ®ï­­ ï Br,çâ® max

|x|6r/
√

n
µn+1(Ml, x) 6 Br lnn.� ¬¥ç ­¨¥. �¤ «®áì «¨èì ¯®ª § âì, çâ® Br < Ar.�  à¨á. 1 ¯®ª § ­® ¯®¢¥¤¥­¨¥ ¬­®£®ç«¥­  � £à ­�  (1) ¨ ¬­®£®-ç«¥­  (2) ¯à¨ ¯à¨¡«¨�¥­¨¨ äã­ªæ¨¨ f(t) = |t|, n = 10.

�¨á. 1.�¥®à¥¬  4. �«ï ª �¤®£® r > 0 ­ ©¤¥âáï x′, |x′| 6 r/
√
n, â ª®©,çâ® lim

n→∞
µn(Ml, x

′)lnn = c > 0.



210 �®å®«®¢ �. �.����������1. �¥à­èâ¥©­ �. �. �¡ ®¤­®¬ ¢¨¤®¨§¬¥­¥­¨¨ ¨­â¥à¯®«ïæ¨®­­®© ä®à¬ã«ë � £à ­-�  // Ǒ®«­. á®¡à. á®ç.: � 4 â. �.: �§¤-¢® �� ����, 1954. �. 2. �. 130{140.2. Mills T. M., Varma A. K. A new proof of S. A. Teljakovskii's approximation theorem// Stud. S
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��� 517.954�������� ���������� ������������������ ��������� | ����������������������� ����������� �������������� � ������������. �. �ã¤ïª®¢�¢¥¤¥­¨¥� àï¤¥ à ¡®â [1, 2℄ �. �. �¥áâ ª®¢ë¬ ¨ �. �. �¢¨à¨¤îª®¬ ¯à¥¤«®-�¥­  ¨ ­  ª ç¥áâ¢¥­­®¬ ãà®¢­¥ ®¡®á­®¢ ­  ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¨§-¬¥à¨â¥«ì­®£® ãáâà®©áâ¢  (��), ¨á¯®«ì§®¢ ­¨¥ ª®â®à®© ¯®§¢®«ï¥â ¢®á-áâ ­®¢¨âì ¤¨­ ¬¨ç¥áª¨ ¨áª �¥­­ë¥ á¨£­ «ë. �¤­®© ¨§ á®áâ ¢­ëå ç -áâ¥© íâ®© ¬®¤¥«¨ á«ã�¨â á¨áâ¥¬  ãà ¢­¥­¨© «¥®­âì¥¢áª®£® â¨¯  [3℄
L _x =Mx+Du, (1)£¤¥ ª¢ ¤à â­ë¥ ¬ âà¨æë L ¨M ¬®¤¥«¨àãîâ ª®­áâàãªæ¨î ��, ¯à¨ç¥¬

L ­¥ ¯à¥¤¯®« £ ¥âáï ®¡à â¨¬®©, ¢¥ªâ®à-äã­ªæ¨ï x = x(t) ¥áâì á®áâ®-ï­¨¥ ��,   ¢¥ªâ®à-äã­ªæ¨ï u = u(t) | ¢å®¤ïé¨© á¨£­ «. �¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1) ¤®¯®«­ï¥âáï  «£¥¡à ¨ç¥áª®© á¨áâ¥-¬®©
y = Cx, (2)£¤¥ ¢¥ªâ®à-äã­ªæ¨ï y = y(t) ¬®¤¥«¨àã¥â á¨£­ « ­  ¢ëå®¤¨ ��, ¬ âà¨-æë D ¨ C ¯àï¬®ã£®«ì­ë¥, ¨å à §¬¥àë â ª®¢ë, çâ®¡ë ¢å®¤ ¨ ¢ëå®¤ y¨¬¥«¨ ®¤¨­ ª®¢ãî à §¬¥à­®áâì.�é¥ ®¤­ã ç áâì ¬®¤¥«¨ �� ¯à¥¤áâ ¢«ï¥â äã­ªæ¨®­ « èâà ä 

J(u) = α

1∑
q=0 τ∫0 ∥∥y(q)(t) + S~y(q)(t)− Sy

(q)0 (t)∥∥2dt+ (1− α) θ∑

q=0 τ∫0 〈Nqu
(q)(t), u(q)(t)〉 dt. (3)
© 2013 �ã¤ïª®¢ �. �.



212 �ã¤ïª®¢ �. �.£¤¥ y0 = y0(t) | ­ ¡«î¤¥­¨¥, ¯®«ãç¥­­®¥ ¢ å®¤¥ ­ âãà­®£® íªá¯¥à¨-¬¥­â ; Nk, k = 0, 1, . . . , q, ª¢ ¤à â­ë¥ á¨¬¬¥âà¨ç¥áª¨¥ ¯®«®�¨â¥«ì­®®¯à¥¤¥«¥­­ë¥ ¬ âà¨æë, ¯ à ¬¥âàë α, β ∈ R+(= {0} ∪ R+) â ª¨¥, çâ®
α + β = 1. � ¬®¤¥«¨ ¢å®¤­®© á¨£­ « vn, ­ §ë¢ ¥¬ë© â ª�¥ ¨§¬¥à¥-­¨¥¬, ¯à¥¤¯®« £ ¥âáï ¨áª �¥­­ë¬ ª ª ¬¥å ­¨ç¥áª®© ¨­¥àæ¨®­­®áâìî��, â ª à¥§®­ ­á ¬¨ ¢ ¥£® æ¥¯ïå. � ¤ ç  ¢®ááâ ­®¢«¥­¨ï ¨§¬¥à¥­¨ï v¯® ­ ¡«î¤¥­¨î y § ª«îç ¥âáï ¢ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ «  J :

J(v) = min
u∈U∂

J(u) (4)­  ¬­®�¥áâ¢¥ ¤®¯ãáâ¨¬ëå ¨§¬¥à¥­¨© U∂ | § ¬ª­ãâ®¬ ¢ë¯ãª«®¬ ¯®¤-¬­®�¥áâ¢¥ ¯à®áâà ­áâ¢  ¨§¬¥à¥­¨© U. �á«®¢¨ï ­  ¬­®�¥áâ¢® U∂ ä®à-¬ «¨§ãîâ  ¯à¨®à­ãî ¨­ä®à¬ æ¨î ®¡ ¨§¬¥à¥­¨¨ (ª ª £®¢®àïâ ¬¥âà®-«®£¨, ý­¥«ì§ï ¨§¬¥à¨âì ­¥¨§¢¥áâ­®¥þ).� ¬ëª ¥â ¬®¤¥«ì �� ãá«®¢¨¥ �®ã®«â¥à  | �¨¤®à®¢ 
(
RL

α(M))p+1(x(0)− x0) = 0, (5)ª®â®à®¥ ¢ á«ãç ¥ ®¡à â¨¬®áâ¨ ¬ âà¨æë L ¯à¥¢à é ¥âáï ¢ ª« áá¨ç¥áª®¥ãá«®¢¨¥ �®è¨
x(0) = x0 (6)¤«ï á¨áâ¥¬ë (1). �¤¥áìRL

α(M) = (αL−M)−1L| ¯à ¢ ï L-à¥§®«ì¢¥­â ¬ âà¨æëM , p| ¯®àï¤®ª ¯®«îá  L-à¥§®«ì¢¥­âë (µL−M)−1 ¬ âà¨æë
M ¢ â®çª¥ ∞, α ∈ ρL(M) | L-à¥§®«ì¢¥­â­®¥ ¬­®�¥áâ¢® ¬ âà¨æë
M . Ǒ®áª®«ìªã á¨áâ¥¬ë «¥®­âì¥¢áª®£® â¨¯  ï¢«ïîâáï ª®­¥ç­®¬¥à­ë¬¨ ­ «®£ ¬¨ ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  [4℄, ¯à¥¨¬ãé¥áâ¢® ãá«®¢¨ï (5)¯¥à¥¤ ãá«®¢¨¥¬ (6) ¢ë£«ï¤¨â ®ç¥­ì ¢¥á®¬® [5℄.�á­®¢ë¢ ïáì ­  ª ç¥áâ¢¥­­®¬  ­ «¨§¥ ¬®¤¥«¨ �¥áâ ª®¢  | �¢¨-à¨¤îª  ¢ á«ãç ¥ ãç¥â  â®«ìª® ¨­¥àæ¨®­­®áâ¨ ¨ ®à¨£¨­ «ì­®¬ ç¨á«¥­-­®¬ ¬¥â®¤¥, ¯à¥¤«®�¥­­®¬ �. �. �¥««¥à [6℄, ¡ë« à §à ¡®â ­  «£®à¨â¬ç¨á«¥­­®£® ¢®ááâ ­®¢«¥­¨ï ¨§¬¥à¥­¨ï, ¨áª �¥­­®£® ¨­¥àæ¨®­­®áâìî�� [7℄. �¥§ã«ìâ âë ¢ëç¨á«¨â¥«ì­ëå íªá¯¥à¨¬¥­â®¢ [8℄ ¯®ª § «¨ å®à®-èãî á®£« á®¢ ­­®áâì á à¥§ã«ìâ â ¬¨ ­ âãà­ëå íªá¯¥à¨¬¥­â®¢ [9℄. �®-«¥¥ â®£®, ¡ë«  á¤¥« ­  ¯®¯ëâª  ç¨á«¥­­®£®  ­ «¨§  ¬®¤¥«¨ �� (1){(5)¯à¨ ­ «¨ç¨¨ à¥§®­ ­á®¢ [10℄, ª®â®à ï ¢áªàë«  ­¥ª®â®àë¥ ­¥¤®áâ âª¨¬®¤¥«¨ ¨ ¨á¯®«ì§ã¥¬®£®  «£®à¨â¬ . � ¤ ­­®© áâ âì¥ íâ¨ ­¥¤®áâ âª¨



�«£®à¨â¬ ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï ¬®¤¥«¨ 213«¨ª¢¨¤¨à®¢ ­ë, ¢ ç áâ­®áâ¨, ®¡êïá­¥­  ­¥®¡å®¤¨¬®áâì ¢ëà®�¤¥­­®©¬ âà¨æë L ¯à¨ ­ «¨ç¨¨ à¥§®­ ­á®¢ ¢ æ¥¯ïå ��, ãâ®ç­¥­ ¢¨¤ äã­ª-æ¨®­ «  ª ç¥áâ¢ ,   â ª�¥ á¤¥« ­  § ¬¥­  ¬­®£®ç«¥­®¢, ¨á¯®«ì§ã¥¬ëåà ­¥¥ [6{8℄, âà¨£®­®¬¥âà¨ç¥áª¨¬¨ ¬­®£®ç«¥­ ¬¨ ¢  «£®à¨â¬¥.1. �®ç­®¥ à¥è¥­¨¥�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¯à®áâà ­áâ¢  á®áâ®ï­¨© ℵ, ¨§¬¥à¥­¨© U ¨­ ¡«î¤¥­¨© Y ¯à¨ ­¥ª®â®à®¬ ä¨ªá¨à®¢ ­­®¬ τ ∈ R+:
ℵ = {x ∈ L2((0, τ),Rn) : _x ∈ L2((0, τ),Rn)},

U = {u ∈ L2((0, τ),Rn) : u(p+1) ∈ L2((0, τ),Rn)},
Y = C[ℵ℄.�à®¬¥ â®£®, ­¥®¡å®¤¨¬ë¬ ï¢«ï¥âáï ¯à®áâà ­áâ¢® Z = ℵ×Y. �ë¤¥«¨¬¢ U § ¬ª­ãâ®¥ ¢ë¯ãª«®¥ ¯®¤¬­®�¥áâ¢® U∂ | ¬­®�¥áâ¢® ¤®¯ãáâ¨¬ëå¨§¬¥à¥­¨©. �à¥¡ã¥âáï ­ ©â¨ ®¯â¨¬ «ì­®¥ ¨§¬¥à¥­¨¥ v ∈ U∂ ¯®çâ¨¢áî¤ã ­  (0, τ), ã¤®¢«¥â¢®àïîé¥¥ á¨áâ¥¬¥ «¥®­âì¥¢áª®£® â¨¯ 

L _z =Mz +Du (7)¯à¨ ­ ç «ì­ëå ãá«®¢¨ïå �®ã®«â¥à  | �¨¤®à®¢ [(µL−M)−1L℄p+1(z(0)− z0) = 0 (8)¨ ¬¨­¨¬¨§¨àãîé¥¥ §­ ç¥­¨¥ äã­ªæ¨®­ « 
J(v) = min

u∈U∂

J(u) = min
u∈U∂




1∑
q=0 τ∫0 ∥∥Sz(q)(u, t) + S�z(q)0 (t)− Sz

(q)0 (t)∥∥2dt++ θ∑

q=0 τ∫0 〈Nqu
(q)(t), u(q)(t)〉dt . (9)�¤¥áì z = 
ol (x1, x2, . . . , xr, y1, y2, . . . , ym), ¯à¨ç¥¬ x = 
ol (x1, x2, . . . , xr)¨ _x = 
ol ( _x1, _x2, . . . , _xr) | ¢¥ªâ®à-äã­ªæ¨¨ á®áâ®ï­¨ï ¨ áª®à®áâ¨ ¨§-¬¥­¥­¨ï á®áâ®ï­¨ï �� á®®â¢¥âáâ¢¥­­®; u = 
ol (u1, u2, . . . , un) ¨ y =
ol (y1, y2, . . . , ym) | ¢¥ªâ®à-äã­ªæ¨¨ ¨§¬¥à¥­¨© ¨ ­ ¡«î¤¥­¨© á®®â¢¥â-áâ¢¥­­®; z0(t) = 
ol(x01(t), x02(t), . . . , x0r(t), y01(t), y02(t), . . . , y0m(t)) |



214 �ã¤ïª®¢ �. �.­ ¡«î¤ ¥¬ë¥ á®áâ®ï­¨¥ á¨áâ¥¬ë ¨ á¨£­ «, ¯®«ãç ¥¬ë¥ ¢ å®¤¥ ­ âãà-­®£® íªá¯¥à¨¬¥­â , Sz0(t) | â¥ ­ ¡«î¤ ¥¬ë¥ ¢¥«¨ç¨­ë, ¯® ª®â®àë¬¯à®¢®¤¨âáï ¢®ááâ ­®¢«¥­¨¥ ¤¨­ ¬¨ç¥áª¨ ¨áª �¥­­®£® á¨£­ « ; �z0(t) |­ ¡«î¤ ¥¬ë¥ á®áâ®ï­¨¥ á¨áâ¥¬ë ¨ ¢ëå®¤ïé¨© á¨£­ «, ¯®«ãç ¥¬ë¥ ¢å®¤¥ ­ âãà­®£® íªá¯¥à¨¬¥­â  ¯à¨ ­ã«¥¢ëå §­ ç¥­¨ïå ¯®«¥§­ëå ¨§¬¥àï-¥¬ëå á¨£­ «®¢, S�z0(t) | â¥ ­ ¡«î¤ ¥¬ë¥ ¢¥«¨ç¨­ë (¯à¨ ­ã«¥¢ëå §­ -ç¥­¨ïå ¯®«¥§­ëå ¨§¬¥àï¥¬ëå á¨£­ «®¢), ¯® ª®â®àë¬ ¯à®¢®¤¨âáï ¢®á-áâ ­®¢«¥­¨¥ ¤¨­ ¬¨ç¥áª¨ ¨áª �¥­­®£® á¨£­ « ; z(t) | ¬®¤¥«¨àã¥¬ë¥á®áâ®ï­¨¥ á¨áâ¥¬ë ¨ ¢ëå®¤ïé¨© á¨£­ «, ¯®«ãç ¥¬ë¥ ¢ å®¤¥ ­ âãà­®£®íªá¯¥à¨¬¥­â , Sz(t) | â¥ ¬®¤¥«¨àã¥¬ë¥ ¢¥«¨ç¨­ë, ¯® ª®â®àë¬ ¯à®¢®-¤¨âáï ¢®ááâ ­®¢«¥­¨¥ ¤¨­ ¬¨ç¥áª¨ ¨áª �¥­­®£® á¨£­ « ; n = k+m |ç¨á«® ¯ à ¬¥âà®¢ á®áâ®ï­¨© á¨áâ¥¬ë; L ¨ M | ª¢ ¤à â­ë¥ ¬ âà¨æë¯®àï¤ª  n, ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ¢§ ¨¬®¢«¨ï­¨¥ áª®à®áâ¥© á®áâ®ï­¨ï¨ á®áâ®ï­¨ï �� á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬ detL = 0, D | ª¢ ¤à â­ ï¬ âà¨æ  ¯®àï¤ª  n, å à ªâ¥à¨§ãîé¨¥ ¢§ ¨¬®¢«¨ï­¨¥ ¯ à ¬¥âà®¢ ¨§-¬¥à¥­¨ï ¨ á¢ï§ì ¬¥�¤ã á®áâ®ï­¨¥¬ á¨áâ¥¬ë ¨ ­ ¡«î¤¥­¨¥¬ á®®â¢¥â-áâ¢¥­­®, u : [0, T ℄ → Rn, θ = 0, 1, . . . , p + 1, ‖ · ‖ ¨ 〈·, ·〉 | ¥¢ª«¨¤®¢ë­®à¬  ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ Rn á®®â¢¥âáâ¢¥­­®.�¥®¡å®¤¨¬®áâì à áá¬®âà¥­¨ï ¬®¤¥«¨ (7){(9) ¢¬¥áâ® (1){(5) ®¡ã-á«®¢«¥­  ­ «¨ç¨¥¬ ¯à ªâ¨ç¥áª¨å § ¤ ç, ¢ ª®â®àëå: 1) ¢®ááâ ­®¢«¥­¨¥¯®«¥§­ëå ¤¨­ ¬¨ç¥áª¨ ¨áª �¥­­ëå á¨£­ «®¢ ¯à®¨áå®¤¨â ­¥ ¯® ¢á¥¬­ ¡«î¤ ¥¬ë¬ ¯ à ¬¥âà ¬,   â®«ìª® ¯® ç áâ¨ ¨§ ­¨å; 2) ªà®¬¥ â®£®,à¥§®­ ­áë ¢ æ¥¯ïå �� ¢«¨ïîâ ­  §­ ç¥­¨ï ­ ¡«î¤ ¥¬ëå ¢¥«¨ç¨­ ­¥â®«ìª® ®¯®áà¥¤®¢ ­­® ç¥à¥§ á®áâ®ï­¨ï á¨áâ¥¬ë, ¯®íâ®¬ã ª®àà¥ªâ­¥¥¯à¨­ïâì ¢¨¤ y = Cx+ Fu,   ­¥ (2) .�¨áâ¥¬ë «¥®­âì¥¢áª®£® â¨¯  ï¢«ïîâáï ª®­¥ç­®¬¥à­ë¬ ç áâ­ë¬á«ãç ¥¬ ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯ . Ǒ®íâ®¬ã ¯à¨ ¨å ¨§ãç¥­¨¨ ¡ã¤¥¬¨á¯®«ì§®¢ âì ¨¤¥¨, ¬¥â®¤ë ¨ à¥§ã«ìâ âë ®¡é¥© â¥®à¨¨ [11℄,  ¤ ¯â¨à®-¢ ­­ë¥ ª ª®­¥ç­®¬¥à­®© á¨âã æ¨¨. �«¥¤ãï [3℄, ¬ âà¨æã M ­ §®¢¥¬ L-à¥£ã«ïà­®©, ¥á«¨ áãé¥áâ¢ã¥â ç¨á«® α ∈ C â ª®¥, çâ® det(αL −M) 6= 0.�á«¨ ¬ âà¨æ  M L-à¥£ã«ïà­ , â® áãé¥áâ¢ã¥â ç¨á«® p ∈ {0} ∪ N, à ¢-­®¥ ­ã«î, ¥á«¨ ¢ â®çª¥ ∞ L-à¥§®«ì¢¥­â  (µL−M)−1 ¬ âà¨æëM ¨¬¥¥âãáâà ­¨¬ãî ®á®¡ãî â®çªã, ¨ à ¢­®¥ ¯®àï¤ªã ¯®«îá  ¢ â®çª¥∞ ¬ âà¨æ{äã­ªæ¨¨ (µL−M)−1 ¢ ¯à®â¨¢­®¬ á«ãç ¥. �ç¨âë¢ ï íâ®â ä ªâ, ¢ ¤ «ì-­¥©è¥¬ L-à¥£ã«ïà­ãî ¬ âà¨æã M ¡ã¤¥¬ ­ §ë¢ âì (L, p)-à¥£ã«ïà­®©,
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p ∈ {0} ∪ N.� ¤ ç  (7){(9) ¢ £¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢ å ¨ ¢ ¡®«¥¥ ®¡é¥© ¯®-áâ ­®¢ª¥ (¢ ç áâ­®áâ¨, âà¥¡®¢ «®áì ¥é¥ ­ ©â¨ ¢¥ªâ®à á®áâ®ï­¨©) à á-á¬ âà¨¢ « áì �. �. Ǒ«¥å ­®¢®© ª ª ý§ ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥-­¨ïþ. Ǒ®íâ®¬ã ¡¥§ ¤®ª § â¥«ìáâ¢  ¯à¨¢®¤¨¬ á«¥¤ãîé¨© à¥§ã«ìâ â, ¯®-ç¥à¯­ãâë© ¨§ [12℄ ¨  ¤ ¯â¨à®¢ ­­ë© ª ¤ ­­®© á¨âã æ¨¨.�¥®à¥¬  1. Ǒãáâì ¬ âà¨æ  M (L, p)-à¥£ã«ïà­ , p ∈ {0} ∪ N, τ ∈
R+, ¯à¨ç¥¬ detM 6= 0. �®£¤  ¤«ï «î¡ëå z0 ∈ Rn × Y áãé¥áâ¢ã¥â¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (z, v) ∈ Z × U∂ § ¤ ç¨ (7){(9), £¤¥
z(v, t) = lim

k→∞




p∑

q=0(M−1(Qk − In)L)qM−1(In −Qk)(Dv)(q)(t)+((L− t

k
M

)−1
L

)k(p+1)
z0+ t∫0 [(L− t− s

k
M

)−1
L

]k(p+1)−1(
L− t− s

k
M

)−1
Qk(Dv(s)) ds.�¤¥áì Qk = (kLL

k (M))p+1.� ¬¥â¨¬, çâ® ãá«®¢¨¥ detM 6= 0 ­¥ á­¨� ¥â ®¡é­®áâ¨ à áá¬ âà¨-¢ ¥¬®© § ¤ ç¨. �¥©áâ¢¨â¥«ì­®, ¯à¨ ãá«®¢¨¨ (L, p)-à¥£ã«ïà­®áâ¨ ¬ â-à¨æë M ¢ à¥§ã«ìâ â¥ § ¬¥­ë z = eλtw ¯¥à¥©¤¥¬ ª ãà ¢­¥­¨î L _v =(M −λL)v+Du â®£® �¥ ¢¨¤ , çâ® ¨ (4), ­® det(M −λL) 6= 0. �â¬¥â¨¬¥é¥, çâ® ¯à¨ à¥è¥­¨¨ § ¤ ç¨ ¢®ááâ ­®¢«¥­¨ï ¤¨­ ¬¨ç¥áª¨ ¨áª �¥­­®-£® á¨£­ «  ­ á ¨­â¥à¥áã¥â â®«ìª® ­ å®�¤¥­¨¥ äã­ªæ¨¨ v ª ª ®¤­®£® ¨§à¥è¥­¨© § ¤ ç (7){(9), áãé¥áâ¢ãîé¥£® ¢ á¨«ã â¥®à¥¬ë 1, ¯®íâ®¬ã v ¡ã-¤¥¬ ¢ ¤ «ì­¥©è¥¬ ­ §ë¢ âì â®ç­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ ®¯â¨¬ «ì­®£®¨§¬¥à¥­¨ï á ãç¥â®¬ ¨­¥àæ¨®­­®áâ¨ ¨ à¥§®­ ­á®¢.2. Ǒà¨¡«¨�¥­­ë¥ à¥è¥­¨ïǑãáâì ¬ âà¨æ  M (L, p)-à¥£ã«ïà­ , ¯à¨ç¥¬ detM 6= 0. �®£« á­®â¥®à¥¬¥ 1 ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (7){(9) (zk, v
l
k

) ¡ã¤¥¬ ¨áª âì
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zk(vl

k, t) = p∑

q=0(M−1(Qk − In)L)qM−1(In −Qk)(Dvl
k

)(q)(t)+((L− t

k
M

)−1
L

)k(p+1)
z0+ 14∑

j=0[((L−T − sj

k
M

)−1
L

)k(p+1)−1(
L−T − sj

k
M

)−1
Qk

(
Dvl

k(sj))]△cj ,(10)
sj ¨ cj | ã§«ë ¨ ¢¥á  ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá  á®®â¢¥âáâ¢¥­­®,¯à¨ç¥¬ k = max{k1; k2}, £¤¥

k1 > 1
α

n∑

l=q+1 |al|+ 1,
k2 > 1

|aq|(n− q)n−q

q∑

l=0 |al|(n− q + 1)n−l + 1, |t| < 1,
t ∈ [0, 1℄, α > max{1, |aq|−1( q∑

l=0 |al|
)}

, al | ª®íää¨æ¨¥­âë ¬­®£®ç«¥-­  det(µL − M), q 6 n | ¥£® áâ¥¯¥­ì. �¡®á­®¢ ­¨¥ ¨¬¥­­® â ª®£®¢ë¡®à  k ∈ N á¬. ¢ [8℄. �¥ªâ®à z0 ∈ Rn â®â �¥, çâ® ¨ ¢ à §¤. 1, ¢¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï ä¨ªá¨à®¢ ­­ë¬.�«£®à¨â¬ ¯®áâà®¥­ ¢ ¯à¥¤¯®«®�¥­¨¨ ® â®¬, çâ® ¨§¢¥áâ­ë â®«ì-ª® ç áâ®âë à¥§®­ ­á®¢ ωi, ¯à¨ç¥¬ ¢®§­¨ª îé¨¥ ª ª ¢ i-å æ¥¯ïå ��,
i = 1, 2, . . . , r, â ª ¨ ­  i-å ¢ëå®¤ å ��, i = r + 1, r + 2, . . . , r + m,   ¬¯«¨âã¤ë à¥§®­ ­á®¢ ­¥¨§¢¥áâ­ë.Ǒ® ¤ ­­ë¬ ­ âãà­®£® íªá¯¥à¨¬¥­â  ¯à¨ ­ã«¥¢®¬ §­ ç¥­¨¨ ¢å®¤ï-é¥£® á¨£­ «  ¯à®¢®¤¨âáï ¨å ¨­â¥à¯®«¨à®¢ ­¨¥ á ¨á¯®«ì§®¢ ­¨¥¬ âà¨-£®­®¬¥âà¨ç¥áª®£® àï¤  ∑̟

j=0 νj sinϕjt. � ª ç¥áâ¢¥ ϕj ¯à¨­¨¬ îâáï §­ -ç¥­¨ï ç áâ®â à¥§®­ ­á®¢ ωj ¨ ¤àã£¨¥, ¡«¨§ª¨¥ ¯® §­ ç¥­¨î ª ­¨¬, â ªª ª ç áâ®âë à¥§®­ ­á®¢ ¨§¢¥áâ­ë ­¥ â®ç­®. �  ®á­®¢ ­¨¨ à¥§ã«ìâ -â®¢ ¨­â¥à¯®«ïæ¨¨ ­ å®¤ïâáï §­ ç¥­¨ï �z0 ¨ �zp0 ¢ ã§« å ª¢ ¤à âãà­®©ä®à¬ã«ë � ãáá .



�«£®à¨â¬ ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï ¬®¤¥«¨ 217Ǒ® ¤ ­­ë¬ ­ âãà­®£® íªá¯¥à¨¬¥­â  á ­¥¨§¢¥áâ­ë¬ ¢å®¤ïé¨¬ á¨£-­ «®¬ ¯à®¢®¤¨âáï ¨å ¨­â¥à¯®«¨à®¢ ­¨¥ ¯®«¨­®¬®¬ � £à ­� , ®¯à¥-¤¥«ï¥âáï ¢¨¤ z0(t). � â¥¬ ®¯à¥¤¥«ï¥âáï §­ ç¥­¨¥ íâ®© äã­ªæ¨¨ ¨ ¥¥¯à®¨§¢®¤­®© ¢ ã§« å ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá .Ǒà¥�¤¥ ¢á¥£® § ¬¥â¨¬, çâ® uℓ(t) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
ul =




ℓ∑
j=0 a1j sin jt+ aω1 sinω1t

ℓ∑
j=0 a2j sin jt+ aω2 sinω2t

. . .
ℓ∑

j=0 arj sin jt+ aωr sinωkt

aωk+1 sinωr+1t
aωk+2 sinωr+2t

. . .
aωk+m

sinωr+mt




, (11)
£¤¥ ℓ ∈ N. Ǒ® ¯®áâà®¥­¨î ¯à®áâà ­áâ¢® U á¥¯ à ¡¥«ì­®, §­ ç¨â, áãé¥-áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {Uℓ} ª®­¥ç­®¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ Uℓ ⊂
U, ¬®­®â®­­® ¨áç¥à¯ë¢ îé¨å ¯à®áâà ­áâ¢® U, â. ¥. Uℓ ⊂ Uℓ+1 ¨ ∞⋃

ℓ=1Uℓ,¯«®â­® ¢ U. Ǒ®íâ®¬ã ¢¢¨¤ã ¯¥à¢®£® á« £ ¥¬®£® ¢ ä®à¬ã«¥ (8) ­¥®¡å®¤¨-¬® ¡à âì ℓ â ª¨¬, çâ® ℓ > p. �¥¯¥àì ¯®¤áâ ¢¨¬ uℓ ¢ (7) ¨ ¯®á«¥ ¢á¥å ¢ë-ç¨á«¥­¨© à¥§ã«ìâ â ¯®¤áâ ¢¨¬ ¢ äã­ªæ¨®­ « (9), ¯®«ãç¨¬ Jℓ = Jℓ(a).� â¥¬, ¯®¤áâ ¢¨¢ zk(vl
k, t) ¢¨¤  (10) ¢ (9), ¯®«ãç¨¬ Jℓ

k = Jℓ
k(a) á ¨áª®-¬ë¬ ¢¥ªâ®à®¬ ª®íää¨æ¨¥­â®¢

a = (a10, . . . , a1ℓ, aω1 , . . . , ar0, . . . , arℓaωr , aωr+1 , . . . , aωr+m).�ã­ªæ¨®­ « Jℓ § ¤ ­ ­  ª®­¥ç­®¬¥à­®¬ ¯à®áâà ­áâ¢¥, ¨§®¬®àä­®¬ Uℓ.�¡à â¨¬áï ª ¬­®�¥áâ¢ã ¤®¯ãáâ¨¬ëå ¨§¬¥à¥­¨© U∂. � ª ¯à ¢¨«®,¢ ¯à¨«®�¥­¨ïå ®­® ­¥ â®«ìª® § ¬ª­ãâ® ¨ ¢ë¯ãª«®, ­® ¥é¥ ¨ ®£à ­¨ç¥-­®. Ǒãáâì ¬­®�¥áâ¢® U∂ § ¬ª­ãâ®, ¢ë¯ãª«® ¨ ®£à ­¨ç¥­®, â®£¤  áãé¥-áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¢ë¯ãª«ëå ª®¬¯ ªâ®¢ {Uℓ
∂

}
, Uℓ

∂ ⊂ Uℓ, ¬®-­®â®­­® ¨áç¥à¯ë¢ îé ï ¬­®�¥áâ¢® Ul. � ­ è¨å à áá¬®âà¥­¨ïå ¬®�­®¯®áâà®¨âì ¢ë¯ãª«ë© ª®¬¯ ªâ ¢ ¬­®�¥áâ¢¥ ¢¥ªâ®à®¢ {a}, ¨§®¬®àä­ë©¬­®�¥áâ¢ã Uℓ
∂ . � ¤ «ì­¥©è¥¬ ã¤®¡­® ®¡®§­ ç¨âì ¯®áâà®¥­­ë© ª®¬¯ ªâ
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∂ . � «¥¥, äã­ªæ¨®­ « Jℓ ­¥¯à¥àë¢¥­ ­  Uℓ ¯® ¯®-áâà®¥­¨î, ¯®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë �¥©¥àèâà áá  ®­ ¡ã¤¥â ¨¬¥âì ¬¨­¨-¬ã¬ vℓ ­  Uℓ

∂ . Ǒ®¤áâ ¢¨¢ ª®íää¨æ¨¥­âë ­ ©¤¥­­®£® ¬¨­¨¬ã¬  ¢ (11),¯®«ãç¨¬ vℓ
k. � ©¤¥­­®¥ â ª¨¬ ®¡à §®¬ vℓ

k, â. ¥. J(vℓ
k) = min

uℓ∈Uℓ
∂

Jk(uℓ)­ §®¢¥¬ ¯à¨¡«¨�¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ ®¯â¨¬ «ì­®£® ¨§¬¥à¥­¨ï áãç¥â®¬ à¥§®­ ­á®¢.3. �å®¤¨¬®áâì ¯à¨¡«¨�¥­­ëå à¥è¥­¨©�ç¨âë¢ ï ®¡é­®áâì ¯®áâ ­®¢®ª ¨áá«¥¤ã¥¬ëå § ¤ ç, ¤®áâ â®ç­®¯®ª § âì áå®¤¨¬®áâì ¯à¨¡«¨�¥­­ëå à¥è¥­¨© § ¤ ç¨ ®¯â¨¬ «ì­®£® ¨§-¬¥à¥­¨ï.�¥¬¬  1. Ǒãáâì ¬ âà¨æ  M (L, p)-à¥£ã«ïà­ , p ∈ {0}∪N ¨ detM
6= 0,   ¬­®�¥áâ¢® U∂ ⊂ U ª®¬¯ ªâ­® ¨ ¢ë¯ãª«®. �®£¤  äã­ªæ¨®­ «¨§ (9) ï¢«ï¥âáï á¨«ì­® ¢ë¯ãª«ë¬ ­  U∂ , â. ¥. ¤«ï «î¡ëå u1, u2 ∈
U∂ áãé¥áâ¢ã¥â â ª®¥ T > 0, çâ® ¤«ï «î¡®£® γ ∈ [0, 1℄ ¢ë¯®«­ï¥âáï­¥à ¢¥­áâ¢®
J(γu1 + (1− γ)u2) 6 γJ(u1) + (1− γ)J(u2)− γ(1− γ)T ‖u1 − u2‖2.�®ª § â¥«ìáâ¢® «¥¬¬ë 1 ®á­®¢ë¢ ¥âáï ­  â®�¤¥áâ¢¥­­ëå ¯à¥-®¡à §®¢ ­¨ïå, ­¥¯à¥àë¢­®áâ¨ J(u), ¢ë¯ãª«®áâ¨ ¨ ª®¬¯ ªâ­®áâ¨ U∂ ¯à¨®æ¥­ª¥ T .�¥¬¬  2. Ǒãáâì ¬ âà¨æ M (L, p)-à¥£ã«ïà­ , p ∈ {0}∪N, detM 6=0. �®£¤  vℓ | ¬¨­¨¬¨§¨àãîé ï §­ ç¥­¨¥ äã­ªæ¨®­ «  ¨§ (9) ¯®á«¥-¤®¢ â¥«ì­®áâì ­  ª®¬¯ ªâ­®¬ ¨ ¢ë¯ãª«®¬ ¬­®�¥áâ¢¥ U∂ ⊂ U ¨ vℓ → v¯à¨ ℓ → ∞, ¯à¨ íâ®¬ J(vℓ) → J(v) ¨ áãé¥áâ¢ã¥â T > 0, ¤«ï ª®â®à®£®¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® T ‖vℓ − v‖2 6 J(vℓ)− J(v).�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì {Uℓ}∞ℓ=1 ª®­¥ç­®-¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢  U â ªãî, çâ® Uℓ ⊃ Uk ¯à¨ ℓ 6 k,

Uℓ ∩ U∂ 6= ∅ ¯à¨ ¢á¥å ℓ ∈ N ¨ ∞⋃

ℓ=1Uℓ ¯«®â­® ¢ U. � ¯à¨¬¥à, ¢á¥ íâ¨âà¥¡®¢ ­¨ï ¢ë¯®«­¥­ë ¤«ï ¢¥ªâ®à-äã­ªæ¨© ¨§ (11).�§ ¢ë¯ãª«®áâ¨ ¨ ª®¬¯ ªâ­®áâ¨ ¬­®�¥áâ¢  U∂ á«¥¤ã¥â áãé¥áâ¢®¢ -­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {Uℓ
∂} ª®­¥ç­®¬¥à­ëå ¬­®�¥áâ¢, ï¢«ïîé¨åáï
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∂ ⊂ U ¨ ¬®­®â®­­® ¨áç¥à¯ë¢ îé¨å U∂ , â. ¥.

Uℓ
∂ ⊂ Uℓ+1

∂ ¨ ∞⋃

ℓ=p+1Uℓ
∂ = U∂. �«¥¤®¢ â¥«ì­®, J(vℓ+1) 6 J(vℓ),   §­ ç¨â,¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ {vℓ} áãé¥áâ¢ã¥â ¯à¥¤¥« lim

ℓ→∞
J(vℓ), à ¢­ë© J(v)¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨®­ «  ¨§ (9).� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì {vℓ} ï¢«ï¥âáï ¬¨­¨¬¨§¨àãî-é¥©.Ǒ® â¥®à¥¬¥ � §ãà  ª®¬¯ ªâ­®¥ ¢ë¯ãª«®¥ ¬­®�¥áâ¢® á« ¡® ª®¬-¯ ªâ­®, â. ¥. U∂ á« ¡® ª®¬¯ ªâ­®. �ç¨âë¢ ï, çâ® äã­ªæ¨®­ « ®¯à¥-¤¥«¥­ ¨ ®£à ­¨ç¥­ ­  á« ¡® ª®¬¯ ªâ­®¬ ¬­®�¥áâ¢¥, ¯®«ãç ¥¬, çâ® ¯®â¥®à¥¬¥ �¥©¥àèâà áá  ¬¨­¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì {vℓ} á« -¡® áå®¤¨âáï ª v.�®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® á¨«ì­® ¢ë¯ãª«®© ¨ ¯®«ã­¥¯à¥àë¢­®©á­¨§ã äã­ªæ¨¨ ­  ¢ë¯ãª«®¬ ª®¬¯ ªâ­®¬ ¬­®�¥áâ¢¥ (¨«¨ ®¡®¡é¥­¨¥¬â¥®à¥¬ë �¥©¥àèâà áá ), ¢ á¨«ã ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâì {vℓ} áå®-¤¨âáï ¯à¨ ℓ → ∞ ª v ¯® ­®à¬¥ ¯à®áâà ­áâ¢  U â ª, çâ® ¢ë¯®«­ï¥âáï­¥à ¢¥­áâ¢® T ‖vℓ − v‖2 6 J(vℓ)− J(v).�¥¬¬  3. Ǒãáâì ¬ âà¨æ M (L, p)-à¥£ã«ïà­ , p ∈ {0}∪N, detM 6=0. �®£¤  vℓ

k ï¢«ï¥âáï ¬¨­¨¬¨§¨àãîé¥© §­ ç¥­¨¥ äã­ªæ¨®­ «  Jk(vℓ
k)¯®á«¥¤®¢ â¥«ì­®áâìî ­  ª®¬¯ ªâ­®¬ ¢ë¯ãª«®¬ ¬­®�¥áâ¢¥ Uℓ

∂ ⊂ U∂ ¨
vℓ

k → vℓ ¯à¨ k → ∞ ¨ ä¨ªá¨à®¢ ­­®¬ ℓ > p, â ª çâ® vℓ
k → vℓ ¯®­®à¬¥ Uℓ. Ǒà¨ íâ®¬ Jk(vℓ

k) → J(vℓ) ¨ áãé¥áâ¢ã¥â T > 0, ¤«ï ª®â®à®£®¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® T ‖vℓ
k − vℓ‖2 6 Jk

(
vℓ

k

)
− J(vℓ).�®ª § â¥«ìáâ¢®. � á¨«ã â®£®, çâ® äã­ªæ¨®­ «ë Jk(u) ¨ J(u)­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ­  Uℓ

∂, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
| inf Jk(u)− inf J(u)| 6 sup |Jk(u)− J(u)|.�â «® ¡ëâì, ¯®á«¥¤®¢ â¥«ì­®áâì {vℓ

k} ï¢«ï¥âáï ¬¨­¨¬¨§¨àãîé¥© ¯à¨
k → ∞ ¨ áå®¤¨âáï ª vℓ â ª, çâ® Jk(vℓ

k) → J(vℓ) ¯à¨ ℓ > p.� ª ª ª ¯® «¥¬¬¥ 1 äã­ªæ¨®­ « Jk(v) ï¢«ï¥âáï á¨«ì­® ¢ë¯ãª«®©­¥¯à¥àë¢­®© äã­ªæ¨¥© ­  ¢ë¯ãª«®¬ ª®¬¯ ªâ­®¬ ¬­®�¥áâ¢¥ Uℓ
∂, ¯®â¥®à¥¬¥ ® á¨«ì­® ¢ë¯ãª«®© ¨ ¯®«ã­¥¯à¥àë¢­®© á­¨§ã äã­ªæ¨¨ ­  ¢ë-¯ãª«®¬ § ¬ª­ãâ®¬ ¬­®�¥áâ¢¥ ¯®á«¥¤®¢ â¥«ì­®áâì {vℓ

k} áå®¤¨âáï ª vℓ
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T ‖vℓ

k − vℓ‖2 6 Jk(vℓ
k)− J(vℓ).�¥®à¥¬  2. Ǒãáâì ¬ âà¨æ M (L, p)-à¥£ã«ïà­ , p ∈ {0}∪N, detM

6= 0. Ǒãáâì (z, v) â®ç­®¥,   (zℓ
k, v

ℓ
k) | ¯à¨¡«¨�¥­­®¥ à¥è¥­¨ï § ¤ ç¨®¯â¨¬ «ì­®£® ¨§¬¥à¥­¨ï (7){(9) ­  ¢ë¯ãª«®¬ ª®¬¯ ªâ­®¬ ¬­®�¥áâ¢¥

U∂ ⊂ U. �®£¤  ¤«ï «î¡ëå z0 ∈ Rn × Y ¯®á«¥¤®¢ â¥«ì­®áâì {vℓ
k

} áå®-¤¨âáï ª v ¯® ­®à¬¥ ¢ U,   ¯®á«¥¤®¢ â¥«ì­®áâì {zℓ
k

} áå®¤¨âáï ª z = z(v)¯® ­®à¬¥ ¢ Z ¯à¨ k → ∞, ℓ → ∞ â ª, çâ® Jk

(
vℓ

k

)
→ J(v), ¯à¨ç¥¬áãé¥áâ¢ã¥â T > 0, ¤«ï ª®â®à®£® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

T
∥∥vℓ

k − v
∥∥2 6 Jk(vℓ

k)− J(v).� ª«îç¥­¨¥� áâ âì¥ à áá¬®âà¥­ ­®¢ë© ¯®¤å®¤ ª ¢®ááâ ­®¢«¥­¨î ¤¨­ ¬¨ç¥áª¨¨áª �¥­­ëå á¨£­ «®¢ á ¨á¯®«ì§®¢ ­¨¥¬ ¬¥â®¤®¢ â¥®à¨¨ ®¯â¨¬ «ì­®£®ã¯à ¢«¥­¨ï. Ǒà¨¢¥¤¥­ë ¯®áâ ­®¢ª  § ¤ ç¨ ®¯â¨¬ «ì­ëå ¨§¬¥à¥­¨©,¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï íâ®© § ¤ ç¨, ¯à¥¤-áâ ¢«¥­ë  «£®à¨â¬ ¥¥ ç¨á«¥­­®£® à¥è¥­¨ï ¨ à¥§ã«ìâ âë ¢ëç¨á«¨â¥«ì-­®£® íªá¯¥à¨¬¥­â .� ª ç¥áâ¢¥ ¤ «ì­¥©è¨å ­ ¯à ¢«¥­¨ï ¨áá«¥¤®¢ ­¨© ¢ë¤¥«¨¬ á«¥¤ã-îé¨¥: ¯à®¢¥¤¥­¨¥ ¢ëç¨á«¨â¥«ì­ëå íªá¯¥à¨¬¥­â®¢ ¤«ï ®æ¥­ª¨ íää¥ª-â¨¢­®áâ¨  «£®à¨â¬  ¯à®£à ¬¬ë, ¨á¯®«ì§®¢ ­¨¥ ¤ ­­®£® ¬¥â®¤  ¤«ïà¥è¥­¨ï § ¤ ç¨ ¢®ááâ ­®¢«¥­¨ï ¤¨­ ¬¨ç¥áª¨ ¨áª �¥­­ëå á¨£­ «®¢ áãç¥â®¬ ýèã¬®¢þ.�¢â®à ¢ëà � ¥â ¯à¨§­ â¥«ì­®áâì ¯à®ä. �. �. �¥áâ ª®¢ã,�. �. �¢¨à¨¤îªã ¨ �. �. �¥««¥à §  ª®­áã«ìâ æ¨¨ ¯à¨ ­ ¯¨á ­¨¨ áâ âì¨.����������1. �¥áâ ª®¢ �. �., �¢¨à¨¤îª �. �. �®¢ë© ¯®¤å®¤ ª ¨§¬¥à¥­¨î ¤¨­ ¬¨ç¥áª¨¨áª �¥­­ëå á¨£­ «®¢ // �¥áâ­. ��­®-�à «ìáª. £®á. ã­-â . �¥à. � â. ¬®¤¥-«¨à®¢ ­¨¥ ¨ ¯à®£à ¬¬¨à®¢ ­¨¥. 2010. ü 16. ¢ë¯. 5. �. 116{120.2. Shestakov A. L., Sviridyuk G. A. Optimal measurement of dynami
ally distortedsignals // �¥áâ­. ��­®-�à «ìáª. £®á. ã­-â . �¥à. � â. ¬®¤¥«¨à®¢ ­¨¥ ¨¯à®£à ¬¬¨à®¢ ­¨¥. 2011. ü 17. ¢ë¯. 8. �. 70{75.3. �¢¨à¨¤îª �. �., �àëç¥¢ �. �. �¨á«¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ ãà ¢­¥­¨© «¥®­âì¥¢-áª®£® â¨¯  // �§¢. ¢ã§®¢. � â¥¬ â¨ª . 2003. ü 8. �. 46{52.



�«£®à¨â¬ ç¨á«¥­­®£® ¨áá«¥¤®¢ ­¨ï ¬®¤¥«¨ 2214. �¢¨à¨¤îª �. �. � ¤ ç  �®è¨ ¤«ï «¨­¥©­®£® á¨­£ã«ïà­®£® ®¯¥à â®à­®£® ãà ¢-­¥­¨ï â¨¯  �®¡®«¥¢  // �¨ää¥à¥­æ. ãà ¢­¥­¨ï. 1987. �. 23. ü 12. �. 2168{2171.5. �¢¨à¨¤îª �. �., � £à¥¡¨­  �. �. � ¤ ç  �®ã«â¥à  | �¨¤®à®¢  ª ª ä¥­®¬¥­ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  // �§¢. �àªãâáª. £®á. ã­-â . �¥à. � â¥¬ â¨ª .2010. �. 3. ü 1. �. 104{125.6. �¥««¥à �. �. �¨á«¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ëà®�¤¥­-­®© «¨­¥©­®© á¨áâ¥¬®© ãà ¢­¥­¨© á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ �®ã®«â¥à  | �¨-¤®à®¢  // �¥áâ­. ��­®-�à «ìáª. £®á. ã­-â . �¥à. � â. ¬®¤¥«¨à®¢ ­¨¥ ¨¯à®£à ¬¬¨à®¢ ­¨¥. 2008. ü 27. �. 50{56.7. �¥áâ ª®¢ �. �., �¥««¥à �. �., � § à®¢  �. �. �¨á«¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ ®¯-â¨¬ «ì­®£® ¨§¬¥à¥­¨ï // �¢â®¬ â¨ª  ¨ â¥«¥¬¥å ­¨ª . 2012. ü 1. �. 107{115.8. �¥««¥à �. �., � § à®¢  �. �. C¢®©áâ¢® à¥£ã«ïà¨§ã¥¬®áâ¨ ¨ ç¨á«¥­­®¥ à¥è¥­¨¥§ ¤ ç¨ ¤¨­ ¬¨ç¥áª®£® ¨§¬¥à¥­¨ï // �¥áâ­. ��­®-�à «ìáª. £®á. ã­-â . �¥à.� â. ¬®¤¥«¨à®¢ ­¨¥ ¨ ¯à®£à ¬¬¨à®¢ ­¨¥. 2010. ü 16. �. 32{38.9. �¥áâ ª®¢ �. �. �§¬¥à¨â¥«ì­ë© ¯à¥®¡à §®¢ â¥«ì ¤¨­ ¬¨ç¥áª¨å ¯ à ¬¥âà®¢á ¨â¥à æ¨®­­ë¬ ¯à¨­æ¨¯®¬ ¢®ááâ ­®¢«¥­¨ï á¨£­ «  // Ǒà¨¡®àë ¨ á¨áâ¥¬ëã¯à ¢«¥­¨ï. 1992. ü 10. �. 23{24.10. �¥««¥à �. �., � å à®¢  �. �. � ¤ ç  ®¯â¨¬ «ì­®£® ¨§¬¥à¥­¨ï á ãç¥â®¬ à¥§®­ ­-á®¢:  «£®à¨â¬ ¯à®£à ¬¬ë ¨ ¢ëç¨á«¨â¥«ì­ë© íªá¯¥à¨¬¥­â // �¥áâ­. ��­®-�à «ìáª. £®á. ã­-â . �¥à. � â. ¬®¤¥«¨à®¢ ­¨¥ ¨ ¯à®£à ¬¬¨à®¢ ­¨¥. 2012.ü 27. �ë¯. 13. �. 58{68.11. Sviridyuk G. A., Fedorov V. E. Linear Sobolev type equations and degenerate semi-groups of operators. Utre
ht; Boston; Koln; Tokyo: VSP, 2003.12. Ǒ«¥å ­®¢  �. �. �¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ à á¯à¥¤¥«¥­­ë¬¨ á¨áâ¥¬ ¬¨, ­¥à §à¥è¥­­ë¬¨ ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®© ¯® ¢à¥¬¥­¨. �¨á. . . . ª ­¤. ä¨§.-¬ â. ­ ãª. �¥«ï¡¨­áª, 2006.£. �¥«ï¡¨­áª 5 ®ªâï¡àï 2013 £.



��� 517.925.41:519.833�������� ���������� ����������:������������� ��������Ǒ�Ǒ������ � ������ �������. �. � á¨«ì¥¢, �. Ǒ. �à¨£®àì¥¢,�. �. �à®ä¨¬æ¥¢� áá¬®âà¨¬ ¢«¨ï­¨¥ á®§¤ ­¨ï ®åà ­ï¥¬®© â¥àà¨â®à¨¨ ­  ¤¨­ ¬¨-ªã ¯®¯ã«ïæ¨¨ ¯à¨ ­ «¨ç¨¨ ¤®¡ëç¨ ­  ­¥®åà ­ï¥¬®© ç áâ¨,   â ª�¥®æ¥­¨¬ § âà âë ­  ¯à¨à®¤®®åà ­­ë¥ ¬¥à®¯à¨ïâ¨ï. Ǒà¨ íâ®¬ ¢¥«¨ç¨-­ã ¤®¡ëç¨ ¡ã¤¥¬ áç¨â âì á«ãç ©­®© ¢¥«¨ç¨­®©.Ǒãáâì á¨áâ¥¬  ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯ à ¬¥âà ¬¨®¯¨áë¢ ¥â à §¢¨â¨¥ ¯®¯ã«ïæ¨¨ ®¤­®¢à¥¬¥­­® ­  ®åà ­ï¥¬®© â¥àà¨â®-à¨¨ ¨ ¢­¥ ¥¥:
{

dx
dt = gx(t) + d1(s)(y(t)− x(t)) − f(x, ω),
dy
dt = ay(t) + d2(s)(x(t) − y(t))− cy2(t). (1)�¤¥áì x(t) ¨ y(t) | ¯«®â­®áâ¨ ­¥ª®â®à®© ¯®¯ã«ïæ¨¨ ¢­¥ ®åà ­ï¥¬®©â¥àà¨â®à¨¨ ¨ ¢­ãâà¨ ­¥¥, f(x, ω) = h(ω)x(t)+ b(ω) | äã­ªæ¨ï, ®¯¨áë-¢ îé ï ¤®¡ëçã ¯®¯ã«ïæ¨¨ ­  ­¥®åà ­ï¥¬®© â¥àà¨â®à¨¨, h(ω), b(ω) |á«ãç ©­ë¥ ¢¥«¨ç¨­ë, § ¤ ­­ë¥ ­  ¢¥àïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ (
, I, P ),

a ¨ g | ª®íää¨æ¨¥­âë ¯à¨à®áâ  ¯®¯ã«ïæ¨¨ ¢­¥ ®åà ­ï¥¬®© â¥àà¨â®-à¨¨ ¨ ¢­ãâà¨ ­¥¥, c | ª®íää¨æ¨¥­â ª®­ªãà¥­æ¨¨ ¢­ãâà¨ ¯®¯ã«ïæ¨¨­  ®åà ­ï¥¬®© â¥àà¨â®à¨¨, d1(s) ¨ d2(s) | ª®íää¨æ¨¥­âë ®¡¬¥­  ®á®-¡ï¬¨ ¬¥�¤ã ®åà ­ï¥¬®© â¥àà¨â®à¨¥© ¨ ®áâ «ì­®© ç áâìî  à¥ «  ¯®-¯ã«ïæ¨¨, s | ¤®«ï § ¯®¢¥¤­®© â¥àà¨â®à¨¨. �®íää¨æ¨¥­â g | «î¡®¥¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®, ¢á¥ ®áâ «ì­ë¥ ª®íää¨æ¨¥­âë ­¥®âà¨æ â¥«ì­ë.�« £ ¥¬®¥ h(ω)x(t) ¢ äã­ªæ¨¨ ¤®¡ëç¨ f(x, ω) ¨­â¥à¯à¥â¨àã¥âáïª ª ¢¥«¨ç¨­  ¯« ­®¢®© ¤®¡ëç¨ ¯®¯ã«ïæ¨¨,   á« £ ¥¬®¥ b(ω) | ª ª¢¥«¨ç¨­  ¡à ª®­ì¥àáª®© ¤®¡ëç¨. � ª ¯®ª § ­® ¢ [1℄, ¢ë¡à ­­ë© ¢¨¤
© 2013 � á¨«ì¥¢ �. �., �à¨£®àì¥¢ �. Ǒ., �à®ä¨¬æ¥¢ �. �.



�®§¤ ­¨¥ ®åà ­ï¥¬®© â¥àà¨â®à¨¨ 223¯« ­®¢®© ¤®¡ëç¨ ­¥ ¯à¨¢®¤¨â ª ¢®§­¨ª­®¢¥­¨î ¡¨äãàª æ¨© ¢ á¨áâ¥¬¥ãà ¢­¥­¨© (1).�ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©(1) ®¡¥á¯¥ç¨¢ îâ ¢ë¯®«­¥­¨¥ ãá«®¢¨© â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­-áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ �®è¨ ­  R3×
 ¨ ¨§¬¥à¨¬®áâì ª®íää¨æ¨-¥­â®¢ h(ω), b(ω) ®â­®á¨â¥«ì­® σ- «£¥¡àë Im.Ǒ®áâà®¨¬ ä §®¢ë¥ ¯®àâà¥âë âà ¥ªâ®à¨© á¨áâ¥¬ë (1), ¯à¥¤¯®« -£ ï, çâ® g−h > 0 ¨ ª®íää¨æ¨¥­â a ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã a > g−h.� ­­ë¥ á®®â­®è¥­¨ï á«¥¤ãîâ ¨§ ¥áâ¥áâ¢¥­­®-­ ãç­®£® á¬ëá«  § ¤ ç¨.�á­®¢­ë¬ ¬¥â®¤®¬ à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ï¢«ï¥âáï ¨áá«¥-¤®¢ ­¨¥ ãáâ®©ç¨¢®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨�¥­¨î ®á®¡ëå â®ç¥ª á¨áâ¥¬ë¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [2℄.�áâ®©ç¨¢®áâì á¨áâ¥¬ë (1) ¯®«­®áâìî ¨§ãç¥­  ¢ à ¡®â å [3{5℄ ¯à¨
f(x, ω) = b(ω) (¢ [5℄ a < g).Ǒãáâì (x1, y1) | ®á®¡ ï â®çª  á¨áâ¥¬ë (1), «¥� é ï ¢ ¯¥à¢®© ç¥â-¢¥àâ¨: x1 > 0, y1 > 0. � áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî «¨­¥©­ãî á¨áâ¥-¬ã ¤«ï (1): { _x = (g − h− d1)x+ d1y,_y = d2x+ (a− d2 − 2cy1)y. (2)� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (2)
λ2−(g−h−d1+a−d2−2cy1)λ+(g−h−d1)(a−d2−2cy1)−d1d2 = 0 (3)¨¬¥¥â ¤¨áªà¨¬¨­ ­â

D = (g − h− d1 − a+ d2 + 2cy1)2 + 4d1d2 > 0. (4)�®£¤  ¢ á¨áâ¥¬¥ (1) ­¥â ®á®¡ëå â®ç¥ª â¨¯  ä®ªãá  ¨ æ¥­âà .�®íää¨æ¨¥­â b(ω) ­¥ ¬¥­ï¥â ä §®¢ëå ¯®àâà¥â®¢ âà ¥ªâ®à¨© á¨-áâ¥¬ë, ®­ ¯¥à¥¬¥é ¥â ®á®¡ãî â®çªã ¯® ¯«®áª®áâ¨. Ǒãáâì ¢ (1) b(ω) = 0¤«ï ¯®çâ¨ ¢á¥å ω. � íâ®¬ á«ãç ¥ ¨¬¥¥¬ ¤¢¥ ®á®¡ë¥ â®çª¨ | ­ ç «®ª®®à¤¨­ â ¨ ¢â®àãî á ª®®à¤¨­ â ¬¨
x = d1y

d1 − g + h
, y = a

c
+ (g − h)d2(d1 − g + h)c . (5)� áá¬®âà¨¬ âà¨ ¢®§¬®�­ëå á«ãç ï.



224 � á¨«ì¥¢ �. �., �à¨£®àì¥¢ �. Ǒ., �à®ä¨¬æ¥¢ �. �.1. Ǒà¨ d1 − (g − h) = 0 ¥áâì â®«ìª® ®¤­  ®á®¡ ï â®çª  (0, 0) ¨å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ «¨­¥ à¨§®¢ ­­®© á¨áâ¥¬ë
λ2 − (a− d2)λ − d1d2 = 0¨¬¥¥â ¤¥©áâ¢¨â¥«ì­ë¥ ª®à­¨ à §­ëå §­ ª®¢

λ1,2 = 12(a− d2 ±√(a− d2)2 + 4d1d2).�á®¡ ï â®çª  (0, 0) | á¥¤«®.2. Ǒà¨ d1 − (g − h) < 0 á¨áâ¥¬  â ª�¥ ¨¬¥¥â ¢ ¯¥à¢®© ç¥â¢¥àâ¨â®«ìª® ®á®¡ãî â®çªã (0, 0), â¨¯ ª®â®à®© ®¯à¥¤¥«ï¥âáï §­ ª ¬¨ ª®à­¥©å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï
λ2 − [(g − h− d1) + (a− d2)℄λ+ (g − h− d1)(a− d2)− d1d2 = 0, (6)

λ1,2 = 12(g − h− d1) + (a− d2)±�, (7)£¤¥ � =√[(g − h− d1) + (a− d2)℄2 − 4[(g − h− d1)(a− d2)− d1d2℄.�¨áªà¨¬¨­ ­â å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ¯à¨¢®¤¨âáï ª ¢¨¤ã� = [(g − h− d1)− (a− d2)℄2 + 4d1d2 > 0,á«¥¤®¢ â¥«ì­®, ª®à­¨ ãà ¢­¥­¨ï | ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« .Ǒà¥®¡à §ã¥¬ ¢ ¤¨áªà¨¬¨­ ­â¥ ¢ëç¨â ¥¬®¥:(g − h− d1)(a− d2)− d1d2 = (a− d2)(g − h)− d1a.� § ¢¨á¨¬®áâ¨ ®â §­ ª  ¯®«ãç¥­­®£® ¢ëà �¥­¨ï ¢®§¬®�­ë á«¥¤ãîé¨¥¢ à¨ ­âë.(a) (a− d2)(g − h)− d1a > 0. �¢®¤ï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ª ¢¨¤ã(a−d2)(g−h) > d1a, ¯®«ãç¨¬ a−d2 > 0. �®£¤  (g−h−d1)+(a−d2) > 0.� ª�¥ � < (g − h− d1) + (a− d2).
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�¨á. 1. �á®¡ ï â®çª  (0; 0) | ­¥ãáâ®©ç¨¢ë© ã§¥«(b = 0, c = 1.5, a = 6, g − h = 5, d1 = 1.4, d2 = 1.5).�­ ç¨â, ®¡  ª®à­ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ¯®«®�¨â¥«ì­ë, ¨®á®¡ ï â®çª  (0, 0) ï¢«ï¥âáï ­¥ãáâ®©ç¨¢ë¬ ã§«®¬ (à¨á. 1).(¡) (a− d2)(g − h)− d1a < 0. �§ ­¥à ¢¥­áâ¢ � > (g − h− d1) + (a− d2) (8)¯®«ãç ¥¬, çâ® ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ¨¬¥îâ à §­ë¥§­ ª¨. � ç «® ª®®à¤¨­ â | á¥¤«®.(¢) (a − d2)(g − h) − d1a = 0. �¬¥¥¬ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£®ãà ¢­¥­¨ï λ1 = 0, λ2 = (g − h− d1) + (a− d2) > 0, ¨ ®á®¡ ï â®çª  (0, 0)¡ã¤¥â ¢ëà®�¤¥­­ë¬ ã§«®¬.3. Ǒà¨ d1−(g−h) > 0 ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ¤¢¥ ®á®¡ë¥ â®çª¨. � ç «®ª®®à¤¨­ â ï¢«ï¥âáï á¥¤«®¬, çâ® á«¥¤ã¥â ¨§ ¢ëà �¥­¨© (6){(8). �®¢â®à®© ®á®¡®© â®çª¥ ¨¬¥¥¬ ãáâ®©ç¨¢ë© ã§¥«.Ǒãáâì ¢á¥ ª®íää¨æ¨¥­âë á¨áâ¥¬ë ­¥ à ¢­ë ­ã«î. � íâ®¬ á«ãç ¥á¨áâ¥¬  (1) ¨¬¥¥â ®á®¡ë¥ â®çª¨ â¥å �¥ â¨¯®¢, çâ® ¨ ¢ á«ãç ¥, à áá¬®â-à¥­­®¬ ¢ëè¥. �¤­ ª® ®­¨ ¬®£ãâ ¯¥à¥¬¥áâ¨âìáï ¨§ ¯¥à¢®© ç¥â¢¥àâ¨.



226 � á¨«ì¥¢ �. �., �à¨£®àì¥¢ �. Ǒ., �à®ä¨¬æ¥¢ �. �.� áá¬®âà¨¬ ãà ¢­¥­¨ï ¤«ï ­ å®�¤¥­¨ï ®á®¡ëå â®ç¥ª:
{ (g − h)x+ d1(y − x)− b = 0,
ay + d2(x − y)− cy2 = 0.�á®¡ë¥ â®çª¨ | â®çª¨ ¯¥à¥á¥ç¥­¨ï ¯àï¬®©
x = d1y

d1 − g + h
− b

d1 − g + h
(9)¨ ¯ à ¡®«ë

x = c

d2 y2 + d2 − a

d2 y = c

d2 (y + d2 − a2c )2
− (d2 − a)24cd2 . (10)� § ¢¨á¨¬®áâ¨ ®â §­ ª®¢ à §­®áâ¥© d1−(g−h) ¨ d2−a ¨¬¥¥¬ á«¥¤ãîé¨¥¢®§¬®�­®áâ¨.

�¨á. 2.1) d1−(g−h) = 0. �¨áâ¥¬  (1) ¨¬¥¥â ®á®¡ãî â®çªã á ª®®à¤¨­ â ¬¨
x = b(d2 − a)

d1d2 + cb2
d21d2 , y = b

d1 .Ǒà¨ d2 − a > 0 ¨ ¯à¨ d2 − a < 0, b >
d1(a−d2)

c ®á®¡ ï â®çª  | á¥¤«®.Ǒà¨ d2 − a < 0, b < d1(a−d2)
c ®á®¡ëå â®ç¥ª ­¥â.



�®§¤ ­¨¥ ®åà ­ï¥¬®© â¥àà¨â®à¨¨ 2272) d1 − (g − h) < 0.(a) d2 − a < 0. �¥®¬¥âà¨ç¥áª¨ (à¨á. 2) ¯®«ãç ¥¬, çâ® ¯à¨
b

d1 >
a− d2
c

(11)á¨áâ¥¬  (1) ¨¬¥¥â ®¤­ã ®á®¡ãî â®çªã | á¥¤«®. �¥à ¢¥­áâ¢® (11) ®§­ -ç ¥â, çâ® ¥á«¨ ¯àï¬ ï (9) ®âá¥ª ¥â ­  ®á¨ Oy ®âà¥§®ª, ¡®«ìè¨© ®âá¥-ª ¥¬®£® ¯ à ¡®«®© (10), â® ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ¥áâì ®¤­  ®á®¡ ï â®ç-ª . � ®â«¨ç¨¥ ®â á«ãç ï, ª®£¤  b(ω) = 0 ¤«ï ¯®çâ¨ ¢á¥å ω ¨ ®á®¡ ïâ®çª  | ­¥ãáâ®©ç¨¢ë© ã§¥« (á¬. à¨á. 1), §¤¥áì ¢ ¯¥à¢ãî ç¥â¢¥àâì ¯¥-à¥¬¥é ¥âáï ¢â®à ï ®á®¡ ï â®çª  | á¥¤«® (à¨á. 3). �â® ®§­ ç ¥â, çâ®¯à¨ ¡®«ìè®© ¢¥«¨ç¨­¥ ¡à ª®­ì¥àáª®© ¤®¡ëç¨ ¢®§­¨ª ¥â ¢®§¬®�­®áâì¢ë¬¨à ­¨ï áã¡¯®¯ã«ïæ¨©. �á«®¢¨¥ (11) £®à §¤® ¯à®é¥  ­ «®£¨ç­®£®ãá«®¢¨ï, ¯®«ãç¥­­®£® ¢ [4℄. Ǒà¨
b

d1 < (a− d2)
c®á®¡ëå â®ç¥ª ­¥â (à¨á. 4).

�¨á. 3. �¤­  ®á®¡ ï â®çª  ¢ ¯¥à¢®© ç¥â¢¥àâ¨ | á¥¤«®(b = 3, c = 3, a = 6, g − h = 5, d1 = 1.4, d2 = 1.5).
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�¨á. 4. �¥â ®á®¡ëå â®ç¥ª ¢ ¯¥à¢®© ç¥â¢¥àâ¨(b = 2, c = 1.5, a = 6, g − h = 5, d1 = 1.4, d2 = 1.5).

�¨á. 5.(b) d2−a > 0. �§ à á¯®«®�¥­¨ï ¯àï¬®© ¨ ¯ à ¡®«ë á«¥¤ã¥â, çâ® ¢¯¥à¢®© ç¥â¢¥àâ¨ ¢á¥£¤  ¡ã¤¥â ®¤­  ®á®¡ ï â®çª  (à¨á. 5). � íâ®¬ á«ãç ¥â¨¯ íâ®© â®çª¨ | á¥¤«®.3) d1−(g−h) > 0. �«ï ®¯à¥¤¥«¥­¨ï ª®®à¤¨­ â ®á®¡ëå â®ç¥ª ¨¬¥¥¬
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y2 − ad1 + d2(g − h)− a(g − h)

c(d1 − g + h) y + bd2
c(d1 − g + h) = 0, (12)ª®®à¤¨­ â  x § ¤ ¥âáï ¢ëà �¥­¨¥¬ (9). �¨áªà¨¬¨­ ­â ãà ¢­¥­¨ï (12)à ¢¥­ [ad1 + d2(g − h)− a(g − h)℄24c2(d1 − g + h)2 − bd2
c(d1 − g + h) ,®â ¥£® §­ ª  § ¢¨á¨â ª®«¨ç¥áâ¢® ®á®¡ëå â®ç¥ª. �à®¬¥ â®£®, íâ® ª®«¨-ç¥áâ¢® § ¢¨á¨â ®â §­ ç¥­¨ï à §­®áâ¨ d1y − b, ¢å®¤ïé¥© ¢ (9), ¯à¨ç¥¬¢¥«¨ç¨­  y ®¯à¥¤¥«ï¥âáï ¨§ (12).�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

D = (ad1 + d2(g − h)− a(g − h))24cd2(d1 − g + h) . (13)�á«¨ b > D, â® ã á¨áâ¥¬ë (1) ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ­¥â ®á®¡ëå â®ç¥ª.�á«¨ b = D, â® ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ®¤­  ®á®¡ ï â®çª  | á¥¤«® ¯à¨
d2 − a > 0 ¨ d2 − a < 0, (a− d2)(d1 − g + h) 6 d1d2.�á«¨ d2−a < 0, (a−d2)(d1−g+h) > d1d2, â® ®á®¡ëå â®ç¥ª á¨áâ¥¬ ­¥ ¨¬¥¥â.�á«¨ b < D, â®

• á¨áâ¥¬  ¨¬¥¥â ¤¢¥ ®á®¡ë¥ â®çª¨ | á¥¤«® ¨ ãáâ®©ç¨¢ë© ã§¥« ¢á«¥¤ãîé¨å á«ãç ïå:
d2 − a > 0;(a− d2)(d1 − g + h) < d1d2, b >

d1(a− d2)
c

;(a− d2)(d1 − g + h) > d1d2,
d1(a− d2)

c
< b <

d1(ad1 + d2(g − h)− a(g − h))2c(d1 − g + h) ;
• á¨áâ¥¬  ¨¬¥¥â ®¤­ã ®á®¡ãî â®çªã | ãáâ®©ç¨¢ë© ã§¥« ¯à¨(a− d2)(d1 − g + h) < d1d2, b <

d1(a− d2)
c

;(a− d2)(d1 − g + h) > d1d2, b 6
d1(a− d2)

c
;



230 � á¨«ì¥¢ �. �., �à¨£®àì¥¢ �. Ǒ., �à®ä¨¬æ¥¢ �. �.(a− d2)(d1 − g + h) = d1d2, b = d1(ad1 + d2(g − h)− a(g − h))2c(d1 − g + h) ;
• ®á®¡ëå â®ç¥ª á¨áâ¥¬ë (1) ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ­¥â ¯à¨

d1(ad1 + d2(g − h)− a(g − h))2c(d1 − g + h) < b.� áá¬®âà¨¬ á®§¤ ­¨¥ ®åà ­ï¥¬®© â¥àà¨â®à¨¨ á á®åà ­¥­¨¥¬ ¤®-¡ëç¨ ¯®¯ã«ïæ¨¨ ­  ­¥®åà ­ï¥¬®© ç áâ¨ ¥¥  à¥ «  ¨ ¢®§¬®�­®áâìî áã-é¥áâ¢®¢ ­¨ï ¬¨£à æ¨¨ ®á®¡¥© ¬¥�¤ã ®åà ­ï¥¬®© ¨ ®áâ «ì­®© ç áâï¬¨â¥àà¨â®à¨¨ á â®çª¨ §à¥­¨ï íª®­®¬¨ª¨. �ª®«®£®-íª®­®¬¨ç¥áª¨¥ ¬®¤¥-«¨ ¤«ï ®åà ­ï¥¬®© ¯®¯ã«ïæ¨¨ á ¤¨­ ¬¨ª®©, ®¯¨áë¢ ¥¬®© «¨­¥©­ë¬¨¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨, à áá¬ âà¨¢ «¨áì ¢ [6℄.� â¥¬ â¨ç¥áª¨ § ¤ ç  ä®à¬ã«¨àã¥âáï ª ª ­¥ ­â £®­¨áâ¨ç¥áª ï¨¥à àå¨ç¥áª ï ¨£à  ¤¢ãå «¨æ | ã¯à ¢«ïîé¥£® æ¥­âà  ¨  £¥­â , ¯®«ì-§®¢ â¥«ï ¯à¨à®¤­ë¬¨ à¥áãàá ¬¨. �¥«¨ ¨£à®ª®¢ § ª«îç îâáï ¢ ¢ëà -¡®âª¥ ®¯â¨¬ «ì­ëå áâà â¥£¨© ¤«ï ¯®«ãç¥­¨ï ¬ ªá¨¬ «ì­®£® íª®­®¬¨-ç¥áª®£® ¢ë¨£àëè .� ª ç¥áâ¢¥ ¯à¨­æ¨¯  ®¯â¨¬ «ì­®áâ¨ ¢ë¡¥à¥¬ à ¢­®¢¥á¨¥ ¯® �í-èã, § ª«îç îé¥¥áï ¢ â®¬, çâ® ­¨ ®¤¨­ ¨§ ¨£à®ª®¢ ­¥ ¬®�¥â ¯®«ãç¨âì¢ë£®¤ë ¯à¨ ®¤­®áâ®à®­­¥¬ ¨§¬¥­¥­¨¨ á¢®¥© áâà â¥£¨¨.Ǒ®áâà®¨¬ äã­ªæ¨¨ ¢ë¨£àëè  ª �¤®£® ¨§ ¨£à®ª®¢ ¢ ¬®¬¥­â ¢à¥-¬¥­¨ t0. �ë¨£àëè ã¯à ¢«ïîé¥£® æ¥­âà  ¨¬¥¥â ¢¨¤
K0(s, h, ω) =  l1(1− s)− l2s− l3b(ω)− l4s1−s (x(t0)− y(t0))+ λ1−s (h(ω)x(t0)−m), h(ω)x(t0) > m,

l1(1− s)− l2s− l3b(ω)− l4s1−s (x(t0)− y(t0)),
h(ω)x(t0) 6 m,

(14)£¤¥ s | ¤®«ï § ¯®¢¥¤­®© ç áâ¨ â¥àà¨â®à¨¨, h(ω)x(t0) | ¢¥«¨ç¨­  ¤®-¡ëç¨ ¯®¯ã«ïæ¨¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0, l1 | § âà âë  £¥­â  ­  ¨á¯®«ì§®-¢ ­¨¥ ­¥®åà ­ï¥¬®© â¥àà¨â®à¨¨, l2 | § âà âë æ¥­âà  ­  á®¤¥à� ­¨¥®åà ­ï¥¬®© â¥àà¨â®à¨¨, l3b(ω) | ã¡ëâ®ª ®â ¡à ª®­ì¥àáª®© ¤®¡ëç¨,
m | à §¬¥à ®¯â¨¬ «ì­®© ¢¥«¨ç¨­ë ¤®¡ëç¨, l4s1−s (x(t0) − y(t0)) | § -âà âë ­  á®¤¥à� ­¨¥ ç áâ¨ ¯®¯ã«ïæ¨¨, ¯¥à¥è¥¤è¥© á ­¥®åà ­ï¥¬®©â¥àà¨â®à¨¨ ¢ § ¯®¢¥¤­ãî §®­ã, λ1−s | áâ ¢ª  èâà ä  §  ¯à¥¢ëè¥­¨¥



�®§¤ ­¨¥ ®åà ­ï¥¬®© â¥àà¨â®à¨¨ 231­®à¬ë ¤®¡ëç¨, § ¢¨áïé ï ®â ¤®«¨ s § ¯®¢¥¤­®© ç áâ¨ â¥àà¨â®à¨¨: ç¥¬¡®«ìè¥ íâ  ¤®«ï, â¥¬ ¢ëè¥ áâ ¢ª  èâà ä .�ë¨£àëè ¯®«ì§®¢ â¥«ï ®¯¨áë¢ ¥âáï äã­ªæ¨¥©
K1(s, h, ω) = h(ω)x(t0)(p− qh(ω)x(t0))− l1(1− s)

− λ1−s (b(ω)−m), h(ω)x(t0) > m,

h(ω)x(t0)(p− qh(ω)x(t0))− l1(1− s),
h(ω)x(t0) 6 m,

(15)£¤¥ p | æ¥­  ¯à®¤ �¨ ¥¤¨­¨æë ¤®¡ëç¨, q | § âà âë ­  ¤®¡ëçã ®¤­®©¥¤¨­¨æë; ®­¨ à áâãâ ª ª ª¢ ¤à â ¤®¡ëâ®£®.�á¥ ­¥à ¢¥­áâ¢  ¢ (14) ¨ (15) ¢ë¯®«­ïîâáï ¤«ï ¯®çâ¨ ¢á¥å ω.�âà â¥£¨¥© æ¥­âà  ï¢«ï¥âáï ¢ë¡®à ®¯â¨¬ «ì­®© ¤®«¨ s∗ § ¯®¢¥¤-­®© â¥àà¨â®à¨¨, áâà â¥£¨¥© ¯®«ì§®¢ â¥«ï | ¢ë¡®à ®¯â¨¬ «ì­®© ¢¥«¨-ç¨­ë ¤®¡ëç¨ h∗x(t0) á ãç¥â®¬ ¯®¢¥¤¥­¨ï æ¥­âà .� ¡®à áâà â¥£¨© (s∗, h∗) ­ §ë¢ ¥âáï á¨âã æ¨¥© à ¢­®¢¥á¨ï ¯® �í-èã ¢ ¨¥à àå¨ç¥áª®© ¨£à¥, ¥á«¨ ¤«ï «î¡ëå áâà â¥£¨© s ¨ h ¨§ á®®â¢¥â-áâ¢ãîé¨å ¬­®�¥áâ¢ áâà â¥£¨© ¤«ï ¯®çâ¨ ¢á¥å ω ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­-áâ¢  ¤«ï äã­ªæ¨© ¢ë¨£àëè , § ¢¨áïé¨å ®â á«ãç ©­ëå ¯ à ¬¥âà®¢:
K0(s∗, h∗, ω) > K0(s∗, h, ω), K1(s∗, h∗, ω) > K1(s, h∗, ω).�¯à¥¤¥«¥­¨¥ ¢§ïâ® ¨§ [7℄ ¨ ¤®¯®«­¥­®.Ǒ®«ãç ¥¬ á«¥¤ãîé¥¥ ®¯â¨¬ «ì­®¥ §­ ç¥­¨¥ s:

s∗ = 1−√λ(h(ω)x(t0)−m)− l4(x(t0)− y(t0))
l1 + l2 , h(ω)x(t0) > m. (16)�¤¥áì 0 6 s∗ 6 1 ¯à¨

l4(x(t0)− y(t0))
h(ω)x(t0)−m

6 λ <
l1 + l2 + l4(x(t0)− y(t0))

h(ω)x(t0)−m
,

s∗ = 0 ¯à¨
λ >

l1 + l2 + l4(x(t0)− y(t0))
h(ω)x(t0)−m

.�á«¨ h(ω)x(t0) 6 m, â® ®¯â¨¬ «ì­®© ¢¥«¨ç¨­ë ¤®«¨ ®åà ­ï¥¬®©â¥àà¨â®à¨¨ ­¥ áãé¥áâ¢ã¥â.
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h∗(ω)x(t0) = { p(1−s)−λ2q(1−s) , p > λ1−s ,0, p 6 λ1−s ,

(17)¯à¨ h(ω)x(t0) > m; b∗(ω) = p2q ¯à¨ h(ω)x(t0) 6 m.�¥«¨ç¨­  ®¯â¨¬ «ì­®© ¤®¡ëç¨ ¯à¨ ­ «¨ç¨¨ èâà ä®¢ § ¢¨á¨â ®âæ¥­ë ¯à®¤ �¨ ¥¤¨­¨æë ¤®¡ëç¨: ¥á«¨ æ¥­  ¯à®¤ �¨ ¥¤¨­¨æë ¤®¡ëç¨ p¬¥­ìè¥ áâ ¢ª¨ èâà ä  λ1−s , â® ¯à®¬ëá¥« ã¡ëâ®ç¥­ ¨ ­¥æ¥«¥á®®¡à §¥­.�¥«¨ç¨­  f(x0) = h(ω)x(t0) + b(ω), ®¯¨áë¢ îé ï ¤®¡ëçã ¯®¯ã«ï-æ¨¨ ¢­¥ ®åà ­ï¥¬®© â¥àà¨â®à¨¨, ï¢«ï¥âáï á«ãç ©­®©. �ã¤¥¬ ¯à¥¤¯®« -£ âì, çâ® á«ãç ©­ ï ¢¥«¨ç¨­  ¡à ª®­ì¥àáª®© ¤®¡ëç¨ b(ω) à ¢­®¬¥à­®à á¯à¥¤¥«¥­  ­  ®âà¥§ª¥ [v, w℄,   ¢¥«¨ç¨­  h(ω) | ­®à¬ «ì­® à á¯à¥¤¥-«¥­  á ¬ â¥¬ â¨ç¥áª¨¬ ®�¨¤ ­¨¥¬ �h ¨ ¤¨á¯¥àá¨¥© σ2. �«¥¤®¢ â¥«ì­®,¢¥«¨ç¨­  h(ω)x(t0) ­®à¬ «ì­® à á¯à¥¤¥«¥­  á ¬ â¥¬ â¨ç¥áª¨¬ ®�¨¤ -­¨¥¬ �hx(t0) ¨ ¤¨á¯¥àá¨¥© σ2x2(t0).�®£¤  ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë f(x0) ¨¬¥¥â¢¨¤ [8℄ (à¨á. 6):
f1(z) = 1

w − v

[�( �h
σ
+ w − z

x(t0)σ)− �(�h
σ
+ v − z

x(t0)σ)]. (18)�¤¥áì �(z) = 1√2π z∫0 e−x22 dx | äã­ªæ¨ï � ¯« á .

�¨á. 6. Ǒ«®â­®áâì à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë f(x0).



�®§¤ ­¨¥ ®åà ­ï¥¬®© â¥àà¨â®à¨¨ 233� ©¤¥¬ ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï äã­ªæ¨© ¢ë¨£àëè  K0(s, b, ω)¨ K1(s, b, ω). Ǒ«®â­®áâì à á¯à¥¤¥«¥­¨ï K0(s, b, ω) ¯à¨ h(ω)x(t0) > m¯à¥¤áâ ¢«ï¥â á®¡®© à á¯à¥¤¥«¥­¨¥ à §­®áâ¨ ­®à¬ «ì­®© ¨ à ¢­®¬¥à­®à á¯à¥¤¥«¥­­ëå á«ãç ©­ëå ¢¥«¨ç¨­:
f2(z) = 1

l3(w − v)[�(�hσ − (1− s)(z + l3v +Q)
λx(t0)σ )

− �(�h
σ
− (1− s)(z + l3w +Q)

λx(t0)σ )]
. (19)�¤¥áì �(z) | äã­ªæ¨ï � ¯« á ,

Q = 11− s
[λm+ l4s(x(t0)− y(t0))℄ + l1(s− 1) + l2s.Ǒà¨ h(ω)x(t0) 6 m äã­ªæ¨ï ¢ë¨£àëè  æ¥­âà  K0(s, b, ω) ¨¬¥¥â à ¢­®-¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ ­  ®âà¥§ª¥ [−l3w,−l3v℄.Ǒ«®â­®áâì à á¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ¢ë¨£àëè K1(s, b, ω) ¨¬¥¥â ¢¨¤¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï «¨­¥©­®© äã­ªæ¨¨ ®â ª¢ ¤à â  ­®à¬ «ì­®©á«ãç ©­®© ¢¥«¨ç¨­ë (à¨á. 7):

f3(z) = 12√2πq(L− z) exp{−L− z + qA22qC2 } 
h A√L− z√
qC2 , L− z > 0.(20)

�¨á. 7. Ǒ«®â­®áâì à á¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ¢ë¨£àëè  K1(s, b, ω).



234 � á¨«ì¥¢ �. �., �à¨£®àì¥¢ �. Ǒ., �à®ä¨¬æ¥¢ �. �.� ä®à¬ã«¥ (20) ¯à¨ h(ω)x(t0) > m

A = �hx(t0)− 12q(p− λ1− s

)
, C = x(t0)σ,

L = −l1(1− s) + 14q(p− λ1− s

)2 + λm1− s
;¯à¨ h(ω)x(t0) 6 m

A = �hx(t0)− p2q , C = x(t0)σ, L = −l1(1− s) + p24q .�à ¢­¨¬ ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ¢ë¨£àëè   £¥­â 
K1(s, b, ω) ¯à¨ f(x0) = h(ω)x(t0)+ b(ω) ¨ K1(s, b, ω) ¯à¨ f(x) = b(ω) [9℄.� ¯®á«¥¤­¥¬ á«ãç ¥ ¯à¥¤¯®« £ ¥¬, çâ® b(ω) ¯à¥¤áâ ¢«ï¥â á®¡®© áã¬¬ã¤¢ãå ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ | à ¢­®¬¥à­® à á¯à¥¤¥«¥­­®©­  ®âà¥§ª¥ [v, w℄ (¡à ª®­ì¥àáª ï ¤®¡ëç ) ¨ ­®à¬ «ì­® à á¯à¥¤¥«¥­­®©
N(�h, σ) (¯« ­®¢ ï ¤®¡ëç ). �®£¤  ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï á«ãç ©­®©¢¥«¨ç¨­ë b(ω) ¨¬¥¥â ¢¨¤ [8℄:

f4(z) = 1
w − v

[�(�h+ w − z

σ

)
− �(�h+ v − z

σ

)]
.�ë¨£àëè ¯®«ì§®¢ â¥«ï ®¯¨áë¢ ¥âáï äã­ªæ¨¥©

K1(s, b, ω) =  b(ω)(p− qb(ω))− l1(1− s)− λ1−s (b(ω)−m),
b(ω) > m,

b(ω)(p− qb(ω))− l1(1− s), b(ω) 6 m,

(21)Ǒ«®â­®áâì à á¯à¥¤¥«¥­¨ï K1(s, b, ω) ¨¬¥¥â ¢¨¤
f5(z) = 12(w − v)√2πq(L− z) z2∫

z1 e−x22 dx + z4∫
z3 e− x22 dx


. (22)� ä®à¬ã«¥ (22)

z1 = �h+ v + P

σ
−

√
L− z√
qσ

, z2 = �h+ w + P

σ
−

√
L− z√
qσ

,

z3 = �h+ v + P

σ
+ √

L− z√
qσ

, z4 = �h+ w + P

σ
+ √

L− z√
qσ

,
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P = 12q (p− λ1−s

) ¯à¨ b(ω) > m, P = p2q ¯à¨ b(ω) 6 m.Ǒ«®â­®áâ¨ ¤«ï á«ãç ©­ëå ¢¥«¨ç¨­ K1(s, b, ω) ¨ K1(s, b, ω) ¯à¨¢¥-¤¥­ë ­  à¨á. 8 (ªà¨¢ ï ¯«®â­®áâ¨ K1(s, b, ω) á«¥¢ ). � ª¨¬ ®¡à §®¬,¤«ï ¢¥«¨ç¨­ë K1(s, b, ω) à §¡à®á §­ ç¥­¨© ¡ã¤¥â ¡®«ìè¨¬ ¢® ¢á¥å á«ã-ç ïå,   § âà âë  £¥­â , ®¯¨áë¢ ¥¬ë¥ äã­ªæ¨¥© ¢ë¨£àëè  K1(s, b, ω),áãé¥áâ¢¥­­® ¢ëè¥. �  à¨á. 8 ¤«ï ¯®«ãç¥­¨ï å à ªâ¥à­®© ªà¨¢®© à á-¯à¥¤¥«¥­¨ï ¢ § ¤ ­­®¬ ¬ áèâ ¡¥ ¯®« £ ¥âáï, çâ® ¡à ª®­ì¥àáª ï ¤®¡ë-ç  ¢ ¯®«â®à  à §  ¡®«ìè¥ ¯« ­®¢®©.

�¨á. 8. �à ¢­¥­¨¥ ¯«®â­®áâ¥© à á¯à¥¤¥«¥­¨ï á«ãç ©­ëå ¢¥«¨ç¨­ äã­ªæ¨© ¤®¡ëç¨.����������1. �à­®«ì¤ �. �. �¥®à¨ï ª â áâà®ä. �.: � ãª , 1990.2. �à¨£®àì¥¢ �. Ǒ., Ǒ®«®¢¨­ª¨­ �. �., �®¬ ­®¢  �. �., �®äà®­®¢ �. �., �à®ä¨¬-æ¥¢ �. �. �¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢ ¯à¨¬¥à å ¨ § ¤ ç å.�§¤. 2. �.: �ã§®¢áª. ª­., 2008.3. �®«áâ¨å¨­ �. �., �à®ä¨¬æ¥¢ �. �. �ª®«®£¨ç¥áª¨© ¬¥­¥¤�¬¥­â. �®¢®á¨¡¨àáª:� ãª , 1998.4. �¥®­®¢ �. �., �à®ä¨¬æ¥¢ �. �. �á®¡ë¥ â®çª¨ ¨ ¡¨äãàª æ¨®­­ë¥ ¯ à ¬¥âàë¬®¤¥«¨ ¢®ááâ ­®¢«¥­¨ï ¯®¯ã«ïæ¨¨ // � â. § ¬¥âª¨ ���. 2008. �. 15, ü 2.�. 106{118.5. Vasilyev M. D. The stability of ODE system in the models of dynami
s // Abstr.Int. Young S
ientists Conf. Mathemati
al Modeling. Linyi, China, May 24{25, 2010.Yakutsk: IMI YSU, 2010.6. � § «®¢ �. �., �¥ââ¨¥¢  �. �. � ¢­®¢¥á¨¥ ¯® �íèã ¢ § ¤ ç å ®åà ­ë ®ªàã� î-é¥© áà¥¤ë // � â. ¬®¤¥«¨à®¢ ­¨¥. 2006. �. 18, ü 5. �. 73{90.
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238 �à¨£®àì¥¢ �. �.1. Ǒ®áâ ­®¢ª  § ¤ ç¨�¡®¡é¥­­ ï ¬®¤¥«ì ¤¢®©­®© ¯®à¨áâ®áâ¨ [4, 5℄ ®¯¨áë¢ ¥âáï á«¥¤ã-îé¥© á¨áâ¥¬®© ãà ¢­¥­¨©:
c11(x)∂u1

∂t
+c12(x)∂u2

∂t
−div (d1(x) gradu1)+r(x)(u1−u2) = f1(x, t), (1)

c21(x)∂u1
∂t

+c22(x)∂u2
∂t

−div (d2(x) gradu2)+r(x)(u2−u1) = f2(x, t), (2)¢ ®¡« áâ¨ 
 ¯à¨ 0 < t 6 T á ª®íää¨æ¨¥­â ¬¨ dα = kα/µ, α = 1, 2. �¤¥áì
uα | ¤ ¢«¥­¨¥, kα | ¯à®­¨æ ¥¬®áâì áà¥¤ë, µ | ¢ï§ª®áâì �¨¤ª®áâ¨,
cαβ | ª®íää¨æ¨¥­âë ¯®à®¥¬ª®áâ¨, r(x) | ®¡¬¥­­ë© ¯¥à¥â®ª ¬¥�¤ãáà¥¤ ¬¨. �­¤¥ªá α = 1 ®§­ ç ¥â ¯à¨­ ¤«¥�­®áâì âà¥é¨­®¢ â®© áà¥¤¥,
α = 2 | ¯®à¨áâ®©.� áá¬®âà¨¬ ¡ §®¢ë¥ ¤®¯ãé¥­¨ï. Ǒ¥à¥â®ª å à ªâ¥à¨§ã¥âáï â¥¬,çâ®

r(x) > 0, x ∈ 
.�«ï ª®íää¨æ¨¥­â®¢ ¯à¨ ¯à®¨§¢®¤­ëå ¯® ¢à¥¬¥­¨ ¨¬¥îâ ¬¥áâ® á®®â-­®è¥­¨ï
c12(x) = c21(x),2∑

α,β=1 cαβ(x)ζαζβ > δc

2∑
α=1 ζ2α, x ∈ 
, δc = 
onst > 0.�«ï á«ãç ï c12 = c21 = 0 ¯®«ãç¨¬ ¬®¤¥«ì � à¥­¡« ââ  [1℄:

c1(x)∂u1
∂t

− div(d1(x) grad u1) + r(x)(u1 − u2) = f1(x, t), (3)
c2(x)∂u2

∂t
− div(d2(x) grad u2) + r(x)(u2 − u1) = f2(x, t). (4)� ç «ì­®-ªà ¥¢ ï § ¤ ç  áâ ¢¨âáï ¢ ®£à ­¨ç¥­­®© ®¡« áâ¨ 
 ¯à¨

t ∈ (0, T ℄. Ǒ®«®�¨¬, ­ ¯à¨¬¥à,
r(x) > 0, d1(x) > 0, d2(x) > 0, x ∈ 
,£à ­¨ç­ë¥ ãá«®¢¨ï ¢®§ì¬¥¬ ¢ ¢¨¤¥
uα(x, t) = gd

α(x, t), x ∈ �D, t ∈ (0, T ℄, (5)
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dα(x)∂uα

∂n
(x, t) = gn

α(x, t), x ∈ �N , t ∈ (0, T ℄, (6)£¤¥ ∂
 = �D∪�N , n| ¢­¥è­ïï ­®à¬ «ì ª £à ­¨æ¥. �®§ì¬¥¬ ­ ç «ì­®¥ãá«®¢¨¥ ¢ ¢¨¤¥
uα(x, 0) = u0α(x), x ∈ 
, α = 1, 2. (7)�®«¥¥ ¯®¤à®¡­® à áá¬®âà¨¬ á«ãç © ¯®áâ®ï­­ëå ª®íää¨æ¨¥­â®¢,   â ª-�¥ ¯®âà¥¡ã¥¬ ¢ë¯®«­¥­¨ï á«¥¤ãîé¨å ãá«®¢¨© ¤«ï ¯à ¢ëå ç áâ¥©:

fα(x, t) = 0, x ∈ 
, t ∈ (0, T ℄, α = 1, 2.�¨¯ âà¥é¨­®¢ â®áâ¨, ¯à¨ ª®â®à®¬ «¨­¥©­ë¥ à §¬¥àë à áªàëâ®áâ¨âà¥é¨­ §­ ç¨â¥«ì­® ¯à¥¢®áå®¤ïâ å à ªâ¥à­ë¥ à §¬¥àë ¤¨ ¬¥âà®¢ ¯®à,ï¢«ï¥âáï ­ ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¬. � ª çâ® ¯à®­¨æ ¥¬®áâì âà¥é¨­§­ ç¨â¥«ì­® ¡®«ìè¥ ¯à®­¨æ ¬®áâ¨ ¯®à¨áâëå ¡«®ª®¢. �¡ê¥¬ ¯ãáâ®â-­®£® ¯à®áâà ­áâ¢ , ¯à¨å®¤ïé¥£®áï ­  âà¥é¨­ë, §­ ç¨â¥«ì­® ¬¥­ìè¥®¡ê¥¬ , ¯à¥¤áâ ¢«¥­­®£® ¯®à ¬¨. Ǒ®íâ®¬ã ª®íää¨æ¨¥­â ¯®à¨áâ®áâ¨âà¥é¨­ (®â­®è¥­¨¥ ®¡ê¥¬ , § ­ïâ®£® âà¥é¨­ ¬¨, ª ®¡é¥¬ã ®¡ê¥¬ã ¯®-à®¤ë) áãé¥áâ¢¥­­® ¬¥­ìè¥ ª®íää¨æ¨¥­â  ¯®à¨áâ®áâ¨ ¡«®ª®¢. �¥¬ á -¬ë¬ ®á­®¢­ë¥ ä¨«ìâà æ¨®­­ë¥ ¯®â®ª¨ ¨¤ãâ ¯® âà¥é¨­ ¬,   ®á­®¢­ë¥§ ¯ áë ä«î¨¤  ­ å®¤ïâáï ¢ ¯®à¨áâëå ¡«®ª å:
d1 ≫ d2, c1 ≪ c2.�¤¥« ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (3), (4) ¡¥§à §¬¥à­®© á ãç¥â®¬ ¢ëè¥¯à¨­ïâëå ¤®¯ãé¥­¨© á«¥¤ãîé¨¬ ®¡à §®¬:

c1 = c, d1 = 1, c2 = 1, d2 = d.� â ª®¬ á«ãç ¥ á¨áâ¥¬  ¯à¨¬¥â ¢¨¤
c
∂u1
∂t

− div gradu1 + r(u1 − u2) = 0, (8)
∂u2
∂t

− d div gradu2 + r(u2 − u1) = 0 (9)á ¬ «ë¬¨ ¯ à ¬¥âà ¬¨ c, d.� ¯à¥¤¥«ì­®¬ á«ãç ¥ ¬®�­® ¯à¥­¥¡à¥çì ¤ ­­ë¬¨ ¯ à ¬¥âà ¬¨.�®£¤ 
− div gradu1 + r(u1 − u2) = 0, (10)
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�¨á. 1. � áç¥â­ ï ®¡« áâì 
.
∂u2
∂t

+ r(u2 − u1) = 0. (11)�§ ãà ¢­¥­¨© (10), (11) ¯®«ãç ¥¬
∂u1
∂t

− γ
∂

∂t
div gradu1 − div gradu1 = 0, (12)£¤¥ γ = 1

r . � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ã¯à®é¥­­ãî ¬®¤¥«ì ¤¢®©­®©¯®à¨áâ®áâ¨, ª®â®à ï ®¯¨áë¢ ¥âáï ®¤­¨¬ ¯á¥¢¤®¯ à ¡®«¨ç¥áª¨¬ ãà ¢-­¥­¨¥¬ (12). 2. �®¤¥«ì­ ï § ¤ ç � áá¬®âà¨¬ ¤¢ã¬¥à­ãî § ¤ çã ¢ ®¡« áâ¨ 
, ª®â®à ï ®â®¡à �¥­ ­  à¨á. 1. � à áá¬®âà¥­­®¬ á«ãç ¥ £à ­¨ç­ë¥ ãá«®¢¨ï § ¤ ­ë ¢ ¢¨¤¥
uα(x, t) = 1− exp(−δt), x ∈ �1, uα(x, t) = 0, x ∈ �3, (13)

dα(x)∂uα

∂n
(x, t) = 0, x ∈ �2 ∪ �4, t ∈ (0, T ℄, (14)£¤¥ �D = �1 ∪ �3, �N = �2 ∪ �4.�à ¢­¥­¨¥ (12) ¤®¯®«­ï¥âáï ¯à®áâ¥©è¨¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬, á®-®â¢¥âáâ¢ãîé¨¬ ®âáãâáâ¢¨î ¤¢¨�¥­¨ï ¢ âà¥é¨­®¢ â®© ¨ ¯®à¨áâ®© áà¥-¤ å:

uα(x, 0) = 0, x ∈ 
, α = 1, 2. (15)� ¯®áâ ¢«¥­­®© § ¤ ç¥ (12){(15) ­  ç áâ¨ £à ­¨æë �1 ¯à®¨§¢®¤¨âáï¯à®æ¥áá ­ £­¥â ­¨ï (¯®¢ëè ¥âáï ¤ ¢«¥­¨¥ ®â 0 ¤® 1). �ª®à®áâì ¯®¤ê-¥¬  ¤ ¢«¥­¨ï § ¢¨á¨â ®â ¯ à ¬¥âà  δ.
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(a)
(b)�¨á. 2. � áç¥â­ë¥ á¥âª¨: (a) | á¥âª  1, 206 ã§«®¢, 358 âà¥ã£®«ì­¨ª®¢;(b) | á¥âª  2, 700 ã§«®¢, 1294 âà¥ã£®«ì­¨ª .3. �ëç¨á«¨â¥«ì­ë©  «£®à¨â¬Ǒà¨ ¯®¨áª¥ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ­¥áâ æ¨®­ à­®© § ¤ ç¨ ä¨«ì-âà æ¨¨ ¤«ï ¯à®áâ®âë ¢¢¥¤¥¬ à ¢­®¬¥à­ãî á¥âªã ¯® ¢à¥¬¥­¨ á è £®¬ τ :

ωτ = ωτ ∪ {T } = {tn = nτ, n = 0, 1, . . . , N, τN = T },¨ ®¡®§­ ç¨¬ yn = y(tn), tn = nτ . Ǒ® ¯à®áâà ­áâ¢ã ¨á¯®«ì§ã¥¬ ª®­¥ç­®-í«¥¬¥­â­ãî  ¯¯à®ªá¨¬ æ¨î, á®áâ®ïéãî ¨§ áâ ­¤ àâ­ëå « £à ­�¥¢ëåª®­¥ç­ëå í«¥¬¥­â®¢ [3, 8℄ áâ¥¯¥­¨ 2. � ®¡« áâ¨ 
 ¯à®¢®¤¨âáï âà¨ ­-£ã«ïæ¨ï. �  íâ®© à áç¥â­®© á¥âª¥ ®¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢® ª®­¥ç­ëåí«¥¬¥­â®¢ V ⊂ H2(
). Ǒà¨ íâ®¬ à áç¥â­ ï á¥âª  á£ãé¥­  ª ãç áâª ¬á ­ ¨¡®«ìè¨¬¨ £à ¤¨¥­â ¬¨ à¥è¥­¨ï.
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(a) (b)�¨á. 3. � áç¥âë ­  á¥âª¥ 1 á è £®¬ τ = 0.06: (a) | ε1(t), (b) | ε2(t).
(a) (b)�¨á. 4. � áç¥âë ­  á¥âª¥ 1 á è £®¬ τ = 0.03: (a) | ε1(t), (b) | ε2(t).
(a) (b)�¨á. 5. � áç¥âë ­  á¥âª¥ 2 á è £®¬ τ = 0.06: (a) | ε1(t), (b) | ε2(t).



�¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ä¨«ìâà æ¨¨ 243� ¯¨è¥¬ ç¨áâ® ­¥ï¢­ãî áå¥¬ã [6℄ ¯® ¢à¥¬¥­¨ ¤«ï ¯á¥¢¤®¯ à ¡®-«¨ç¥áª®£® ãà ¢­¥­¨ï (12). Ǒà¨¡«¨�¥­­®¥ à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï ª ªà¥è¥­¨¥ á«¥¤ãîé¥© ¢ à¨ æ¨®­­®© § ¤ ç¨:
∫
 yn+11 − yn1

τ
v dx+ γ

∫
 grad yn+11 − grad yn1
τ

gradun+1 grad v dx+ ∫
 gradyn+11 gradv dx = 0, v ∈ V, n = 0, 1, . . . , N − 1. (16)� ©¤ï y1, ¨¬¥¥¬ ¢®§¬®�­®áâì ¢ëç¨á«¨âì y2:
∫
 yn+12 − yn2

τ
v dx+ ∫
 yn+12 v dx = ∫
 yn+11 v dx,

v ∈ V, n = 0, 1, . . . , N − 1. (17)�à ¢­¥­¨ï (16), (17) ¤®¯®«­¨¬ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
∫
 y0αv dx = 0, α = 1, 2, v ∈ V. (18)� ¤ «ì­¥©è¥¬ ¬®�­® ¯¥à¥å®¤¨âì ª ç¨á«¥­­®© à¥ «¨§ æ¨¨ ¤ ­­®£® ¢ë-ç¨á«¨â¥«ì­®£®  «£®à¨â¬ .4. �¥§ã«ìâ âë à áç¥â®¢Ǒà¨¢¥¤¥¬ à¥§ã«ìâ âë ç¨á«¥­­ëå à áç¥â®¢, ª®â®àë¥ ¢ë¯®«­¥­ë ­ á¥âª å, ¯à¨¢¥¤¥­­ëå ­  à¨á. 2. �«ï ®æ¥­ª¨ â®ç­®áâ¨ ¯à¨¡«¨�¥­­®£®à¥è¥­¨ï ¨á¯®«ì§ã¥âáï íâ «®­­®¥ (ª¢ §¨â®ç­®¥) à¥è¥­¨¥ �uα, α = 1, 2,ª®â®à®¥ ¡ã¤¥â ¯à¥¤áâ ¢«ïâì à¥è¥­¨¥ ­  ®ç¥­ì ¯®¤à®¡­®© á¥âª¥ (τ =0.01, à áç¥â­ ï á¥âª  á®¤¥à�¨â 10041 ã§«®¢, 19664 âà¥ã£®«ì­ëå í«¥-¬¥­â ). �®­âà®«ì ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï (§ ¢¨á¨¬®áâì ®â ¯ à ¬¥â-à®¢ § ¤ ç¨) ¡ã¤¥¬ ¯à®¢®¤¨âì ¯ãâ¥¬ áà ¢­¥­¨ï á íâ «®­­ë¬. �  à¨á. 3{5¯®ª § ­ë § ¢¨á¨¬®áâ¨ ­®à¬ë ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï

εα(t) = ‖uα − �uα‖, (19)£¤¥
‖uα − �uα‖2 = ∫
 (uα − �uα)2 dx, α = 1, 2.
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(a)
(b)�¨á. 6. �¥è¥­¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 1: (a) | u1, (b) | u2.
(a)
(b)�¨á. 7. �¥è¥­¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 3: (a) | u1, (b) | u2.



�¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ä¨«ìâà æ¨¨ 245�  à¨á. 6 ¨ 7 ®â®¡à �¥­ë à¥è¥­¨ï ¢ ¬®¬¥­âë ¢à¥¬¥­¨ t = 1 ¨ t = 3á®®â¢¥âáâ¢¥­­®.�  ®á­®¢¥  ­ «¨§  ¯à®¢¥¤¥­­ëå à áç¥â®¢ ¬®�­® á¤¥« âì á«¥¤ãî-é¨¥ ¢ë¢®¤ë.
• �®à¬  ¯®£à¥è­®áâ¨ à¥è¥­¨ï § âãå ¥â ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å

t. Ǒà¨ íâ®¬ à¥è¥­¨¥ ¢ âà¥é¨­ å u1 ãáâ ­ ¢«¨¢ ¥âáï ¡ëáâà¥¥, ­¥�¥«¨à¥è¥­¨¥ ¢ ¯®à å u2.
• � ¡«î¤ ¥âáï áå®¤¨¬®áâì ç¨á«¥­­®£® à¥è¥­¨ï ª ª¢ §¨â®ç­®¬ãª ª ¯® ¯à®áâà ­áâ¢ã (á® ¢â®àë¬ ¯®àï¤ª®¬), â ª ¨ ¯® ¢à¥¬¥­¨ (á ¯¥à¢ë¬¯®àï¤ª®¬).
• �®ç­®áâì ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï á« ¡® § ¢¨á¨â ®â ¯ à ¬¥âà ¯á¥¢¤®¯ à ¡®«¨ç­®áâ¨ γ ¨ ï¢«ï¥âáï ¬ ªá¨¬ «ì­®© ¯à¨ γ = 0.����������1. Barenblatt G. I., Zheltov I. P., Ko
hina I. N. Basi
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��� 51-74���������� ������ Ǒ� ���������Ǒ�������� �����������3D ������ ��������� Ǒ������. �. �à¨£®àì¥¢, �. �. � à¡ ­®¢�«ï ¯®¢ëè¥­¨ï íää¥ªâ¨¢­®áâ¨ ¡ãà¥­¨ï ­®¢ëå áª¢ �¨­ (���) ¨§ à¥§ª¨ ¡®ª®¢ëå áâ¢®«®¢ (���) âà¥¡ãîâáï à §­ë¥ ¢¨¤ë ¨áá«¥¤®¢ ­¨©.�¤­¨¬ ¨§ â ª¨å ¨áá«¥¤®¢ ­¨© ï¢«ï¥âáï £¥®«®£®-£¨¤à®¤¨­ ¬¨ç¥áª®¥ ¬®-¤¥«¨à®¢ ­¨¥ ­  á¯¥æ¨ «¨§¨à®¢ ­­ëå ¯à®£à ¬¬­ëå ¯à®¤ãªâ å. � ª®¥¬®¤¥«¨à®¢ ­¨¥ æ¥«¥á®®¡à §­® ¯à®¢®¤¨âì ¢ à ©®­ å ¨­â¥­á¨¢­®© ¤®-¡ëç¨, £¤¥ ¥áâì ­¥®¯à¥¤¥«¥­­®áâ¨ á ãà®¢­¥¬ ¢®¤®-­¥äâï­®£® ª®­â ªâ (���),   â ª�¥ ¢ à ©®­ å, £¤¥ ¥áâì ­ £­¥â â¥«ì­ë¥ áª¢ �¨­ë, á æ¥«ìî®¯à¥¤¥«¥­¨ï £à ­¨æ äà®­â  ­ £­¥â â¥«ì­ëå ¢®¤ (���).�¥®«®£®-£¨¤à®¤¨­ ¬¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ ¨¬¥¥â á¢®¨ ¯à¥¨¬ãé¥-áâ¢  ¯¥à¥¤ ¤àã£¨¬¨ ¢¨¤ ¬¨ ¨áá«¥¤®¢ ­¨© ¨ á¢®¨ ­¥¤®áâ âª¨. � ¯à¥¨¬ã-é¥áâ¢ ¬ ¬®�­® ®â­¥áâ¨ ¬ «¥­ìª¨¥ íª®­®¬¨ç¥áª¨¥ § âà âë ­  ¨áá«¥¤®-¢ ­¨¥: ­¥ âà¥¡ã¥âáï ®áâ ­®¢ª¨ áª¢ �¨­, â. ¥. ®âáãâáâ¢ã¥â ¯à®áâ ¨¢ ­¨¥à ¡®â îé¥£® ä®­¤ ,   â ª�¥ ­¥ âà¥¡ã¥âáï ¬®¡¨«¨§ æ¨¨ ¬­®£®ç¨á«¥­-­ëå ç¥«®¢¥ç¥áª¨å à¥áãàá®¢ ¨ â¥å­¨ª¨. � ­¥¤®áâ âª ¬ �¥ ®â­®á¨âáïâ®, çâ® âà¥¡ãîâáï á¯¥æ¨ «¨áâë á® §­ ­¨¥¬ à ¡®âë ­  £¥®«®£¨ç¥áª®¬¨ £¨¤à®¤¨­ ¬¨ç¥áª®¬ Ǒ�,   ¯à¨ ¨å ®âáãâáâ¢¨¨ ¢®§­¨ª ¥â á«®�­®áâì á¯à¨®¡é¥­¨¥¬ ¤àã£¨å à ¡®â­¨ª®¢ ª ¬®¤¥«¨à®¢ ­¨î ¢ á¢ï§¨ á® á«®�­®-áâìî £¥®«®£¨ç¥áª¨å ¨ £¨¤à®¤¨­ ¬¨ç¥áª¨å Ǒ� ¤«ï ¢®á¯à¨ïâ¨ï ¨ ®á¢®-¥­¨ï. � ª�¥ ®¤­¨¬ ¨§ ­¥¤®áâ âª®¢ ï¢«ï¥âáï â®, çâ® ¤«ï ¨áá«¥¤®¢ ­¨ï®¤­®£® à¥£¨®­  âà¥¡ã¥âáï ®â­®á¨â¥«ì­® ¡®«ìè®¥ ¢à¥¬ï, çâ® ­¥ ¯®§¢®-«ï¥â ¨áá«¥¤®¢ âì á ¯®¬®éìî ¬®¤¥«¨à®¢ ­¨ï ¤®áâ â®ç­®¥ ª®«¨ç¥áâ¢®ª ­¤¨¤ â®¢ ¢ ��� ¨ ���. Ǒ¥à¥ç¨á«¥­­ë¥ ­¥¤®áâ âª¨ ¯à¨¢®¤ïâ ª ®â-ª §ã ®â ¬®¤¥«¨à®¢ ­¨ï ª ª ®¤­®£® ¨§ ¢¨¤®¢ ¨áá«¥¤®¢ ­¨ï ¤«ï ®¡®á­®-¢ ­¨ï ¡ãà¥­¨ï ��� ¨«¨ ���. Ǒ®íâ®¬ã á æ¥«ìî ãáâà ­¥­¨ï á«®�­®áâ¨
© 2013 �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �.



� §à ¡®âª  ¬®¤ã«ï 247¢ ¯®áâà®¥­¨¨ £¥®«®£¨ç¥áª®© ¬®¤¥«¨ ¯« áâ ,   â ª�¥ çâ®¡ë ®¯â¨¬¨§¨-à®¢ âì ¢à¥¬ï á®§¤ ­¨ï ¬®¤¥«¨, ¢ ¤ ­­®© à ¡®â¥ à §à ¡®â ­ ¬®¤ã«ì ¤«ïá®§¤ ­¨ï ã¯à®é¥­­®© áâàãªâãà­®© 3D ¬®¤¥«¨ ¯« áâ  ¯® áª¢ �¨­­ë¬¤ ­­ë¬. � ª ï ¯à®áâ ï 3D ¬®¤¥«ì ¯« áâ  ¬®�¥â ¯®­ ¤®¡¨âìáï ¤«ï¡ëáâà®© ®æ¥­ª¨ ¤¥¡¨â , ¥£® ¯à®£­®§ , £à ­¨æ ���,   â ª�¥ ¤«ï ¨áá«¥-¤®¢ â¥«ìáª¨å à ¡®â, ¢ ç áâ­®áâ¨, ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¤®¡ëç¨ ¢ ãá«®¢¨ïåª®­ãá®®¡à §®¢ ­¨ï ¢®¤ë [1℄.�«ï ¯®áâà®¥­¨ï íâ®© ¬®¤¥«¨ ¢ à §à ¡®â ­­®¬ ¬®¤ã«¥ ¨á¯®«ì§ã¥âáï¨­â¥à¯®«ïæ¨ï £«ã¡¨­ ªà®¢«¨ ª®««¥ªâ®à  ¨ ¥£® ¬®é­®áâ¨ á ¯®¬®éìî£¥®áâ â¨áâ¨ç¥áª®£® ¬¥â®¤  | ®¡ëª­®¢¥­­®£® ªà¨£¨­£  [2{6℄.1. �¥â®¤¨ª  ¨­â¥à¯®«ïæ¨¨ ¤ ­­ëå á ¯®¬®éìî®¡ëª­®¢¥­­®£® ªà¨£¨­£ �«ï ¯®áâà®¥­¨ï áâàãªâãà­®© 3D ¬®¤¥«¨ ¯« áâ  ¯® ¤ ­­ë¬ ¢ áª¢ -�¨­ å ­¥®¡å®¤¨¬®, ¢ ¯¥à¢ãî ®ç¥à¥¤ì, ¯® ¨§¢¥áâ­ë¬ £«ã¡¨­ ¬ ªà®¢«¨ª®««¥ªâ®à  ¢ áª¢ �¨­ å ¯à®¨­â¥à¯®«¨à®¢ âì £«ã¡¨­ë ¯® ¢á¥© ®¡« -áâ¨ á â¥¬, çâ®¡ë ¯®«ãç¨âì ª àâã ªà®¢«¨ ª®««¥ªâ®à . � â¥¬ â®ç­®â ª �¥ ¯à®¨­â¥à¯®«¨à®¢ âì ¬®é­®áâì ª®««¥ªâ®à . � ¯®¬®éìî íâ¨å¤ ­­ëå ¨ á®§¤ ¥âáï 3D á¥âª  ¯« áâ  ¤«ï ¤ «ì­¥©è¥£® ¨á¯®«ì§®¢ ­¨ï¢ £¨¤à®¤¨­ ¬¨ç¥áª®¬ á¨¬ã«ïâ®à¥. Ǒà¨ ¢ë¡®à¥ ¬¥â®¤  ¨­â¥à¯®«ïæ¨¨à áá¬®âà¨¬ ­ ¨¡®«¥¥ ¨§¢¥áâ­ë¥ ¬¥â®¤ë: ¬¥â®¤ ®¡à â­ëå ¢§¢¥è¥­­ëåà ááâ®ï­¨© (���), ¬¥â®¤ ¯®¢¥àå­®áâ¨ âà¥­¤  ¨ ªà¨£¨­£ [6℄.� ¬¥â®¤¥ ®¡à â­ëå ¢§¢¥è¥­­ëå à ááâ®ï­¨© [6℄ â®çª¨, ­ å®¤ïé¨¥áï¡«¨�¥ ª â¥¬, ¢ ª®â®àëå ¯à®¨§¢®¤¨âáï ®æ¥­¨¢ ­¨¥, ®ª §ë¢ îâ ¡®«ìè¥¥¢«¨ï­¨¥ ¯® áà ¢­¥­¨î á ã¤ «¥­­ë¬¨ â®çª ¬¨. �¥á â®çª¨ ã¬¥­ìè ¥âáïª ª äã­ªæ¨ï ®â à ááâ®ï­¨ï. � ª¨¬ ®¡à §®¬ ¤®áâ¨£ ¥âáï ¢­®á ¡®«ìè¥£®¢ª« ¤  ¡®«¥¥ ¡«¨§ª¨å â®ç¥ª ¢ ®¯à¥¤¥«¥­¨¥ ¨­â¥à¯®«¨àã¥¬®£® §­ ç¥­¨ï¯® áà ¢­¥­¨î á ¡®«¥¥ ã¤ «¥­­ë¬¨ â®çª ¬¨. �® ¢ á«ãç ¥ ­¥à ¢­®¬¥à-­® à á¯®«®�¥­­ëå â®ç¥ª ¤ ­­ëå ¬¥â®¤ ¬®�¥â ¤ ¢ âì ­¥ á®¢á¥¬ ª®à-à¥ªâ­ë¥ à¥§ã«ìâ âë ¨§-§  â®£®, çâ® ¡ã¤¥â á«¨èª®¬ ¬ «® ¨«¨ ­ ®¡®à®âá«¨èª®¬ ¬­®£® §­ ç¥­¨© ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ¯® áà ¢­¥­¨î á ¤àã-£¨¬¨.� ¬¥â®¤¥ ¯®¢¥àå­®áâ¨ âà¥­¤  [6℄ áâà®¨âáï ¯®¢¥àå­®áâì ­ ¨«ãçè¥£®¯à¨¡«¨�¥­¨ï ­  ®á­®¢¥ ¬ â¥¬ â¨ç¥áª¨å ãà ¢­¥­¨© â ª¨å, ª ª ¯®«¨­®-¬ë ¨«¨ á¯« ©­ë. �«ï íâ®£® ¨á¯®«ì§ã¥âáï ¯à ¢¨«® ­ ¨¬¥­ìè¨å ª¢ ¤-



248 �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �.à â®¢. Ǒ®¢¥àå­®áâì âà¥­¤  ¬®�¥â ¡ëâì à §­ëå ¯®àï¤ª®¢. �â® ®¯à¥-¤¥«ï¥âáï ¢ § ¢¨á¨¬®áâ¨ ®â â¨¯  ¨á¯®«ì§®¢ ­­®£® ãà ¢­¥­¨ï, ª®â®àë©,¢ á¢®î ®ç¥à¥¤ì, ¯®ª §ë¢ ¥â ¢¥«¨ç¨­ã ¢®«­¨áâ®áâ¨ ¯®¢¥àå­®áâ¨. �¥¬á«®�­¥¥ ¯®¢¥àå­®áâì âà¥­¤ , â¥¬ ¡®«ìè¨© ¯®àï¤®ª ®­  ¨¬¥¥â. �¥¤®-áâ âª®¬ íâ®£® ¬¥â®¤  ï¢«ï¥âáï â®, çâ® ¯à¨ ­¥¡®«ìè®¬ ª®«¨ç¥áâ¢¥ â®ç¥ª¤ ­­ëå íªáâà¥¬ «ì­ë¥ §­ ç¥­¨ï ¬®£ãâ ¤®¢®«ì­® áãé¥áâ¢¥­­® ¢«¨ïâì­  ¯ à ¬¥âàë ãà ¢­¥­¨ï,   ¯®«ãç¥­­ë¥ ¯®¢¥àå­®áâ¨ ®ç¥­ì ¯®¤¢¥à�¥-­ë ªà ¥¢ë¬ íää¥ªâ ¬ (¯®«¨­®¬ë ¢ëá®ª¨å ¯®àï¤ª®¢ á¯®á®¡­ë à¥§ª®¬¥­ïâì ­ ¯à ¢«¥­¨¥ ¢®§«¥ £à ­¨æ ®¡« áâ¨ ¯®áâà®¥­¨ï ¨ ¯à¨¢®¤¨âì ª­¥à¥ «ì­ë¬ à¥§ã«ìâ â ¬).�à¨£¨­£ [2{6℄ ®¯â¨¬¨§¨àã¥â ¯à®æ¥¤ãàã ¨­â¥à¯®«ïæ¨¨ ­  ®á­®¢¥áâ â¨áâ¨ç¥áª®© ¯à¨à®¤ë ¯®¢¥àå­®áâ¨. �à¨£¨­£ áå®� á ¨­â¥à¯®«ïæ¨¥©���, ®­ ®¯à¥¤¥«ï¥â ¢¥á ®ªàã� îé¨å ¨§¬¥à¥­­ëå â®ç¥ª, çâ®¡ë ¢ë-ç¨á«¨âì ¨áª®¬®¥ §­ ç¥­¨¥ ¢ ­¥¨§¬¥à¥­­®© ïç¥©ª¥. �®çª¨, ª®â®àë¥à á¯®« £ îâáï ¡«¨�¥ ª ®æ¥­¨¢ ¥¬®© ïç¥©ª¥, ¨¬¥îâ ¡®«ìè¥¥ ¢«¨ï­¨¥.�® ¯à¨á¢®¥­¨¥ ¢¥á  ®ªàã� îé¨¬ â®çª ¬ ¢ ¬¥â®¤¥ ªà¨£¨­£  ­¥¬­®-£® ãá«®�­¥­® ¯® áà ¢­¥­¨î á ¬¥â®¤®¬ ���. � ®¡ëç­®¬ ªà¨£¨­£¥ ¢¥á§ ¢¨á¨â ®â ¬®¤¥«¨ ¢ à¨®£à ¬¬ë, à ááâ®ï­¨ï ¤® ®æ¥­¨¢ ¥¬®© â®çª¨ ¨¯à®áâà ­áâ¢¥­­®£® à á¯à¥¤¥«¥­¨ï â®ç¥ª ¤ ­­ëå ¢®ªàã£ ®æ¥­¨¢ ¥¬®©â®çª¨, ¢ à¥§ã«ìâ â¥ ãç¨âë¢ îâáï ­¥ â®«ìª® à ááâ®ï­¨ï ®â ¨­â¥à¯®«¨-àã¥¬®© â®çª¨, ­® ¨ à ááâ®ï­¨¥ ¬¥�¤ã á ¬¨¬¨ â®çª ¬¨ â ª, çâ® ¢¥á¡®«¥¥ ¡«¨§ª¨å ¤àã£ ª ¤àã£ã â®ç¥ª ã¬¥­ìè ¥âáï. �ãé¥áâ¢ã¥â ¤¢  ®á-­®¢­ëå ¢¨¤  ªà¨£¨­£ . �­¨¢¥àá «ì­ë© ªà¨£¨­£ ¨á¯®«ì§ã¥âáï â®£¤ ,ª®£¤  ¯®¢¥àå­®áâì ®æ¥­¨¢ ¥âáï ¯® ­¥à ¢­®¬¥à­® à á¯à¥¤¥«¥­­ë¬ ®â-áç¥â ¬ ¯à¨ ­ «¨ç¨¨ âà¥­¤ . �¡ëª­®¢¥­­ë© ªà¨£¨­£ | ¡®«¥¥ è¨à®-ª® ¨á¯®«ì§ã¥¬ë© ¬¥â®¤ ªà¨£¨­£ . �á­®¢®© ¤ ­­®£® ¬¥â®¤  ï¢«ï¥âáï¯à¥¤¯®«®�¥­¨¥, çâ® ¯®áâ®ï­­®¥ áà¥¤­¥¥ §­ ç¥­¨¥ ­¥¨§¢¥áâ­®. � ã­¨-¢¥àá «ì­®¬ ªà¨£¨­£¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¢ ¤ ­­ëå ¨¬¥¥âáï ª ª ï-«¨¡®¤®¬¨­¨àãîé ï â¥­¤¥­æ¨ï, ª®â®àãî ¬®�­® á¬®¤¥«¨à®¢ âì á ¯®¬®éìî¤¥â¥à¬¨­¨áâ¨ç¥áª®© ¯®«¨­®¬¨ «ì­®© äã­ªæ¨¨. �­¨¢¥àá «ì­ë© ªà¨-£¨­£ ¯à¨¬¥­ï¥âáï â®£¤ , ª®£¤  ¢ë §­ ¥â¥, çâ® ¢ ¤ ­­ëå áãé¥áâ¢ãîâ®¯à¥¤¥«¥­­ë¥ â¥­¤¥­æ¨¨, ¨ á¯®á®¡­ë ¯à®¢¥áâ¨ ­ ãç­®¥ ®¯¨á ­¨¥ ¤«ï¨å ¯®¤â¢¥à�¤¥­¨ï. Ǒà¥¨¬ãé¥áâ¢®¬ ªà¨£¨­£  ï¢«ï¥âáï â®, çâ® ®­ ¤ ¥â­¥ â®«ìª® ¨­â¥à¯®«¨à®¢ ­­ë¥ §­ ç¥­¨ï, ­® ¨ ®æ¥­ªã ¢®§¬®�­®© ®è¨¡-ª¨ íâ¨å §­ ç¥­¨©,   â ª�¥ ®¡¥á¯¥ç¨¢ ¥â à¥ «¨§ æ¨î á ­ ¨¬¥­ìè¥© ¤¨á-



� §à ¡®âª  ¬®¤ã«ï 249¯¥àá¨¥©.� áá¬®âà¥¢ £« ¢­ë¥ ¬¥â®¤ë ¨­â¥à¯®«ïæ¨¨, ¤«ï ¬¥â®¤¨ª¨ ¯®áâà®-¥­¨ï áâàãªâãà­®© ¬®¤¥«¨ ¯« áâ  ¯® áª¢ �¨­­ë¬ ¤ ­­ë¬ ¬ë ¢ë¡à «¨¬¥â®¤ ®¡ëª­®¢¥­­®£® ªà¨£¨­£ .1.1. �á­®¢­ë¥ ¯®­ïâ¨ï ¨ ¤®¯ãé¥­¨ï ¯à¨ ¨á¯®«ì§®¢ ­¨¨¬¥â®¤  ªà¨£¨­£ . Ǒà¨ ¨­â¥à¯®«ïæ¨¨ ¬¥â®¤®¬ ªà¨£¨­£  á«ãç ©­®©¯¥à¥¬¥­­®© Z(x) ¢ �­ë¬ ¯®­ïâ¨¥¬ ï¢«ï¥âáï ª®¢ à¨ æ¨ï §­ ç¥­¨©íâ®© ¯¥à¥¬¥­­®©, ¢§ïâëå á ¨­â¥à¢ «®¬ �x. �â® ¡ã¤¥â äã­ªæ¨ï ¨­â¥à-¢ «  �x, ¯®ª §ë¢ îé ï, ¢ ª ª®© áâ¥¯¥­¨ §­ ç¥­¨ï ¯¥à¥¬¥­­®©, à §¤¥-«¥­­ë¥ ¨­â¥à¢ «®¬ �x, ¨¬¥îâ áª«®­­®áâì ­ å®¤¨âìáï ¯® ®¤­ã áâ®à®­ã®â áà¥¤­¥£® [2{5℄:
Cov[Z(x), Z(x +�x)℄= E[(Z(x)−mz)(Z(x +�x)−mz)℄ = C(�x), (1)£¤¥mz | áà¥¤­¥¥ §­ ç¥­¨¥ á«ãç ©­®© ¯¥à¥¬¥­­®© Z(x), «¨â¥à  E ®§­ -ç ¥â áà¥¤­¥¥ ¯® x. �¤­ ª® ¯®«ì§®¢ âìáï ª®¢ à¨ æ¨¥© ­¥áª®«ìª® ¯à®-¡«¥¬ â¨ç­®, ¯®áª®«ìªã ­¥®¡å®¤¨¬® §­ âì áà¥¤­¥¥ mz . Ǒ®íâ®¬ã ã¤®¡-­¥¥ ¯®«ì§®¢ âìáï ­¥áª®«ìª® ¨­®© å à ªâ¥à¨áâ¨ª®© ¨§¬¥­ç¨¢®áâ¨ | ¢ -à¨®£à ¬¬®© γ(h), ª®â®à ï ¥áâì ¯®«®¢¨­  áà¥¤­¥£® ª¢ ¤à â  à §­®áâ¨§­ ç¥­¨© ¢ â®çª å, à §¤¥«¥­­ëå à ááâ®ï­¨¥¬ h. � à¨®£à ¬¬ã ¬®�­®à ááç¨â âì ¯àï¬® ¨§ ¤ ­­ëå [2{5℄:

γ(h) = 12E[(Z(x+ h)− Z(x))2℄. (2)� à¨®£à ¬¬  γ(h) ¨¬¥¥â ¢¨¤ ¢®§à áâ îé¥© äã­ªæ¨¨ ¨ ¨á¯®«ì§ã¥âáï¤«ï á®áâ ¢«¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï ¨­â¥à¯®«ïæ¨¨. �â®¡ë ®¯à¥-¤¥«¨âì ¢ à¨®£à ¬¬ã ¯® áª¢ �¨­­ë¬ ¤ ­­ë¬, ¤«ï ª �¤®© ¯ àë â®-ç¥ª ­  ¯«®é ¤¨ à ááç¨âë¢ ¥âáï à ááâ®ï­¨¥ h ¬¥�¤ã ­¨¬¨ ¨ ¯®«®¢¨­ ª¢ ¤à â  à §­®áâ¨ §­ ç¥­¨© ¯ à ¬¥âà , çâ® ¤ ¥â ­ ¬ ®¤­ã â®çªã ¢ª®®à¤¨­ â å à ááâ®ï­¨¥ | ª¢ ¤à â ¯ à ¬¥âà . �á¥ ¬­®�¥áâ¢® â ª¨åâ®ç¥ª (®â®¡à � îé¥¥ ¢á¥ ¢®§¬®�­ë¥ ¯ àë) ­ §ë¢ îâ ¢ à¨®£à ¬¬­ë¬®¡« ª®¬ (á¬. ¬ «¥­ìª¨¥ â®çª¨ ­  à¨á. 1). � â¥¬ £®à¨§®­â «ì­ ï ®áì
h à §¡¨¢ ¥âáï ­  ®¤¨­ ª®¢ë¥ ¨­â¥à¢ «ë, ¨ ¤«ï ª �¤®£® ¨­â¥à¢ « ãáà¥¤­ïîâáï ¢¥àâ¨ª «ì­ë¥ ª®®à¤¨­ âë ¯®¯ ¢è¨å ¢ ­¥£® â®ç¥ª ®¡« -
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�¨á. 1. � à ªâ¥à­ë© ¢¨¤ ¢ à¨®£à ¬¬ë.ª . �®çª¨ á ãáà¥¤­¥­­ë¬¨ ª®®à¤¨­ â ¬¨ ®¯à¥¤¥«ïîâ â ª ­ §ë¢ ¥¬ãîíªá¯¥à¨¬¥­â «ì­ãî ¢ à¨®£à ¬¬ã (�¨à­ë¥ â®çª¨ ­  à¨á. 1).�«ï íªá¯¥à¨¬¥­â «ì­®© ¢ à¨®£à ¬¬ë ¯®¤¡¨à ¥âáï ¬ â¥¬ â¨ç¥á-ª ï ¬®¤¥«ì (á¯«®è­ ï «¨­¨ï ­  à¨á. 1). �á«¨ ¢ à¨®£à ¬¬  ¯à¨ ¡®«ì-è¨å h ¢ëå®¤¨â ­  ¯®áâ®ï­­ë© ãà®¢¥­ì, â® íâ® á¢¨¤¥â¥«ìáâ¢ã¥â ® áâ -æ¨®­ à­®áâ¨ á«ãç ©­®© ¯¥à¥¬¥­­®©. Ǒà¨ íâ®¬ ¬ ªá¨¬ «ì­ë© ãà®¢¥­ì¢ à¨®£à ¬¬ë ­ §ë¢ ¥âáï ¥¥ ¯®à®£®¬. Ǒ®à®£ ¢ à¨®£à ¬¬ë à ¢¥­ ¤¨á-¯¥àá¨¨ á«ãç ©­®© ¯¥à¥¬¥­­®©. �â®¨â ®â¬¥â¨âì, çâ® ªà¨£¨­£®¬ ¬®�­®¯®«ì§®¢ âìáï â®«ìª® â®£¤ , ª®£¤  ¯¥à¥¬¥­­ ï áâ æ¨®­ à­ , â. ¥. ¥¥ ¢ -à¨®£à ¬¬  ¢ëå®¤¨â ­  ¯« â®. � ááâ®ï­¨¥, ­  ª®â®à®¬ ¢ à¨®£à ¬¬ ¤®áâ¨£ ¥â ¯®à®£ , ­ §ë¢ ¥âáï à ¤¨ãá®¬ ¢ à¨®£à ¬¬ë. � ¤¨ãá ¤ ¥â ¨­-ä®à¬ æ¨î ® ¯à®áâà ­áâ¢¥­­®¬ à §¬¥à¥ ®¡« áâ¨ ª®àà¥«ïæ¨¨ ¤ ­­ëå.Ǒà¥¤¥« ¢ à¨®£à ¬¬ë ¯à¨ áâà¥¬«¥­¨¨ h ª ­ã«î ­ §ë¢ ¥âáï íää¥ªâ®¬á ¬®à®¤ª®¢. � ­­ë© â¥à¬¨­ ¯à¨è¥« ¨§ àã¤­®© £¥®áâ â¨áâ¨ª¨, ­® ¢ ­ -è¨å ãá«®¢¨ïå ®­ ¢ëà � ¥â á«ãç ©­ãî ®è¨¡ªã ¨§¬¥à¥­¨© ¯ à ¬¥âà .� ª®­¥æ, ®¤­®© ¨§ ª«îç¥¢ëå å à ªâ¥à¨áâ¨ª ï¢«ï¥âáï ªà¨¢¨§­  ¢ à¨®-£à ¬¬ë ­  ­ ç «ì­®¬ ãç áâª¥. �­  ¢ëà � ¥â â®, ­ áª®«ìª® £« ¤ª¨¬¨(¨«¨, ­ ®¡®à®â, à¥§ª¨¬¨) ï¢«ïîâáï ¨§¬¥­¥­¨ï ¯ à ¬¥âà  ¢ ¯à®áâà ­-



� §à ¡®âª  ¬®¤ã«ï 251áâ¢¥. �á­®¢­ë¬¨ ¬ â¥¬ â¨ç¥áª¨¬¨ ¬®¤¥«ï¬¨ ¢ à¨®£à ¬¬ ï¢«ïîâáïáä¥à¨ç¥áª ï, íªá¯®­¥­æ¨ «ì­ ï, £ ãáá®¢áª ï ¨ ªã¡¨ç¥áª ï.1.2. �¨áâ¥¬  ãà ¢­¥­¨© ¤«ï ®¡ëª­®¢¥­­®£® ªà¨£¨­£ . �ë-à §¨¬ §­ ç¥­¨¥ á«ãç ©­®© ¯¥à¥¬¥­­®© Z(x) ¢ â®çª¥ x0 ç¥à¥§ ¨§¢¥áâ­ë¥§­ ç¥­¨ï Z(x) [2{5℄:
Z(x0) =∑λiZ(xi), (3)£¤¥ λi | ¢¥á®¢ë¥ ª®íää¨æ¨¥­âë. � íâ®¬ á«ãç ¥ á¨áâ¥¬  ãà ¢­¥­¨©®¡ëª­®¢¥­­®£® ªà¨£¨­£  ¨¬¥¥â ¢¨¤ [2{5℄:

∣∣∣∣∣∣∣∣∣

C(0) C12 . . . C1n 1
C21 C(0) . . . C2n 1
. . . . . . . . . . . . . . .
Cn1 Cn2 . . . C(0) 11 1 . . . 1 1 ∣∣∣∣∣∣∣∣∣ · ∣∣∣∣∣∣∣∣∣ λ1λ2. . .λn

µ

∣∣∣∣∣∣∣∣∣
= ∣∣∣∣∣∣∣∣∣ C10

C20
. . .
Cn01 ∣∣∣∣∣∣∣∣∣

, (4)£¤¥ Cij | ª®¢ à¨ æ¨ï á«ãç ©­®© ¯¥à¥¬¥­­®© Z(x) ¢ â®çª å i ¨ j, ª®-â®à ï, ¢ á¢®î ®ç¥à¥¤ì, ­ å®¤¨âáï á ¯®¬®éìî ¢ à¨®£à ¬¬ë [2{5℄
Cij = C(0)− γ(h), (5)

C0 | ¤¨á¯¥àá¨ï á«ãç ©­®© ¯¥à¥¬¥­­®© Z(x).�¡ëª­®¢¥­­ë© ªà¨£¨­£ á ¬ ¢ë¡¨à ¥â ãà®¢¥­ì, ­  ª®â®àë© à¥è¥-­¨¥ ¢ëå®¤¨â ¯à¨ ã¤ «¥­¨¨ ®â â®ç¥ª ¤ ­­ëå ­  à ááâ®ï­¨¥, ¡®«ìè¥¥à ¤¨ãá  ¢ à¨®£à ¬¬ë. �â® ¥£® ¢ �­®¥ ¯à¥¨¬ãé¥áâ¢®. � ªâ®à ¬¨,ª®â®àë¥ ãç¨âë¢ ¥â ªà¨£¨­£, ï¢«ïîâáï
• à ááâ®ï­¨¥ ¬¥�¤ã ®æ¥­¨¢ ¥¬®© â®çª®© ¨ ¤ ­­ë¬¨,
• à ááâ®ï­¨¥ ¬¥�¤ã ¤ ­­ë¬¨,
• áâàãªâãà  ¯¥à¥¬¥­­®©, ®¯à¥¤¥«ï¥¬ ï âà¥­¤®¬,
• áâàãªâãà  ¯¥à¥¬¥­­®©, ®¯à¥¤¥«ï¥¬ ï ¢ à¨®£à ¬¬®©.2. �®¤ã«ì ¯® ¯®áâà®¥­¨î áâàãªâãà­®©3D ¬®¤¥«¨ ¯« áâ �®¤ã«ì ¯® ¯®áâà®¥­¨î ã¯à®é¥­­®© £¥®«®£¨ç¥áª®© ¬®¤¥«¨ ¯« áâ à¥ «¨§®¢ ­ ¢ Ex
el á ¯®¬®éìî ï§ëª  ¯à®£à ¬¬¨à®¢ ­¨ï Visual Basi
 forAppli
ation ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© âà¨ «¨áâ  ¢ Ex
el: ý�å®¤­ë¥ ¤ ­­ë¥¯® áâàãªâãà¥þ, ý� à¨®£à ¬¬  Zþ ¨ ý� à¨®£à ¬¬  Híääþ.



252 �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �.� á ¬®¬ ­ ç «¥ à ¡®âë ¯®«ì§®¢ â¥«î ­¥®¡å®¤¨¬® § ¤ âì ¢å®¤­ë¥¤ ­­ë¥ ¢ «¨áâ¥ ý�å®¤­ë¥ ¤ ­­ë¥ ¯® áâàãªâãà¥þ (à¨á. 2) | £à ­¨æëá¥âª¨, â. ¥. ¨­â¥à¥áã¥¬®© ®¡« áâ¨, à §¬¥à­®áâì á¥âª¨ ¨ áª¢ �¨­­ë¥¤ ­­ë¥ ¢ ¢¨¤¥ ª®®à¤¨­ â áª¢ �¨­, ¢¥àâ¨ª «ì­ëå £«ã¡¨­ ªà®¢«¨ ª®«-«¥ªâ®à  ¨ ¬®é­®áâ¥©.

�¨á. 2. �¨áâ ý�å®¤­ë¥ ¤ ­­ë¥ ¯® áâàãªâãà¥þ.Ǒ®á«¥ ¢¢®¤  ¢å®¤­ëå ¤ ­­ëå ¯®«ì§®¢ â¥«ì ¯¥à¥å®¤¨â ¢ «¨áâ ý� -à¨®£à ¬¬  Zþ (à¨á. 3). � íâ®¬ «¨áâ¥ ¯®«ì§®¢ â¥«ì ¤®«�¥­ ¯®«ãç¨âì¬®¤¥«ì ¢ à¨®£à ¬¬ë ¤«ï £«ã¡¨­ ªà®¢«¨ ª®««¥ªâ®à . �«ï íâ®£® ­¥®¡-å®¤¨¬® ­ � âì ­  ª­®¯ªã ýǑ®áâà®¨âì ¢ à¨®£à ¬¬ã £«ã¡¨­þ. Ǒà¨ íâ®¬¬ ªà®á, ¯à¨¯¨á ­­ë© íâ®© ª­®¯ª¥, áâà®¨â ¢ à¨®£à ¬¬­®¥ ®¡« ª® £«ã-¡¨­ ¯® ¤ ­­ë¬, ª®â®àë¥ ¢¢¥¤¥­ë ¢ ¯¥à¢®¬ «¨áâ¥, ­ å®¤¨â íªá¯¥à¨¬¥­-â «ì­ãî ¢ à¨®£à ¬¬ã ¢ ¢¨¤¥ ¡®«ìè¨å â®ç¥ª ¨ § â¥¬ ¯®¤¡¨à ¥â ¬®¤¥«ì-­ãî ¢ à¨®£à ¬¬ã ¢ ¢¨¤¥ á¯«®è­®© «¨­¨¨.Ǒ®«ì§®¢ â¥«ì ¬®�¥â á ¬ ­ ¯à ¢«ïâì à áç¥â ¯® ®¯à¥¤¥«¥­¨î ¬®-¤¥«ì­®© ¢ à¨®£à ¬¬ë, § ¤ ¢ ¬®¤¥«ì ¢ à¨®£à ¬¬ë, è £ ¢ à¨®£à ¬¬ë,­ ç «ì­ë¥ §­ ç¥­¨ï ¯®à®£  ¨ à ¤¨ãá  ¢ à¨®£à ¬¬ë,   â ª�¥ ¤¨ ¯ -§®­, ¢ ª®â®à®¬ ¯à®£à ¬¬  ¡ã¤¥â ¨áª âì ¬®¤¥«ì­ãî ¢ à¨®£à ¬¬ã á ­ ¨-¬¥­ìè¥© ¤¨á¯¥àá¨¥©. �â® ¢¢¥¤¥­® ¤«ï â®£®, çâ®¡ë ¯®«ì§®¢ â¥«ì ¨¬¥«¢®§¬®�­®áâì ¯®¤¯à ¢¨âì ¢ à¨®£à ¬¬ã. � ª®­¥ç­®¬ ¨â®£¥ à¥§ã«ìâ âëà áç¥â  | ¯®à®£ ¨ à ¤¨ãá ¢ à¨®£à ¬¬ë | § ¯¨áë¢ îâáï ¢ ïç¥©ª åýà¥§ã«ìâ âë à áç¥â þ.
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�¨á. 3. �¨áâ ý� à¨®£à ¬¬  Zþ.� â¥¬ ¯®«ì§®¢ â¥«ì â®ç­® â ª �¥ ¯®«ãç ¥â ¢ à¨®£à ¬¬ã ¤«ï íä-ä¥ªâ¨¢­®© ¬®é­®áâ¨ ¢ «¨áâ¥ ý� à¨®£à ¬¬  Híääþ (à¨á. 4). Ǒ®á«¥®¯à¥¤¥«¥­¨ï ¢ à¨®£à ¬¬ ¯à¨ ­ � â¨¨ ª­®¯ª¨ ýǑ®áâà®¨âì £¥®«. ¬®-¤¥«ìþ ¢ 1-¬ «¨áâ¥ ¯®«ãç ¥âáï ä ©« á £¥®«®£¨ç¥áª®© ¬®¤¥«ìî.

�¨á. 4. �¨áâ ý� à¨®£à ¬¬  Híääþ.



254 �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �.3. Ǒà¨¬¥à á®§¤ ­¨ï ª àâë ªà®¢«¨ ª®««¥ªâ®à ¨ 3D ¬®¤¥«¨ ¯« áâ � ¯®¬®éìî ¤ ­­®£® ¬®¤ã«ï ¡ë«  ¯®áâà®¥­  ª àâ  ªà®¢«¨ ª®«-«¥ªâ®à  ¨ 3D ¬®¤¥«ì ç áâ¨ ¯« áâ  ­¥ª®â®à®£® ¬¥áâ®à®�¤¥­¨ï. � àâ ªà®¢«¨ ª®««¥ªâ®à  ¯« áâ  ¨§®¡à �¥­  ­  à¨á. 5. �¥§ã«ìâ â ¯®«ãç¨«áï¢ ¤®áâ â®ç­®© áâ¥¯¥­¨ áå®�¨¬ á à¥ «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ ¯« áâ .

�¨á. 5. � àâ  ªà®¢«¨ ª®««¥ªâ®à .Ǒ¥à¥¢¥à­ãâë¬¨ âà¥ã£®«ì­¨ª ¬¨ ¨§®¡à �¥­ë áª¢ �¨­ë, ¯® ª®â®-àë¬ ¡ë«  ¯®áâà®¥­  ª àâ . 3D á¥âª  ¯« áâ  ¨§®¡à �¥­  á ¯®¬®éìî£¨¤à®¤¨­ ¬¨ç¥áª®£® á¨¬ã«ïâ®à  ­  à¨á. 6.� ª«îç¥­¨¥� ¤ ­­®© à ¡®â¥ à §à ¡®â ­ ¬®¤ã«ì ¯® ¯®áâà®¥­¨î ã¯à®é¥­­®©£¥®«®£¨ç¥áª®© ¬®¤¥«¨ ¯« áâ  ¯® áª¢ �¨­­ë¬ ¤ ­­ë¬ á ¯®¬®éìî £¥®-
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�¨á. 6. 3D ¬®¤¥«ì ¯« áâ .áâ â¨áâ¨ç¥áª®£® ¬¥â®¤  ®¡ëª­®¢¥­­®£® ªà¨£¨­£ . �¯à®é¥­­ ï áâàãª-âãà­ ï 3D ¬®¤¥«ì ¯« áâ  áâà®¨âáï ¯® ¨§¢¥áâ­ë¬ £«ã¡¨­ ¬ ªà®¢«¨ ª®«-«¥ªâ®à  ¨ íää¥ªâ¨¢­ë¬ ¬®é­®áâï¬ ¢ áª¢ �¨­ å. �®¤ã«ì ¯à¥¤áâ ¢«ï-¥â á®¡®© ã�¥ £®â®¢ë© ª ¨á¯®«ì§®¢ ­¨î ¯à®¤ãªâ ¨ ¯®§¢®«ï¥â ¢ â¥ç¥­¨¥¬ «®£® ¢à¥¬¥­¨ á®§¤ âì 3D á¥âªã «î¡®£® ¯« áâ . � ª ï á¥âª  ¯« áâ «¥£ª® à á¯®§­ ¥âáï ¬­®£¨¬¨ £¨¤à®¤¨­ ¬¨ç¥áª¨¬¨ á¨¬ã«ïâ®à ¬¨. Ǒ®-íâ®¬ã ¬®¤ã«ì ¤ ¥â ¢®§¬®�­®áâì ¡ëáâà® ¯à®¢¥áâ¨ £¨¤à®¤¨­ ¬¨ç¥áª®¥¬®¤¥«¨à®¢ ­¨¥, ­¥ ®¡« ¤ ï £¥®«®£¨ç¥áª®© ¬®¤¥«ìî ¯« áâ .����������1. �à¨£®àì¥¢ �. �., � à¡ ­®¢ �. �. �«¨ï­¨¥ ¢¥«¨ç¨­ë ¤¥¯à¥áá¨¨ ¨ à á¯®«®�¥­¨ï£®à¨§®­â «ì­®© áª¢ �¨­ë ­  ¤®¡ëçã ­¥äâ¨ ¢ ãá«®¢¨ïå ª®­ãá®®¡à §®¢ ­¨ï ¢®¤ë// � â. § ¬¥âª¨ ���. 2012. �. 19, ¢ë¯. 1. �. 159{170.2. �î¡àã« �. �á¯®«ì§®¢ ­¨¥ £¥®áâ â¨áâ¨ª¨ ¤«ï ¢ª«îç¥­¨ï ¢ £¥®«®£¨ç¥áªãî ¬®-¤¥«ì á¥©á¬¨ç¥áª¨å ¤ ­­ëå. 2002. (European Asso
iation of Geos
ientists Engineers).3. � â¥à®­ �. �á­®¢ë ¯à¨ª« ¤­®© £¥®áâ â¨áâ¨ª¨. �.; ��¥¢áª: ���, 2009.4. �¥¬ìï­®¢ �., � ¢¥«ì¥¢  �. �¥®áâ â¨áâ¨ª . �¥®à¨ï ¨ ¯à ªâ¨ª . �.: � ãª , 2010.5. �à¬áâà®­£ �. �á­®¢ë «¨­¥©­®© £¥®áâ â¨áâ¨ª¨. 1998. (Centre for Spe
ializedTraining in Geostatisti
s).6. 3D ¢¨§ã «¨§ æ¨ï, â®¯®£à ä¨ç¥áª¨©  ­ «¨§, ¯®áâà®¥­¨¥ ¯®¢¥àå­®áâ¥©. ESRIWhite paper// Ar
Gis 3D Analyst. 2002.£. �ªãâáª 25 ¬ àâ  2013 £.



��� 519.63Ǒ����������� ������������������� ���������� Ǒ������������� �����∗)Ǒ. �. � å à®¢1. �¢¥¤¥­¨¥�¥®à¨ï ¨ ¯à ªâ¨ª  ¬¥â®¤®¢ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ (domain de
om-position, DD) ¤«ï áâ æ¨®­ à­ëå ªà ¥¢ëå § ¤ ç ¯®¤à®¡­® à áá¬®âà¥­ë¢ [1{4℄. � §«¨ç îâ ¬¥â®¤ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ á ­ «¥£ ­¨¥¬ ¨ ¡¥§­ «¥£ ­¨ï ¯®¤®¡« áâ¥©. Ǒà¨¡«¨�¥­­®¥ à¥è¥­¨¥ ­¥áâ æ¨®­ à­®© § ¤ -ç¨ ¬®�¥â ¡ëâì ¯®«ãç¥­® ¯®á«¥ áâ ­¤ àâ­®© ­¥ï¢­®©  ¯¯à®ªá¨¬ æ¨¨ ¯®¢à¥¬¥­¨ ¨ à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¤¨áªà¥â­ëå ãà ¢­¥­¨© ­  ª �-¤®¬ ¢à¥¬¥­­®¬ á«®¥ ®¤­¨¬ ¨§ ¢ à¨ ­â®¢ ¬¥â®¤®¢ DD ¤«ï áâ æ¨®­ à­®©§ ¤ ç¨. �ç¨âë¢ ï ¯¥à¥å®¤ïé¥¥ á¢®©áâ¢® ­¥áâ æ¨®­ à­®© § ¤ ç¨ (á¬.,­ ¯à¨¬¥à, à¥ «¨§ æ¨î, ®á­®¢ ­­ãî ­  ¬¥â®¤¥ �¢ àæ  [5, 6℄), ¬®�­®¯®áâà®¨âì ®¯â¨¬ «ì­ë© ¨â¥à â¨¢­ë© ¬¥â®¤ DD, £¤¥ ª®«¨ç¥áâ¢® ¨â¥-à æ¨© ­¥ § ¢¨á¨â ®â à §¬¥à  á¥âª¨ ¢à¥¬¥­¨ ¨ ¯à®áâà ­áâ¢ .� ª ï ®á®¡¥­­®áâì ­¥áâ æ¨®­ à­ëå § ¤ ç ¯®«­®áâìî ãç¨âë¢ ¥âáï¢ ¡¥§ëâ¥à æ¨®­­ëå áå¥¬ å DD. � ­¥ª®â®àëå á«ãç ïå ¢®§¬®�­® [7, 8℄¨á¯®«ì§®¢ ­¨¥ â®«ìª® ®¤­®© ¨â¥à æ¨¨  «ìâ¥à­¨àãîé¥£® ¬¥â®¤  �¢ à-æ  ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ¡¥§ ¯®â¥à¨ â®ç-­®áâ¨ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï. �¥§ëâ¥à æ¨®­­ë¥ áå¥¬ë DD á¢ï§ -­ë á ®á®¡ë¬¨ ¢ à¨ ­â ¬¨  ¤¤¨â¨¢­ëå áå¥¬ (áå¥¬ à áé¥¯«¥­¨ï) |à¥£¨®­ «ì­®- ¤¤¨â¨¢­ë¬¨ áå¥¬ ¬¨ [9℄.�å¥¬ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¤«ï ­¥áâ æ¨®­ à­ëå § ¤ ç ¬®£ãâ¡ëâì ¢ë¤¥«¥­ë ¬¥â®¤®¬ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨, ¢ë¡®à®¬ ®¯¥à â®à  ¤¥-
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨á-á«¥¤®¢ ­¨© (¯à®¥ªâ ü 13{01{00719�).
© 2013 � å à®¢ Ǒ. �.



Ǒ à ««¥«ì­ë¥  «£®à¨â¬ë à §¤¥«¥­¨ï ®¡« áâ¨ 257ª®¬¯®§¨æ¨¨ (®¡¬¥­®¬ £à ­¨ç­ëå ãá«®¢¨©) ¨ áå¥¬®© à áé¥¯«¥­¨ï. �«ï¤¨ää¥à¥­æ¨ «ì­®© § ¤ ç¨ ¨á¯®«ì§ãîâ ¬¥â®¤ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨
 = p⋃

α=1
α, 
α = 
α ∪ ∂
α, α = 1, 2, . . . , p,á ­ «¥£ ­¨¥¬ ¯®¤®¡« áâ¥© (
αβ ≡ 
α ∩ 
β 6= ∅) ¨«¨ ¡¥§ ­ «¥£ ­¨ï(
αβ = ∅) [2, 4℄. �¥â®¤ë ¡¥§ ­ «¥£ ­¨ï ¯®¤®¡« áâ¥© á¢ï§ ­ë á ï¢­®©ä®à¬ã«¨à®¢ª®© £à ­¨ç­ëå ãá«®¢¨© ¢ ¨­â¥àä¥©á­ëå £à ­¨æ å. �â¨¬¥â®¤ë è¨à®ª® ¨á¯®«ì§ãîâáï ¢ § ¤ ç å, £¤¥ ¤«ï ª �¤®© ®â¤¥«ì­®©¯®¤®¡« áâ¨ ¢¢®¤¨âáï á¢®ï á®¡áâ¢¥­­ ï ¢ëç¨á«¨â¥«ì­ ï á¥âª  (âà¨ ­-£ã«ïæ¨ï). � ®¡é¥¬, â ª�¥ ¨á¯®«ì§ãîâáï áå¥¬ë DD á ­ «¥£ ­¨¥¬ ¯®¤-®¡« áâ¥©. �¥â®¤ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ á ¬¨­¨¬ «ì­ë¬ ­ «¥£ ­¨¥¬,£¤¥ è¨à¨­  ­ «¥£ ­¨ï à ¢­  à §¬¥àã á¥âª¨ (
αβ = O(h)), ç áâ® ¬®-£ãâ ¡ëâì ¨­â¥à¯à¥â¨à®¢ ­ë ª ª ¬¥â®¤ë ¡¥§ ­ «¥£ ­¨ï, ¤®¯®«­¥­­ë¥á®®â¢¥âáâ¢ãîé¨¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ­  ¨­â¥àä¥©á å.� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¤¢ãª®¬¯®­¥­â­ ï áå¥¬  ¤¥ª®¬-¯®§¨æ¨¨ ®¡« áâ¨ ¡¥§ ­ «¥£ ­¨ï ¤«ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ªà ¥¢®©§ ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï.2. �®¤¥«ì­ ï ¯ à ¡®«¨ç¥áª ï § ¤ ç � áá¬®âà¨¬ ¬®¤¥«ì­ãî ­ ç «ì­®-ªà ¥¢ãî § ¤ çã ¤«ï ¯ à ¡®«¨ç¥-áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª . � ®£à ­¨ç¥­­®© ®¡« áâ¨ 
 ­¥¨§¢¥áâ-­ ï äã­ªæ¨ï u(x, t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
∂u

∂t
−

m∑

α=1(k(x) ∂u∂xα

) = f(x, t), x ∈ 
, 0 < t 6 T, (1)£¤¥ k(x) > κ > 0, x ∈ 
. �à ¢­¥­¨¥ (1) ¤®¯®«­ï¥âáï ®¤­®à®¤­ë¬£à ­¨ç­ë¬ ãá«®¢¨¥¬ �¨à¨å«¥
u(x, t) = 0, x ∈ ∂
, 0 < t < T. (2)� ª�¥ ¤®¯®«­¨â¥«ì­® ¢¢®¤¨¬ ­ ç «ì­®¥ ãá«®¢¨¥

u(x, 0) = u0(x), x ∈ 
. (3)



258 � å à®¢ Ǒ. �.� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥âáï ­¥áâ æ¨®­ à­ ï § ¤ ç  ¤¨ääã-§¨¨ (1){(3) ¤«ï ¬­®�¥áâ¢  äã­ªæ¨© u(x, t), ã¤®¢«¥â¢®àïîé¨å £à ­¨ç-­ë¬ ãá«®¢¨ï¬ (2). �¬¥áâ® (1) ¨ (2) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤¨ää¥à¥­æ¨- «ì­®-®¯¥à â®à­ãî § ¯¨áì
du

dt
+A u = f(t), 0 < t < T, (4)£¤¥ A = −

m∑

α=1 ∂

∂xα

(
k(x) ∂u

∂xα

)
.� áá¬ âà¨¢ ¥âáï § ¤ ç  �®è¨ ¤«ï í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï (4) á ­ -ç «ì­ë¬ ãá«®¢¨¥¬

u(0) = u0. (5)�«ï ¬­®�¥áâ¢  äã­ªæ¨© (2) ®¯à¥¤¥«¨¬ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®H = L2(
) á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®©(u, v) = ∫
 u(x)v(x) dx, ‖u‖ = (u, u)1/2.� H ®¯¥à â®à ¤¨ääã§¨®­­®£® ¯¥à¥­®á  A á ¬®á®¯àï�¥­ ¨ ¯®«®�¨-â¥«ì­® ®¯à¥¤¥«¥­: A = A ∗ > κδE , δ = δ(
) > 0, (6)£¤¥ E | ¥¤¨­¨ç­ë© ®¯¥à â®à ¢ H .�«ï à¥è¥­¨ï § ¤ ç¨ (4){(6) ®¯à¥¤¥«¨¬ ¯à®áâ¥©èãî  ¯à¨®à­ãî®æ¥­ªã, ª®â®à ï ¡ã¤¥â ®â¯à ¢­®© â®çª®© ¤«ï à áá¬ âà¨¢ ¥¬ëå á¥â®ç-­ëå § ¤ ç. � ¬®á®¯àï�¥­­ë© ¯®«®�¨â¥«ì­® ®¯à¥¤¥«¥­­ë© ®¯¥à â®àD ¬®�¥â ¡ëâì á¢ï§ ­ á £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬HD á® áª «ïà­ë¬¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®©(u, v)D = (Du, v), ‖u‖D = (u, u)1/2D .� H ãà ¢­¥­¨¥ (4) áª «ïà­® ã¬­®� ¥¬ ­  A u. � ãç¥â®¬ (6) ¨¬¥¥¬12 ddt‖u‖2A + ‖A u‖2 = (f,A u). (7)



Ǒ à ««¥«ì­ë¥  «£®à¨â¬ë à §¤¥«¥­¨ï ®¡« áâ¨ 259Ǒà¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ­¥à ¢¥­áâ¢®(f,A u) 6 ‖A u‖2 + 14‖f‖2,¨§ (7) ¯®«ãç ¥¬
d

dt
‖u‖2A 6

12‖f‖2.�á¯®«ì§ãï «¥¬¬ã �à®­ã®«« , ¯à¨å®¤¨¬ ª �¥« ¥¬®© ®æ¥­ª¥
‖u‖2A 6 ‖u0‖2A + 12 t∫0 ‖f(θ)‖2 dθ, (8)ª®â®à ï ¢ëà � ¥â ãáâ®©ç¨¢®áâì à¥è¥­¨ï § ¤ ç¨ (4){(6) ®â­®á¨â¥«ì­®­ ç «ì­®£® §­ ç¥­¨ï ¨ ¯à ¢®© ç áâ¨.3. � §­®áâ­ ï  ¯¯à®ªá¨¬ æ¨ï�¥â «ì­®¥ ¨§ãç¥­¨¥  ¯¯à®ªá¨¬ æ¨© ¯® ¯à®áâà ­áâ¢ã ¨ ¢à¥¬¥­¨ ¡ã-¤¥¬ ¯à®¢®¤¨âì ­  ¯à¨¬¥à¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¢ ¯àï¬®ã£®«ì­®©®¡« áâ¨ 
 = {x | x = (x1, x2), 0 < xα < lα, α = 1, 2}.Ǒà¨¡«¨�¥­­®¥ à¥è¥­¨¥ § ¤ ¥âáï ¢ ã§« å à ¢­®¬¥à­®© ¯àï¬®ã£®«ì­®©á¥âª¨ ®¡« áâ¨ 
:

ω = {x | x = (x1, x2), xα = iαhα, iα=0, 1, . . . , Nα, Nαhα=lα, α=1, 2},  ç¥à¥§ ω ¨ ∂ω ®¡®§­ ç¨¬ ¬­®�¥áâ¢® ¢­ãâà¥­­¨å ¨ £à ­¨ç­ëå ã§«®¢á®®â¢¥âáâ¢¥­­® (ω = ω ∪ ∂ω). �«ï á¥â®ç­ëå äã­ªæ¨© y(x) = 0, x ∈
∂ω, ®¯à¥¤¥«¨¬ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® H = L2(ω) á® áª «ïà­ë¬¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®©(y, w) =∑x∈ω

y(x)w(x)h1h2, ‖y‖ = (y, y)1/2.



260 � å à®¢ Ǒ. �.Ǒà¥¤¯®« £ ï, çâ® ª®íää¨æ¨¥­â k(x) ¢ 
 ¤®áâ â®ç­® £« ¤ª¨©, ¨á-¯®«ì§ã¥¬ ¤¨áªà¥â­ë© ®¯¥à â®à ¤¨ääã§¨¨
Ay = − 1

h21 k(x1 + h1/2, x2)(y(x1 + h1, x2)− y(x1, x2))+ 1
h21 k(x1 − h1/2, x2)(y(x1, x2)− y(x1 − h1, x2))

− 1
h22 k(x1, x2 + h2/2)(y(x1, x2 + h2)− y(x1, x2))+ 1

h22 k(x1, x2 − h2/2)(y(x1, x2)− y(x1, x2 − h2)). (9)� ¯à®áâà ­áâ¢¥H ®¯¥à â®à A á ¬®á®¯àï�¥­ ¨ ¯®«®�¨â¥«ì­® ®¯à¥-¤¥«¥­:
A = A∗ > κ(δ1 + δ2)E, δα = 4

h2α sin2 πhα2lα , α = 1, 2. (10)Ǒ®á«¥  ¯¯à®ªá¨¬ æ¨¨ ¯® ¯à®áâà ­áâ¢ã ¨§ ãà ¢­¥­¨© (1), (2) ¯¥à¥-å®¤¨¬ ª ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­®¬ã ãà ¢­¥­¨î
dy

dt
+Ay = f(x, t), x ∈ ω, 0 < t < T. (11)� ãç¥â®¬ (3) ¤®¯®«­¨¬ (11) ­ ç «ì­ë¬ ãá«®¢¨¥¬

y(x, 0) = u0(x), x ∈ ω. (12)�«ï à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­®© § ¤ ç¨ �®è¨ (11), (12) ¢ë-¯®«­ï¥âáï á«¥¤ãîé ï  ¯à¨®à­ ï ®æ¥­ª  (á¬. (8)):
‖y‖2A 6 ‖u0‖2A + 12 t∫0 ‖f(θ)‖2 dθ. (13)�¥¯¥àì ã¤¥«¨¬ ¢­¨¬ ­¨¥  ¯¯à®ªá¨¬ æ¨¨ ¯® ¢à¥¬¥­¨. Ǒà¨ ¯®áâà®-¥­¨¨ áå¥¬ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¤«ï § ¤ ç¨ (11), (12) ª ª ®â¯à ¢­ ïâ®çª  ¨á¯®«ì§ã¥âáï áâ ­¤ àâ­ ï ¤¢ãåá«®©­ ï áå¥¬ . Ǒãáâì τ | è £¯® ¢à¥¬¥­¨ ¨ yn = y(tn), tn = nτ , n = 0, 1, . . . , N , Nτ = T . �à ¢­¥­¨¥(11)  ¯¯à®ªá¨¬¨àã¥¬ ¤¢ãåá«®©­®© áå¥¬®© á ¢¥á ¬¨

yn+1 − yn

τ
+A(σyn+1 + (1− σ)yn) = ϕn, n = 0, 1, . . . , N − 1, (14)



Ǒ à ««¥«ì­ë¥  «£®à¨â¬ë à §¤¥«¥­¨ï ®¡« áâ¨ 261£¤¥ ϕn = f(tn + στ), ¨ ¤®¯®«­¨¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬
y0 = u0. (15)�  ¤®áâ â®ç­® £« ¤ª¨å à¥è¥­¨ïå § ¤ ç¨ à §­®áâ­ ï áå¥¬  (14),(15) ¨¬¥¥â ®è¨¡ªã  ¯¯à®ªá¨¬ æ¨¨ O(τ2 + (σ − 1/2)τ + h2), £¤¥ h2 =(

h21 + h22)/2.�¥®à¥¬  3.1. � §­®áâ­ ï áå¥¬  (14), (15) ¡¥§ãá«®¢­® ãáâ®©ç¨¢ ¯à¨ σ > 0.5, ¨ ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï ¢ë¯®«­ï¥âáï ®æ¥­ª 
‖yn+1‖2D 6 ‖yn‖2D + τ2‖ϕn‖2, n = 0, 1, . . . , N − 1, (16)£¤¥

D = A+ (σ − 1/2)τA2.�®ª § â¥«ìáâ¢®. Ǒ¥à¥¯¨è¥¬ à §­®áâ­ãî áå¥¬ã (14):(E + (σ − 1/2)τA)yn+1 − yn

τ
+A

yn+1 + yn2 = ϕn,áª «ïà­® ã¬­®�¨¬ ­  τA(yn+1 + yn). Ǒ®áª®«ìªã σ > 1/2,   §­ ç¨â,
D > A, ¨¬¥¥¬

‖yn+1‖2D − ‖yn‖2D + τ2‖A(yn+1 + yn)‖2 = τ(ϕn, A(yn+1 + yn)).�ç¨âë¢ ï, çâ®(ϕn, A(yn+1 + yn)) 6
12‖A(yn+1 + yn)‖2 + 12‖ϕn‖2,¯®«ãç ¥¬ âà¥¡ã¥¬ãî ®æ¥­ªã (16).�¯à¨®à­ ï ®æ¥­ª  (16) ¤«ï à¥è¥­¨ï § ¤ ç¨ (14), (15) ï¢«ï¥âáï¤¨áªà¥â­ë¬  ­ «®£®¬  ¯à¨®à­®© ®æ¥­ª¨ (13) ¤«ï à¥è¥­¨ï ¤¨ää¥à¥­-æ¨ «ì­®-à §­®áâ­®© § ¤ ç¨ (11), (12) (D = A+O(τ)).4. � §¤¥«¥­¨¥ ®¡« áâ¨� áá¬®âà¨¬ ¬¥â®¤ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¡¥§ ­ «¥£ ­¨ï. �  ¤¨á-ªà¥â­®¬ ãà®¢­¥ ®¯à¥¤¥«ï¥¬ ¢ ®¡« áâ¨ ¬­®�¥áâ¢® ¯®¤®¡« áâ¥© ¨ ¨­-â¥àä¥©á­ëå ã§«®¢, ¤ «¥¥ à¥è ¥¬ ¯®¤§ ¤ ç¨ ¢ ®â¤¥«ì­®áâ¨. �  ­¥¯à¥-àë¢­®¬ ãà®¢­¥ íâ  ¤¥ª®¬¯®§¨æ¨ï á¢ï§ ­  á ¯®¤®¡« áâï¬¨, ã ª®â®àëåè¨à¨­  à ¢­  á®®â¢¥âáâ¢ãîé¥¬ã è £ã ¯® ¯à®áâà ­áâ¢ã.
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�¨á. 1. �¥ª®¬¯®§¨æ¨ï á¥âª¨: ω = ζ ∪ γ.�¥âªã ω ¤¥«¨¬ ­  ¬­®�¥áâ¢® ¯àï¬®ã£®«ì­ëå ¯®¤®¡« áâ¥© ζ, ª®-â®àë¥ á®¥¤¨­¥­ë ¬¥�¤ã á®¡®© ¬­®�¥áâ¢®¬ ¢­ãâà¥­­¨å £à ­¨ç­ëå ã§-«®¢ γ. Ǒ®¤®¡« áâ¨ ζ ­¥ á¢ï§ ­ë ¬¥�¤ã á®¡®© ¨ ¬®£ãâ ¡ëâì à áá¬®âà¥-­ë ¯ à ««¥«ì­®. �à £¬¥­â á¥âª¨ ¯®ª § ­ ­  à¨á. 1. �¥è¥­¨¥ § ¤ ç¨¯à¨ â ª®© ¤¥ª®¬¯®§¨æ¨¨ ¬®�­® à §¤¥«¨âì ­  3 íâ ¯ .�â ¯ 1. �ëç¨á«¥­¨¥ ãá«®¢¨© ­  £à ­¨æ å ¯®¤®¡« áâ¥© ï¢­®© áå¥-¬®©
yn+1/2 − yn

τ
+Ayn = ϕn, x ∈ γ. (17)�â ¯ 2. �ëç¨á«¥­¨¥ à¥è¥­¨ï ¢ ¯®¤®¡« áâïå ­¥ï¢­®© áå¥¬®©

yn+1/2 = yn, x ∈ γ,

yn+1/2 − yn

τ
+Ayn+1/2 = ϕn, x ∈ ζ. (18)�¥è¥­¨¥ ¨áå®¤­®© § ¤ ç¨ á ¨á¯®«ì§®¢ ­¨¥¬ â®«ìª® áå¥¬ (17), (18) ï¢«ï-¥âáï ãá«®¢­® ãáâ®©ç¨¢ë¬, ¯®íâ®¬ã ¤®¯®«­¨â¥«ì­® ¢¢®¤¨âáï íâ ¯ ª®à-à¥ªæ¨¨ ¢ γ.�â ¯ 3. �®àà¥ªæ¨ï ãá«®¢¨© ­  £à ­¨æ¥ ¯®¤®¡« áâ¥© ­¥ï¢­®© áå¥-¬®©

yn+1 = yn+1/2, x ∈ ζ,
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yn+1 − yn

τ
+Ayn+1 = ϕn, x ∈ γ. (19)�ëç¨á«¨â¥«ì­ ï ¨ ª®¬¬ã­¨ª æ¨®­­ ï á«®�­®áâì ¯ à ««¥«ì­®©à¥ «¨§ æ¨¨ íâ ¯®¢ 1{3 ¬¥­ìè¥, ç¥¬ ã ¯ à ««¥«ì­®£®  «£®à¨â¬  à¥-è¥­¨ï ­¥ï¢­®© áå¥¬®©, ã ª®â®à®£® ¯ à ««¥«¨§¬ ¯®áâà®¥­ ­  ãà®¢­¥ «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©.5. �áá«¥¤®¢ ­¨¥ ãáâ®©ç¨¢®áâ¨ ¨ áå®¤¨¬®áâ¨�¢¥¤¥¬ äã­ªæ¨î ¯à¨­ ¤«¥�­®áâ¨ ¯®¤®¡« áâ¨ γ:

χ(x) = { 1, x ∈ γ,0, x ∈ ζ.
(20)�å¥¬ã (17) ¨ (18) ã¬­®� ¥¬ ­  χ ¨ (1−χ) á®®â¢¥âáâ¢¥­­® ¨ áã¬¬¨àã¥¬:

yn+1/2 − yn

τ
+ (1− χ)Ayn+1/2 + χAyn = ϕn. (21)�­ «®£¨ç­® á«®�¨¬ áå¥¬ë (18) ¨ (19):

yn+1 − yn

τ
+ χAyn+1 + (1− χ)Ayn+1/2 = ϕn. (22)�å¥¬  (21), (22) ¯à¥¤áâ ¢«ï¥â á®¡®© à¥£¨®­ «ì­®- ¤¤¨â¨¢­ãî áå¥¬ã,ª®â®àãî ¬®�­® ¨­â¥à¯à¥â¨à®¢ âì ª ª à §­®áâ­ãî áå¥¬ã �ã£« á  |�¥ªä®à¤ 

yn+1/2 − yn

τ
+A1yn+1/2 +A2yn = ϕn, (23)

yn+1 − yn+1/2
τ

+A2(yn+1 − yn) = 0, (24)£¤¥
A1 = χ1A, χ1 = χ, A2 = χ2A, χ2 = 1− χ.�å¥¬ã �ã£« á  | �¥ªä®à¤  (23), (24) § ¯¨áë¢ ¥¬ ¢ ¡®«¥¥ ®¡é¥¬¢¨¤¥ ª ª ä ªâ®à¨§®¢ ­­ãî áå¥¬ã:

B1B2 yn+1 − yn

τ
+Ayn = ϕn, (25)£¤¥

Bα = E + στχαA, α = 1, 2, (26)



264 � å à®¢ Ǒ. �.á ¯à ¢®© ç áâìî, ®¯à¥¤¥«¥­­®© ¢ ¢¨¤¥ ϕn = f(σtn+1+(1−σ)tn). Ǒàï¬ ï¯®¤áâ ­®¢ª  ¯®¤â¢¥à�¤ ¥â, çâ® áå¥¬  (25), (26) á®¢¯ ¤ ¥â á® áå¥¬®©(23), (24) ¯à¨ σ = 1.�ä®à¬ã«¨àã¥¬ ®á­®¢­ãî â¥®à¥¬ã ãáâ®©ç¨¢®áâ¨ ¤«ï ä ªâ®à¨§®-¢ ­­®© áå¥¬ë (25), (26) [10℄.�¥®à¥¬  5.1. � ªâ®à¨§®¢ ­­ ï à¥£¨®­ «ì­®- ¤¤¨â¨¢­ ï áå¥¬ (25), (26) ¡¥§ãá«®¢­® ãáâ®©ç¨¢  ¤«ï σ > 1/2, ¨ ¤«ï ¤¨áªà¥â­®£® à¥-è¥­¨ï ¢ë¯®«­ï¥âáï ®æ¥­ª 
‖B2yn+1‖A 6 ‖B2yn‖A + τ

∥∥B−11 ϕn
∥∥

A
, n = 0, 1, . . . , N − 1. (27)�á­®¢­ë¬ ¢®¯à®á®¬ ¯à¨ ¯®áâà®¥­¨¨ áå¥¬ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨¤«ï ­¥áâ æ¨®­ à­ëå § ¤ ç ï¢«ï¥âáï ®æ¥­ª  áª®à®áâ¨ áå®¤¨¬®áâ¨ ¤«ï¯à¨¡«¨�¥­­®£® à¥è¥­¨ï. �®ç­®áâì § ¢¨á¨â ®â ¢ëç¨á«¨â¥«ì­®© á¥âª¨(è¨à¨­ë ­ «¥£ ­¨ï), ¯®íâ®¬ã à¥£¨®­ «ì­®- ¤¤¨â¨¢­ë¥ áå¥¬ë ï¢«ïîâ-áï ãá«®¢­® áå®¤ïé¨¬¨áï.�®ç­®áâì  ­ «¨§¨àã¥âáï áâ ­¤ àâ­ë¬ á¯®á®¡®¬ | ç¥à¥§ à áá¬®â-à¥­¨¥ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ ¤«ï ¯®£à¥è­®áâ¨

zn(x) = yn(x) − un(x), x ∈ ω,£¤¥ un(x) = u(x, tn) | â®ç­®¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®© § ¤ ç¨ (1){(3). �§ (25), (26) ¯à¨å®¤¨¬ ª § ¤ ç¥ ¤«ï ¯®£à¥è­®áâ¨
B1B2 zn+1 − zn

τ
+Azn = ψn, (28)

z0 = 0. (29)�ç¨âë¢ ï (27) ¨§ § ¤ ç¨ (28), (29), ¯®«ãç ¥¬
‖B2zn+1‖A 6

n∑

k=0 τ∥∥B−11 ψk
∥∥

A
, n = 0, 1, . . . , N − 1. (30)�«ï ¯®£à¥è­®áâ¨  ¯¯à®ªá¨¬ æ¨¨ ¨¬¥¥¬

ψn = ϕn −B1B2un+1 − un

τ
−Aun. (31)�ç¨âë¢ ï (26), ¨§ (31) ¢ë¢®¤¨¬

ψn = ψn1 + ψn2 ,
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ψn1 = ϕn − (E + (σ − 1/2)τA)un+1 − un

τ
−A

un+1 + un2 ,

ψn2 = −σ2τ2χ1Aχ2Aun+1 − un

τ
.Ǒ¥à¢ë© ç«¥­ ¯®£à¥è­®áâ¨ áâ ­¤ àâ­ë© ¤«ï áå¥¬ á ¢¥á ¬¨, â®£¤  ª ª¢â®à®© ç«¥­ ¯®«ãç ¥âáï ¨§ à §¤¥«¥­¨ï ­  ¯®¤®¡« áâ¨. �«ï ¤®áâ â®ç­®£« ¤ª¨å à¥è¥­¨© ¤«ï § ¤ ç¨ (1), (3) ¯®«ãç ¥¬

ψn1 = O(h2 + τ2 + (σ − 1/2)τ).� áá¬®âà¨¬ ç«¥­ ψn2 ¡®«¥¥ ¯®¤à®¡­®. �ç¨âë¢ ï, çâ® ‖Bα‖ > 1 ¯à¨
σ > 0, ¨¬¥¥¬
∥∥B−11 ψn2 ∥∥A

6 σ2τ2∥∥∥∥χ1Aχ2Aun+1 − un

τ

∥∥∥∥
A

6 σ2τ2M‖(1− χ2)Aχ2‖A

6 σ2τ2M‖Aχ2‖A+σ2τ2M‖χ2Aχ2‖A = σ2τ2M‖χ2‖A3+σ2τ2M‖χ2‖A.� ª¨¬ ®¡à §®¬, ∥∥B−11 ψn2 ∥∥A
= O(σ2τ2‖χ2‖A3).� ­­ë¥  à£ã¬¥­âë ¯®§¢®«ïîâ ­ ¬ áä®à¬ã«¨à®¢ âì á«¥¤ãîé¥¥ ãâ¢¥à-�¤¥­¨¥.�¥®à¥¬  5.2. �«ï ¯®£à¥è­®áâ¨ ä ªâ®à¨§®¢ ­­®© à¥£¨®­ «ì­®- ¤¤¨â¨¢­®© à §­®áâ­®© áå¥¬ë (25), (26) ¯à¨ σ > 1/2 ¤«ï § ¤ ç¨ (1){(3)¯®«ãç ¥¬ ®æ¥­ªã

‖B2zn+1‖A 6 M(h2 + τ2 + (σ − 1/2)τ + σ2τ2‖χ2‖A3). (32)�«ï áå¥¬ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¡¥§ ­ «¥£ ­¨ï, à áá¬ âà¨¢ ¥¬ëå§¤¥áì, á ¤¨áªà¥â­ë¬¨ í««¨¯â¨ç¥áª¨¬¨ ®¯¥à â®à ¬¨ ¢â®à®£® ¯®àï¤ª (9) ®æ¥­ª  (32) ¤ ¥â ­¥à ¢¥­áâ¢®
‖B2zn+1‖A 6 M(h2 + τ2 + (σ − 1/2)τ + σ2τ2ĥ−1/2h−3/2). (33)� ¬¥â¨¬, çâ® ¯à¨ σ = 1/2 ¯®¢ëè ¥âáï ¯®àï¤®ª â®ç­®áâ¨ ¯® τ . � á-á¬ âà¨¢ ¥¬ ï ä ªâ®à¨§®¢ ­­ ï áå¥¬  ¯à¨ ĥ = 1 á®®â¢¥âáâ¢ã¥â áå¥¬¥ á¢¥á ¬¨, ¨ ¯®£à¥è­®áâì  ¯¯à®ªá¨¬ æ¨¨ à ¢­  O(h2 + τ2 + (σ − 1/2)τ).



266 � å à®¢ Ǒ. �.6. �¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë�¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë ¯à®¢®¤¨«¨áì ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢-­¥­¨ï (1), £¤¥
k(x) = 1, f(x, t) = 0, x ∈ 
, 0 < t 6 T = 0.05. (34)� ¤ ç  (1){(3), (34) à áá¬ âà¨¢ ¥âáï ¢ ¥¤¨­¨ç­®¬ ª¢ ¤à â¥ l1 = l2 = 1á ­ ç «ì­ë¬ ãá«®¢¨¥¬

u0(x) = sin(πx1) sin(πx2), x ∈ 
. (35)�¥è¥­¨¥ § ¤ ç¨ (1){(3), (34), (35) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥
u(x, t) = exp(−2π2t) sin(πx1) sin(πx2).

�¨á. 2. � §­¨æ  â®ç­®£® ¨ ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï¯à¨ à §¤¥«¥­¨¨ ®¡« áâ¨ ­  9 ç áâ¥©.Ǒ®£à¥è­®áâì ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ¢ëç¨á«ï¥¬ ¯® ä®à¬ã«¥
ε(tn) = ‖yn(x) − un(x)‖¢ ­®à¬¥ H = L2(ω). �  à¨á. 2 ¨§®¡à �¥­  ­®à¬  ‖yn(x) − un(x)‖à¥è¥­¨ï ä ªâ®à¨§®¢ ­­®© à¥£¨®­ «ì­®- ¤¤¨â¨¢­®© áå¥¬®©, §­ ç¥­¨¥ã¢¥«¨ç¨¢ ¥âáï ®â á¢¥â«®£® ¤® â¥¬­®£®.
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�¨á. 3. � ¢¨á¨¬®áâì ®â è £  ¯® ¢à¥¬¥­¨ ¯à¨ σ = 1.

�¨á. 4. � ¢¨á¨¬®áâì ®â è £  ¯® ¯à®áâà ­áâ¢ã ¯à¨ σ = 1.�¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë ¯à®¢®¤¨«¨áì ­  ¢ëç¨á«¨â¥«ì­®¬ ª« áâ¥-à¥ �¥¢¥à®-¢®áâ®ç­®£® ä¥¤¥à «ì­®£® ã­¨¢¥àá¨â¥â  ¨¬. �. �. �¬¬®á®¢ .�«ï ¢ëï¢«¥­¨ï  á¨¬¯â®â¨ç¥áª®© § ¢¨á¨¬®áâ¨ ¯®£à¥è­®áâ¨ ®â ¯ à -¬¥âà®¢ § ¤ ç¨ ¢ëç¨á«¥­¨ï ¯à®¢®¤¨«¨áì ¢ ¡®«ìè®¬ ¤¨ ¯ §®­¥ ¯ à -¬¥âà®¢. �á¥ £à ä¨ª¨ ¤«ï ¯®£à¥è­®áâ¨ ε = ε(T ) § ¤ ­ë ¢ «®£ à¨ä¬¨-ç¥áª®¬ ¬ áèâ ¡¥.
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�¨á. 5. � ¢¨á¨¬®áâì ®â à §¬¥à  ¯®¤®¡« áâ¥© ¯à¨ σ = 1.

�¨á. 6. � ¢¨á¨¬®áâì ®â è £  ¯® ¢à¥¬¥­¨ ¯à¨ σ = 1/2.�«ï ä ªâ®à¨§®¢ ­­®© áå¥¬ë ¯¥à¢®£® ¯®àï¤ª  (σ = 1) ¯à¨ ã¢¥-«¨ç¥­¨¨ è £  ¯® ¢à¥¬¥­¨ á¯¥à¢  ¯à¥®¡« ¤ ¥â ç«¥­ ¯®£à¥è­®áâ¨ O(τ),¯®â®¬ ­ ç¨­ ¥â ¯à¥®¡« ¤ âì O(τ2) ¤«ï ĥ > 1 (à¨á. 3). Ǒà¨ ã¬¥­ìè¥­¨¨è £  ¯® ¯à®áâà ­áâ¢ã ­ ¡«î¤ ¥âáï ã¢¥«¨ç¥­¨¥ ¯®£à¥è­®áâ¨ ­  ª®­¥ç-­ë© ¬®¬¥­â ¢à¥¬¥­¨ (à¨á. 4). Ǒ®£à¥è­®áâì á ®¯à¥¤¥«¥­­®£® ¬®¬¥­â ã¢¥«¨ç¨¢ ¥âáï ¯à¨ ã¬¥­ìè¥­¨¨ à §¬¥à  ¯®¤®¡« áâ¨ (à¨á. 5).
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�¨á. 7. � ¢¨á¨¬®áâì ®â è £  ¯® ¯à®áâà ­áâ¢ã ¯à¨ σ = 1/2.

�¨á. 8. � ¢¨á¨¬®áâì ®â à §¬¥à  ¯®¤®¡« áâ¥© ¯à¨ σ = 1/2.�«ï ä ªâ®à¨§®¢ ­­®© áå¥¬ë ¢â®à®£® ¯®àï¤ª  (σ = 1/2) ¯à¨ ã¢¥-«¨ç¥­¨¨ τ ¯®£à¥è­®áâì ¨¬¥¥â ¢â®à®© ¯®àï¤®ª O(τ2), çâ® á®®â¢¥âáâ¢ã¥ââ¥®à¥â¨ç¥áª®© ®æ¥­ª¥ (à¨á. 6). �  à¨á. 7 «¥£ª® ã¢¨¤¥âì ç«¥­ ¯®£à¥è­®-áâ¨ O(h2). Ǒà®¢¥¤¥­­ë¥ ç¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë ¯®¤â¢¥à�¤ îâ â¥®-à¥â¨ç¥áªãî ®æ¥­ªã (33).�«ï ¨áá«¥¤®¢ ­¨ï § ¢¨á¨¬®áâ¨ ¯®£à¥è­®áâ¨ ®â ¢à¥¬¥­­®£® è £ 



270 � å à®¢ Ǒ. �.
τ ¢ àì¨à®¢ «¨ ®â 2−9 (26 ¢à¥¬¥­­ëå á«®¥¢) ¤® 2−20 (52429 ¢à¥¬¥­­ëåá«®¥¢) ¯à¨ h1 = h2 = 2−8 (65536 ã§«®¢ ¢ á¥âª¥) (á¬. à¨á. 3 ¨ 6). �áá«¥¤®-¢ ­¨¥ § ¢¨á¨¬®áâ¨ ¯®£à¥è­®áâ¨ ®â è £  ¯® ¯à®áâà ­áâ¢ã ¯à®¢®¤¨«®áì¤«ï h1 ¨ h2, à ¢­ëå ®â 2−4 (256 ã§«®¢ ¢ á¥âª¥) ¤® 2−11 (4194304 ã§-«®¢ ¢ á¥âª¥) ¯à¨ τ = 2−13 (410 ¢à¥¬¥­­ëå á«®¥¢) (á¬. à¨á. 4 ¨ 7). �«ï¨áá«¥¤®¢ ­¨ï § ¢¨á¨¬®áâ¨ ¯®£à¥è­®áâ¨ ®â à §¬¥à  ¯®¤®¡« áâ¨ ¨á¯®«ì-§®¢ «®áì ¤® 1024 ¢ëç¨á«¨â¥«ì­ëå ï¤¥à ¯à¨ h1 = h2 = 2−8 (á¬. à¨á. 5¨ 8). ����������1. Mathew T. Domain de
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∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨¡¨àáª®£® ®â¤¥«¥­¨ï ��� (�¥�¤¨áæ¨¯«¨-­ à­ë© ¯à®¥ªâ 80).
© 2013 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.



272 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.1. �¨­¥â¨ç¥áª ï ¬®¤¥«ì� ãá«®¢¨ïå  ¢â®ª®«¥¡ ­¨© áª®à®áâ¨ à¥ ªæ¨¨ ®ª¨á«¥­¨ï �� ¯ «-« ¤¨© ­  ¯®¢¥àå­®áâ¨ ª â «¨§ â®à  ¯à¨áãâáâ¢ã¥â ¢ ¤¢ãå ä § å: ¬¥-â ««¨ç¥áª®© ¨ ®ªá¨¤­®©. �  ¯®¢¥àå­®áâ¨ ¬¥â ««¨ç¥áª®£® ¯ «« ¤¨ï¯à¨áãâáâ¢ãîâ  ¤á®à¡¨à®¢ ­­ë¥ á®¥¤¨­¥­¨ï CO[Pd℄ ¨ O[Pd℄,   â ª�¥á¢®¡®¤­ë¥  ªâ¨¢­ë¥ æ¥­âàë [Pd℄; ­  ¯®¢¥àå­®áâ¨ ®ªá¨¤­®© ä §ë |CO[PdO℄ ¨ á¢®¡®¤­ë¥  ªâ¨¢­ë¥ æ¥­âàë [PdO℄. Ǒà¥¤¯®« £ ¥âáï, çâ®®¡é¥¥ ç¨á«®  ªâ¨¢­ëå æ¥­âà®¢ ¯ «« ¤¨ï ­¥¨§¬¥­­® ¢ å®¤¥ à¥ ªæ¨¨,å®âï ¢ ãá«®¢¨ïå  ¢â®ª®«¥¡ ­¨© á®®â­®è¥­¨¥ ç¨á«  æ¥­âà®¢ â¨¯  [Pd℄¨ [PdO℄ ¬¥­ï¥âáï.�«ï ®¯¨á ­¨ï íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå ¢ à ¡®â¥ [2℄ ¯à¥¤«®�¥­¬¥å ­¨§¬ à¥ ªæ¨¨ ®ª¨á«¥­¨ï CO, á®áâ®ïé¨© ¨§ 6 áâ ¤¨©, ¯à¨ç¥¬ áâ -¤¨¨ 1 ¨ 4 ®¡à â¨¬ë:1) CO(g) + [Pd℄↔ CO[Pd℄,2) O2(g) + 2[Pd℄→ 2O[Pd℄,3) CO[Pd℄ + O[Pd℄ → CO2(g) + 2[Pd℄,4) CO(g) + [PdO℄↔ CO[PdO℄,5) CO[PdO℄→ CO2(g) + [Pd℄,6) O[Pd℄→ [PdO℄.�¤¥áì ¨á¯®«ì§®¢ ­ë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: [Pd℄ ¨ [PdO℄ |  ªâ¨¢­ë©æ¥­âà ­  ¯®¢¥àå­®áâ¨ ¬¥â ««¨ç¥áª®£® ¨ ®ªá¨¤­®£® ¯ «« ¤¨ï; CO[Pd℄ ¨O[Pd℄ | ®ªá¨¤ ã£«¥à®¤  ¨ ª¨á«®à®¤,  ¤á®à¡¨à®¢ ­­ë¥ ­  ¬¥â ««¨ç¥-áª®© ¯®¢¥àå­®áâ¨; CO[PdO℄ | ®ªá¨¤ ã£«¥à®¤ ,  ¤á®à¡¨à®¢ ­­ë© ­ ®ªá¨¤¥ ¯ «« ¤¨ï; CO(g), O2(g) ¨ CO2(g) | ®ªá¨¤ ã£«¥à®¤ , ª¨á«®à®¤¨ ¤¨®ªá¨¤ ã£«¥à®¤  ¢ £ §®¢®© ä §¥ ­ ¤ ¯®¢¥àå­®áâìî ª â «¨§ â®à .�  ®á­®¢ ­¨¨ ¤ ­­®£® ¬¥å ­¨§¬  ¨ § ª®­  ¤¥©áâ¢ãîé¨å ¯®¢¥àå­®-áâ¥© ¯®áâà®¨¬ ª¨­¥â¨ç¥áªãî ¬®¤¥«ì, ®¯¨áë¢ îéãî ¤¨­ ¬¨ªã ¡¥§à §-¬¥à­ëå ª®­æ¥­âà æ¨© x, y ¨ v á®¥¤¨­¥­¨© CO[Pd℄, O[Pd℄ ¨ CO[PdO℄.�â¬¥â¨¬, çâ® x, y ¨ v ®¯à¥¤¥«ïîâáï ª ª ¤®«¨  ªâ¨¢­®© ¯®¢¥àå­®áâ¨,§ ­ïâ®© á®®â¢¥âáâ¢ãîé¨¬ ¢¥é¥áâ¢®¬, ¯®íâ®¬ã x, y, v ∈ [0, 1℄. �®¯®«­¨-â¥«ì­® ¯à¥¤¯®« £ ¥âáï, çâ® ¤®«ï ξ ¬¥â ««¨ç¥áª®© ä §ë [Pd℄ ­  ­ ­®-ç áâ¨æ å ¯ «« ¤¨ï ¨§¬¥­ï¥âáï ¢ å®¤¥ à¥ ªæ¨¨ [2℄, â ª çâ® ξ = 0 á®®â-¢¥âáâ¢ã¥â á«ãç î, ª®£¤  ¢áï ¯®¢¥àå­®áâì ¯ «« ¤¨ï ï¢«ï¥âáï ®ªá¨¤­®©,  ξ = 1 | ¬¥â ««¨ç¥áª®©. Ǒ®áª®«ìªã ¢ ãá«®¢¨ïå  ¢â®ª®«¥¡ ­¨© ­  ¯®-



� ¤¢ã¬¥à­®© ª¨­¥â¨ç¥áª®© ¬®¤¥«¨ 273¢¥àå­®áâ¨ ­ ­®ç áâ¨æ ¯ «« ¤¨ï ¯à¨áãâáâ¢ãîâ ®¡¥ ä §ë [Pd℄ ¨ [PdO℄,¤ «¥¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì 0 < ξ < 1.�¨­¥â¨ç¥áª ï ­ ­®¬®¤¥«ì ï¢«ï¥âáï á¨áâ¥¬®© ç¥âëà¥å ­¥«¨­¥©­ëå®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:_x = k1(1− x− y)− k−1(y)x− k3(y)xyξ − x

ξ
_ξ,_y = k2(y)(1− x− y)2ξ − k3(y)xyξ − αεy − y

ξ
_ξ,_ξ = ε(v(1− ξ)− αyξ),_v = k4(1− v)− k−4v − εv + v1− ξ

_ξ, (1)£¤¥ ki > 0 | â ª ­ §ë¢ ¥¬ë¥ ª®­áâ ­âë áª®à®áâ¥© áâ ¤¨© 1{6, i =
±1, 2, 3,±4, 5, 6, ε = k5 ¨ α = k6/k5, â®çª ¬¨ ®¡®§­ ç¥­ë ¯à®¨§¢®¤­ë¥¯® ¢à¥¬¥­¨. �­¤¥ªá i > 0 á®®â¢¥âáâ¢ã¥â ý¯àï¬®©þ à¥ ªæ¨¨ (áâà¥«ª ¢ áâ ¤¨¨ ­ ¯à ¢«¥­  á«¥¢  ­ ¯à ¢®),   i < 0 | ý®¡à â­®©þ à¥ ªæ¨¨(áâ ¤¨¨ 1 ¨ 4).� ¬®¤¥«¨ (1) ¯à¥¤¯®« £ ¥âáï, çâ®  ªâ¨¢­®áâì ª â «¨§ â®à  ®¯à¥-¤¥«ï¥âáï á®áâ ¢®¬ ¥£® ¯®¢¥àå­®áâ¨, ¨ ¤«ï j = −1, 2, 3 ª®­áâ ­âë áª®-à®áâ¥© áâ ¤¨© kj = kj(y) > 0 ­¥ ï¢«ïîâáï ¯®áâ®ï­­ë¬¨,   § ¢¨áïâ ®âª®­æ¥­âà æ¨¨ y  ¤á®à¡¨à®¢ ­­®£® ª¨á«®à®¤ :

kj(y) ≡ kavj +�kj · s(y), j = −1, 2, 3, (2)£¤¥ ¯®áâ®ï­­ë¥ �kj ¨ kavj ¯®«®�¨â¥«ì­ë. �ã­ªæ¨ï s(y) ­¥¯à¥àë¢­®¤¨ää¥à¥­æ¨àã¥¬  ¯à¨ y ∈ [0, 1℄ ¨ ¨¬¥¥â ¢¨¤
s(y) = 1, 0 6 y 6 yc − δ,~s(y), yc − δ < y < yc + δ,

−1, yc + δ 6 y 6 1, (3)¯à¨ íâ®¬ s(y) ¬®­®â®­­ , â ª çâ® d~s(yc±δ)
dy = 0 ¨ d~s(y)

dy < 0 ¯à¨ yc − δ <

y < yc + δ. Ǒ à ¬¥âàë δ ∈ (0, 0.5) ¨ yc ∈ (δ, 1− δ) ®¯à¥¤¥«ïîâ è¨à¨­ã¨ à á¯®«®�¥­¨¥ ¨­â¥à¢ «  §­ ç¥­¨© y, ­  ª®â®à®¬ s(y) ¨§¬¥­ï¥âáï ®â+1 ¤® −1, â. ¥. ­ ¡«î¤ ¥âáï ¨§¬¥­¥­¨¥ ª â «¨â¨ç¥áª¨å á¢®©áâ¢ ¯®¢¥àå-­®áâ¨ ¬¥â ««¨ç¥áª®© ä §ë ¯ «« ¤¨ï.



274 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.Ǒà ¢ ï ç áâì á¨áâ¥¬ë (1) ®â­®á¨â¥«ì­® ¢¥ªâ®à  ¯¥à¥¬¥­­ëå (x, y,
v, ξ) à áá¬ âà¨¢ ¥âáï ¢ ®¡« áâ¨ 
 = G× Iv × Iξ, £¤¥

G = {(x, y) ∈ R2 : x > 0, y > 0, x+ y 6 1},
Iv = {v ∈ R : 0 6 v 6 1}, Iξ = {ξ ∈ R : 0 < ξ < 1}. (4)�â¬¥â¨¬, çâ® á®£« á­® íªá¯¥à¨¬¥­â «ì­ë¬ ¤ ­­ë¬ ®¡à §®¢ ­¨¥®ªá¨¤  ¯ «« ¤¨ï (áâ ¤¨ï 6) ¨ ¥£® ¢®ááâ ­®¢«¥­¨¥ (áâ ¤¨ï 5) ¯à®¨áå®¤ïâ¡®«¥¥ ¬¥¤«¥­­® ¯® áà ¢­¥­¨î á ®áâ «ì­ë¬¨ áâ ¤¨ï¬¨ à¥ ªæ¨¨. Ǒ®íâ®-¬ã ª¨­¥â¨ç¥áª ï ¬®¤¥«ì (1) á®¤¥à�¨â ¬ «ë© ¯ à ¬¥âà 0 < ε≪ 1.�§ãç¥­¨¥ á¨áâ¥¬ë (1) ¯à®¢®¤¨«®áì ¬¥â®¤ ¬¨ ª ç¥áâ¢¥­­®© â¥®à¨¨®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ¢ëç¨á«¨â¥«ì­®© ¬ â¥-¬ â¨ª¨ [3{5℄. �¨á«¥­­®¥ ¨áá«¥¤®¢ ­¨¥ ¢ë¯®«­¥­® ¢ á«ãç ¥, ª®£¤ ~s(y) = sin( π2δ (yc − y)) , �kj = kl

j − kr
j2 , kavj = kr

j + kl
j2 , (5)£¤¥ kl

j > kr
j > 0, j = −1, 2, 3, ¨ ¯à¨­¨¬ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï [2℄:
kl
−1 = 49.82, kr

−1 = 0.19, kl2 = 105, kr2 = 2 · 104,
kl3 = 1.18 · 105, kr3 = 11.8, yc = 0.37, δ = 0.1. (6)Ǒà¨ íâ®¬ ¨§ (2), (3) ¨ (5) á«¥¤ã¥â, çâ® kj(0) = kl

j ¨ kj(1) = kr
j .2. �ëà®�¤¥­­ ï á¨áâ¥¬ � áá¬®âà¨¬ ¢ëà®�¤¥­­ãî á¨áâ¥¬ã ãà ¢­¥­¨©, ¯®« £ ï ε = 0 ¢(1). � â®çª¨ §à¥­¨ï å¨¬¨¨ íâ® ãá«®¢¨¥ ®§­ ç ¥â, çâ® ­  ®ªá¨¤­®© ä §¥[PdO℄ ­¥ ¯à®¨áå®¤¨â å¨¬¨ç¥áª®£® ¯à¥¢à é¥­¨ï (áâ ¤¨ï 5),   ¢®§¬®�­ â®«ìª®  ¤á®à¡æ¨ï{¤¥á®à¡æ¨ï CO (áâ ¤¨ï 4). �ªâ¨¢­®© ¤«ï å¨¬¨ç¥áª¨å¯à¥¢à é¥­¨© ¢¥é¥áâ¢ ®áâ ¥âáï â®«ìª® ¬¥â ««¨ç¥áª ï ä §  ¯ «« ¤¨ï(áâ ¤¨¨ 1{3).Ǒà¨ ε = 0 ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì (1) à á¯ ¤ ¥âáï ­  á¨áâ¥¬ã_x = k1(1− x− y)− k−1(y)x− k3(y)xyξ,_y = k2(y)(1− x− y)2ξ − k3(y)xyξ,_ξ = 0 (7)¨ ãà ¢­¥­¨¥ _v = k4(1− v)− k−4v. (8)



� ¤¢ã¬¥à­®© ª¨­¥â¨ç¥áª®© ¬®¤¥«¨ 275�¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ãà ¢­¥­¨ï (8) ¨¬¥¥â ¢¨¤
v(t) = e−at(v0 − b) + b, a = k4 + k−4, b = k4/a, 0 6 v0 6 1.Ǒ®áª®«ìªã ¨§ ãá«®¢¨ï ­  ¯ à ¬¥âàë ¬®¤¥«¨ (1) á«¥¤ã¥â, çâ® a > 0 ¨0 < b < 1, â® ¤«ï «î¡ëå ­ ç «ì­ëå ¤ ­­ëå v(0) = v0 ∈ Iv äã­ªæ¨ï

v(t) ¬®­®â®­­ , v(t) → b ¯à¨ t→ +∞ ¨ v(t) = vs ≡ b ï¢«ï¥âáï  á¨¬¯â®-â¨ç¥áª¨ ãáâ®©ç¨¢ë¬ ¯®«®�¥­¨¥¬ à ¢­®¢¥á¨ï ãà ¢­¥­¨ï (8). �â¬¥â¨¬,çâ® à¥è¥­¨¥ v(t) ¯®¯ ¤ ¥â ¢ η-®ªà¥áâ­®áâì §­ ç¥­¨ï vs §  ¢à¥¬ï
t∗ = 1

k4 + k−4 ln |v0 − vs|
η

.�«¥¤®¢ â¥«ì­®, ¯à¨ ¡®«ìè¨å k4 + k−4 ­ ¡«î¤ ¥âáï ¡ëáâà ï áâ ¡¨«¨-§ æ¨ï ª®¬¯®­¥­âë v(t) ª áâ æ¨®­ à­®¬ã §­ ç¥­¨î, á®áâ®ï­¨¥ ¯®¢¥àå-­®áâ¨ ®ªá¨¤­®£® ¯ «« ¤¨ï áâ ­®¢¨âáï ¡«¨§ª¨¬ ª à ¢­®¢¥á­®¬ã.�à ¢­¥­¨¥ _ξ = 0 ¨¬¥¥â ¯®áâ®ï­­®¥ à¥è¥­¨¥ ξ(t) ≡ ξ0, ξ0 ∈ (0, 1),ª®â®à®¥ á®®â¢¥âáâ¢ã¥â ¯®áâ®ï­áâ¢ã á®®â­®è¥­¨ï ä § [Pd℄ ¨ [PdO℄ ­ ¯®¢¥àå­®áâ¨ ª â «¨§ â®à .3. �¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬� áá¬®âà¨¬ á¥¬¥©áâ¢® ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ®â­®á¨â¥«ì­® ¯¥à¥-¬¥­­ëå x ¨ y ¢ ®¡« áâ¨ G á ¯ à ¬¥âà®¬ 0 < ξ0 6 1:_x = k1(1− x− y)− k−1(y)x− k3(y)xyξ0 ≡ P (x, y, ξ0),_y = k2(y)(1− x− y)2ξ0 − k3(y)xyξ0 ≡ ξ0Q(x, y). (9)Ǒ®ª �¥¬, çâ® G ï¢«ï¥âáï ¨­¢ à¨ ­â­®© ®¡« áâìî ¤«ï á¨áâ¥¬ë (9),â. ¥. ¥á«¨ (x0, y0) ∈ G, â® à¥è¥­¨¥ á¨áâ¥¬ë (9) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨
x(0) = x0 ¨ y(0) = y0 ®¯à¥¤¥«¥­® ¤«ï ¢á¥å 0 6 t < +∞ ¨ (x(t), y(t)) ∈ G.� ¬¥â¨¬, çâ® ¤«ï ¤®ª § â¥«ìáâ¢  íâ®£® á¢®©áâ¢  ¡¥§ ®£à ­¨ç¥­¨ï®¡é­®áâ¨ ¬®�­® ¯®«®�¨âì ξ0 = 1 ¨ ®¡®§­ ç¨âì P (x, y, 1) = P (x, y).�¥ªâ®à­®¥ ¯®«¥ á¨áâ¥¬ë (9) ­  £à ­¨æ¥ ∂G ®¡« áâ¨ G ¢áî¤ã § ¨áª«îç¥­¨¥¬ â®ç¥ª (1, 0) ¨ (0, 1) ­ ¯à ¢«¥­® ¢­ãâàì G. �¥ªâ®à­®¥ ¯®«¥ª á ¥âáï ∂G ¢ â®çª¥ (1, 0): P (1, 0) = −kr

−1 < 0 ¨ Q(1, 0) = 0. Ǒà¨ ¢á¥å



276 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.§­ ç¥­¨ïå ¯ à ¬¥âà®¢ P (0, 1) = Q(0, 1) = 0, â. ¥. (xs, ys) = (0, 1) |áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë (1). � âà¨æ  �ª®¡¨
A = ( Px(0, 1) Py(0, 1)

Qx(0, 1) Qy(0, 1)) = (−(k1 + kr
−1 + kr3) −k1

−kr3 0 )¨¬¥¥â å à ªâ¥à¨áâ¨ç¥áª¨¥ ª®à­¨
λ1,2 = −(k1 + kr

−1 + kr3)±√(k1 + kr
−1 + kr3)2 + 4k1kr32 ,¨ λ1 < 0, λ2 > 0. �âªã¤  á«¥¤ã¥â, çâ® áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ (0, 1)á¨áâ¥¬ë (9) ï¢«ï¥âáï á¥¤«®¬. �®¡áâ¢¥­­ë¥ ¢¥ªâ®àë (a1, b1) ¨ (a2, b2)¬ âà¨æë A, á®®â¢¥âáâ¢ãîé¨¥ λ1 ¨ λ2, â ª®¢ë, çâ® b1/a1 = kr3/|λ1| > 0 ¨

b2/a2 = −kr3/λ2 < −1. �«¥¤®¢ â¥«ì­®, ¢ ¬ «®© ®ªà¥áâ­®áâ¨ ­¥¯®¤¢¨�-­®© â®çª¨ (0, 1) ®¤­  ¨§ ¢ëå®¤ïé¨å á¥¯ à âà¨á «¥�¨â ¢ G,   ¢å®¤ïé¨¥á¥¯ à âà¨áë ­¥ ¯à¨­ ¤«¥� â ®¡« áâ¨ G.�¥¬¬  1. �ãé¥áâ¢ã¥â ®¡« áâì Gθ ⊂ G, 0 < θ ≪ 1, â ª ï, çâ® £à -­¨æ  ∂Gθ ®¡« áâ¨ Gθ ï¢«ï¥âáï æ¨ª«®¬ ¡¥§ ª®­â ªâ  ¤«ï á¨áâ¥¬ë (9),â. ¥. ¢® ¢á¥å â®çª å ¬­®�¥áâ¢  ∂Gθ ¢¥ªâ®à­®¥ ¯®«¥ á¨áâ¥¬ë (9) ­ ¯à ¢-«¥­® ¢­ãâàì ®¡« áâ¨ Gθ.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ â®çªã (1, 0). � ª ª ª P (1, 0) < 0,áãé¥áâ¢ãîâ 0 < θ1 ≪ 1 ¨ ¬­®�¥áâ¢®
Uθ1 = {(x, y) : 1− θ1 6 x 6 1, 0 6 y 6 θ1, x+ y 6 1}â ª¨¥, çâ® P (x, y) < 0 ¤«ï ¢á¥å (x, y) ∈ Uθ1 . �à®¬¥ â®£®, ¯®áª®«ìªã

Q(x, 0) > 0 ¤«ï 0 6 x < 1 ¨ Q(x, y) < 0 ¤«ï x + y = 1 ¨ 0 < x < 1,¢¥ªâ®à­®¥ ¯®«¥ ­  £à ­¨æ¥ ∂Uθ1 ¯à¨ x = 1 − θ1 ­ ¯à ¢«¥­® ¢­ãâàì®¡« áâ¨ G\Uθ1 .� áá¬®âà¨¬ £« ¢­ë¥ ¨§®ª«¨­ë á¨áâ¥¬ë (9), â. ¥. ¬­®�¥áâ¢  â®ç¥ª®¡« áâ¨ G, ¢ ª®â®àëå P (x, y) = 0 ¨«¨ Q(x, y) = 0. Ǒãáâì (x, y) ∈ G ¨
P (x, y) = 0, â®£¤ 

x = xP (y) ≡ k1(1− y)
k1 + k−1(y) + k3(y)y , y ∈ [0, 1℄. (10)�à ¢­¥­¨¥ Q(x, y) = 0 ¯à¨ ª �¤®¬ y ∈ [0, 1) ï¢«ï¥âáï ª¢ ¤à â­ë¬®â­®á¨â¥«ì­® ¯¥à¥¬¥­­®© x ¨ ¨¬¥¥â ¤¢  ¯®«®�¨â¥«ì­ëå ¢¥é¥áâ¢¥­­ëåª®à­ï

x1,2(y) = 1− y +A(y)/2±√A(y)(1− y) +A2(y)/4,



� ¤¢ã¬¥à­®© ª¨­¥â¨ç¥áª®© ¬®¤¥«¨ 277£¤¥ A(y) = k3(y)y/k2(y). �ç¥¢¨¤­®, çâ® x1,2(0) = 1,   ¯à¨ y 6= 0 ¨¬¥¥¬
x1(y)+y > 1 ¨ (x1(y), y) /∈ G, ¢ â® ¢à¥¬ï ª ª x2(y)+y < 1 ¨ (x2(y), y) ∈ G¤«ï ¢á¥å y ∈ [0, 1℄. �«¥¤®¢ â¥«ì­®, ¢â®à ï £« ¢­ ï ¨§®ª«¨­  ®¯à¥¤¥«ï-¥âáï äã­ªæ¨¥© xQ(y), £¤¥
x = xQ(y) ≡ 1− y+A(y)/2−√A(y)(1− y) +A2(y)/4, y ∈ [0, 1℄. (11)� áá¬®âà¨¬ äã­ªæ¨¨ xP (y) ¨ xQ(y), § ¤ ¢ ¥¬ë¥ ¢ (10), (11). � ªª ª

xP (1) = xQ(1) = 0, dxQ

dy
(1) = 0, dxP

dy
(1) < 0,áãé¥áâ¢ã¥â 0 < θ2 ≪ 1 â ª®¥, çâ® xP (y) > xQ(y) ¤«ï ¢á¥å y ∈ [1− θ2, 1).�ë¡¥à¥¬ θ3 = θ3(θ2) ∈ (xQ(1−θ2), xP (1−θ2)) â ª®¥, çâ® P (θ3, 1− θ2) > 0,

P (θ2, 1 − θ2) < 0 ¨ Q(x, 1− θ2) < 0 ¤«ï θ3 6 x 6 θ2. �â¬¥â¨¬, çâ® ¯®-áª®«ìªã £à ä¨ª¨ äã­ªæ¨© xP (y) ¨ xQ(y) ¤«ï y ∈ [0, 1℄ «¥� â ¢ ®¡« áâ¨
G, â® θ3 < θ2 ¨ θ3 → 0 ¯à¨ θ2 → 0. �à®¬¥ â®£®, â ª ª ª P (0, y) > 0¤«ï 0 6 y < 1, â® θ2 ¨ θ3 ¬®�­® ¢ë¡à âì â ª, çâ® P (θ3, y) > 0 ¤«ï0 6 y < 1− θ2.Ǒãáâì Gθ = G\{Uθ1 ∪ �θ2 ∪ Uθ2}, £¤¥ θ = max

i=1,2 θi ¨�θ2 = {(x, y) : 0 6 x 6 θ3(θ2), 0 6 y 6 1− θ2},
Uθ2 = {(x, y) : 0 6 x 6 θ2, 1− θ2 6 y 6 1, x+ y 6 1},�®£¤  ¢ â®çª å £à ­¨æë ∂Gθ ®¡« áâ¨ Gθ ¢¥ªâ®à­®¥ ¯®«¥ á¨áâ¥¬ë (9)­ ¯à ¢«¥­® ¢­ãâàì Gθ. �¥¬¬  1 ¤®ª § ­ .�«¥¤áâ¢¨¥ 1. �á«¨ ®¡« áâì Gθ ®¯à¥¤¥«¥­  ãá«®¢¨ï¬¨ «¥¬¬ë 1 ¨(x0, y0) ∈ Gθ, â® à¥è¥­¨¥ (x(t), y(t)) § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë (9) á­ ç «ì­ë¬¨ ¤ ­­ë¬¨ x(0) = x0, y(0) = y0 áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨(x(t), y(t)) ∈ Gθ ¤«ï ¢á¥å 0 6 t < +∞.�«¥¤áâ¢¨¥ 2. �ãé¥áâ¢ã¥â θ0 > 0 â ª®¥, çâ® ãâ¢¥à�¤¥­¨¥ «¥¬¬ë 1á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å 0 < θ < θ0 ¨ ∂Gθ → ∂G ¯à¨ θ → 0.�â® ãâ¢¥à�¤¥­¨¥ á«¥¤ã¥â ¨§ á¯®á®¡  ¯®áâà®¥­¨ï ®¡« áâ¨ Gθ.�  ®á­®¢ ­¨¨ â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï§ ¤ ç¨ �®è¨, â¥®à¥¬ë ® ­¥¯à¥àë¢­®© § ¢¨á¨¬®áâ¨ à¥è¥­¨ï ®â ­ ç «ì-­ëå ¤ ­­ëå ¨ á«¥¤áâ¢¨© 1 ¨ 2 ¨§ «¥¬¬ë 1 á¯à ¢¥¤«¨¢  á«¥¤ãîé ï



278 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.�¥®à¥¬  1. Ǒãáâì (x0, y0) ∈ G. �®£¤  à¥è¥­¨¥ x = x(t), y = y(t)á¨áâ¥¬ë (9), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î x(0) = x0, y(0) = y0, áãé¥áâ¢ã-¥â, ¥¤¨­áâ¢¥­­® ¨ (x(t), y(t)) ∈ G ¤«ï ¢á¥å 0 6 t < +∞.4. �­ «¨§ ¯®«®�¥­¨© à ¢­®¢¥á¨ï¯à¨ 0 < ξ0 < 1� áá¬®âà¨¬ £« ¢­ë¥ ¨§®ª«¨­ë á¨áâ¥¬ë (9) ¤«ï 0 < ξ0 < 1,  ¨¬¥­­® ¬­®�¥áâ¢  â®ç¥ª (x, y) ∈ G, ¢ ª®â®àëå P (x, y, ξ0) = 0 «¨¡®
Q(x, y) = 0. �ëà � ï x ¨§ ãà ¢­¥­¨ï P (x, y, ξ0) = 0 ª ª äã­ªæ¨î ®â y¨ ξ0, ¯®«ãç¨¬ ä®à¬ã«ã,  ­ «®£¨ç­ãî (10):

x = xP (y, ξ0) = k1(1− y)
k1 + k−1(y) + k3(y)yξ0 . (12)�âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®£® 0 < ξ0 < 1 ¨§®ª«¨­  (12) «¥�¨â ¢ ®¡« -áâ¨ G, ¯à¨ç¥¬ §­ ç¥­¨ï xP (1, ξ0) = 0 ¨ xP (0, ξ0) = k1/(k1 + k−1(0)) < 1­¥ § ¢¨áïâ ®â ξ0.�â®à ï ¨§®ª«¨­  Q(x, y) = 0 ­¥ § ¢¨á¨â ®â ξ0. Ǒà¥¤áâ ¢¨¢ íâ®ãà ¢­¥­¨¥ ª ª (1− x− y)2 − (√A · √x)2 = 0, ¯®«ãç¨¬ ä®à¬ã«ã,  ­ «®-£¨ç­ãî (12):

xQ(y) = f(y)(1− y), (13)£¤¥
f(y) = √4(1− y) +A(y)−√A(y)√4(1− y) +A(y) +√A(y) . (14)�â¬¥â¨¬, çâ® f(y) ∈ (0, 1) ¯à¨ y ∈ (0, 1), f(0) = 1 ¨ f(1) = 0. �®£¤ 0 < xQ(y) + y < 1 ¯à¨ 0 < y < 1, xQ(0) = 1 ¨ xQ(1) = 0.�â æ¨®­ à­ë¥ á®áâ®ï­¨ï (xs, ys) á¨áâ¥¬ë (9) ï¢«ïîâáï â®çª ¬¨¯¥à¥á¥ç¥­¨ï £« ¢­ëå ¨§®ª«¨­, â. ¥. à¥è¥­¨ï¬¨ á¨áâ¥¬ë ãà ¢­¥­¨©

P (xs, ys, ξ0) = 0, Q(xs, ys) = 0. �®£¤  ¢ë¯®«­¥­ë à ¢¥­áâ¢ 
xs = xQ(ys), xs = xP (ys, ξ0), (15)â. ¥. xQ(ys) = xP (ys, ξ0).�­¤¥ªá ®á®¡®© â®çª¨ [3℄. Ǒãáâì C | ¯à®áâ ï § ¬ª­ãâ ï ªà¨-¢ ï, v | § ¤ ­­®¥ ­  ­¥© ¢¥ªâ®à­®¥ ¯®«¥,   d | ­¥ª®â®à ï ¯àï¬ ï ­ ¯«®áª®áâ¨ (x, y). Ǒà¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ã¥â â®«ìª® ª®­¥ç­®¥ ç¨á«®



� ¤¢ã¬¥à­®© ª¨­¥â¨ç¥áª®© ¬®¤¥«¨ 279â®ç¥ªMk (k = 1, 2, . . . , n) ªà¨¢®© C, ¢ ª®â®àëå ¢¥ªâ®à v(M) ­ ¯à ¢«¥­¯ à ««¥«ì­® ¯àï¬®© d. Ǒà¥¤¯®«®�¨¬, çâ® ªà¨¢ ï C ®¡å®¤¨âáï â®çª®©
M ¢ ¯®«®�¨â¥«ì­®¬ ­ ¯à ¢«¥­¨¨, ¨ ¯ãáâì p ¥áâì ç¨á«® â®ç¥ª Mk, ¯à¨¯à®å®�¤¥­¨¨ ç¥à¥§ ª®â®àë¥ ¢¥ªâ®à v(M) ¯à®å®¤¨â ç¥à¥§ ­ ¯à ¢«¥­¨¥¯àï¬®© d, ¤¢¨£ ïáì ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. Ǒãáâì, ¤ «¥¥, q | ç¨á-«® â®ç¥ª Mk, ¢ ª®â®àëå ¢¥ªâ®à v(M) ¯à®å®¤¨â ­ ¯à ¢«¥­¨¥ ¯àï¬®©
d, ¤¢¨£ ïáì ¯® ç á®¢®© áâà¥«ª¥. �®çª¨ Mk, ¢ ª®â®àëå ¢¥ªâ®à v(M)¤®áâ¨£ ¥â ­ ¯à ¢«¥­¨ï d, ¤¢¨£ ïáì, áª �¥¬, ¯® ç á®¢®© áâà¥«ª¥,   ¯®-â®¬ ­ ç¨­ ¥â ¤¢¨£ âìáï ¢ ®¡à â­®¬ ­ ¯à ¢«¥­¨¨ (¨«¨ ­ ®¡®à®â), ¬ë ­¥¡ã¤¥¬ ¯à¨­¨¬ âì ¢® ¢­¨¬ ­¨¥. �®£¤  ¨­¤¥ªá ªà¨¢®© C à ¢¥­ (p− q)/2.�­¤¥ªá®¬ (¨«¨ ¨­¤¥ªá®¬ Ǒã ­ª à¥) ¨§®«¨à®¢ ­­®© ®á®¡®© â®çª¨¢¥ªâ®à­®£® ¯®«ï v, á®®â¢¥âáâ¢ãîé¥£® ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬¥, ­ §ë¢ ¥â-áï ¨­¤¥ªá «î¡®© § ¬ª­ãâ®© ªà¨¢®© C, á®¤¥à� é¥© ¢­ãâà¨ á¥¡ï ®á®¡ãîâ®çªã, ¯à¨ç¥¬ â ª®©, çâ® ­¨ ¢­ãâà¨ C, ­¨ ­  C ­¥â ¤àã£¨å ®á®¡ëåâ®ç¥ª ¯®«ï v.�§ á¢®©áâ¢ ¢¥ªâ®à­®£® ¯®«ï ­  £à ­¨æ¥ Gθ á«¥¤ã¥â�¥¬¬  3. �ã¬¬  ¨­¤¥ªá®¢ ®á®¡ëå â®ç¥ª á¨áâ¥¬ë (9), à á¯®«®-�¥­­ëå ¢ Gθ, à ¢­  +1 ¯à¨ ¤®áâ â®ç­® ¬ «ëå θ.�­ «®£¨ç­® [6℄ áä®à¬ã«¨àã¥¬ ¤¢  ãâ¢¥à�¤¥­¨ï, ¢ëâ¥ª îé¨¥ ¨§á¢®©áâ¢ £« ¢­ëå ¨§®ª«¨­ ¨ «¥¬¬ë 3.�«¥¤áâ¢¨¥ 3. �¨áâ¥¬  (9) ­¥ ¬®�¥â ¨¬¥âì ¢ ®¡« áâ¨ G ®á®¡®©â®çª¨ á ¨­¤¥ªá®¬, ¯® ¬®¤ã«î ¡®«ìè¨¬ ¥¤¨­¨æë.Ǒà¨­æ¨¯ ­¥ç¥â­®áâ¨. �á«¨ ¢ Gθ ¯à¨ ¤®áâ â®ç­® ¬ «ëå θ ¨¬¥-¥âáï ®á®¡ ï â®çª  á ¨­¤¥ªá®¬, à ¢­ë¬ −1, â® ¢ Gθ ¨¬¥¥âáï ¯® ªà ©­¥©¬¥à¥ ¥éñ ¤¢¥ ®á®¡ë¥ â®çª¨ á ¨­¤¥ªá®¬ +1, ¯à¨ç¥¬ ®á®¡ë¥ â®çª¨ á ¨­-¤¥ªá ¬¨, à ¢­ë¬¨ +1 ¨«¨ −1, ¯à¨ ã¡ë¢ ­¨¨ ª®®à¤¨­ âë y ç¥à¥¤ãîâáïâ ª çâ® +1,−1,+1, . . . . � ª¨¬ ®¡à §®¬, ç¨á«® áâ æ¨®­ à­ëå â®ç¥ª ¢Gθá ­¥­ã«¥¢ë¬ ¨­¤¥ªá®¬ ¢á¥£¤  ­¥ç¥â­®¥, ¨ ç¨á«® ®á®¡ëå â®ç¥ª â¨¯  ã§« (ä®ªãá ) ¢á¥£¤  ­  ¥¤¨­¨æã ¡®«ìè¥ ç¨á«  á¥¤¥«.� ¬¥â¨¬, çâ® ¤«ï ¢á¥å §­ ç¥­¨© ¯ à ¬¥âà®¢ á¨áâ¥¬  (9) ¨¬¥¥â áâ -æ¨®­ à­®¥ á®áâ®ï­¨¥ (xs, ys) = (0, 1). � áá¬®âà¨¬ ¬ âà¨æã �ª®¡¨ ¯¥à-¢ëå ¯à®¨§¢®¤­ëå ¯à ¢ëå ç áâ¥© á¨áâ¥¬ë (9) ¢ â®çª¥ (0, 1):(

Px(0, 1, ξ0) Py(0, 1, ξ0)
ξ0Qx(0, 1) ξ0Qy(0, 1) ) = (−k1 − kr

−1 − kr3ξ0 −k1
−kr3ξ0 0 )

.
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λ1,2 = k1 + kr

−1 + kr3ξ0 ∓√(k1 + kr
−1 + kr3ξ0)2 + 4k1kr3ξ02 .�®¡áâ¢¥­­ë© ¢¥ªâ®à h1 = (−λ1, kr3ξ0) á®®â¢¥âáâ¢ã¥â á®¡áâ¢¥­­®¬ã §­ -ç¥­¨î λ1 < 0, ¨ h2 = (−λ2, kr3ξ0) | á®¡áâ¢¥­­®¬ã §­ ç¥­¨î λ2 > 0.�â æ¨®­ à­®¥ á®áâ®ï­¨¥ (xs, ys) = (0, 1) á¨áâ¥¬ë (9) ï¢«ï¥âáï á¥¤«®¬,¯à¨ç¥¬ ¯®áª®«ìªã −λ1/(kr3ξ0) > 0, ®¡¥ ¢å®¤ïé¨¥ á¥¯ à âà¨áë «¥� â¢­¥ ®¡« áâ¨ G. �à®¬¥ â®£®, −λ2/(kr3ξ0) < −1, ¨ ¢ ®ªà¥áâ­®áâ¨ â®çª¨(0, 1) ®¤­  ¢ëå®¤ïé ï á¥¯ à âà¨á  «¥�¨â ¢­¥ ®¡« áâ¨ G, ¢ â® ¢à¥¬ïª ª ¢â®à ï à á¯®« £ ¥âáï ¢ G.� áá¬®âà¨¬ y ∈ [0, 1). �ëà §¨¬ ξ0 ¨§ (15) ª ª äã­ªæ¨î ®â ys:

ξ0 = ξ(ys) = 1
k3(ys)ys

[
k1 1− f(ys)

f(ys) − k−1(ys)] . (16)�ëà �¥­¨¥ (16) ¢ ­¥ï¢­®¬ ¢¨¤¥ § ¤ ¥â § ¢¨á¨¬®áâì ª®®à¤¨­ âë ys áâ -æ¨®­ à­®£® á®áâ®ï­¨ï (xs, ys) á¨áâ¥¬ë (9) ®â ¯ à ¬¥âà  ξ0, ª®®à¤¨­ â 
xs ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (13).�á«¨ dξ(ys)

dys
6= 0 ¤«ï ¢á¥å ys ∈ [0, 1), â® ¯® â¥®à¥¬¥ ® ­¥ï¢­®© äã­ª-æ¨¨ ¬®�­® ®¯à¥¤¥«¨âì § ¢¨á¨¬®áâì ys = ψ(ξ0) â ª, çâ® ξ0−ξ(ψ(ξ0)) ≡ 0.� íâ®¬ á«ãç ¥ ¤«ï ¢á¥å §­ ç¥­¨© ¯ à ¬¥âà  ξ0 á¨áâ¥¬  (9) ¢ ®¡« -áâ¨ G\∂G ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï (xs, ys), £¤¥ ys =

ψ(ξ0).Ǒãáâì dξ(ys)
dys

= 0 ¯à¨ ­¥ª®â®à®¬ ys = ~ys. �®£¤  ¥á«¨ d2ξ(~ys)
dy2s 6= 0, â®¯à¨ ys = ~ys äã­ªæ¨ï ξ(ys) ¨¬¥¥â â®çªã íªáâà¥¬ã¬ , ¨ ¯à¨ ¨§¬¥­¥­¨¨ ξ0¢¡«¨§¨ ~ξ0 = ξ(~ys) ¨§¬¥­ï¥âáï ç¨á«® ª®à­¥© ys ãà ¢­¥­¨ï ξ0−ξ(ys) = 0, ¨¢ á¨áâ¥¬¥ (9) ¯à®¨áå®¤¨â ¡¨äãàª æ¨ï áâ æ¨®­ à­ëå á®áâ®ï­¨©. � ª¨¬®¡à §®¬, â®çª  M = (~ys, ξ(~ys)) ­  ªà¨¢®©	 = {(ys, ξ0) : ξ0 = ξ(ys), ys ∈ [0, 1)}ï¢«ï¥âáï â®çª®© ¯®¢®à®â .�  à¨á. 1 ªà¨¢ ï 	, ®¡®§­ ç¥­­ ï ç¥à¥§ AKBCD, ¨¬¥¥â ¤¢¥ â®çª¨¯®¢®à®â  C ¨ B. �¤¥áì ª®íää¨æ¨¥­âë ãà ¢­¥­¨© (9) § ¤ îâáï á®®â­®-è¥­¨ï¬¨ (2), (3), (5) ¨ (6) ¨ k1 = 4000. �§ à¨á. 1 ¢¨¤­®, çâ® ­  ªà¨¢®©	 ¨¬¥¥âáï S-®¡à §­ë© £¨áâ¥à¥§¨á, â. ¥. ¯à¨ ξ < ξB ¢ á¨áâ¥¬¥ (9) áãé¥-áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ á® §­ ç¥­¨¥¬ ys, ¡«¨§ª¨¬
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�¨á. 1. � ¢¨á¨¬®áâì y-ª®®à¤¨­ âë áâ æ¨®­ à­ëå á®áâ®ï­¨© á¨áâ¥¬ë (9)®â ¯ à ¬¥âà  ξ0: CD ¨ KB\{K} | ãáâ®©ç¨¢ë¥ áâ æ¨®­ à­ë¥ á®áâ®ï­¨ï,
BC\({B}

⋃
{C}) | á¥¤« , AK | ­¥ãáâ®©ç¨¢ë¥ ä®ªãáë ¨ ã§«ë. �­ ç¥­¨ï¯ à ¬¥âà®¢ á®®â¢¥âáâ¢ãîâ (6) ¨ k1 = 4 · 103.ª 0; ¯à¨ ξ > ξC áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ â®�¥ ®¯à¥¤¥«ï¥âáï ®¤­®§­ ç­®,  ¯à¨ ξB < ξ < ξC áãé¥áâ¢ãîâ âà¨ áâ æ¨®­ à­ëå á®áâ®ï­¨ï.�¤­¨¬ ¨§ ¯ à ¬¥âà®¢, ª®â®àë¬ ¬®�­® ã¯à ¢«ïâì ¢ å®¤¥ íªá¯¥à¨-¬¥­â , ï¢«ï¥âáï PCO | ¯ àæ¨ «ì­®¥ ¤ ¢«¥­¨¥ CO(g) ¢ £ §®¢®© ä §¥­ ¤ ¯®¢¥àå­®áâìî ª â «¨§ â®à . �â íâ®© ¢¥«¨ç¨­ë «¨­¥©­® § ¢¨á¨âª®íää¨æ¨¥­â k1 = k01PCO (k01 = 
onst). � æ¥«ìî ¨áá«¥¤®¢ ­¨ï § ¢¨á¨-¬®áâ¨ ys ®â ¤¢ãå ¯ à ¬¥âà®¢ k1 ¨ ξ0, à áá¬®âà¨¬ ¬­®�¥áâ¢®� = {(ξ0, k1, ys) : ξ0 = ~ξ(ys, k1), k1 > 0, ys ∈ [0, 1)},£¤¥ ¤«ï ª �¤®£® k1 > 0 äã­ªæ¨ï ~ξ(ys, k1) = ξ(ys). �¥¬ á ¬ë¬ ªà¨¢ ï	 ï¢«ï¥âáï á¥ç¥­¨¥¬ ¯®¢¥àå­®áâ¨ � ¯«®áª®áâìî k1 = 
onst. �áá«¥-¤®¢ ­¨¥ á¢®©áâ¢ ¯®¢¥àå­®áâ¨ � ¡ã¤¥¬ ¯à®¢®¤¨âì á ¯®¬®éìî ¬¥â®¤®¢â¥®à¨¨ ª â áâà®ä [4℄. �§ à ááã�¤¥­¨©, ¯à®¢¥¤¥­­ëå ¢ëè¥, á«¥¤ã¥â,çâ® ¥á«¨ ¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨ k1 ªà¨¢ ï 	 ¨¬¥¥â â®çªã ¯®¢®à®â ,â® áãé¥áâ¢ã¥â ¨­â¥à¢ « §­ ç¥­¨© k1 â ª®©, çâ® ¯à¨ ª �¤®¬ §­ ç¥­¨¨

k1 ¨§ íâ®£® ¨­â¥à¢ «  á®®â¢¥âáâ¢ãîé ï ªà¨¢ ï 	 á®¤¥à�¨â â®çªã ¯®-¢®à®â . � íâ®¬ á«ãç ¥ � ª ª ¤¢ã¬¥à­ ï ¯®¢¥àå­®áâì y-ª®¬¯®­¥­âë
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�¨á. 2. Ǒ®¢¥àå­®áâì �st = {(ξ, k1, y) : y = ys ∈ [0, 1), ξ = ξ(ys)}, £¤¥
ξ(ys) ®¯à¥¤¥«¥­® ¢ (16).áâ æ¨®­ à­ëå á®áâ®ï­¨© ­ ¤ ¯«®áª®áâìî ¯ à ¬¥âà®¢ k1 ¨ ξ0 ï¢«ï¥âáï¬­®£®«¨áâ­®©.� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® §­ ç¥­¨ï ¯ à ¬¥âà®¢ á¨-áâ¥¬ë (9) á®®â¢¥âáâ¢ãîâ (6). �®£¤  ¯®¢¥àå­®áâì �, ¯®ª § ­­ ï ­ à¨á. 2, ¨¬¥¥â á¡®àªã �¨â­¨. Ǒà®¥ªæ¨ï � ¯®¢¥àå­®áâ¨ � ­  ¯«®áª®áâì¯ à ¬¥âà®¢ (k1, ξ0) ­¥ ¢§ ¨¬­® ®¤­®§­ ç­ . �ãé¥áâ¢ã¥â ¬­®�¥áâ¢® §­ -ç¥­¨© k1 ¨ ξ0, ï¢«ïîé¥¥áï ®¡ê¥¤¨­¥­¨¥¬ ¤¢ãå ªà¨¢ëå, ª®â®àë¬ á®®â-¢¥âáâ¢ãîâ ¤¢  ¯à®®¡à §  ®â®¡à �¥­¨ï � (à¨á. 3, ªà¨¢ë¥ 1), ï¢«ïîé¨-¥áï ®¡à § ¬¨ áª« ¤®ª ­  ¯®¢¥àå­®áâ¨ �. �®çª  ¯¥à¥á¥ç¥­¨ï ªà¨¢ëå 1á®®â¢¥âáâ¢ã¥â á¡®àª¥ ­  ¯®¢¥àå­®áâ¨ �. �¥¬ á ¬ë¬ ¥á«¨ ¯à¨ ¢®§¬ã-é¥­¨¨ ¯ à ¬¥âà®¢ â®çª  (k1, ξ0) ¯¥à¥á¥ª ¥â ªà¨¢ãî 1, â® ¢ á¨áâ¥¬¥¯à®¨áå®¤¨â ¡¨äãàª æ¨ï, á¢ï§ ­­ ï á ¨§¬¥­¥­¨¥¬ ç¨á«  áâ æ¨®­ à­ëåá®áâ®ï­¨©.� ª¨¬ ®¡à §®¬, ¥á«¨ §­ ç¥­¨ï (k1, ξ0) à áá¬ âà¨¢ îâáï ¨§ ®¡« áâ¨
ss3 , ®£à ­¨ç¥­­®© ªà¨¢ë¬¨ 1, â® á¨áâ¥¬  (9) ¨¬¥¥â âà¨ áâ æ¨®­ à­ëåá®áâ®ï­¨ï. �«ï §­ ç¥­¨© (ξ0, k1) /∈ 
3ss ∪ ∂
3ss á¨áâ¥¬  (9) ¨¬¥¥â ®¤­®áâ æ¨®­ à­®¥ á®áâ®ï­¨¥.



� ¤¢ã¬¥à­®© ª¨­¥â¨ç¥áª®© ¬®¤¥«¨ 2835. �¨äãàª æ¨ï áâ æ¨®­ à­®£® á®áâ®ï­¨ïá¥¤«®-ã§¥«Ǒà¥¤¯®«®�¨¬, çâ® §­ ç¥­¨ï ¯ à ¬¥âà®¢ (6), ®¯à¥¤¥«ïîé¨å § ¢¨-á¨¬®áâ¨ kj(y), j = −1, 2, 3, ä¨ªá¨à®¢ ­ë. �¯à¥¤¥«¨¬ ¬­®�¥áâ¢® â®ç¥ª(ksn1 , ξsn0 ) ­  ¯«®áª®áâ¨ (k1, ξ0), ¤«ï ª®â®àëå á¨áâ¥¬  (9) ¨¬¥¥â áâ æ¨®-­ à­®¥ á®áâ®ï­¨¥ (xsn, ysn), ï¢«ïîé¥¥áï á¥¤«®-ã§«®¬, â. ¥. ¢ë¯®«­¥­ëà ¢¥­áâ¢ 
P (xsn, ysn, ξ

sn0 ) = 0, Q(xsn, ysn) = 0,
Px(xsn, ysn, ξ

sn0 )Qy(xsn, ysn)− Py(xsn, ysn, ξ
sn0 )Qx(xsn, ysn) = 0, (17)¨, ªà®¬¥ â®£®, á¥¤«®¢ ï ¢¥«¨ç¨­  ®â«¨ç­  ®â ­ã«ï:

Px(xsn, ysn, ξ
sn0 ) + ξsn0 Qy(xsn, ysn, ξ0) 6= 0.�®£¤  ¯à¨ ¬ «®¬ ¢®§¬ãé¥­¨¨ ¯ à ¬¥âà®¢ (k1, ξ0) ¢ á¨áâ¥¬¥ (9) ¯à®¨áå®-¤¨â «®ª «ì­ ï ¡¨äãàª æ¨ï ¢ â®çª¥ (xsn, ysn), á¢ï§ ­­ ï á ¨§¬¥­¥­¨¥¬ç¨á«  áâ æ¨®­ à­ëå á®áâ®ï­¨©.
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�¨á. 3. �¥â¢¨ ¡¨äãàª æ¨®­­®© ªà¨¢®©, ¢ë¤¥«ïîé¨¥ ­  ¯«®áª®áâ¨ ¯ à -¬¥âà®¢ ®¡« áâì áãé¥áâ¢®¢ ­¨ï âà¥å áâ æ¨®­ à­ëå á®áâ®ï­¨© á¨áâ¥¬ë (9).



284 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.�ç¨âë¢ ï, çâ® xsn = xQ(ysn) (13), ¯®«ãç¨¬ ¨§ á¨áâ¥¬ë (17) § ¢¨-á¨¬®áâ¨ ksn1 = ksn1 (ysn) ¨ ξsn0 = ξsn0 (ysn):
ξsn0 = k−1(ysn)f2(ysn)− g2(ysn)f1(ysn)

g1(ysn)f1(ysn)− k3(ysn)ysnf2(ysn) , (18)
ksn1 = k−1(ysn) + k3(ysn)ysnξ

sn01− f(ysn) f(ysn), (19)£¤¥ f(y) ®¯à¥¤¥«¥­  ¢ (14),
f1(y) = 2k2(y)(1− y)[1− f(y)℄ + k3(y)y,

f2(y) = (1− y)[2k2(y)[1− f(y)℄− dk2(y)
dy

(1− y)[1− f(y)℄2++(k3(y) + dk3(y)
dy

y

)
f(y)],

g1(y) = k3(y)yf(y) + (1− y)[1− f(y)℄f(y) [k3(y) + dk3(y)
dy

y

]
,

g2(y) = k−1(y)f(y) + dk−1(y)
dy

(1− y)[1− f(y)℄f(y).� ª¨¬ ®¡à §®¬, ¤«ï 0 6 ysn 6 1 ¢ëà �¥­¨ï (18) ¨ (19) ®¯à¥¤¥«ïîâ¬­®�¥áâ¢® §­ ç¥­¨© ξ0 = ξsn0 ¨ k1 = ksn1 , ¯à¨ ª®â®àëå á¨áâ¥¬  (9)¨¬¥¥â ­¥£àã¡®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ á¥¤«®-ã§¥«.Ǒãáâì ª®íää¨æ¨¥­âë á¨áâ¥¬ë (9) ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨(2), (3), (5) ¨ (6). �®£¤  ¬­®�¥áâ¢® §­ ç¥­¨© ξ0 ¨ k1, ¯à¨ ª®â®àëåá¨áâ¥¬  ¨¬¥¥â áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ á¥¤«®-ã§¥«, ¯®ª § ­® ­  à¨á. 3.� íâ®¬ á«ãç ¥ ¥á«¨ â®çª  (ξ0, k1) «¥�¨â ¢­ãâà¨ (¨«¨ ¢­¥) ®¡« áâ¨, ®£à -­¨ç¥­­®© ªà¨¢ë¬¨ 1, â® á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  (9) ¨¬¥¥â âà¨ áâ -æ¨®­ à­ëå á®áâ®ï­¨ï (¨«¨ ®¤­®).� �­ë© à¥§ã«ìâ â íâ®© à ¡®âë á®áâ®¨â ¢ â®¬, çâ® ­ ©¤¥­ë ¯ à -¬¥âàë ¬®¤¥«¨, ¯à¨ ª®â®àëå ¢ ®¤­®¯ à ¬¥âà¨ç¥áª®¬ á¥¬¥©áâ¢¥ ¤¢ã¬¥à-­ëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ­ àï¤ã á £¨áâ¥à¥§¨á®¬ áâ æ¨®­ à­ëå á®áâ®-ï­¨© ABCD ­  ®¤­®© ¨§ ¢¥â¢¥© ã§«®¢ ¨ ä®ªãá®¢ ¯à®¨áå®¤¨â ¯®â¥àïãáâ®©ç¨¢®áâ¨ áâ æ¨®­ à­®£® á®áâ®ï­¨ï ¢ â®çª¥ K (á¬. à¨á. 1). � á¨-âã æ¨¨ ®¡é¥£® ¯®«®�¥­¨ï â ª ï ¯®â¥àï ãáâ®©ç¨¢®áâ¨ áâ æ¨®­ à­®£®



� ¤¢ã¬¥à­®© ª¨­¥â¨ç¥áª®© ¬®¤¥«¨ 285á®áâ®ï­¨ï ¯®à®�¤ ¥â ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯¥à¨®¤¨ç¥áª¨åà¥è¥­¨©. � §«¨ç­ë¥ ¬ ªá¨¬ «ì­ë¥ á¥¬¥©áâ¢  ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©¡ã¤¥â ¯®¤à®¡­® ¨§ãç âìáï ¯à¨ ¬®¤¥«¨à®¢ ­¨¨ á«®�­ëå  ¢â®ª®«¥¡ ­¨©,¯®áª®«ìªã ­ «¨ç¨¥ â ª¨å ¬ ªá¨¬ «ì­ëå á¥¬¥©áâ¢ ï¢«ï¥âáï ®¤­¨¬ ¨§¤®áâ â®ç­ëå ãá«®¢¨© ¤«ï áãé¥áâ¢®¢ ­¨ï á«®�­®© ¤¨­ ¬¨ª¨ (á¬. [7℄) ¢¯®«­®© ¬®¤¥«¨ (1). ����������1. Slavinskaya E. M., Stonkus O. A., Gulyaev R. V., Ivanova A. S., Zaikovskii V. I.,Kuznetsov P. A., Boronin A. I. Stru
tural and 
hemi
al states of palladium inPd/Al2O3 
atalysts under self-sustained os
illations in rea
tion of CO oxidation //Appl. Catalysis A: General. 2011. V. 401. P. 83{97.2. Lashina E. A., Slavinskaya E. M., Chumakova N. A., Stonkus O. A., Gulyaev R. V.,Stadni
henko A. I., Chumakov G. A., Boronin A. I., Demidenko G. V. Self-os
illationsin CO oxidation on PdO/Al2O3 
atalyst // Chem. Eng. S
i. 2012. V. 83. P. 149{158.3. �­¤à®­®¢ �. �., �¥®­â®¢¨ç �. �., �®à¤®­ �. �., � ©¥à �. �. � ç¥áâ¢¥­­ ïâ¥®à¨ï ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ­  ¯«®áª®áâ¨. �.: � ãª , 1966.4. �à­®«ì¤ �. �. �¥®à¨ï ª â áâà®ä. �.: � ãª , 1990.5. � ãâ¨­ �. �., �¥®­â®¢¨ç �. �. �¥â®¤ë ¨ ¯à¨¥¬ë ª ç¥áâ¢¥­­®£® ¨áá«¥¤®¢ ­¨ï¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ­  ¯«®áª®áâ¨. �.: � ãª , 1976.6. �ã¬ ª®¢ �. �. �¨­ ¬¨ª  ­¥«¨­¥©­®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© //�¨¡. ¬ â. �ãà­. 2007. �. 48, ü 5. �. 1180{1195.7. �ã¬ ª®¢ �. �., �«¨­ìª® �. �. �¨­¥â¨ç¥áª ï âãà¡ã«¥­â­®áâì (å ®á) áª®à®áâ¨à¥ ªæ¨¨ ®ª¨á«¥­¨ï ¢®¤®à®¤  ­  ¬¥â ««¨ç¥áª¨å ª â «¨§ â®à å // �®ª«. ������. 1982. �. 266, ü 5. �. 1194{1197.£. �®¢®á¨¡¨àáª 15 ®ªâï¡àï 2013 £.



��� 517.928.4:517.929.5�����Ǒ������ ���������� ���������� ������������ ������������� ��������� �������������� �� ������������Ǒ�������∗)�. �. � è¨­ , �. �. �ã¬ ª®¢ , �. �. �ã¬ ª®¢� áâ®ïé¥¥ ¨áá«¥¤®¢ ­¨¥ ï¢«ï¥âáï ¯à®¤®«�¥­¨¥¬ à ¡®âë [1℄, ¢ ª®-â®à®© ¨§ãç ¥âáï ¤¢ã¬¥à­ ï ¬®¤¥«ì £¥â¥à®£¥­­®© ª â «¨â¨ç¥áª®© à¥- ªæ¨¨ ®ª¨á«¥­¨ï �� ¨ ­ ©¤¥­ë ¯ à ¬¥âàë ¬®¤¥«¨, ¯à¨ ª®â®àëå ¢®¤­®¯ à ¬¥âà¨ç¥áª®¬ á¥¬¥©áâ¢¥ ¤¢ã¬¥à­ëå ¤¨­ ¬¨ç¥áª¨å ¯®¤á¨áâ¥¬áãé¥áâ¢ã¥â £¨áâ¥à¥§¨á áâ æ¨®­ à­ëå á®áâ®ï­¨© ¨ ­  ®¤­®© ¨§ ¢¥â¢¥©ã§«®¢ ¨ ä®ªãá®¢ ¯à®¨áå®¤¨â ¯®â¥àï ãáâ®©ç¨¢®áâ¨ áâ æ¨®­ à­®£® á®áâ®-ï­¨ï.�¤¥áì ¬ë ¯à¥¤¯à¨­ï«¨ ¯®¯ëâªã ¤ «ì­¥©è¥£® à §¢¨â¨ï áæ¥­ à¨ï¢®§­¨ª­®¢¥­¨ï ¬­®£®¯¨ª®¢ëå ¨ å ®â¨ç¥áª¨å  ¢â®ª®«¥¡ ­¨©, ¯à¥¤«®-�¥­­®£® ¢ [2℄, ¨ à áá¬®âà¥«¨ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  âà¥å¬¥à­ãî ¤¨­ ¬¨ç¥-áªãî á¨áâ¥¬ã, ¬®¤¥«¨àãîéãî ª¨­¥â¨ç¥áª¨¥  ¢â®ª®«¥¡ ­¨ï ¢ à¥ ªæ¨¨®ª¨á«¥­¨ï ��. �á­®¢­®© ï¢«ï¥âáï ¨¤¥ï ¡«®ç­®£® ¯®áâà®¥­¨ï á«®�­®©¤¨­ ¬¨ª¨ á¨áâ¥¬ë á ¤¢ã¬ï ¡ëáâàë¬¨ ¨ ®¤­®© ¬¥¤«¥­­®© ¯¥à¥¬¥­­ë¬¨­  ®á­®¢¥  ­ «¨§  ä §®¢ëå ¯®àâà¥â®¢ ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢ ¯®¤á¨áâ¥¬ ¬¥­ìè¥© à §¬¥à­®áâ¨. �¥«ìî ­ è¥© à ¡®âë ï¢«ï¥âáï ¯®-«ãç¥­¨¥ ¤®áâ â®ç­ëå ãá«®¢¨© áãé¥áâ¢®¢ ­¨ï á«®�­ëå  ¢â®ª®«¥¡ ­¨ï¢ ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬¥ âà¥å ­¥«¨­¥©­ëå  ¢â®­®¬­ëå ®¡ëª­®¢¥­­ëå¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.
∗) � ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à�ª¥ �¨¡¨àáª®£® ®â¤¥«¥­¨ï ��� (�¥�¤¨áæ¨¯«¨-­ à­ë© ¯à®¥ªâ 80).
© 2013 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.



�­®£®¯¨ª®¢ë¥ ª®«¥¡ ­¨ï 2871. �¨äãàª æ¨¨ ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©� áá¬®âà¨¬ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬á ¯ à ¬¥âà®¬ ξ0 ∈ Iξ = (0, 1):_x = k1(1− x− y)− k−1(y)x− k3(y)xyξ0 ≡ P (x, y, ξ0),_y = k2(y)(1− x− y)2ξ0 − k3(y)xyξ0 ≡ ξ0Q(x, y), (1)£¤¥ (x, y) ∈ G = {(x, y) ∈ R2 : x > 0, y > 0, x + y 6 1}, x ¨ y |¡¥§à §¬¥à­ë¥ ª®­æ¥­âà æ¨¨ �� ¨ ª¨á«®à®¤ ,  ¤á®à¡¨à®¢ ­­ëå ­  ¯®-¢¥àå­®áâ¨ ª â «¨§ â®à  (á¬. [1℄). �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®
kj(y) = �kj · s(y) + kavj , j = −1, 2, 3,

s(y) = 1, 0 6 y 6 yc − δ,sin (π(yc − y)/(2δ)), yc − δ < y < yc + δ,

−1, yc + δ 6 y 6 1, (2)�kj = (kl
j − kr

j )/2, kavj = (kr
j + kl

j)/2,£¤¥ ¯®áâ®ï­­ë¥ �kj ¨ kavj ¯®«®�¨â¥«ì­ë, ¯ à ¬¥âàë δ ∈ (0, 0.5) ¨
yc ∈ (δ, 1 − δ) ®¯à¥¤¥«ïîâ è¨à¨­ã ¨ à á¯®«®�¥­¨¥ ¨­â¥à¢ «  §­ ç¥-­¨© y, ­  ª®â®à®¬ s(y) ¬®­®â®­­® ã¡ë¢ ¥â ®â +1 ¤® −1. � ç¨á«¥­­ëå¯à¨¬¥à å ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ §­ ç¥­¨ï ¯ à ¬¥âà®¢ [3℄, ¥á-«¨ ­¥ ®£®¢®à¥­® ¤àã£®¥:

kl
−1 = 49.82, kr

−1 = 0.19, kl2 = 105, kr2 = 2 · 104,
kl3 = 1.18 · 105, kr3 = 11.8, yc = 0.37, δ = 0.1. (3)� ¬¥â¨¬, çâ® §­ ç¥­¨ï ¯ à ¬¥âà®¢ k1 ¨ ξ0 ¯®ª  ­¥ § ¤ ­ë.�áá«¥¤ã¥¬, ¢®§¬®�­  «¨ ¢ á¨áâ¥¬¥ (1) ¯à¨ ­¥ª®â®à®¬ k1 ¡¨äãàª -æ¨ï �­¤à®­®¢  | �®¯ä  ¯à¨ ¢ àì¨à®¢ ­¨¨ ¯ à ¬¥âà  ξ0 [4{9℄.�«ï ®¯à¥¤¥«¥­¨ï §­ ç¥­¨© ¯ à ¬¥âà®¢ k1 ¨ ξ0 ¨á¯®«ì§ã¥¬ ­¥®¡å®-¤¨¬ë¥ ãá«®¢¨ï «®ª «ì­®© ¡¨äãàª æ¨¨ à®�¤¥­¨ï ¯¥à¨®¤¨ç¥áª®£® à¥-è¥­¨ï ¨§ ­¥¯®¤¢¨�­®© â®çª¨, ¯à¨ ª®â®àëå ¢­ãâà¨ ®¡« áâ¨ G áãé¥-áâ¢ã¥â áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ (xh, yh) â ª®¥, çâ® ¬ âà¨æ  �ª®¡¨, ¢ë-ç¨á«¥­­ ï ¢ íâ®© â®çª¥, ¨¬¥¥â á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¢¨¤  ±iω, ω 6= 0:

P (xh, yh, ξ0) = 0, Q(xh, yh) = 0, (4)
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P ′

x(xh, yh, ξ0) + ξ0Q′
y(xh, yh) = 0, (5)

(
P ′

xQ
′
y − P ′

yQ
′
x

)
|x=xh, y=yh

> 0. (6)�à ¢­¥­¨¥ £« ¢­®© ¨§®ª«¨­ë P (x, y, ξ0) = 0 ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
x = k1(1− y)/[k1 + k−1(y) + k3(y)yξ0℄,  ¢â®à®© £« ¢­®© ¨§®ª«¨­ë Q(x, y) = 0 | ª ª x = (1− y)f(y), £¤¥ f(y)®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

f(y) = √4(1− y) +A(y)−√A(y)√4(1− y) +A(y) +√A(y) , A(y) = k3(y)
k2(y)y. (7)�®£¤  yh ï¢«ï¥âáï à¥è¥­¨¥¬ á«¥¤ãîé¥£® ãà ¢­¥­¨ï:

k1
k1 + k−1(yh) + k3(yh)yhξ0 = f(yh), (8)  ª®®à¤¨­ â  xh áâ æ¨®­ à­®© â®çª¨ ¢ëç¨á«ï¥âáï ª ª

xh = (1− yh)f(yh). (9)�«¥¤ ¬ âà¨æë �ª®¡¨, ¢ëç¨á«¥­­®© ¢ (xh, yh), ¬®�­® § ¯¨á âì ¢¢¨¤¥
P ′

x(xh, yh, ξ0) + ξ0Q′
y(xh, yh)= −k1 − k−1(yh)− ξ0(k3(yh)yh + g(yh) + dk3(yh)

dy
xhyh

)
,£¤¥

g(yh) = 2k2(yh)(1− xh − yh)− dk2(yh)
dy

(1− xh − yh)2 + k3(yh)xh. (10)�âáî¤  ¢¨¤­®, çâ® ¤«ï yh ¢­¥ ¨­â¥à¢ «  (yc − δ, yc + δ) á«¥¤ ¬ âà¨æë�ª®¡¨ ®âà¨æ â¥«¥­. �«¥¤®¢ â¥«ì­®, ãá«®¢¨¥ (5) íª¢¨¢ «¥­â­® à ¢¥­-áâ¢ã
k1 + k−1(yh) + k3(yh)yhξ0 + g(yh)ξ0 = −dk3(yh)

dy
xhyhξ0, (11)¯à¨ç¥¬ yh ∈ (yc − δ, yc + δ).



�­®£®¯¨ª®¢ë¥ ª®«¥¡ ­¨ï 289� ª¨¬ ®¡à §®¬, ¨§ à ¢¥­áâ¢ (8) ¨ (11) á«¥¤ã¥â, çâ® ¯à¨ ¢ë¯®«­¥-­¨¨ ãá«®¢¨© (3), ¯ à ¬¥âàë k1 = kh1 ¨ ξ0 = ξh0 , ¯à¨ ª®â®àëå áãé¥áâ¢ã¥âáâ æ¨®­ à­®¥ á®áâ®ï­¨¥ (xh, yh) á ç¨áâ® ¬­¨¬ë¬¨ ª®à­ï¬¨, ã¤®¢«¥â¢®-àïîâ á¨áâ¥¬¥ ãà ¢­¥­¨©
ξh0 = k−1(yh)(

g(yh) + dk3(yh)
dy xhyh

) (f(yh)− 1)− k3(yh)yh

,

kh1 = −f(yh)(g(yh) + dk3(yh)
dy

xhyh

)
ξh0 , (12)£¤¥ yh ∈ (yc − δ, yc + δ) ¨ §­ ç¥­¨ï xh, f(yh) ¨ g(yh) ®¯à¥¤¥«¥­ë ä®à-¬ã« ¬¨ (9), (7) ¨ (10) á®®â¢¥âáâ¢¥­­®. �à®¬¥ â®£®, ­¥®¡å®¤¨¬®, çâ®¡ë¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢® (6) ¨, ¡®«¥¥ â®£®, kh1 > 0 ¨ 0 < ξh0 < 1.
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�¨á. 1. �¨äãàª æ¨®­­ë¥ ªà¨¢ë¥, ®¯à¥¤¥«ïîé¨¥ ¯ à ¬¥âàë (ξ0, k1), ¯à¨ª®â®àëå á¨áâ¥¬  (1) ¨¬¥¥â ­¥£àã¡®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ â¨¯  á¥¤«®-ã§¥« (ªà¨¢ ï 1), ­¥ãáâ®©ç¨¢ë© á«®�­ë© ä®ªãá (ªà¨¢ ï 2) ¨«¨ ¯®«ããáâ®©-ç¨¢ë© ¯à¥¤¥«ì­ë© æ¨ª« (ªà¨¢ ï 3).�¨á«¥­­® ¯®ª § ­®, çâ®, ¨á¯®«ì§ãï ä®à¬ã«ë (12) ¨ (6), §­ ç¥­¨¥
k1 = kh1 ¬®�­® ¢ë¡à âì â ª, çâ® ¯à¨ ­¥ª®â®à®¬ ξ0 = ξh0 á¨áâ¥¬  (1) ¨¬¥-



290 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.¥â ­¥£àã¡®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ (xh, yh), ï¢«ïîé¥¥áï á«®�­ë¬ ä®-ªãá®¬ [8℄. � ¯à¨¬¥à, ­  à¨á. 1 ¯®ª § ­  ªà¨¢ ï 2 ­  ¯«®áª®áâ¨ (ξ0, k1)â ª ï, çâ® ¤«ï ª �¤®© ¯ àë §­ ç¥­¨© k1 ¨ ξ0 ­  íâ®© ªà¨¢®© ¢ á¨áâ¥-¬¥ áãé¥áâ¢ã¥â ­¥ãáâ®©ç¨¢ë© á«®�­ë© ä®ªãá. �áâ®©ç¨¢®áâì ä®ªãá ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî ¯¥à¢®© «ï¯ã­®¢áª®© ¢¥«¨ç¨­ë l (á¬. [6, 9℄).� à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ l > 0, ¨ ¯à¨ ¬ «®¬ ¨§¬¥­¥­¨¨ ¯ à ¬¥âà®¢¢ á¨áâ¥¬¥ (1) ¯à®¨áå®¤¨â ¡¨äãàª æ¨ï �­¤à®­®¢  | �®¯ä  ¨ § à®�¤ -¥âáï £àã¡ë© ­¥ãáâ®©ç¨¢ë© ¯à¥¤¥«ì­ë© æ¨ª« (à¨á. 2).
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�¨á. 2. � ¢¨á¨¬®áâì y-ª®®à¤¨­ âë áâ æ¨®­ à­ëå á®áâ®ï­¨© ®â ¯ à ¬¥â-à  ξ: CD ¨ KB\{K} | ãáâ®©ç¨¢ë¥ áâ æ¨®­ à­ë¥ á®áâ®ï­¨ï, BC\({B}∪

{C}) | á¥¤« , AK | ­¥ãáâ®©ç¨¢ë¥ ä®ªãáë ¨ ã§«ë. �à¨¢ë¥ 1 (¨ 2) |¬ ªá¨¬ «ì­ë¥ ¨ ¬¨­¨¬ «ì­ë¥ §­ ç¥­¨ï ¯¥à¥¬¥­­®© y ­  ãáâ®©ç¨¢ëå (¨­¥ãáâ®©ç¨¢ëå) ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨ïå á¨áâ¥¬ë (1) ¯à¨ k1 = 4000.2. � ªá¨¬ «ì­ë¥ á¥¬¥©áâ¢  ¯¥à¨®¤¨ç¥áª¨åà¥è¥­¨©�  à¨á. 3 á«¥¢  ªà¨¢ ï AKBCD ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬ á¥¬¥©-áâ¢®¬ áâ æ¨®­ à­ëå á®áâ®ï­¨© ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  á¨-áâ¥¬ (1) á ¯ à ¬¥âà®¬ ξ0. Ǒà®¥ªæ¨ï íâ®© ªà¨¢®© ­  ¯«®áª®áâì (ξ0, y)¯®ª § ­  ­  à¨á. 2. �¤¥áì â®çª¨ B ¨ C á®®â¢¥âáâ¢ãîâ ­¥£àã¡ë¬ áâ -



�­®£®¯¨ª®¢ë¥ ª®«¥¡ ­¨ï 291æ¨®­ à­ë¬ á®áâ®ï­¨ï¬ á¨áâ¥¬ë, ¨¬¥îé¨¬ â¨¯ á¥¤«®-ã§¥«. �®çª®© K®¡®§­ ç¥­® ­¥£àã¡®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ (xh, yh) ¯à¨ ξ0 = 0.370108,£¤¥ xh = 0.301507 ¨ yh = 0.408646. �à¨¢ë¥ CD\{C} ¨ KB\{K} á®áâ®ïâ¨§ ãáâ®©ç¨¢ëå áâ æ¨®­ à­ëå á®áâ®ï­¨©, ªà¨¢ ï AK | ¨§ ­¥ãáâ®©ç¨-¢ëå áâ æ¨®­ à­ëå á®áâ®ï­¨©, ¨¬¥îé¨å â¨¯ ã§¥« ¨«¨ ä®ªãá. �â æ¨®-­ à­ë¥ á®áâ®ï­¨ï, «¥� é¨¥ ­  ªà¨¢®© BC\{B}, ï¢«ïîâáï á¥¤«®¢ë¬¨.�«ï ®¯à¥¤¥«¥­¨ï â¨¯  ¨ ãáâ®©ç¨¢®áâ¨ áâ æ¨®­ à­®£® á®áâ®ï­¨ï à á-á¬®âà¥­ë á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë �ª®¡¨ á¨áâ¥¬ë, «¨­¥ à¨§®-¢ ­­®© ¢ ¥£® ®ªà¥áâ­®áâ¨.Ǒà¨ ξ0 = 0.370108 ¢ á¨áâ¥¬¥ (1) ¯à®¨áå®¤¨â ¡¨äãàª æ¨ï �­¤à®­®-¢  | �®¯ä  ¨ § à®�¤ ¥âáï ­¥ãáâ®©ç¨¢®¥ ¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ¯¥-à¨®¤  T ≈ 3.8 · 10−4.Ǒà®¤®«� ï £àã¡ë© ¯à¥¤¥«ì­ë© æ¨ª« ¯® ¯ à ¬¥âàã ξ0 ­  ¬ ªá¨-¬ «ì­® ¢®§¬®�­ë© ¨­â¥à¢ « ξl0 < ξ0 < ξr0 , ¯®«ãç¨¬ ¬ ªá¨¬ «ì­®¥ á¥-¬¥©áâ¢® £àã¡ëå ¯à¥¤¥«ì­ëå æ¨ª«®¢ ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ (1). Ǒà¨ ξ0 = ξl0 ¨ ξ0 = ξr0 ¢ á¨áâ¥¬¥ (1) ¯à®-¨áå®¤¨â ¡¨äãàª æ¨ï ¯¥à¨®¤¨ç¥áª®£® à¥è¥­¨ï, â ª çâ® ξl0 = ξh0 ¨«¨
ξr0 = ξh0 . Ǒ®áâà®¥­¨¥ ¬ ªá¨¬ «ì­ëå á¥¬¥©áâ¢ ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©¡ã¤¥¬ ¯à®¢®¤¨âì á ¯®¬®éìî ¬¥â®¤  ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã, ®á-­®¢ ­­®£® ­  ®¯à¥¤¥«¥­¨¨ ­¥¯®¤¢¨�­®© â®çª¨ äã­ªæ¨¨ ¯®á«¥¤®¢ ­¨ï(á¬. [8, 10℄).�¨á«¥­­ë© íªá¯¥à¨¬¥­â ¯®ª § «, çâ® (1) ¨¬¥¥â ¬ ªá¨¬ «ì-­®¥ á¥¬¥©áâ¢® £àã¡ëå ­¥ãáâ®©ç¨¢ëå ¯à¥¤¥«ì­ëå æ¨ª«®¢ γu(ξ0) ¤«ï
ξ0 ∈ (0.348538, 0.370108). �à®¬¥ â®£®, áãé¥áâ¢ã¥â ¬ ªá¨¬ «ì­®¥ á¥¬¥©-áâ¢® £àã¡ëå ãáâ®©ç¨¢ëå ¯à¥¤¥«ì­ëå æ¨ª«®¢ γs(ξ0) ¤«ï ξ0 ∈ (0.348538, 1)(á¬. à¨á. 3). Ǒà¨ ξ0 = 0.348538 ¢ á¨áâ¥¬¥ (1) ¯à®¨áå®¤¨â ¡¨äãàª æ¨ïá«¨ï­¨ï ãáâ®©ç¨¢®£® ¨ ­¥ãáâ®©ç¨¢®£® ¯à¥¤¥«ì­®£® æ¨ª«®¢. �  à¨á. 2¯®ª § ­  § ¢¨á¨¬®áâì  ¬¯«¨âã¤ë ª®«¥¡ ­¨© ¯¥à¥¬¥­­®© y ­  æ¨ª« å®â ¯ à ¬¥âà  ξ0.� ª¨¬ ®¡à §®¬, ¯à¨ à áá¬ âà¨¢ ¥¬ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ ¨§¬¥-­¥­¨¥ ä §®¢ëå ¯®àâà¥â®¢ á¨áâ¥¬ë (1) ¯à¨ ã¢¥«¨ç¥­¨¨ ξ0 ¯à®¨áå®¤¨âá«¥¤ãîé¨¬ ®¡à §®¬. Ǒà¨ ξ0 = 0.001 áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ £«®-¡ «ì­® ãáâ®©ç¨¢®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ | ã§¥« (à¨á. 4 á«¥¢ ). Ǒà¨
ξ0 = 0.2 á¨áâ¥¬  (1) ¨¬¥¥â âà¨ áâ æ¨®­ à­ëå á®áâ®ï­¨ï, ¤¢  ¨§ ª®â®-àëå | ãáâ®©ç¨¢ë¥ ã§¥« ¨ ä®ªãá, ¨ ®¤­® | á¥¤«®. �  à¨á. 5 á«¥¢ 
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y�¨á. 3. �«¥¢ . � ªá¨¬ «ì­ë¥ á¥¬¥©áâ¢  ABCD áâ æ¨®­ à­ëå á®áâ®ï-­¨© ¨ Ss ãáâ®©ç¨¢ëå ¯à¥¤¥«ì­ëå æ¨ª«®¢. �¯à ¢ . �¥¬¥©áâ¢  ãáâ®©ç¨-¢ëå (á¯«®è­ ï «¨­¨ï) ¨ ­¥ãáâ®©ç¨¢ëå (¯ã­ªâ¨à­ ï «¨­¨ï) ¯à¥¤¥«ì­ëåæ¨ª«®¢ ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  á¨áâ¥¬ë (1).¯®ª § ­ ä §®¢ë© ¯®àâà¥â ¯à¨ ξ0 = 0.365. � íâ®¬ á«ãç ¥ áãé¥áâ¢ãîââà¨ áâ æ¨®­ à­ëå á®áâ®ï­¨ï: ãáâ®©ç¨¢ë¥ ã§¥« ¨ ä®ªãá ¨ ­¥ãáâ®©ç¨¢®¥á¥¤«®. �áâ®©ç¨¢ë© ä®ªãá ®ªàã� îâ ¤¢  ¯à¥¤¥«ì­ëå æ¨ª« : ªà¨¢ë¥ 1¨ 2 | íâ® ãáâ®©ç¨¢ ï ¨ ­¥ãáâ®©ç¨¢ ï ¯¥à¨®¤¨ç¥áª¨¥ âà ¥ªâ®à¨¨. � -ª®­¥æ, ¯à¨ ξ0 = 0.94 á¨áâ¥¬  (1) ¨¬¥¥â ®¤­® áâ æ¨®­ à­®¥ á®áâ®ï­¨¥(­¥ãáâ®©ç¨¢ë© ä®ªãá) ¨ ãáâ®©ç¨¢ë© ¯à¥¤¥«ì­ë© æ¨ª«.
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Q(x,y)=0�¨á. 5. � §®¢ë¥ ¯®àâà¥âë á¨áâ¥¬ë (1) ¤«ï k1 = 4000 ¨ ξ0 = 0.365 (á«¥¢ )¨ ξ0 = 0.94 (á¯à ¢ ).� ª¨¬ ®¡à §®¬, ­  ¯«®áª®áâ¨ (ξ0, k1) ¬®�­® ¢ë¤¥«¨âì ®¡« áâì ¯ -à ¬¥âà®¢ ξ0 ¨ k1, ¯à¨ ª®â®àëå á¨áâ¥¬  ¨¬¥¥â ¤¢  £àã¡ëå ¯à¥¤¥«ì­ëåæ¨ª« , ãáâ®©ç¨¢ë© ¨ ­¥ãáâ®©ç¨¢ë©. �  ¯ à ¬¥âà¨ç¥áª®¬ ¯®àâà¥â¥(á¬. à¨á. 1) íâ  ®¡« áâì ®£à ­¨ç¥­  ªà¨¢ë¬¨ 2 ¨ 3.3. �¨­ ¬¨ª  âà¥å¬¥à­®© á¨áâ¥¬ë� áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©_x = k1(1− x− y)− k−1(y)x− k3(y)xyξ,_y = k2(y)(1− x− y)2ξ − k3(y)xyξ,_v = k4(1− v)− k−4v,_ξ = ε(v(1− ξ)− αyξ), (13)á®¤¥à� éãî ¬ «ë© ¯ à ¬¥âà ε > 0. � ª ¯®ª § ­® ¢ [1℄, ¤«ï «î¡ëå­ ç «ì­ëå ¤ ­­ëå (x(0), y(0), v(0), ξ(0)) = (x0, y0, v0, ξ0) áãé¥áâ¢ã¥â ¬®-¬¥­â ¢à¥¬¥­¨ t = τ â ª®©, çâ® ¤«ï ¢á¥å t > τ âà ¥ªâ®à¨î á¨áâ¥¬ë (1)¬®�­® ¯à¨¡«¨§¨âì à¥è¥­¨¥¬ âà¥å¬¥à­®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë_x = k1(1− x− y)− k−1(y)x− k3(y)xyξ,_y = k2(y)(1− x− y)2ξ − k3(y)xyξ,_ξ = ε(vst(1− ξ)− αyξ), (14)£¤¥ v(t) ≈ vst ¨ vst = k4/(k4 + k−4).



294 � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �.�­®£®¯¨ª®¢ë¥  ¢â®ª®«¥¡ ­¨ï. Ǒà¥¤¯®«®�¨¬, çâ® §­ ç¥­¨ï¯ à ¬¥âà®¢ á¨áâ¥¬ë (1) ¢ë¡à ­ë â ª, çâ® á®®â¢¥âáâ¢ãîé¥¥ ®¤­®¯ à -¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ®â­®á¨â¥«ì­®¯¥à¥¬¥­­ëå x ¨ y á ¯ à ¬¥âà®¬ 0 < ξ < 1 ¨¬¥¥â £¨áâ¥à¥§¨á ABCDáâ æ¨®­ à­ëå á®áâ®ï­¨© ¨ á¥¬¥©áâ¢  {γs(ξ)} ¨ {γu(ξ)} ãáâ®©ç¨¢ëå ¨­¥ãáâ®©ç¨¢ëå ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©. �â¬¥â¨¬, çâ® ¢ ä §®¢®¬ ¯à®-áâà ­áâ¢¥ G × Iξ ¬­®�¥áâ¢® ABCD = AK ∪ KB ∪ BC ∪ CD ï¢«ï-¥âáï £« ¤ª®© ªà¨¢®© ¨ áãé¥áâ¢ãîâ ¤¢¥ ¯®¢¥àå­®áâ¨ Ss = {γs(ξ)} ¨
Su = {γu(ξ)}, ®¡à §®¢ ­­ë¥ ¯¥à¨®¤¨ç¥áª¨¬¨ à¥è¥­¨ï¬¨.� áá¬®âà¨¬ ¬­®�¥áâ¢®� = {(x, y, ξ) ∈ G× Iξ : vst(1− ξ)− αyξ = 0}â®ç¥ª ä §®¢®£® ¯à®áâà ­áâ¢  G×Iξ, ¢ ª®â®àëå _ξ = 0. �®�­® ¯®ª § âì,çâ® áãé¥áâ¢ãîâ â ª¨¥ §­ ç¥­¨ï ¯ à ¬¥âà  α, çâ® ¥á«¨ (x, y, ξ) ∈ CD,â® _ξ > 0, ¨ ¥á«¨ (x, y, ξ) ∈ AB ¨«¨ (x, y, ξ) ∈ Ss, â® _ξ < 0. Ǒà¥¤¯®«®-�¨¬ ¤ «¥¥, çâ® ¯®¢¥àå­®áâì � ¯¥à¥á¥ª ¥â ªà¨¢ãî ABCD ¢ ®¤­®© â®çª¥
O = (x∗, y∗, ξ∗), O ∈ BC. �®£¤  á¨áâ¥¬  (14) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ áâ -æ¨®­ à­®¥ á®áâ®ï­¨¥ (x∗, y∗, ξ∗), ­¥ãáâ®©ç¨¢®¥ ¯à¨ ¬ «ëå §­ ç¥­¨ïå ε.(Ǒà¨ à áá¬ âà¨¢ ¥¬®¬ ­ ¡®à¥ §­ ç¥­¨© ¯ à ¬¥âà®¢ ¨¬¥¥¬ ε = 0.415.)�à®¬¥ â®£®, ¯à¥¤¯®«®�¨¬, çâ® ¯®¢¥àå­®áâì � ­¥ ¯¥à¥á¥ª ¥â ¯®¢¥àå­®-áâ¨ Ss = {γs(ξ)} ¨ Su = {γu(ξ)}.�®£¤  á¨áâ¥¬  (14) ¨¬¥¥â ¬­®£®¯¨ª®¢ë© ª®«¥¡ â¥«ì­ë© à¥�¨¬.�¥©áâ¢¨â¥«ì­®, ¯ãáâì ­ ç «ì­ ï â®çª  (x0, y0, ξ0) «¥�¨â ¢ ®ªà¥áâ­®áâ¨ªà¨¢®© KB (¨«¨ CD), á®áâ®ïé¥© ¨§ ãáâ®©ç¨¢ëå áâ æ¨®­ à­ëå á®áâ®-ï­¨© á¨áâ¥¬ë (1). �®£« á­® ª« áá¨ç¥áª¨¬ à¥§ã«ìâ â ¬ �. �. �¨å®­®-¢  [11℄ ® à¥è¥­¨ïå á¨áâ¥¬ ��� á ¬ «ë¬ ¯ à ¬¥âà®¬ ¯à¨ ¬ «ëå §­ ç¥-­¨ïå ε > 0 ¨ ­ ç «ì­ëå ãá«®¢¨ïå x(0) = x0, y(0) = y0 ¨ ξ(0) = ξ0 à¥è¥-­¨¥ (x, y, ξ) = (x(t), y(t), ξ(t)) á¨áâ¥¬ë (14) ­  ­¥ª®â®à®¬ ¨­â¥à¢ «¥ ¢à¥-¬¥­¨ [0, T ℄ «¥�¨â ¢ ®ªà¥áâ­®áâ¨ ªà¨¢®© KB (¨«¨ CD). � á¨«ã ¢ë¡®à 
α ª®¬¯®­¥­â  ξ(t) à¥è¥­¨ï ã¬¥­ìè ¥âáï (¨«¨ ã¢¥«¨ç¨¢ ¥âáï) á ã¢¥«¨-ç¥­¨¥¬ ¢à¥¬¥­¨, ¨ ¯à¨ t = T â®çª  (x(T ), y(T ), ξ(T )) ¯à¨å®¤¨â ¢ ®ªà¥áâ-­®áâì â®çª¨ B (¨«¨ C). � â¥®à¨¨ à¥« ªá æ¨®­­ëå ª®«¥¡ ­¨© (á¬. [12℄)â®çª  B ­ §ë¢ ¥âáïâ®çª®© áàë¢ . �ãé¥áâ¢ã¥â ¬®¬¥­â ¢à¥¬¥­¨ t = T1,
T1 > T , â ª®©, çâ® (x(T1), y(T1), ξ(T1)) ¯®¯ ¤ ¥â ¢ ®ªà¥áâ­®áâì ªà¨¢®©
CD ¨ |ξ(T1) − ξ(T )| = O(ε). �â¬¥â¨¬, çâ® C â ª�¥ ï¢«ï¥âáï â®çª®©



�­®£®¯¨ª®¢ë¥ ª®«¥¡ ­¨ï 295áàë¢ , ¨ ¥á«¨ (x(T ), y(T ), ξ(T )) «¥�¨â ¢ ®ªà¥áâ­®áâ¨ íâ®© â®çª¨, â®áãé¥áâ¢ã¥â ¬®¬¥­â ¢à¥¬¥­¨ t = T2 > T â ª®©, çâ® (x(T2), y(T2), ξ(T2))­ å®¤¨âáï ¢ ®ªà¥áâ­®áâ¨ ¯®¢¥àå­®áâ¨ Ss ¨ |ξ(T2)− ξ(T )| = O(ε).Ǒà¥¤¯®«®�¨¬, çâ® â®çª  (x0, y0, ξ0) «¥�¨â ¢ ®ªà¥áâ­®áâ¨ ¯®¢¥àå­®-áâ¨ Ss. �®£¤  ¯à¨ ¬ «ëå §­ ç¥­¨ïå ε ¨ ­ ç «ì­ëå ãá«®¢¨ïå x(0) = x0,
y(0) = y0, ξ(0) = ξ0 à¥è¥­¨¥ (x, y, ξ) = (x(t), y(t), ξ(t)) á¨áâ¥¬ë (14) ­ ­¥ª®â®à®¬ ¨­â¥à¢ «¥ ¢à¥¬¥­¨ [0, T s℄ ¯à®å®¤¨â ¢ ®ªà¥áâ­®áâ¨ ¯®¢¥àå­®-áâ¨ Ss. Ǒà¨ t = T s â®çª  (x(T s), y(T s), ξ(T s)) ¯®¯ ¤ ¥â ¢ ®ªà¥áâ­®áâì¯®«ããáâ®©ç¨¢®£® ¯à¥¤¥«ì­®£® æ¨ª« . Ǒà¨ ¤ «ì­¥©è¥¬ ã¢¥«¨ç¥­¨¨ táãé¥áâ¢ã¥â t = T s1 > T s â ª®¥, çâ®, ¯à®©¤ï ¢ ®ªà¥áâ­®áâ¨ ¤ã£¨ KB,â®çª  (x(T s1 ), y(T s1 ), ξ(T s1 )) ¯®¯ ¤ ¥â ¢ ®ªà¥áâ­®áâì ªà¨¢®© CD.� ª¨¬ ®¡à §®¬, ¯à¨ ¤®áâ â®ç­® ¬ «ëå §­ ç¥­¨ïå ¯ à ¬¥âà  ε á¨-áâ¥¬  (14) £¥­¥à¨àã¥â ¬­®£®¯¨ª®¢ë¥  ¢â®ª®«¥¡ ­¨ï ζ(ε), ¯à¨ç¥¬ ª®-«¥¡ ­¨ï á®®â¢¥âáâ¢ãîé¥£® ¯¥à¨®¤¨ç¥áª®£® à¥è¥­¨ï ï¢«ïîâáï à¥« ª-á æ¨®­­ë¬¨. �®«¥¡ ­¨ï ª®¬¯®­¥­â x(t) ¨ y(t) ¨¬¥îâ ¬­®£®¯¨ª®¢ë©å à ªâ¥à: ç¥à¥¤ãîâáï ª®«¥¡ ­¨ï, ¨¬¥îé¨¥ ¡®«ìèãî  ¬¯«¨âã¤ã, ¨ ª®-«¥¡ ­¨ï á ¬ «®©  ¬¯«¨âã¤®©.�áå®¤­ ï á¨áâ¥¬  (13) ï¢«ï¥âáï ¬ «ë¬ ¢®§¬ãé¥­¨¥¬ á¨áâ¥¬ë (14).Ǒ®áª®«ìªã ¬­®£®¯¨ª®¢ë¥ ª®«¥¡ ­¨ï á¨áâ¥¬ë (14) ¨ áâ æ¨®­ à­®¥ á®-áâ®ï­¨¥ vs = k4/(k4 + k−4) ãà ¢­¥­¨ï _v = k4(1 − v) − k−4v ï¢«ïîâáïãáâ®©ç¨¢ë¬¨ ª ¬ «ë¬ ¢®§¬ãé¥­¨ï¬, â® á¨áâ¥¬  (13) ¯à¨ ¬ «ëå ε â ª-�¥ ¨¬¥¥â ¬­®£®¯¨ª®¢ë¥  ¢â®ª®«¥¡ ­¨ï â ª¨¥, çâ® ¨å ¯à®¥ªæ¨ï ¢ ¯à®-áâà ­áâ¢® G×Iξ ¡«¨§ª  ª ¬­®£®¯¨ª®¢ë¬ ª®«¥¡ ­¨ï¬ ζ(ε) á¨áâ¥¬ë (14),  ª®¬¯®­¥­â  v(t) á®®â¢¥âáâ¢ãîé¥£® ª®«¥¡ â¥«ì­®£® à¥�¨¬  «¥�¨â ¢®ªà¥áâ­®áâ¨ â®çª¨ v = vs.� ¯à¨¬¥à, ¯à¨ k4 = 1500, k−4 = 5000 ¨¬¥¥¬ ¬­®£®¯¨ª®¢ë¥ ª®«¥-¡ ­¨ï ¢ ¯®«­®© á¨áâ¥¬¥ (1) ¨§ [1℄ ¨ vst = 0.107143 (à¨á. 6).�á­®¢­®© à¥§ã«ìâ â íâ®© à ¡®âë á®áâ®¨â ¢ â®¬, çâ® á ¨á¯®«ì§®¢ -­¨¥¬ ¯à¨­æ¨¯  ¡«®ç­®£® ¯®áâà®¥­¨¥ á«®�­®© ¤¨­ ¬¨ª¨ (á¬. [2℄) ­ ©¤¥-­ë ¯ à ¬¥âàë ¬®¤¥«¨, ¯à¨ ª®â®àëå ¢ âà¥å¬¥à­®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥-¬¥ á ¡ëáâàë¬¨ ¨ ¬¥¤«¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨ áãé¥áâ¢ã¥â ª« áá à¥è¥­¨©,¯®§¢®«ïîé¨© ¬®¤¥«¨à®¢ âì ¬­®£®¯¨ª®¢ë¥  ¢â®ª®«¥¡ ­¨ï, ¯®«ãç¥­­ë¥¢ å¨¬¨ç¥áª®¬ íªá¯¥à¨¬¥­â¥ [3, 13℄.
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v st�¨á. 6. �«¥¢ . �­®£®¯¨ª®¢ë¥  ¢â®ª®«¥¡ ­¨ï, ¯à¥¤¥«ì­ë© æ¨ª«. �¯à -¢ . � ¢¨á¨¬®áâ¨ ª®¬¯®­¥­â ¯¥à¨®¤¨ç¥áª®£® à¥è¥­¨ï á¨áâ¥¬ë (1) ¢ [1℄®â ¢à¥¬¥­¨. �­ ç¥­¨ï ¯ à ¬¥âà®¢ ®¯à¥¤¥«¥­ë ¢ (3), α = 5.37, ε = 0.415,

k4 = 1500, k−4 = 5000. ����������1. � è¨­  �. �., �ã¬ ª®¢  �. �., �ã¬ ª®¢ �. �. � ¤¢ã¬¥à­®© ª¨­¥â¨ç¥áª®© ¬®-¤¥«¨ à¥ ªæ¨¨ ®ª¨á«¥­¨ï ®ªá¨¤  ã£«¥à®¤  ­  ­ ­®ç áâ¨æ å ¯ «« ¤¨ï // � â.§ ¬¥âª¨ ���. 2013. �. 20, ¢ë¯. 2. �. 271{285.2. �ã¬ ª®¢ �. �., �«¨­ìª® �. �. �¨­¥â¨ç¥áª ï âãà¡ã«¥­â­®áâì (å ®á) áª®à®áâ¨à¥ ªæ¨¨ ®ª¨á«¥­¨ï ¢®¤®à®¤  ­  ¬¥â ««¨ç¥áª¨å ª â «¨§ â®à å // �®ª«. ������. 1982. �. 266, ü 5. �. 1194{1197.3. Lashina E. A., Slavinskaya E. M., Chumakova N. A., Stonkus O. A., GulyaevR. V., Stadni
henko A. I., Chumakov G. A., Boronin A. I., Demidenko G. V. Self-os
illations in CO oxidation on PdO/Al2O3 
atalyst // Chem. Eng. S
i. 2012.V. 83. P. 149{158.4. �­¤à®­®¢ �. �., �¥®­â®¢¨ç �. �., �®à¤®­ �. �., � ©¥à �. �. � ç¥áâ¢¥­­ ïâ¥®à¨ï ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª . �.: � ãª , 1966.5. Kuznetsov Yu. A. Elements of applied bifur
ation theory. New York: Springer-Verl.,2004.6. �íáá à¤ �., � § à¨­®¢ �., �í­ �. �¥®à¨ï ¨ ¯à¨«®�¥­¨ï ¡¨äãàª æ¨¨ à®�¤¥­¨ïæ¨ª« . �.: �¨à, 1985.7. �¨«ì­¨ª®¢ �. Ǒ., �¨«ì­¨ª®¢ �. �., �ãà ¥¢ �. �., �ã  �. �¥â®¤ë ª ç¥áâ¢¥­-­®© â¥®à¨¨ ¢ ­¥«¨­¥©­®© ¤¨­ ¬¨ª¥. �. 2. �.; ��¥¢áª: ��� �¥£ã«ïà­ ï ¨å ®â¨ç¥áª ï ¤¨­ ¬¨ª , �­-â. ª®¬¯ìîâ¥à­ëå ¨áá«¥¤®¢ ­¨©, 2009.8. �­¤à®­®¢ �. �., �¥®­â®¢¨ç �. �., �®à¤®­ �. �., � ©¥à �. �. �¥®à¨ï ¡¨äãàª -æ¨© ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ­  ¯«®áª®áâ¨. �.: � ãª , 1967.9. � ãâ¨­ �. �., �¥®­â®¢¨ç �. �. �¥â®¤ë ¨ ¯à¨¥¬ë ª ç¥áâ¢¥­­®£® ¨áá«¥¤®¢ ­¨ï¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ­  ¯«®áª®áâ¨. �.: � ãª , 1976.



�­®£®¯¨ª®¢ë¥ ª®«¥¡ ­¨ï 29710. �ã¬ ª®¢ �. �., � è¨­  �. �., �ã¬ ª®¢  �. �. � ªá¨¬ «ì­ë¥ á¥¬¥©áâ¢  ¯¥à¨-®¤¨ç¥áª¨å à¥è¥­¨© ª¨­¥â¨ç¥áª®© ¬®¤¥«¨ £¥â¥à®£¥­­®© ª â «¨â¨ç¥áª®© à¥ ª-æ¨¨ // �¥áâ­. ���. �¥à. � â¥¬ â¨ª , �¥å ­¨ª , �­ä®à¬ â¨ª . 2005. �. 5,¢ë¯. 4. �. 3{20.11. �¨å®­®¢ �. �. � § ¢¨á¨¬®áâ¨ à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ®â ¬ -«®£® ¯ à ¬¥âà . � â. á¡. 1948. �. 22, ü 2. �. 193{204.12. �¨é¥­ª® �. �., �®«¥á®¢ �. �., �®«¥á®¢ �. �., �®§®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥à¥è¥­¨ï ¨ ¡¨äãàª æ¨®­­ë¥ ¯à®æ¥ááë ¢ á¨­£ã«ïà­®-¢®§¬ãé¥­­ëå á¨áâ¥¬ å.�.: �¨§¬ â«¨â, 1995.13. Slavinskaya E. M., Stonkus O. A., Gulyaev R. V., Ivanova A. S., Zaikovskii V. I.,Kuznetsov P. A., Boronin A. I. Stru
tural and 
hemi
al states of palladium inPd/Al2O3 
atalysts under self-sustained os
illations in rea
tion of CO oxidation //Appl. Catalysis A: General. 2011. V. 401. P. 83{97.£. �®¢®á¨¡¨àáª 15 ®ªâï¡àï 2013 £.



��� 519.6:697.1�� ����� ������������� ������������� ���������� ����������������Ǒ���������� Ǒ��� ������������������� ������������. �. � ¤à¨­, �. �. �¨¢æ¥¢Ǒà¨ ¯à®¥ªâ¨à®¢ ­¨¨ ­ àã�­ëå ®£à �¤ îé¨å ª®­áâàãªæ¨© ¯à®-¢®¤¨âáï à áç¥â áâ æ¨®­ à­®£® â¥¬¯¥à âãà­®£® ¯®«ï, â ª ª ª â¥¯«®¯®-â¥à¨ ¨ â¥à¬¨ç¥áª®¥ á®¯à®â¨¢«¥­¨¥ ª®­áâàãªæ¨¨ ­¥®¡å®¤¨¬® ¢ëç¨á«ïâì­  ®á­®¢ ­¨¨ â¥¬¯¥à âãà­®£® ¯®«ï.� ¬¨ ¯à¥¤«®�¥­ ¤¢ãåá¥â®ç­ë© ¬¥â®¤ à¥è¥­¨ï âà¥âì¥© ªà ¥¢®©§ ¤ ç¨ ¤«ï à áç¥â  ¤¢ã¬¥à­®£® áâ æ¨®­ à­®£® â¥¬¯¥à âãà­®£® ¯®«ï­ àã�­ëå ®£à �¤ îé¨å ª®­áâàãªæ¨©.Ǒà¨ à¥è¥­¨¨ âà¥âì¥© ªà ¥¢®© § ¤ ç¨ ¤«ï ¬­®£®¬¥à­®£® ãà ¢­¥­¨ï� ¯« á  ¨§¢¥áâ­ë¬¨ ¯àï¬ë¬¨ ¨ ¨â¥à æ¨®­­ë¬¨ ¬¥â®¤ ¬¨ ¢®§­¨ª îâ¯à®¡«¥¬ë á ­¥å¢ âª®© ¯ ¬ïâ¨ ¨ ã¢¥«¨ç¥­¨¥¬ ¢à¥¬¥­¨ à áç¥â . �ä-ä¥ªâ¨¢­ë¬ ç¨á«¥­­ë¬ ¬¥â®¤®¬ à¥è¥­¨ï á¨áâ¥¬ ãà ¢­¥­¨©,  ¯¯à®ª-á¨¬¨àãîé¨å ¤¨ää¥à¥­æ¨ «ì­ë¥ ¨ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï, ï¢«ï¥âáï¬­®£®á¥â®ç­ë© ¬¥â®¤. � ç¨­ ï á [1℄, à §à ¡®â ­® ¬­®£® ¢ à¨ ­â®¢¬­®£®á¥â®ç­ëå ¬¥â®¤®¢.�¤¥ï ­ è¥£® ¨â¥à æ¨®­­®£® ¬¥â®¤  § ª«îç ¥âáï ¢ â®¬, çâ® ®¤­ ¨â¥à æ¨ï ¬¥â®¤  á®áâ®¨â ¨§ ®¤­®© ¨«¨ ­¥áª®«ìª¨å ¨â¥à æ¨© ­  ¬¥«-ª®© á¥âª¥ ¨áå®¤­®© § ¤ ç¨ ¯à®áâë¬ ¨â¥à æ¨®­­ë¬ ¬¥â®¤®¬ �¥©¤¥«ï ¨à¥è¥­¨ï § ¤ ç¨ ¤«ï ¯®¯à ¢ª¨ ­  £àã¡®© á¥âª¥ ¯àï¬ë¬ ¬¥â®¤®¬ � ãá-á  [2℄. �¯¥à â®à ¬¨ à¥áâà¨ªæ¨¨ (á­®á ) ¨ ¯à®«®­£ æ¨¨ (¢®á¯®«­¥­¨ï),á¢ï§ë¢ îé¨¬¨ ¯à®áâà ­áâ¢  ¡®«ìè®© ¨ ¬ «¥­ìª®© à §¬¥à­®áâ¥©, ï¢-«ïîâáï á®®â¢¥âáâ¢¥­­® ¯à®áâ®¥ áã�¥­¨¥ (á¥âª¨ ¢«®�¥­ë) ¨ «¨­¥©­ ï¨­â¥à¯®«ïæ¨ï.
© 2013 � ¤à¨­ �. �., �¨¢æ¥¢ �. �.



�¡ ®¤­®¬ ¬­®£®á¥â®ç­®¬ ¬¥â®¤¥ à áç¥â  2991. � â¥¬ â¨ç¥áª ï ¯®áâ ­®¢ª  § ¤ ç¨� áç¥â â¥¬¯¥à âãà­®£® ¯®«ï ®£à �¤ îé¨å ª®­áâàãªæ¨© ¯à¨¢®¤¨âª ­¥®¡å®¤¨¬®áâ¨ à¥è¥­¨ï âà¥âì¥© ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï � -¯« á .�ã¤¥¬ à áá¬ âà¨¢ âì âà¥âìî ªà ¥¢ãî § ¤ çã ¢ ¯àï¬®ã£®«ì­®© ®¡-« áâ¨ 
 = {0 6 x 6 l, 0 6 y 6 p}. �à¥¡ã¥âáï ­ ©â¨ ¢ 
 à¥è¥­¨¥
U = U(x, y) § ¤ ç¨

∂

∂x

(
λ
∂U

∂x

)+ ∂

∂y

(
λ
∂U

∂y

) = 0, (x, y) ∈ 
, (1)
λ
∂U

∂~n
+ αáà(U − Táà) = 0, (x, y) ∈ �, (2)£¤¥ � | £à ­¨æ  ®¡« áâ¨ 
, U | ¨áª®¬ ï â¥¬¯¥à âãà , ◦C, λ | ª®íä-ä¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨, �â/(¬ ·◦C), ∂U

∂~n | ¯à®¨§¢®¤­ ï ¯® ¢­¥è­¥©­®à¬ «¨, Táà | â¥¬¯¥à âãà  áà¥¤ë (­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨), ◦C, αáà |ª®íää¨æ¨¥­â â¥¯«®®¡¬¥­  ¯®¢¥àå­®áâ¨ ®£à �¤¥­¨ï, �â/(¬ · ◦C).Ǒà¨ íâ®¬ ­ã�­® ¨¬¥âì ¢ ¢¨¤ã, çâ® ®£à �¤ îé¨¥ ª®­áâàãªæ¨¨, ª ª¯à ¢¨«®, ­¥®¤­®à®¤­ë. �âáî¤  á«¥¤ã¥â, çâ® äã­ªæ¨ï ª®íää¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨ ï¢«ï¥âáï à §àë¢­®© ªãá®ç­®-¯®áâ®ï­­®© äã­ªæ¨¥©¤¢ãå ¯¥à¥¬¥­­ëå.� ¤ çã (1){(2) ¤¨áªà¥â¨§¨àã¥¬ ¬¥â®¤®¬ á¥â®ª ­  ¬¥«ª®© á¥âª¥ á¯®¬®éìî à §­®áâ­®© áå¥¬ë á® ¢â®àë¬ ¯®àï¤ª®¬ â®ç­®áâ¨ ¯® ®¡¥¨¬¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬. Ǒ®«ãç¥­­ãî á¨áâ¥¬ã ¡ã¤¥¬ à¥è âì¤¢ã¬ï ¬¥â®¤ ¬¨:1) ¬¥â®¤®¬ �¥©¤¥«ï,2) ¤¢ãåá¥â®ç­ë¬ ¬¥â®¤®¬ (ª®¬¡¨­ æ¨ï ¬¥â®¤  �¥©¤¥«ï ¨ ¬¥â®¤ � ãáá ).Ǒ® ¯®«ãç¥­­ë¬ à¥§ã«ìâ â ¬ áà ¢­¨¬ íâ¨ ¬¥â®¤ë.�¯¨è¥¬ ªà âª® ¨¤¥î ¬­®£®á¥â®ç­®£® ¬¥â®¤ , ¯à¥¤«®�¥­­®£® ¢ [3℄.Ǒà¥¤¯®«®�¨¬, âà¥¡ã¥âáï à¥è¨âì ãà ¢­¥­¨¥ í««¨¯â¨ç¥áª®£® â¨¯ 
Lu = f, (3)£¤¥ L | ­¥ª®â®àë© «¨­¥©­ë© í««¨¯â¨ç¥áª¨© ®¯¥à â®à, u | ­¥¨§¢¥áâ-­ ï äã­ªæ¨ï, f | á¢®¡®¤­ë© ç«¥­. � áâ­ë¬ á«ãç ¥¬ â ª®© § ¤ ç¨ ª ª



300 � ¤à¨­ �. �., �¨¢æ¥¢ �. �.à § ï¢«ï¥âáï § ¤ ç  à áç¥â  áâ æ¨®­ à­®£® â¥¬¯¥à âãà­®£® ¯®«ï ­ -àã�­®© ®£à �¤ îé¥© ª®­áâàãªæ¨¨, ã¤®¢«¥â¢®àïîé¥£® ãà ¢­¥­¨î (1).Ǒãáâì á¨áâ¥¬  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ï¢«ïîé¨å-áï à §­®áâ­ë¬  ­ «®£®¬ ãà ¢­¥­¨ï (3) ­  ª¢ ¤à â­®© á¥âª¥ á ¬¥«ª¨¬è £®¬ h, ¨¬¥¥â ¢¨¤
Lhuh = fh. (4)�«ï à¥è¥­¨ï á¨áâ¥¬ë (4) ¯à¥¤« £ ¥âáï ¤¢ãåá¥â®ç­ë© ¬¥â®¤:~unewh = ~uh + ~vh = ~uh + P ~vH = ~uh + PL−1

H (−dH)= ~uh − PL−1
H Rdh = ~uh − PL−1

H R(Lh~uh − fh). (5)� ä®à¬ã«¥ (5) ¨á¯®«ì§ãîâáï à¥è¥­¨ï ¡®«ìè®© ¨ ¬ «¥­ìª®© á¨áâ¥¬:
Lhuh = fh, uh ∈ 
h,

LHuH = fH , uH ∈ 
H , H ≫ h.�¯¥à â®àë R ¨ P á¢ï§ë¢ îâ ¯à®áâà ­áâ¢  à §«¨ç­ëå à §¬¥à­®áâ¥© ¨­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® à¥áâà¨ªæ¨¥© ¨ ¯à®«®­£ æ¨¥©.Ǒà¨ ¨á¯®«ì§®¢ ­¨¨ ¬­®£®á¥â®ç­®£® ¬¥â®¤  ¢®§­¨ª îâ á«¥¤ãîé¨¥ç¥âëà¥ ¯à®¡«¥¬ë.1. �ë¡®à ¬¥â®¤  ¯®«ãç¥­¨ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ~uh. �ë ¢ë-¡à «¨ ¬¥â®¤ �¥©¤¥«ï.2. �ë¡®à ®¯¥à â®à  áã�¥­¨ï R. �ë ¢ë¡à «¨ ¯à®áâ®¥ áã�¥­¨¥, â ªª ª £àã¡ ï á¥âª  ¢«®�¥­  ¢ ¬¥«ªãî.3. �ë¡®à ®¯¥à â®à  ¯à®¤®«�¥­¨ï P . �ë ¢ë¡à «¨ «¨­¥©­ãî ¨­-â¥à¯®«ïæ¨î.4. �ë¡®à ¬¥â®¤  ý®£àã¡«¥­­®£®þ ®¯¥à â®à  LH ¯à¨ ¨§¢¥áâ­®¬ Lh.�ë ¢ë¡à «¨ à §­®áâ­ë©  ­ «®£ ®¯¥à â®à  � ¯« á  ­  £àã¡®© á¥âª¥.�àã¡ ï á¨áâ¥¬  à¥è ¥âáï ¯àï¬ë¬ ¬¥â®¤®¬ � ãáá .2. �«£®à¨â¬ ¤¢ãåá¥â®ç­®£® ¬¥â®¤ �â ¯ 1. � ¤ ¥¬ ­ ç «ì­®¥ ¯à¨¡«¨�¥­¨¥ U (0)
h (­ ¯à¨¬¥à, U (0)

h =0). Ǒ®« £ ¥¬ k = 0.�â ¯ 2. �¥â®¤®¬ �¥©¤¥«ï ¯à®¢®¤¨¬ ®¤­ã ¨â¥à æ¨î u
(k)
h .�â ¯ 3. �ëç¨á«ï¥¬ ­¥¢ï§ªã dh = Lhu

(k)
h − fh.



�¡ ®¤­®¬ ¬­®£®á¥â®ç­®¬ ¬¥â®¤¥ à áç¥â  301�â ¯ 4. �ëç¨á«ï¥¬ fH = Rdh, £¤¥ R : Uh → UH | à¥áâà¨ªæ¨ï­¥¢ï§ª¨ á ¬¥«ª®© á¥âª¨ ­  £àã¡ãî.� ­ è¥¬ á«ãç ¥ £àã¡ ï á¥âª  ¢«®�¥­  ¢ ¬¥«ªãî á¥âªã, ª ª ¯®ª -§ ­® ­  à¨á. 1. �¯¥à â®à R à ¡®â ¥â ¯à®áâë¬ áã�¥­¨¥¬ á¥âª¨.

�¨á. 1. �¥â®ç­ ï ®¡« áâì�â ¯ 5. �¥è ¥¬ £àã¡ãî á¨áâ¥¬ã LHvH = fH ¯àï¬ë¬ ¬¥â®¤®¬� ãáá , ¯®áª®«ìªã à §¬¥à­®áâì ¬ «¥­ìª ï.�â ¯ 6. �ëç¨á«ï¥¬ ¯®¯à ¢ª¨ á ¯®¬®éìî ¯à®«®­£ æ¨¨~vh = PvH , P : UH → Uh.� ¤ ­­®¬ á«ãç ¥ ¤«ï ®¯¥à â®à  ¯à®«®­£ æ¨¨ ¨á¯®«ì§ã¥¬ «¨­¥©­ãî ¨­-â¥à¯®«ïæ¨î.�â ¯ 7. �ëç¨á«ï¥¬ á«¥¤ãîéãî ¨â¥à æ¨î
u
(k+1)
h = u

(k)
h + ~v(k)h .�â ¯ 8. � áç¥â ¯à®¢®¤¨¬ ¤® â¥å ¯®à, ¯®ª  â¥¬¯¥à âãà­®¥ ¯®«¥ ­¥¢ë©¤¥â ­  áâ æ¨®­ à, â. ¥. ª®£¤  ­®à¬  à §­®áâ¨ (à ¢­®¬¥à­ ï ­®à¬ )¬¥�¤ã á®á¥¤­¨¬¨ ¨â¥à æ¨ï¬¨ ­¥ ®ª �¥âáï ¬¥­ìè¥ § ¤ ­­®© ¯®£à¥è-­®áâ¨ ε:

‖u(k+1) − u(k)‖ = max06i6n, 06j6m

∣∣u(k+1)i,j − u
(k)
i,j

∣∣, ‖u(k+1) − u(k)‖ < ε.



302 � ¤à¨­ �. �., �¨¢æ¥¢ �. �.� ¡«¨æ  1. �¥§ã«ìâ âë ç¨á«¥­­ëå íªá¯¥à¨¬¥­â®¢�¥â®¤ à¥è¥­¨ï N ε ‖u(k+1) − u(k)‖ ‖u(k+1) − u∗‖ �®«¨ç¥áâ¢®¨â¥à æ¨©0, 01 0, 009993 6, 045654 75650 0, 001 0, 000999 0, 616282 21670, 0001 0, 000100 0, 061866 3590�â¥à æ¨®­­ë© 0, 00001 0, 000010 0, 006486 5012¬¥â®¤ �¥©¤¥«ï 0, 01 0, 009993 3, 938044 64840 0, 001 0, 000998 0, 393305 15580, 0001 0, 000100 0, 039634 24660, 00001 0, 000010 0, 004408 33740, 01 0, 009084 0, 095964 3550 0, 001 0, 000940 0, 012935 610, 0001 0, 000096 0, 001656 93�¢ãåá¥â®ç­ë© 0, 00001 0, 000010 0, 000471 127¬¥â®¤ 0, 01 0, 009415 0, 108851 3740 0, 001 0, 000967 0, 014862 690, 0001 0, 000097 0, 001711 1060, 00001 0, 000010 0, 000601 143�á«¨ â®ç­®áâì ¤®áâ¨£ ¥âáï, â® ª®­¥æ áç¥â , ¨­ ç¥ k := k + 1 ¨ ¨¤¥¬ ­ íâ ¯ 2. 3. �¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë� ª ç¥áâ¢¥ â¥áâ®¢®© § ¤ ç¨ ¤«ï áà ¢­¥­¨ï ¬¥â®¤®¢ à áá¬ âà¨¢ «¨à áç¥â â¥¬¯¥à âãà­®£® ¯®«ï ¯àï¬®ã£®«ì­®© ®¤­®à®¤­®© ®£à �¤ îé¥©ª®­áâàãªæ¨¨. �®£¤  § ¤ ç  ­  á ¬®¬ ¤¥«¥ ï¢«ï¥âáï ®¤­®¬¥à­®©, çâ®¯®§¢®«ï¥â  ­ «¨â¨ç¥áª¨ ­ ©â¨ â®ç­®¥ à¥è¥­¨¥.�£à �¤¥­¨¥ á®áâ®¨â ¨§ á®á­ë á ª®íää¨æ¨¥­â®¬ â¥¯«®¯à®¢®¤­®-áâ¨ λ = 0.14 �â/(¬ · ◦C) à §¬¥à®¬ 0.2¬ × 0.2¬. � àã�­ ï ¨ ¢­ãâà¥­-­ïï â¥¬¯¥à âãàë áç¨â îâáï ¯®áâ®ï­­ë¬¨: TH = −54◦C ¨ TB = 21◦C.�®íää¨æ¨¥­â â¥¯«®®¡¬¥­  ­ àã�­®© ¯®¢¥àå­®áâ¨ ®£à �¤¥­¨ï à ¢¥­



�¡ ®¤­®¬ ¬­®£®á¥â®ç­®¬ ¬¥â®¤¥ à áç¥â  303
αH = 23�â/(¬2 · ◦C),   ª®íää¨æ¨¥­â â¥¯«®®¡¬¥­  ¢­ãâà¥­­¥© ¯®¢¥àå-­®áâ¨ ®£à �¤¥­¨ï | α� = 8.7�â/(¬2 · ◦C).Ǒ®«ãç¥­­ë¥ à¥§ã«ìâ âë ¯à¨¢¥¤¥­ë ¢ â ¡«. 1, £¤¥ ¨á¯®«ì§ãîâáïá«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

N | ç¨á«® ã§«®¢ á¥âª¨ ¯® ª �¤®© ¯¥à¥¬¥­­®©,
ε | § ¤ ­­ ï â®ç­®áâì ¬¥�¤ã á®á¥¤­¨¬¨ ¨â¥à æ¨ï¬¨,
‖u(k+1)−u(k)‖ | ä ªâ¨ç¥áª ï ¯®£à¥è­®áâì ¬¥�¤ã á®á¥¤­¨¬¨ ¨â¥-à æ¨ï¬¨,
‖u(k+1)− u∗‖ | à §­®áâì ¬¥�¤ã ¢ëç¨á«¥­­ë¬ ¯à¨¡«¨�¥­­ë¬ à¥-è¥­¨¥¬ ¨ â®ç­ë¬ à¥è¥­¨¥¬ ¢ à ¢­®¬¥à­®© ­®à¬¥.�§ â ¡«. 1 ¢¨¤­®, çâ® ¤¢ãåá¥â®ç­ë© ¬¥â®¤ à¥è ¥â § ¤ çã ¢ §­ ç¨-â¥«ì­®© áâ¥¯¥­¨ ¡ëáâà¥¥ ¨ â®ç­¥¥, ç¥¬ ¨â¥à æ¨®­­ë© ¬¥â®¤ �¥©¤¥«ï.����������1. �¥¤®à¥­ª® �. Ǒ. �â¥à æ¨®­­ë¥ ¬¥â®¤ë à¥è¥­¨ï à §­®áâ­ëå í««¨¯â¨ç¥áª¨åãà ¢­¥­¨© // �á¯¥å¨ ¬ â. ­ ãª. 1973. �. 28, ü 2. �. 121{182.2. � ¬ àáª¨© �. �. �¢¥¤¥­¨¥ ¢ ç¨á«¥­­ë¥ ¬¥â®¤ë: ãç¥¡­®¥ ¯®á®¡¨¥ ¤«ï ¢ã§®¢.�Ǒ¡: � ­ì, 2005.3. �¥¢ç¥­ª® �. �. Ǒà¨¬¥­¥­¨¥ ¬­®£®á¥â®ç­ëå ¬¥â®¤®¢ ¤«ï à áç¥â  ¤ ¢«¥­¨ï ¢­¥äâï­®¬ ¯« áâ¥ // � â. ¬®¤¥«¨à®¢ ­¨¥. 2002. �. 14, ü 8. �. 113{118.£. �ªãâáª 5 ¨î­ï 2013 £.



������������ 512.543.1� ������������ ��������-������� ����� � ����������������� ������������� ���� ��� ����������������������� ���������������� ���������.�. �. �¡¤à å¬ ­®¢, �. �. �®� ­®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�§ãç ¥âáï à §à¥è¨¬®áâì ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨ï(−1)p+1D2p
t u − Au = f(x, t)(A | í««¨¯â¨ç¥áª¨© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬,

p > 1 | æ¥«®¥) á ãá«®¢¨¥¬ ¨­â¥£à «ì­®£® ¢¨¤  ­  ¡®ª®¢®© ¯®¢¥àå­®áâ¨. �®ª §ë¢ -îâáï â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨©. �¨¡«¨®£à. 13.�«îç¥¢ë¥ á«®¢ : ­¥ª« áá¨ç¥áª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢ëá®ª®£® ¯®-àï¤ª , § ¤ ç¨ á ¨­â¥£à «ì­ë¬¨ ãá«®¢¨ï¬¨, áãé¥áâ¢®¢ ­¨¥, ¥¤¨­áâ¢¥­­®áâì.��� 517.559+517.55� Ǒ������������ Ǒ�������������������� ������� ������������. �. �. �¨¤¥à¬ ­, �. �. Ǒàã¤­¨ª®¢. | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 2.� áá¬ âà¨¢ ¥âáï ¢®¯à®á ® ¯à¥¤áâ ¢«¥­¨¨ ®¤­®£® ª« áá  ¯«îà¨áã¡£ à¬®­¨ç¥-áª¨å äã­ªæ¨©, ¤ ¥âáï ®¯à¥¤¥«¥­¨¥ ¯«îà¨£ à¬®­¨ç¥áª®£® ¯à®¤®«�¥­¨ï á® áä¥àë ¢è à. �¨¡«¨®£à. 4.�«îç¥¢ë¥ á«®¢ : ¯«îà¨áã¡£ à¬®­¨ç¥áª¨¥ äã­ªæ¨¨, ¯«îà¨£ à¬®­¨ç¥áª®¥ ¯à®-¤®«�¥­¨¥ á® áä¥àë ¢ è à.��� 517.956.32�����Ǒ������� ��������� ������� � ��������� ��������� ��������� ���������. �. �. �®à¤¨¥­ª®. | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 2.� áá¬ âà¨¢ ¥âáï á¬¥è ­­ ï § ¤ ç  ¤«ï ¬­®£®¬¥à­®£® ¢®«­®¢®£® ãà ¢­¥­¨ï¢ ç¥â¢¥àâ¨ ¯à®áâà ­áâ¢ . �à ­¨ç­®¥ ãá«®¢¨¥ § ¤ ­® ¢ ¢¨¤¥ «¨­¥©­®© ª®¬¡¨­ -æ¨¨ ¯¥à¢ëå ¯à®¨§¢®¤­ëå. Ǒà¥¤¯®« £ ¥âáï ¢ë¯®«­¥­­ë¬ à ¢­®¬¥à­®¥ ãá«®¢¨¥ �®-¯ â¨­áª®£®. � íâ®¬ á«ãç ¥ ¯®áâà®¥­ë ¢á¥ ¢®§¬®�­ë¥ ¤¨áá¨¯ â¨¢­ë¥ ¨­â¥£à «ëí­¥à£¨¨. �â¨ ¨­â¥£à «ë í­¥à£¨¨ ¯ à ¬¥âà¨§®¢ ­ë â®çª ¬¨ ¢¥àå­¥© ¯®«ë â¥«¥á­®-£® ª®­ãá  ¢â®à®£® ¯®àï¤ª . � á¯®«®�¥­¨¥ ª®­ãá  ¨ ¥£® £¥®¬¥âà¨ç¥áª¨¥ ¯ à ¬¥âàë®å à ªâ¥à¨§®¢ ­ë ç¥à¥§ ª®íää¨æ¨¥­âë £à ­¨ç­®£® ãá«®¢¨ï ¨áå®¤­®© § ¤ ç¨. �¨¡-«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : ¢®«­®¢®¥ ãà ¢­¥­¨¥, á¬¥è ­­ ï § ¤ ç , à ¢­®¬¥à­®¥ ãá«®-¢¨¥ �®¯ â¨­áª®£®, ¤¨áá¨¯ â¨¢­ë© ¨­â¥£à « í­¥à£¨¨.



�­­®â æ¨¨ 305��� 517.98���������-����������� ���������� ������������Ǒ�������. �. �. �ãâ¬ ­, �. �. �®¯â¥¢. | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 2.� áá¬®âà¥­® ¯®­ïâ¨¥ ¬®­®â®­­®£® «¨­¥©­®£® ®¯¥à â®à , ¤¥©áâ¢ãîé¥£® ¨§ ¢¥ª-â®à­®© à¥è¥âª¨ ¢ ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢®. Ǒ®ª § ­®, çâ® ¢áïª¨© â ª®© ®¯¥-à â®à ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ à¥è¥â®ç­®£® £®¬®¬®àä¨§¬  ¨«¨­¥©­®© ¨§®¬¥âà¨¨. Ǒà¨¢¥¤¥­ë ¯à¨«®�¥­¨ï ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ª ¨áá«¥¤®-¢ ­¨î ­¥¯à¥àë¢­ëå ¨ ¨§¬¥à¨¬ëå à áá«®¥­¨© ¡ ­ å®¢ëå à¥è¥â®ª. �¨¡«¨®£à. 7.�«îç¥¢ë¥ á«®¢ : ¢¥ªâ®à­ ï à¥è¥âª , ­®à¬¨à®¢ ­­ ï à¥è¥âª , à¥è¥â®ç­ë©£®¬®¬®àä¨§¬, «¨­¥©­ ï ¨§®¬¥âà¨ï, à¥è¥â®ç­® ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢®, ¯à®-áâà ­áâ¢® � ­ å  | � ­â®à®¢¨ç , ¡ ­ å®¢® à áá«®¥­¨¥, «¨äâ¨­£.��� 517.957:517.548� ������ Ǒ������ Ǒ����������������� �����������,��������������� ����������������� �����������C �������Ǒ����� �������� � ����-������������.�. �. �£®à®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�®ª § ­  â¥®à¥¬  ® á« ¡®¬ ¯à¥¤¥«¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®â®¡à �¥­¨©, ã¤®¢«¥-â¢®àïîé¨å ¤¨ää¥à¥­æ¨ «ì­®¬ã ­¥à ¢¥­áâ¢ã, ¯®áâà®¥­­®¬ã á ¯®¬®éìî ª¢ §¨¢ë-¯ãª«®© äã­ªæ¨¨ ¨ ­ã«ì-« £à ­�¨ ­ . �¨¡«¨®£à. 13.�«îç¥¢ë¥ á«®¢ : á« ¡ë© ¯à¥¤¥«, ª¢ §¨¢ë¯ãª«®áâì, ­ã«ì-« £à ­�¨ ­.��� 517.956� ������������� ������������ Ǒ����� ������� ��������� ��������� ���������� ��Ǒ� ������� Ǒ������.�. �. �£®à®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.� áá¬ âà¨¢ ¥âáï ¯¥à¢ ï ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯  ç¥â-­®£® ¯®àï¤ª  ¢ æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨. Ǒà¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå ­  ª®íää¨-æ¨¥­âë ãà ¢­¥­¨ï ¤®ª §ë¢ ¥âáï ¥¥ ¯«®â­ ï à §à¥è¨¬®áâì, ¥¤¨­áâ¢¥­­®áâì ®¡®¡-é¥­­®£® à¥è¥­¨ï ¨ äà¥¤£®«ì¬®¢  à §à¥è¨¬®áâì ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ ¢ ­¥ª®â®-à®¬ ¢¥á®¢®¬ ¯à®áâà ­áâ¢¥ �®¡®«¥¢ . �¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ãà ¢­¥­¨¥ á¬¥è ­­®£® â¨¯ , äà¥¤£®«ì¬®¢  à §à¥è¨¬®áâì,®¡®¡é¥­­®¥ à¥è¥­¨¥, ­¥à ¢¥­áâ¢®, ®æ¥­ª , ®¯¥à â®à.��� 517.954�� ������������� ������������ ����������������������������� ������ ����� | ����. �. �. � ¬ëè«ï¥¢ . | � â.§ ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.Ǒà¨ ¨áá«¥¤®¢ ­¨¨ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ �¥­­¨ | �îª  ¢¥áì¬  ¯®«¥§­®©®ª § « áì â¥®à¨ï ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯ , ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ¯¥à¥�¨¢ îé ï



306 �­­®â æ¨¨í¯®åã á¢®¥£® à áæ¢¥â . � ¤ ­­®© áâ âì¥ â¥®à¨ï ®â­®á¨â¥«ì­® p-á¥ªâ®à¨ «ì­ëå ®¯¥-à â®à®¢ à á¯à®áâà ­¥­  ­  á«ãç © ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯  ¢ëá®ª®£® ¯®àï¤ª .Ǒ®áâà®¥­ë ¯à®¯ £ â®àë ®¤­®à®¤­®£® ãà ¢­¥­¨ï. Ǒ®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï®¤­®§­ ç­®© à §à¥è¨¬®áâ¨  ¡áâà ªâ­®© § ¤ ç¨ �®è¨. �  ®á­®¢¥  ¡áâà ªâ­ëå à¥-§ã«ìâ â®¢ ¯à®¢¥¤¥­®  ­ «¨â¨ç¥áª¨¥ ¨áá«¥¤®¢ ­¨¥ «¨­¥ à¨§®¢ ­­®© ¬ â¥¬ â¨ç¥áª®©¬®¤¥«¨ �¥­­¨ | �îª . �¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ®â­®á¨â¥«ì­® p-á¥ªâ®à¨ «ì­ë© ®¯¥à â®à, ãà ¢­¥­¨¥ á®¡®-«¥¢áª®£® â¨¯  ¢ëá®ª®£® ¯®àï¤ª , ¯à®¯ £ â®àë.��� 519.172.2�������� ������������ 5-������ � Ǒ������ �������������� ����������� ���Ǒ���� 5. �. �. �¢ ­®¢ , �. �. �¨ª¨ä®à®¢. | � â.§ ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.� 1940 £. �¥¡¥£ ¤ « ®¯¨á ­¨¥ ®ªà¥áâ­®áâ¥© ¢¥àè¨­ áâ¥¯¥­¨ 5 ¢ ¯«®áª¨å âà¨ ­-£ã«ïæ¨ïå á ¬¨­¨¬ «ì­®© áâ¥¯¥­ìî 5, ­¥ ¯à¨¢®¤ï ¯®«­®£® ¤®ª § â¥«ìáâ¢ ,   ãª § ¢«¨èì ¥£® ¨¤¥î. �ë ¤ ¥¬ ¯®«­®¥ ¤®ª § â¥«ìáâ¢® «¥¡¥£®¢áª®£® ®¯¨á ­¨ï, ¯®¯ãâ­®¢ëï¢«ïï ­¥áª®«ìª® ­¥â®ç­®áâ¥© ¨ ã«ãçè ï ®¤¨­ ¨§ ¯ à ¬¥âà®¢, ­¥ ãåã¤è ï ¯à¨íâ®¬ ®áâ «ì­ëå. �«. 7, ¡¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : ¯«®áª¨© £à ä, áâà®¥­¨¥, âà¨ ­£ã«ïæ¨ï, ®ªà¥áâ­®áâì.��� 517.956�������� �������������� ������ ��� ��������������Ǒ������������� ��������� � ������ �������������Ǒ����Ǒ���������. �. �. �®«âã­®¢áª¨©. | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 2.�áá«¥¤®¢ ­  à §à¥è¨¬®áâì ­¥«¨­¥©­®© ®¡à â­®© § ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª®-£® ãà ¢­¥­¨ï. �®ª § ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­®£®à¥è¥­¨ï. �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : ®¡à â­ ï ª®íää¨æ¨¥­â­ ï § ¤ ç , ãá«®¢¨¥ ¨­â¥£à «ì­®£®¯¥à¥®¯à¥¤¥«¥­¨ï, ­ £àã�¥­­®¥ ãà ¢­¥­¨¥, ¬¥â®¤ ­¥¯®¤¢¨�­®© â®çª¨.��� 512.543.1�Ǒ�������, ������� �������� ������. �. A. �®à®¡®¢. | � â.§ ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�®ª § ­®, çâ® ¤¥ª àâ®¢ë á¯«¥â¥­¨ï ­¥ª®â®àëå £àã¯¯ ¯à¥®¡à §®¢ ­¨© ï¢«ï-îâáï £àã¯¯ ¬¨ ª®­¥ç­®© è¨à¨­ë. �à®¬¥ â®£®, ¤®ª § ­®, çâ® ¤¥ª àâ®¢® á¯«¥â¥­¨¥­¥ª®â®àëå £àã¯¯ ¯à¥®¡à §®¢ ­¨© ­¥ ¨¬¥¥â ¨§®¬®àä­®£® ¯à¥¤áâ ¢«¥­¨ï ¬ âà¨æ ¬¨­ ¤ â¥«®¬. �¨¡«¨®£à. 11.�«îç¥¢ë¥ á«®¢ : ¤¥ª àâ®¢® á¯«¥â¥­¨¥ £àã¯¯ ¯à¥®¡à §®¢ ­¨©, ª®­¥ç­ ï è¨-à¨­ , á¢®©áâ¢® �¥à£¬ ­ , £àã¯¯   ¢â®¬®àä¨§¬®¢ ª®­¥ç­®¬¥à­®£® ¢¥ªâ®à­®£® ¯à®-áâà ­áâ¢  ­ ¤ â¥«®¬.



�­­®â æ¨¨ 307��� 515.12:517.987������������� ��������� ������� Ǒ������ Ǒ������������ II . �. �. � «î£¨­. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.Ǒãáâì I { ¥¤¨­¨ç­ë© ®âà¥§®ª ¢ R. �. �. Ǒà¨áâ«¨ ¯®áâà®¨« ¯à¨¬¥à á¥ª¢¥­-æ¨ «ì­® §¬ª­ãâ®£® áç¥â­®£® ¯«®â­®£® ¯®¤¬­®�¥áâ¢  ¢ â®¯®«®£¨ç¥áª®¬ ¯à®áâà ­-áâ¢¥ II { ¢á¥å äã­ªæ¨© ¨§ I ¢ I á â¨å®­®¢áª®© â®¯®«®£¨¥©. �®­áâàãªæ¨ï ¯à¨¬¥à Ǒà¨áâ«¨ áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥â  ªá¨®¬ã ¢ë¡®à . � ­ áâ®ïé¥© § ¬¥âª¥ ¯à¥¤« £ -¥âáï ¤àã£®¥, ¡®«¥¥ í«¥¬¥­â à­®¥ à¥è¥­¨¥ íâ®© § ¤ ç¨, ¢ ª®â®à®¬  ªá¨®¬  ¢ë¡®à  ­¥¯à¨¬¥­ï¥âáï (¤ �¥ ¢ ¡®«¥¥ á« ¡®© ä®à¬¥, ¨§¢¥áâ­®© ª ª  ªá¨®¬  áç¥â­®£® ¢ë¡®à ).�¨¡«¨®£à. 6.�«îç¥¢ë¥ á«®¢ : â¨å®­®¢áª ï â®¯®«®£¨ï, á¥ª¢¥­æ¨ «ì­® § ¬ª­ãâ®¥ ¬­®�¥-áâ¢®, ¯«®â­®¥ ¬­®�¥áâ¢®, äã­ªæ¨¨ � ¤¥¬ å¥à ,  ªá¨®¬  ¢ë¡®à ,  ªá¨®¬  áç¥â­®£®¢ë¡®à .��� 512.543.1� ������������ �������� ����� ��� Ǒ�����Ǒ����������������������. �. �. � ¬á à ¥¢ . | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�§ãç ¥âáï à §à¥è¨¬®áâì «¨­¥©­ëå ®¡à â­ëå § ¤ ç ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥-áª¨å ãà ¢­¥­¨© á ®¤­¨¬ ¨ ¤¢ã¬ï ­¥¨§¢¥áâ­ë¬¨ ª®íää¨æ¨¥­â ¬¨, § ¢¨áïé¨¬¨ ®â¢à¥¬¥­­®© ¯¥à¥¬¥­­®© t. �á¯®¬®£ â¥«ì­ë¥ ­¥«®ª «ì­ë¥ § ¤ ç¨ ¨¬¥îâ ãá«®¢¨ï ¯¥-à¥®¯à¥¤¥«¥­¨ï £à ­¨ç­®£® â¨¯ . �®ª § ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï à¥£ã«ïà­ëåà¥è¥­¨© ¤«ï ¤ ­­ëå § ¤ ç. �¨¡«¨®£à. 15.�«îç¥¢ë¥ á«®¢ : ¯á¥¢¤®¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, ®¡à â­ ï § ¤ ç ,  ¯à¨®à-­ ï ®æ¥­ª , ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥­¨ï, áãé¥áâ¢®¢ ­¨¥.��� 517.956.4������������ ������� ������ ��� 2n-Ǒ���������������������� � ���������� ��Ǒ��������� ������� Ǒ�� n > 4� Ǒ����� �������� ������� ����������. �. �. Ǒ®¯®¢,�. �. �¨­ï¢áª¨©. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.� áá¬ âà¨¢ îâáï ¯ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï 2n-£® ¯®àï¤ª  á ¬¥­ïîé¨¬áï ­ -¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ á ¯®«­®© ¬ âà¨æ¥© ãá«®¢¨© áª«¥¨¢ ­¨ï, á¢ï§ ­­ë¥ á ¯à¨¬¥-­¥­¨¥¬ â¥®à¨¨ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. �áâ ­ ¢«¨¢ ¥âáï à §à¥è¨-¬®áâì ªà ¥¢ëå § ¤ ç ¢ ¯à®áâà ­áâ¢ å ��¥«ì¤¥à . Ǒ®ª § ­®, çâ® £¥«ì¤¥à®¢áª¨¥ ª« á-áë ¨å à¥è¥­¨© ¢ ­¥ª®â®àëå á«ãç ïå ãá«®¢¨© áª«¥¨¢ ­¨ï § ¢¨áïâ ®â ­¥æ¥«®£® ¯®ª -§ â¥«ï ��¥«ì¤¥à  ¯à¨ ¢ë¯®«­¥­¨¨ ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨© ­  ¤ ­­ë¥§ ¤ ç¨. �¨¡«¨®£à. 12.�«îç¥¢ë¥ á«®¢ : ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥-¬¥­¨, ¯®«­ ï ¬ âà¨æ  ãá«®¢¨© áª«¥¨¢ ­¨ï, ãà ¢­¥­¨¥ 2n-£® ¯®àï¤ª , ª®àà¥ªâ­®áâì,¯à®áâà ­áâ¢® ��¥«ì¤¥à , á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥.



308 �­­®â æ¨¨��� 517.946� ������������ Ǒ�������������� ����������� ������������� ��� Ǒ�������Ǒ������������� ���������. �. �. Ǒ®¯®¢.| � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�áá«¥¤ã¥âáï à §à¥è¨¬®áâì ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï «¨­¥©­ëå ¯á¥¢¤®£¨-¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© âà¥âì¥£® ¯®àï¤ª  á ¯à®áâà ­áâ¢¥­­® ­¥«®ª «ì­ë¬¨ ªà ¥-¢ë¬¨ ãá«®¢¨ï¬¨ �. �. � ¬ àáª®£® á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �®ª §ë¢ îâáïâ¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨©. �¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ¯á¥¢¤®£¨¯¥à¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, ¯à®áâà ­áâ¢® �®¡®«¥¢ ,­ ç «ì­®-ªà ¥¢ ï § ¤ ç , ¬¥â®¤ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âà ¬,  ¯à¨®à­ë¥ ®æ¥­ª¨,à¥£ã«ïà­®¥ à¥è¥­¨¥.��� 517.956������ �Ǒ���������� � �������� �Ǒ�������� ��������������� ������ �������������� ��������� ��������������Ǒ�. �. �. � £ ¤¥¥¢ . | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.� áá¬ âà¨¢ îâáï § ¤ ç¨ ®¯â¨¬ «ì­®£® ¨ �¥áâª®£® ã¯à ¢«¥­¨ï à¥è¥­¨ï¬¨§ ¤ ç¨ �®ã®«â¥à  | �¨¤®à®¢  ¤«ï ®¯¥à â®à­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï,­¥à §à¥è¥­­®£® ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®© ¯® ¢à¥¬¥­¨. Ǒà¨ íâ®¬ ®¤¨­ ¨§ ®¯¥à â®-à®¢ ï¢«ï¥âáï ®¯¥à â®à-äã­ªæ¨¥© ¯¥à¥¬¥­­®© t, â. ¥. § ¢¨á¨â ®â ¢à¥¬¥­¨. �¢¥¤¥­®¯®­ïâ¨¥ á¨«ì­®£® à¥è¥­¨ï ¤«ï ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ï. �®ª § ­® áãé¥áâ¢®¢ -­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì á¨«ì­®£® à¥è¥­¨ï § ¤ ç¨ �®ã®«â¥à -�¨¤®à®¢  ¤«ï ­¥áâ æ¨-®­ à­®£® ãà ¢­¥­¨ï, á ¯®¬®éìî ª®â®à®£® ¯®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£®®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï à¥è¥­¨ï¬¨ ¤ ­­®© § ¤ ç¨,   â ª�¥ áãé¥áâ¢®¢ ­¨¥ ¥¤¨­-áâ¢¥­­®£® �¥áâª®£® ã¯à ¢«¥­¨ï à¥è¥­¨ï¬¨ íâ®© § ¤ ç¨. �¨¡«¨®£à. 17.�«îç¥¢ë¥ á«®¢ : § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï, § ¤ ç  �¥áâª®£® ã¯à ¢«¥-­¨ï, ­¥áâ æ¨®­ à­ë¥ ãà ¢­¥­¨ï, ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯ .��� 517.9������� � �����Ǒ����� � �������������� Ǒ������������.�. �. �¢¨à¨¤îª, ��. �. �«ì-�¥«ä¨. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�¥®à¥¬  ® à áé¥¯«¥­¨¨ ¤¢ãå ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ ¨ ¤¥©áâ¢¨© ¯ àë ®¯¥à -â®à®¢ ¯¥à¥­¥á¥­  ¢ ª¢ §¨¡ ­ å®¢ë ¯à®áâà ­áâ¢ . �¡áâà ªâ­ë¥ à¥§ã«ìâ âë ¨««î-áâà¨à®¢ ­ë ¯à¨¬¥à ¬¨ ¨§ â¥®à¨¨ ª¢ §¨á®¡®«¥¢áª¨å ¯à®áâà ­áâ¢ ¨ ª¢ §¨®¯¥à â®à � ¯« á . �¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : â¥®à¥¬  ® à áé¥¯«¥­¨¨, ª¢ §¨¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ª¢ -§¨á®¡®«¥¢áª¨¥ ¯à®áâà ­áâ¢ , ª¢ §¨®¯¥à â®à � ¯« á .



�­­®â æ¨¨ 309��� 517.956� ������������ �������� �������� ��������� Ǒ�������������� ��������� �������� Ǒ������.�. �. �¥«¥è¥¢ . | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�§ãç ¥âáï ¢®¯à®á ® à §à¥è¨¬®áâ¨ ®¡à â­®© § ¤ ç¨ ®¯à¥¤¥«¥­¨ï ¯à ¢®© ç áâ¨¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ç¥â¢¥àâ®£® ¯®àï¤ª , á £à ­¨ç­ë¬ ãá«®¢¨¥¬ ¯¥à¥-®¯à¥¤¥«¥­¨ï. �®¯®«­¨â¥«ì­® ¯®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï ­¥«®ª «ì­®©§ ¤ ç¨ ¤«ï ãà ¢­¥­¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯  ç¥â¢¥àâ®£® ¯®àï¤ª , çâ® ¬®�­® à á-á¬ âà¨¢ âì ª ª á ¬®áâ®ïâ¥«ì­ë© à¥§ã«ìâ â. �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : ¯ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï ¢ëá®ª®£® ¯®àï¤ª , ®¡à â­ ï § -¤ ç , ­¥«®ª «ì­ ï § ¤ ç , áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï.��� 512.6:519.61� n-Ǒ������������ ����������� �������� ���������������������� ���������. �. �. �¥¤®à®¢. | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 2.�áá«¥¤®¢ ­ë, â ª ­ §ë¢ ¥¬ë¥, n-¯¥à¨®¤¨ç¥áª¨¥ ¡¥áª®­¥ç­ë¥ á¨áâ¥¬ë «¨­¥©-­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. Ǒà¨ íâ®¬ ¨á¯®«ì§®¢ ­  ®á­®¢­ ï â¥®à¥¬  ® £ ãá-á®¢ëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ å. �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : ¡¥áª®­¥ç­ë¥ £ ãáá®¢ë ¯¥à¨®¤¨ç¥áª¨¥ á¨áâ¥¬ë, ¯®çâ¨ ¯¥à¨-®¤¨ç¥áª¨¥ á¨áâ¥¬ë.��� 517.518.85�� ����� �Ǒ������� �. �. ����������. �®å®«®¢ �. �.. | � â.§ ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.� áá¬ âà¨¢ ¥âáï ¬®¤¨ä¨ª æ¨ï �. �. �¥à­èâ¥©­  ¨­â¥à¯®«ïæ¨®­­®© ä®à¬ã-«ë � £à ­� . Ǒ®«ãç¥­ë ­®¢ë¥ ¬ âà¨æë ¨­â¥à¯®«¨à®¢ ­¨ï, ¤«ï ª®â®àëå â ª ï¬®¤¨ä¨ª æ¨ï ¯à¨¢®¤¨â ª à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¯à®æ¥áá  ¤«ï «î¡®© ­¥¯à¥àë¢-­®© äã­ªæ¨¨ ­  ¢á¥¬ ¯à®¬¥�ãâª¥ ¨­â¥à¯®«¨à®¢ ­¨ï. � ª�¥ ¯®ª § ­®, çâ® ¢ á«ãç ¥¬ âà¨æë à ¢­®®âáâ®ïé¨å ã§«®¢ á ¯®¬®éìî â ª®© ¬®¤¨ä¨ª æ¨¨ ­¥ ã¤ ¥âáï §­ ç¨-â¥«ì­® ã«ãçè¨âì ¨§¢¥áâ­ãî ®æ¥­ªã äã­ªæ¨¨ �¥¡¥£ . �«. 1, ¡¨¡«¨®£à. 3.�«îç¥¢ë¥ á«®¢ : ¨­â¥à¯®«ïæ¨ï, áå®¤¨¬®áâì, ¬ âà¨æë ¨­â¥à¯®«¨à®¢ ­¨ï, ®¯¥-à â®à �¥à­èâ¥©­ , äã­ªæ¨ï �¥¡¥£ .��� 517.954�������� ���������� ������������ ������ ��������� |��������� �������������� ���������� � ��������������� �����������. �. �. �ã¤ïª®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.Ǒà¥¤« £ ¥âáï  «£®à¨â¬ ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨ ¢®ááâ ­®¢«¥­¨ï ¤¨­ ¬¨-ç¥áª¨ ¨áª �¥­­®£® á¨£­ «  á ãç¥â®¬ ¨­¥àæ¨®­­®áâ¨ ¨ à¥§®­ ­á®¢ ¨§¬¥à¨â¥«ì­®£®ãáâà®©áâ¢ . �á­®¢®© ¤«ï ¯®áâà®¥­¨ï  «£®à¨â¬  ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì¨§¬¥à¨â¥«ì­®£® ãáâà®©áâ¢ , à áá¬ âà¨¢ ¥âáï ª ª § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï



310 �­­®â æ¨¨¤«ï á¨áâ¥¬ë «¥®­âì¥¢áª®£® â¨¯  á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ �®ã®«â¥à  | �¨¤®à®-¢  (¨«¨ ¬®¤¥«ì �¥áâ ª®¢  | �¢¨à¨¤îª ), ¨ ç¨á«¥­­ë¥ ¬¥â®¤ë à¥è¥­¨ï â ª®£®à®¤  § ¤ ç. �¡®á­®¢ë¢ ¥âáï áå®¤¨¬®áâì ¯à¨¡«¨�¥­­ëå à¥è¥­¨©, ¯®«ãç ¥¬ëå ¯à¨à¥ «¨§ æ¨¨  «£®à¨â¬ . �¨¡«¨®£à. 12.�«îç¥¢ë¥ á«®¢ : ®¯â¨¬ «ì­®¥ ¨§¬¥à¥­¨¥, á¨áâ¥¬ë «¥®­âì¥¢áª®£® â¨¯ , ç¨á-«¥­­ë© ¬¥â®¤, ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥.��� 517.925.41:519.833�������� ���������� ����������: ��������������������� Ǒ�Ǒ������ � ������ ������. �. �. � á¨«ì¥¢,�. Ǒ. �à¨£®àì¥¢, �. �. �à®ä¨¬æ¥¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�áá«¥¤®¢ ­  íª®«®£®-íª®­®¬¨ç¥áª ï ¬®¤¥«ì ®åà ­ï¥¬®© ¯®¯ã«ïæ¨¨, á®¤¥à� -é ï á¨áâ¥¬ã ¤¢ãå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤¨­ ¬¨ª¨ ¯®¯ã-«ïæ¨¨ á® á«ãç ©­ë¬¨ ¯ à ¬¥âà ¬¨ ¨ ¨¥à àå¨ç¥áªãî ¨£àã ¤¢ãå «¨æ. � ©¤¥­ë ¡¨-äãàª æ¨®­­ë¥ ¯ à ¬¥âàë á¨áâ¥¬ë, ¯®áâà®¥­ë ä §®¢ë¥ ¯®àâà¥âë ¥¥ âà ¥ªâ®à¨©,­ ©¤¥­ë ®¯â¨¬ «ì­ë¥ áâà â¥£¨¨ ¢ ¨¥à àå¨ç¥áª®© ¨£à¥, ¯®áâà®¥­ë ¯«®â­®áâ¨ à á-¯à¥¤¥«¥­¨ï á«ãç ©­ëå ¢¥«¨ç¨­ äã­ªæ¨© ¢ë¨£àëè . �«. 8, ¡¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : á¨áâ¥¬  ¤¢ãå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©,á«ãç ©­ë¥ ¯ à ¬¥âàë, ä §®¢ë¥ ¯®àâà¥âë âà ¥ªâ®à¨©, ¨¥à àå¨ç¥áª ï ¨£à , ¯«®â-­®áâ¨ à á¯à¥¤¥«¥­¨ï.��� 519.63��������� ������������� ����������� �����������-Ǒ������� �����. �. �. �à¨£®àì¥¢. | � â. § ¬¥âª¨���, 2013, â. 20, ¢ë¯. 2.� ¡®â  ¯®á¢ïé¥­  ç¨á«¥­­®¬ã ¬®¤¥«¨à®¢ ­¨î § ¤ ç¨ ä¨«ìâà æ¨¨ ¢ âà¥é¨­®¢ â®-¯®à¨áâ®© áà¥¤¥. � áá¬ âà¨¢ îâáï ª« áá¨ç¥áª¨¥ ¬®¤¥«¨ ¤¢®©­®© ¯®à¨áâ®áâ¨, ª®â®-àë¥ ¡®«¥¥ â®ç­® ®âà � îâ ¯à®æ¥áá ä¨«ìâà æ¨¨ á ãç¥â®¬ ­ «¨ç¨ï á¥â¨ âà¥é¨­.�ë¢®¤¨âáï ¯á¥¢¤®¯ à ¡®«¨ç¥áª ï ¬®¤¥«ì ¤¢®©­®© ¯®à¨áâ®áâ¨ ­  ®á­®¢¥ ¡ §®¢®©¬®¤¥«¨ � à¥­¡« ââ . � áç¥âë ¯à®¢®¤¨«¨áì ­  ®á­®¢¥ ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢,¯à¨¢®¤ïâáï à¥§ã«ìâ âë ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï. �«. 7, ¡¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ¬ â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥, ¬®¤¥«ì ¤¢®©­®© ¯®à¨áâ®-áâ¨, ¯á¥¢¤®¯ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï, âà¥é¨­®¢ â®-¯®à¨áâ ï áà¥¤ , ¬¥â®¤ ª®­¥ç-­ëå í«¥¬¥­â®¢;��� 51-74���������� ������ Ǒ� �������� �Ǒ�������� �����������3D ������ ��������� Ǒ�����. �. �. �à¨£®àì¥¢, �. �. � à¡ ­®¢. |� â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.� §à ¡®â ­ ¬®¤ã«ì ¯® ¯®áâà®¥­¨î ã¯à®é¥­­®© áâàãªâãà­®© 3D ¬®¤¥«¨ ¯« -áâ  ¤«ï ¤ «ì­¥©è¥£® ¥£® ¨á¯®«ì§®¢ ­¨ï ¢ £¨¤à®¤¨­ ¬¨ç¥áª®¬ ¬®¤¥«¨à®¢ ­¨¨. �ª ç¥áâ¢¥ ¢å®¤­ëå ¤ ­­ëå ¨á¯®«ì§ãîâáï ¤ ­­ë¥ ¯® áª¢ �¨­ ¬, ª®â®àë¥ ­ å®¤ïâáï



�­­®â æ¨¨ 311¢ ¨­â¥à¥áã¥¬®© ®¡« áâ¨. � ¤ ­­ë¬ ¯® áª¢ �¨­¥ ®â­®áïâáï ¥¥ ª®®à¤¨­ â ,  ¡á®«îâ-­ ï £«ã¡¨­  ªà®¢«¨ ª®««¥ªâ®à  ¨ íää¥ªâ¨¢­ ï ¬®é­®áâì ¯« áâ  ¢ íâ®© áª¢ �¨­¥.�ëå®¤­ë¬¨ ¤ ­­ë¬¨ ï¢«ïîâáï ª àâ  ªà®¢«¨ ª®««¥ªâ®à  ¨ 3D á¥âª  ¯« áâ  ¢ ¢¨-¤¥ â¥ªáâ®¢ëå ä ©«®¢, à á¯®§­ ¢ ¥¬ëå ¬­®£¨¬¨ £¨¤à®¤¨­ ¬¨ç¥áª¨¬¨ á¨¬ã«ïâ®à -¬¨. � ª ç¥áâ¢¥ ¬¥â®¤¨ª¨ ¨­â¥à¯®«ïæ¨¨ £«ã¡¨­ ¨ ¬®é­®áâ¥© ¯à¨ ¯®áâà®¥­¨¨ ª àâëªà®¢«¨ ª®««¥ªâ®à  ¨ 3D á¥âª¨ ¯« áâ  ¨á¯®«ì§®¢ «áï ¬¥â®¤ ®¡ëª­®¢¥­­£® ªà¨£¨­£ .�«. 6, ¡¨¡«¨®£à. 6.�«îç¥¢ë¥ á«®¢ : áâàãªâãà­ ï 3D ¬®¤¥«ì ¯« áâ , ®¡ëª­®¢¥­­ë© ªà¨ª¨­£,  ¡-á®«îâ­ ï £«ã¡¨­ , ªà®¢«ï ª®««¥ªâ®à , íää¥ªâ¨¢­ ï ¬®é­®áâì.��� 519.63Ǒ����������� ��������� ���������� ���������� Ǒ������������� �����. Ǒ. �. � å à®¢. | � â. § ¬¥âª¨ ���, 2013,â. 20, ¢ë¯. 2.�¥â®¤ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¨á¯®«ì§ãîâáï ¤«ï ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ªà -¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ­  ¯ à ««¥«ì­ëå ¢ëç¨á«¨-â¥«ì­ëå á¨áâ¥¬ å. �«ï ­¥áâ æ¨®­ à­ëå § ¤ ç ­ ¨¡®«¥¥ ¯®¤å®¤ïâ ¡¥§ëâ¥à æ¨®­-­ë¥ áå¥¬ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨. � áá¬ âà¨¢ ¥âáï ä ªâ®à¨§®¢ ­­ ï à¥£¨®­ «ì­®- ¤¤¨â¨¢­ ï áå¥¬  ¤«ï à¥è¥­¨ï ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢-­¥­¨ï. Ǒ à ««¥«ì­®¥ à¥è¥­¨¥ ®á­®¢ë¢ ¥âáï ­  à §¤¥«¥­¨¨ ®¡« áâ¨ (¤¥ª®¬¯®§¨æ¨¨®¡« áâ¨ ¡¥§ ­ «¥£ ­¨ï) ¨ ­  âà¥åíâ ¯­®¬  «£®à¨â¬¥, ª®â®àë© á®áâ®¨â ¨§ ¯à¥¤áª § -­¨ï, à¥è¥­¨ï ¨ ª®àà¥ªæ¨¨. � ¥âáï â¥®à¥â¨ç¥áª ï ®æ¥­ª  ¯®£à¥è­®áâ¨ à¥ «¨§®¢ ­-­®© ä ªâ®à¨§®¢ ­­®© áå¥¬ë, ª®â®à ï ¤®¯®«­¥­  ¯à ªâ¨ç¥áª¨¬¨ íªá¯¥à¨¬¥­â ¬¨.�«. 8, ¡¨¡«¨®£à. 10.�«îç¥¢ë¥ á«®¢ : ¯ à ««¥«ì­ë©  «£®à¨â¬, ¬¥â®¤ë ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨,ä ªâ®à¨§®¢ ­­ ï áå¥¬ .��� 517.928.4:517.929.5� ��������� ������������ ������ ������� ��������������� �������� �� ������������ Ǒ�������. �. �. � è¨­ ,�. �. �ã¬ ª®¢ , �. �. �ã¬ ª®¢. | � â. § ¬¥âª¨ ���, 2013, â. 20, ¢ë¯. 2.�§ãç ¥âáï ¤¢ã¬¥à­ ï ª¨­¥â¨ç¥áª ï ¬®¤¥«ì £¥â¥à®£¥­­®© ª â «¨â¨ç¥áª®© à¥- ªæ¨¨ ®ª¨á«¥­¨ï �� ­  ­ ­®ç áâ¨æ å ¯ «« ¤¨ï ¨ ¨áá«¥¤®¢ ­ ¥¥ ¯ à ¬¥âà¨ç¥áª¨©¯®àâà¥â ­  ¯«®áª®áâ¨ ¤¢ãå ¯ à ¬¥âà®¢. �«. 3, ¡¨¡«¨®£à. 7.�«îç¥¢ë¥ á«®¢ : ¤¨­ ¬¨ç¥áª ï á¨áâ¥¬ , áâ æ¨®­ à­®¥ á®áâ®ï­¨¥, ¬­®�¥áâ¢¥­-­®áâì, ¡¨äãàª æ¨ï.
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UDC 512.543.1On solvability of the initial-boundary value problems with integralboundary 
ondition for some non
lassi
al di�erential equations.A. M. Abdrakhmanov, A. I. Kozhanov | Math. notes of YSU. 2013. Vol. 20. No. 2.The authors study the solvability of the boundary value problems for the equation(−1)p+1D2p

t u − Au = f(x, t)(A is an ellipti
 operator a
ting on the spatial variables, while p > 1 is an integer) withintegral type 
ondition on the lateral area. The existen
e and uniqueness theorems areproved. Bibliogr. 13.Keywords: non
lassi
al di�erential equations of higher order, problemwith integral
onditions, existen
e, uniquenessUDC 517.559+517.55On representation of one 
lass of plurisubharmoni
 fun
tions.V. I. Biderman, V. Ya. Prudnikov | Math. notes of YSU. 2013. Vol. 20. No. 2.In this arti
le is 
onsidered the question on representation of one 
lass of plurisubharmoni
fun
tions and de�nes pluriharmoni
 extension from sphere in the ball. Bibliogr. 4.Keywords: plurisubharmoni
 fun
tions, pluriharmoni
 extension of fun
tions fromsphere in ball.UDC 517.956.32Dissipative energy integrals in a mixed problem for the wave equation.V. M. Gordienko | Math. notes of YSU. 2013. Vol. 20. No. 2.Under 
onsideration is a mixed problem for the multi-dimensional wave equation in aquarter of the real spa
e. The boundary 
ondition is given as a linear 
ombination ofthe �rst derivatives, and the uniform Lopatinskii 
ondition is assumed to be satis�ed. Inthis 
ase, we 
onstru
ted all possible dissipative energy integrals and patametrized themby the points of the upper part of a bodily 
one of the se
ond order. We 
hara
terize the
one lo
ation and its geometri
 parameters by means of the 
oeÆ
ients of the boundary
ondition of the problem. Bibliogr. 9.Keywords: wave equation, mixed problem, uniform Lopatinskii 
ondition, dissi-pative energy integral.
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tsUDC 517.98Latti
e-metri
 de
omposition of a monotone operator. A. E. Gutman,A. V. Koptev. | Math. notes of YSU. 2013. Vol. 20. No. 2.The notion is 
onsidered of a monotone linear operator a
ting from a Riesz spa
einto a normed spa
e. It is shown that every monotone operator 
an be represented asthe 
omposition of a Riesz homomorphism and a linear isometry. The results are appliedto the study of 
ontinuous and measurable bundles of Bana
h latti
es. Bibliogr. 7.Keywords: Riesz spa
e, normed latti
e, Riesz homomorphism, linear isometry,latti
e-normed spa
e, Bana
h{Kantorovi
h spa
e, Bana
h bundle, lifting.UDC 517.957:517.548On the weak limit of a sequen
e of mappings satis�ed the di�erentialinequality with a quasi
onvex fun
tion and a null Lagrangian. A. A. Egorov|Math. notes of YSU. 2013. Vol. 20. No. 2.We proved a theorem on the weak limit of a sequen
e of mappings satis�ed the di�erentialinequality 
onstru
ted by a quasi
onvex fun
tion and a null Lagrangian. Bibliogr. 13.Keywords: weak limit, quasi
onvexity, null Lagrangian.UDC 517.956About Fredholm solvability of the �rst boundary value problem forequations of mixed type of even order. I. E. Egorov | Math. notes of YSU.2013. Vol. 20. No. 2.In this paper, we 
onsider the �rst boundary value problem for an equation of mixedtype of even order in a 
ylindri
al domain. Under 
ertain 
onditions on the 
oeÆ
ientsof the equation proved its dense solvability, uniqueness of the generalized solutions andFredholm solvability of the �rst boundary value problem in a weighted Sobolev spa
e.Bibliog. 8.Keywords: equation of mixed type, Fredholm solvability of generalized solution,inequality, evaluation, the operator.UDC 514.755An analyti
al investigation of linearized Benney{Luke model.A. A. Zamyshlyaeva | Math. notes of YSU. 2013. Vol. 20. No. 2.The Sobolev type equations theory, experien
ing an epo
h of blossoming, is very usefulfor investigation of linearized Benney{Luke model. In this arti
le the theory of relatively
p-se
torial operators is developed to the 
ase of higher order equations. The propagatorsof homogeneous equation are 
onstru
ted. The suÆ
ient 
onditions for the uniquesolvability of abstra
t Cau
hy problem are given. On the basis of abstra
t results theanalyti
al investigation of linearized Benney{Luke model is held. Bibliogr. 8.Keywords: relatively p-se
torial operator, higher order Sobolev type equation,propagators.
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ts 315UDC 519.172.2The stru
ture of vi
inities of 5-verti
es in plane triangulation with mini-mum degree 5. A. O. Ivanova, D. V. Nikiforov| Math. notes of YSU. 2013. Vol. 20.No. 2.In 1940, Lebesgue des
ribed the vi
inities of verti
es of degree 5 in plane triangulationswith minimum degree 5, presenting only an idea of the proof but not the details. Wegive a 
omplete proof of Lebesgue's des
ription, 
orre
t several ina

ura
ies happened inthis des
ription, and improve one of its parameters without worsening the others. Il. 7,bibliogr. 9.Keywords: plane graph, stru
ture, triangulation, vi
inity.UDC 517.9An inverse 
oeÆ
ient problem for a multidimensional hyperboli
 equationin the 
ase of integral overdetermination. O. A. Koltunovski�� | Math. notes ofYSU. 2013. Vol. 20. No. 2.We study solvability of a nonlinear inverse problem for a hyperboli
 equation. Existen
eand uniqueness theorems of regular solution are proved. Bibliog. 5.Keywords: inverse 
oeÆ
ient problem, integral overdetermination 
ondition,loaded equation, �xed point method.UDC 512.543.1The wreath produ
t with �nite width. A. A. Korobov. | Math. notes ofYSU. 2013. Vol. 20. No. 2.In this arti
le we prove that wreath produ
ts of some permutation groups have �nitewidth. We prove in addition that the wreath produ
t of some permutation groups 
annotbe embedded to a skew linear group. Bibliogr. 11.Keywords: the wreath produ
t of permutation group, �nite width, Bergmanproperty, skew linear group.UDC 515.12+517.987Sequentially 
losed 
ountable dense subset of II . S. A. Malyugin. |Math.notes of YSU. 2013. Vol. 20. No. 2.Let I be a unit segment in R. W. M. Priestley 
ontru
ts an example of sequentially
losed 
ountable dense subset in the topologi
al spa
e II of all fun
tions from I to Iendowed with Tykhonov topology. Constru
tion of Priestley's example essentially usesthe axiom of 
hoi
e. In the present arti
le we give another, more elementary solution ofthis problem, in whi
h the axiom of 
hoi
e was not applied (even in the weakened form,known as the axiom of 
ountable 
hoi
e). Bibliogr. 6.Keywords: Tykhonov topology, sequentially 
losed set, dense set, Radema
herfun
tions, the axiom of 
hoi
e, the axiom of 
ountable 
hoi
e.
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tsUDC 517.946On the solvability of inverse problems for pseudo-paraboli
 equations.G. V. Namsaraeva | Math. notes of YSU. 2013. Vol. 20. No. 2.We study solvability of linear inverse problems for pseudo-paraboli
 equations with oneand two unknown 
oeÆ
ients depending on the time variable t. Auxiliary non-lo
alproblems have boudary 
onditions of overdetermination. For these problems, we proveexisten
e theorems of regular solutions. Bibliogr. 15.Keywords: pseudo-paraboli
 equations, inverse problem, apriory estimate, 
ondi-tions of overdetermination, existen
e.UDC 517.956.4Solvability of the boundary value problem for the 2n-paraboli
 equa-tions with the 
hanging dire
tion of time when n > 4 and full matrix bonding
onditions. S. V. Popov, A. G. Sinyavski��|Math. notes of YSU. 2013. Vol. 20. No. 2.Consider paraboli
 equations 2n-th order 
hanging the dire
tion of time to 
omplete thematrix of 
onditions bonding asso
iated with the use of the theory of singular integralequations. The solvability of boundary value problemsin Holder spa
es. It is shownthat the Holder 
lasses of de
isions in some 
ases depend on the 
onditions of adhesionof noninteger Holder exponent, if the ne
essary and suÆ
ient 
onditions on the data.Bibliog. 12.Keywords: paraboli
 equations with 
hanging time dire
tion, the 
omplete matrixof bonding 
onditions, the equations of the 2n-th order, propriety, the Holder spa
e,singular integral equations.UDC 517.946.4On the solvability of nonlo
al boundary value spa
e problem for theequation of pseudohyperboli
 equation. N. S. Popov | Math. notes of YSU.2013. Vol. 20. No. 2.The solvability of the initial boundary value problems for linear pseudohyperboli
 third-order equations with spatially nonlo
al boundary 
onditions A.A. Samarsky with variables
oeÆ
ients. Proving theorems of existen
e and uniqueness of regular solutions. Bibliogr. 8.Keywords: the pseudohyperboli
 equation, Sobolev spa
e, regional problem,
ontinuation method on parametres, aprioristi
 estimations, the regular de
ision.UDC 517.956Problems of optimal and hard 
ontrol over solution for one 
lass ofnonstationar linear Sobolev type equations. M. A. Sagadeeva | Math. notes ofYSU. 2013. Vol. 20. No. 2.Of 
onsern is problems of the optimal and hard 
ontrol of the solutions for the operator-di�erential equation, unsolved with respe
t to the derivative by time, with Showalter-Sidorov 
ondition. In this 
ase, one of the operators in the equation is a operator-fun
tionof the variable t, i.e. operator depends of time. The strong solution is de�ne in paper.The existen
e and uniqueness of strong solution for Showalter-Sidorov's problem for thenonstationary equation are proved. The existen
e of a unique optimal 
ontrol and hard
ontrol for the solutions of this problem is proved using these results. Bibliogr. 17.
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ontrol problem, nonstationary equations,Sobolev type equations.UDC 517.9Splitting theorem in quasi-Bana
h spa
es. G. A. Sviridyuk, Dzh. K. Al′-Del� | Math. notes of YSU. 2013. Vol. 20. No. 2.Splitting theorem of two Bana
h spa
es and a
tion pair of operators moved in thequasi-Bana
h spa
es. Abstra
t results are illustrated by examples from theory of Quasi-Sobolev spa
es and Laplas' Quasi-operator. Bibliog. 9.Keywords: splitting theorem, quasi-Bana
h spa
es, quasi-Sobolev spa
es, Laplas'quasi-operator.UDC 517.956On solvability of the linear inverse problem for a paraboli
 equation ofhigher order. L. A. Telesheva | Math. notes of YSU. 2013. Vol. 20. No. 2.Under study is the solvability of the inverse problem of determining the right-hand sidefor a fourth order paraboli
 equation with overdetermination boundary 
ondition. Inaddition, the existen
e of solution to a nonlo
al problem is shown for a fourth orderparaboli
 equation. The latter is of interest in its own right. Bibliogr. 5.Keywords: paraboli
 equations of higher order, inverse problem, nonlo
al problem,existen
e.UDC 512.6:519.61On the n-periodi
 in�nite systems of linear algebrai
 equations.F. M. Fedorov | Math. notes of YSU. 2013. Vol. 20. No. 2.It is investigated the so-
alled n-periodi
 in�nite systems of linear algebrai
 equations.The author used the fundamenal theorem of Gaussian In�nite Systems. Bibliog. 5.Keywords: in�nite, Gaussian, periodi
 systems, almost periodi
 system.UDC 517.518.85About the operator of S. N. Bernstein. V. B. Khokholov | Math. notes ofYSU. 2013. Vol. 20. No. 2.This work is 
onsidered to S. N. Bernstein's modi�
ation of Lagrange interpolationformula. Here were a
quired new matri
es of interpolation modi�
ation of whi
h bringsto uniform 
onvergen
e of the pro
ess for any 
ontinuous fun
tion on the whole intervalof interpolation. This work is also shows that it is impossible to greatly improve theknown valuation of H. L. Lebesgue fun
tion in the 
ase of the usage of su
h modi�
ationon the matrix of equidistant nodes. Il. 1, bibliog. 5.Keywords: interpolation, 
onvergen
e, matri
es of interpolation, the Bernsteinoperator, fun
tion of Lebesgue.
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tsUDC 517.954The numeri
al algorithm to investigate Shestakov{Sviridyuk′s model ofmeasuring devi
e with inertia and resonan
es. Yu. V. Khudyakov|Math. notesof YSU. 2013. Vol. 20. No. 2.The paper proposes a numeri
al algorithm for solving the problem of re
overing dynami-
ally distorted signal with the the inertia and resonan
es of the measuring devi
e. Thebasis for the 
onstru
tion of the algorithm is a mathemati
al model of the measuringdevi
e. The model 
onsidered as an optimal 
ontrol for the Leontief type systemwith initial 
onditions Showalter - Sidorova (or model Shestakov - Sviridyuk) in
ludenumeri
al methods for solving su
h problems. The arti
le explains the 
onvergen
e ofapproximate solutions obtained in the implementation of the algorithm. Il. 7, tabl. 2,bibliogr. 8.Keywords: optimal measurement, Leontief type systems, numeri
al method,optimal 
ontrol.UDC 517.925.41:519.833Prote
ted area 
reation: modelling of population dynami
s and evaliationof 
ost. M. D. Vasil′ev, M. P. Grigor′ev, Yu. I. Tro�mtsev Math. notes of YSU. 2013.Vol. 20. No. 2.E
ologi
al-e
onomi
 model of the prote
ted population is investigated. This model
ontains a system of two di�erential equations of population dynami
s and hierar
hi
altwo-person game. Phase portraits of the traje
tories are 
onstru
ted. Bifur
ationparameters of the system of di�erential equations are de�ned. Optimal strategy's ofplayers for the hierar
hi
al game are 
onstru
ted. Density distribution of random variablesof the payo� fun
tions are found. Il. 8, bibliogr. 9.Keywords: ODE system, dynami
 of population, stability problem, bifur
ation,random parameters, hierar
hi
al game, density distribution.UDC 519.63Numeri
al simulation of �ltration model in 
avity porous media.A. V. Grigor′ev | Math. notes of YSU. 2013. Vol. 20. No. 2.This paper is dedi
ated to a numeri
al simulation of �ltration model in 
avity porousmedia. We 
onsider 
lassi
al double porosity models whi
h more pre
isely re
e
t �ltrationpro
ess taking into the availability of 
avities system. We derive pseudoparaboli
 modelusing basi
 Barenblatt model. Cal
ulations were performed on the basis of �nite elementmethod. Bibliogr. 8.Keywords: numeri
al simulation, double porosity model, pseudoparaboli
 equation,
avity porous media, �nite element method.UDC 51-74The development of a program module for 
reating simpli�ed stru
tural3D oil reservoirs model. Yu. M. Grigor′ev, M. V. Kharbanov |In this work a program module have been developed to modelling simpli�ed stru
tural3D reservoir for it further implementation in reservoir simulation. Borehole data lo
atedat the area interested are used in the 
apa
ity of input data. Borehole data are the well's
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oordinates, absolute verti
al depth sub sea of reservoir's top and net produ
tive se
tionat the well. The output data are map of reservoir's top depth and 3D reservoir grid astext �les re
ognizable by other reservoir simulators. Method of simple kriging is used tointerpolate depth and net produ
tive se
tion for geologi
al modelling of reservoir. Il. 6,bibliogr. 6.Keyword: stru
tural 3D reservoir, simple kriging, absolute verti
al depth sub sea,reservoir's top,net produ
tive se
tion.UDC 519.63The parallel algorithms of domain division for the paraboli
 problems.P. E. Zakharov | Math. notes of YSU. 2013. Vol. 20. No. 2.Domain de
omposition methods used for the approximate solutions of boundary valueproblems for partial di�erential equations on parallel 
omputing systems. For time-dependent problems are most suitable iteration-free domain de
omposition s
hemes. We
onsider the fa
torized regionally-additive s
heme for the solution of the initial-boundaryvalue problem for a paraboli
 equation. The parallel solution is based on domain division(domain de
omposition without overlap) and on 3-stage algorithm, whi
h 
onsists ofpredi
tion, solution and 
orre
tion. We give a theoreti
al estimate of the error forimplemented fa
torized s
heme, whi
h is supplemented by pra
ti
al experiments. Il. 8,bibliogr. 10.Keywords: parallel algorithms, domain de
omposition methods, fa
torized s
hemes.UDC 517.928.4:517.929.5A two-variable kineti
 model of the rea
tion of 
arbon monoxide oxidationon palladium nanoparti
les. E. A. Lashina, N. A. Chumakova, G. A. Chumakov |Math. notes of YSU. 2013. Vol. 20. No. 2.Under study are a two-dimensional kineti
 model of CO oxidation on PdO/Al2O3
atalyst and its parametri
 portrait in the plane of the two parameters. Il. 3, bibliogr. 7.Keywords: dynami
al system, steady states, self-os
illations, multipli
ity, bifur-
ation.UDC 517.928.4:517.929.5Multipeak os
illations in a three-variable kineti
 model of the rea
tionof 
arbon monoxide oxidation on palladium nanoparti
les. E. A. Lashina,N. A. Chumakova, G. A. Chumakov Math. notes of YSU. 2013. Vol. 20. No. 2.Under study are some problems of multipeak os
illations in a dynami
al system thatmodels the kineti
 self-os
illations in 
atalyti
 CO oxidation rea
tion. Il. 6, bibliogr. 7.Keywords: dynami
al system, multipeak os
illations, bifur
ation.UDC 519.6:697.1On the multigrid method for the solution stationary temperature �eldof outer bounding stru
tures. V. Yu. Shadrin, I. I. Sivtsev Math. notes of YSU.2013. Vol. 20. No. 2.We 
onsider the two-grid iterative method of solution of the system of equations approxi-mating third boundary value problem for the Lapla
e equation. Numeri
al resultsdemonstrate the eÆ
ien
y of the proposed method. Bibliogr. 3.Keywords: multigrid method, iterative method.
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326 �­¨¬ ­¨î  ¢â®à®¢�������� �������!� ¯ã¡«¨ª æ¨¨ ¢ ý� â¥¬ â¨ç¥áª¨å § ¬¥âª å ���þ ¯à¨­¨¬ îâáï ®à¨£¨­ «ì-­ë¥ áâ âì¨, á®¤¥à� é¨¥ ­®¢ë¥ à¥§ã«ìâ âë ¢ ®¡« áâ¨ ¬ â¥¬ â¨ª¨ ¨ ¥¥ ¯à¨«®�¥­¨©.�â âì¨, à ­¥¥ ®¯ã¡«¨ª®¢ ­­ë¥,   â ª�¥ ¯à¨­ïâë¥ ª ®¯ã¡«¨ª®¢ ­¨î ¢ ¤àã£¨å �ãà-­ « å, à¥¤ª®««¥£¨¥© ­¥ à áá¬ âà¨¢ îâáï.� à¥¤ ªæ¨î ¯à¥¤áâ ¢«ï¥âáï àãª®¯¨áì ¢ ¤¢ãå íª§¥¬¯«ïà å ®¡ê¥¬®¬ ­¥ ¡®«¥¥1  ¢â®àáª®£® «¨áâ , ®ä®à¬«¥­­ ï á®£« á­® áâ ­¤ àâ­ë¬ âà¥¡®¢ ­¨ï¬ ª  ¢â®àáª¨¬®à¨£¨­ « ¬. � àãª®¯¨á¨ ¤®«�­ë ¡ëâì ¯à¨«®�¥­ë ¤¢  íª§¥¬¯«ïà   ­­®â æ¨¨ ¨á¯¨á®ª ª«îç¥¢ëå á«®¢ ­  ¤¢ãå ï§ëª å (àãááª¨© ¨  ­£«¨©áª¨©), è¨äà ���. �¥¯®-­¨à®¢ ­¨¥ àãª®¯¨á¨ à¥¤ ªæ¨¥© ­¥ ®áãé¥áâ¢«ï¥âáï. �¢â®àë ®¡ï§ ­ë ãª § âì ¬¥áâ®à ¡®âë, ¤®«�­®áâì ¨ ª®­â ªâ­ãî ¨­ä®à¬ æ¨î ­  ¤¢ãå ï§ëª å. � á«ãç ¥ ¢®§¢à é¥-­¨ï áâ âì¨ ¤«ï ¯¥à¥à ¡®âª¨ ãª §ë¢ îâáï ¤¢¥ ¤ âë ¯®áâã¯«¥­¨ï | ¯¥à¢®­ ç «ì­ ï¤ â  ¨ ¤ â  ¯®«ãç¥­¨ï à¥¤ ªæ¨¥© ®ª®­ç â¥«ì­®£® â¥ªáâ .�á­®¢­ë¥ âà¥¡®¢ ­¨ï ª ®ä®à¬«¥­¨î àãª®¯¨á¨:1. �¥ªáâ áâ âì¨ ¤®«�¥­ ¡ëâì ­ ¯¥ç â ­ ç¥à¥§ 2 ¨­â¥à¢ «  ­  ®¤­®© áâ®à®­¥«¨áâ  ¡¥«®© ¯¨áç¥© ¡ã¬ £¨ ä®à¬ â®¬ 210× 300¬¬.2. �¨áã­ª¨ ¨ á«®�­ë¥ ¤¨ £à ¬¬ë ¢ë¯®«­ïîâáï ­  ®â¤¥«ì­ëå «¨áâ å á ãª -§ ­¨¥¬ ­  ®¡®à®â¥ ä ¬¨«¨¨  ¢â®à , ­ §¢ ­¨¥ áâ âì¨ ¨ ­®¬¥à  à¨áã­ª ; ¨å ¬¥áâ® ¢â¥ªáâ¥ ãª §ë¢ ¥âáï ­  ¯®«ïå áâ âì¨.3. �®¬¥à ä®à¬ã«ë áâ ¢¨âáï ã ¯à ¢®£® ªà ï «¨áâ .4. �ãª®¯¨á¨ �¥« â¥«ì­® ¯®¤£®â®¢¨âì á ¨á¯®«ì§®¢ ­¨¥¬ ­ ¡®à­ëå á¨áâ¥¬ â¨¯ ���.5. � àãª®¯¨áïå, ¯®¤£®â®¢«¥­­ëå á ¯®¬®éìî â¥ªáâ®¢ëå à¥¤ ªâ®à®¢ â¨¯  Word,¤®«�­ë ¡ëâì à §¬¥ç¥­ë £à¥ç¥áª¨¥, £®â¨ç¥áª¨¥, « â¨­áª¨¥ àãª®¯¨á­ë¥ ¡ãª¢ë, ãª -§ ­® ¨á¯®«ì§®¢ ­¨¥ ¡ãª¢ ¯àï¬®£® ­ ç¥àâ ­¨ï,   â ª�¥ ¯à®¢¥¤¥­  à §¬¥âª  ¨­¤¥ª-á®¢. 6. �  ¢â®àáª¨å ®à¨£¨­ « å, ¯®¤£®â®¢«¥­­ëå á ¨á¯®«ì§®¢ ­¨¥¬ ­ ¡®à­ëå á¨-áâ¥¬ â¨¯  ��� ¨ ¢ë¤ ­­ëå ­  « §¥à­®¬ ¯à¨­â¥à¥, à §¬¥âª  ä®à¬ã« ­¥ ¯à®¢®¤¨âáï,®¤­ ª® ­  ¯®«ïå ¯®ïá­ïîâáï ¡ãª¢ë £®â¨ç¥áª®£®  «ä ¢¨â .Ǒ« â  á  á¯¨à ­â®¢ §  ¯ã¡«¨ª æ¨î àãª®¯¨á¥© ­¥ ¢§¨¬ ¥âáï.�¯¨á®ª «¨â¥à âãàë ­  ¤¢ãå ï§ëª å ¯¥ç â ¥âáï ¢ ª®­æ¥ â¥ªáâ  ­  ®â¤¥«ì­®¬«¨áâ¥. �áë«ª¨ ­  «¨â¥à âãàã ¢ â¥ªáâ¥ ­ã¬¥àãîâáï ¢ ¯®àï¤ª¥ ¨å ¯®ï¢«¥­¨ï ¨ ¤ -îâáï ¢ ª¢ ¤à â­ëå áª®¡ª å. �áë«ª¨ ­  ­¥®¯ã¡«¨ª®¢ ­­ë¥ à ¡®âë ­¥ ¤®¯ãáª îâáï.�ä®à¬«¥­¨¥ «¨â¥à âãàë ¤®«�­® á®®â¢¥âáâ¢®¢ âì âà¥¡®¢ ­¨ï¬ áâ ­¤ àâ®¢ (¯à¨¬¥-àë ¡¨¡«¨®£à ä¨ç¥áª¨å ®¯¨á ­¨© á¬. ¢ ¯®á«¥¤­¨å ­®¬¥à å �ãà­ « ).�ãª®¯¨á¨, ®ä®à¬«¥­­ë¥ ­¥ ¯® áâ ­¤ àâ ¬ ¨«¨ ¯à¥¢ëè îé¨¥ ãª § ­­ë© ¢ëè¥®¡ê¥¬, ¢®§¢à é îâáï.


