Ammosov North-Eastern Federal University

YAKUTIAN
MATHEMATICAL JOURNAL

PUBLISHED SINCE 2014 SCIENTIFIC JOURNAL 4 1SSUES PER YEAR
Vol. 21, No. 1 (81) January—March, 2014
CONTENTS
Mathematics

Alsykova A. A. On Solvability of Spatial Nonlocal Boundary Value
Problems for Some Analogs of the Boussinesq Equation —..............

Egorov I. E. A Boundary Value Problem for a Mixed Type Equation with
a Spectral Parameter —.......... ... .o
Kozhanov A. I. and Sharin E. F. A Conjugation Problem for Some
Higher Order Nonclassical Equations. II —........ ... ... .. .. ... ...
Krylova E. A. A Numerical Solution of the Inverse Stefan Problem by
Introducing a Distributed Heat Source —.............. ... ... ou...
Popov S. V. and Tkachenko L. Yu. Studying Contact Parabolic
Boundary Value Problems in Hélder Spaces —..................c.oo...
Popova T. S. The Equilibrium Problem for a Viscoelastic Body with
a Thin Rigid Inclusion —........... ..o
Spiridonova N. R. A Modified Boundary Value Problem for Strongly
Degenerate Nonclassical Differential Equations —......................
Khashimov A. R. and Turginov A. M. On Some Nonlocal Problems
for Third Order Equations with Multiple Characteristics .............

Shadrina N. N. On Solvability of Some Conjugation Problems for Elliptic
EQUatiOns ... e
Mathematical Modeling

Volchkov Yu. M.  Modeling the Boundary Effect in a Cylindrical Shell
Under Creep Conditions — ............eeiie it

Grigor'‘ev Yu. M. and Borisova M. N. Various Approaches to
Modeling Induced Currents in Transmission Lines ...................

Nikiforova L. V., Matveev A. 1., Sleptsova E. S., and
Yakovlev B. V.  Mathematical Modeling of Jigging ..............

16

26

34

42

50

63

69

83

91



ADDRESS FOR CORRESPONDENCE:

Ammosov North-Eastern Federal University, Belinskii St., 58, Yakutsk, 677000
Phone: 8(4112)32-14-99, Fax: 8(4112)36-43-47;

http://s-viu.ru/universitet /rukovodstvo-i-struktura/instituty /niim /mzsvfu/
e-mail: prokopevav85@gmail.com; madu@ysu.ru: ivanegorovbl@mail.ru

(© Ammosov North-Eastern Federal University, 2014



Yakutian Mathematical Journal
January—March, 2014. Vol. 21, No. 1

UDC 517.956

ON SOLVABILITY OF SPATIAL NONLOCAL

BOUNDARY VALUE PROBLEMS FOR SOME

ANALOGS OF THE BOUSSINESQ EQUATION
A. A. Alsykova

Abstract. Considering an analog of the Boussinesq equation, we examine spatial non-
local boundary value problems with the Samarskil condition and prove the existence and
uniqueness of regular solutions.

Keywords: nonlocal boundary value problem, Boussinesq equation, existence and unique-
ness of regular solutions

Assume that €2 is the interval (0,1) of the Oz-axis, @ is the rectangular 2 x (0,7)
of finite height 7', and f(,1), a(x,1), b(x,1), c(x,1), ai(t), and B;(t) (i = 1,2) are
given functions of z € Q and ¢ € [0, T].

Boundary Value Problem I. Find a solution u(z,t) to the equation

Lu(z,t) = ug(z,t) — vgp(z,t) + a(z, t)uzy(x, 1)
+b(x, )ug(z,t) + c(z, t)u(z, t) = f(z,t) (1)

in Q satisfying

{ ug(0,1) = a1 (H)u(0,t) + a2 (t)u(l,t), 0<t<1, 5
us(1,8) = By (Ou(0.1) + Baltyu(Lt), 0<t <1 )
u(z,0) = u(x,0) =0 forx €. (3)

Boundary Value Problem II. Find a solution u(z,t) to (1) in Q) satisfy-
ing (3) as well as the condition

{ u(0,t) = a1 (H)ug(0,8) + aa(t)u(l, )
t

1, 0<t<l,

), 0<t<l.

(4)

Boundary Value Problem III. Find a solution u(z,t) to (1) in Q satisfy-
ing (3) as well as the condition

{ u(0,t) = a1 (H)ug(0,8) + as(t)uzs(1,8), 0<t <1,

u(L,1) = By(Dua(0.1) + foltun(Lt), 0<1<1. ®)

Equation (1) is an analog of the Boussinesq equation arising in the theory of
long waves and describing the waves in plasma and the longitudinal waves in a rod

The author was supported by a VGU grant of 2012.
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2 A. A. Alsykova

(see, for example, [11]). Solvability of the boundary value problems and initial-
boundary value problems for the equations of the form (1) was studied sufficiently
well (see [1-5]) in contrast to the nonlocal problems. We can only note the article [6]
devoted to the study of problems with integral conditions of a very particular form
and the article [7], where the problems with integral conditions over spatial variables
are treated (note that [6] and [7] contain only the existence theorems of generalized
solutions).
1. Solvability of Boundary Value Problem I
Let V' be the following function space:
V = {v(z,t) s v(z,t) € Ly (0, T; W3 (), vi(z,t) € La(0,T; W3(Q)),
v (x,t) € Loy (O, T, WQQ(Q)) }.

This space is endowed with the natural norm

[vllv = HU||L2(0,T;W22(Q)) + ||”tHL2(o,T;W22(Q)) + ||vtt||L2(0,T;W22(Q))~
Introduce the notations:
F(Jj, t) - f(a:7 t) - CL(J,‘, t)uff($7 t) - b($7 t)uf(a:) t) - C(Ji, t)u(xv t)

In the proof of solvability of boundary value problems we use the inequality

1 1
v (y,7) < 6§/v§(x,7) dz + (1 + 6%) /vz(x,q') dx (6)
0
0 0

valid for every positive number §; and every point y of [0, 1].

Theorem 1. Assume that

a(z,t) € Leo(Q),  b(z,t) € Loo(Q),  c(x,1) € Lo (@), (7)
ai(t) € C*([0,T]), Bi(t) € C*([0,T]), i=1,2, (8)

ar ()€ + [az(t) = Bi())én — Bo(t)n* > 0, t €0, T], (&1) € R?, (9)
Aolaz(t) + B2(t)] # 2. (10)

Then, for every function f(x,t) € L2(Q), Boundary Value Problem 1 is uniquely
solvable in V.

PrOOF. Demonstrate that a solution to Boundary Value Problem I from V
satisfies «good» a priori estimates (below these estimates allow us to justify the
method of continuation in a parameter). Consider the equality

//[’U,TT(JZ7T) — Ugarr (T, T) + a(x, Tuge (z, 7) + b(x, T)ug(z, T)
00

t o1
+e(z, T)u(z, T)|urr (2, 7) dedr = f(x, D urr (2, 7) dedr.
I
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Integrating by parts and taking the boundary conditions and the last equality
into account, we come to the next equality

i1 i1
//UTSCTd{EdT+//UTTLCdedT
0 0 0 0

t

+/ [al(T)u2 (0,7) + (aa(1) = B1(7)trr (L, T)urr(0,7) — Ba(T ) (1, T)] dr

/[ a1+ (T)u(0, T)trr (0, 7) — 201+ (T)ur (0, T)trr (0, 7) — a2rr (T)u(l, 7)urr (0, 7)

—20427( Yur (1, 7)urr (0, 7) + Brrr (T)u(0, Ttrr (1, 7) + 281, (T)ur (0, T)urr(1,7)
+ B2 (M) (1, T)urr (1, 7) + 2827 (T)ur (1, T)urr (1, 7)] d7

¢ 1
+//FxTuTTxT)dxdT (11)
00

where
F(z,7) = f(z,7) — a(z, T)ugs (x,7) — b(z, T)Us (z, 7) — c(x, T)u(z, T).

Estimate the right-hand side of (11). The first summand is estimated by using
the Young inequality and (6), together with (7) and (8), as follows:

1

t
<42 // [uZ, (z,7) +uZ (z,7)] dedr

0 0

’0/(11-,—-,—(7')11,(0,7')11,-,—-,—(0,7') dr

1

+;;2/t/[ui(x,7')+u2(a:,r)] dzdr.

0 0

Here ¢ is an arbitrary positive number and the number A is determined by the
function a;. Involving the inequality

t 1 t T 1
//u2 dzdr < T? / / / ugg dxd&dr,
0 0 000

we have

t

’/am( Y0, 7)tinr (0, 7)

0

t 1
// ul,(x, 1)+ (x,7)] dedr
0
1

A 2
r // gggg x,§) +u55(x 5)] dxdr.

0
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The remaining summands are estimated similarly. Integrating the last summand by
parts, we derive the inequality

i1 i1
//uTxfdxdTJr//uTTxfdxdT
0 0 0 0

t

T 1

where M; and My are determined by the functions «;(t), 8;(t), i = 0,1, a(x,t), b(x, t),
and ¢(x,t).
The Gronwall lemma yields the estimate

t 1
//u dxd7+//u§TdedT < Ms.
0 0

To obtain the second estimate, we multiply (1) that is written in the variables x
and 7 by —uz.-- and integrate the result with respect to the variable x from 0 to 1
and the variable 7 from 0 to ¢ and so
t

t 1 t o1 1
//ufm” dxdr = //uTTuMTT dxdr — //FUMTT dxdr,
0 0 0 0 0 0

F(z,7) = f(z,7) — a(z, T)ugs (x,7) — b(z, T)Us (z, 7) — c(x, T)u(z, T).

where

The Young and Holder inequalities and the first estimate imply that

t 1 t 7 1
//u?m” dzdr < M4///u?m££ dxd&dr + Ms.
00 000

Here the constants My and M5 are defined by the functions «;(t), 8;(t), i = 0,1,
a(z,t),b(x,t), c(z,t), and the number T
This inequality and the Gronwall lemma ensure the second a priori estimate

i1
//ufmw dzdr < MseM* < M.
00

The above estimates validate the conclusion that the norm of w(z,t) in V is
bounded,; i.e.,
Jullv < Mz, (12)

where the constant M7 is determined by «;(t), 8;(t), i = 0,1, a(x,t),b(x,t), c(z, 1),
and the number T
To prove solvability of the boundary value problem, we employ the method
of continuation in a parameter. Given a number A in [0, 1], examine the following
family of boundary value problems: Find a solution u(z,t) to (1) in @ satisfying (3)
as well as the condition
{ ug(0,8) = A1 ()u(0,t) + az(t)u(l,t)], 0<t<1,

un(1,6) = B (u(0,7) + fot)u(L D], 0<t<1 (2)
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Denote by A the set of numbers A from [0, 1] for which problem (1), (2y), (3) is
solvable in V for every f(z,t) in La(Q). As is known, if A is nonempty, open, and
closed then it coincides with [0, 1] (see [8]). Coincidence of A with [0, 1] means that
the boundary value problem (1)—(3) is solvable in V.

The set A is obviously nonempty, since 0 belongs to this set. To prove that A
is open, it suffices to demonstrate that if Ag € A then the numbers A = Ag + A also
belong A provided that the quantity |\| is sufficiently small. Let v(z,¢) be a given
function in V. Put ~

o(t) = Alaa (t)v(0,1) + az(t)v(1,1)],
D(t) = ABr(8)v(0,8) + Ba(t)o(1, 1)),
2 — (2=XoBa(t))z]o(t) — [(1-Aoaa(t))a? + Mo ()| (t)
Aolaz(t) + B2(t)] — 2

[(1=Xof2(t))

up(z,t) =

and
gu($7 t) - f(xv t) - Lu0($7 t)
Consider the following auxiliary problem: Find a solution w(z,t) to the equation

Lw(z,t) = gy(z,t) (1)
in Q) satisfying (2,) and (3).

Since v(z,t) lies in V, we have Lug € L2(Q) and a solution to this problem
also belongs to this space. Hence, we can define the operator ® taking V into itself,
O (w) = v.

Assume that vy (z,t) and va(z,t) are functions in V', while w; (z,t) and we(z,t)
are solutions to (1'), (25,), (3) with the respective functions g,, (x,t) and gy, (z,t).
Repeating the proof of (12), we arrive at the inequality

19 (w1) = @(w2)llv < X[ Ms|lor — vz (@)

The operator ® is contractive if the number X is so small that |A\| Mg < 1. A fixed
point of this operator is a solution w(z,t) to the boundary value problem.
Given gy (z,t), define u(z,t) as follows:

AL = doBa(t)a® — (2 = doBa(t))allon (Hw(0,8) + az(B)u(1, 1)
)\0 [052 (t) + 52 (t)] -2
LAl = doar(B)a? + Moaz(B)e]|B1 (w0, ) + Ba(t)w(l, b))
Aol (t) + B2(t)] — 2 '

The function u(z,t) in V is a solution to (1), (2x), (3) for A = Ao + A. The
latter means that the number Ay + X belongs to A and A is open.

Demonstrate that (12) implies the closedness of A. Assume that A, is a se-
quence of numbers from A such that A,, — Ao as m — oo and u,,(z,t) is a sequence
of solutions to (1), (2x,,), (3). Put wmi(z,t) = um(z,t) — ur(x,t). The function
wmk(x,t) meets the equalities

u(z,t) = w(z,t) +

Lwmi =0,
Winkz (0,8) = Ag[ar(E)wmk(0,t) + a2 (t)wmi (1,1)]
+(Am = M) e (O um (0,8) + az(B)um(1,t)],
Wik (1,1) = Mg [B1(O)wimi (0, 1) + B2 (t)wimk (1, 1)]

( - /\k)[ﬁl (t)um (07 t) + 62 (t)um(lv t)],
Wik (2,0) = Wkt (2,0) =0 for x € Q.
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Consequently, the sequence up,i(z,t) is fundamental in V. Therefore, there
exists u(x,t) € V such that umk(z,t) — u(z,t) as m — oo in V. The function
u(z,t) is a solution to (1) satisfying (2,,) and (3). Thus, A¢ belongs to A. So the
limit points of A belong to A, and so A is closed.

Hence, A is nonempty, open, and closed. Therefore, A coincides with [0, 1] and
the boundary value problem (1)—(3) is solvable in V.

2. Solvability of Boundary Value Problem II
Theorem 2. Assume that the conditions (7)—(9) of Theorem 1 hold and

Al (8)B2(t) — a2 (8)Br (£)] + Aolaa(t) + Bi(t) + B2(t)] # 1.

Then, for every f(x,t) € L2(Q), Boundary Value Problem II is uniquely solvable
inV.

PRrROOF. First of all, we observe that for the solutions to Problem II satisfies (12)
(we verbatim repeat the arguments of the proof of Theorem 1). Next, we use the
method of continuation in a parameter again. Let A belong to [0, 1].

Examine the following family of boundary value problems: Find a solution
u(z,t) to (1) in Q satisfying (3) and such that

{M&ﬂﬂm@ﬂﬂ&ﬂ+wﬁm(ﬂ
t

1, 0<t<l,
ug(1,8) = MBr (H)uz(0,8) + Ba(t)u(l,

B
), 0<t<1. (43)

Denote by A the set of numbers A from [0, 1] such that (1), (4x), (3) is solvable
in V for every function f(z,t) in Lo(Q). As it was said before, if A is nonempty,
open, and closed then it coincides with [0, 1]. This coincidence of A with [0, 1] means
that the boundary value problem (1), (3), (4) is solvable in V.

Obviously, A is nonempty, since A contains 0. To prove that A is open, it
suffices to establish that A = Ao+ A belong to A together with Ao € A for sufficiently
small | ).

Let v(z,t) be an arbitrary function in V. Put

p1(t) = ;\[al(t)vm(O,t) + az(t)v(1,t)],

¥1(t) = MBr()va (0,1) + Ba(t)u(1, )],
(e, 1) — 2oB1(0) + (1 = 2)5() —pa(t) — [ + dofaa(t) + (1~ ) (Y (1)
o Alaa (£)B2(t) — az(t)B1(2)] + Aolaz(t) + Bi(t) + B2(t)]] — 1
Put gy(z,t) = f(x,t) — Lug(x,t). Consider the following auxiliary problem:
Find a solution w(z,t) to the equation

Lw(z,t) = gy(z,t) (1)

in Q satisfying (4»,) and (3).

Since v(z, t) belongs to V; therefore, Lug € La(Q) and a solution to this problem
also lies in this space. Hence, we can define the operator ® taking V into itself,
d(w) = v.

Assume that vy (z,t) and ve(z, t) are two functions in V and w; (x,t) and wa(x, t)
are solutions to (1”), (4x,), (3) with the functions g, (z,t) and g,, (x, t), respectively.
Repeating the proof of (12), we arrive at the inequality

@ (1) — @(@2)|lv < [A|Mollvr — val[ Lo (q)-
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If X is so small that |[A\|My < 1 then ® is contractive. A fixed point w(z,t) of this
operator is a solution to the boundary value problem.
Given a function gg(, s, define the function u(z,t) as follows:

u(z,t) = w(z,t) +

Ao (Br(t) + (1 = 2)Ba(t) = 1[es (H)wa (0, £) + ez (t)w(l, t)]
Aglaa(t)Ba(t) — az(t)B1(t)] + Aolaz(t) + Bi(t) + B2(t)]] — 1
Az + Aol () + (1 = 2)aa (D)][B1 (Hw (0, 1) + Ba(Hw(1, t)]

Aglaa (t)Ba(t) — az(t)B1(t)] + Aolaz(t) + Bi(t) + B2(t)]] =17

The function u(z,t) belongs to V' and serves as a solution to (1), (4x), (3) for
A = )Xo + A. The latter means that Ag + A belongs to A and A is open.

We now prove that (12) implies the closedness of A. Assume that A, is a se-
quence of numbers in A such that \,, — X\g as m — oo and w,,(z,t) is a sequence
of solutions to (1), (4a,,), (3). Put Wpi(z,t) = um(x,t) — uk(x,t). The functions
Wy (x,t) meet the equalities

Lwy, =0,
Wik (0,1) = Ae[aq () Wimkx(0,1) + ao () Wi (1, 1))
+(/\mx - )\k)[al (t)um(()) t) + g (t)um(L t)])
mmkx(L t) - )‘k [Bl (t)mmkr (07 t) + 62 (t)mmk(lv t)]
+()\m - )\k)[ﬁl (t)uma: (07 t) + ﬁ? (t)um(la t)]a
Wik (2,0) = Wkt (x,0) =0 for x € Q.

Hence, the sequence umi(z,t) is fundamental in V' and so there exists a function
u(z,t) € V such that upi(z,t) — u(z,t) as m — oo in V. The function u(zx,t)
satisfies (1) as well as (4),) and (3). Thus, Ao belongs to A. Since the limit points
of A belong to A; therefore, A is closed.

Thus, A is nonempty, open, and closed. Hence, A coincides with [0, 1] and the
boundary value problem (1), (3), (4) is solvable in V.

3. Solvability of Boundary Value Problem III
Theorem 3. Assume that the conditions (7)—(9) of Theorem 1 hold and

Xo[Br(t) + Ba(t) — an(t) — aa(t)] # 1.

Then, for every f(x,t) € L2(Q), Boundary Value Problem 111 is uniquely solvable
inV.

PROOF. Argue similarly to the proof of Theorems 1 and 2 with the only dis-
tinction in the choice of the functions

wa(t) = ;\[al(t)vm(o, t) + aa(t)vs (1,1)],

2(t) = AlB1 ()02 (0, 8) + Ba(t)va (L,8)),

[z — 1+ Xo(Ba(t) + Ba()|2(t) — [1 + Xofau (t) + a2 (t)]t2(t)
NolB1(t) + Ba(t) — ai(t) — az(t)] — 1 ’

which are used to prove the openness of the corresponding set A.

”LZQ(LC, t) =
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A BOUNDARY VALUE PROBLEM FOR A MIXED
TYPE EQUATION WITH A SPECTRAL PARAMETER

I. E. Egorov

Abstract. In a cylindrical domain of the space R* 1 we study Vragov’s boundary value
problem for a mixed type equation of the second order with a spectral parameter. Under
certain conditions on the coefficients, we establish the a priori estimates that allow us
to prove a unique solvability of this boundary value problem in the energy space. Some
sufficient conditions are obtained for the Fredholm solvability of the boundary value
problem in this space.

Keywords: mixed type equation, a priori estimate, inequality, equality, orthogonality
conditions

At present, there are many articles studying boundary value problems for mixed
type equations with a spectral parameter [1-7]. The most complete bibliography on
this topic can be found in [2,5,6]. But the most part of the results is obtained for
the modal equations of mixed type on a plane.

In this article we study a boundary value problem for a mixed type equation
with a spectral parameter in the multidimensional case. For the first time, this
problem was studied by V. N. Vragov in [3,4, 8|.

Assume that Q is a bounded domain in R™ with boundary S € C', Q; = Q x t
for 0<t<T,Sr=8x%(0,T),and Q = x (0,7).

In the cylindrical domain @ we consider the mixed type equation

Lu—Au = f(l‘,t), (1)
where
"9
Lu = k(w, thu — Y 9, (@i (2)ua,) + al@, tug + clz)u
ij=1 "7

and A is a complex number.
We suppose that the coeflicients of the differential operator L are sufficiently
smooth functions in @) and satisfy the conditions

n
Qij = Qji, Z aijfifj > V|§|2, f S Rn, v > 0.
Q=1

Introduce the sets

P = {(2,0) : k(2,0) 20, 2 € Q}, PE={(x,T):k(z,T) =0, z€Q}.

(© 2014 Egorov 1. E.



10 I. E. Egorov

Boundary Value Problem. Find a solution to (1) in @ such that
u|ST - 07 u|t:0 - 07 ut|ﬁar = 0, Ut|ﬁ; =0. (2)

Let O, be the class of complex functions from W3 (Q) which satisfy (2). Denote
by Cp- the class of complex functions from W(Q) satisfying the adjoint boundary
conditions

vlgy =0, U|FO— =0, U|F; =0, [kvs+ (ke —a)v]|t—7 =0, (2%)
and
" ~ 9
L*v = k(z, t)vy — Z %(aij(x)vxj) + 2k — a)vg + (¢ + by — ag)v.
ij=1 """

Endow the Sobolev space W3 (Q) with the inner product
(u,v); = / [uf} + Zuajiﬁm + utﬁt} dQ, |ull? = (u,u)1, u,ve WHQ);
5 i—1

for the L2(Q) space we have

(u,0) = / wdQ, [ul? = (uu), v € Lo(Q).
Q

Assume that ’I/I\;Ql (Q) is the completion of Cr, in the norm of the Sobolev space
W3 (Q), and W4 (Q) is a subspace of W (Q) comprising the functions that satisfy
the conditions

vlg, =0, v|ﬁg =0, v|ﬁ% = 0.
DEFINITION 1. A function u € Ly(Q) is called a strong solution to (1), (2) if
there exists a sequence of functions u,, € Cf, such that

lim ||wy, —ul| = liin | Ltm — Aum, — fIl =0, f € La(Q).

m—r oo

DEFINITION 2. A function u(z,t) € ﬁ//zl(Q) is called a generalized solution
to (1), (2) if
a‘(uv v) - )\(’LL, v) - (f7 v) (3)
for every function v € /I/I721 (@), f € La(Q) and

a(u,v) = / [— kugvy + Z QijUe, Ve, + (@ — kp)uv + cuv | dQ.

5 ij=1

Similarly, we can define strong and generalized solutions to the adjoint bound-
ary value problem for the equation L*v — Av = g, g € L2(Q) with the boundary
conditions (2*).

In view of the equality

(Lu,v) = (u,L*v), weC, veCg,

the operator L with the domain O, admits the closure L = A in L»(Q). Introduce
the set

D(5»77M) - {)‘ € C:Rel < on— %(Im)\)z}
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Lemma 1. Assume that
1
c(z) > co, a—§kt+7k25>0, v > 0.
Then
lullh < ci||Au— Au|l, ¢ >0, 4)

for A € D(6,7v,¢o) and all u € D(A — AE).

PRrOOF. It suffices to establish (4) for functions u(z,t) from Cy,. Given u € Cp,
integrating by parts and taking account of (2), we infer

Re /(Lu —Au)e” Py dQ = /e*%t [(a . %kt + ’yk) g
Q Q

" 1
+y Z QijUsz, Uz, + (—Re X+ c)y[ul> — (Im A) Im(uut)} dQ + 3 / ke |y, |? dx

ij=1 +
PT

1 ) 72'yT 9
_§/k|ut| dx + /[Z QijUg, Uy, + (—Re X+ c)|ul ]dac

=1
Py B

Next, the Cauchy inequality with € and the Friedrichs—Poincaré inequality yield (4).
Lemma 1 is proven.

Inequality (4) implieb that D(A—-)E) C ng (Q). Counsider D*(da, v, p1, t2) =
{/\ cC:Red < ——ul 4“fT(IIn/\) Re ) < —ug}, 02 >0, u1 >0, uz > 0.

Lemma 2. Assume that
3

a—§kt+7k25>0, v >0,

and either
k(z,0) >0, k(z,T) <0, ork(z,0)<0, k(z,T) >0,
or k(z,0) <0, k(z,T) <0, ork(z,0)>0, k(z,T) > 0.

Then, for A € D*(d2,~, 1, t2), we have the inequality

[oll1 < e2l|A*v — o, e2 >0, (5)

for allv € D(A* )\E) where the parameters 0o, 11, and uo depend on the case
chosen.

PROOF. Given v(z,t) in Cp«, examine the expression

I= Re/eQ'Yf(L*v — ) (—€0; + np) dQ,
Q
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where £(t),n(t) are nonnegative infinitely differentiable functions which are chosen
appropriately below. Integrating by parts, we have

I= /e%t{[(a— gk‘t +’yk’)§—k‘(n— %ft)]|vt|2
Q

+(77 + %é} + fyf) Z aijvwi{)%, + [( — Re)\(n + %& + ’Yf) + (C+ ky — at)ﬁ)] |U|2

i,j=1

+EIm AIm (v 0) + [(ke — a — vk)n — k] Re(vpv) — (¢ + ke — ar)€ Re(viv } dQ
t=T T

- —/ 2t [ Z AijUg, Ve, — Re/\|v|2] dx
Q

t=

1
) / ke®te|vy | dx
Q

t=0 i,j=1 t=0

t=T

+/k‘62"t77 Re(vv) dx (6)

t=0
1. Let k(z,0) > 0 and k(z,T) < 0. Choose a number Ty so that k(x,T) <
-0 <0,te [T(),T], To<T.

We assume that £(t) =1, ¢ € [0,Tp], and & < 0, £(T) = 0. Put n(t) = —%ft +7.
In this case Lemma 2 yields

3 1
(a - §kt + ’yk>£ — k(n — 5{}) > 0o = min{4, 61, vy}

The boundary conditions (2*) and the embedding theorems validate the inequality
< [P+ Ylon| d@ e [liPaa. )
Q =t Q

where €1 = $£82. On the other hand,

’/kezVTnRe(vtf)) dx

i/k(w,0)|vt|2dx+/k(x,0)772(0)|v|2dx. (8)

Qo Qo

’/ 2,0)7(0) Re(v;0) dz| <

From (7), (8), and (6) we see that
I>/ 6—2|Uf|2+ly’yi|vg«~|2+ (—Re))y
2 g 5 2 >
5 —

+5 [ Rer = p)lof da, (9)

Qo

2

_ Letmm a2 - m] |v|2} dQ

where
p = mgX{@/éz)[lkt —a—kln

kne| + |+ ki — ar]]?e™ + €* e+ ky — ad|n} + Cey,
p2 = 2max(k(z, 0)n°(0)).
9

To derive the a priori estimate (5), we employ (9), as well as Friedrichs—Poincaré
and Holder inequalities.
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2. Let k(z,0) < 0 and k(z,T) > 0. Take a number tg such that
kE(x,t) < =61 <0, te[0,ty], 0<to<T.
Let £(t) satisfy the conditions
£€0)=0, &=0, &@)=1, telto,T]

Put n, = %{} + . Involving the Cauchy inequality with € and (6), we see that
5 - 1
I> / {Zz|vt|2 oy Y foa P+ {(— Re )y — 5—647t(1m)\)2 - Nl] |”|2} dQ, (10)
: 2
Q =1

where d; = min{d, 617} and po = 0. This inequality ensures the a priori estimate of
Lemma 2.

3. For k(x,0) < 0 and k(z,T) < 0, we assume that
k(z,t) < =61 <0, te]0,t0]U[To,T].
Let £(t) satisfy the relations
£00) =0, &=>0,tel0,to], &(t)=1,t€[to,To], & <0,te [Ty, T], &(T)=0.
Put n, = %ft + for 0 < ¢ < tg, n(t) = for t € [to, Tp], and n(t) = _%ft + 7y
for Tp <t <T. The conditions of Lemma 2 imply that

1
<a — %k’t + 'ykJ) — k‘(n — 5&) > 0 = min{d, 017, vv}.

Note that (6) and (7) validate (9) without the boundary integral over €, ps = 0.
Inequality (9) ensures (5).
4. Assume that k(x,0) > 0 and k(x,T) > 0. To justify the a priori estimate of
Lemma 2, it suffices to consider the functions £(t) = 1 and n(¢t) = 0.
In this case (6) yields (10), where d2 = J, pg = 0, and
e4’yT
=55 mgx|c+ ke — aq)?.

Lemma 2 is proven.

Theorem 1. Assume that the conditions of Lemmas 1 and 2 are fulfilled and
A € D(8,7,¢c0) N D*(62,7, p1, u2). Then, for every f € Lo(Q), there exists a unique
strong solution in D(A — AE) to (1), (2).

PROOF. The a priori estimate (5) implies that N(A* — AE) = 0. As a direct
consequence, we have R(A — AE) = Ly(Q). On the other hand, the a priori estimate
(4) yields R(A — AE) = R(A — AE). Hence, the equation Au — Au = f is always
solvable. The uniqueness results from Lemma 1. Theorem 1 is proven.

Note that a strong solution in D(A— AE) to (1), (2) whose existence is provided

by Theorem 1 is a generalized solution in W (Q) to (1), (2).
The boundary value problem adjoint to (1), (2) is of the form

L*'v — M =g(x,t), (z,t) €Q, (1%)

with the boundary conditions (2%*).
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Theorem 2. Assume that the conditions of Lemmas 1 and 2 are fulfilled and
A€ D(8,7,co) N D*(62,7, p1, e). Then, for every g € Lo(Q), there exists a unique
strong solution in D(A* — AE) to (1*), (2%).

The proof of Theorem 2 is in line with that of Theorem 1. Note that the results
of Theorem 1 in the real case were obtained by V. N. Vragov in [8] under some
stronger requirements on the coefficients of (1) and the surface S.

Following [2], we introduce the energy classes
VH(Q) = D(A—\E), V[.(Q) = D(A* - \E)
for the operators Ay = A — AF and A} = A" — \E.

Lemma 3. Let the conditions of Theorem 1 hold. Then (A;l)* = (A3)~L.
ProOF. Theorems 1 and 2 imply that

(Azu,v) = (u, Ayv), u€ VLI(Q), v e VLl* (Q).

Put ¢ = Ayu and ¥ = A%v. In view of Theorems 1 and 2, we have the form

(0, (A1) = (A0, 0) = (0, (A7) ¥),  @¥ € La(Q),
and so (A}) My = (A;l)*z/), 1 € L2(Q). Lemma 3 is proven.

Theorem 3. Under the conditions of Lemmas 1 and 2, the following hold:

1. The boundary value problem (1), (2) is uniquely solvable in V}(Q) except at
most countably many points {\;, } with the only possible limit point A = co. Together
with Ag, the spectrum of (1), (2) contains A,. For A = Ay in the spectrum of (1),
(2), the homogeneous boundary value problem (1), (2) has a nontrivial solutions
in V}(Q) and to every My, there correspond finitely many ny, of linearly independent
solutions. -

2. The numbers {\;} and {\;} are the eigenvalues of the adjoint boundary
value problem (1*), (2*); moreover, Xy is of multiplicity ny and the corresponding
eigenfunction vy, j = 1,ny, lies in V3. For (1), (2) with A = A\, to be solvable, it
is necessary and sufficient that the orthogonality conditions (f,vy,) =0, j = 1,ng,
be valid.

ProOOF. The boundary value problem (1), (2) is equivalent to the operator
equation

Axou = Au — dou = (A — Xo)u + f. (11)

In case A\g € D(4,7,co) N D*(d2,7, 1, t2), the operator Ay, has bounded inverse
A;OI acting from Ls(Q) into V}(Q) by Theorem 1. Hence, (11) is equivalent to the
equation

uw= (A= Xo)A u+ AL f. (12)

Since the embedding of V2 (Q) in L2(Q) is compact, we conclude that Azol as an
operator from Ly(@Q) into L(Q) is compact as well. So claim 1 of Theorem 3 is
proved.

Note that the adjoint problem (1*), (2*) is equivalent to the operator equation

v=(A=X)(45,) v+ (43,) g (127)

By Lemma 3 the homogeneous equation (12*) is adjoint to the homogeneous equa-
tion (12).
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For (12) for A = \; to be solvable, it is necessary and sufficient that

(A;01f7 vkj) - 07 ] - 17nk~

Hence,
0= (f, (A1) ok,) = (£, (A3,) "vg,)

The proof of Theorem 3 is complete.
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A CONJUGATION PROBLEM FOR SOME HIGHER
ORDER NONCLASSICAL EQUATIONS. I
A. I. Kozhanov and E. F. Sharin

Abstract. This is a continuation of the authors’ article [1] which is devoted to solvabil-
ity of conjugate problems (generalized diffraction problems) for some nonclassical higher
order differential equations of composite type. We prove existence and uniqueness the-
orems of regular solutions to these problems.

Keywords: higher order differential equation of composite type, conjugation problem,
regular solution, existence, uniqueness

Introduction

The conjugation problems (generalized diffraction problems) for the equation

(=1)P D2y — h(2)uge + c(z, t)u = f(z,1) (%)

(D — 3,52227 p > 1) in the case of a strictly positive function h(z) continuous
everywhere but possibly one interior point of the domain are studied in [1]. In this
article we consider similar problems for the composite type equation

(=1)PIDP (1 — g(2)tgs) — h(2)tgs + c(z, t)u = f(z,1) (%)

in the case of a strictly positive function g(x) whereas h(z) is not necessarily positive.
Note that the necessary boundary conditions for (xx) are rather similar to those
for (%) in [2-4].

The conjugation problems or the generalized diffraction problems are studied
in mathematics and mathematical modeling for a long time (see, for instance, [5—
17]). Recall the following: The problems with the conjugate (gluing) conditions
arise naturally in the theory of mixed type equations; many articles are devoted to
their study, for instance, [18-33| (actually, considerably many articles can be pointed
out). At last, we note that, besides [1], the conjugation problems for nonclassical
differential equations are studied in [34-37].

The general conjugation problem was proposed in [1]; but the conditions on
the coefficients provide four special cases which were investigated. In this article we
discuss special cases from the very beginning.

1. Statements of the Problems

Assume that  is the interval (—1,1) of the Ox-axis and @ is the rectangle
2% (0,7),0<T < +oo. Next, assume that g(z), h(z), c(z,t), and f(z,t) are given
functions defined for z € Q and t € (0,7, and g(z) is strictly positive for z € ,

(© 2014 Kozhanov A. I. and Sharin E. F.
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a;, bi, c¢;, and d;, i = 1,4 are given reals. Put DF = %. Let L be a differential

operator whose action on a given function v(z,t) is defined as
Lv = (1) D2 (v — g(2))vze — h(2)vge + c(z, t)v

(here p > 1 is a positive integer).
Put @ = (—1,0) X (O,T), Q2 = (0,1) X (O,T), and Qp = Q1 U Q.

Conjugation Problem I. Find a solution u(x,t) to the equation

Lu = f(x,t) (1)
in Qo satisfying the boundary conditions
Dju(z,t)|,_, =0, z€(-1,00U(0,1), k=0,...,p, (2)
Diu(z,t)], =0, ze€(=1,00U(0,1), k=1,...,p—1 (3)
(for p = 1, this condition is absent),
u(=1,t) =u(l,t) =0, te(0,7T), (4)
and the conjugate conditions
u(=0,t) = a1uy(—0,t) + byuy, (+0,t), te€ (0,7), (5)
u(+0,t) = cruy(—0,t) + dyu, (+0,t), te€ (0,T). (6)

Conjugation Problem II. Find a solution u(z,t) to (1) in Qo satisfying the
boundary conditions (2)—(4), and the conjugate conditions

U’(_Ov t) - a2u(+07 t) + b2ux(_07 t)) te (07 T)) (7)
ug (+0,t) = cou(+0,t) + douy,(—0,t), te€(0,T). (8)
Conjugation Problem III. Find a solution u(x,t) to (1) in Qo satisfying the
boundary conditions (2)—(4) and the conjugate conditions
u(+0,t) = azu(—0,t) + bzu, (+0,t), te€(0,T), 9)
ug(—0,t) = cau(—0,t) + dzu,(+0,t), te€ (0,T). (10)
Conjugation Problem IV. Find a solution u(z,t) to (1) in Qo satisfying the
boundary conditions (2)—(4) and the conjugate conditions
Uy (—0,t) = agu(—0,t) + byu(+0,t), te (0,7), (11)
Ug (+0,t) = cau(—0,t) + dau(+0,t), te€(0,T). (12)
Note that Problems IT and III correspond to the classical diffraction problems,
where the gluing conditions of a solution and its gradient are imposed.

Define the space in which we study the uniqueness and existence of solutions to
Conjugation Problems I-IV. Namely, put

Vi = {v(@, 1) : v(x,t) € W5 (Q1), v(x,t) € W3y (Qa),
Ve (,1) € W5 (Q1), vaa(w,1) € Wi (Qa) }-
Endow V,,, with the norm

=

ol = (1082 guy + 0z ) + 10lmm () + NoallZzim )

Obviously, in this case V;,, becomes a Banach space.
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2. Uniqueness of Solutions

In what follows, we assume that g(—0), g(4+0), h(—0), and h(+0) are finite
for g(x) and h(z). Put

[ h(z) for ze[-1,0), [ h(z) for x€(0,1),
h(e) = { h(=0) for z—0, ha(@) = { h(+0) for z—0,
- [ g(x) for ze€[-1,0), - [ g(x) for ze(0,1),
g(@) = { g(—0) for z =0, g2(@) = { h(+0) for =z =0,
(@) 1))
Qol(x) - 91(33) ) 502( ) 92(33) :

Let 1 (x) and po(x) be representable as
p1(z) = p10(x) + p11(z),  w2(x) = pa0(z) + P21 ().

Put

G171 = Goq — Cy = mi
g1 7{%6;);091(93)7 921 0?3;92(33), 1 %lln (@)’ 0. g2(2)”

ki = sup |po1u1(x)|, k2= sup [pa1(z)l,

—1<2<0 0<z<1
my = sup |@j(z)], m2= sup |p5(z)].
—1<z<0 0<z<1

The functions v(z,t) satisfying (2) and belonging to V5, meet the inequalities

/ v dadt < M / (DPv)? dadt, / v dadt < My / (DPv)* dxdt,  (13)

Q1 Q1 Q2 Q2
/ v? dadt < M, / (DPv)? dwdt + My / v? dadt, (14)
Q1 Q1 Q1
/ v? dadt < Ny / (DPv)? dadt + Ny / v? dadt, (15)
Q2 Q2 Q2

where My is defined only by the number T', while M; and Nj are either arbitrary
positive numbers (in this case My and Ny are calculated through M; and Ny, re-
spectively, and T') or M; and Nj are defined by T' (My = 0 and Ny = 0 in this
case).

Let Ag be a number in [T, +00). Put

A1 = 2]3 —-1- klM, ()\0 — T)klM()T — mlMQT,

2p—1 MoT
Ay =L T, Ay -
g11 2
Bl = 2p —1- kgM() — ()\0 — T)kgM()T — mQMQT,
2p—1 NoT
B2: p, —mgNlT, B3:CQ—m2 2 .

g21 2
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Theorem 1. Assume that
g1(z) € CY([=1,0]), ga(x) € C([0,1]), 0 < go1 < gi(2) < gnn
for xze|-1,0], 0<go <ga(x) <ga for z€]|0,1];
hi(z) € C*([=1,0]), ha(z) € CH([0,1));
p10(x) >0 forz €|-1,0], @2(z) >0 forze]0,1];
c(z,t) € CHQ), c(x,t) >0, ci(z,t) <0 for (z,t) € Q;
ar <0, biey <0, dy >0, aidy —brey <05

©1(0) 20, ¢2(0) 20, bife1(0) — 2(0)] = 0; if 1 # 0,
_ bidipa(0) n?

then the quadratic form — ayp1(0)€2 — 2b1p2(0)én -
1

is nonnegative definite for (£,7) € R?;

A; >0, B; >0, i=1,3 A3+ A3+ A2>0, B} +BZ+B:>0.

Then Conjugation Problem I has at most one solution in Va,.

(21)

(22)

PRrOOF. First, we assume that b; # 0, ¢1 # 0, and f(z,t) is identically zero

in Q. Consider the equality

/)\0 _tLu-utdxdt+'y/ /\O_tLu-utda:dt:O,
9() g9(z)

1 Q2

(23)

where v coincides with —12—17 and )\ is as above. Integrating by parts and using (2)—

C1

(4), we conclude from (23) that

2p—1 1 p 22 2p—1 / N2
) /g(x) (Dt u) dxdt + (Dt ua:) dxdt
Q1 Q1
v(2p—1)/ 1,2 ’V(Qp—l)/ b2
g ) (DYu) dxdt+72 (DYuy)” dadt
Q2 Q2
1
+§/8010(33)Ui dxdt + %/(,020(33)11,2 dxdt
Q1 Q2
+/ c(z,t) — (Ao — t)er(x, t) 2 dadt + ’y/ c(z,t) — (Ao — t)ee(z, ) o2 dedt
9(x) 9(x)
@ Q2
Ao —T / 1 Mo =T v
0~ 2 0— 2
+ DPu(x, T)|" dx + /Dpum z,T)|" dz
2 /g(x)[ rul )] [ o )]
(M —=T) i 1 M —=T) i
7A0 — P 2 Y(Ao — » 2
+ 5 /g(a:) [DYu(z, T)]" da + 5 /[Dt ug(z,T)]" dz
0 0
do—T [ efa.) (o—T) [ et
0 — C x7t 2 Y(Ao — / c x7t 9
+ / u*(x, T) dx + u?(z,T) dx
> ) S e R e



20 A. I. Kozhanov and E. F. Sharin

—

+ {_%[Dpum( 0,8)]” + ye1 DY uy (+0,8) Dy (<0,1)
0
dq Ao —T
2 D (0.0 }dt - 00D ppu, (0,7

’)/dl ()\0 -T

+ve1(Ao — T)DPug (+0, T) DPuy (—0,T) + : ) [DPu,(+0,T)]?

T

+(p—1) /{—a1 [Dfugc(—O,t)]2 + (ye1 — b1) DY ug (+0,¢) DY ug (-0, t)
0

0
=T
+dy [ Dfug (+0, t)]g} dt + = /sﬁlo(x)ui(x» T)dx

-1

1 T
)\O — /‘PQO (z,T) d$+/{ %1(0)“3(—0775)
0

0

d 0
+yc192(0)ug (+0, t)u, (—0,t) + Mui(JrO, t)} dt

2
0 d 0
A0 (0,7) 1 rerpa(O)ua (10, Tpun(-0,1) + L2021 0,)
1
=-3 / o11(x)ul dodt — % /@21(@“2 dedt — /()\0 — 1)} (2)uau dudt
Q1 Q2 @
M —T r
—7/(/\0 — )b () gy dadt — 22— /‘Pll(x)ui(a:?T) dx
@ -t
M —=T /
_% / o1 ()2 (2, T) d. (24)

0
Taking account of (13)—(15), the elementary inequalities
0 1

/ui(a:,T) dx < T/uit dxdt, /ui(x,T) dx < T/uit dxdt,
—1 Q1 0 Q2
and the Young inequality, we can estimate the right-hand side in (24) as follows:

M — Ty MoT M,T
|:/€12 0+()\0 2)k’1 0 +m120 :|/[Dfuf]2d$dt

Q1
M T MyT
+ 5 - /[Dfu]2 dxdt + mng /u2 dxdt
Q1 Q1
+’)/ |:]<32M0 (/\() - T)k’QMOT mQM()T

D 2
5+ 5 +— ]/[Dtux] dudt
@

NT NoT
+M/[Dfu]2dxdt+ W%/UQ dxdt.

2
Q2 Q2
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This estimate, (16)—(21), and (23) yield

A A
5 | [Dfus] ? dadt + 5 / [DPu)® dadt + As / u? dudt
Q1 Q1 Q1
B B
+% /[Dfum]2 dxdt + % /[Dfu]2 dzdt + 'yBg/u? dedt <0.  (25)
Q2 Q2 Q2
This inequality and (22) imply that u(z,t) =0 in @1 and u(z,t) =0 in Q».
We assume now that b; = 0. In this case Problem I in )7 is a separate problem;
analyzing the equality

Ao —t
Lu - us dxdt = 0 26
/g(x) ' (26)

Q1
for a solution u(x,t) and using the conditions of the theorem, we infer u(z,t) = 0
in @;. Condition (6) gives rise to another problem in @2; analyzing the equality

Ao —t
Lu - us dxdt = 0 27
/g(x) ' 27)

Q2
and involving the conditions of the theorem, we infer u(x,t) =0 in Q2.
In the case of ¢; = 0, the arguments are similar.
The theorem is proven.

Theorem 2. Assume conditions (16)—(19), (22) of Theorem 1 and the condi-
tions
by <0, 220, axdy>0; (28)
©1(0) >0, ©2(0) >0, azp1(0) = p2(0)] = 0. (29)
Then Conjugation Problem II has at most one solution in Va,.

The proof of Theorem 2 is rather similar to that of Theorem 1. Namely, we
analyze (23) in which ~ coincides with 3 in the case of az 7 0 and dy # 0 or (26)
or (27) in the case of az = 0 or dy = 0.

Theorem 3. Assume that conditions (16)—(19), (22) of Theorem 1 and the
conditions

b3 >0, ¢3<0, asdz>0; (30)
©1(0) >0, ¢2(0) >0, dsp1(0) — p2(0)] =0 (31)
are fulfilled. Then Conjugation Problem III has at most one solution in Vaj,.

To demonstrate this theorem, we employ (23) where v coincides with ‘fi—i

Theorem 4. Assume that conditions (16)—(19), (22) of Theorem 1 and the
conditions

ag <0, bgea <0, dy >0, bacy < asdy; (32)
©1(0) >0, ©2(0) >0, bafp1(0) — p2(0)] =0 (33)
are fulfilled. Then Conjugation Problem IV has at most one solution in Vap,.

To justify Theorems 3 and 4, we employ the same equality (23) with numbers

as b4

v = g and —2*, respectively, or one of the equalities (26) and (27).

Caq ?
REMARK. The conditions (28), (30), and (32) can be weakened if we assume
additionally that

01(z) >me1 >0 for ze[-1,0], ¢alx)>me2>0 for z€]0,1]

(this situation is treated in [1]).



22 A. I. Kozhanov and E. F. Sharin

3. Existence of Solutions

To prove solvability of Conjugation Problems I-IV, as in [1], we apply the
method of continuation in a parameter.
Following [1], we first examine Conjugation Problem II.

Theorem 5. Assume (16)-(19), (22), (28), and (29) fulfilled. Then Conjuga-
tion Problem 11 is solvable in Vay, for every f(x,t) in Ly(Q).

PROOF. Let p be a number in [0,1]. Examine the family of problems: Find
a solution u(z,t) to the equation

Lyu= (=1)PDP (u — g()tuzs) — plh(2) Uz + c(x,t)u] = f (1)

in @Q satisfying (2)—(4) and the conditions
u(=0,t) = plagu(+0,t) + bou, (—0,t)], ¢ € (0,T), (74)
ug (+0,t) = pleau(+0,t) + daugy(—0,t)], t € (0,T). (8)

Note that this problem is solvable in V5, for i = 0, since Problem (1¢), (2)-(4), (7o),
(89p) decomposes into two independent problems for ordinary differential equations in
the variables ¢t and x whose solvability is obvious. By the method of continuation in
a parameter [38], Problem (1,), (2)-(4), (7,), (84) is solvable in V5, for all 4 in [0, 1]
whenever solutions u(z, t) to this problem satisfy an a priori estimate uniform (in p)

lullva, < Ro (34)

with a constant Ry defined only by the coefficients of L, the number 7', and the
norm of f(x,t) in L2(Q).

Demonstrate this estimate.

Assume that as # 0 and dy # 0. Examine the equality

//\O_tLu-utdxdtJr’y/)\O_tLu-utda:dt

9(z) g9(z)
Q1 Q2
J 9(z) J g(z)

(Mo and  are those of the proof of Theorem 2).

Repeating the arguments of the analysis of (23) and using (2)—(4), (7.), (84),
the conditions of the theorem, and the Young inequality, we arrive at the first a priori
estimate for a solution u(z,t) to Problem (1,), (2)-(4), (7.), (8,) of the form

fuaj 2 xat + t Uz zTat = I,
/(D )? dadt /(DP ) dzdt < R (35)
Q1 Q2

where the constant R in this estimate is defined only by the coefficients of L, the
number 7', and the norm of f(z,t) in Lo(Q). At the next step we consider the
equality

Ao —t Ao —t
/ 0 Lu-umtdxdtJr'y/ 0 Lu - Uy dxdt

g9(z) 9(z)
Q1 Q2
g(x) g(x)

Q1 Q2
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Integrating by parts and using (2)—(4), (7.), (8.), the conditions of the theorem,
and the Young inequality we see that a solution u(z,t) to Problem (1,), (2)-(4),
(74), (8,) satisfies the estimate

/ (DPuyy)? dadt + / (DPuy,)? dzdt < Ry (36)
Q1 Q2

with the constant Ry defined by the coefficients of L, the number 7', and the norm
of f(z,t) in L2(Q).
Analyzing the equality

/ Lu - DPuyy dadt + / Lu - DPug, dudt

Q1 Q2
= / [ DPuy, dedt +~ / f - DPuy, dadt,
Q1 Q2

with the use of the conditions of the theorem, (35), (36), and the Young inequality,
we infer

f,puacac 2 xdt + t Uz 2 xdt S 3,
/ (D} uys)” dadt / (D{*uqe)” dodt < R (37)
Q1 Q2

where the constant R3 is defined by the coefficients of L, the number 7', and the
norm of f(x,t) in L2(Q).

The estimates (35)—(37) imply (34). As is mentioned above, the validity of this
estimate ensures the solvability of Problem (1,,), (2)—(4), (7,), (8,) for all x in [0, 1],
in particular, for u = 1.

So, we proved the claim for as # 0 and dy # 0. If a; = 0 or d2 = 0 then in one
of the rectangles Q1 or Q2 (or in @; and Q) Conjugation Problem II turns into
a usual initial-boundary value problem whose solvability results from the a priori
estimate (34) and the method of continuation in a parameter (the derivation of (34)
in this case is similar to that as before but first we prove it in one of the rectangles
@7 or Q2 and after that in the other).

The above arguments imply that, for as = 0 or d = 0, Conjugation Problem II
is also solvable in Va),.

The theorem is proven.

Theorem 6. Let (16)-(19), (21), (30), and (31) hold. Then, for every f(x,t)
in Ly(Q), Conjugation Problem III is solvable in V).

The proof of the theorem is similar to that of Theorem 5; namely, we involve
a priori estimates and the method of continuation in a parameter.

Theorem 7. Let (16)—(22) hold. Then, for every function f(x,t) from L2(Q),
Conjugation Problem I in solvable in Va,,.

Theorem 8. Let (16)—(19), (22), (32), and (33) hold. Then, for every function
f(z,t) from Lo(Q), Conjugation Problem IV is solvable in Vay,.

The proofs of Theorems 7 and 8 are similar to those of the corresponding the-
orems in [1]; namely, we employ Theorems 5 and 6 on solvability of Conjugation
Problems II and III.
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A NUMERICAL SOLUTION OF THE
INVERSE STEFAN PROBLEM BY
INTRODUCING A DISTRIBUTED HEAT SOURCE
E. A. Krylova

Abstract. We consider the two-phase inverse Stefan problem of reconstructing the
right-hand side of the heat equation as a function of time given its spatial distribu-
tion. We propose a new method for accounting for the heat of the phase passage by
introducing a heat source distributed in a neighborhood of the phase transition bound-
ary. An algorithm is constructed for computations based on transforming the original
problem to a boundary value problem for the loaded heat equation and present examples
of simulations.

Keywords: heat of the phase passage, distributed heat source, Stefan problem, bound-
ary value problem for a loaded equation, inverse problem, reconstruction of the right-
hand side of the heat equation, mesh problem, difference scheme

Introduction

The problems of reconstructing unknown heat sources from additional temper-
ature measurements at separate points are important in the inverse problems of
mathematical physics [1-3]. In many cases the unknown is the time dependence
of the right-hand side. To approximately solve the problems of reconstructing the
unknown right-hand side, we use various approaches that rest on regularization
methods [4].

The series of studies [5,6] bases the numerical algorithms for solving inverse
problems approximately on transforming the original problem into a boundary value
problem for loaded heat equations in which a special setup of calculations reduces
the inverse problem to two direct problems. This method is used in [7] to numer-
ically solve the simplest spatially one-dimensional single-phase inverse problem of
reconstructing the variable intensivity of heat sources from their available spatial
distribution.

In this article we consider the problem of reconstructing the time dependence of
the right-hand side of a parabolic equation when the distribution in space is available.
This linear inverse problem belongs to the class of ill-posed problems of mathemat-
ical physics in the classical sense under some special assumptions on the points of
additional measurements: the source must act at the points of observation [5]. Bas-
ing on the method of [7], we construct a computational algorithm for approximately
solving the spatially one-dimensional two-phase inverse Stefan problem with a new
approach to accounting for the heat of the phase transition: we introduce a heat
source distributed in the neighborhood of the phase transition boundary [8,9].

(© 2014 Krylova E. A.
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1. Statement of the Problem

The distribution of temperature and position of the phase transition boundary
is determined by the solution to the system

oT 0 oT
015%( 1%) + f(x,t), 0<x<E), (1.1)
oT 0 oT
CQEa_x<)\28_x> + flz,t), &)<z <l (1.2)
The following conditions hold on the phase transition boundary:
ToT., @-¢@) (1.3)

Oz Oz dt
For (1.1)—(1.4) we impose boundary conditions of the third kind:

T
)\lg_a: =o(T -T¢), z=0, (1.5)
oT
— =0 =1. 1.6
0 (16)
Moreover, we impose the initial condition
T(z,0)=T¢c, 0<z<lL (1.7)

In (1.1)-(1.7) we use the following notation: c is the spatial heat capacity, A is
the heat conductivity coefficient, T and T are the temperatures of the phase tran-
sition and the surrounding medium, L is the latent heat of crystallization (melting),
« is the heat transfer coefficient, and = = £(¢) is the equation of the phase transition
boundary. The indices 1 and 2 refer to the phases with 7' > T, and T' < T.

The direct problem is stated as (1.1)—(1.7). In this article we consider the
inverse problem in which, apart from T'(z,t), the right-hand side f(z,t) of (1.1),
(1.2) is unknown.

Assume that we can express f(z,t) as

[z, t) = en(t)y(x), (1.8)

where ¥(x) is a known function and 7(t) is the time dependence of the source.
We reconstruct this dependence from the additional observation of T'(x,t) at some
interior point 0 < z* < [:

T(z*,t) = o(t). (1.9)
We solve the problem of reconstructing the time dependence of the right-hand side of
the parabolic equation with known spatial distribution while imposing the following
restrictions:

(1) () £ 0;

(2) ¥(z) is sufficiently smooth (¢ € C?[0,1]);

(3) to simplify exposition, ¢(z) = 0 on the boundary of the computational
domain.

The first assumption merits particular attention: a source is acting at the
point z* of observation. Precisely this makes the identification problem well-posed,
meaning a continuous dependence of the solution on the initial data, right-hand side,
and measurements at the interior point.
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2. The Method of Introducing a Distributed Heat Source

A number of methods are available for numerical solutions to the Stefan problem
(1.1)—(1.7). The most widely used is the method of [10,11], where the enthalpy
function is used to reduce the Stefan problem to a boundary value problem for
the heat equation with discontinuous coefficients. Constructing a difference scheme
of end-to-end computation for equations of this type, we replace the Dirac delta
function by a delta-like function on the interval (T. — A, T, + A). Moreover, we
approximate the enthalpy function by various continuous functions on this interval.
Approximation by the unit Heaviside function instead of the enthalpy function is
considered in [12]. These methods assume that the phase transition of crystallization
starts at a certain temperature above the crystallization temperature.

To numerically solve the inverse Stefan problem, we propose in this article
to modify the approach to accounting for the heat of the phase transition. Our
approach describes the real process of heat release on the phase transition boundary
more precisely thanks to the introduction of a heat source [8] distributed in the
neighborhood (T, — A, Ty| (toward the forming phase). To this end, we introduce
a piecewise continuous nonnegative function satisfying the following conditions:

(1) v(T) is defined on the entire range of temperatures, is nonzero on the interval
(T — A, T.), and vanishes identically outside it;

(2) v(Ty) = 1;

(3) 8v <0 for T € (T, — A, Ty).

Proposition. Ifv(T) satisfies these conditions then we can replace (1.1), (1.2),
and (1.4) by the single equation (2.1) on the whole domain 0 < x < I:
or o (., 0T ov
C o2\ Y 2.1
i 3x<)\8x)+ TINEARS 21)

where ¢ = ¢; and A\ = A\ for T > T,, while c = co and A = Ay for T < T.

PROOF. The proof of the proposition, by using the method of [10], appears
in [8,9]: in [8] in the case of a one-dimensional domain and vanishing right-hand
sides of (1.1) and (1.2) (f(x,t) = 0); in [9] in the case of a two-dimensional domain
and f(z,t) # 0.

As functions of temperature, the coefficients of (2.1) have discontinuities at
T = T, and are undefined at the point. Combine the last term on the right-hand
side with left-hand side. Then the effective heat capacity ¢ — Lj—; has discontinuities
at T =T, and T = T, + A. Using this, we rearrange (2.1) as

oT o (~0T
— — [\ = 2.2
“Bi 8x(/\8x>+f’ (22)
where the coeflicients are defined on the whole range of temperatures as
C2 lf T S T* — A,
¢y — LL ifT, —A<T<T,,
T S (23)
0.5(61 +02) —Lﬁ it T =Ty,
C1 lf T Z T*,
A1 ifT <T,— A,

A=< AL +X)/2= Qo+ AT —T)/2A T, —A<T<T,+A, (24)
A2 T >T, + A.
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We approximate the heat conductivity coefficient by a continuous function.
We can also extend it by analogy with the heat capacity coefficient. Since the
temperature field is most sensitive to the value of the heat capacity coefficient, we
must extend it to correspond most precisely to the real phase transition process.
This explains our choice of the function ¢ in the above form.

Thus, the direct problem (1.1)—(1.7) reduces to (2.2) with the boundary condi-
tions (1.5) and (1.6), as well as the initial condition (1.7).

Choosing the function v(7T'), we must take into account the direction of the
process: does the phase transition result from lowering or raising the temperature?
We must choose v(T") to be nonvanishing on the domain of forming phase.

Our numerical solution of the inverse problem under consideration uses the
method of [5, 7], which amounts to reducing the inverse problem to a boundary value
problem for a loaded equation and constructing a difference scheme and a nonlocal
mesh problem to implement it.

3. Reducing the Inverse Problem to a Boundary
Value Problem for the Loaded Equation

Seek a solution to the inverse problem as

T(z,t) = 6()Y(z) + w(x, 1), (3.1)
where
t
= /77(3) ds. (3.2)
Inserting (1.8), (1.9), and (3.2 ) into (2.2) yields the equatlon for w(z,t):
~8w B ('w
Taking (3.2) into account, we see that (1.9) leads to the expression
1
0(t) = ——(p(t) — w(z*,t 3.4
(t) Mm*)(@() (z7,1)) (3-4)
for the unknown 6(t). Inserting (3.4) into (3.3) yields the required loaded parabolic
equation
Ow 0 (70w 1 ('w
S = B2 ()\ 83:) + o) ((p(t) w(z* t)) 833( 83:) (3.5)

By the assumptions on the right-hand side along the boundary, the boundary
condition is

S\Gwa(g,t = a(w(0,t) + T¢), 81“(;2 Do o<t<to (3.6)
It follows from (3.2) that the auxiliary function 6(¢) satisfies
6(0) =0, (3.7)
which enables us to use the initial condition
w(z,0) =Tc, 0<z<l. (3.8)

Therefore, we state the inverse problem (2.2), (1.5)—(1.7) as a boundary value
problem for the loaded equations (3.5)—(3.8) with the expression (3.2), (3.4) for the
unknown time dependence of the source.
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4. The Difference Scheme

Take the uniform mesh @ with meshsize h along x. Denote by z; = ih for
i=0,1,...,N with Nh = [ the nodes of this mesh and assume that v = v; = v(x;).
For simplicity, assume that the point x = x* of observation coincides with the interior
node corresponding to the index i = k.

To pass from one temporal layer t; = j7, where j = 0,1,...,50 and 7 > 0,
to the next layer ¢;, 1, we use a purely implicit difference scheme for (3.5). At the
interior nodes of the spatial mesh we have

i+1 _ 7 . ) )
5% = (awl™) + wi(w“ —wl ™) (avs)e. (4.1)
k

For problems with sufficiently smooth coefficient A put a; = A-0,5(z; + x4-1)-
Approximating (3.6) and (3.8), we obtain

~ W — W 1
PRt - 0 7a(w(j)+ —Tc),

G+l gt

——— =0, =01 50—, (4.2)
W) =Te, i=1,2,...,N—1. (4.3)

From the solution to the difference problem (4.1)—(4.3), in accordance with (3.4)

define
1

i i -1 . .
Gﬁlzﬁ(gﬁﬁl—wﬁ ), i=0,1,...,50—1, (4.4)
complementing these relations by the condition §° = 0 (see (3.7)). Taking (3.2) into
account, for the required time dependence of the right-hand side we use the simplest
numerical differentiation procedure:

, @i+l _ gi ] ]
nﬁl:f7 j=0,1,...,50— 1. (4.5)
It is necessary to dwell particularly on the questions of solving the mesh problem

in order to implement the implicit scheme under consideration.

5. The Nonlocal Mesh Problem
and Software Implementation

Even though the mesh problem on the new temporal layer is nonstandard (non-
local), the implementation of the scheme (4.1)—(4.3) encounters no particular diffi-
culties. Following the method of [5, 7], write down (4.1) at the interior nodes as

Wit . 1 . ,
e (awﬁz+ )“ + —(az)ewl "t =gl (5.1)

T (o

with a prescribed right-hand side g/ and boundary conditions (4.2). Seek the solution
to (4.2), (5.1) as

J+1

wj :yﬂrwiﬂzi, 1=0,1,...,N. (5.2)
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Inserting (5.2) into (5.1) enables us to state for the auxiliary functions y; and z; the
mesh problems

~Yi

(2 —(ayz)ei — g, i=1,2,...,N —1, (5.3)
T
AR —a(y - Te), MEH o, (5.4)
h h
i 1 .
E2 —(azz)ei + —(a¥s)e; =0, i=1,2,... N —1, (5.5)
T (0
et - 0 az, —XZN_h& —0. (5.6)
Then, taking (5.2) into account, we find
J+1 Yk 5
wy, R (5.7)

The algorithm is guaranteed to be correct since the denominator in (5.7) never
vanishes. By the maximum principle for difference schemes, for the mesh problem
(5.5), (5.6) we establish the a priori estimate

1
(o
Thus, |z| < 1 for sufficiently small 7 = O(1); that is, we must use small time steps.

We obtain the algorithm for solving our inverse problem numerically. At each
time step, successively perform the following calculations:

(1) Given the previous distribution of temperature, choose the parameter A to
smooth out the discontinuous coefficients ¢ and \ so that the smoothing interval (T, —
A, T,] includes the values of temperature at least at two neighboring nodes on the
opposite sides of the phase transition boundary. If none of the values of temperature
at the nodes belongs to this interval then we will determine the temperature field
while ignoring the heat release of the phase transition.

(2) Introduce the distributed source function v(T") satisfying the hypotheses
of the proposition and use it to determine the values of the discontinuous coeffi-
cients ¢ and A in accordance with (2.3) and (2.4).

(3) Solve the auxiliary mesh problems: (5.3), (5.4) for y and (5.5), (5.6) for z.

(4) Successively determine the values of w/ ™" using (5.7), w/*" using (5.2),
and 6711 using (4.4).

(5) Reconstruct the unknown time dependence 17 "1 of the right-hand side us-
ing (4.5).

(6) Use (3.1) to find the temperature field for the current temporal layer and
assign it to the previous distribution of temperature.

(7) Iterate (1)—(6) until the condition

|Ts(x,t) — T(x,t)] <o

max |z;| <7 max
0<i<N 0<i<N

(az)z,i-

becomes true, where ¢ is the accuracy threshold, and T'(z,t) is the solution to the
problem. Then proceed to the next time layer.

We used this algorithm to run simulations. In the framework of the concept of
quasireal experiments we consider the direct problem (2.2), (1.5)—(1.7) with a pre-
scribed right-hand side (1.8), where

t, if0<t<0.6, . [Tz
i) = { 0, ift> 0.6, Y() = sin (T)
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We consider two variants for v(7T):

(1) v(T) =1+ =55

(2) v(T) = exp(0.69(T. — T + A)/A) — 1.

We solve this problem with the following values of the parameters:
c1 = 2814 kJ/m* K, \; = 6.3 kJ/m-h-K, co = 2016 kJ/m*K, X2 = 8.4 kJ/m-h-K,
T, = 0°C, Te = —25°C, L = 0.4175 - 10% kJ/m?, a = 83.5 kJ/m>h-K, [ = 0.1 m,
N =100, k = 40, and 7 = 0.0125.

To solve the inverse problem (3.1)—(3.8), we determine the additional observa-
tion function ¢(t) from the values of T'(z,t) at the point * = 0.6 found as the
solution to the direct problem.

To check that the algorithm is correct, we compare the computed results for
the inverse problem with the results of the direct problem.

Table 1

Nodes 0 5 10 20 30 40 50

T1, °C | —0.210 |1.481 |3.007 |5.611 |7.445 |8.481 |8.805
Ty, °C |—0.262 [1.589 |3.178 |5.701 |7.376 |8.411 |8.814
T1, °C [—0.210 |[1.584 |3.070 |5.632 |7.450 |8.482 |8.806
T3,°C |—0.261 [1.593 |3.184 |5.711 |7.385 |8.416 |8.816
T1, °C |—0.312 [ 1.404 |2.961 |5.598 |7.441 |8.480 |8.805
Ty, °C | —0.262 [ 1.587 |3.174 |5.694 |7.368 |8.403 |8.799

| U [ W N

Table 1 shows the computed results at the nodes for jo = 50 (¢t = 0.625 hours).
In the first two rows we compare the values of temperature which are obtained by
solving the direct problem (73) and the inverse problem (7%) for the first form of
the function v(T"); in rows 3 and 4, the results of the direct problem (7}) and the
inverse problem (7T%) for the second form of the function v(T); in rows 5 and 6, the
results of the direct problem (77) and the inverse problem (7}) for the traditional
smoothing-out method.

It is clear from the table that the values of temperature obtained using the
traditional smoothing-out method (rows 5 and 6) are below the values obtained by
the proposed method of introducing a distributed heat source. The reason is the
chosen value of the spatial heat capacity, which in the traditional smoothing-out
method is greater than the actual value.

T,°C

Lo =4 N W A O D N @ ©

PRI SR BN RI BRI |
0.025 0.05 0.075 0.1
x, m

Fig. 1. Distribution of temperature (§ = 0.5)
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Fig. 1 depicts the distribution of the temperature field obtained by solving the

inverse problem with v(T") = 1 + LT at various times, where § is the accuracy
threshold.

The data computed for various accuracy thresholds illustrates the well-posed-

ness of the inverse problem under consideration and the proposed method of ac-
counting for the heat of the phase transition. Fig. 2 depicts on the left the solution
for 06 = 0.75, and on the right for 6 = 0.25. As the accuracy threshold decreases, the
solution is reconstructed more precisely.

10.

11.

12.

T,°C
T,°C

NI BT R TR STI SATS s | PR BTSRRI TR R |
0.025 0.05 0.075 0.1 0.025 0.05 0.075 0.1
t=90c. x, m t=90c xm

Fig. 2. Distribution of temperature for various accuracy thresholds
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STUDYING CONTACT PARABOLIC BOUNDARY
VALUE PROBLEMS IN HOLDER SPACES
S. V. Popov and L. Yu. Tkachenko

Abstract. We examine forward-backward parabolic equations of the second order with
gluing conditions containing functions of variables ¢ € [0, T] with the use of the theory
of singular integral equations. Solvability is established of boundary value problems
in Holder spaces. We also demonstrate that the Holder classes of solutions depend
on a noninteger Holder exponent and the signs of coefficients occurring in the gluing
conditions at the ends of the interval |0, T] provided that some necessary and sufficient
conditions on the input data of the problem are fulfilled.

Keywords: forward-backward parabolic equation, gluing condition, well-posedness,
Holder space, singular integral equation

In [1] there is proposed a unified approach to constructing conjugate models for
different physical processes; among them heat transfer in inhomogeneous media
(problems of diffraction type), interaction of filtration and channel flows of fluids
(filtration in a borehole), reverse flow in a boundary layer after the separation point,
etc. In particular, the solvability is established in [2-4] of boundary value problems
for forward-backward parabolic equations in Holder spaces in domains with the in-
terface modeling opposite cocurrent flows. In this article we examine the general case
with an interface of two media, namely, the forward-backward parabolic equations
with gluing conditions containing coefficients depending on time.
In a domain @ = 2 x (0,7, 2 = R, we consider the equation

g(x)us = uge, g(x)=sgnuz. (1)

A solution to (1) is sought in the Holder space H”?/?(Q%), Q* = R* x (0,T),
p=2l+,0 <~ <1, and it satisfies the initial conditions

U(Z‘,O) - @1(1‘)7 T > 07 U(QS,T) - 902(‘2:)7 T < 07 (2)
and the gluing conditions
u(_oat) - u(+07t)7 a(t) 'ua:(_oat) - um(+07t)7 (3)
where [ > 1 is an integer, ¢1(x), p2(x), and a(t) are given functions defined for
zeR, te0,T].
For convenience, we replace (1) with the system of equations

Up = Uy, U = UG (4)

in Q. The initial conditions and the gluing conditions are rewritten as

ul(x,0) = p1(z), ©*(z,T) = @a(zx), >0, (5)
ur(0,t) = u?(0,t), wl(0,t) +a(t)-u2(0,t) = 0. (6)

(© 2014 Popov S. V. and Tkachenko L. Yu.
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Assume that ¢;(x) € HP?(R), i = 1,2. In this case

wi(z,1) = 2\/_/ ( ;f)Q)sol(f)d&,

lot) = g s / o (- S (o)

are solutions to (4) satisfying (5) in R. In our method we employ the following
integral representations for solutions of the system of equations (4):

Lo, t) \F/ ( t_T))(t—T)—%a(r)dr+wl(x,t),

u?(z,t) = ﬁf/ exp(— %)(T—t)_%ﬁ(T)dTerQ(x,t).

The functions, defined by (8), meet (5) and (4).

In accord with [5,6], the functions u*(x,t), k = 1,2, belong to Hf’f/Q(Qﬂ
whenever the unknown densities a(t) and §(t) lie in H®=1/2(0,T); in this case we
have that

(7)

o (0) = E(T) =0, s=0,...,1—1. 9)
Using (6), we arrive at the system of equations for «(t) and 5(¢):
¢
o) _gr - [ BD_gr
({ (t—T)z f (r—t)% 7+ ®o(t), (10)

a(t) + a(t)B(t) = 21 (t),
where
(b()(t) = ﬁ(WQ(O, t) — W1 (0, t)), @1(15) = a(t) Wy (0, t) -+ wlx(O, t).

If we invert the first equation in (10) with the use of the celebrated Abel inver-
sion formulas, we find that

1T 1/2[3() 75<I>()
aft) — L [ (2)/2L9) gr 2o(r)_g4
= ) Sa e (1)

alt) + a(t)B(t) = @1 ().
Put Fy(t) = <I>§S><t> —a{(0),

As is easily seen, F. '(t) and F\~'(t) belong to the Holder space with exponent
(14 7)/2; in this case F. -1 (t) = FI=1(t) = Ot *+7)/2) for small t.
If we assume that o(t) and 3(t) belong to H®~1/2(0,T) then (11) yields

/5_/ 7= —ndp(0), a(0)B(0) = &, (0). (12)
0
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Assuming (12), we can rewrite (11) as

Ty 1/2 p(r) 1/2 0
{ a(t) = £ [ (£)7755 dr = 204(0)¢1? + Fg (1),

s

a(t) +a(t)B(t) — a(0)B(0) = FY(1).
Introduce the new unknowns §(t) = (t) — B(0)Z= in (13). In this case (13) is
representable as

(13)

T _
alt) =+ ()3 ar

= 20,(0)¢"/% + FY(t) — 1p(0)F(— 1,1, 3; L)( -

s

a(t) +a(t)B(t) = a(t)B(0) 4 — B(0)[a(t) — a(0)] + FY (D).

If I > 1 then differentiate (14) to see that
T
Oél(t) — %(t_% g‘ md7+2t_ at I%dT
= —2B(0)F(—%,1,3; L)(tT)"2 + @), (O)t‘i + 20y (02 + Fi (1), (15)
[~

B(t) + B(0) £ — B(0)]
+a(t)B(0) 4 + @] (())+F (t).

il
~—
W=

Using this system, we infer
B(r
/ S dr = Z=(0) = 204(0),

a(0)p’ (0) +d(0)8(0) = (a(t)B(t))'[t=0 = ©7(0).
Now (15) under the conditions (16) for 5(T) = 0 is rewritten as

{ )= L (8P e owg0)d B,
0
'(t) + (a()BE) — (@®)B()) =0 = F1(t).

(
Note that (17) are of the same form as (13). It is easy to check that under the
conditions

T 56 (1) (0) =T s
J‘ BY¥(7) -,—i/2 (0) =7 dr = %ﬁ(s) (0) _ 27T<I)((Jk+1)(0),
0

(17)

s=1,...,1—2, (18)
(a(®)B(6) D ],o = @1V (0), BEN(T) =0

we obtain the system of equations

T -
Q00 = 1 [ (1) PSR dr = 2000+ )
"0 (19)
o= () + (a()B() ") = (a®)B1)) Vo = Fi (1)
Introduce the new unknown function 3¢=1(¢) = gU-1(t) — BU=1(0) L. In this
case (19) is rewritten as

T S(l—
Q) = 1 [ () E dr = 20 0
0
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where

-1
P(t) =Y Cfa® ()8R (1),
k=1

Since o'V (¢) and BV (t) € HI+7)/2(0,T), it is necessary that

T .
(1-1) 4
T dr = 0 0) -0l @)

In this case we arrive at the system of equations

0

T a(l— — =
D) - L[ (4 ar =y ),
0

(22)
p -1
a0 +a(t)3N () = Fy (1),
where
Fl) = Fi-1() - 20 IEPESANNIIEAE
Fot - m0 - 20000 |F( - 35 ) -1 (5)
=l _ _ t
Fy(t) = B (t) = P(t) + P(0) — a(t) 3"~V (0)
belong to H(*")/2(0,T) and
Fy () =F ()= 0t/
for small ¢.
Excluding o'~ (¢) in (22), we derive the singular equation
T .
. 1 t\¥2 G017
i w1 [ (1) S (23)
T T T—1

for B (t), where Q(t) = Fy () — Fy  (t).

We treat the singular integral equation (23) as an equation for Sy (t) = pU=1 (t) t%.
Find solutions Sy (t) unbounded for ¢ = 0 (with singularity less than 1) and bounded
for t = T. To this end, we introduce the piecewise holomorphic function (see [7,8])

L[ folr)

o\T

\Ij(z):%'i T—2Z
0

dr.

By Sokhotskii-Plemelj formulas, (23) is equivalent to the Riemann problem
t)—1 t
alf) () + 3L).7 te(0,7),
a(t) +i t2 (a(t) + 1) (24)
UH(t) =0 (1), te(-00,0)U(0,+00),

U (t) =

under the additional condition ¥(co) = 0. Note that G(t) = 28; and

a(t) —i) = —2mif, a(t) >0,
la(t)| +14) =270, alt) <O,

2 arg(
logG(t) = { 2 arg(

where 6(t) = Ltan™! \a(lt)|'
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At the endpoints of the segment of integration [0, 7| we have the representation

T

L. / log G(7) dr _logG.(O) log # + 0(2),
2711 T—2z 2711
0

T
L / log G(7) ir log G(T) log(z — T) + vr(2),

21 T—2Z 211
0

where y0(z) and v (z) are bounded in some neighborhood of the endpoints of [0, 7.

We have the following four different cases: 1) a(0) and a(7") are positive; 2) a(0)
and a(T) are negative; 3) a(0) is positive and a(T) is negative; 4) a(0) is negative
and a(T) is positive.

In cases 1 and 2 we assume that a(t) is of the same sign for ¢ € [0,T] and in
cases 3 and 4 that a(t) changes sigh only at one point ¢y € [0, T.

Put 6; = 6(0) and 6, = 6(T"). In the above class, the canonical function is as
follows: in case 1

T
2)=z"Yz—=Texp [ — o(7) ) =271 =) %20, (2), x=0,
W) == Ty O/T‘Zd> (e 1) O (z), %= 0
in case 2
T
Z) = ex G(T)T*zlz— *wa(z), »=0,
X(2) ep(o/r_zd> (e TV un(z), 2= 0
in case 3 " .
X(Z)Zl(z—to)eXp(—/f(_T)z dT*/f(_T)Z dr)

and in case 4

x(2) = (z—T)exp (] 6(r) dT—/T@dT> =N (T 20 (2), = 1.
0

T—2 T—2z
to
Note that wi(z) = exp(70(z)) near the point z = 0 and wi(z) = exp(yr(2)) near the
point z =T.
By the general theory |7, 8], each solution to (24) is of the form

U(z) = x(2)2(2) (25)
and in case 4 (» = —1) some solution exists under the additional condition
Q) 4, (26)
T2x(7)

where
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In this case a solution to (23) is representable as

T

St o (- 209060 ndr__
BN =t () - 0) - 11 a2(t) +a2 0/73/2 C T—t) 27)
ie.,
T
~ ah)Q)  t/FO(T — )l 92w1 Q(r)dr
B (4) = 1+ a2(h) (1 +a2 0/ 712500 (T — 1) 1020, (7)(7 — 1)
(28)
in case 1,
gy alDQ) BT () [ Q(r)dr
gt )(t) 1+ a2(t) (1 + a2(t)) 0/ 73/2=00(T — 7)0205(7) (T — 1) (29)
in case 2,
T
21y oOQE) /AT — ¢ 92&)3 Q(7)dr
B0 = 14 a?(t) (1 + a?(t) 0/ T1/2400(T — 1)0203(7) (T — 1) (30)
in case 3, and
-1y aBQE) | E2O(T — )% (t — to)wa(t)
BI) = 1+ a2(t) (1 + a?(t)) -
T
Q(r)dr
/ PO — )12 (r — ta)wa(r) (7 — ) 31

in case 4. Since Q(t) belongs to H1+7)/2(0,T), the functions 3¢~ (t) of the for-
mulas (28)—(31) satisfy the Holder condition with exponent HTV at all points of the
contour (0,7). Examine their behavior at the endpoints of the contour. By the
formula describing the behavior of the Cauchy-type integral at the endpoints of the
integration contour [8, p. 76|, we can easily check that 3(¢—1(0) = f¢=1(T) = 0.

Next, to complete the study of their behavior at the endpoints of the contour, we
apply the Muskheleshvili-Tersenov lemma [8, pp. 82-86; 2, pp. 14-17]. This lemma
in case 1 implies that if §; + 6 > L then 30~ () in (28) satisfies the Holder condition
with exponent HTV for 0 < v < 1 — 2605, with exponent 1 — 05 for 1 — 205 < v < 1,
and with exponent 1 — 0y — e for v = 1 —205. Moreover, if 6 + 05 < % then B(l_l) (t)
satisfies the Holder condition with exponent HTV for 0 < v < 26, with exponent
% + 6; for 260, < v < 1, and with exponent =+ 60, — e for v = 26;.

In cases 2 and 3 the inequality 02 < H—'y in (29) and (30) imply that S¢=1) (t)
satisfies the Holder condition with exponent 05. If we additionally assume that

T
/ # dr =0, (32)
J AT =)

then 30~V (t) satisfies the Holder condition with exponent HT” forall 0 <~y < 1.
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In case 4 the function S0~ (t) in (31) satisfies the Holder condition with ex-
ponent HTV for 0 < v < 1 — 265, with exponent 1 — 6, for 1 — 260, < v < 1, and with
exponent 1 — 0y — ¢ for v =1 — 26s.

Thus, under the conditions (12), (16), (18), and (21) of the form

T
[ 25 dr = —1®(0),
0
T _ T—r s 33
f 8 o T 5 — %5(5)(0) o 27_‘_(1)8 +1)(0), (33)
0
s=0,1,....0—1, B*(TY=0, k=0,1,...,1—2,
we obtain a function B(t) from the Holder space such that
(a®BE) =0 = 2{(0), s =0,1,....0—1, (@) =0, (34)

The values of 3(*)(0) in (33) are uniquely defined by (34) and the values of (%) (t)
with the use of the Taylor formula

t

B () § il 0 tk R /(t—T)l—Q—Sﬁﬂ—U(T) dr, s =0,1,...,1=2
(k- EPED] ’ T
= 0

In this case the conditions ) (T") = 0 hold for k = 0,1,...,1 — 2 if and only if

T

k_s)'T’H 1—2—3'/ 2o (dr, s =0,1,...,01—2.
0

(35)

Inserting the above functions 5(*)(¢) in the first I conditions in (33), we infer

T 1
(lj2)! [ dr [(1 = 0) 72807 (o7) do
0 0

1=2 sk gypk+1/2
- = 2 St — )

T 1
7“72175)! Ole73’5/2 dr Of(l —0)2=530=D (o7) do

(k) k—s—1/2 s
- Z [Z s()o‘): s—1/2) 271—(1)8 Jr1)(0)7 8:07~~~7l_1~
(36)

Note that 3¢=1(t) can be determined from (27).
Therefore, we have proved the following theorems:

Theorem 1. Assume that 1,05 € HP, p = 2l + 7, a(t) € C'1([0,T]), and
a(t) > 0 for t € [0,T]. Then, under the 2l conditions (35) and (36), there exists
a unique solution to (1), satisfying (2) and (3) from the space

1) H??/? if 0 < v < min{26y,1 — 26,};

2) HY? ¢ =20+ min{26;,1 — 26,} if min{26;,1 — 26,} < v < 1;

3) H=09/2 i o — min{20y,1 — 205}, where the positive constant ¢ is arbi-
trarily small.
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Theorem 2. Assume that 1,0 € HP, p = 21 + v, a(t) € C'=1([0,T)),
a(0) < 0, a(T) > 0, and a(t) changes sign at one point. Then under the 2[ + 1
conditions (26), (35), and (36), there exists a solution to (1) satisfying (2) and (3)
from the space

1) HPP2 30 < v < 1 — 20y

2) HEY2 g =21 +1—20,, if 1 — 20, < y < 1;

3) H97={479)/2 jf o — 1 — 20, where the positive constant ¢ is arbitrarily small.

Theorem 3. Assume that ¢1,p2 € HP, p = 2l + v, a(t) € C'=1([0,T]) and
a(t) < 0 for t € [0,T] or a(0) > 0, a(T) < 0, and a(t) changes sign at one point.
Then under the conditions (32), (35), (36) (thus we have 2] + 1 conditions) there
exists a solution to (1) satisfying (2) and (3) from HPP2,

Tt

REMARK 1. Under the conditions (35) and (36) (2[), a solution to (1)-(3)
obtained in Theorem 3 belongs to the wider space Hf‘lvﬁ”‘”” (QF).

REMARK 2. Solutions to (1)—(3) in Theorems 1-3 depend on the index s of
the Riemann problem (24) provided that a(t) changes sign at an arbitrary number
of points ¢ € [0, T7.
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THE EQUILIBRIUM PROBLEM
FOR A VISCOELASTIC BODY
WITH A THIN RIGID INCLUSION
T. S. Popova

Abstract. We consider the equilibrium problem for a two-dimensional viscoelastic body
with a thin rigid inclusion. The differential statement of the problem involves an integral
condition accounting for the action of external forces on the rigid-hand part. We give
an equivalent statement with variational inequality and use it to establish the unique
solvability of the original problem. The additional properties of the solutions enable us
to simplify the interpretation of the integral condition.

Keywords: viscoelastic body, thin rigid inclusion, variational method, quasistatic prob-
lem

Consider a two-dimensional viscoelastic body occupying in its natural undeformed
state some domain © C R? with smooth boundary I' and denote by u = (u1, us) the
displacement of the points of the body.

Introduce the relations among the components of small deformation and stress
tensors as

gij(u) = 5(8@ + 8_333)’ 0ij = ijmer(u), 1,5 =1,2.

Here and henceforth we assume summation over repeated indices. The coefficients
aijr for 4,7,k,0 = 1,2 are the components of a positive definite elasticity tensor
enjoying the symmetry properties
Qijkl = Qjikl — Qklig,
aijri€réi; > col€)®, & = &i, co = const > 0.
In order to state the quasistatic problem for the equations describing a viscoelastic

medium, put
t

w(t, ) = u(t,x) + /u(T, x)dr, te(0,7T). (1)
Inserting (1) into ;5 (w(t, z)), we obtaiil the relations for o;; (¢, z):
t
0ii(t,x) = aijp(@)er (w(t, ) = aijr(x)er (u(t, ) + /aijkl (2)eg (u(r, x)) dr.
Therefore, at « € 2 we have '
t
003 () — aumen(t) + / augmen(r)dr, te (0,T).
0

These equations correspond to the law ¢ = A¢ + Ae characterizing the viscoelastic
state of the body, where v stands for differentiation with respect to time.

(© 2014 Popova T. S.
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We use (1) in the equilibrium equations as well:

_ 80” (ﬁ, Qf)

- ita y ':1727
8D o,

where f = (fi1, f2) is the vector of external forces, while we find o;;(¢, ) from the
formulas above.

Therefore, in contrast to the equilibrium equations used together with Hooke’s
law (the elastic state), in our problem we cannot calculate the components of de-
formation and stress tensors locally with respect to ¢ since they depend on the full
history of forces.

Some quasistationary boundary value problems for equations using relations
similar to (1) were studied in [1-4].

The viscoelastic body under consideration has a thin rigid inclusion whose
form is determined by a curve v C Q which is smooth nonclosed and has no self-
intersections. Denote by v = (v1, 2) the unit normal vector to v and put 2, = Q\7.

Suppose that we extend +y to intersect I" so that €2, is divided in two subdomains
Qy and Q9 with Lipschitz boundaries; furthermore, mes(I' N 9€);) # 0 for ¢ = 1, 2.

In the framework of this model, the concept of rigid inclusion is described as
follows: We introduce the space of infinitesimal rigid displacements R(vy) (cp. [5]):

R(y)={p=(p1,p2) | p(x) = Bx + C, x € 7},

0 b

where B — (—b 0

) and C = (c', ¢?) with b, c?, ¢ = const, and the space

R, = {p € L*(0,T; R(v) | p(t.2) = B(t)z + C(t) on v x (0,T)},
where B(t) is the skew-symmetric matrix whose entries are functions independent

of 2 B(t) - (_b‘zt) bg) and C(t) — (c1(1), A(1)).
Say that a viscoelastic body has a thin rigid inclusion whenever the functions u
on v x (0,T) coincide with some element of R,:

u=p" on~vyx(0,T), p’€R,.

Consider the differential statement of the equilibrium problem for a two-dimen-
sional viscoelastic body with a thin rigid inclusion without delamination.

In the cylinder Q@ = Qx (0,T) find the functions u such that u = p° onyx (0,T),
with p° € R,, and simultaneously in the cylinder Q. = ., x (0,T) find o;;, for
1,7 = 1,2, satisfying

i ta .
—aaéia(jjx) = fi(t,z), i=1,2, onQ,,
0ij(t, ) = aiju(z)en(w(t, ), 1,7 = 1,2, on@,
u(t,z) =0 onT x (0,T),

2

(2)

3)

(4)

/[aij (t,z)vjlpi(x)dy =0, pe€ R(y), for almost all ¢ € (0,T). (5)
5

Here (2) amounts to the equilibrium equations for a prescribed external load f,

and (3) describes the viscoelastic state. In these equations the components of o

and e depend on w, that is, involve integrals of the form fot u(7, z)dr. The boundary
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condition (4) determines the clamping of the body along its boundary. Condition (5)
accounts for the vector of surface forces on the curve of rigid inclusion.

The solvability of problems concerning rigid inclusions in elastic bodies, as well
as the properties of their solutions, were studied in [5-10].

Consider the bilinear form

b(u,u) = /aijklskl(u)sij(ﬁ) ds)
Q
and the function space
H, = {v=(v1,v3) € L*(0,T; H'(Q)) | v =0
onI'x (0,T), v=ponvyx(0,T), pe€ Ry}
Denote by V' the dual space of H,. Introduce the linear operator A : H, — V with
T
(Au,u) = /b(w,ﬁ) dt, ueH,.
0

Observe that in our notation

bw, i) b(u+ O/t wdr, u) _ Q/ aiye () (u(t,a:)+ j u(r, z) dT)&ij(u(t,x))dQ.

Theorem. If f(t,z) € H'(0,T; L*(Q)) and a;ji(x) € L°°(Q) for i, j, k,1 = 1,2
then problem (2)—(5) has a unique solution u(t,x) € H, and o0;;(t,z) € L*(Q.)
satisfying u,(t, z) € L*(0,T; HY(2)).

To prove this theorem, we firstly establish a lemma on the existence of the unique
solution to the problem with the operator A. Then we verify that this problem is
an equivalent statement of (2)—(5). The unique solvability of our boundary value
problem would follow. Note that [11-16] describe variational methods and their
applications to elasticity and viscoelasticity.

Lemma 1. The following problem

T
u € H,, (Au,v)://fdedt, veH, (6)
0 Q
has the unique solution u(t, x).
PRrROOF. First of all, observe that Korn’s inequality [17]

[es@u)an = alolyq, ve Q).
Q
with a constant ¢; independent of v, yields

b w) > eallulllys gy u € HA(Q). (7)

Calculating

T t

T T T T
(Au,u)O/b(w,u)dt/b(u+/udr,u) dtO/b(u,u)dt+%b<0/udt,o/udt),

0 0
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in view of (7) we obtain
(Au,u) > [|ulF, (8)
Consequently,
(Au,u)
l[ull,
i.e., A is a coercive operator. Since A is also monotone and continuous, we conclude

that A is pseudomonotone. This implies [16] that (6) has a solution. Since the
operator is strictly monotone, the solution is unique.

— +o0, |ullg, — +oo;

Let us now deduce an additional property of solutions to (6), namely, the ex-
istence of the derivative u:(t,z) in Q. This will enable us to consider (6) on the
cross-sections of the cylinder @ for fixed ¢ € (0,7T). Integration over 7 from 0 to the
current time ¢ persists in the statement on the cross-sections.

Lemma 2. If f € HY(0,T; L*(Q)) then the derivative u; € L?(0,T; H*(Q)) of
the solution to (6) exists.

ProOOF. Expand (6) as

//a”klskl ))eij(v(t)) dQdt = //f t)dQdt, veH,. (9)

For convenience, we suppress the dependence of functions on = in what follows.
Put

1L0(O) 1 _ _
HP(Q)={ve H (Q)|v=0onT, v=ponvy, p€ R(v)}

Take o > 0 and consider the function
v —u(t), be(t—at+a),
v(0) =
07 eg(t_avt+a)a

where v € H}%(Q) is a fixed element. Inserting v(f) into (9) and dividing the result
by 2a, we obtain

t+a tra
1 i . )
_O‘t/a Q/az'jkl&kl(w(t))&ij (v —wu(t)) dQdt = %t/a Q/f(t)(v —u(t)) dQdt.

Hence,

/aijklskl(w(t))sij (v—u(t))dQ = /f(t)({) —u(t))dQ2 for almost all ¢t € (0,T)
Q Q

(10)
as o — 0. Therefore,
b(w(t),v — u(t)) = /f(t)(?? —u(t)) dS2. (11)
Suppose that o — u(t + h). Then )
b(w(t), u(t + h) — u(t)) = /f(t)(u(t + ) — u(t)) dS2. (12)

Q
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Now examine (11) at ¢ + h, taking u(t) as v. We obtain

b(w(t + ), u(t) — ult + b)) — /f(t L) (ut) — u(t + b)) d. (13)
Q
Put
W(t + h) — v(t) ‘
oty = R =v® ey L [ an hs 0

h )
Adding up (12) and (13), we have

b(dhu(t) + dhu dhu /dhf dhu

Hence,
b(dpu(t), dpu(t)) = /dhf(t) dpu(t) d2 — b(dﬁu(t), dhu(t)). (14)
Q
Observe that
b(dnu(t), diu(t)) > cadiu()|s - (15)
Therefore, (14) yields
cslldnu(t)llin o) < IIdhf( 720y + Alldnu(®)ll72q)

+X|‘dﬁu(t)”Hé(Q) + Aldnu(®)l s 0)-
For sufficiently small A > 0 there exists a constant ¢4 > 0 such that
. 2
ldnu()l131 0y < ca(ldnf )7 + Hth(t)HHé(Q)) (16)

Integrate (16) over ¢ from 0 to T — h:

T—h —h

T—h T
. 2
/W%MN%MM<%(/H%N)ﬁmﬁ+/W%MW%mMO-ﬂﬂ
0 0

0
Observe that all smooth functions v(t, z) satisty

T—h

T
- 2
[ 2yt < [ 10002 at. 18)
0

0
Taking this into account, we infer from (17) that

T—h

T—h
[ laa Hm@ﬁ<u(/ﬂﬂfmmmﬁ+/u 2y dt)- (19
0

Since f;(t) € L*(Q), we can look at (18) with v = f;:

—h
G770 Syt < [ 10y .
0

o\’ﬂ
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Then
T—h

T—
h
/Hdhﬂ 2y d = /H ft1h) = 1)
0

[ [0

Consequently, (19) yields

T—h T T
[ @l e < o 15O e+ [ 10l )
0 0 0

Suppose that hg is sufficiently small, but hg > h. Then

T—ho T A
/ ldbu(®) 23 0 dt<c4(/ 1) 1320 dt+/\\u(f)”?rg<a> dt)'
0 0 0

Passing to the limit as h — 0, we obtain

2

dt
L2 ()

L2(Q)

dt = / [ 102 < / 1F(0) e .
0

T—ho T T
[ @i dt<c4( J 10 de + [ a0l 0 dt).
0 0 0

Since hg > 0 is arbitrary, it follows that

w172 0,781 ) < calll FeONIF 2y + 1w 200,701 02)))- (20)

Therefore, the derivative u;(t, z) exists; moreover, taking v = u in (9), we obtain

//a”klskl ))eij (u(t)) dQdt = //f t) dQdt.

By (7),

Hu(t)HL2(O T; Hl O(Q)) = Hf( )H%?(Q) + /\”u(t)”iz(()’T’H%O(Q))
and, for small A > 0,
B2 00229y < 51O 220
Then (20) yields
a2 0,750 )y < Ul fe@NF2q) + 1F O 2(q))-
The claim of the lemma follows.

To complete the proof of the theorem, we verify that problem (2)—(5) is equiv-
alent to (6).
PROOF OF THE THEOREM. According to Lemma 2, we can consider (6) for fixed
€ (0,7):
b(w,v) = /fv dQ

Q
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with w = w(t, z), v = v(t,x), and f = f(¢,x). Rearrange the last equation as

/aijaij(v) dQ) = /fde (21)
Q Q

Here, as above, we find o;; using (1), i.e., it involves integration from 0 to ¢. Insert
v € C§°(R), with v = p on v and p € R(7y), into (21) and integrate by parts. Then
for this t € (0,T) the equations

hold in the distribution sense.
Take v € H%’O(Q). Integrating (21) by parts yields

/[O’ijVj] vidy=0, ve€ Hi’O(Q),
v

that is, v = p on v and p(z) € R(v) for fixed t € (0,T). We have

/[O'ij (t,z)vjlpi(x)dy =0, pe R(y), foralmostallte (0,T).
v
Conversely, multiplying (2) by v € H,%’O(Q) and integrating by parts, we see
that (5) implies (6).
Thus, requiring sufficient smoothness of solutions, we know that problems (2)—
(5) and (6) are equivalent. Let us show how to give precise meaning to (5), even
though the functions o;;v; are not defined on v pointwise.
Extend 7 to an intersection with I' as indicated in the beginning of the article.
Denote the extended curve by ¥; then v C 3.
Use the Green’s formula [5, 18]

801“ _ _ _
—< 83:7 »ui> = (0ij,€ij(u))p — (0ijn;, ui)1 ap, (22)
j D

valid for all functions o;;(z) with 808”7@ € L*(D) for i,j = 1,2 and u € HY(D),
where D is a domain with Lipschitz boundary, and n = (n1,n2) is the unit vector of
outer normal to dD. The brackets (-,-)1 »p stand for the duality between the space

Hz(0D) and its dual H=2(dD).
~ Observe that (22) holds in both cases D = €; for i = 1,2 for the outer normal
n' = (ni,n%) to 0.
1
Introduce the space Hg(X) equipped with the norm

00 2 v? :
oty = (1018 o+ [ = ax)
%
|3 4, is the norm in Hz () and r(z) = dist(z, O%).
3
Assume that v is defined on ¥ and denote by v the extension of v by 0 to 9€;:

_ fw on X,
"o on 08 \ X.

where ||v|

Then & € H#(89;) if and only if v € Hg,(%).
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Fix t € (0,T). Using (22), we infer from (21) that

(%ij 1 (%ij 2
_< 8a:j y Vi o + <0—ijnj7vi>%78391 - 8.13j » Vi 0, + <Jijnj7vi>%7392 - <f7 U>Q~

By (2), we obtain

<O’Z‘jnj1‘,vi>%7aﬂl + <O-ijn?7vi>%7392 - 0

—1 1
Denoting by H,,? (2) the dual space of Hj)(X), we can express this relation as

<[Uijyjlvvi>(%o72 - 07 v E H#O(Q)v (23)

where the brackets (-,-)%’;, stand for the duality between the spaces Ho_o%(z) and
1
Hgy(%)-

10.

11.

12.

13.
14.

15.

16.

17.
18.

1
2

Thus, (5) holds for almost all ¢ € (0,7") in the sense of (23).
The proof of the theorem is complete.
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A MODIFIED BOUNDARY VALUE
PROBLEM FOR STRONGLY DEGENERATE
NONCLASSICAL DIFFERENTIAL EQUATIONS

N. R. Spiridonova

Abstract. We show that the strongly generalized nonclassical differential equations of
higher order of the form

2p
> D Fu(a, t) — Au(x,t) = f(z,t)
k=0

become well posed on releasing part of the boundary of the domain from boundary value
conditions.

Keywords: boundary value problem, nonclassical differential equations, generalized
equations, elliptic operator

Assume that Q is a bounded domain in R”™ with smooth (for simplicity, infinitely
differentiable) boundary I', Q@ = € x (0,7) is a cylinder, 0 < T < +o0, a¥(x)
(i,7=1,2,...,n), ap(z), a*(t) (k =0,1,...,2p), and f(x,t) are given functions of
€, t€[0,T],and p > 1 is an integer. Denote by D! the derivative 9! /9t' and let
A and L be the differential operators whose action on a function v(z,t) is defined as

Av = o2, (a" (z)vg,;) + ao(z)v
(here and in what follows, the repeated indices imply summation from 1 to n),
2p
Ly = Z ap(t) Dy — Av;
k=0

below the operator A is assumed to be elliptic on €.
In @ we consider the equation

Lu = f(z,t) (1)
where the unknown function is u(z, ). For these equations in [1-3], the statements
of boundary value problems are proposed and the existence and uniqueness theorems
are proven for generalized and regular solutions. The main condition of these articles
is the condition

(—1)P" [2a2p—1(t) + (1 — 2p)ah, ()] > o >0 for t € [0,T].

In this article we consider the situation when this condition fails and demon-
strate that in some case we should change the statement of the problem as compared
with that of [1-3], namely, we should reject some part of boundary conditions.

Let us proceed with the arguments and constructions for the case of p = 2.

Consider the equation

Lu = ag(t)Diu + a1 (1) D3u + ao(t)D?u + az(t) Dyu — Au = f(x,t). (2)

(© 2014 Spiridonova N. R.
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Boundary Value Problem 1. Find a solution u(z,t) to (2) in @ satisfying
u(z,t)|s =0, (3)
Dju|, =0, k=0,1,2. (4)
Boundary Value Problem II. Find a solution u(z,t) to (2) in Q) satisfy-
ing (3) and (4) and such that
Dtu|t:T = 0 (5)
Define the anisotropic Sobolev space
V = {v(z,t) 1 v(z,t) € Lo(0, T; W3(RQ)), Dfv € La(Q), k =T,4}.

Introduce the notations:

ha(t) = Sah(0) — arft),  ha(t) = 50l (1) + 301 (0) — 304(0) + as(0)
ha(t) = S04(t) = ah(t) + pea(t),  hr = af(T) ~ a(T) + ax(T)

a(0) = P\~ 1) — Sao(t),  Falt) = ha(t)(A— 1) + hs(t).

Lemma 1. Assume that u(z,t) is a solution to Problem I in V' and

f(@,t), fi(z,t) € L2(Q), (6)
a¥(z) e C*(Q), i,j=1,...,n, ap(x) € C(Q), (7)
a¥(z) = a’(x), i,j = 1,...,n, a"(x)&E > kolé|* forx € Q, ko >0, £ €R™, (8)
ap(z) < —ap <0, 9)
ao(t),as(t) € C3([0,T]), ai(t),as(t) € C3([0,T]), (10)
ap(t) <0 fortel0,T), (11)
ao(T) = ay(T) = ay(T) =0, hy >0, (12)
hi(t) >0, ha(t) >0, hs(t)>0, te]|0,T]. (13)
Then
/ﬁl(t)(D?u)Qdxdt+/ﬁg(t)(Dtu)2 dxdt+/u2 da:dtJrZ/uii dxdt < My, (14)
Q Q Q =la
3 / [ () (D2u,)® + hio(Dytin,)?] dadt + / (Au)2dadt < Ma,  (15)
=la Q
where the constants My and My are determined by the functions f(z,t), ao(t)-as(t),
a”(x), 4,5 =1,2,...,n, ag(x), and the number T.

PROOF. To justify the first estimate, we multiply (2) by (A — t)Du, A > T,
and integrate the result over Q). We find that

/Lu()\ — t)Dyu dadt = /ao(t)D;*u(A — t)Dyu dxdt + /al(t)Dfu(/\ — t)Dyu dadt
Q Q Q
+ / as(t) D2 u(\ — t)Dyu dxdt + /043 (t)Dyu(X — t) Dy dadt
Q Q
+ / Au(X — t)Dyudxdt = /f()\ — t)Dyu dxdt.
Q Q
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Integrating and taking account of (3), (4), and (12), we arrive at the equality

/ [(g%(t) - Oél(t)> A—1t)— %ao(t)} (Dfu)2 dadt
Q

+/[(_% 6(t)+;al(t)—%O/Q(t)+043(t)>()\—t)+2046/(75)—0/1(75)
Q

+%o¢2(t)} (Dyu)? dxdt — % /ag(a:)u2 dxdt

+% /aij (@) Uz, ug, dzdt + /\_TT /[ozg(T) — o (T) + ao(T)|(Dyu(z, T))? dz
Q Q

a" (2)ug, (z, T)ug, (2, T) dx — /\TT ao(2)(u(z, T))? du

Q

+(A=T)

@\

= /f(/\ — t)Dyu dxdt.
Q

Applying the Young inequality and the above notations, we infer

/ [hl(t)(/\ . gao(t)} (D?u)? dudt + / ha(E)(\ — 1) + ha(8)](Dyu)? dadt
Q Q

—% /ao(x)u2 dzdt + %/aij (T) Uz, Us; dadt + w /(D,gu(gc,T))2 dx
Q Q Q
AT )
+(A=T) /a ) ug, (x, T )ug, (x,T) dx — — aop(z)u”(z,T)dx
Q

2 <2 1
%/u da:dt+—/(/\—t)Q(th)Qda:dt+%/quxdt+ﬁ/f2dxdt
Q Q Q 2 Q

~T)83 1
+M/u2(a:,T)da:+—~/f2(a:,T,)dx
2 Q 2632’9

where 51, 52, and 03 are arbitrary positive numbers. Choosing them small and
employing (6)—(13), we arrive at (14).

To obtain the second estimate, we multiply (2) by —(A — t)Aug, A > T, and
integrate the result over Q. Thus,

— / Lu(\ — t) Auy dzdt = — / ao(t) Diu(X — t) Auy dxdt
Q Q
/ o () D3u(A — £) Aug dadt — / S(O)D2u(A — ) Ay dadt
Q Q
- / as(t)Dyu(X\ — t) Auy dedt + /Au()\ —t)Auy dedt = — / fA = t)Auy dzdt.
Q Q
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Integrating by parts, taking account of (3), (4), and (12), and applying the
Young inequality and the above notations we arrive at the inequality

/ [hl(t)()\ —t) — gag(t)} (Dfum)z dxdt + / [ (t) (X — t) + ha(t)|(Dyus, )? dadt
Q

% / (Aw)? dadt + O - 7) / (Au(z, T))? ds

Q oQ
G [ a2dedt+ L [0 2dedt + % [ (A0 dwdt + - [ 2
< (Au)* dedt + — | (A —t)° f daedt + (Au)* dedt + — [ f* dadt
2 252 2 203
Q Q Q
A—T)52 1
+%/(Au(a:,T))2ds+ﬁ/fz(a:,T)ds,
8Q g

where 04, 05, and dg are arbitrary positive numbers. Choosing them small, we
establish (15).

The lemma is proven.

Lemma 2. Assume that u(z,t) is a solution to Problem I in V', the conditions
of Lemma 1 hold, and

a3(t) < Kias(t), a3(t) < Kaoj(t)af(t), (a5(t) < Ksaj(t), 16)
ai(t) < Kya2(t)ad(t), (a)(t)? < Ksa3(t), K;>0,i=1,...,5
Then
/ a2 (t)(Diu)? drdt < M, (17)

Q

where the constant Ms is defined by the function f(x,t) and the numbers K1-Ks5.

PROOF. Multiply (2) by ag(t)Dju. In result we have

/ag(t) [Dfu]dedt = /f(x,t)ao(t)DfudxdtJr/Auao(t)Dfudxdt
Q Q Q
—/al(t)Dfuao(t)D?uda:dt—/ag(t)Dfuag(t)Dfuda:dt
Q Q
—/ag(t)Dtuao(t)Dfu dzdt.
Q

Estimate the summands on the right-hand side with the use of the Young inequality.
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52
/ag(t)[Dtu dzdt < 70 1) [Diu]? dadt + 252/]“ (z,t) dadt
Q

?/ag(t) [Dfu]Q dxdt + 252 /[Au]2 dxdt + %/ag(t) [Dfu]Q dxdt
0

Q Q Q
2

+L2 /a%(t) [Dfu]dedtJr 6—2/ 5(t)[Df ] dzdt + 12 /a%(t) [D?u]dedt
252 2 262
Q Q

1
+E/a§(t) [Dfu] dzdt + W/a%(t) [Dtu]dedt,
Q

/ a2 (t)[Diu]® dadt < 52 / a2 (t)[Diu]? dwdt + 257 / F2(x,t) dwdt
Q Q
+ = [ [Au)? dzdt + w /ag(t) [Dfu]2 dxdt
Q Q
e tnitn (18)
252t o5z o

Estimate the integral I3 as follows:

I3 = /oﬁ(t)[Dm]2 drdt = —/a%(t)quu dxdt — 2/a3(t)ag(t)thu dxdt

Q Q
52
< 54/04 t)[Diu] dxdt+—/u dxdt+52/a3( V[Dyu)? dadt
Q Q

5 / oy (6)]202 dardt,
Q

(1-02) /oﬁ(t)[Dm]2 drdt < 62 /a%(t) [thu]z dxdt

Q

(% /u dzdt + %/[ch(t)]zu2 dxdt).
’Q

Q
Fix 62 = 3. From (16) it follows that
/ 02(O)[Deu]? dudt < 52K, / o3(t)[D2u]® dadt + C(61), (19)
Q Q

where the constant C'(d4) is determined by the number 4 and the functions as(?)
and u(z,t).
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Estimate I as follows:

I = /aQ(t) [D?U]Q dxdt = —/a%(t)Dqutu dxdt — 2/a2(t)o/2(t)D?thu dxdt

Q Q
3 % (t) _ 2
2 (1) Dyudzdt — 2 | as(t)Diucs(t)Dyu dxdt
Q
% [ 2008 a5(t)
<% )[D —
<3 of (t) [Diu] ® dwdt + / 2%) dzdt

262
Q

Q
ﬁ 2 2 12 1 1 (412 2
+ 5 | 2 (t)[Dfu]” dwdt + 252 [ (8)])°[Dyu)” dzdt,
7
Q Q

(2-102) /ag(t) [Dfu]2 dzdt < 6§/a%(t) [Df’u]2 dxdt

Q

Q
T / o |Deul? dvdt + 5%/[0/2@)]2[/1“]2 dzdt.
Q Q

Let §7 = 1. From (16) it follows that

/a%(t) [thu]Q dzdt < 53/04%@) [D;o’u]2 dxdt

Q Q
K.
5 / o2 (8)[ Dyl dedt + K / 2(0)[ Dy dedt.
Q Q

Employing (19), we find that

/042(15) [D?U]Q dxdt < 53/04%(15) [Dfu]Q dxdt
Q
[ K, /a ? dedt + 0(64)]

Q
+ K3 |:(54 1 /a dxdt + 0(64)]
Q

or

/a%(t) [D?u]Q dxdt < 62/&%(25) [D?u]Q dxdt

Q Q

K
T (5_22 + KS) K183 [ ad(0)[DFu]® dedt + Ca(81, ). 2
6
Q
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Estimate I; as follows:

I = /a%(t) [Dfu]Qda:dt = —/a%(t)Dqu?u dxdt
Q Q

2

—2/al(t)a'1(t)Dqufuda:dt = —/ao(t)Dfuzlgg D?u dxdt
0

Q

-2 / a1 (t) D3uc, (t) D?u dadt,

Q
4

/a%(t) [Dfu]dedt < %/ 2(t )[Dfu] dxdt + 222 / 21 () [D?U]Qda:dt

) J ag(t)
+62 / of (t)[Dju] ? dwdt + = / [ (2) ? dadt,
Q
(1-163) / 0 [Dfu] dadt < 58 / ad(t) [Dfu]zdxdt
Q Q

1 [ai(t) 2
o5z / 20) [D2u)]? dwdt + 5 / [y (8)]?[D7u]” dadt.
Fix 63 = 1. From (16) it follows that

/a%(t) [Df’u]2 dzdt < 6§/a(2)(t) [Dfu]2 dxdt

Q Q

Ky
+< 7 4K5> /ag(t) [D?u]? dadt. (21)
Q
Estimating the first summand on the right-hand side of (20) with the use of (21),
we arrive at the inequality
/a%(t) [DEUJQ dzdt < 62 [6§ / ad(t) [Dfu]Q dxdt
Q Q
Ky 2 2 12 Ks 2 2 2 12
+ 32 +4K5 o3 (t) [Diu]” dadt| + 57 + K3 | K167 | a3(t)[Diu]” dzdt
6
Q Q

K4
+C1(64,86) = 5§5§/a§(t) [Dj}u]Qda:dt+ K 5 +4K5>56

Ky
+(62 +K3>K154:| /a%(t)[D?u]gdxdtJr01(64,56),
Q

Ky + 4K562)08 + (K3 + K362)K10262
(1 3 (K4 + 4K50§ )06 J;2(522 + K36§) 15458) /a%(t) [Dfu]Qda:dt
698

< 5252 / a2 () [Diu]? dwdt + Cy (63, 66),
Q
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sag4
20 [D2u)? dedt < 6%
Q/a?()[ ru dedt < 0202 — (K4 1 4K502)08 — (Ko + K302) 10202

X /Oé% (t) [D?U]Q dxdt + Cs (64, b6, 68) (22)
Q
Estimate (21) with the help of (22) as follows:

/ a2 (t)[DPu]® dadt < 52 / a2 (t)[Diu]? dwdt + (?2 +4K5)

Q Q
) sl
6262 — (K4 + 4K5(52)64 — (K2 + K36§)K1625§
X /Oé da:dt + 02(64, 6, 68):| /Oé% (t) [D?U]Q dxdt
Q Q
<(s2+ (K4 + 4K562)0353
- 0202 — (K4 +4K502)04 — (Ko + K302)K16362
X / ad(t) [D;*u] dzdt + C3(d4, 6, 0g). (23)
Q
Next, we estimate (19) with the use of (22) as follows:
K1636404
21\ Dyul? < 1050698
Q/ o5 (1) Dypuf drdt < ((sgag — (K 1 AK-02)08 — (K | K30 K10302
X /a%(t) [fou]2 dxdt + C4(04, d6, I3). (24)
Q

Turning back to (18) and applying (22)—(24), we have
/ag(t) [Dfu]2 dzdt < 53/043@) [Dfu]2 dxdt

Q Q
2 2 2
252/f2 (z,t dxdt+—/ Au)? dx dt+%/a%(t)[Bfu]2dxdt
Q
1

(K4+4K558)5g158 / o 12
52 £)[ D] dadt
T3:2 K 8 257 (Ka 1 4K500)08 — (Ko + K302)K10202 J oo(t)[Diu]” dx

+C5(64, d6, 58):|

1 s
6% 62(52 (K4 + 4K5(52)64 — (K2 + K36(23)K16i(5§

/ Dfu dzdt + C2(d4, 6, 58):|
Q

. 1 K,52646%
2(532) 5%(5% — (K4 -+ 4K55§)5g — (KQ -+ Kg(sg)Kl(;z(;g

X /Oé%(t) [Dfu]z dxdt + 04(54, 6, 53):| .
Q
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Assume that §; = dy = 93, 6 = 93, and §4 = Jg. In this case we find that

52
/a%(t) [Dfu]Q dxdt < 63/ 2(t )[Dfu] dzdt + - /a%(t) [Dfu]dedt
Q Q Q
(Ky +4K562)889 + 632 + K163° / 9 412
D
T [58 3T (s + AK502)58 — (K~ Kool Kol | o[ Drul” dodt
Q

[02(58) + 03(68) + Cy 58 262 /f x, t dxdt + — /(Au)2 dxdt(25)

262 62
Q
Choose dg so small that )
1 — (K1 Ky + Ky)03 > 3 (26)
‘We have
1 < 3
(Sg(l — (K4 + 4K56§)6§ - (K2 + K36§)K1(5§) (Sg '
Thus,
K 41K 62 610 612 K 520 2 510 512 520
52+ (K4 + 4K505)d5" + 65" + K103 <5§+(8+8+8)<76§.

(Sg — (K4 + 4K55§)(5§ — (K2 + K3(5§)K1(5§0
Fix 62 = ¢ and 67 = §. From (25) and (26) we obtain that

H

1 1
dg = mi ; .
® mm{:’)\/zl V2K K> +K4)}

Denote Co(ds) = (5 + %203). In this case we infer

/ a2 () [Diu]? dadt < Co(Ss) / a2 () [Diu]? dwdt + g [C2(85) + C5(88) + Ci(6s)]
Q Q
+3 [ fA(x,t)dadt + 3 [ (Au)? dzdt.
! /

Since Cy(dg) < 1, in view of (15) we justify the required estimate (17).
The lemma is proven.

Corollary. Under the conditions of Lemma 2, a solution u(x,t) to Problem I
in V satisfies the estimates

[ O0k)? + ad(0(DF)? + 30D dodt < M, (27)
Q

Z/ 2., dedt < Ms, (28)

hi=1g

where the constants My and Ms are defined by the function f(x,t) and the numbers
Ki-Ks.

Define the Sobolev space
Vo = {v(z,t) s v(z,t) € Ly (0, T; W3 (), lou (1| D %0 € Ly(Q), k= 1,3}
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Theorem 1. Let the conditions of Lemma 2 hold. Then there exists a solution
u(z,t) to Problem I in V;.

PROOF. Assume that ¢ is a positive number and L.u is an operator of the form
Leu = (ao(t) — ) Diu + oy (t)D3u + ag(t) D?u + az(t) Diu — Au — € Auy.
Consider the following family of problems: Find a solution u(z,t) to
Leu = f(x,t)
satisfying (3) and (4) and such that
Dyuly—r =0, xz €.

It follows from [1-3] that this problem has a solution u®(z,¢) from V. The
functions {u®(z,t)} satisfy the estimates

Q/ (a0 + 3e) (0 g+ Q/ halt) (D) dadt + ! o2 dadt

+(1+¢) Z/ui dzdt < Mg, (14,)
i=1

S [ (10 3) 020)? + RatDr?] o+ [
- Q

i=1 Q
+e —t) Aut dxdt < Mz, (15¢)
[
/ag(t)( dxdt+5/ao ? dwdt + /(Aut)2 dxdt < Msg, (16.)
Q Q Q
[ @ @8) + a3 (D2)” + 3O dodt < Mo, (272)

Q

Z / dadt < M. (28.)

hi=1g

We can validate these estimates with arguments of Lemmas 1 and 2 (also see the
corollary to Lemma 2). Since every Hilbert space is reflexive [4], the estimates
obtained imply that there exists a sequence of positive integers {m;} and a function
u(z,t) such that u(x,t) € Vy and as [ — oo we have

Emy

utm(x,t) — u(z,t), uim’ (z,t) = ug, (2,t),  waid; (T,1) = Usa,; (2,1), 1,5 = 1,n,

o (DD} ur ™ (2, 8) = |aw(8)| DFFue(w,t),  k =T.3,
Em, DFu™ (2,t) =0, e, Auj™ (z,t) — 0

converges weakly as m; — oo in Lo(Q). These convergences imply that wu(z,t) is
a solution to (2)—(4) in Vp.
The theorem is proven.
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Assume that a(t) (k = 0,3) are the functions (" — ¢)P* with px > 0 integers.
As is easily seen, we can find numbers py such that the conditions of Lemma 2 hold
but the condition of [1-3] fails.

Introduce the notations:

p1(t) = (o (t)on (1)) + 2a0(t)az(t),  a(t) = (a0 (t)e2(t))” + 3(ao(t)as(t))',

@3(t) = (ao(t)as(t))".

Lemma 3. Assume that u(z,t) is a solution to Problem I in V', the conditions
of Lemma 1 hold, and

01(t) <0, @2(t) >0, @3(t) <0, a1(0)>0, of(T)as(T)>0. (29)

/a%(t) (Dfu)2 dxdt + / |1 (2)] (Df’u)2 dxdt+
Q

+ / gag(t)(Dfu)dedtJr / los ()| (Dyu)? dedt < My, (30)
Q

where the constant My is defined by the functions f(x,t) and ag(t)-as(t).
PROOF. Multiplying (2) by ag(t)D}u, we obtain the equality

/a%(t) (D?u)2 dxdt + /ao(t)al(t)Dqufu dxdt + /ao(t)ag(t)D?quu dzdt

Q Q Q

+/o¢o( Yas(t)DyuDiu dxdt — /ao(t)Aquu dzdt = /f(a:,t)ozg(t)Dfu dzdt.
Q Q

Integrating by parts and involving the Young inequality and the conditions of Lem-
ma 1, we arrive at the inequality

/ao( )(Diu)? dxdt——/[ (o (t)ar () + 2a0(t)az ()] (DPu)” dadt

/ l(ao(B)az(t)” + 3(ao()as(t))] (D)’ da:dt—% / (ao(B)as(8))" (Dyu)? dadt
Q
—%/ao(O)al(O)(Df’u(x,O))gdac+ %/046'(T)ozg(T)(Dtu(gc,T))2 dx
Q Q

2 1
< %O/Oz%(t) (Dfu) dxdt + 252 /(Au)2 dxdt
Q

2
+%/ag(t)(Dfu) dxdtJrW/f x,t) dzdt,
Q

where dg and d; are arbitrary positive numbers. Choosing these constants sufficiently
small and taking (15) into account, we establish (30). The lemma is proven.
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Theorem 2. Let the conditions of Lemma 3 hold. Then there exists a solution
u(z,t) to Problem I in V;.

PROOF. Use the method of e-regularization as in the proof of Theorem 1.
We turn to solvability of Boundary Value Problem II. Assume now that
ap(t) <0 forte (0,T), ap(0) <0, ao(T)<O0. (31)

Lemma 4. Assume that u(z,t) is a solution to Problem II in V satisfying
(6)-(10), (13), and (31). Then (14) and (15) are fulfilled.

PROOF. Argue by analogy with the proof of Lemma 1.

Lemma 5. Assume that u(z,t) is a solution to Problem II in V satisfying the
conditions of Lemma 4 as well as the conditions

lp1(t)] < Crai(t), @a(t) < Caad(t), lps(t)] < Csa3(t), C; >0, i=1,3,
ao(T)on (T)E? — 200 (T2 (T)En — [(ao(T) ez (T)) + ao(T)as(T)n* >0,  (32)
ag(0) >0, (&n) € R%

Then the estimate

/a%(t) (Dfu)2 dxdt + /a%(t) (Dfu)2 dxdt
Q Q
+ / ai(t) (Dfu)zdde / a3 (t)(Dyu)? dedt < My (33)
Q Q

is fulfilled, where M5 is defined by the functions f(x,t), ag(t)—«as3(t) and the numbers
C1—Cs.

PROOF. Multiply (2) by ao(t)Dfu. Integrating by parts and involving the
Young inequality, we arrive at the inequality

/ao( ) (D)’ da:dt——/[ ao(®)an(B))’ + 200(t)an(t)] (D) dedt

/[ (ao(t)az(t)” + 3(ap(t)a (t))'](Dfu) dxdt — %/(040(t)ozg(t))”'(Dtu)2 dxdt

Q

% / ao(T)on (T)(Ddu(x, T))* da — % / a0 (0)a (0) (DPu(x, 0)? de

Q Q

_ / 00(T)as(T) D2u(z, T) Ddu(x, T) dz — % / (a0(T)an(T)) (Du(x, T))* da
Q

—% / aO(T)ag(T)(Dfu(x,T de < 2 / ? dwdt
Q
+-—= = /(Au) dxdt + ﬁ/OzQ(t)(D4u dxdt + —/f x,t) dzdt,
262 2 0 ¢ 202

Q

where dy and §; are arbitrary positive numbers. Choosing these numbers small and
taking (15) and (32) into account, we obtain (33).
The lemma is proven.
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Theorem 3. Let the conditions of Lemma 5 hold. Then there exists a solution
u(zx,t) to Problem 11 in V.

PROOF. Argue by analogy to the proof of Theorem 1.
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ON SOME NONLOCAL PROBLEMS
FOR THIRD ORDER EQUATIONS
WITH MULTIPLE CHARACTERISTICS
A. R. Khashimov and A. M. Turginov

Abstract. We consider two boundary value problems for an equation of the third or-
der with multiple characteristics and a nonlocal condition in time. In order to prove
uniqueness, we use the method of energy integrals. By the method of potentials, the
Green’s function is constructed and employed to prove the unique solvability of the prob-
lems in question. The influence is studied of the boundary conditions on smoothness of
solutions.

Keywords: third order equations with multiple characteristics, Green’s function, the
method of energy integrals, boundary value problem, nonlocal condition, integral equa-
tion

1. Introduction

In the article [1] a method of constructing fundamental solutions for equations
with multiple characteristics was elaborated, and the fundamental solutions for the
equations

u  Ou
=g~ =% )
OBy 0%u
= o " ®

were constructed. At the beginning of the 1960s, Cattabriga following the article
by Del Vecchio [1] constructed the potential theory for the above equations |2, 3].
Further, a series of boundary value problems for (1) and (2) with local and nonlocal
boundary conditions was considered in [2-13].

In the present article we consider the problems:

I. Find a regular solution u(z,t) € K, to (1) in the domain Q = {(z,t) : 0 <
x <1, 0<t<T} satistying the conditions

u(z,0) = pu(z,T), p=const, 0 <z <1, (3)

U(O,t) - 4101(t)7 ux(ovt) - @2(07 ux(Lt) - ¢(t)7 0<t<T. (4)

Here K, = {u(z,t) : u(z,t) € Co1(Q) N C2Y(Q), uw € C(Q)}.
II. Find a regular solution u(z,t) € K, to (1) in the domain Q = {(z,t) : 0 <
x <1, 0<t<T} satisfying the conditions

u(x,0) = pu(z,T), p=-const, 0 <z <1, (5)
Uz (0,8) = 01(t),  ua(0,8) = @2(t), ua(1,t) =¢(t), 0<t<T. (6)

(© 2014 Khashimov A. R. and Turginov A. M.
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Here K, = {u(z,t) : u(z,t) € Cpp () NC2(Q), uge € C(Q)}.

Note that the nonlocal problem for the equation

_Ou Ou
Lu =53 + = ot +yu =20

is studied with the other boundary conditions in [14], where to prove solvability of
the problem the authors used the method of parabolic regularization and the method
of continuation in a parameter.

At this article we use the methods of potentials.

The fundamental solutions to (1) are of the form (see [3])

U(a:—g;t—f)(t_T)éf((tx_—T;), T AE t>T, (7)
V(Z—f;t—T)(t—T)_%‘P((:_:j%)v r>§ t>T (8)

Here
o0

flz) = /cos()\3 —Az)dA, —o0 <z <00,

/ (exp(— Az) +sin(\* — Az))d\, 2> 0,
0

= (z—&)(t—T1)73.
The functions U(z — &;t — 7) and V(z — &t — 1), f(2), and ¢(z) meet the
relations (see [3])

1 1

F'(@)+32f(z) =0, ¢"(2) + 320(2) = 0, 9)

oo 0 [e'S) [e'S)

2
[t - [10-3 [r0-F [eo-0 o
o oo 0 0
t

ol U — @it = ate ) r - Za(), (1)

2m
Lolm / Uselz — at = Tal, ) dr = —2a(t), 12)
(w,t)El(TalJrO,t) / Vee(x —ast —m)a(§,7)dr =0, (13)
F(z) ~ e 27T sin (§Z%> as z — 00, (14)
" (2) ~ ciz%‘%1 sin (%z%> as z — 00, (15)

n— 2
f"(z)wc;|z|% exp(— §|z|3) as z — —oo. (16)
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2. The Main Results
Theorem 1. Let 0 < p? < exp{—T}. Then Problems I and II have at most
one solution.

Proor. First, we prove that Problem I has a unique solution. Let Problem I
have two solutions u(z,t) and us(z,t). Assigning v(z,t) = uy(x,t) — us(z,t), we
obtain the following problem for v(z,t):

v v

LUE%—EZO, (x,t) € Q, (17)
v(z,0) = po(z,T), 0<z<1, (18)
v(0,t) =0, v5(0,t) =0, wv,(1,t)=0, 0<t<T. (19)
Consider the identity
1T
//Lv Vg exp{—t} dzdt = 0. (20)
00

Integrating by parts in (20) and accounting for the homogeneous boundary condi-
tions (18), (19), we see that

17 T
1 1
5//1} 2 o(x,t) exp{—t} dadt — 2/vf(1,t)exp{—t}dt
00 0
1
1
§/vwa:T{exp{ T} — p?}dx = 0. (21)
0

Hence, vy, (2,t) = 0 in Q and v (1,¢) = 0 for ¢t € [0,T].
Let 42 < exp{—T}. In this case vy (7,T) = 0 and so v, (x,T) = const, x €
[0,1]. Since
v:(0,8) = vy (1,8) =0, tel0,T),

we have
v(0,0) = v,(0,T) = 0.
Therefore, v, (z,T) = const = 0 for z € [0,1].
Next,
vg(2,T) = 0 = v(z,T) = const = v(x,0) = const, =z € [0,1].

Since v(0,t) = 0 = v(0,0) = 0, v(z,0) = const = 0 for = € [0,1]. Moreover, we
have v,(1,t) = 0 for ¢ € [0,T] = v(1,¢t) = const for ¢ € [0,7] and v(0,0) = 0; thus
u(1,t) =0, t € [0, 7).
We arrive at the well-known first boundary value problem for v(z,t); i.e.,
Bv v

v=— — = = Q
V=g 5 -0 [@he

v(z,0) =0, z €1[0,1], ©v(0,t) =0, wv;(0,¢)=0, wv(1,t)=0, t€[0,T].

In view of [3] this problem is uniquely solvable.
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Consider the case of u? = exp{—T7}. From (20) it follows that v, (z,t) = 0 and
0 vy (z,t) = 01(¢) for ¢t € |0,T)]. Since v,(0,t) = v, (1,t) =0 for t € |0, T, 61(¢) = 0
for t € [0, T7.

The equality v,(x,t) = 0 implies that v(x,t) = () for t € [0,T]. Since
v(0,t) =0 for t € [0, T, 62(t) = 0 for t € [0, T].

Since v(z,t) = 0 is continuous, we find that v(x,t) = 0 in Q.

Consider Problem II. Let Problem II have two solutions w;(x,t) and ua(x,t).
Putting v(x,t) = ui(x,t) — ua(x,t), we arrive at the homogeneous problem of the
form similar to (2) for v(x,t). Put w(x,t) = v, (x,t). Differentiating (1), we infer

w(z,0) = pw(z,T), 0<z<1,
w(0,t) =0, w,(0,t)=0, w(l,t)=0, 0<t<T.
Integrating the identity

1T
//Lw wexp{—t}dzdt =0,
00

we find that w(z,t) = 0 for (x,t) € Q, w,(1,¢) =0 for all t € [0, 7], and w(z,T) = 0
for z € [0, 1].
Integrating the identity

T
/Lw wexp{—z}dxdt = 0,
0

o—__

we have that wy(,t) = 0 for all (z,1) € Q. In this case v, (z,t) = 0 and v, (z,t) = 0
for all (z,t) € Q.
Consider the identity

17
//L’U vexp{—t}dzdt = 0.
00

Integrating it, we establish that v(z,t) = 0 for all (z,t) € Q.
Now we prove the existence theorem for solutions to Problem I.

Theorem 2. Assume that 0 < p? < exp{-T}, ¥(t) € C*([0,T]), ¢2(t) €
C(|0,TY]), and ¢1(t) € C?([0,T]). Then there exists a solution to (1), (3), and (4).

ProOOF. Examine the following auxiliary problem:

Find a function u(z,t) € K, that is a regular solution to the equation
ox3 Ot
in the domain Q = {(z,t) : 0 < z <1, 0 <t < T} and satisfies the conditions

Lu=

~0 (22)

u(x,0) = 7(x), (23)
U’(O7t) - 4101(t)7 ux(ovt) - ‘PQ(Q) uac(Lt) - ¢(t) (24)
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The method for constructing the Green’s function for (22)-(24) was developed
in [4]. If we apply it to (22)—(24) then, taking (9)—(13) into account, we obtain
a solution to the problem in the form

/Gg (o1 t—rwmdr—/G&(a:—o;t—wl(f)dr

/Gga:—Ot—T)SOQ dT+/Ga:—£t— 0)7(€) de, (25)

where G(z —f,t —7)=Ulx—-&t—1) — W(ac —&t— 7). Here W(z — &t —17) is
a solution to the problem

83W ow
M = -
(W) 023 Ot =0,
Ule=r = Wle=1,  Usele=1 = Weele=1,  Ule=o = Wleg—o,
W,_p = 0.

Put u(z,T) = a(x). Passing to the limit as ¢ — T and involving (25), we have

T
/GE @1, T—rwmdr—/G&(a:—o;T—T)sol(r)dr

/Gga:—OT—T)tpg( dTJr,u/{Ga:—fT 0)a(€) de. (26)

So, we have obtained a Fredholm 1ntegral equation of the second kind where
the unknown function is a(x); i.e.,

/ K (z,6)a(e)dt + F(z), (27)
0

where

K(z,8) = pG(x — &T - 0),

T T
F(z) = —/Gg(x —1,T —7)Y(r)dr — /Ggg(a: —0;T — 1)1 () dr
0 0

+/G5(a:—();T—T)<p2(7')d7'.

In view of (14)-(16), we can easily justify the following relations for K(x,§&)
and F(z):
K@ < — . F() € C*(0.1),
|z — €|
By the uniqueness of solutions to (1), (3), (4), the integral equation (27) has the
unique solution.
Similarly, we can prove the following existence theorem for Problem II.

Theorem 3. Assume that 0 < p? < exp{-T}, ¥(t) € C*([0,T]), ¢=2(t) €
C?%(]0,T)), and 1 (t) € C?(|0,T]). Then there exits a solution to (1), (5), (6).
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ON SOLVABILITY OF SOME CONJUGATION
PROBLEMS FOR ELLIPTIC EQUATIONS
N. N. Shadrina

Abstract. We study a general boundary value problem for a linear elliptic equation.
Existence and uniqueness theorems are proven under the corresponding boundary con-
ditions and the conjugate conditions on the interface between two media.

Keywords: boundary value problem, conjugate condition, elliptic equation

Assume that € is a bounded domain of the space R with smooth (for simplicity,
infinitely differentiable) boundary ', @ = Q x (=1,1), @~ = Q x (—1,0), and
QF = Q x (0,1). We assume next that p(x,y), c(z,y), f(x,y), a;(z), and B;(x)
(i = (T,4)) are given functions defined for x € Q, y € [~1,1], the function p(x,y)
is strictly positive for (z,y) € Q and can have discontinuity of the first kind on the
plane y = 0, (a1(2), a2(), a3(x), as(z)) and (B1(x), B2(z), B3(x), Ba(x)) are some
linearly independent vector-functions for every fixed z € 2, while By and Bs are
linear operators taking wu(z,y) into (B;u)(x) (its properties are described below).
Let L be a differential operator such that, for a given v(z,y),

0
Lv= A+ a—y(p(x, y)vy) + c(x, y)v,
where
n 2
A 0

. = —_—.
Ox?
i—1 i

The Conjugation Problem. Find a solution u(z,y) to the equation

Lu = f(z,y) (1)
in the cylinders Q~ and Q" satisfying the boundary condition
u(@,y)ls =0 (2)
on the lateral boundary, the boundary conditions
u(z,—1) =0, wu(z,1)=0, =x€Q, (3)

on the bases, and also the conjugate conditions
a1 (z)u(z, —0) + a(z)u(z, +0) + as(x)uy(z, —0) + as(x)uy(x,+0) + Biu =0, (4)
Pr(x)u(z, =0) + fa(x)u(z, +0) + B3(x)uy(z, =0) + fa(x)uy(z,+0) + Bou = 0 (5)
on the interface between Q= and Q™ , where x € Q.

The problem (1)—(5) in a particular case coincides with the well-studied classical
diffraction problem (see, for instance, [1-3]). This problem was not studied earlier in

(© 2014 Shadrina N. N.
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the general form as in our article. Note that the conjugation (diffraction) problems
arise in mathematical models of many processes in physics, mechanics, biology, etc.,
where a process takes place in two or more adjacent substances with different physical
characteristics (from the last articles we point out only [4, 5]).

The linear independence condition for the vectors (a;(x)) and (3;(z)) (i = (1,4))
means that at every point x in { one of the second order minors of the matrix

(oq(a:) as(x)  as(x) 044(33))
Bi(z) PBo(z) PBs(x) Pa()

is different from zero.
Below we assume that one of the following minors does not vanish:

Ar(z) = az(@)Ba(z) — au(z)B3(x), Ao2(x) = a1(z)B2(z) — az(z)B1(2),
Az(z) = a1(2)Ba(z) — au(z)Bi(z), As(z) = az(z)Bs(z) — as(z)B2(2).
Moreover, we suppose the following:

Condition A. If there exists a point xg in ) sgch that A;(zo) # 0 for one of
the numbers i = 1,2, 3,4 then A;(x) # 0 for all x in Q and the same number i.

Under Condition A the conjugation problem (1)—(5) can be stated as one of the
following problems.

Problem I. Find a solution u(z,y) to (1) in @~ and Q™ such that (2) and (3)
hold and

uy(x, —0) = a1(z)u(z, —0) + as(z)u(z, +0) + az(x)Biu + as(x)Bou, x € Q,
uy(x, +0) = by (z)u(z, —0) + ba(x)u(z, +0) + b3(x)Biu + ba(x)Bou, x €

Problem II. Find a solution u(z,y) to (1) in Q~ and Q™ such that (2) and (3)
hold and

u(z, —0) = a1 (x)uy(z, —0) + az(x)uy(z, +0) + az(x)Biu + as(x)Bau, = €Q,
u(z, +0) = b1 (x)uy(z, —0) + ba(x)uy(x, +0) + bs(x)Biu + ba(x)Bou, x € Q.

Problem IIl. Find a solution u(z,y) to (1) in @~ and Q™ such that (2) and (3)
hold and

u(z, —0) = a1 (z)u(z, +0) + az(z)uy(z, —0) + az(x)Biu + as(x)Bau, x € Q,
uy(x, +0) = b1 (z)u(z, +0) + ba(x)uy(z, —0) + bs(x)Biu + ba(x)Bou, x € Q.

Problem IV. Find a solution u(x,y) to (1) in Q= and Q™ such that (2) and (3)
hold and

u(z,4+0) = a1 (x)u(z, —0) + az(x)uy (z, +0) + az(x)Biu + as(x)Bou, x € Q,

uy(x, —0) = bi(z)u(z, —0) + ba(x)uy(x,+0) + bs(x)Biu + ba(x)Bou, x €.

Note that aq(z), a2(x), as(x), as(z), bi(x), ba(z), bs(x), and by(x) here are
calculated directly although the initial functions «;(z),8;(z), i = 1,4. Obviously,
Problems III and IV are of the same type. So we can examine only one of these
problems, namely, Problem III. Moreover, we assume in these problems that the
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function a;(z)ba(z) — az(2)by () can vanish and even identically for = € Q. Finally,
we define the function space required. Denote by V' the set of functions

V= {u(z,y) :v(z,y) € WZ(QT)UWF(QT)}
Before stating Theorem 1, introduce some additional notations. Put

ag = max(p(z, +0)[az(z)]), a4 = max(p(z, —0)|as(z)|),
Q Q

1_73 = max(p(z, +0)|bs(x)|), 54 = max(p(z, —0)[ba(z)]),
Q Q

Yo(mai1bs + miabs) + mira 5+ misa 4 n 6270 (bs + bs)

Ay —
! 262 2 ’

A Yo(ma1bs + magbs) + ma1a 3+ masa 4 02(a 3+ a 4)
2= 252 - 2
0

Ay — Yo(ma1bs + maabs) + ma1a 3 + m3ea 4
- 5 ,

A= Yo(marbs + muasbs) + ma1a 3 + masa 4
- 5 :

(¢, n) = [oba(z)p(z, +0) — A41]€2 + [rob1 (2)p(x, +0) — az(z)p(z, —0)|¢n
—[ax (z)p(x, —0) + Ag]n?

(here o and dy are some positive constants whose exact values are specified below).
Let us discuss the uniqueness questions for solutions to Problems I-III.

Theorem 1. Assume that

p(z,y) € CHQ™), plz,y) >p1 >0, (z,9)€Q, (6)
p(z,y) € CHQT), plz,y) >p2 >0, (z,9)€QF, (7)
IBivl7 ) < maillo(@, +0)17,qy + maillo(z, =0)||7, )
Jr7”fli’n‘||UH%2(Q—) + m4iHU||%2(Q+)7 v(z,y) €V, i=1,2, (8)
c(r,y) <~ <0, (2,9)€Q (9)
o> 0300 > 0:®(&n) >0, (n,§) €R?,
c(x,y) + Az/08 <0, clx,y)+ As/02 <0, z€Q, ye[-1,1]. (10)

Then Problem 1 has at most one solution in V.

Proor. It suffices to demonstrate that if the right-hand side of (1) is identically
zero then so is the solution; i.e., u(z,y) = 0.
Consider the equality

— / wLudxdy — v / uLudzdy = 0
Q- Qt

and extract nonnegative summands.
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Integrating by parts, we infer

— / uLu dzxdy — o / ulLu dxdy
Q- Q'
— i / uii dzdy + o i / uil dzdy — / c(z, y)u? dedy
=15 =1y G-
% / c(x, y)u® dedy + / p(x,y)ul dedy + o / p(z,y)u, drdy
QT Q- Qt

+ / p(x, y)u - uyvy dS + yo / (2, y)u - uyly dS. (11)
Q- aQ+
Transform the two last summands of (11) on using the conjugate condition as follows:
/ (@, y)u - uyvy dS + o / p(x, y)u - uyvy dS
Q- aQ+
=— /p(x, —0)u(z, —0)uy(z, —0) dx + Yo /p(ac, +0)u(x, +0)uy(z, +0) dz
Q

Q

= /'yobg(a:)p(a:,+0)u2(a:,+0) dx
Q

+ /['yobl (z)p(x, +0) — az(z)p(z, —0)|u(x, +0)u(z, —0) dx
Q

—/p(a:, —O)al(x)ug(a:,—O)] dx

Q
+ /['ygbg(x)p(ac, +0)u(z, +0) — as(x)p(x, —0)u(z, —0)|Biu dx
Q
+ /['ygb4(x)p(ac, +0)u(z, +0) — asa(x)p(x, —0)u(z, —0)]|Bou dx.
Q

Employing the above notations and (8), we see that
n n
Z/ ui dxdy + o Z/ ui dxdy
i=17Q" i=1 /@

+ /p(x,y)uf, dxdy + o /p(x,y)Uf, dady + /hobz(ﬂf)p(x, +0) + A|u?(z, +0) da
Q- Qt Q

+ /['y()bl (2)p(z, +0) — as(x)p(z, —0)|u(z, +0)u(x, —0) dzx

- / [p(x, —0)ar () — AsJu’(z,~0) du — / le(, y) — As /53 ]u” (x,y) dady
Q Q-
0 [ le6o.9) = Ag/aRlal o) dody < 0.
Q+
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Hence,
Z/ ui dzdy + o Z/ ui dzdy + / p(x, y)ui dzdy + o /p(a:, y)ui dxdy
; - ; +
=1 Q =1 Q Q- Q+
- / c(x,y)u? dedy — o / c(x, y)u? dedy < 0. (12)
Q- Qt

As an obvious result, u(z,y) =0 in Q. The theorem is proven.
To state Theorem 2, we introduce the notations:

bs + b a a
Auzwio(gJr 4), A21:a3+a4,
2 2
A Yo(mi1b3 + mi2bs) + miraz + misay
5 — )
2

A Yo(ma1bs + maobs) + mara 3 + magay
6 — )
2

@1(&,m) = [0b2(2)p(z, +0) — A1167]€* + [y0b1 (2)p(z, +0) — az(x)p(z, —0)]én
—[a1(@)p(z, —0) + A2167]n”.
Theorem 2. Assume the conditions (6)—(9) as well as the conditions
Fo > 0351 > 0:P1(n,6) >0, (1,€) € R?,
p1—A5/07 >0, pa— Ag/5; >0,
c(x,y) + A3/03 <0, c(x,y) +As/61 <0, €, yec[-1,1].
Then Problem II has at most one solution in V.

PROOF. As in the proof of Theorem 1, it suffices to prove that u(z,y) = 0
whenever the right-hand side of (1) is identically zero. The conjugate conditions, (8),
and the obvious inequalities

/uz(ac,—O) dz < /uf/(x,y) dzdy, /uQ(ac,JrO) dz < /uf/(x,y) dzedy  (13)

Q Q- Q fol

imply that
Z/ ui dxdy + o Z/ ui dxdy
i=17Q" i=1 /@

o [ oo + As/88]ud dudy 20 [ [pla) + o/5F)0 dody
Q- Qt

+/ [Yob2(z)p(z, +0) + Auéf]uf](x, +0) dx
Q

— / [p(ac, —0)as (z) + Agléf]uz(x, —0)dz

Q
- /[’yobl (x)p(x, +0) — az(z)p(z, —0)|u(x, +0)uy (z, —0) dz
Q

- / [c(z,y) + Ag/(Sf]uQ(x,y) dzdy — o / le(z,y) + A4/5%]u2(a:,y) dzxdy < 0.
Q- Q+
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Hence, (12) holds and so u(z,y) =0 in Q. The theorem is proven.
Put

©3(&,m) = [rob2(2)p(z, +0) — A1103]€% + [vobi(2)p(, +0) — az(@)p(z, —0)|€n
— [al(x)p(xv —-0) + A215§]772-
Theorem 3. Assume the conditions (6)—(9) as well as the conditions
Iy > 0305 > 0: Pa(n,€) >0, (n,€) €R?,
p1— A5 /63 >0, py— Ag/é3 >0,
c(x,y) + Az/05 <0, clx,y)+ As/05 <0, z€Q, ye[-1,1].

Then Problem III has at most one solution in V.

PROOF. Arguing as in the proof of Theorem 1, taking (8) into account, we see
that

Z/ uii dxder'on/ uil dxdy
i=17Q" i=1 7@

4 [ ooy + A/ dady 20 [ ) + Ao/ 3]0 dady
Q- Q"
+/ [Yob2(z)p(z, +0) + Auég]u;(x, +0) dx

Q

- / [p(z, —0)a1(z) + A215§]u§(x, —0) dx

Q
- [ Tobs @)ple, +0) = ax(ohp(e. ~0)]ulz, +0)uy (z, ~0) da
Q
- / [c(w,y) + As/83]u? (2, y) dedy — o / [c(z,y) + Ag/83]u*(z,y) dedy < 0.
Q- QT
Therefore, (12) is fulfilled and so u(x,y) =0 in Q. The theorem is proven.
Before stating the next theorem, we introduce the new notations:
a3 = maxg(|as(z)]), a4 = maxg(|as(z)]),
83 = max§(|b3(x)|), 84 = max§(|b4(x)|)

Theorem 4 (of existence). Assume the conditions (6)—(10) as well as the con-
ditions

c(z,y) € (Q), ai(z) € C*(Q), i=1,2. (14)
Then there exist operators Ei such that
i(Biv) — Biv,, + By,
Ox; ’
1Biv]Z ) < fnallo@, 4012,y + Maillv(e, —0)|17 )

i), gy + aillvlli, gy, viEy) €V, Q=12 (15)
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for all v(z,y) € V, and there exist positive numbers §p1—0ps such that

_ (a3 b2 a2 P2

2 — (14 a3)02, — (1+a§1)532_77121(%3+ 7023> _mBQ(aTzl+ 70 4) >0,
o 93 03 Oo4

~ - &2 62 &2 52 (16)

2 — (1+52)62, — (1+bi)5§4—ﬁ112(74 N 7024> —77111(73+ 70 3) -0
02 Oa 05 ot

Then, for every function f(x,y) from L2(Q), there exists a solution u(x,y) in V to
Problem 1.

PROOF. We apply the method of continuation in a parameter. Let A be a num-

ber in [0, 1]. Consider the following family of boundary value problems:

Problem I,. Find a solution u(z,y) to (1) in @~ and Q" such that (2) and (3)
hold and
uy(z, —0) = Aai(z)u(z, —0) + az(z)u(z, +0) + ag(x)Biu + as(z)Boul,

uy(x, +0) = A[b1 (x)u(z, —0) + ba(z)u(x, +0) + bs(z)Bru + ba(z) Baul. (17)

Denote by A the set of numbers A from the segment [0, 1] for which Problem I
is solvable in V. In accord with the theorem about the method of continuation in
a parameter [6], A coincides with [0, 1] if A is nonempty, open, and closed (in the
topology of the metric space X = [0,1]). The coincidence of A with [0, 1] means that
Problem 1y, i.e., the initial problem I, is solvable in V.

Since 0 belongs to A [7], A is nonempty.

The set A is clopen if all solutions to Problem Iy from V satisfy the a priori
estimate

Jullv < Ro

with a constant K independent of u(z,y) and A. Show that this estimate is valid.
Consider the equality

—/uLuda:dy—’yo/uLuda:dy:—/uf(a:,y) da:dy—’yo/uf(a:,y)dxdy. (18)
Q- Qt Q- Qt

Integrating by parts, we have

Z/uz da:der'on/uii dxdy — /c(a:,y)u2 da:dy—’yg/c(a:,y)u2 dzdy
=0g- =0g+ Q- Q+
+/p(w,y)Uf, dxdy+vo/p(w,y)Uf, dzdy + /p(%y)u-uyvy ds
Q- Q1 oQ~
+70 / p(x, y)u - uyvy dS = —/Uf(w,y) dxdy—vo/Uf(x,y) dzdy.
0Q+ Q- QF

Taking the inequality

/#mwmws/@mwmw /wwmmwg/%mwmw

Q- Q- QF QF
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into account, applying to the right-hand side the Young inequality, and using (16)
of Problem I and the conditions of the theorem, we see that

E / ui dzdy + Yo E / ui dxdy + / p(z, y)uf/ dzdy
i—17Q~ o1 Y/ Q1
o-

wm/Maw@mw+A/mmumw+m+Amﬂa+mm
Q

+A /[’yobl (x)p(z, +0) — az(x)p(z, —0)]u(z, +0)u(x, —0) dzx

N / [e(x,y) + Az /85| u(z,y) dady — o / [e(x,y) + As/02)u*(2,y) dudy
Q<

o-
1 2 Yo 2 82 / 2 Y06° / 2
< a9 Ao - T .
< 552 / f°dxdy + 952 / fodxdy + 5 uy, drdy + 5 Uy, dzdy
Q- QF QF

From (6)—(9) it follows that

k{z / uil dxdy + / u§ dzdy + Z / uii dxdy + / u§ dxdy}
i=1 i=1
Q- Q

Q- =g+ Q+
< K( [ Pty [ dxdy),
Q- Qt

where k = min (1,22, v, 2%2¢) > 0 and K = max (ﬁ, 2%)
Hence, the first estimate is of the form

lullfyr -y + lullfvr o+ <K1(/f2(x,y)dxdy+/fQ(%y)dxdy) (19)
Q- Q'

To establish the second a priori estimate, we examine the equality

/ Uyy Lu dzdy + o / Uyy Lu dedy = / Uyy f(x, y) dzdy + Yo / Uyy f(z, y) dzdy.
Q- Q" Q- Q"
(20)
Integrating by parts, we infer that

Z / uiiy dxdy + 7 Z / Uz,y dxdy - Z/ua:iy(xv _O)UIi (LC, _0) dx
i:lQ_ i:lQ‘ i=1g

+70 Z/umy(x,JrO)um (x,40) dx + /puiy dxdy + o /puzy dzdy
=l Q- Q

= / f (@, y)uyy drvdy + o / [z, y)uyy dedy — /pyuyuyy dxdy
Q- Qt Q-
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—o0 /pyuyuyy dxdy—/c(x,y)uuyy dxdy—'yo/c(ac,y)uuyy dzdy. (21)
Qt Q- Qt

Transform the third and forth summands of the right-hand side of (21) with the use
of (17) as follows:

_/uwiy(x,—o)um(x,—o) derq/o/umy(x, +0)ug, (z,+0) dx
Q Q

= A/ [voba(z)u2, (, +0) + [yob1 () — az(2)]uq, (2, —0)ug, (z, +-0)
Q
—al(ac)uii (z,—0) — (ug, (x, —0)u(x, —0)aiy, () — Uy, (z, —0)u(z, +0)ag,, (x)] dx

Y / (umi(a:,—O) aii (Biuw)as(z) — e, (z, —0) Byuass, ()
Q

—Ug; ($7 _0)

o7, (Bau)ag(x) — g, (z, —0)Bouayy, ()

+Y0 (um (z, +0)u(z, —0)b14, () + ug, (z, +0)u(z, +0)bay, (x)

0
g, (z, +0)%(Blu)b3(x) + Uy, (x, +0)Brubs,, ()

(Baw)ba(z) + uy, (r, +0) Boubag, (.13)) ) dz.

(2

0
Uy, (a:,+0)a

All but first summands on the right-hand side are estimated by the Young inequal-
ity, inequality (13) applied to the derivatives u,,(x, —0) and u,,(x,+0), and the
conditions (8) and (15) on B; and Bs. Next, the summands on the right-hand side
of (20) are estimated by the Young inequality and the first estimate. In result, we
find that

[ o .+ 000a(a) + <0t (- O ) = ax(@)] = 4, (2 ~O)a &) d
Q

p1 Yop2 - 1+a3)ed  (1+a3)es
+= uf/y dxdy + > /uf/y dxderZ/uiiy (1 _ 300 ( 1)952
{ =15

2 2 2
O-

~2 72 ~2 72 n 72\ 52

~ | a3 70b3] ~ [ ay 70b4D 2 (1 +03)d55

—Ma1 | = + 52| — Mzg | == + —=| | dedy + up | 1———F—
[531 553 0y dos ;gﬁ ’ 2

1+ 6421)584 ~ a3 ’705421 ~ a - 5?,
SRSV - 4y D) 3 dzd
2 K I B P A D

Sé[/uzyda:der'yo/uiydxdy] + M.
Q+

The condition (16) yields

n n
/ uzy dxdy + Z / uily dzdy + o / uiy dzdy + o Z / uily dxdy < M;.
Q- - Q+ o+
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The third a priori estimate

Z / uimj dxdy + o Z /uiﬂj dzdy < M,

iJ:lQ_ i,j:lQ+
follows obviously from the first two estimates and the second main inequality for
elliptic operators [7]. These three estimates ensure the desired estimate
[ullv < Ro, (22)
which means that Problem I is solvable in V for all A in [0,1]; i.e. for A =1 as
well. In this case the initial problem I is solvable in V. The theorem is proven.

REMARK. A solution u(z,y) to Problem I meets the relations wuy,,(z,—0) €
Ly(Q2) and ug,y(z,+0) € La(2), 4 = 1,...,n. This fact is a consequence of the
conjugate conditions where every summand on the right-hand side has a generalized
derivative with respect to x;.

Given z in Q and the variables ¢ and 7, define the quadratic form of the variables

(& n) as
3(x,€,n) = —a1(2)€ + [n1bi(z) — az(z)|€n + y1ba(z)n?,

where 71 is a positive number whose role will be elucidated below.

Theorem 5 (of existence). Assume the conditions (6)—(9), (14), and (15) as
well as the conditions

ai(z) <0, ba(z) 20, ai(2)ba(z) — az(2)bi(z) <0, zeQ,

Fr1 > 0:P3(,€,m) > 01(2)6* + pa()®,  @1(2) 20, pa(2) 20, v €Q,
lags; (2)| < C/p1(x),  |biz,(z)] < Cy/pa(z), C =const, z€Q, i=1,...,n.

Assume further that there exist positive numbers 691 —0p4 such that

_ (a3 b2 /a2 B2
2= (1 )0 - (1 a8, — o (55 + T ) (5 2 >0
o Oos 0gs  Ooa

. . ~2 B2 =2 B2
2 — (14 b3) 055 — (1 +b3)d5, — a74 + %—24) —mi (a_; + M) > 0.
02 o4 o dot
Then, for every function f(x,y) from Lo2(Q), there exists a solution u(z,y) to Prob-
lemITinV.
PRrROOF. First, we consider the case a;(z) = 0, bj(z) =0, j = 3,4. Let € be
a positive number. Put
a1:(x) = a1(z) —e, boc(x) = ba(x) + €.
Examine the following problem: Find a solution u(z,y) to (1) in the cylin-
ders Q~ and Q7 satisfying (2), (3), and such that
u(z, —0) = are(x)uy(x, —0) + az(x)uy (z, +0), =z € Q,

u(z,4+0) = bi(x)uy(z, —0) + bo-(z)uy(x, +0), =z €. (23)

Since a1 (x)boe () — az(x)by () is strictly negative in Q, from (22) and (23) it
follows that
1e(@)u(z, —0) + age (x)u(z, +0), z €,

2 (2)u(x, —0) + boe(z)u(z, +0), z €, (24)
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i.e., we arrive at the conditions of Problem I. In accord with Theorem 4 the problem
in question has a solution u°(z,y) in V. Demonstrate that the family {u®(z,y)}
satisfies the estimates that allow us to pass to the limit as ¢ — 0. We omit the
index € here.

Solutions to (1)—(3), (23) satisfy (19) (the proof repeats verbatim the proof of
the same estimate in Theorem 4). Next, transforming (20) to the form (21), we sep-
arately examine the third and forth summands. Using the conjugate conditions (23),

we infer
_Z/Ufy U’Tz( )dl‘Jr’)/lZ/uJ‘y +O)U1,(Z‘ +O)d
=1 Q i=1 o
= Z/ '71b2 x Jro) [’Ylbl (Z) - aQ(x)]uruy(xv _O)ummy(xv JrO)
=1

oy ()2, (x, ~0)] dx + / S Ay (2l (7, ~0) — s Aby(a)ud(z, +0)

Q

—Zagrl )ty (z, +0)ug,y (z, —0) + 71 Zb“ Yy (2, —0)ug,y (x, +0)
=1

+€Z 0) + yul,, (z, +0)) | d.

In result, we arrive at the equahty
3 [ Bty o, 0) + abi(a) — sy, O o, 0
i=1 Q
—al(x)uiiy(x, —0)] dz + % / uiy dxdy + 712])2 / uiy dxdy
Q- Qt

+Z/ wyda:der'ylZ/ a:ydxderEZ/ ul,, (x,—0) + mul , (z,+0)] dz

_ / [_ Ay (2)ul(z, —0) + §Amb1(x)u§(x, +0)} dz

n

+ Z/ 24, Uy (T, +0) g,y (x, —0) + Y1b14,uy (2, +0) s,y (z, —0)] dz
i=1 Q

+/C(J;,y)uyyudxdy—'yl/c(z,y)uyyuda:dy.
Q- Q"
Applying the Young inequality and using the conditions of the theorem and the
integral inequalities of the form (13), we obtain the estimate

/ uzy dxdy + Z / uily dzdy + / uzy dxdy + Z / uily dxdy
=1 i=1
Q+

Q- T Q+

+EZ/ +ul,, (x,+0)) dv < Ms. (25)

119
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Now the third a priori estimate

Z /U3T7 dzxdy + Z /U3T7 drdy < My (26)

ij=1¢- =16

is an obvious consequence of the first two estimates and the second main inequality
for elliptic operators [7].

The estimates (19), (25), and (26), the reflexivity of Hilbert spaces, and the
embedding theorems (see [7,8]) imply that there exist a sequence of numbers {&,,},
a sequence of functions {um, (z,y)} (um(x,y) = v (x,y)) from the family {u®(z,y)},
and a function u(z,y) such that £, — 0, up(z,y) — u(z,y) weakly in WF(Q™)
and W2(Q™),

Um (2, —0) = u(z, —0), um(z,+0) = u(z,40), Umy(z, —0) = uy(x, —0),
Umy (2, +0) = uy(z,4+0), emUmy(z, —0) = 0,
EmUmy (T, +0) — 0 almost everywhere in Q

as m — oo. Hence, the limit function u(z,y) satisfies (1) in @~ and QT, where (2),
(3), and the conjugate conditions are those of Problem II.

In the case of nonzero functions as(z), bs(x), as(z), and bs(z) the proof is
similar to the above proof (some arguments are more cumbersome). The theorem is
proven.

Given x € Q and variables ¢ and 7, define the quadratic form ®4(z,&,7) of
variables (£,7) as follows:
Py(z,€,m) = —a2(2)€ + [y2b2 () — a1 (2)|€n + y2bi(z)n?,
where 79 is a positive number whose role is elucidated below.

Theorem 6 (of existence). Assume the conditions (6)—(9), (14), (17), as well
as the conditions _
a2 (1‘) < 07 HAES Q)

Fya > 0: Q4(z,6,n) = 1 (2)€ + ha(z)n,  ¢1(x) 20, ¢ha(2) 20, 2 €Q,
a1z, (2)] < CV/b1(z),  |biz, ()] < C/2b2(z), C =const, z€Q, i=1,...,n.
Assume further that there exist positive numbers dg1—0p4 such that

~2 52 ~2 52
2= (14 2)08 — (1+a2) a2 — oy (“—3 T B) - ﬁm(% T V;—‘*) >0,
02 04

B . N ~2 P2 B ~2 B2
2= (14 )8 — (14 )R~ a5+ 20 ) - (5 22 ) >0
002 004 001 do1
Then, for every function f(x,y) from Lo(Q), there exists a solution u(z,y) to Prob-
lem Il in V.
PROOF. As in the proof of Theorem 5, we study first the case of a;(x) = 0 and
bj(x) =0, j =3,4. Put
aze(r) = az(x) —e, €>0.
Consider the problem of finding a solution to (1) such that (2) and (3) hold and
x)uy(z,—0), z€Q,
z)uy(z,—0), =€ Q.

u(z, —0) = a1 (z)uy(z, +0) + age

ty(z,+0) = by (z)uy(x,+0) + by (27)

(
(
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We can pass to the relations of the form (24) which are the conditions of Problem I.
This problem has a solution u®(z,y) in V and the first a priori estimate (19) holds
for u®(x,y).

To justify further estimates, we examine (21). The conjugate condition (27)
yields

n

> / [v2b1(2)uz, (,+0) + [y2b2(2) — a1(2)]ue y (z, —0)uq, (2, +0)

=19
—QQ(x)Uiiy(x, —0)] dz + % / “12;1; dxdy + 722& “12;1; dxdy
Q- Qt
+ Z / uiy dxdy + Z / uiy dxdy + € Z / uiy(x, —0)dz
=1 =15, i=1 ¢

_ / [_ %Axag(a:)uz(x, _0)+ %Ambl(x)ui(x, +0)} do
Q

+ Z /[almiu(a:, +0)ug,y(z, —0) + Y2bag, uy(x, —0)Ug,y (x, +0)] dz
=19

+/c(x,y)uyyudxdy—'yg/c(x,y)uyyudxdy.
Q- Qf
Applying the Young inequality and using the conditions of the theorem and the
integral conditions of the form (13), we arrive at the estimate

/ uzy dxdy + Z / uily dzdy + / uzy dxdy + Z / uily dxdy
Q- - Q+ “lor
+€Z/uiiy(x, —0)dx < Ms. (28)
i=1¢)
The third a priori estimate

Z /uir7 dxdy + Z /uir7 dxdy < Mg (29)

i3 =1g- =1
is an obvious consequence of the first two estimates and the second main inequality
for elliptic operators [7].

The estimates (19), (28), and (29) imply that we can choose convergent subse-
quences {e,,} and {u,(z,y)} and there exists a function u(z,y) which is a solution
to (1) satisfying (2), (3), and the conjugate conditions of Problem III. The proof of
the theorem is complete.

As examples of the operators B; and By with the required properties, we can
take integral operators taking a function v(z,y) into the functions

(Biw)(x) - / Ky, ©)o(€, 10) dé + / Koi(, ©)o(E, —0) de
Q Q

+/N11(33,€777)U(§>77)d§d77+/Nm(ﬂ?,fvn)v(g,n)d&
Q- Q+
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where Kli(x7£)v KQi(x7§)7 Nli(x7£7n)7 and NQi(x7£7n)7 1= 17 27 are giverL
The conditions on these kernels sufficient for the fulfillment of the conditions of
Theorems 1-6 can be easily found on using the Holder inequality.

REMARK. The operator A, in the problem under study can be replaced with
a general elliptic operator of x1,..., 2, of order 2m (m > 0 is an integer) comple-
mented with the corresponding collection of boundary conditions on S).
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MODELING THE BOUNDARY
EFFECT IN A CYLINDRICAL SHELL
UNDER CREEP CONDITIONS
Yu. M. Volchkov

Abstract. We study the distributions of deformation velocities and stress in neighbor-
hoods of the ends of a shell (the boundary effect) using Rabotnov’s two-layer shell model.
We solve the system of ordinary differential equations using an iterative procedure and
compare solutions for a shell of finite length and a semi-infinite shell.

Keywords: boundary effect, cylindrical shell, creep, iterative procedure

Introduction

Rabotnov proposed in [1] a two-layer shell model to solve elastic-plastic defor-
mation problems. The model is generalized in |2, 3| to the case of deformations of
shells under creep conditions. In addition, [3] pointed out a class of shells for which
the application of the two-layer model cannot lead to large errors when we solve
concrete problems. This class of shells is described by the so-called technical theory
of shells which includes the theory of axially symmetric deformations of a circular
cylindrical shell, the theory of long cylindrical shells, and the theory of pure bending
of curvilinear pipes. Application of the two-layer shell model enabled the develop-
ment of an efficient numerical method for solving the problems of the stressed and
deformed state of shells under creep conditions. In the mechanics of deformable
solids, the creep of a material means the property that its deformation may increase
with time even under constant stress. Some generalizations of the two-layer model
to the case of shells reinforced by edges appeared in [4, 5].

In this article we study the distribution of deformation velocities and stress in
neighborhoods of the ends of the shell (the boundary effect). Information on the
distributions of deformation velocities and stress in the boundary effect zone enables
us to suitably choose test functions while solving problems concerned with critical
time with the use of the variational principle [6].

1. Rabotnov’s Two-Layer Shell Model

Constructing a simplified theory of shells, we replace the real shell of thickness
2H by a two-layer model. This shell consists of two layers of thickness § each with
the distance between their midpoints equal to 2 (Fig. 1). Assume that the layers are
connected to each other so that the link transmits the shifting force but is unaffected
by stretching forces and torques. Therefore, the layers deform in accordance with
the Kirchhoff-Love hypothesis. As the reference surface we take a surface lying
between the layers. Since the base layers are thin, we can neglect the change in
the deformation within the limits of their thickness. We can guarantee that the

(© 2014 Volchkov Yu. M.
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Fig. 1. Two-layer model of shell

condition § < h holds by choosing appropriate constants in the law of creep for the
real shell and the two-layer model [3].

We establish the dependence between the parameters § and h of the model and
the thickness 2H of the real shell basing on the requirement that the behavior of
the model and that of the real shell coincide in two cases: for a zero-momentum
stressed state and for cylindrical bending. Say, for the case of a power law creep
with exponent equal to n, these dependences are [2]

h—H, § i TH 1
Y (1+2n) ' (1)

As n varies from 1 to oo, the quantity h changes in the interval 1 < h < H/\/§ The
value n = oo corresponds to the case of ideal plasticity.

In the case of axially symmetric buckling of a circular cylindrical shell under
the action of interior pressure and compressing axial force, the problem reduces to
the following system of differential equations in dimensionless variables:

m”—u(wl+ er%) —%7‘+2p:0, (2)
u + (m+Tw” —(m+ 1w =0, (3)
@H)PT = ), (@
where
wi:ﬂ uwo &2 m:ﬁM” p:_QnR T:ﬁT”
Ex8T Ex’ 4 héo,’ 200, 4 bo,’

while €9 is the velocity of hoop deformation of creep, Mji; is the longitudinal torque,
¢r is the interior pressure, Ty is the longitudinal compressing force, v, s™ and
v~, s~ are the intensivities of the creep velocity and stress in the upper and lower
base layers respectively, €, and o, are characteristic quantities with the dimensions
of creep velocity and stress respectively; the primes indicate differentiation with
respect to the dimensionless longitudinal coordinate ¢ = x/b, with b? = 4/(v/3Rh),
and R is the radius of the cylindrical shell.

Equation (4) determines w® as functions of u and m.

When v and m vary independently, (2)—(4) are the Euler equations for the
functional

N - / [um+ )+ %ww-)—<m+r>2w+—<m—7>2w-+2(%—p)u} &, (5)
0
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Wl(w) = 1 /d(v2)

g2 w

where

and ! = L/b is the dimensionless length of the shell; for an elastic shell, b is the size
of the boundary effect zone.

2. An Iterative Procedure for Solving
the Boundary Value Problem on the
Creep Deformation of a Cylindrical Shell

We must supplement (2)—(4) with boundary conditions whose form depends on
the method of fixing the ends of the shell. If both ends are rigidly restrained then
the boundary conditions are

u(0) = u/(0) = u(l) = /(1) = 0. (6)

u(0) = m(0) =u(l) =m() =0 (7)

express the vanishing of displacement and momentum. Other kinds of boundary
conditions are possible.

Let us also write down boundary conditions for a semi-infinite shell. On the
left edge of the shell we can impose conditions (6) or (7). At infinity the shell
is in the zero-momentum state. Consequently, m(oco) = 0 and u(co0) = us. Put
wT(00) = w™(00) = weo. By (4),

2u T
© 2 _ , Woo 2n/(n—1) _ U2 + (Twes 2.
2 a(p- T) ) 2, + (o)

Consequently,

Rearrange (2) and (3) as

—wt e
m! gt P g P u+2(L—p), (9)

Woo W Wee W™ Weo V3
U 4 2Mwee = M(Weo — W) + M(Woo —w ™) — T(w" —w™). (10)

Assuming that the right-hand sides of (9) and (10) are known functions of £ and
integrating the system subject to the appropriate boundary conditions, we obtain

u=[A=Ji(§I6() + [J2(§) = Bly(€) + [C = J3(§)IB(€)

D+ J(©)]al€) — %wm P, (11)

m = {4 = KO - 12(6) - B3
-[C — B(©la(©) + 1D + LI (12)
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where

£ £
() = / Fra(€) + F-AO]dE, Ja(€) = / [P B(6) — Fal€)] e,

0 0

£ £
J5(€) = / IFr(€) — F e de,  Jal€) = / IF8(6) + Fr(6)] de.
0

P 1{ [”ﬁ;“ T “mw‘“_}u £ (" —weo)(m o 7) (0 — weo)(m - r)},

a(§) = exp(=¢)sing, B(§) = exp(=§) cos§, Y(§) = exp(§)sing, 9(§) = exp(£) cos&.

The constants A, B, C, and D depend on the form of boundary conditions. For (6)
the constants are defined as

B—-D A——r—c C~— (BE) — 5(6))91(5)5&)(04(5) - 7(5))92(5),
a(§) + () (E)

)

b (BE) —5€)0(8) +(
5(€)
(&) = (B(&) = 6(£))* + (&) +7(8))?,

Q&) =r(0—1)+ Ji(1)o — Jo(D)y + Js ()8 — Ja(D e,

(€)= 7+ A0+ B = Blla— LB 1= (p= )

For a semi-infinite shell with hinged left end the constants are
A= Ji(x), B=Js(c0), C=-J(0)—71, D=—Js(0).

For a semi-infinite shell the integrals Jj(oco) and Jo(co) make sense provided that
|u — us| — 0 and |m| — 0 not slower than exp(—¢§) as £ — oo.

We solve (11) and (12) using iterations. As the initial approximation to the
functions u and m we take the expressions resulting from (11) and (12) when we
put wt = Weo, U = Uso, and m = 0 in the right-hand sides. Then we find from (4)
the initial approximation to w®. To find a root of (4), we use Newton’s method.
Inserting the initial approximation to u and m into the right-hand side of (11) and
(12), we find the first approximation. The process then repeats.

3. The Boundary Effect in a Semi-Infinite
Cylindrical Shell Loaded by Interior Pressure

Assume that a circular cylindrical shell is loaded by the interior pressure p and
7 = 0. Assume that the edges of the shell for ¢ = 0 are clamped. Since 7 = 0, it
follows from (4) that

wh=w =w (13)
and the function w is determined from
W2/ (=1 2 202, (14)
Then (9) and (10) become
m -9 ¥ T8, oy (15)
Woo Wioo

U+ 2Mwee = 2m(Weo — W), (16)
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where weo = p" L.

Changing the variables

we rearrange (14)—(16) as

w2n/(n—1) _ L_LQ +m2@27 (18)

m' 2 =22 My g (19)
Woo W o

U+ 2MWee = 2M(Woo — ). (20)

In the new variables Wy, = us = 1, and the only remaining parameter of the problem
is the creep exponent n.

Replace (19) and (20) with integral equations (11) and (12), which we should
simplify according to (13). Also, replace pws with 1. We have

Weo —w (U
pr_ el (: 4 m>.
2 w
For the initial approximation we obtain the expressions

ug = 1 —exp(—¢&)(cos€ —sin¢), g = —exp(—E&)(cos& —sin).
To determine w, we use Newton’s method:
(1/4)a} + mywh —wp/ Y

(2n/(n = 1)) VY — amig}

Wg4+1 = Wi +

We use these formulas to determine @ at the points of the interval under consider-
ation from the prescribed values of u and m. For £ = 0 we can find from (14) the
value of @ in terms of m as

@(0) = (m(0)"~".

At the subsequent points of the interval we take as the initial approximation to @
the solution to (14) at the previous point. The process of successive approximations
continues until the inequality |[wg1 — @Wk| < 0.00001 becomes valid. Since the ini-
tial approximation at every point differs little from the exact value, three to four
approximations turn out sufficient to satisfy the last inequalities. To calculate the
integrals Ji(c0) and Ja(00), we replace the semi-infinite interval by & € [0,7]. As
a consequence, the values of u, m, and @ differ from their values at infinity by at
most 0.0001. We divide the interval of integration into intervals with A{ = 0.05
and use the trapezoid formula. The difference between the values of the required
functions at the fourth and fifth nodes of approximation amounts to the third digit
after the decimal point, between the values at the sixth and seventh nodes, to the
fifth digit, and between those on the eleventh and twelfth nodes, to the eighth digit.

4. The Results of Modeling

Fig. 2 depicts the dependence of the dimensionless momentum 7 and dimen-
sionless velocity u of hoop deformation on the coordinate £ for the creep exponents
n = 1,3,5. The graphs imply that as n increases, the boundary effect zone some-
what grows, and simultaneously we observe a smoother change of momentum in the
boundary effect zone. Our computations show that the momentum 7 in clamped
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edges unchanged as the creep exponent n varies, and in fact equals 1. The same re-
sult is obtained in [3] with the use of the variational principle (the functional in (5)).
This fact is natural; for instance, if we use Mises’ fluidity criterion then in the limit
state of the shell as n = oo the momentum also equals 1. Indeed, for & = 0 the
velocity of hoop deformation vanishes. Thus, o2 = (1/2)07, and Mises’ criterion

2 2 2
0] — 0102 + 05 = S

implies that o7 = (2/1/3)s00. Therefore, M;(0) = (4/v/3)8hss or T = 1 since the
limit state is reached for p = 1.

n=

o
W
= 2 2,

-0.5

Fig. 2. Distribution of deflection and momentum

in semi-infinite cylindrical shell

For the original shell of thickness H we express torque as

n/(n+1)
M ([ V3.
2qHa 1+ 2n

This follows once we use the definition of T and (1), which yield the dependence of
the parameters of the model on the thickness of modeled and the creep exponent.

Fig. 3. Distribution of deflection

in finite and infinite cylindrical shells

Fig. 3 illustrates a comparison of the dependence of the transverse velocity of
deformation on the coordinate ¢ for finite and infinite shells.
We can express the longitudinal and hoop stresses in terms of m and w as
follows [3]:
+ +
10_1 — 4+ 2 _ 102

R , 4+
p o« V3 p o«

BE

gl =
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This implies that p is the value of hoop stress at infinity, (02(00)/04) = p.

Fig. 4 depicts the dependence of hoop stresses on the dimensionless coordinate €.
The dashed lines correspond to the stress (1/p)(o, /o), while the solid lines, to the
stress (1/p)(o5 )/ox) in the lower layer.

Pl

-05

Fig. 4. Distribution of stresses in the boundary effect zone

It is particularly interesting to estimate the maximal stretching stress since
large stretching stresses can lead to cracks in a construction. The maximal stretching
stress is a longitudinal stress on the interior side of the shell. The maximal stretching
stress in a modeled shell is different from the maximal stress in the model, and we
can find it in terms of torque at the restraint:

M;(0) Iy B h 1
W, ’ Wnih”’ InilJrl/V’ l/in'

(01 )maX -

Refer as the concentration coefficient to the ratio of the maximal stretching
stress to the hoop stress at infinity. The last equalities yield

(@max )y gperon 2 o
phriss (v +2)v/ 0+ 7 (0).

For n = 1 the maximal stretching stress at the restraint exceeds the hoop stretching
stress at infinity by a factor of two. The results of computation imply that the
concentration coefficient decreases with the growth of the creep exponent. But
its value remains quite large for the creep exponent for materials widely used in
technology. As a consequence, it is necessary to take the boundary effect into account
when calculating constructions.

Conclusion. Using the two-layer shell model we model the distribution of
stresses and velocity of deformation in the boundary effect zone in cylindrical shells,
both of finite length and semi-infinite.
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VARIOUS APPROACHES TO MODELING
INDUCED CURRENTS IN TRANSMISSION LINES
Yu. M. Grigor'’ev and M. N. Borisova

Abstract. We compare the currents and voltages induced in an aerial transmission line
in the event of a nearby lightning strike, calculating them with the use of two different
mathematical models. The first model describes the electrostatic component of the in-
duced currents, and the second, the electromagnetic component. We show that the peak
values of these components are comparable and that in permafrost conditions the peak
values of the electrostatic components of induced currents and voltage can be greater by
orders of magnitude, and so more dangerous than in the areas without permafrost.

Keywords: lightning, transmission line, permafrost, induced voltage, induced currents

The problem of electromagnetic compatibility of technical constructions with at-
mospheric electricity is particularly urgent in permafrost conditions due to the low
conductivity of the ground. Some aspect of this problem concerns the questions
of improving the effectiveness of the electrical protection of long-distance transmis-
sion lines. These include pipelines, power transmission lines, and communication
lines. From the physical viewpoint, the long-distance lines amount to long conduc-
tive lines in a stratified medium (air, conducting ground, or permafrost) and subject
to electric induction during thunderstorms and intense geomagnetic disturbances.
In long-distance transmission lines, the currents and voltages appear both in the ab-
sence and in presence of a direct strike lightning. These are called induced currents
and voltages. There are two kinds of them: Those of the first kind are electro-
magnetic, i.e., they arise in result of the influence of the electromagnetic field of
exterior disturbances. Those of the second kind are electrostatic: the electrostatic
field of a thundercloud induces electric charges on long-distance conducting lines.
The fast discharge of a thundercloud releases these charges; flowing along the trans-
mission line, and they form a current and voltage wave. The use of long-distance
power transmission lines and communication lines in Yakutia during the last decades
shows that induced currents and voltages cause many emergencies. Some operational
parameters of the electric protection of these lines often fail to reach the required
standardized values.

In order to draw up recommendations on the protection of transmission lines
against the action of atmospheric electricity, it is necessary first of all to analyze
the processes, in particular, to estimate the induced currents and voltages. The
standard methods for approximate calculation of induced overvoltages in aerial lines
rest on calculating the electromagnetic field of the lightning channel. In essentially
all published articles, the calculation of induced currents and voltages accounts only

The authors were financially supported by the Russian Foundation for Basic Research (Grant
DV No. 12-05-98528-a) and the Ministry for Education and Science (Grant No. 1626).
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92 Yu. M. Grigor’ev and M. N. Borisova

for electromagnetic induction and neglects the electrostatic part. But, in our opinion,
in domains with high specific electric resistance of the ground, including domains
with permafrost, it is necessary to account for the electrostatic component (i.e., the
current and voltage wave) while calculating the induced currents and voltages. The
authors are aware of few articles calculating current and voltage waves.

Let us survey some basic facts of use below. The electrization of thunderclouds
in the most cases (up to 90%) results in lightning carrying negative charge to the
ground. In the middle latitudes, about 30-40% of the total number of lightnings
strike the ground. The remaining 60-70% constitute discharges between clouds or
their oppositely charged parts. The lightning consists mostly of several separate
successive discharges (up to 14). A multicomponent lightning can last up to 1 sec.
Most often the duration of a lightning strike is below 0.1 sec. The failures in long-
distance lines occur mainly due to a nearby lightning strike.

The articles [1-7] consider some mathematical models of the electromagnetic
influence of lightning discharges to the ground or between clouds on a long-distance
line. Tsapenko attempted [8] to construct a mathematical model of current and
voltage waves in power transmission lines; To model the initial potential of a cloud,
he used a quadratic function without justification. The most adequate models of
current and voltage waves in a coaxial cable under permafrost conditions appeared
in [9-12]. We constructed and solved analytically and numerically the mathematical
models of current and voltage waves induced in power transmission lines by lightning
discharges in permafrost conditions [13-20].

In this article we compare the calculations of currents and voltages induced in
a power transmission line according to our model [13-20] to the model described
in [3].

Let us briefly describe our model of current and voltage waves. We construct it
on assuming the instantaneous character of the lightning discharge. For simplicity,
consider a transmission line with one infinitely thin conductor (Fig. 1) characterized
by the following distributed parameters: resistance R, capacity C, inductance L,
and leakage factor G calculated per unit length.

ZA

- "'a
y. L cloud

X

0 ! transmission line

graund

z,+l

‘Q}; electrostatic image charge 0

Fig. 1. Lightning strike near transmission line
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Introduce the system of Cartesian coordinates z, y, and z. Suppose that the
domain z < [ is occupied by conducting ground, where the parameter [ characterizes
the thickness of the permafrost layer. The transmission line is aligned with the -
axis. We model a thundercloud with a point charge @ with coordinates (x., Y., z¢)-
Consequently, the line lies in the field of the charge @) and its electrostatic image —@Q.
Assume that the conductor is grounded at an infinitely distant point, while the
potential v of the ground equals 0, i.e., the charges induced on the line create the
potential compensating the potential of two point charges @ and —Q.

At time ¢ = 0 the charges @ disappear instantaneously (the cloud discharges),
and the current wave, the flow of induced charges, propagates along the line for ¢ > 0.
It is described by the telegraph system of equations. Thus, to determine the current
i(z,t) and the voltage u(z,t) in the lines following the discharge of a thundercloud,
we obtain the problem:

Uy + Liy + Ri = 0,
it + Cuy + Gu = 0,
i(z,0) =0,
u(z,0) = f(z),

We find the initial function f(z) from the previous arguments:

@)= = ¢ - ¢ )
Ameo \ /224 (x — 22 + 42 V@It 22+ (w—x)2 +42)]

—oo < x <00, t>0. (1)

this is the potential that up to time ¢ = 0 compensates the potential of the charges @
and —Q. The second initial condition i(z,0) = 0 is obvious.
The solution to our problem is the voltage

u(z,t) = %e)‘t(f(x +at) + f(z — at))
z+at

e f (glo(k\/—aQtQ =)+ ke BV (- y)2)>f(y) dy (2)

a?t? + (r —y)?

r—at

and the current

z+at

e
Z((E,t) - _@7 / IO(kV a2t2 - ((E - y)2)fy(y) dyv (3)

where Ip(z) and I (z) are modified Bessel functions.
If the condition
RC = LG (4)

of the absence of disturbances is fulfilled then the solution to our problem simplifies,
becoming

w(a t) — %e*%t(f(x—at) + fe+ at)), (5)

i(z,t) = %\/ge_lgt(f(x —at) — f(x + at)). (6)

Let us recall how the numerical experimentation of [3] studied the influence
of low conductivity of the ground on the induced currents in a power transmission
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line, accounting only for the electromagnetic component of induced currents. It all
starts with calculation of the electromagnetic field of the lightning channel by several
methods. We determine the horizontal component of the electric field near a power
transmission line without imposing boundary conditions on the wires. Then we insert
the strength of this field into the right-hand side of the telegraph equations as the
external electromotive force and solve the resulting initial-boundary value problem.
The power transmission line was treated in [3] as one wire of radius b = 0.005 m

hanging at [ = 10 m above ground. Furthermore, C = 102g7r(€2_0l) =6.7-107'2 F/m is
b

the capacity, R = p# = 3.4-107* Ohm/m is the resistance, and L = £2 log (%) =
1.6 - 107% H/m is the inductance of the conductor per unit length.
We calculate the leakage factor G as

a-2¢
€0

where og is the conductivity of air. We can justify this formula in the electrodynamic
derivation of telegraph equations [21].

The vertical lightning strikes near a power transmission line at distance r = 50 m
from its center (Fig 2).

ol electrostatic image cloud

Fig. 2. The lightning geometry calculated in [13]

Fig. 3. Lightning current pulse
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To calculate the horizontal component of the electric field near a power trans-
mission line, assume that we express the lightning current at the base of the lightning
channel as

I(t) = Ip(e™ =), (7)
where In = 12 kA, a = 3-10* 57!, and 8 = 107 s 1.

Fig. 3 depicts the current pulse. We assume that the velocity of propagating

lightning current equals v = 1.3 - 108 m/s.

U, (xB)

60 -
50+

40

0 2 4 6 8 1 (mks)

Fig. 4. Voltage in a power transmission line induced

by the electromagnetic field of lightning current

The results of [3] show that the peak values of voltage in a power transmission
line can reach 60 kV. Fig. 4 depicts the pulse of induced overvoltage in the power
transmission line.

Let us now find the predicted parameters for our model current and voltage
wave with instantaneous lightning discharge using the original data of [3]. The total
charge carried by the lightning current (7) for our model will be the charge

Q= [ I(t)dt =033 C
/

of the cloud. For a lightning current pulse lasting 11.5 us and the specified velocity of
the current, we estimate the height of the lightning as about H = 1500 m. Therefore,
we find the expression

1 Q _ @
J@) = 47r50<\/(H—l)2+x2 \/(HH)QHQ)

for the initial potential of our model. Fig. 5 depicts the results of calculations of
the current and voltage wave for a long power transmission line with the above
parameter when lightning strikes the ground 50 m away from all power transmission
lines.

Calculations show that the peak value 60 kV for current and voltage waves
agrees with the results of [3] on the order of magnitude.

The authors previously constructed some mathematical model of current and
voltage wave in a transmission line in permafrost conditions [13-20]. Adding to
this problem a permafrost layer with {, = 250 m, we obtain the predicted results,



96 Yu. M. Grigor’ev and M. N. Borisova

uft] (kB)
60

50
40
30
20
10

t (mks)
5 10 15 20 25 30

Fig. 5. Voltage wave in a power transmission line according to our model

with instantaneous lightning discharge

presented in Fig. 6. The initial potential, taking permafrost into account, is of the

form
1 Q Q
f(x)* 47T50<\/(H—lp)2+1‘2 \/(H+lp)2+x2>.
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Fig. 6. Voltage wave in a power transmission line in permafrost conditions

taking into account the instantaneous character of lightning strike

It is clear that in permafrost conditions the induced voltage can be dozens of
times more dangerous.

Conclusions

e The peak values of the electrostatic component of induced voltage (current
and voltage wave) are comparable to those of the electromagnetic components.

e In permafrost conditions the peak values of the electrostatic component of
induced voltage (current and voltage wave) can be greater by orders of magnitude,
and so more dangerous than in the areas without permafrost.
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MATHEMATICAL MODELING OF JIGGING

L. V. Nikiforova, A. I. Matveev,
E. S. Sleptsova, and B. V. Yakovlev

Abstract. We present a mathematical model of jigging using the statical approach for
describing the process and the theory of Brownian motion. The Fokker—Planck equation
is obtained for fractions in a jigging machine. The distributions of the grainy rocks under
study are calculated in various cases.

Keywords: jigging, distribution, Fokker—Planck equation, diffusion, probability, model

Jigging is a method of gravity-assisted enrichment of ores which is based on strati-
fying grainy rock fractions by density and size. It goes in a vibrating medium under
the action of the gravitational field of the Earth. In this article we discuss the
developing of a mathematical model for jigging.

Statistical approach is often used to describe the jigging process: we consider not
only deterministic mechanical processes but also stochastic. In [1-4] it is not shown
adequately which premises and assumptions lead to the Fokker—Planck equation,
and how we solve the latter. In this article we suggest a physical model of jigging
and, basing on it, obtain a relation of Fokker—Planck type. To solve this equation,
we use a model of the motion of a Brownian particle in the field of the Earth [5].
The solution extends to the case of a set of noninteracting particles. The equation
has unknown parameters to be determined from the physical model and refined as
a result of physical modeling.

Consider the following problem:

We put N identical balls of density p; and radius rg into a jigging bed, submerg-
ing them into a medium of density p, and viscosity 7,. At a certain height h there
is a ball of the same size but a greater density pp > p1 (Fig. 1). As the jigging bed
oscillates with frequency wg and amplitude ag, the test particle must diffuse down-
ward due to the action of gravity. We need to find the probability of the particle
occurring at a certain location at arbitrary time.

Assume that the problem is one-dimensional.

Firstly, consider the case that gravity is absent, together with the boundaries;
i.e., the system is unbounded. At the initial moment the particle is at rest; when
the system starts oscillating, the particle will move according to Markov processes.
A Brownian particle is moving chaotically under the action of the thermal motion of
the molecules of the surrounding medium. Furthermore, the molecules bombarding
it have certain average velocity in accordance with the temperature. In our case,
the role of these molecules belongs to the density p; balls surrounding our test ball
and moving under the action of exterior periodic forces. The balls of the surround-
ing medium have kinetic energy in accordance with the oscillations of the medium,
namely, %”)2 = %ﬁwg, where ap and wy are the amplitude and frequency of os-
cillations of the medium. The two kinds of forces act on the particle: the gradient

(© 2014 Nikiforova L. V., Matveev A. 1., Sleptsova E. S., and Yakovlev B. V.
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Fig. 1

forces Iy, since we treat each moment as a statistical ensemble and the resistance
forces. The latter are caused by collisions, Fj, of the particle under consideration
with the surrounding balls and viscosity F5 when the process occurs in water, for
instance. The resistance force Fy equals Fy + Fb.

We can determine the resistance force due to collisions as follows: The mean
decelerating force equals the loss of momentum. For each collision it completely
loses the velocity. This force equals approximately
dp dv v

~-m—, (1)

J 2 A
N -

where v is the mean velocity of particles and 7 is the mean free time between
collisions.

We can find the mean value of free time from the oscillatory characteristics of
the system. The mean squared velocity of particles in the oscillations of the jigging
machine equals

(v) = ap - wo. (2)

The mean length of free path equals the amplitude of oscillations. Hence, the mean
free time equals the period of oscillations

21
= —. 3
T (3)
Thus,
- mwo _,
= —2—7T0v. (4)

Assume that the resistance of the medium equals the Stokes force
Fy = —6mnro¥, (5)

where 7 is the viscosity of the medium.

To determine the gradient force, consider an inhomogeneous one-dimensional
system, that is, a one-dimensional problem, where n(z) depends only on one vari-
able x, a reservoir with inhomogeneous distribution of particles (Fig. 2). Suppose
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that the concentration of particles is greater to the left than to the right of some
boundary: n; > nso.

The force proportional to concentration and equal to kn;AS acts on the left
boundary of the domain dx and equal to knsAS, on the right boundary, where

2 2 2
k= MTM = T50%0 . The force, acting on a particle inside the domain, equals

P k(ng —n1)AS  k(n(t,z) —n(t,z +dx))AS k  dn(t, ) (©)
Ot x)AV n(t, z)ASdx T ontz)  do
or ) .
Fy, = ——n(t7mVn(t,F) (7)

in vector notation.
The mathematical expression for the conservation of amount of substance is the
continuity equation

on(t
"ét’m LV (n(t,7) - F) = 0. 8)
The balance of the forces
Y F=Fp+F+F=0 9)
acting on a given particle yields
k mwo k
———Vn(t,7) — —U—6 v=——=Vn(t,7) —at =0 10
n(t,v")vn( ,T) 5 U= 6mrov n(t,v")vn( ,7) —at =0, (10)
where o = 520 + 67nro.
By (8) and (10),
t k
a"étﬂ — ZAn(t,7) = DAn(t, 7), (11)
@

where D = § is the coefficient of macrodiffusion.

The resulting expression is the Fokker—Planck equation for a free particle. The
solutions to this classical equation are known; in particular, in the one-dimensional
case the fundamental solution is

n(t,x) = (12)

1 ( x? )
exp| — — .
VAan Dt P 4Dt
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n(t,x)

Fig. 3

Fig. 3 shows this dependence for various times.

Returning to the problem under study, consider the motion of a particle in
the gravity field of the Earth. The particle is in a reservoir, bounded below by
an impermeable wall and surrounded by other particles of smaller density. During
oscillations the particle diffuses downward. It is acted on by the gravity force

F; = mg, (13)

where m = %777‘8 po is the mass of the particle under study. Then the Fokker—Planck
equation is of the form

on(t,z) mgon(t,x)

_ 2 DA = 14
ot a  Ox n(t,z) =0 (14)
with the initial and boundary conditions
n(0,z) = 6(x — h), (15)
/n(t,x) dx =1, (16)
0
n(tvx)|a:%+00 =0, (17)
M =0, (18)
81‘ T—+00
mg on(t, x)
7 0 =0. 1
( - n(t,x) + o )a;o 0 (19)

The last relation is the condition of the absence of flow through the lower surface.
To solve this problem, using the solution to a similar problem for a Brownian
particle [5], we obtain the analytical expression

g (-t male )

n(t,z) =

mgt _ . h

mg ( mge\_ 1 " o
+ A exp( A )\/m / exp( 4Dt> dn. (20)
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nix)

Fig. 4

Fig. 4 depicts the dependence according to (20) at various times. The marks
on the horizontal axis indicate the height of the reservoir with balls.

It is clear from Fig. 4 that the distribution of the probability of finding the
particle spreads initially while moving down, and eventually becomes the Boltzmann
distribution.

This problem is equivalent to the problem with a set of N particles of density
po distributed on the same plane at some height h (Fig. 5). Then the distribution
of the number of particles is described by the curve (20); furthermore, the number
of particles is proportional to the area of the figure inside the domain adjacent to
the horizontal axis and the line in Fig. 4.

o0 o
3 s
>‘§* .:.
p< > il
cose e
csosssessess
XX X X h
e esesssss
sesveseess
ana;
o aee
Fig. 5 Fig. 6

In reality, the extracted gold pieces lie randomly in the volume of the jigging
bed. To model this distribution, we can use a generator of random numbers. When
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we have sufficiently many grains of the material under study, the initial distribution
is roughly uniform. Thus, we consider a uniformly distributed system (Fig. 6).
Fig. 7 shows the dependences for the uniform distribution.

n(x)

Fig. 8

The dark solid line illustrates the total distribution according to

n(t,x) = %Zm(t,x) (21)

Fig. 8 shows the dependence of the total distribution when the initial state has
uniform distribution of the grains under study at various moments of time.
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The resulting distributions enable us, for the prescribed values of the target
fractions (for instance, in percent of total volume) with uniform initial distribution,
to calculate the likely time that a certain prescribed layer of material takes to form
at the bottom of the jigging bed reservoir with a prescribed concentration of the
useful fraction.
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