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ǱãáâìDε | ª®­¥ç­ ï ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  Em+1

â®ç¥ª

(x
1

, . . . , xm, t), ®£à ­¨ç¥­­ ï ¯®¢¥àå­®áâï¬¨ |x| = t + ε, |x| = 1 − t ¨

¯«®áª®áâìî t = 0, £¤¥ |x| | ¤«¨­  ¢¥ªâ®à  x = (x
1

, . . . , xm), 0 6 t 6

(1 − ε)/2,   0 6 ε < 1. � áâ¨ íâ¨å ¯®¢¥àå­®áâ¥©, ®¡à §ãîé¨å £à ­¨æã

∂Dε ®¡« áâ¨ Dε, ®¡®§­ ç¨¬ ç¥à¥§ Sε, S1 ¨ S á®®â¢¥âáâ¢¥­­®.

� ®¡« áâ¨ Dε à áá¬®âà¨¬ ¬­®£®¬¥à­®¥ ¯®«¨¢®«­®¢®¥ ãà ¢­¥­¨¥

Lnu ≡
(
�x − ∂2

∂t2

)n

u = 0, (1)

£¤¥ �x | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥­­ë¬ x
1

, . . . , xm, m > 2,   n |

æ¥«®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®, ­  ¢ �­®áâì ¨áá«¥¤®¢ ­¨ï ª®â®à®£® ®¡à -

â¨« ¢­¨¬ ­¨¥ ¥é¥ �. �. �¨æ ¤§¥ [1℄.

� áá¬®âà¨¬ ¬­®£®¬¥à­ë©  ­ «®£ § ¤ ç¨ � à¡ã ¤«ï ãà ¢­¥­¨ï (1)

[2℄.

� ¤ ç  1. � ©â¨ ¢ ®¡« áâ¨ Dε à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¨§ ª« á-

á  C2n−2

(Dε) ∩ C2n−1

(Dε ∪ S) ∩ C2n
(Dε), ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬

ãá«®¢¨ï¬

∂2ju

∂t2j

∣∣∣∣
S

= 0, Lju|Sε
= 0, j = 0, n− 1, (2)

¨«¨

∂2j+1u

∂t2j+1

∣∣∣∣
S

= 0, Lju|Sε
= 0, j = 0, n− 1. (3)


© 2008 �ªë«¡ ¥¢  �. �.
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� ¤ «ì­¥©è¥¬ ­ ¬ ¡ã¤¥â ã¤®¡­® ¯¥à¥©â¨ ®â ¤¥ª àâ®¢ëå ª®®à¤¨­ â

x
1

, . . . , xm, t ª áä¥à¨ç¥áª¨¬ r, θ
1

, . . . , θm−1

, t, á®åà ­¨¢ ®¡®§­ ç¥­¨ï,

¨á¯®«ì§®¢ ­­ë¥ ¢ [3, 4℄.

Ǳãáâì

{
Y k

n,m(θ)
}
| á¨áâ¥¬  «¨­¥©­® ­¥§ ¢¨á¨¬ëå áä¥à¨ç¥áª¨å

äã­ªæ¨© ¯®àï¤ª  n, 1 6 k 6 kn, (m−2)!n!kn = (n+m−3)!(2n+m−2),

θ = (θ
1

, . . . , θm−1

).

�¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �á«¨ ε = 0, â® § ¤ ç  1 ¨¬¥¥â ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢®

­¥âà¨¢¨ «ì­ëå à¥è¥­¨©.

�¥®à¥¬  2. �¥è¥­¨¥¬ § ¤ ç¨ 1 ï¢«ï¥âáï u(x, t) ≡ 0 â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ε > 0.

�®ª �¥¬ â¥®à¥¬ë ¨­¤ãªæ¨¥© ¯® n.

Ǳãáâì n = 2. �á«¨ ¢¢¥áâ¨ ­®¢ãî ­¥¨§¢¥áâ­ãî äã­ªæ¨î v(x, t) =

Lu, â® § ¤ ç  1 à á¯ ¤ ¥âáï ­  ¤¢¥ á«¥¤ãîé¨¥ § ¤ ç¨.

� ¤ ç  2. � ©â¨ ¢ ®¡« áâ¨ Dε à¥è¥­¨¥ ãà ¢­¥­¨ï Lv = 0, ã¤®-

¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

v|S = 0, v|Sε
= 0, (4)

¨«¨

vt|S = 0, v|Sε
= 0. (5)

� ¤ ç  3. � ©â¨ ¢ ®¡« áâ¨ Dε à¥è¥­¨¥ ãà ¢­¥­¨ï

Lu = v(x, t), (6)

ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬ (4) ¨«¨ (5).

�«ï § ¤ ç¨ 2 ¢ [3, 4℄ ¤®ª § ­  á«¥¤ãîé ï

�¥®à¥¬  3. Ǳà¨ ε = 0 § ¤ ç  2 ¨¬¥¥â ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢®

­¥­ã«¥¢ëå à¥è¥­¨© ¢¨¤ 

v(r, θ, t) =

∞∑

n=0

kn∑

k=1

�vk
n(r, t)Y

k
n,m(θ), (7)
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¯à¨ íâ®¬ �vk
n(r, t) ≡ 0, k = 1, kn, n = 0, 1, 2, ¨ �vk

n(r, t) 6= 0, k = 1, kn,

n = 3, 4, . . . ,   â ª�¥ ¢ [5℄ ãáâ ­®¢«¥­  á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 2.

�¥¯¥àì ¡ã¤¥¬ ¤®ª §ë¢ âì â¥®à¥¬ã 1. �­ ç «  à áá¬®âà¨¬ § ¤ çã

(1), (2). �«ï ¥¥ à¥è¥­¨ï ¤®áâ â®ç­® à¥è¨âì § ¤ çã (6), (4), £¤¥ v(x, t)

®¯à¥¤¥«ïîâáï ¨§ (7). �¥è¥­¨¥ u(r, θ, t) ¨é¥¬ ¢ ¢¨¤¥ àï¤ 

u(r, θ, t) =

∞∑

n=0

kn∑

k=1

�uk
n(r, t)Y

k
n,m(θ), (8)

£¤¥ �uk
n(r, t) | äã­ªæ¨¨, ª®â®àë¥ ¡ã¤ãâ ®¯à¥¤¥«¥­ë ­¨�¥.

�®£¤ , ª ª ¨ ¢ [3, 4℄, á ãç¥â®¬ (7) ¤«ï �uk
n(r, t) ¯®«ãç¨¬ ãà ¢­¥­¨¥

�uk
nrr +

m− 1

r
�uk

nr − �uk
ntt −

λn

r2
�uk

n = �vk
n(r, t), λn = n(n+m− 2), (9)

k = 1, kn, n = 0, 1, . . . .

� «¥¥, ¨§ ªà ¥¢®£® ãá«®¢¨ï (4) ¢ á¨«ã (8) ¡ã¤¥¬ ¨¬¥âì

�uk
n(r, 0) = 0, �uk

n(r, r) = 0, k = 1, kn, n = 0, 1, . . . , 0 6 r 6 1. (10)

� (9) ¯à®¨§¢¥¤ï § ¬¥­ã ¯¥à¥¬¥­­ëå

�uk
n(r, t) = r(1−m)/2uk

n(r, t)

¨ ¯®«®�¨¢ § â¥¬

ξ =
r + t

2

, η =
r − t

2

,

¯®«ãç¨¬

uk
nξη +

[(m− 1)(3−m)− 4λn℄

4(ξ + η)2
�uk

n = fk
n(ξ, η), (11)

fk
n(ξ, η) =

1

4

(ξ + η)(m−1)/2
�vk
n(ξ + η, ξ − η),

¯à¨ íâ®¬ ªà ¥¢®¥ ãá«®¢¨¥ (10) § ¯¨è¥âáï ¢ ¢¨¤¥

uk
n(ξ, ξ) = τk

n(ξ) = 0, uk
n(ξ, 0) = 0, k = 1, kn, n = 0, 1, . . . , 0 6 ξ 6

1

2

.

(12)
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� ãç¥â®¬ ®¡é¥£® à¥è¥­¨ï ãà ¢­¥­¨ï (11) (á¬. [1℄) ¢ [6℄ ¯®«ãç¥­® à¥è¥-

­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (11) ¢ ¢¨¤¥

uk
n(ξ, η) =

1

2

τk
n(η)R(η, η; ξ, η) +

1

2

τk
n(ξ)R(ξ, ξ; ξ, η)

+

1√
2

ξ∫

η

[
νk

n(ξ1)R(ξ1, ξ1; ξ, η)− τk
n (ξ1)

∂

∂N
R(ξ

1

, η
1

; ξ, η)

∣∣∣∣
ξ
1

= η
1

]
dξ

+

ξ∫

1/2

η∫

0

fk
n(ξ1, η1)R(ξ1, η1; ξ, η) dξ1dη1, (13)

£¤¥

R(ξ
1

, η
1

; ξ, η) = Pµ

[
(ξ
1

− η
1

)(ξ − η) + 2(ξ
1

η
1

+ ξη)

(ξ
1

+ η
1

)(ξ + η)

]

| äã­ªæ¨ï �¨¬ ­  ãà ¢­¥­¨ï (11) [7℄,   Pµ(z) | äã­ªæ¨ï �¥� ­¤à ,

µ = n+ (m− 3)/2,

νk
n(ξ) =

∂uk
n

∂N

∣∣∣∣
ξ
1

=η
1

=

(
∂ξ

1

∂N ′
· ∂u

k
n

∂η
1

+

∂η
1

∂N ′
· ∂u

k
n

∂ξ
1

)∣∣∣∣
ξ
1

=η
1

,

N ′
| ­®à¬ «ì ª ¯àï¬®© ξ = η ¢ â®çª¥ (ξ

1

, η
1

), ­ ¯à ¢«¥­­ ï ¢ áâ®à®­ã

¯®«ã¯«®áª®áâ¨ η 6 ξ.

�§ (13) ¯à¨ η = 0, ¨á¯®«ì§ãï ªà ¥¢®¥ ãá«®¢¨¥ (12), ¯®«ãç¨¬ ¨­â¥-

£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  ¯¥à¢®£® à®¤ 

ξ∫

0

νk
n(ξ1)Pµ

(
ξ
1

ξ

)
dξ

1

= 0, 0 6 ξ 6
1

2

. (14)

� [3℄ ¤®ª § ­®, çâ® ãà ¢­¥­¨¥ (14) ¢ ª« áá¥ C([0, 1
2

℄) ¯à¨ µ > 2

¨¬¥¥â ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï ¢¨¤ 

νk
n(ξ) = ξβ , β = µ− 2(s+ 1), s = 0, 1, . . . , (15)

¨ ­ã«¥¢®¥ à¥è¥­¨¥, ¥á«¨ − 1

2

6 µ < 2.

� ª¨¬ ®¡à §®¬, § ¤ ç  (6), (4) ¨¬¥¥â ­¥­ã«¥¢ë¥ à¥è¥­¨ï ¢ ¢¨¤¥

àï¤ 

u(r, θ, t) =

∞∑

n=0

kn∑

k=1

r(1−m)/2uk
n(r, t)Y

k
n,m(θ), (16)
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£¤¥ uk
n(r, t) ®¯à¥¤¥«ïîâáï ¨§ (13), ¢ ª®â®à®¬ νk

n(ξ) ­ å®¤ïâáï ¨§ (15),

¯à¨ç¥¬

β = µ− 2(s+ 1) >
3 +m

2

, s = 0, 1, . . . .

� ª ¨ ¢ [3℄, ­¥âàã¤­® ¯®ª § âì, çâ® ¯®«ãç¥­­®¥ à¥è¥­¨¥ ¢¨¤  (16)

¯à¨­ ¤«¥�¨â ¨áª®¬®¬ã ª« ááã.

�á¯®«ì§ãï à¥§ã«ìâ âë [3, á. 14℄, ¬®�­® ¤®ª § âì, çâ® § ¤ ç  (6),

(5) â ª�¥ ¨¬¥¥â ­¥­ã«¥¢ë¥ à¥è¥­¨ï ¢¨¤  (16), £¤¥ uk
n(r, t) ­ å®¤ïâáï ¨§

(13), ¯à¨ íâ®¬

τk
n (ξ) = ξβ , β = µ− 2s >

m+ 5

2

, s = 0, 1, . . . .

�¥®à¥¬  1 ¯à¨ n = 2 ¤®ª § ­ .

Ǳ¥à¥å®¤¨¬ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2. Ǳãáâì ε > 0. �®£¤  ¨§

â¥®à¥¬ë 2 ¤«ï § ¤ ç¨ 2 ¢ëâ¥ª ¥â, çâ® v(x, t) ≡ 0.

� «¥¥, á­®¢  ¯à¨¬¥­ïï â¥®à¥¬ã 2, â¥¯¥àì ã�¥ ¤«ï § ¤ ç¨ 3 ¡ã¤¥¬

¨¬¥âì u(x, t) ≡ 0.

Ǳ¥à¢ ï ç áâì â¥®à¥¬ë 2 ¤®ª § ­ .

Ǳãáâì â¥¯¥àì à¥è¥­¨¥¬ § ¤ ç¨ 1 ¡ã¤¥â u(x, t) ≡ 0. Ǳ®ª �¥¬, çâ®

ε > 0. Ǳà¥¤¯®«®�¨¬ ¯à®â¨¢­®¥, â. ¥. ε = 0. �á«¨ ε = 0, â® ¨§ â¥®à¥-

¬ë 1 ¢ëâ¥ª ¥â, çâ® § ¤ ç  1 ¨¬¥¥â ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï ¢¨¤  (16).

Ǳà¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î.

�¥®à¥¬  2 ¯à¨ n = 2 ãáâ ­®¢«¥­ .

Ǳãáâì â¥¯¥àì â¥®à¥¬  1 ¢¥à­  ¯à¨ n = k. �®ª �¥¬ ¥¥ ¯à¨ n = k+1.

� íâ®¬ á«ãç ¥ § ¤ çã 1 ¬®�­® à §¡¨âì ­  ¤¢¥ á«¥¤ãîé¨¥ § ¤ ç¨.

� ¤ ç  4. � ©â¨ ¢ ®¡« áâ¨ Dε à¥è¥­¨ï ãà ¢­¥­¨ï L
kv = 0, ã¤®-

¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

∂2jv

∂t2j

∣∣∣∣
S

= 0, Ljv|Sε
= 0, j = 0, k − 1,

¨«¨

∂2j+1v

∂t2j+1

∣∣∣∣
S

= 0, Ljv|Sε
= 0, j = 0, k − 1,
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¨ § ¤ ç¥ 3.

Ǳãáâì ε = 0. �®£¤  ¯® â¥®à¥¬¥ 1 ¤«ï § ¤ ç¨ 4 áãé¥áâ¢ãîâ ­¥âà¨¢¨-

 «ì­ë¥ à¥è¥­¨ï v(x, t). � íâ®¬ á«ãç ¥ § ¤ ç  3 â ª�¥ ¨¬¥¥â ­¥­ã«¥¢ë¥

à¥è¥­¨ï ¢¨¤  (16).

�¥®à¥¬  1 ¤®ª § ­ .

Ǳãáâì â¥¯¥àì â¥®à¥¬  2 ¢¥à­  ¯à¨ n = k. �áâ ­®¢¨¬ ¥¥ ¤«ï n =

k+1. Ǳ® ¯à¥¤¯®«®�¥­¨î ¯à¨ ε > 0 à¥è¥­¨¥¬ § ¤ ç¨ 4 ¡ã¤¥â v(x, t) ≡ 0.

�®£¤  ãà ¢­¥­¨¥ (6) ¯¥à¥å®¤¨â ¢ ãà ¢­¥­¨¥ Lu = 0,   § ¤ ç  3 | ¢

§ ¤ çã 2, ª®â®à ï ¯® â¥®à¥¬¥ 2 ¨¬¥¥â à¥è¥­¨¥ u(x, t) ≡ 0.

Ǳ¥à¢ ï ç áâì â¥®à¥¬ë 2 ¤®ª § ­ .

Ǳãáâì, ¤ «¥¥, u(x, t) ≡ 0 | à¥è¥­¨¥ § ¤ ç¨ 1. Ǳ®ª �¥¬, çâ® ε > 0.

Ǳà¥¤¯®«®�¨¬ ¯à®â¨¢­®¥, â. ¥. ε = 0. �®£¤  ¨§ â¥®à¥¬ë 1 ¯à¨å®¤¨¬

ª ¯à®â¨¢®à¥ç¨î.

�¥®à¥¬  2 ãáâ ­®¢«¥­ .

� [8℄ § ¬¥ç¥­®, çâ® ¥á«¨ ¢ ãà ¢­¥­¨¨ (1) ¯à¨áãâáâ¢ãîâ ¬« ¤è¨¥

¯à®¨§¢®¤­ë¥ ®â u(x, t), â® ãá«®¢¨ï (2) ¨ (3) § ¬¥­ïîâáï ¡®«ìè¨¬ ª®-

«¨ç¥áâ¢®¬ ªà ¥¢ëå ãá«®¢¨©, çâ® ®§­ ç ¥â ¨å ¢«¨ï­¨¥ ­  ¯®áâ ­®¢ªã

§ ¤ ç¨ 1.

�â¬¥â¨¬, çâ® ­¥ª®â®àë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (1) ¨§ãç¥­ë ¢ [3℄.
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��������

�. �. �«¥ªá¥¥¢

�¢¥¤¥­¨¥. � áâ®ïé ï áâ âìï, ª ª ¨ ¯à¥¤è¥áâ¢ãîé¨¥ à ¡®âë  ¢-

â®à  [1{6℄, ¯®á¢ïé¥­  ¯à¨ª« ¤­®¬ã á¯¥ªâà «ì­®¬ã  ­ «¨§ã áâ æ¨®­ à-

­ëå á«ãç ©­ëå ¯à®æ¥áá®¢ (��Ǳ) á ¤¨áªà¥â­ë¬ ¢à¥¬¥­¥¬. Ǳ® á¢®¥©

¨¤¥©­®© ­ ¯à ¢«¥­­®áâ¨ ®­  ­ ¨¡®«¥¥ ¡«¨§ª  ª à ¡®â¥ [6℄, ¢ ª®â®à®©

¡ë«® ¯à¥¤«®�¥­® § ¬¥­¨âì ¢¥á®¢ãî äã­ªæ¨î w(x), ¨á¯®«ì§ã¥¬ãî ¤«ï

®áà¥¤­¥­¨ï ¯¥à¨®¤®£à ¬¬ë ¯à¨ ¯®áâà®¥­¨¨ ®æ¥­ª¨ á¯¥ªâà «ì­®© ¯«®â-

­®áâ¨, ¤¨áªà¥â­ë¬ ­ ¡®à®¬ ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {w(k)}. �á«¨ ¯à¨
¨á¯®«ì§®¢ ­¨¨ ¢¥á®¢®© äã­ªæ¨¨ w(x) ¢ �­ë¥ ®£à ­¨ç¥­¨ï, ­ « £ ¥-

¬ë¥ ­ ¬¨ ­  ¬®¬¥­âë ¢¨¤ 

∫
xjw(x) dx, ¬®£«¨ ¢ë¯®«­ïâìáï «¨èì ¯à¨-

¡«¨�¥­­®, â® ¯à¨ ¯¥à¥å®¤¥ ª ­ ¡®àã ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {w(k)} ¢á¥
ãá«®¢¨ï, ­ « £ ¥¬ë¥ ­ ¬¨ ­  ¬®¬¥­âë ¢¨¤ 

∑
k

kjw(k), ¢ë¯®«­ïîâáï (¢

¯à¥¤¥« å à §àï¤­®© á¥âª¨ ª®¬¯ìîâ¥à ) ¡¥§®è¨¡®ç­®. �â® ¯®á«¥¤­¥¥

®¡áâ®ïâ¥«ìáâ¢® ¯à¨®¡à¥â ¥â ®á®¡ãî ¢ �­®áâì ¢ á«ãç ¥ ¨á¯®«ì§®¢ ­¨ï

¢¥á®¢ëå äã­ªæ¨© w(x) ¢ëáè¨å ¯®àï¤ª®¢, â. ¥. ¢ â¥å á«ãç ïå, ª®£¤ 

­¥ª®â®àë¥ ¨§ ¬®¬¥­â®¢ ç¥â­ëå ¯®àï¤ª®¢ äã­ªæ¨¨ w(x) ¤®«�­ë ®¡-

à é âìáï ¢ ­ã«ì. �á«¨ �¥ ¨­â¥à¥áãîé¨¥ ­ á ¬®¬¥­âë äã­ªæ¨¨ w(x)

®¡à é îâáï ¢ ­ã«ì «¨èì á â®© ¨«¨ ¨­®© áâ¥¯¥­ìî ¯à¨¡«¨�¥­¨ï, â®

®�¨¤ ¥¬®¥ ­ ¬¨ ã¬¥­ìè¥­¨¥ á¬¥é¥­¨ï ®æ¥­ª¨ á¯¥ªâà «ì­®© ¯«®â­®-

áâ¨ ­¥ ¯à®¨áå®¤¨â. Ǳà¨¬¥­¥­¨¥ ¢¥á®¢ëå äã­ªæ¨© ¢ëáè¨å ¯®àï¤ª®¢ ¢

íâ¨å ãá«®¢¨ïå ­¥ ¤®áâ¨£ ¥â æ¥«¨ ¨«¨ ¤®áâ¨£ ¥â ¥¥ «¨èì ç áâ¨ç­®. � ­ -


© 2008 �«¥ªá¥¥¢ �. �.
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áâ®ïé¥© áâ âì¥ à¥ª®¬¥­¤ æ¨¨,  ­ «®£¨ç­ë¥ à¥ª®¬¥­¤ æ¨ï¬ à ¡®âë [6℄,

ä®à¬ã«¨àãîâáï ¤«ï á«ãç ï, ª®£¤  ­ á ¨­â¥à¥áãîâ ¯à®¨§¢®¤­ë¥ á¯¥ª-

âà «ì­®© ¯«®â­®áâ¨ ­¥ ¢ëè¥ ç¥â¢¥àâ®£® ¯®àï¤ª . �¥á®¢ãî äã­ªæ¨î

v(x) (ï¤à® ®æ¥­ª¨ â®© ¨«¨ ¨­®© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®-

áâ¨ ¨áá«¥¤ã¥¬®£® ��Ǳ) ¬ë ¯à¥¤« £ ¥¬ § ¬¥­¨âì ¤¨áªà¥â­ë¬ ­ ¡®à®¬

¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}. �â® �¥ ¤ ¥â ­ ¬ ¢ëç¨á«¥­¨¥ ¯à®¨§-

¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨? � ª ª ª á¬¥é¥­¨¥ ­¥¯ à ¬¥âà¨ç¥-

áª®© (ª« áá¨ç¥áª®© ¯¥à¨®¤®£à ¬¬­®©) ®æ¥­ª¨ á¯¥ªâà «ì­®© ¯«®â­®áâ¨

¢ ¯¥à¢®¬ ¯à¨¡«¨�¥­¨¨ ¯à®¯®àæ¨®­ «ì­® ®¤­®© ¨§ ¥¥ ¯à®¨§¢®¤­ëå ç¥â-

­®£® ¯®àï¤ª  (¢ § ¢¨á¨¬®áâ¨ ®â ãá«®¢¨©, ­ « £ ¥¬ëå ­ ¬¨ ­  ¬®¬¥­-

âë ¢¥á®¢®© äã­ªæ¨¨ w(x), ¨á¯®«ì§ã¥¬®© ¤«ï ®áà¥¤­¥­¨ï ¯¥à¨®¤®£à ¬-

¬ë),   ¤¨á¯¥àá¨ï ®æ¥­ª¨ ¯à®¯®àæ¨®­ «ì­  ª¢ ¤à âã á ¬®© á¯¥ªâà «ì-

­®© ¯«®â­®áâ¨, ¯®«ãç ¥¬ ¢®§¬®�­®áâì ¢¬¥áâ¥ á ®æ¥­ª®© ¨­â¥à¥áãî-

é¥© ­ á á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ¢ëç¨á«¨âì ¨ áà¥¤­¨© ª¢ ¤à â ®è¨¡ª¨

®æ¥­¨¢ ­¨ï, à ¢­ë© áã¬¬¥ ¤¨á¯¥àá¨¨ ®æ¥­ª¨ ¨ ª¢ ¤à â  ¥¥ á¬¥é¥­¨ï.

�à®¬¥ â®£®, ®æ¥­¨¢ ï ¯à®¨§¢®¤­ë¥ á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ¯®«ãç ¥¬

¢®§¬®�­®áâì ¯à®¢¥à¨âì ¨ ãâ®ç­¨âì ­ è¨  ¯à¨®à­ë¥ ¯à¥¤¯®«®�¥­¨ï

®â­®á¨â¥«ì­® áâ¥¯¥­¨ ¥¥ £« ¤ª®áâ¨. �«¨� ©è¨© à §¤¥« áâ âì¨ ¡ã¤¥â

¯®á¢ïé¥­ ªà âª®¬ã ®¯¨á ­¨î ¬ â¥¬ â¨ç¥áª®£®  ¯¯ à â , ¨á¯®«ì§ã¥¬®-

£® ¯à¨ ¯®áâà®¥­¨¨ ®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨. �â®

�¥ ª á ¥âáï á®¡áâ¢¥­­® ®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨,

â® ¨¬ ¡ã¤ãâ ¯®á¢ïé¥­ë ç¥âëà¥ ¯®á«¥¤ãîé¨å à §¤¥«  áâ âì¨.

1. �¥ª®â®àë¥ ¯à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï. � ª ç¥áâ¢¥ ®á­®¢-

­®£® ¨­áâàã¬¥­â , ¨á¯®«ì§ã¥¬®£® ­ ¬¨ ¢ ¤ «ì­¥©è¥¬ ¤«ï ¯®áâà®¥­¨ï

®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ¡ã¤ãâ ¨§¡à ­ë ¯®«¨­®-

¬¨ «ì­ë¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ ï¤à  â¨¯  ��¥ªá®­  ¨ ¨å à §«®�¥­¨ï

¢ àï¤ �ãàì¥. �®¢®àï ® ï¤à å â¨¯  ��¥ªá®­ , ¨¬¥¥¬ ¢ ¢¨¤ã ª®­¥ç-

­ë¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ ¯®«¨­®¬ë Jl,n(µ), ®¯à¥¤¥«ï¥¬ë¥ ¤«ï «î¡ëå

­ âãà «ì­ëå l ¨ n á®®â­®è¥­¨¥¬

Jl,n(µ) = Cl,n

[
sin(nµ/2)

sin(µ/2)

]
2l

, (1)
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£¤¥ Cl,n | ­®à¬¨àãîé¨© ¬­®�¨â¥«ì, ®¡¥á¯¥ç¨¢ îé¨© ¢ë¯®«­¥­¨¥ à -

¢¥­áâ¢  ∫

�

Jl,n(µ) dµ = 2π, � = [−π, π℄.

�«ï l = 1, 5 ­®à¬¨àãîé¨¥ ¬­®�¨â¥«¨ Cl,n à ¢­ë

1

n
,

3

2n3 + n
,

20

11n5 + 5n3 + 4n
,

315

151n7 + 70n5 + 49n3 + 45n

¨ á®®â¢¥âáâ¢¥­­®

36288

15619n9 + 7350n7 + 5187n5 + 4100n3 + 4032n
.

�¤à  J
1,n(µ), J2,n(µ) è¨à®ª® ¨§¢¥áâ­ë ¯®¤ ­ §¢ ­¨¥¬ ï¤¥à �¥©¥à  ¨

á®®â¢¥âáâ¢¥­­® ��¥ªá®­ . � ç¨­ ï á l = 3 ¯à¨­ïâ® £®¢®à¨âì ® ï¤à å

â¨¯  ��¥ªá®­ . �¡ê¥¤¨­ïï ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ­ ¬¨ ï¤à  ¯®¤ ®¡-

é¨¬ ­ §¢ ­¨¥¬ ýï¤à  â¨¯  ��¥ªá®­ þ, ¬ë «¨èì ª®­áâ â¨àã¥¬ ¨å ®¤-

­®â¨¯­®áâì: ª �¤®¥ ¨§ ï¤¥à Jl,n(µ) ¯à®¯®àæ¨®­ «ì­® l-© áâ¥¯¥­¨ ï¤à 

�¥©¥à  J
1,n(µ). �¨â â¥«î, �¥« îé¥¬ã ®§­ ª®¬¨âìáï á ¢ �­¥©è¨¬¨

á¢®©áâ¢ ¬¨ ï¤¥à â¨¯  ��¥ªá®­  (¢ª«îç ï ï¤à  �¥©¥à  ¨ ��¥ªá®­ ),

¬®�¥â ¡ëâì à¥ª®¬¥­¤®¢ ­  ª­¨£  [7, £«. II, § 3℄. � ¨¡®«ìè¨© ¨­â¥à¥á

¤«ï ­ á ¢ ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¯à¥¤áâ ¢«ïâì à §«®�¥­¨ï ¢ àï¤ �ãàì¥

ï¤¥à â¨¯  (1), â. ¥. ª®íää¨æ¨¥­âë jl,n(k) ¢ ä®à¬ã«¥

Jl,n(µ) =

l(n−1)∑

k=−l(n−1)

jl,n(k)e
ikµ.

�«ï l = 1 ¨ 2 ª®íää¨æ¨¥­âë jl,n(k) ®¯¨áë¢ îâáï ä®à¬ã« ¬¨

jl,n(k) = 1− |k|/n, |k| 6 n,

¨ á®®â¢¥âáâ¢¥­­®

j
2,n(k) =

{
1− 3|k|+6nk2−3|k|3

4n3+2n , |k|
n 6 1,

(2n− |k|) [(2n−|k|)2−1℄

4n3+2n , 1 6
|k|
n 6 2.

�«ï l = 3, 4 ¨ 5 à §«®�¥­¨ï ¢ àï¤ �ãàì¥ ï¤¥à â¨¯  (1) ®¯¨áë¢ îâáï

áãé¥áâ¢¥­­® ¡®«¥¥ ®¡ê¥¬­ë¬¨ ä®à¬ã« ¬¨, ¯à¨¢¥¤¥­­ë¬¨ ¢ à ¡®â å
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[8, 9℄ ¨ á®®â¢¥âáâ¢¥­­® [5℄. �®á¯à®¨§¢®¤¨âì íâ¨ ä®à¬ã«ë ¢ ­ áâ®ïé¥©

à ¡®â¥ §  ­¥­ ¤®¡­®áâìî ­¥ ¡ã¤¥¬. � ª ¨ ¢ à ¡®â¥ [6℄, ¯®«®�¨¬

w
2,n(k) = q

1,n(k),

w
4,n(k) = 2q

1,n(k)− q
2,n(k),

w
6,n(k) = 3q

1,n(k)− 3q
2,n(k) + q

3,n(k),

w
8,n(k) = 4q

1,n(k)− 6q
2,n(k) + 4q

3,n(k)− q
4,n(k)

¨

w
10,n(k) = 5q

1,n(k)− 10q
2,n(k) + 10q

3,n(k)− 5q
4,n(k) + q

5,n(k),

£¤¥ n ∈ N ¨

ql,n(k) = jl,n(k)/(n
2lCl,n).

�ë¯¨á ­­ë¥ ¢ëè¥ ­ ¡®àë {wm,n(k)}, m = 2, 4, 6, 8, 10, ¨ ï¢«ïîâáï â¥¬

§ ¢¥àè îé¨¬ §¢¥­®¬, ª®â®à®¥ ¯®§¢®«ï¥â ­ ¬ ¯à¨áâã¯¨âì ª ¯®áâà®¥-

­¨î ®æ¥­®ª ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨. �á­®¢­®¥ á¢®©áâ¢®

ª �¤®£® ¨§ ­ ¡®à®¢ {wm,n(k)} á®áâ®¨â ¢ â®¬, çâ® ®­ ã¤®¢«¥â¢®àï¥â

ãá«®¢¨ï¬ wm,n(−k) = wm,n(k),
∑
k

wm,n(k) = 1 ¨

∑

k

kjwm,n(k) = 0, j = 1,m− 1.

� ¬¥ç ­¨¥. �¥£ª® ¢¨¤¥âì, çâ® ä®à¬ã«ë, ®¯à¥¤¥«ïîé¨¥ ¯à¥¤« -

£ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {wm,n(k)}, ­¥ á®¤¥à� â ­¨ª ª¨å ­¥®¯à¥¤¥«¥­­®-

áâ¥© â¨¯  ¡¥áª®­¥ç­ëå áã¬¬, ¨­â¥£à «®¢ ¨«¨ á¯¥æ¨ «ì­ëå äã­ªæ¨©.

�à®¬¥ â®£®, ¢ â ¡«. 1 ª �¤®© ¨§ à ¡®â [10, 8, 9, 11℄ ¯à¨¢¥¤¥­ë â®ç­ë¥

§­ ç¥­¨ï ¢¥«¨ç¨­ n2lql,n(k) ¤«ï àï¤  §­ ç¥­¨© n, à ¢­ëå æ¥«®© ¯®-

«®�¨â¥«ì­®© áâ¥¯¥­¨ ç¨á«  2. �¥¬ á ¬ë¬ ç¨â â¥«î ¯à¥¤®áâ ¢«ï¥âáï

¢®§¬®�­®áâì ¢ àï¤¥ á«ãç ¥¢ áãé¥áâ¢¥­­® ãáª®à¨âì ¢ëç¨á«¥­¨¥ ¨­â¥-

à¥áãîé¥£® ¥£® ­ ¡®à  {wm,n(k)}.

2. �æ¥­ª¨ ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨. �â ª,

¯ãáâì {X(k), k ∈ Z} | áâ æ¨®­ à­ë© ¢ è¨à®ª®¬ á¬ëá«¥ á«ãç ©­ë©
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¯à®æ¥áá á® áà¥¤­¨¬ EX(k) ≡ 0, ª®àà¥«ïæ¨®­­®© äã­ªæ¨¥© R(k) =

EX(j)X(j + k) ¨ á¯¥ªâà «ì­®© ¯«®â­®áâìî

f(ω) = (2π)−1

∑

k∈Z

e−ikωR(k), ω ∈ � = [−π, π℄.

Ǳãáâì âà¥¡ã¥âáï ¯® N ¯®á«¥¤®¢ â¥«ì­ë¬ ®âáç¥â ¬ ��Ǳ X(k) ®æ¥­¨âì

¯à®¨§¢®¤­ãî f ′
(ω) ¢ § ¤ ­­®© â®çª¥ ω = ω

0

∈ [0, π℄. �®£« á­® ä®à¬ã«¥

(12) à ¡®âë [4℄ ¢ ª ç¥áâ¢¥ ­¥¯ à ¬¥âà¨ç¥áª®© ®æ¥­ª¨ ¢¥«¨ç¨­ë f ′
(ω

0

)

¬®�¥â ¡ëâì ¯à¨­ïâ  á«ãç ©­ ï ¢¥«¨ç¨­ 

DfN(ω0) = h−2

N

2π∫

−π

v

(
ω − ω

0

hN

)
IN (ω) dω. (2)

�¤¥áì IN (ω) | ¯¥à¨®¤®£à ¬¬ , ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥­¨¥¬

IN (ω) =
1

2πN

∣∣∣∣∣

N∑

k=1

X(k)eikω

∣∣∣∣∣

2

,

hN | ­¥ª®â®à ï ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì â ª ï, çâ® 0 < hN 6 π

¤«ï ¢á¥å ­ âãà «ì­ëå N ¨

hN +

(
Nh3N

)−1 → 0 (N → ∞),

  v(x) | ­¥ª®â®à ï ­¥ç¥â­ ï ®£à ­¨ç¥­­ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïî-

é ï ãá«®¢¨ï¬ v(x) = 0, ¥á«¨ |x| > 1, ¨

1∫

−1

xv(x) dx = 1.

�¥ç¥â­®¥ ç¨á«® r > 3 ­ §®¢¥¬ ¯®àï¤ª®¬ ¢¥á®¢®© äã­ªæ¨¨ v(x), ¥á«¨

®­ , ¢ ¤®¯®«­¥­¨¥ ª áä®à¬ã«¨à®¢ ­­ë¬ ¢ëè¥ ¯à¥¤¯®«®�¥­¨ï¬, ã¤®-

¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ãá«®¢¨î:

1∫

−1

xjv(x) dx =

{
0, j = 2, r − 1,

c 6= 0, j = r.
(3)
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� ª ¨ ¢ á«ãç ¥ ®æ¥­¨¢ ­¨ï á ¬®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ¯à¨¬¥­¥-

­¨¥ ¢¥á®¢ëå äã­ªæ¨© ¢ëáè¨å ¯®àï¤ª®¢ (â. ¥. ¢ ¤ ­­®¬ á«ãç ¥ ¯®àï¤-

ª®¢ r > 3) ¬®�¥â ¯à¨¢¥áâ¨ ª ®ç¥­ì ¡®«ìè®¬ã ¢ë¨£àëèã ¢ â®ç­®áâ¨

®æ¥­¨¢ ­¨ï, ¥á«¨ â®«ìª®

 ) ®¡ê¥¬ ¢ë¡®àª¨ N ­¥ á«¨èª®¬ ¬ «,

¡) ®æ¥­¨¢ ¥¬ ï á¯¥ªâà «ì­ ï ¯«®â­®áâì f(ω) ï¢«ï¥âáï ¤®áâ â®ç­®

£« ¤ª®© (¬­®£®ªà â­® ¤¨ää¥à¥­æ¨àã¥¬®©) äã­ªæ¨¥©.

� è¨ ¤ «ì­¥©è¨¥ à ááã�¤¥­¨ï, ª á îé¨¥áï ¢ëç¨á«¥­¨ï ®æ¥­ª¨

(2) ¢¥«¨ç¨­ë f ′
(ω

0

), á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ à ááã�¤¥­¨ï¬¨

à ¡®âë [6℄, ª á îé¨¬¨áï ¢ëç¨á«¥­¨ï ®æ¥­®ª á ¬®© á¯¥ªâà «ì­®© ¯«®â-

­®áâ¨ f(ω). Ǳà¨ ¢ëç¨á«¥­¨¨ ¢¥«¨ç¨­ë DfN (ω0) ¨­â¥£à « ¢ ¯à ¢®©

ç áâ¨ à ¢¥­áâ¢  (2) ­¥¨§¡¥�­® § ¬¥­ï¥âáï ¨­â¥£à «ì­®© áã¬¬®©. Ǳà¨

íâ®¬ á®®â­®è¥­¨¥ (3) ¤«ï ¢á¥å ­¥ç¥â­ëå j, ­¥ ¯à¥¢®áå®¤ïé¨å r− 2, ¡ã-

¤¥â ¢ë¯®«­ïâìáï ã�¥ ­¥ â®ç­®,   ¯à¨¡«¨�¥­­® ¨ íää¥ªâ (ã¬¥­ìè¥­¨¥

á¬¥é¥­¨ï ®æ¥­ª¨ DfN(ω0)), ®�¨¤ ¥¬ë© ­ ¬¨ ®â ¯à¨¬¥­¥­¨ï ¢¥á®¢®©

äã­ªæ¨¨ v(x) ¯®àï¤ª  r > 3, ¬®�¥â ¡ëâì ­¥ ¤®áâ¨£­ãâ. �áâ¥áâ¢¥­-

­ë¬ ®¡à §®¬ ¬ë ¯à¨å®¤¨¬ ª ­¥®¡å®¤¨¬®áâ¨ § ¬¥­ë ¢¥á®¢®© äã­ªæ¨¨

v(x) ¤¨áªà¥â­ë¬ ­ ¡®à®¬ ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}, ã¤®¢«¥â¢®-
àïîé¨å ãá«®¢¨ï¬

v(−k) = −v(k), (4)

∑

k

kv(k) = 1 (5)

¨ ∑

k

kjv(k) = 0, j = 2, r − 1. (6)

�®à¬ã«  (2) ¤«ï ¢¥«¨ç¨­ë DfN (ω0) § ¬¥­ï¥âáï ¢ íâ®¬ á«ãç ¥ á®®â­®-

è¥­¨¥¬

DfN (ω0) =
1

�ω

∑

k

v(k)IN (ω0 + k�ω),

£¤¥ �ω | è £ à §¡¨¥­¨ï ¯® ç áâ®â­®¬ã  à£ã¬¥­âã ¯à¨ ¯¥à¥å®¤¥ ®â

¨­â¥£à «  (2) ª ¨­â¥£à «ì­®© áã¬¬¥. Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë ¢¥-

á®¢ëå ª®íää¨æ¨¥­â®¢ {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (4){(6),
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®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
3,n(k) =

1

2

[w
2,n(k − 1)− w

2,n(k + 1)℄,

v
5,n(k) =

1

12

[−w
4,n(k − 2) + 8w

4,n(k − 1)− 8w
4,n(k + 1) + w

4,n(k + 2)℄,

v
7,n(k) =

1

60

[w
6,n(k − 3)− 9w

6,n(k − 2) + 45w
6,n(k − 1)

− 45w
6,n(k + 1) + 9w

6,n(k + 2)− w
6,n(k + 3)℄,

v
9,n(k) =

1

840

[−3w
8,n(k − 4) + 32w

8,n(k − 3)

− 168w
8,n(k − 2) + 672w

8,n(k − 1)− 672w
8,n(k + 1)

+ 168w
8,n(k + 2)− 32w

8,n(k + 3) + 3w
8,n(k + 4)℄

¨

v
11,n(k) =

1

2520

[2w
10,n(k − 5)− 25w

10,n(k − 4)

+ 150w
10,n(k − 3)− 600w

10,n(k − 2) + 2100w
10,n(k − 1)

− 2100w
10,n(k + 1) + 600w

10,n(k + 2)− 150w
10,n(k + 3)

+ 25w
10,n(k + 4)− 2w

10,n(k + 5)℄,

£¤¥ ¢¥«¨ç¨­ë wm,n(k), n ∈ N, m = 2, 4, 6, 8, 10, ®¯à¥¤¥«¥­ë ¢ à §¤. 1.

�¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)}
à ¢­® n(r − 1) + 1.

3. �æ¥­ª¨ ¢â®à®© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨.

�«ï ¯®áâà®¥­¨ï ®æ¥­®ª ¢â®à®© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨

­ ¬ ¯®âà¥¡ãîâáï ­ ¡®àë ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}, ã¤®¢«¥â¢®àï-
îé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: v(−k) = v(k),

∑

k

v(k) = 0,
∑

k

k2v(k) = 2

¨ (¤«ï àï¤  ç¥â­ëå §­ ç¥­¨© r > 4)

∑

k

kjv(k) = 0, j = 3, r − 1.
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Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ¯¥à¥ç¨á-

«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬, ®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
4,n(k) = w

2,n(k − 1)− 2w
2,n(k) + w

2,n(k + 1),

v
6,n(k) =

1

12

[−w
4,n(k − 2) + 16w

4,n(k − 1)

− 30w
4,n(k) + 16w

4,n(k + 1)− w
4,n(k + 2)℄,

v
8,n(k) =

1

180

[2w
6,n(k − 3)− 27w

6,n(k − 2) + 270w
6,n(k − 1)

− 490w
6,n(k) + 270w

6,n(k + 1)

− 27w
6,n(k + 2) + 2w

6,n(k + 3)℄,

v
10,n(k) =

1

5040

[−9w
8,n(k − 4) + 128w

8,n(k − 3)− 1008w
8,n(k − 2)

+ 8064w
8,n(k − 1)− 14350w

8,n(k) + 8064w
8,n(k + 1)

− 1008w
8,n(k + 2) + 128w

8,n(k + 3)− 9w
8,n(k + 4)℄

¨

v
12,n(k) =

1

25200

[8w
10,n(k − 5)− 125w

10,n(k − 4)

+ 1000w
10,n(k − 3)− 6000w

10,n(k − 2)

+ 42000w
10,n(k − 1)− 73766w

10,n(k)

+ 42000w
10,n(k + 1)− 6000w

10,n(k + 2)

+ 1000w
10,n(k + 3)− 125w

10,n(k + 4) + 8w
10,n(k + 5)℄.

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥, ¢á¥ ¢¥«¨ç¨­ë wm,n(k), n ∈ N, m =

2, 4, 6, 8, 10, § ¨¬áâ¢ãîâáï ­ ¬¨ ¨§ à §¤. 1. �¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®-

íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)} à ¢­® n(r−2)+1. Ǳ®« £ ï
â¥¯¥àì

D2fN (ω0) =
1

(�ω)2

∑

k

v(k)IN (ω0 + k�ω),

£¤¥ �ω | è £ à §¡¨¥­¨ï ¯® ç áâ®â¥ ¨ {v(k)} | ®¤¨­ ¨§ ¯à¨¢¥¤¥­-

­ëå ¢ëè¥ ­ ¡®à®¢ {vr,n(k)}, ¬ë ¨ ¯®«ãç¨¬ ®æ¥­ªã ¢â®à®© ¯à®¨§¢®¤­®©

á¯¥ªâà «ì­®© ¯«®â­®áâ¨.
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4. �æ¥­ª¨ âà¥âì¥© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨.

�«ï ¯®áâà®¥­¨ï ®æ¥­®ª âà¥âì¥© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨

­ ¬ ¯®âà¥¡ãîâáï ­ ¡®àë ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {v(k)}, ã¤®¢«¥â¢®àï-
îé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: v(−k) = −v(k),

∑

k

kv(k) = 0,
∑

k

k3v(k) = 6

¨ (¤«ï àï¤  ­¥ç¥â­ëå §­ ç¥­¨© r > 5)

∑

k

kjv(k) = 0, j = 4, r − 1.

Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ¯¥-

à¥ç¨á«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬, ®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
5,n(k) =

[
1

2

w
4,n(k − 2)− 2w

4,n(k − 1) + 2w
4,n(k + 1)− w

4,n(k + 2)

]
,

v
7,n(k) =

1

8

[−w
6,n(k − 3) + 8w

6,n(k − 2)− 13w
6,n(k − 1)

+ 13w
6,n(k + 1)− 8w

6,n(k + 2) + w
6,n(k + 3)℄,

v
9,n(k) =

1

240

[7w
8,n(k − 4)− 72w

8,n(k − 3) + 338w
8,n(k − 2)

− 488w
8,n(k − 1) + 488w

8,n(k + 1)− 338w
8,n(k + 2)

+ 72w
8,n(k + 3)− 7w

8,n(k + 4)℄

¨

v
11,n(k) =

1

30240

[−205w
10,n(k − 5) + 2522w

10,n(k − 4)

− 14607w
10,n(k − 3) + 52428w

10,n(k − 2)− 70098w
10,n(k − 1)

+ 70098w
10,n(k + 1)− 52428w

10,n(k + 2) + 14607w
10,n(k + 3)

− 2522w
10,n(k + 4) + 205w

10,n(k + 5)℄.

�¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)}
à ¢­® n(r−1)+1. �æ¥­ª  âà¥âì¥© ¯à®¨§¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨
áâà®¨âáï â¥¯¥àì á ¯®¬®éìî á®®â­®è¥­¨ï

D3fN (ω0) =
1

(�ω)3

∑

k

v(k)IN (ω0 + k�ω),
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£¤¥ {v(k)} | ®¤¨­ ¨§ ¯à¥¤« £ ¥¬ëå ­ ¬¨ ­ ¡®à®¢ {vr,n(k)}.

5. �æ¥­ª¨ ¯à®¨§¢®¤­®© ç¥â¢¥àâ®£® ¯®àï¤ª  á¯¥ªâà «ì­®©

¯«®â­®áâ¨. �«ï ¯®áâà®¥­¨ï ®æ¥­®ª ¯à®¨§¢®¤­®© ç¥â¢¥àâ®£® ¯®àï¤ª 

á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ­ ¬ ¯®âà¥¡ãîâáï ­ ¡®àë ¢¥á®¢ëå ª®íää¨æ¨-

¥­â®¢ {v(k)}, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: v(−k) = v(k),
∑

k

v(k) =
∑

k

k2v(k) = 0,
∑

k

k4v(k) = 24

¨ (¤«ï àï¤  ç¥â­ëå §­ ç¥­¨© r > 6)

∑

k

kjv(k) = 0, j = 5, r − 1.

Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨ ­ ¡®àë {vr,n(k)}, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ¯¥à¥ç¨á-

«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬, ®¯¨áë¢ îâáï á®®â­®è¥­¨ï¬¨

v
6,n(k) =

1

4

[w
4,n(k − 3)− 2w

4,n(k − 2)− w
4,n(k − 1)+

4w
4,n(k)− w

4,n(k + 1)− 2w
4,n(k + 2) + w

4,n(k + 3)℄,

v
8,n(k) =

1

48

[−5w
6,n(k − 4) + 32w

6,n(k − 3)− 44w
6,n(k − 2)

− 32w
6,n(k − 1) + 98w

6,n(k)− 32w
6,n(k + 1)

− 44w
6,n(k + 2) + 32w

6,n(k + 3)− 5w
6,n(k + 4)℄,

v
10,n(k) =

1

240

[8w
8,n(k − 5)− 73w

8,n(k − 4) + 264w
8,n(k − 3)

− 284w
8,n(k − 2)− 272w

8,n(k − 1) + 714w
8,n(k)

− 272w
8,n(k + 1)− 284w

8,n(k + 2) + 264w
8,n(k + 3)

− 73w
8,n(k + 4) + 8w

8,n(k + 5)℄

¨

v
12,n(k) =

1

30240

[−293w
10,n(k − 6) + 3352w

10,n(k − 5)

− 16816w
10,n(k − 4) + 44984w

10,n(k − 3)− 40179w
10,n(k − 2)

− 48336w
10,n(k − 1) + 114576w

10,n(k)− 48336w
10,n(k + 1)

− 40179w
10,n(k + 2) + 44984w

10,n(k + 3)− 16816w
10,n(k + 4)
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+ 3352w
10,n(k + 5)− 293w

10,n(k + 6)℄.

�¨á«® ®â«¨ç­ëå ®â ­ã«ï ª®íää¨æ¨¥­â®¢ ¢ ª �¤®¬ ¨§ ­ ¡®à®¢ {vr,n(k)}
à ¢­® n(r − 2) + 3. Ǳ®« £ ï â¥¯¥àì

D4fN (ω0) =
1

(�ω)4

∑

k

v(k)IN (ω0 + k�ω),

£¤¥ {v(k)} | ®¤¨­ ¨§ ¯à¨¢¥¤¥­­ëå ¢ëè¥ ­ ¡®à®¢ {vr,n(k)}, ¬ë ¨ ¯®«ã-

ç¨¬ ®æ¥­ªã ¯à®¨§¢®¤­®© ç¥â¢¥àâ®£® ¯®àï¤ª  á¯¥ªâà «ì­®© ¯«®â­®áâ¨.

� ª«îç¥­¨¥. Ǳà¥¤« £ ¥¬ë¥ ­ ¬¨  «£®à¨â¬ë áâ â¨áâ¨ç¥áª®£®

®æ¥­¨¢ ­¨ï ¯à®¨§¢®¤­ëå á¯¥ªâà «ì­®© ¯«®â­®áâ¨ f(ω) ��Ǳ {X(k),
k ∈ Z} ¯à®áâë ¢ ¨á¯®«­¥­¨¨, ­¥ âà¥¡ãîâ ¯à¨¢«¥ç¥­¨ï £à®¬®§¤ª¨å

¢ëç¨á«¨â¥«ì­ëå ¯à®æ¥¤ãà. �® ¢á¥å á«ãç ïå (¯à¨ ¢ëç¨á«¥­¨¨ ¯à®¨§-

¢®¤­ëå äã­ªæ¨¨ f(ω) ¯®àï¤ª®¢ v = 1, 2, 3, 4) ¯à¥¤« £ ¥¬ë¥ ­ ¬¨ ­ -

¡®àë ¢¥á®¢ëå ª®íää¨æ¨¥­â®¢ {vr,n(k)} ¯à¥¤®áâ ¢«ïîâ ¨áá«¥¤®¢ â¥«î
¢®§¬®�­®áâì è¨à®ª®£® ¬ ­¥¢à  ¢ ¢ë¡®à¥ ¯ à ¬¥âà®¢ ®æ¥­ª¨ ¯à®¨§-

¢®¤­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ¨§¡à ­­®£® ¨¬ ¯®àï¤ª . Ǳà¨ íâ®¬ ¢®

¢á¥å á«ãç ïå ãáâà ­ï¥âáï ¯®£à¥è­®áâì, ¢®§­¨ª îé ï ¯à¨ ¯¥à¥å®¤¥ ®â

â¥®à¥â¨ç¥áª®© ®æ¥­ª¨, ¢ª«îç îé¥© ¢ á¥¡ï ¨­â¥£à « ®â ¯à®¨§¢¥¤¥­¨ï

¯¥à¨®¤®£à ¬¬ë ­  âã ¨«¨ ¨­ãî ¢¥á®¢ãî äã­ªæ¨î v(x), ª ¥¥ ¬ è¨­­®©

à¥ «¨§ æ¨¨. Ǳà¨¬¥­¨â¥«ì­® ª ®æ¥­ª¥ ¯¥à¢®© ¯à®¨§¢®¤­®© äã­ªæ¨¨

f(ω) à¥çì ¨¤¥â ® ¯®£à¥è­®áâ¨, ¢®§­¨ª îé¥© ¯à¨ ¯¥à¥å®¤¥ ®â ¨­â¥£à -

«  (2) ª ¨­â¥£à «ì­®© áã¬¬¥, à¥ «¨§ã¥¬®© ­  ���.
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Ǳ®áâ ­®¢ª  § ¤ ç¨

� ®¡« áâ¨D = {(x, t) : 0 < x < l, 0 < t < T } à áá¬®âà¨¬ ãà ¢­¥­¨¥

utt = uxx +
p

x
ux (1)

¨ ¯®áâ ¢¨¬ ¤«ï ­¥£® § ¤ çã ®âëáª ­¨ï ®£à ­¨ç¥­­®£® ¢ D à¥è¥­¨ï á

­ ç «ì­ë¬¨ ¤ ­­ë¬¨

u(x, 0) = φ(x), ut(x, 0) = ψ(x) (2)

¨ ­¥«®ª «ì­ë¬ ¨­â¥£à «ì­ë¬ ãá«®¢¨¥¬

l∫

0

xpu(x, t) dx = E(t), (3)

£¤¥ äã­ªæ¨¨ φ(x), ψ(x), E(t) § ¤ ­ë, p = 
onst > 1 ¨ ¢ë¯®«­ïîâáï

ãá«®¢¨ï á®£« á®¢ ­¨ï:

1∫

0

xpφ(x) dx = E(0),

1∫

0

xpψ(x) dx = E′
(0). (4)

�à ¢­¥­¨¥ (3) ¨§ãç «®áì à ­¥¥ ¢ á¢ï§¨ á ¨áá«¥¤®¢ ­¨¥¬ á¨­£ã«ïà-

­®© § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯ 

uxx + sgn yuyy +
p

x
ux = 0.


© 2008 �¥©«¨­ �. �.
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� à ¡®â¥ [1℄ ¤®ª § ­  à §à¥è¨¬®áâì § ¤ ç �®è¨ ¨ �®è¨ | �ãàá  ¢

®¡« áâ¨ £¨¯¥à¡®«¨ç­®áâ¨, ®£à ­¨ç¥­­®© å à ªâ¥à¨áâ¨ª ¬¨ ãà ¢­¥­¨ï.

�¥«®ª «ì­ ï § ¤ ç  á ¨­â¥£à «ì­ë¬ ãá«®¢¨¥¬ ¤«ï ãà ¢­¥­¨ï (3)

¯à¨ p = 1 à áá¬ âà¨¢ « áì ¢ à ¡®â¥ [2℄, ®¤­ ª® ¯®«ãç¥­­ë© ¢ íâ®©

áâ âì¥ à¥§ã«ìâ â ­¥«ì§ï à á¯à®áâà ­¨âì ­  á«ãç © p 6= 1.

�¤¨­áâ¢¥­­®áâì à¥è¥­¨ï

�¥®à¥¬  1. �ãé¥áâ¢ã¥â ­¥ ¡®«¥¥ ®¤­®£® ®£à ­¨ç¥­­®£® ¢ D à¥è¥-

­¨ï § ¤ ç¨ (1){(3).

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯®ª �¥¬, çâ® á®®â¢¥âáâ¢ãîé ï ®¤­®-

à®¤­ ï § ¤ ç  ¨¬¥¥â «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥. Ǳãáâì ϕ(x) = ψ(x) =

E(t) ≡ 0. �¬­®�¨¬ ãà ¢­¥­¨¥ (1) ­  xput ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ®¡« áâ¨

Dτ = {(x, t) : 0 < x < l, 0 < t < τ}, £¤¥ τ ¯à¨­ ¤«¥�¨â [0, T ℄ ¨ ¢ë¡à ­®
¯à®¨§¢®«ì­®:

τ∫

0

l∫

0

xputtut dxdt =

τ∫

0

l∫

0

ut(x
pux)x dxdt.

�­â¥£à¨àãï ¯® ç áâï¬ ¨ ãç¨âë¢ ï ®¤­®à®¤­ë¥ £à ­¨ç­®¥ ¨ ­ ç «ì­ë¥

ãá«®¢¨ï, ¯®«ãç¨¬

l∫

0

xp
(
u2t (x, τ) + u2x(x, τ)

)
dx− 2lp

τ∫

0

ux(l, t)ut(l, t) dt = 0.

� ¬¥â¨¬, çâ® ¥á«¨ u(x, t) | à¥è¥­¨¥ ¯®áâ ¢«¥­­®© § ¤ ç¨, â® ¨§ ãá«®-

¢¨ï (3) á«¥¤ã¥â, çâ® ux(l, t) = l−pE′′
(t),   â ª ª ª ¯® ¯à¥¤¯®«®�¥­¨î

E(t) = 0, â® ¨ ux(l, t) = 0. Ǳ®íâ®¬ã

l∫

0

xp
(
u2t (x, τ) + u2x(x, τ)

)
dx = 0 ∀τ ∈ (0, T ),

®âªã¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ τ ¨ ®¤­®à®¤­®áâ¨ ­ ç «ì­ëå ãá«®¢¨©

¢ëâ¥ª ¥â, çâ® u = 0 ¢® ¢á¥© ®¡« áâ¨ D. �¤¨­áâ¢¥­­®áâì ¤®ª § ­ .
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�ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï

�«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨

à áá¬®âà¨¬ á­ ç «  ¢á¯®¬®£ â¥«ì­ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï (1) á ¤ ­-

­ë¬¨ �®è¨ (2) ¨ á«¥¤ãîé¨¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬:

u(l, t) = ν(t). (5)

�¥è¥­¨¥ § ¤ ç¨ (1), (2), (5) ­ ©¤¥¬ ¯à¨ ¯®¬®é¨ ¬¥â®¤  à §¤¥«¥­¨ï

¯¥à¥¬¥­­ëå.

�¢®¤ï ­®¢ãî ­¥¨§¢¥áâ­ãî äã­ªæ¨î w(x, t) = u(x, t)−ν(t), ¯®«ãç¨¬
á«¥¤ãîéãî § ¤ çã á ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨¥¬:

wtt = wxx +
p

x
wx − ν′′(t), (6)

w(x, 0) = φ(x), wt(x, 0) = ψ(x), (7)

w(l, t) = 0, |w(0, t)| <∞. (8)

Ǳ®¨áª ç áâ­ëå à¥è¥­¨© á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ ¤«ï ®¤­®à®¤­®£®

ãà ¢­¥­¨ï ¢ ¢¨¤¥

w
0

(x, t) = X(x)T (t)

¯à¨¢®¤¨â ª § ¤ ç¥ ®âëáª ­¨ï ®£à ­¨ç¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï

X ′′
+

p

x
X ′

+ λ2X = 0, (9)

ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î X(l) = 0.

�§¢¥áâ­® [3℄, çâ® ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (9) ¨¬¥¥â ¢¨¤

X(x) = C
1

x
1−p
2 J p−1

2

(λx) + C
2

x
p−1

2 J 1−p
2

(λx). (10)

�á«¨ ¢®á¯®«ì§®¢ âìáï ¯à¥¤áâ ¢«¥­¨¥¬ äã­ªæ¨© �¥áá¥«ï ¢ ¢¨¤¥ àï¤ ,

â® ¢¨¤­®, çâ® ¯à¨ x → 0 äã­ªæ¨ï X
1

(x) = x
1−p

2 J p−1

2

(λx) ®áâ ¥âáï

®£à ­¨ç¥­­®© ¤«ï «î¡®£® p > 0, â®£¤  ª ª X
2

(x) = x
p−1

2 J 1−p
2

(λx) → ∞,

¥á«¨ p > 1. Ǳ®íâ®¬ã ¯®«®�¨¬ ¢ (10) C
2

= 0.

Ǳ®« £ ï x = l, ¯®«ãç¨¬

C
1

l
1−p
2 J p−1

2

(λl) = 0,
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®âªã¤  λk = µk/l, £¤¥ µk | ª®à­¨ ãà ¢­¥­¨ï J p−1

2

(µ) = 0, ª®â®àë¥,

¯®áª®«ìªã p > 1, ¢¥é¥áâ¢¥­­ë ¨ à §«¨ç­ë, ¨ ¨å áç¥â­®¥ ¬­®�¥áâ¢®.

� ª¨¬ ®¡à §®¬, á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ­ è¥© § ¤ ç¨ ¨¬¥îâ ¢¨¤

Xk(x) = x
1−p
2 J p−1

2

(µkx

l

)
. (11)

�¥âàã¤­® ¯à®¢¥à¨âì ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨, çâ® íâ¨ äã­ª-

æ¨¨ ®àâ®£®­ «ì­ë á ¢¥á®¬ xp
¨ ®¡à §ãîâ ¯®«­ãî á¨áâ¥¬ã.

�«¥¤ãï ¨§¢¥áâ­®© áå¥¬¥ ¬¥â®¤  �ãàì¥, ¯®«ãç¨¬ à¥è¥­¨¥ § ¤ ç¨

¤«ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï

w
0

(x, t) =

∞∑

k=1

(
Ak 
os

µkt

l
+Bk sin

µkt

l

)
x
1−p
2 J p−1

2

(µkx

l

)
,

£¤¥ ª®íää¨æ¨¥­âë Ak, Bk ­ å®¤ïâáï ¯® ä®à¬ã« ¬

Ak =
2

l2J2p+1
2

(µk)

l∫

0

(φ(x) − φ(l))x
1+p
2 J p−1

2

(µkx

l

)
dx,

Bk =
2

lµkJ2p+1
2

(µk)

l∫

0

(ψ(x) − ψ(l))x
1+p
2 J p−1

2

(µkx

l

)
dx.

�ã¤¥¬, ª ª ®¡ëç­®, ¨áª âì à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (6)

¢ ¢¨¤¥ àï¤ 

�w(x, t) =
∞∑

k=1

Vk(t)x
1−p
2 J p−1

2

(µkx

l

)
.

Ǳ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ ¢ ãà ¢­¥­¨¥ (6), à áª« ¤ë¢ ï ¥£® ¯à ¢ãî

ç áâì ¢ àï¤ ¯® J p−1

2

(

µkx
l ) ¨ à¥è ï ¯®«ãç¨¢è¨¥áï ¤¨ää¥à¥­æ¨ «ì­ë¥

ãà ¢­¥­¨ï á ­ã«¥¢ë¬¨ ­ ç «ì­ë¬¨ ¤ ­­ë¬¨, ¯®«ãç¨¬

�w(x, t) = −2l p+1
2

∞∑

k=1

x
1−p
2 J p−1

2

(

µkx
l )

µ2kJ p+1
2

(µk)

l∫

0

ν′′(t) sin
µk(t− τ)

l
dτ.
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� ¯®«ãç¥­­®¬ã à¥è¥­¨î u = ν + w ¯à¨¬¥­¨¬ ¨­â¥£à «ì­®¥ ãá«®¢¨¥

(3):

F (t) = ν(t)

l∫

0

xp dx− 2l
p+1
2

l∫

0

∞∑

k=1

x
1+p
2 J p−1

2

(

µkx
l )

µ2kJ p+1
2

(µk)

×
t∫

0

ν′′(τ) sin
µk(t− τ)

l
dτdx, (12)

£¤¥ F (t) = E(t)−
l∫
0

w
0

xp dx.

Ǳ®ª �¥¬, çâ® ¢ (12) § ª®­­® ¯®ç«¥­­®¥ ¨­â¥£à¨à®¢ ­¨ï àï¤ .

�¡®§­ ç¨¬

ak =

t∫

0

ν′′(t)
sin

µk(t−τ)
l

µk
dτ, bk =

2J p−1

2

(

µkx

l )

µkJ p+1

2

(µk)
.

�á«¨ |ν′′(′tau)| 6 N , â® ¯®á«¥¤®¢ â¥«ì­®áâì {ak} ®£à ­¨ç¥­  ¢ á®¢®ªã¯-
­®áâ¨, â ª ª ª |ak| 6 N T 2

2l ,   àï¤

∞∑
k=1

bk áå®¤¨âáï ¯à¨ «î¡®¬ x ∈ [0, l℄

[3, á. 637℄.

�®£¤  ¯® ¯à¨§­ ªã �¡¥«ï àï¤

∞∑
k=1

akbk áå®¤¨âáï à ¢­®¬¥à­®.

�§¬¥­¨¢ ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¨ áã¬¬¨à®¢ ­¨ï ¢ (12), ¢®á¯®«ì-

§®¢ ¢è¨áì â¥¬, çâ® [4℄

l∫

0

x
1+p
2 J p−1

2

(µkx

l

)
dx =

l
3+p
2

µk
J p+1

2

(µk),

¯à¨¤¥¬ ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �®«ìâ¥àà  ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ-

­®© äã­ªæ¨¨ ν(t):

βν(t) −
t∫

0

ν(τ)K(t, τ) dτ = F (t), (13)

£¤¥

β =
2

l

(
∞∑

k=1

2

µ2k
− 1

p+ 1

)
, K(t, τ) =

∞∑

k=1

sin

µk(t−τ)
l

µk
.
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�áá«¥¤ã¥¬ ï¤à® K(t, τ) ãà ¢­¥­¨ï (13). � áá¬®âà¨¬ àï¤

∞∑

k=1

sin

µk(t−τ)
l

µk

¨ ¯®ª �¥¬, çâ® ®­ à ¢­®¬¥à­® áå®¤¨âáï ¯à¨ t− τ > 0.

�®á¯®«ì§ã¥¬áï á¢®©áâ¢®¬ ª®à­¥© äã­ªæ¨¨ �¥áá¥«ï. �§ â¥®à¥¬

â¨¯  � äå¥©â«¨­  [3℄ ¨§¢¥áâ­®, çâ® ¥á«¨, ­ ¯à¨¬¥à, 0 < p 6 2, â®

¢á¥ ¯®«®�¨â¥«ì­ë¥ ª®à­¨ ãà ¢­¥­¨ï J p−1

2

(x) = 0 «¥� â ¢ ¨­â¥à¢ -

«¥ (kπ +

π
2

+ pπ
4

, kπ +

3π
4

+ pπ
8

),   ¯à¨ 2 < p 6 5 | ¢ ¨­â¥à¢ «¥

(kπ, kπ − π
2

+ pπ
4

).

�¡®§­ ç¨¬ bk = sinµky, ak =
1

µk
. �®£¤ 

sinµky = sin

(
kπ +

π

2

+

pπ

4

+ α
)
y, 0 < α <

π(2− p)

8

.

Ǳãáâì p = 2 + δ, −2 < δ < 1, â®£¤ 

sinµky = sin

(
kπ+π+

δ

4

+α

)
y = sin kπy 
osβy+sinβy 
os kπy, β =

δ

4

+α.

� áá¬®âà¨¬

BN =

N∑

k=1

sinµky =
N∑

k=1

sinπky 
osβy +
N∑

k=1


osπky sinβy

= 
osβy
sin

Nπy
2

sin

(N+1)πy
2

sin

πy
2

+ sinβy
sin

Nπy
2


os

(N+1)πy
2

sin

πy
2

,

®âªã¤  á«¥¤ã¥â, çâ®

|BN | 6

∣∣∣∣
2

sin

πy
2

∣∣∣∣.

� ª ª ª

1

µk
6

1

πk
,

â®

lim

k→∞

1

µk
= 0.

� ª¨¬ ®¡à §®¬, ¯® ¯à¨§­ ªã �¨à¨å«¥ àï¤

∞∑

k=1

sin

µk(t−τ)
l

µk
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áå®¤¨âáï à ¢­®¬¥à­® ¯à¨ t− τ > 0.

�¤­ ª® ãà ¢­¥­¨¥ (13) ï¢«ï¥âáï ãà ¢­¥­¨¥¬ ¯¥à¢®£® à®¤ , â ª ª ª

β = 0. Ǳ®áª®«ìªã íâ® ­¥ ®ç¥¢¨¤­®, ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢®.

�á¯®«ì§ãï à ááã�¤¥­¨ï, ¯à®¢¥¤¥­­ë¥ ¢ëè¥, ­¥âàã¤­® ¯®ª § âì,

çâ® à¥è¥­¨¥ § ¤ ç¨

utt = uxx +
p

x
ux, u(x, 0) = u

0

= 
onst, ut(x, 0) = 0, u(1, t) = 0,

®£à ­¨ç¥­­®¥ ¯à¨ x = 0, ¨¬¥¥â ¢¨¤

u(x, t) = u
0

∞∑

k=1

2 
osµkt

µkJ p+1

2

(µk)
x
1−p
2 J p−1

2

(µkx).

Ǳà®¨­â¥£à¨à®¢ ¢ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯® x ®â 0 ¤® 1,   § â¥¬ ¯®«®�¨¢

t = 0, ¯®«ãç¨¬
∞∑

k=1

2

µ2k
=

1

p+ 1

.

� ª¨¬ ®¡à §®¬, § ¤ ç  á¢¥¤¥­  ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �®«ì-

â¥àà  1-£® à®¤ 

t∫

0

ν(τ)K(t, τ)dτ = F (t). (14)

� ¬¥â¨¬, çâ® ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ à §à¥è¨¬®áâ¨ F (0) = 0 ¢ë¯®«­ï-

¥âáï ¢ á¨«ã ãá«®¢¨ï á®£« á®¢ ­¨ï (4). Ǳà¨¬¥­¨¢ ª ®¡¥¨¬ ç áâï¬ (14)

¯à¥®¡à §®¢ ­¨¥ � ¯« á , ¯®«ãç¨¬

�ν(p) = F (p)

(
∞∑

k=1

1

p

2

+ µ2k

)−1

.

�á«¨ ¯à¨ p→ ∞
F (p)

K(p)

∣∣∣∣
L

−→ 0, (15)

â®, ¯à¨¬¥­¨¢ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á , ­ ©¤¥¬

ν(t) =
1

2πi

∫

L

F (p)

K(p)

eptdp, (16)

£¤¥ ¯àï¬ ï L à á¯®«®�¥­  ¯à ¢¥¥ ®á®¡ëå â®ç¥ª ¯®¤ë­â¥£à «ì­®© äã­ª-

æ¨¨. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®



�¡ ®¤­®© ­¥«®ª «ì­®© § ¤ ç¥ á ¨­â¥£à «ì­ë¬ ãá«®¢¨¥¬ 29

�¥®à¥¬  2. �á«¨ φ(x) ∈ C[0, l℄ ∩ C2

(0, l), ψ(x) ∈ C[0, l℄ ∩ C1

(0, l),

E(t) ∈ C[0, T ℄∩C2

(0, T ), φ(l) = ψ(l) = 0 ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®-

¢ ­¨ï (4),   â ª�¥ ¢ë¯®«­¥­® ãá«®¢¨¥ (15), â® à¥è¥­¨¥ § ¤ ç¨ (1){(3)

áãé¥áâ¢ã¥â.
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�. �. �¬¨âà¨¥¢, �. �. �¢ ­®¢ ,

�. �. �¥ãáâà®¥¢ 

�¢  £à ä  ­ §ë¢ îâáï åà®¬ â¨ç¥áª¨ íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ ®­¨

¨¬¥îâ ®¤¨­ ¨ â®â �¥ åà®¬ â¨ç¥áª¨© ¬­®£®ç«¥­. �ç¥¢¨¤­®, ¨§®¬®àä-

­ë¥ £à äë åà®¬ â¨ç¥áª¨ íª¢¨¢ «¥­â­ë. �§¢¥áâ­®, çâ® áãé¥áâ¢ãîâ

­¥¨§®¬®àä­ë¥ åà®¬ â¨ç¥áª¨ íª¢¨¢ «¥­â­ë¥ £à äë. � à ¡®â¥ ¤®ª § -

­®, çâ® áãé¥áâ¢ãîâ ¤ �¥ ­¥¨§®¬®àä­ë¥ åà®¬ â¨ç¥áª¨ íª¢¨¢ «¥­â­ë¥

£à äë á åà®¬ â¨ç¥áª¨ íª¢¨¢ «¥­â­ë¬¨ ¤®¯®«­¥­¨ï¬¨. � ª¨¥ £à äë

¡ã¤¥¬ ­ §ë¢ âì åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­ë¬¨. Ǳà¨¬¥à â ª¨å £à -

ä®¢ á ­ ¨¬¥­ìè¨¬ ç¨á«®¬ ¢¥àè¨­ ¯®ª § ­ ­  à¨á. 1.
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�¨á. 1.

�¥®à¥¬  1.1 [1℄. �á«¨ G = G
1

∪G
2

, £¤¥ G
1

∩G
2

= Km, â® f(G, λ) =

f(G
1

, λ) · f(G
2

, λ)/f(Km, λ).

�«¥¤áâ¢¨¥. �á«¨ x| á¨¬¯«¨æ¨ «ì­ ï ¢¥àè¨­  áâ¥¯¥­¨ k £à ä 

G, â® f(G, λ) = (λ − k) · f(G− x, λ).

�á¯®«ì§ãï á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 1.1, ¬®�­® «¥£ª® ¢ëç¨á«¨âì åà®-
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¬ â¨ç¥áª¨© ¬­®£®ç«¥­ £à ä®¢, ¨§®¡à �¥­­ëå ­  à¨á. 1:

f(G
1

, λ) = f(G
2

, λ) = λ(λ− 1)(λ− 2)

2

(λ2 − 3λ+ 3),

f(G
1

, λ) = f(G
2

, λ) = λ(λ− 1)

2

(λ − 2)(λ2 − 3λ+ 3).

�«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ ­ ¡®à  ¨§ ­¥áª®«ì-

ª¨å ¯®¯ à­® ­¥ ¨§®¬®àä­ëå åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­ëå £à ä®¢.

�¥®à¥¬  1. �«ï «î¡®£® n > 2 áãé¥áâ¢ã¥â n ¯®¯ à­® ­¥ ¨§®¬®àä-

­ëå åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­ëå £à ä®¢.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. Ǳãáâì n = 2k− 1, k > 2. �®§ì¬¥¬

¯®«­ë© k-¢¥àè¨­­ë© £à ä Kk á ¬­®�¥áâ¢®¬ ¢¥àè¨­ {x
1

, x
2

, . . . , xk}.
�®¡ ¢¨¬ ª íâ®¬ã £à äã ­®¢ë¥ ¢¥àè¨­ë y

1

, y
2

, . . . , yk, á®¥¤¨­¨¢ yi ­®-

¢ë¬¨ à¥¡à ¬¨ á ¯®á«¥¤­¨¬¨ i ¢¥àè¨­ ¬¨ £à ä  Kk, i = 1, k. � ¯®«ã-

ç¥­­®¬ £à ä¥ G′
áâ¥¯¥­¨ s(yi) = i ¨ s(xi) = k + i − 1, i = 1, k, â. ¥.

áâ¥¯¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì £à ä  G′
à ¢­  {1, . . . , k, k, . . . , 2k − 1}.

�®¡ ¢¨¬ ª £à äã G′
­®¢ë¥ ¢¥àè¨­ë z

1

, . . . , z
2k−1

, á®¥¤¨­¨¢ yi à¥¡à®¬

á zi, i = 1, k, a xi+1 | á zk+i, i = 1, k − 1. � ª®­¥æ, ¤®¡ ¢¨¬ ª ¯®«ã-

ç¥­­®¬ã £à äã G′′
(à¨á. 2) ­®¢ãî ¢¥àè¨­ã z

2k, á®¥¤¨­¨¢ ¥¥ á® ¢á¥¬¨

¢¥àè¨­ ¬¨ £à ä  G′′
. Ǳ®á«¥¤­¨© £à ä ®¡®§­ ç¨¬ ç¥à¥§ G (á¬. à¨á. 2).
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�¨á. 2.

Ǳ®áâà®¨¬ £à ä Gm, ã¤ «ïï ¨§ £à ä  G à¥¡à® (zm, z2k), £¤¥ m |

­¥ª®â®à®¥ ­ âãà «ì­®¥ ç¨á«® ¨§ ¨­â¥à¢ «  [1; 2k − 1℄.

Ǳãáâì 1 6 i 6 2k − 1. � £à ä¥ Gi ¥¤¨­áâ¢¥­­ ï ¢¥àè¨­  áâ¥¯¥­¨

1 (zi) á¬¥�­  á ¢¥àè¨­®© áâ¥¯¥­¨ i + 2. �«¥¤®¢ â¥«ì­®, ¢á¥ £à äë
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G
1

, . . . , G
2k−1

¯®¯ à­® ­¥ ¨§®¬®àä­ë.

Ǳ®ª �¥¬, çâ® ¢á¥ £à äë G
1

, . . . , G
2k−1

åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ -

«¥­â­ë. � á ¬®¬ ¤¥«¥, ¬­®£®ªà â­® ¨á¯®«ì§ãï á«¥¤áâ¢¨¥ ¨§ â¥®à¥-

¬ë 1.1, ¤«ï £à ä®¢ Gm ¯®«ãç¨¬, çâ® ¯à¨ «î¡ëå m = 1, 2k − 1 åà®¬ -

â¨ç¥áª¨© ¬­®£®ç«¥­ f(Gm, λ) à ¢¥­ (λ − 1)(λ − 2)

2k−2 · f(G′
+ K

1

, λ),

£¤¥ G′
| £à ä, ¯®áâà®¥­­ë© ¢ ­ ç «¥ ¤®ª § â¥«ìáâ¢  íâ®© â¥®à¥¬ë.

Ǳ®áª®«ìªã ¯® ¯®áâà®¥­¨î £à ä  Gm £à ä Gm ¯®«ãç ¥âáï ¨§ £à -

ä  G′′
¤®¡ ¢«¥­¨¥¬ ¢¥àè¨­ë z

2k áâ¥¯¥­¨ 1, á¬¥�­®© á ¢¥àè¨­®© zm,

åà®¬ â¨ç¥áª¨© ¬­®£®ç«¥­ f(Gm, λ) à ¢¥­ (λ− 1) · f(G′′, λ) ¯à¨ «î¡ëå

m = 1, 2k − 1, £¤¥ G′′
| ¤®¯®«­¥­¨¥ £à ä  G′′

, ¯®ª § ­­®£® ­  à¨á. 2.

�¥®à¥¬  1 ¤®ª § ­ .

� ¬¥ç ­¨¥. �ãé¥áâ¢ã¥â ¡¥áª®­¥ç­® ¬­®£® ­ ¡®à®¢ ¨§ n > 2 ¯®-

¯ à­® ­¥¨§®¬®àä­ëå åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­ëå £à ä®¢.

� ¯à¨¬¥à, ¯à¨á®¥¤¨­ïï ª ª �¤®¬ã £à äã â®«ìª® çâ® ¯®áâà®¥­­®£®

­ ¡®à  {Gm | m = 1, n} ¯à®¨§¢®«ì­ë© £à ä G, ¯®«ãç¨¬ ­®¢ë© ­ -

¡®à {G + Gm | m = 1, n} ¨§ n ¯®¯ à­® ­¥¨§®¬®àä­ëå åà®¬ â¨ç¥áª¨

¡¨íª¢¨¢ «¥­â­ëå £à ä®¢. �®®¡é¥ ¢®§¬®�­ë ¨ á®¢¥àè¥­­® ¨­ë¥ ¯®-

áâà®¥­¨ï £à ä®¢ ¨áª®¬®£® ­ ¡®à . Ǳà¨ áâ®«ì è¨à®ª¨å ¢®§¬®�­®áâïå

¥áâ¥áâ¢¥­­® ¢®§­¨ª îâ § ¤ ç¨ ­ å®�¤¥­¨ï â ª¨å ­ ¡®à®¢ á ¤®¯®«­¨-

â¥«ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨. � ¯à¨¬¥à, ­ ©â¨ ­ ¡®à ¨§ n > 2 ¯®¯ à-

­® ­¥¨§®¬®àä­ëå åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­ëå £à ä®¢ á ¢®§¬®�­®

¬¥­ìè¨¬ ª®«¨ç¥áâ¢®¬ p(n) ¢¥àè¨­.

� ª ãª § ­® ¢ëè¥, p(2) = 6. � ¡®à ¨§ âà¥å £à ä®¢, ¨§®¡à �¥­­ëå

­  à¨á. 3, ¯®ª §ë¢ ¥â, çâ® p(3) = 7, â ª ª ª áà¥¤¨ 6-¢¥àè¨­­ëå £à ä®¢

­¥ áãé¥áâ¢ã¥â âà®©ª¨ åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­ëå £à ä®¢ ¨

f(G
1

, λ) = f(G
2

, λ) = f(G
3

, λ) = λ(λ − 1)

3

(λ− 2)(λ2 − 3λ+ 3),

f(G
1

, λ) = f(G
2

, λ) = f(G
3

, λ) = λ
(7)

+ 8λ
(6)

+ 15λ
(5)

+ 5λ
(4)

.
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�¨á. 3.

�¥âàã¤­® â ª�¥ ¯®ª § âì, çâ® p(4) 6 8. �®®¡é¥ ¨§ ¤®ª § â¥«ìáâ¢ 

â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® p(n) 6 2n+ 2, ­® ¬ë ¯à¥¤¯®« £ ¥¬, çâ® p(n) 6

c lnn ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n.

Ǳà¥�¤¥ ç¥¬ ¤®ª § âì â¥®à¥¬ã 2, ¯à¨¢¥¤¥¬ ­¥áª®«ìª® ®¯à¥¤¥«¥­¨©

¨ ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ® å à ªâ¥à¨áâ¨ç¥áª¨å ¬­®£®ç«¥­ å £à ä®¢ [2℄.

� à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ |λE − A| ¬ âà¨æë á¬¥�­®áâ¨ A

£à ä  G ­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬­®£®ç«¥­®¬ £à ä  G ¨ ®¡®-

§­ ç ¥âáï ç¥à¥§ ϕG(λ). �¢  £à ä  G
′
¨ G′′

­ §ë¢ îâáï ª®á¯¥ªâà «ì-

­ë¬¨, ¥á«¨ ®­¨ ¨¬¥îâ ®¤¨­ ¨ â®â �¥ å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­.

�«ï ¤¥à¥¢ì¥¢ ¡ë«¨ ¤®ª § ­ë á«¥¤ãîé¨¥ ãâ¢¥à�¤¥­¨ï.

�¥®à¥¬  1.2 [3℄. Ǳãáâì G | p-¢¥àè¨­­®¥ ¤¥à¥¢®, â®£¤ 

ϕG(λ) =

m∑

k=0

(−1)kakλ
p−2k,

£¤¥ ak (k > 0) ¥áâì ç¨á«® ¯ à®á®ç¥â ­¨© ¯®àï¤ª  k ¤¥à¥¢  G, a
0

= 1 ¨

m =

⌊
p
2

⌋
.

�¤­¨¬ ¨§ ¨­â¥à¥á­ëå à¥§ã«ìâ â®¢ ¢ â¥®à¨¨ å à ªâ¥à¨áâ¨ç¥áª¨å

¬­®£®ç«¥­®¢ ï¢«ï¥âáï à¥§ã«ìâ â �¢¥­ª  [4℄.

�¥®à¥¬  1.3 [4℄. �«ï ¤®áâ â®ç­® ¡®«ìè¨å p ¯®çâ¨ ¤«ï ª �¤®£® p-

¢¥àè¨­­®£® ¤¥à¥¢  ­ ©¤¥âáï ­¥¨§®¬®àä­®¥ ¥¬ã ª®á¯¥ªâà «ì­®¥ ¤¥à¥¢®.
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�¥®à¥¬  1.4 [1℄. �®íää¨æ¨¥­â ak ¯à¨ λ
(p−k) ¢ ¬­®£®ç«¥­¥

f(G, λ) =

p−χ∑

k=0

akλ
(p−k)

à ¢¥­ ç¨á«ã à §«¨ç­ëå (p− k)-à áªà á®ª £à ä  G.

�àã£¨¬¨ á«®¢ ¬¨, ak à ¢¥­ ç¨á«ã à §«¨ç­ëå à áªà á®ª £à ä  G

à®¢­® p− k æ¢¥â ¬¨ á â®ç­®áâìî ¤® ¯¥à¥áâ ­®¢ª¨ æ¢¥â®¢.

�¥®à¥¬  2. �¢  ­¥¨§®¬®àä­ëå ¤¥à¥¢  åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ -

«¥­â­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­¨ ª®á¯¥ªâà «ì­ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. Ǳ®áª®«ìªã «î¡ë¥ ¤¢  ¤¥à¥¢  åà®-

¬ â¨ç¥áª¨ íª¢¨¢ «¥­â­ë [3℄, ¤®áâ â®ç­® ¯®ª § âì, çâ® ª®á¯¥ªâà «ì­ë¥

¤¥à¥¢ìï ¨¬¥îâ åà®¬ â¨ç¥áª¨ íª¢¨¢ «¥­â­ë¥ ¤®¯®«­¥­¨ï, ¨ ­ ®¡®à®â.

Ǳãáâì ¤®¯®«­¥­¨¥ p-¢¥àè¨­­®£® ¤¥à¥¢  G ¨¬¥¥â åà®¬ â¨ç¥áª¨©

¬­®£®ç«¥­

f(G, λ) =

p−χ∑

k=0

ckλ
(p−k),

£¤¥ χ = χ(G). �®£¤  ¯® â¥®à¥¬¥ 1.4 ª®íää¨æ¨¥­â ck à ¢¥­ ç¨á«ã à §-

«¨ç­ëå à áªà á®ª £à ä  G à®¢­® p− k æ¢¥â ¬¨ á â®ç­®áâìî ¤® ¯¥à¥-

áâ ­®¢ª¨ æ¢¥â®¢. � ª ª ª ¤¥à¥¢® G ­¥ ¨¬¥¥â ª«¨ª á ¡®«¥¥ ç¥¬ ¤¢ã¬ï

¢¥àè¨­ ¬¨, â® ¢ (p − k)-à áªà áª¥ £à ä  G ª �¤ë© æ¢¥â ¢áâà¥ç ¥â-

áï ­¥ ¡®«¥¥ ¤¢ãå à §,   ¨¬¥­­®: k æ¢¥â®¢ ¢áâà¥ç îâáï ¯® ¤¢  à § , a

p− 2k æ¢¥â®¢ | ¯® ®¤­®¬ã, 0 < k 6 p−χ. Ǳ®íâ®¬ã k ¯ à ®¤­®æ¢¥â­ëå

(â. ¥. ­¥á¬¥�­ëå ¢ G) ¢¥àè¨­ ®¯à¥¤¥«ïîâ ¢ ¤¥à¥¢¥ G ¯ à®á®ç¥â ­¨¥

¯®àï¤ª  k. �¡à â­®, ª �¤®¬ã ¯ à®á®ç¥â ­¨î ¯®àï¤ª  k ¤¥à¥¢  G á®-

®â¢¥âáâ¢ã¥â (p − k)-à áªà áª  £à ä  G. � ¬¥â¨¬ â ª�¥, çâ® c
0

= 1.

�«¥¤®¢ â¥«ì­®, ck ¯à¨ 0 < k 6 p−χ ¥áâì ç¨á«® ¯ à®á®ç¥â ­¨© ¯®àï¤ª 
k ¢ ¤¥à¥¢¥ G.

� ª¨¬ ®¡à §®¬, á®®â¢¥âáâ¢ãîé¨¥ ª®íää¨æ¨¥­âë å à ªâ¥à¨áâ¨ç¥-

áª®£® ¬­®£®ç«¥­  ¤¥à¥¢  G (¯® â¥®à¥¬¥ 1.2) ¨ åà®¬ â¨ç¥áª®£® ¬­®£®-

ç«¥­  ¥£® ¤®¯®«­¥­¨ï á®¢¯ ¤ îâ, çâ® ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã 2.

�§ à¥§ã«ìâ â  �¢¥­ª  [4℄ ¨ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â
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�«¥¤áâ¢¨¥. �«ï ¤®áâ â®ç­® ¡®«ìè¨å n ¯®çâ¨ ¤«ï ª �¤®£® n-

¢¥àè¨­­®£® ¤¥à¥¢  ­ ©¤¥âáï åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­®¥ ¥¬ã ¤¥-

à¥¢®.
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Ǳãáâì ¨¬¥¥¬ ­¥ª®â®à®¥ ª®­¥ç­®¥ á¥¬¥©áâ¢® ­¥¯¥à¥á¥ª îé¨åáï

¬­®�¥áâ¢ ª®­¥ç­ëå ª®àâ¥�¥© ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«:

F̂ = {Fi |∈ I},

£¤¥ I ⇋ {1, . . . , n}, n ∈ N.

Ǳ®«®�¨¬ F =

⋃
i∈I

Fi ¨ ®¡®§­ ç¨¬ ç¥à¥§ K ¬­®�¥áâ¢® ¢á¥å ª®­¥ç-

­ëå ª®àâ¥�¥© ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«, ¢ª«îç ï ý¯ãáâ®© ª®àâ¥�þ ∅.

� §®¢¥¬ ª®àâ¥� b ∈ K áã¬¬®© ª®àâ¥�¥©

ai
=

(
ai
1

, . . . , ai
n(ai

)

)
∈ K (i = 1, . . . , k),

¥á«¨ b =
k∑

i=1

ai ⇋
(
a1
1

, . . . , a1n(a1), a
2

1

, . . . , a2n(a2), . . . , a
k
1

, . . . , ak
n(ak

)

)
.

� áá¬®âà¨¬ á«¥¤ãîéãî ¯à®¡«¥¬ã. Ǳãáâì ¨¬¥¥âáï

c =

m∑

i=1

di
(di ∈ F, m ∈ N). (1)

� ¤ çã ¨¤¥­â¨ä¨ª æ¨¨ ª �¤®£® á« £ ¥¬®£® ¤ ­­®© áã¬¬ë, â. ¥.

ãáâ ­®¢«¥­¨¥ ¯à¨­ ¤«¥�­®áâ¨

di ∈ Fj (i = 1, . . . ,m, j = j(di
)), (2)

­ §®¢¥¬ § ¤ ç¥© à á¯®§­ ¢ ­¨ï ª®àâ¥�¥©.

�¥è¥­¨¥¬ § ¤ ç¨ (1){(2) ­ §®¢¥¬ ª®àâ¥� í«¥¬¥­â®¢ ¨§ I

(j(d1), . . . , j(dm
)). (3)
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Ǳà¨áâã¯¨¬ ª à¥è¥­¨î ¤ ­­®© § ¤ ç¨ á«¥¤ãîé¨¬ ®¡à §®¬.

� §®¢¥¬ ª®àâ¥� b = c+ a+ d (a, b, c, d ∈ K) ¯®ªàëâ¨¥¬ ª®àâ¥� 

a, ¢ á¢®î ®ç¥à¥¤ì ­ §®¢¥¬ a ç áâìî ª®àâ¥�  b.

Ǳãáâì ¤«ï «î¡®£® a ∈ Fi (i ∈ I) áãé¥áâ¢ã¥â ­¥¯ãáâ®¥ c ∈ K, ¯à¨ç¥¬

c ï¢«ï¥âáï ç áâìî a ¨ ­¥ ï¢«ï¥âáï ç áâìî ª ª®£®-«¨¡® ¤àã£®£® ª®àâ¥� 

¨§

⋃
j∈I\{i}

Fj . �­®�¥áâ¢  â ª¨å ç áâ¥© c ª®àâ¥�  a ®¡®§­ ç¨¬ ç¥à¥§

P (a).

Ǳãáâì ¨¬¥¥âáï ®â®¡à �¥­¨¥

G :

⋃

a∈F

P (a) −→ I, (4)

ª®â®à®¥ «î¡®¬ã í«¥¬¥­âã ¨§ P (a) (a ∈ Fk, k ∈ I) áâ ¢¨â ¢ á®®â¢¥â-

áâ¢¨¥ ç¨á«® k. �ã¤¥¬ ­ §ë¢ âì â ª¨¥ ®â®¡à �¥­¨ï ®â®¡à �¥­¨ï¬¨-

¨¤¥­â¨ä¨ª â®à ¬¨.

Ǳãáâì ¨¬¥¥âáï ®â®¡à �¥­¨¥

R : K −→
⋃

a∈F

P (a) (5)

â ª®¥, çâ® ¥á«¨ ª®àâ¥� b ∈ K ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ b = c+t+d, £¤¥

t ¥áâì ­¥ª®â®àë© í«¥¬¥­â ¨§ P (a), a ∈ Fl, l ∈ I ¨ ­¨ª ª®© í«¥¬¥­â ¨§

¬­®�¥áâ¢ 

⋃
s∈F\Fl

P (s) ­¥ ï¢«ï¥âáï ç áâìî c, â® R(b) = t; ¢ ¯à®â¨¢­®¬

á«ãç ¥ R(b) = ∅. �ã¤¥¬ ­ §ë¢ âì â ª®¥ ®â®¡à �¥­¨¥ ®â®¡à �¥­¨¥¬-

«®ª «¨§ â®à®¬.

�¥®à¥¬ . Ǳãáâì ¨¬¥¥¬ § ¤ çã à á¯®§­ ¢ ­¨ï ª®àâ¥�¥© (1){(2).

�®£¤  ¤«ï ­ å®�¤¥­¨ï à¥è¥­¨ï (3) ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï á«¥¤ãîé¨å

ãá«®¢¨©.

1. �î¡ë¥ ¤¢  àï¤®¬ áâ®ïé¨¥ á« £ ¥¬ë¥ áã¬¬ë c (1) ¤®«�­ë ¯à¨-

­ ¤«¥� âì à §«¨ç­ë¬ í«¥¬¥­â ¬ ¨§ F̂ .

2. �â®¡à �¥­¨¥-¨¤¥­â¨ä¨ª â®à G (4) ®¯à¥¤¥«¥­®.

3. �â®¡à �¥­¨¥-«®ª «¨§ â®à R (5) ®¯à¥¤¥«¥­®.

�®ª § â¥«ìáâ¢®. Ǳãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë. �®£¤ 

¤«ï áã¬¬ë c (1) á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

R(c) = t1 ∈ P (d1).
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�®£¤  ª®àâ¥� c ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ c = c1 + t1 + c2. �­®¢ 

¯à¨¬¥­ïï ®â®¡à �¥­¨¥ R ª c2, ¯®«ãç¨¬

R(c2) = t2, c2 = c3 + t2 + c4.

Ǳ®áâã¯ ï ¤ «¥¥ â ª �¥, ¯®«ãç¨¬ ª®àâ¥� í«¥¬¥­â®¢ ¨§

⋃

a∈F

P (a)

(t1, . . . , tp), p > m.

�áª«îç ï ¢ á¨«ã ¯¥à¢®£® ãá«®¢¨ï â¥®à¥¬ë ¯®¢â®àïîé¨¥áï àï¤®¬

áâ®ïé¨¥ í«¥¬¥­âë ­®¢®£® ª®àâ¥�  ¨ ¯à¨¬¥­ïï ®â®¡à �¥­¨¥-¨¤¥­â¨-

ä¨ª â®à G (4) ª í«¥¬¥­â ¬ ¯®«ãç¨¢è¥£®áï ª®àâ¥� , ¯®«ãç¨¬ à¥è¥­¨¥

§ ¤ ç¨ (1){(2) (j1, . . . , jm
). �¥®à¥¬  ¤®ª § ­ .

Ǳà¨¬¥à®¬ § ¤ ç¨ à á¯®§­ ¢ ­¨ï ª®àâ¥�¥© ¬®�¥â á«ã�¨âì ¯à®-

¡«¥¬  ª®¬¯ìîâ¥à­®£® à á¯®§­ ¢ ­¨ï ç¥«®¢¥ç¥áª®© à¥ç¨. �®ª § ­­ ï

â¥®à¥¬  ¯®§¢®«ï¥â à §à ¡®â âì ­¥ª®â®àë¥  «£®à¨â¬ë ®¡à ¡®âª¨ ª®¬-

¯ìîâ¥à­ëå wav-ä ©«®¢.

£. �ªãâáª 31 ¬ ï 2004 £.
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� áá¬®âà¨¬ ­  ¯®«ã¯à®áâà ­áâ¢¥ t > 0 ãà ¢­¥­¨¥

tp�xu− tqutt +

m∑

i=1

ai(x, t)uxi
+ b(x, t)ut + c(x, t)u = 0, (1)

p, q = 
onst > 0, p > q, �x | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥­­ë¬

x
1

, . . . , xm, x = (x
1

, . . . , xm), m > 2, ­  ¢ �­®áâì ¨áá«¥¤®¢ ­¨ï ª®â®-

à®£® ®¡à â¨« ¢­¨¬ ­¨¥ ¥é¥ �. �. �¨æ ¤§¥ [1℄. �­® £¨¯¥à¡®«¨ç­® ¯à¨

t > 0,   ¢¤®«ì ¯«®áª®áâ¨ t = 0 ¨¬¥¥â ¬¥áâ® ¢ëà®�¤¥­¨¥ ¥£® â¨¯  ¨ ¯®-

àï¤ª . �¡®§­ ç¨¬ ç¥à¥§ D ª®­¥ç­ãî ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ 

Em+1

â®ç¥ª (x
1

, . . . , xm, t), ®£à ­¨ç¥­­ãî ¯®¢¥àå­®áâï¬¨

|x| = 2

p− q + 2

t(p−q+2)/2, |x| = 1− 2

p− q + 2

t(p−q+2)/2

¨ ¯«®áª®áâìî t = 0, £¤¥ |x| | ¤«¨­  ¢¥ªâ®à  x, 0 6 t 6
(

p−q+2
4

) 2

p−q+2
.

� áâ¨ íâ¨å ¯®¢¥àå­®áâ¥©, ®¡à §ãîé¨å £à ­¨æã ∂D ®¡« áâ¨ D, ®¡®§­ -

ç¨¬ ç¥à¥§ S
0

, S
1

¨ S á®®â¢¥âáâ¢¥­­®.

� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã � à¡ã | Ǳà®ââ¥à  ¤«ï ãà ¢­¥­¨ï

(1).

� ¤ ç  1. � ©â¨ ¢ ®¡« áâ¨ D à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨§ ª« áá 

�(D) ∩ �

1

(D ∪ S) ∩ �

2

(D), ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

u|S = τ(x), u|S
0

= σ(x) (2)


© 2008 �à¬¥ª¡ ¥¢ �. �.
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¨«¨

ut|S = v(x), u|S
0

= σ(x). (3)

� ¤ «ì­¥©è¨¬ ­ ¬ ¡ã¤¥â ã¤®¡­® ¯¥à¥©â¨ ®â ¤¥ª àâ®¢ëå ª®®à¤¨-

­ â x
1

, . . . xm, t ª áä¥à¨ç¥áª¨¬ r, θ1, . . . , θm, t, á®åà ­¨¢ ®¡®§­ ç¥­¨ï, ¨á-

¯®«ì§®¢ ­­ë¥ ¢ [2℄.

Ǳãáâì 
 | ¯à®¥ªæ¨ï ®¡« áâ¨ D ­  ¯«®áª®áâì (r, t) á £à ­¨æ ¬¨

�

0

: r =
2

p− q + 2

t(p−q+2)/2, �

1

: r = 1− 2

p− q + 2

t(p−q+2)/2,

� : t = 0, 0 6 r 6 1.

Ǳãáâì

{
Y k

n,m(θ)
}
| á¨áâ¥¬  «¨­¥©­® ­¥§ ¢¨á¨¬ëå áä¥à¨ç¥áª¨å

äã­ªæ¨© ¯®àï¤ª  n, 1 6 k 6 kn, (m−2)!n!kn = (n+m−3)!(2n+m−2),

θ = (θ
1

, . . . , θm−1

), W l
2

(D), l = 0, 1, . . . , | ¯à®áâà ­áâ¢® �®¡®«¥¢ ,  

S̃ =

{
(r, θ) ∈ S, 0 < r < 1

2

}
.

�¥à¥§ ~ak
in(r, t), â

k
in(r, t),

~bkn(r, t), ~c
k
n(r, t), ~τ

k
n(r), ~σ

k
n(r), ρ

k
n ®¡®§­ ç¨¬

ª®íää¨æ¨¥­âë à §«®�¥­¨ï ¢ àï¤ ¯® áä¥à¨ç¥áª¨¬ äã­ªæ¨ï¬ Y k
n,m(θ)

á®®â¢¥âáâ¢¥­­® äã­ªæ¨© ai(r, θ, t)ρ(θ), ai
xi

r ρ, b(r, θ, t)ρ, c(r, θ, t)ρ, τ(r, θ),

σ(r, θ), i = 1, . . . ,m.

�¢¥¤¥¬ ¬­®�¥áâ¢® äã­ªæ¨©

Bl
1

(S) =

{
f(r, θ) : f ∈W l

2

(S),

∞∑

n=0

kn∑

k=1

(∥∥fk
n(r)

∥∥2
c3(0,1)

+

∥∥fk
n(r)

∥∥2
c1(0,1)

)
: exp 2(n2 + n(m− 2)) <∞, l > m− 1

}
.

Ǳãáâì �ai = t−qai,
�b = t−qb, �c = t−qc ¨ �ai,

�b, �c ∈ W l
2

(D), i = 1, . . . ,m,

l > m+ 1.

�¥®à¥¬  1. �á«¨ τ(r, θ) = r3r∗(r, θ), v(r, θ) = r3v∗(r, θ), σ(r, θ) =

r2σ∗
(r, θ), τ∗(r, θ), v∗(r, θ) ∈ Bl

1

(S), σ∗
(r, θ) ∈ Bl

1

(S̃), â® § ¤ ç  1 ¨¬¥¥â

¡¥áª®­¥ç­®¥ ¬­®�¥áâ¢® à¥è¥­¨©.

�â¬¥â¨¬, çâ® ¯à¨ q = 0 íâ® â¥®à¥¬  ãáâ ­®¢«¥­  ¢ [3℄.
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�®ª § â¥«ìáâ¢®. �­ ç «  ¤®ª �¥¬ à §à¥è¨¬®áâì § ¤ ç¨ (1),

(2). � ª ª ª ¨áª®¬®¥ à¥è¥­¨¥ u ¯à¨­ ¤«¥�¨â C(D) ∩ �

2

(D), â® ¥£®

¬®�­® ¨áª âì ¢ ¢¨¤¥ àï¤ 

u(r, θ, t) =

∞∑

n=0

kn∑

k=1

�uk
n(r, t)Y

k
n,m(θ), (4)

£¤¥ �uk
n(r, t) | äã­ªæ¨¨, ª®â®àë¥ ¡ã¤ãâ ®¯à¥¤¥«¥­ë ­¨�¥.

�®£¤ , ª ª ¨ ¢ [2℄, ¤«ï uk
n ¯®«ãç¨¬ àï¤

tpρ1
0

�u1
0rr − tqρ1

0

�u1
0tt +

(
m− 1

r
tpρ1

0

+

m∑

i=1

â1i0

)
�u1
0r +

~b1
0

�u1
0t + ~c1

0

�u1
0

+

∞∑

n=1

kn∑

k=1

{
tpρk

n�u
k
nrr − tqρk

n�u
k
ntt +

(
m− 1

r
tpρk

n +

m∑

i=1

âk
in

)
�uk

nr +
~bkn�u

k
nt

+

[
~ckn − λnρ

k
nt

p

r2
+

m∑

i=1

(
~ak

in−1

− nâk
in

)
]
�uk

n

}
= 0, λn = n(n+m− 2).

(5)

�¥¯¥àì à áá¬®âà¨¬ ¡¥áª®­¥ç­ãî á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-

­¨©:

tpρ1
0

�u1
0rr − tqρ1

0

�u1
0tt +

m− 1

r
tpρ1

0

�u1
0r = 0, (6)

tpρk
1

�uk
1rr − tqρk

1

�uk
1tt +

m− 1

r
tpρk

1

uk
1r −

λn

r2
tpρk

1

�uk
1

= − 1

k
1

(
m∑

i=1

â1i0�u
1

0r +
~b1
0

�u1
0t + ~c1

0

�u
0

)
, n = 1, k = 1, k

1

, (7)

tpρk
n�u

k
nrr − tqρk

n�u
k
ntt +

m− 1

r
tpρk

n�u
k
nr −

λn

r2
tpρk

n�u
k
n

= − 1

kn

kn−1∑

k=1

{
m∑

i=1

âk
in−1

�uk
n−1r +

~bkn−1

�uk
n−1t

+

[
~ckn−1

+

m∑

i=1

(
~ak

in−2

− (n− 1)âk
in−1

)
]
�uk

n−1

}
,

k = 1, kn, n = 2, 3, . . . .
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�¥âàã¤­® ¯®ª § âì, çâ® ¥á«¨

{
�uk

n

}
, k = 1, kn, n = 0, 1, . . . , | à¥è¥­¨¥

á¨áâ¥¬ë (6), (7), â® ®­® ï¢«ï¥âáï ¨ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5).

�ç¨âë¢ ï ®àâ®£®­ «ì­®áâì áä¥à¨ç¥áª¨å äã­ªæ¨© Y k
n,m(θ) [4℄, ¨§

ªà ¥¢®£® ãá«®¢¨ï (2) ¨¬¥¥¬

�uk
n|� = �τk

n(r), �uk
n|�0 = �σk

n(r), k = 1, kn, n = 0, 1, . . . , 0 6 r 6 1. (8)

� ª¨¬ ®¡à §®¬, § ¤ ç  (1), (2) á¢¥¤¥­  ª á¨áâ¥¬¥ § ¤ ç � à¡ã ¢ ®¡« áâ¨


 ¤«ï ãà ¢­¥­¨© (6), (7). �¥¯¥àì ¡ã¤¥¬ ­ å®¤¨âì à¥è¥­¨ï íâ¨å § ¤ ç.

�¥âàã¤­® § ¬¥â¨âì, çâ® ª �¤®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (7), (8) ¬®�­®

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

tp�uk
nrr − tq�uk

ntt +
m− 1

r
tp�uk

nr −
λn

r2
tp�uk

n =
�fk
n(r, t), (9)

£¤¥

�fk
n(r, t) ®¯à¥¤¥«ïîâáï ¨§ ¯à¥¤ë¤ãé¨å ãà ¢­¥­¨© íâ®© á¨áâ¥¬ë, ¯à¨

íâ®¬

�f1
0

(r, t) = 0. Ǳà®¨§¢¥¤ï ¢ (9) § ¬¥­ã ¯¥à¥¬¥­­ëå

�uk
n(r, t) = r(1−m)/2uk

n(r, t)

¨ ¯®«®�¨¢ § â¥¬

r = r, x
0

=

2

2 + p− q
t(2+p−q)/2,

¯®«ãç¨¬ ãà ¢­¥­¨¥

Lαu
k
α,n ≡ uk

α,nrr − uk
α,nx

0

x
0

− α

x
0

uk
α,nx

0

+

[(m− 1)(3−m)− 4λn℄

4r2
uk

α,n

= fk
α,n(r, x0), (10)

0 6 α =
p− q

2 + p− q
< 1,

fk
α,n(r, x0) = r(m−1)/2

(
x
0

1− α

) 1+α
1−α

q−2α

�fk
n

[
r,

(
x
0

1− α

)
1−α]

.

Ǳà¨ íâ®¬ ªà ¥¢®¥ ãá«®¢¨¥ (8) § ¯¨è¥âáï ¢ ¢¨¤¥

uk
α,n(r, 0) = τk

n (r), uk
α,n(r, r) = σk

n(r), 0 6 r 6 1, (11)

τk
n(r) = r(m−1)/2

�τk
n(r), σk

n(r) = r(m−1)/2
�σk

n(r), k = 1, kn, n = 0, 1, . . . .
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� àï¤ã á ãà ¢­¥­¨¥¬ (10) à áá¬®âà¨¬ ãà ¢­¥­¨¥

L
0

uk
0,n ≡ uk

0,nrr − uk
0,nx

0

x
0

+

[(m− 1)(3−m)− 4λn℄

4r2
uk
0,n = fk

0,n(r, x0).

(12)

�¬¥¥â ¬¥áâ® á«¥¤ãîé ï äã­ªæ¨®­ «ì­ ï á¢ï§ì, ª ª ¤®ª § ­® ¢ [2℄ (á¬.

â ª�¥ [5℄), ¬¥�¤ã à¥è¥­¨ï¬¨ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨© (10) ¨ (12).

�â¢¥à�¤¥­¨¥ 1. �á«¨ uk,1
0,n(r, x0) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï

ãà ¢­¥­¨ï (12), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

uk,1
0,n(r, 0) = τk

n (r),
∂

∂x
0

uk,1
0,n(r, 0) = 0, (13)

â® äã­ªæ¨ï

uk,1
α,n(r, x0) = γα

1∫

0

uk,1
0,n(r, ξx0)(1− ξ2)

α
2

−1 dξ

≡ 2

−1γα�

(
α

2

)
x1−α
0

D
−α/2

0,x2
0

[
uk,1
0,n(r, x0)

x2
0

]
(14)

¥áâì à¥è¥­¨¥ ãà ¢­¥­¨ï (10) ¯à¨ α > 0 á ¤ ­­ë¬¨ (13).

�â¢¥à�¤¥­¨¥ 2. �á«¨ uk,1
0,n(r, x0) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®-

è¨ ¤«ï ãà ¢­¥­¨ï (12), ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î

uk,1
0,n(r, 0) =

vk
n(r)

(1− α)(3− α) . . . (2s+ 1− α)
,

∂

∂x
0

uk,1
0,n(r, 0) = 0,

â® ¯à¨ 0 < α < 1 äã­ªæ¨ï

uk,2
α,n(r, x0) = γ

2−k+2s

(
1

x
0

∂

∂x
0

)s

x1−α+2s

0

1∫

0

uk,1
0,n(r, ξx0)(1− ξ2)s−α/2 dξ




≡ γ
2−k+2s2

s−1

�

(
s− α

2

+ 1

)
D

α
2

−1

0,x2
0

[
uk,1
0,n(r, x0)

x
0

]
(15)

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨

uk,2
α,n(r, 0) = 0, lim

x
0

→0

xα
0

∂

∂x
0

uk,2
α,n = vk

n(r),
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£¤¥

√
π�

(
α

2

)
λα = 2�

(
α+ 1

2

)
,

�(z)| £ ¬¬ -äã­ªæ¨ï, Dα
0t | ®¯¥à â®à �¨¬ ­  | �¨ã¢¨««ï [6℄,   s >

0| ­ ¨¬¥­ìè¥¥ æ¥«®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã 2−α+2s >

m−1. Ǳà¨ íâ®¬ äã­ªæ¨¨ fk
α,n(r, x0), f

k
0,n(r, x0) á¢ï§ ­ë ä®à¬ã« ¬¨ (14)

¢ á«ãç ¥ ãâ¢¥à�¤¥­¨ï 1 ¨ (15)" ¢ á«ãç ¥ ãâ¢¥à�¤¥­¨ï 2.

�¥¯¥àì ¡ã¤¥¬ à¥è âì § ¤ çã (10), (11). �¥ à¥è¥­¨¥ ¨é¥¬ ¢ ¢¨¤¥

uk
α,n(r, x0) = uk,1

α,n(r, x0) + uk,2
α,n(r, x0),

£¤¥ uk,1
α,n(r, x0) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ (10), (13),   uk,2

α,n(r, x0) | à¥è¥-

­¨¥ § ¤ ç¨ � à¡ã ¤«ï (10) á ãá«®¢¨¥¬

uk,2
α,n(r, 0) = 0, uk,2

α,n(r, r) = σk
n(r) − uk,1

α,n(r, r), (16)

0 6 r 6 1, k = 1, kn, n = 0, 1, . . . .

� [7℄ ¯®ª § ­®, çâ® § ¤ ç  �®è¨ (12), (13) ®¤­®§­ ç­® à §à¥è¨¬ .

�ç¨âë¢ ï ®¡à â¨¬®áâì ®¯¥à â®à  Dα
0t [6℄, ¨§ ãâ¢¥à�¤¥­¨ï 1 ¯®«ãç ¥¬,

çâ® § ¤ ç  �®è¨ (10), (13) â ª�¥ ®¤­®§­ ç­® à §à¥è¨¬ .

� «¥¥, ®¯¨à ïáì ­  ä®à¬ã«ã (15), § ¤ çã � à¡ã (10), (16) á¢®¤¨¬

ª § ¤ ç¥ � à¡ã ¤«ï ãà ¢­¥­¨ï (12) á ãá«®¢¨¥¬

∂

∂x
0

uk,
0,n(r, 0) = 0, uk,1

0,n(r, r)ϕ
k
n(r),

ª®â®à ï ¨¬¥¥â ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢® à¥è¥­¨© [7℄, £¤¥ ϕk
n(r) | ¨§-

¢¥áâ­ ï äã­ªæ¨ï, ¢ëà � îé ïáï ç¥à¥§ τk
n(r), σ

k
n(r). �­ ç¨â, § ¤ ç 

(10), (16) â ª�¥ ¨¬¥¥â ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢® à¥è¥­¨©.

� ª¨¬ ®¡à §®¬, ¯®ª § ­®, çâ® à¥è¥­¨© § ¤ ç¨ (10), (11) | ¡¥áç¨á-

«¥­­®¥ ¬­®�¥áâ¢®.

�«¥¤®¢ â¥«ì­®, á­ ç «  à¥è¨¢ § ¤ çã (6), (8) (n = 0),   § â¥¬

(7), (8) (n = 1) ¨ â. ¤, ­ ©¤¥¬ ¯®á«¥¤®¢ â¥«ì­® ¢á¥ uk
n(r, t), k = 1, kn,

n = 0, 1, . . . .
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� «¥¥,  ­ «®£¨ç­® [2, 7℄ ¤®ª §ë¢ ¥âáï, çâ® äã­ªæ¨ï ¢¨¤  (4) ï¢«ï-

¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (1), (2), £¤¥ u−k
n (r, t) ®¯à¥¤¥«ïîâáï ¨§ ¤¢ã¬¥à­ëå

§ ¤ ç � à¡ã, ¨ ¯à¨­ ¤«¥�¨â ª« ááã �(D) ∩�

1

(D ∪ S) ∩�

2

(D).

Ǳ® ¢ëè¥ãª § ­­®© áå¥¬¥ ãáâ ­ ¢«¨¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï

§ ¤ ç¨ (1), (3).

�¥®à¥¬  1 ¤®ª § ­ .

�â¬¥â¨¬, çâ® ¢ à ¡®â¥ [8℄ ¯®ª § ­®, çâ® à¥è¥­¨¥ § ¤ ç¨ 1 ­¥¥¤¨­-

áâ¢¥­­®.

� ¬¥ç ­¨¥. � ¬¥â¨¬, çâ® ¢ â¥®à¥¬¥ 1 ¯à¨­ ¤«¥�­®áâì § ¤ ­­ëå

äã­ªæ¨© τ(r, θ), v(r, 0) ∈ �

l
1

(S), σ(r, θ) ∈ �

l
1

(S̃) áãé¥áâ¢¥­­ . � ª ¯®-

ª §ë¢ îâ ¯à¨¬¥àë, ¯®áâà®¥­­ë¥ ¢ [2℄, ¯à¨ ­ àãè¥­¨¨ íâ®£® ãá«®¢¨ï

à¥è¥­¨ï § ¤ ç¨ 1 ¤ �¥ ¤«ï ¬­®£®¬¥à­®£® ¢®«­®¢®£® ãà ¢­¥­¨ï ¬®£ãâ

­¥ áãé¥áâ¢®¢ âì.
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Ǳ�������� ������

�. �. �¢ ­®¢

�¢¥¤¥­¨¥

�«ï à¥è¥­¨ï § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ è¨à®ª® ¯à¨¬¥­ï¥â-

áï ¬¥â®¤ à áé¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ [1{4℄, ãç¨âë¢ îé¨©

á¯¥æ¨ä¨ªã § ¤ ç ¨ ¯®§¢®«ïîé¨© íää¥ªâ¨¢­® ¯®«ãç âì ¨å ç¨á«¥­­®¥

à¥è¥­¨¥. �®«ìè®© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â ¨§ãç¥­¨¥ ¢®§¬®�­®áâ¨ à á-

é¥¯«¥­¨ï  «£®à¨â¬  ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨, ®¡« ¤ îé¥£® â ª¨¬¨

¢ �­ë¬¨ á¢®©áâ¢ ¬¨, ª ª ãáâ®©ç¨¢®áâì, ª®­á¥à¢ â¨¢­®áâì, ¨­¢ à¨ ­â-

­®áâì ¨ â. ¤.

� ¤ ­­®© à ¡®â¥ ¯®áâà®¥­ë à §­®áâ­ë¥ áå¥¬ë à áé¥¯«¥­¨ï ¯® ä¨-

§¨ç¥áª¨¬ ¯à®æ¥áá ¬, ®¡« ¤ îé¨¥ á¢®©áâ¢®¬ ¯®«­®© ª®­á¥à¢ â¨¢­®áâ¨

(Ǳ�). �¤¥áì, á«¥¤ãï ®¯à¥¤¥«¥­¨î ¨§ ª­¨£¨ [5℄, ¯®«­®áâìî ª®­á¥à¢ -

â¨¢­®© à §­®áâ­®© áå¥¬®© (Ǳ���) ¡ã¤¥¬ ­ §ë¢ âì à §­®áâ­ë¥ áå¥-

¬ë, ¤«ï ª®â®àëå ¢ë¯®«­ïîâáï ­¥ â®«ìª® à §­®áâ­ë¥  ­ «®£¨ ®á­®¢­ëå

§ ª®­®¢ á®åà ­¥­¨ï, ­® â ª�¥ ¨ ¤®¯®«­¨â¥«ì­ë¥ á®®â­®è¥­¨ï, ¢ëà -

� îé¨¥ ¡ « ­á ®â¤¥«ì­ëå ¢¨¤®¢ í­¥à£¨¨. � à ¡®â å [6{8℄ ¨§« £ ¥âáï

 «£®à¨â¬ ¯®áâà®¥­¨ï Ǳ��� ¨ ¯®áâà®¥­ àï¤ á¥¬¥©áâ¢ Ǳ���. � ­­ ï

à ¡®â  ï¢«ï¥âáï ¯à®¤®«�¥­¨¥¬ à ¡®âë [9℄.

1. �à ¢­¥­¨ï £ §®¢®© ¤¨­ ¬¨ª¨ ¢ í©«¥à®¢ëå

¯¥à¥¬¥­­ëå

� áá¬®âà¨¬ ®¤­®¬¥à­ë¥ ãà ¢­¥­¨ï £ §®¢®© ¤¨­ ¬¨ª¨ ¢ í©«¥à®¢ëå


© 2008 �¢ ­®¢ �. �.
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¯¥à¥¬¥­­ëå, § ¬ëª ¥¬ë¥ ãà ¢­¥­¨¥¬ á®áâ®ï­¨ï p = p(ρ, ε):

∂ρ

∂t
+

∂ρu

∂x
= 0,

∂ρu

∂t
+

∂ρu2

∂x
+

∂p

∂x
= 0,

∂ρε

∂t
+

∂ρuε

∂x
+ p

∂u

∂x
= 0.

(1)

�¤¥áì t | ¢à¥¬ï, x | í©«¥à®¢  ¯¥à¥¬¥­­ ï, u | áª®à®áâì £ § ,

ρ | ¯«®â­®áâì, ε | ã¤¥«ì­ ï ¢­ãâà¥­­ïï í­¥à£¨ï, p | ¤ ¢«¥­¨¥.

�à ¢­¥­¨¥ ¡ « ­á  ª¨­¥â¨ç¥áª®© í­¥à£¨¨ ¨ § ª®­ á®åà ­¥­¨ï ¯®«-

­®© í­¥à£¨¨ á®®â¢¥âáâ¢¥­­® ¨¬¥îâ ¢¨¤

1

2

∂ρu2

∂t
+

1

2

∂ρu2u

∂x
+ u

∂p

∂x
= 0,

∂ρE

∂t
+

∂ρEu

∂x
+

∂pu

∂x
= 0, E = ε+

u2

2

.

� §®¤¨­ ¬¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤«ï í­âà®¯¨¨ ¨¬¥¥â ¢¨¤

ρ

(
∂ε

∂t
+ p

∂

∂t

(
1

ρ

))
+ ρu

(
∂ε

∂x
+ p

∂

∂x

(
1

ρ

))
= 0.

�«ï à¥è¥­¨ï ­¥ª®â®àëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¯à¨¬¥­ï-

¥âáï ¤¢ãåíâ ¯­®¥ à áé¥¯«¥­¨¥ á¨áâ¥¬ë (1). �  ¯¥à¢®¬ íâ ¯¥ ãç¨âë-

¢ îâáï £à ¤¨¥­âë ¤ ¢«¥­¨ï (¢ ãà ¢­¥­¨¨ ¤¢¨�¥­¨ï) ¨ áª®à®áâ¨ (¢

ãà ¢­¥­¨ïå ­¥à §àë¢­®áâ¨ ¨ í­¥à£¨¨), ­  ¢â®à®¬ íâ ¯¥ ãç¨âë¢ îâáï

¨­¥àæ¨®­­ë¥ ç«¥­ë ¨ ¯à®¨§¢®¤¨âáï ¯¥à¥­®á ¢¥ªâ®à  á®áâ®ï­¨ï ¢¤®«ì

âà ¥ªâ®à¨¨. Ǳ®¤®¡­ë¥ à áé¥¯«¥­¨ï ¢ ¤¢  íâ ¯  ¯à¨¬¥­ïîâáï ¢ ¬¥â®¤¥

ç áâ¨æ ¢ ïç¥©ª å, ¢ ¬¥â®¤¥ ¡®«ìè¨å ç áâ¨æ [4℄.

Ǳ¥à¢ë© íâ ¯:

∂ρ

∂t
+ ρ

∂u

∂x
= 0,

ρ
∂u

∂t
+

∂p

∂x
= 0,

ρ
∂ε

∂t
+ p

∂u

∂x
= 0.

(2)
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�â®à®© íâ ¯:

∂ρ

∂t
+ u

∂ρ

∂x
= 0,

∂ρu

∂t
+

∂ρuu

∂x
= 0,

∂ρε

∂t
+

∂ρuε

∂x
= 0.

(3)

2. �¢ãåíâ ¯­ë¥ à §­®áâ­ë¥ áå¥¬ë

Ǳà¨¢¥¤¥¬ ¤¢ãåíâ ¯­ë¥ Ǳ���.

Ǳ��� à áé¥¯«¥­¨ï á â¥à¬®¤¨­ ¬¨ç¥áª¨¬¨ ¯ à ¬¥âà ¬¨, ®¯à¥¤¥-

«¥­­ë¬¨ ¢ æ¥­âà¥ à áç¥â­®© á¥âª¨.

Ǳ¥à¢ë© íâ ¯:

~ρi+1/2 − ρn
i+1/2

τ
+ (~ρi+1/2)α

�x~ui

h
= 0,

ρn
i+1/2

~ui − un−1

i

τ
+

�x

h
pn

i−1/2 = 0,

ρn
i+1/2

~εi+1/2 − εn
i+1/2

τ
+ pn

i+1/2

�x

h
un

i = 0.

(4)

�â®à®© íâ ¯:

ρn+1
i+1/2 − ~ρi+1/2

τ
+ ~ui

�x

h
(~ρi−1/2)α = 0,

1

τ

[(
ρn+1

i−1/2

)
β

un+1
i + un

i

2

−
(
ρn

i−1/2

)
β

un
i + ~ui

2

]

+

�x

h

[((
~ρi−3/2

)
α
~ui−1

)
β

un
i + un

i−1

2

]
= 0,

1

τ

(
ρn+1

i+1/2ε
n+1
i+1/2 − ρn

i+1/2~εi+1/2

)
+

�x

h

[(
~ρi−1/2~εi−1/2

)
α
~ui

]
= 0,

(5)

£¤¥

(ϕi−1/2)α = (αT ′
x + (1− α)E)ϕi−1/2, ϕ = {ρ, ε, p}.

�¤¥áì α, β ∈ [0; 1℄.

Ǳ��� à áé¥¯«¥­¨ï á £ §®¤¨­ ¬¨ç¥áª¨¬¨ ¯ à ¬¥âà ¬¨, ®¯à¥¤¥-

«¥­­ë¬¨ ¢ ã§« å à áç¥â­®© á¥âª¨.
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Ǳ¥à¢ë© íâ ¯:

1

τ

(
~ρi − ρn

i

)
+

[
~ρi
�x

h
~ui−1

]

α

= 0,

ρn
i

1

τ

(
~ui − un−1

i

)
+

[
�x

h
pn

i−1

]

(1−α)

= 0,

ρn
i

1

τ

(
~ε− εn

i

)
+ pn

i

[
�x

h
un

i−1

]

α

= 0.

(6)

�â®à®© íâ ¯:

1

τ

(
ρn

i − ~ρi

)
+

[
~ui−1

�x

h
~ρi−1

]

α

= 0,

1

τ

[
ρn+1

i

un+1
i + un

i

2

− ρn
i

un
i + ~ui

2

]
+

�x

h

[
(~ρi−1

~ui−1

)α

un
i + un

i−1

2

]
= 0,

1

τ

(
ρn+1

i εn+1
i − ρn

i ~εi

)
+

�x

h
(~ρi−1

~ui−1

~εi−1

)α = 0.

(7)

�¥£ª® ¯à®¢¥à¨âì, çâ® ¢ à §­®áâ­ëå áå¥¬ å (4){(7) ¯®á«¥ ¨áª«îç¥-

­¨ï ¢® ¢à¥¬¥­­�ëå à §­®áâïå ¨§ ¢â®à®£® íâ ¯  £ §®¤¨­ ¬¨ç¥áª¨å ¯ à -

¬¥âà®¢, ­ ©¤¥­­ëå ­  ¯¥à¢®¬ íâ ¯¥, ¯®«ãç¨¬ Ǳ���. �â® ®§­ ç ¥â, çâ®

¯®áâà®¥­­ë¥ ¤¢ãåíâ ¯­ë¥ à §­®áâ­ë¥ áå¥¬ë ®¡« ¤ îâ á¢®©áâ¢®¬ ¯®«-

­®© ª®­á¥à¢ â¨¢­®áâ¨. �â«¨ç¨â¥«ì­®© ç¥àâ®© ¨§«®�¥­­ëå à §­®áâ-

­ëå áå¥¬ ï¢«ï¥âáï â®, çâ® ¢á¥ ¯®â®ª®¢ë¥ ç«¥­ë ¢§ ¨¬­® á®£« á®¢ ­ë.

Ǳ®áâà®¥­­ë¥ ¤¢ãåíâ ¯­ë¥ à §­®áâ­ë¥ áå¥¬ë (4){(7) ®¡« ¤ îâ

áã¬¬ à­®©  ¯¯à®ªá¨¬ æ¨¥© ­  ãà ¢­¥­¨ïå á¨áâ¥¬ë (1).
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Ǳãáâì 
 ⊂ R
n
| o£à ­¨ç¥­­ ï ®¡« áâì á £« ¤ª®© £à ­¨æ¥© S. �

æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ Q = 
 × (0, T ), ST = S × (0, T ), à áá¬®âà¨¬

­¥«®ª «ì­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï

Lu ≡ k(x, t)ut −�u+ C(x)u = f(x, t), (1)

£¤¥ (x, t) ∈ Q, f(x, t) ∈ L
2

(Q), k(x, t) ∈ C1

(Q), C(x) ∈ C(
).

� ª ª ª ­  §­ ª äã­ªæ¨¨ k(x, t) ­¥ á¤¥« ­® ­¨ª ª¨å ¯à¥¤¯®«®�¥-

­¨©, â® ãà ¢­¥­¨¥ (1) ¢å®¤¨â ¢ ª« áá í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢-

­¥­¨©, ¢ ª« áá ãà ¢­¥­¨© á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ [1℄.

�®ª «ì­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï â ª¨å ª« áá®¢ ãà ¢­¥­¨© ¬ â¥-

¬ â¨ç¥áª®© ä¨§¨ª¨ à áá¬ âà¨¢ «¨áì ¢® ¬­®£¨å à ¡®â å [1{3℄. �¥«®-

ª «ì­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ëå ãà ¢­¥-

­¨© ¨§ãç «¨áì ¢ à ¡®â å [4, 5℄.

�¥«®ª «ì­ ï § ¤ ç  1. � ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨

Q, ¥á«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ªà ¥¢ë¥ ãá«®¢¨ï:

u|ST
= 0, (2)

u(x, 0) = α(x)u(x, T ), k(x, 0) > 0, k(x, T ) > 0, x ∈ 
. (3)

£¤¥ α(x) | ­¥¯à¥àë¢­ ï äã­ªæ¨ï ¢ 
.
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�¢¥¤¥¬ ¢¥á®¢ãî äã­ªæ¨î ψ(t) = t2(T − t)2, ¯à¨ íâ®¬ |ψt| 6 C
√
ψ

¨ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®

HL(Q) = {u : u, uxi
,
√
ψutxi

,
√
ψ�u,

√
ψut ∈ L

2

(Q), i = 1, n}

á ­®à¬®©

‖u‖2HL
=

∫

Q

[
ψ(�u)2 + ψ

n∑

i=1

u2txi
+ ψu2t +

n∑

i=1

u2xi
+ u2

]
dQ.

�«ï ε > 0 ¯®«®�¨¬

Lεu = −εutt + Lu.

Ǳãáâì {ϕk(x)}∞k=1 | äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬  ¢ W 2

2

(
)∩
◦

W 1

2

(
), ®à-

â®­®à¬¨à®¢ ­­ ï ¢ L
2

(
) ¨ â ª ï, çâ® ϕk(x) ï¢«ï¥âáï à¥è¥­¨¥¬ á¯¥ª-

âà «ì­®© § ¤ ç¨

−△ ϕl = λlϕl, ϕl|S = 0, l = 1, 2, 3, . . . .

� ¬¥â¨¬, çâ® W 2

2

(
) ¥áâì ¯à®áâà ­áâ¢® �®¡®«¥¢  á ®¡®¡é¥­­ë¬¨

¯à®¨§¢®¤­ë¬¨ ¨§ L
2

(
) ¯® x ¤® II-£® ¯®àï¤ª ,  

◦

W 1

2

(
) | § ¬ëª ­¨¥

¬­®�¥áâ¢  ä¨­¨â­ëå ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© C∞
0

(
)

¯® ­®à¬¥

‖u‖2
1

=

∫




[
n∑

i=1

u2xi
+ u2

]
dx.

Ǳà¨¡«¨�¥­­ë¥ à¥è¥­¨ï

uN,ε
(x, t) ≡ ω =

N∑

l=1

CN,ε
l (t)ϕl(x)

¨é¥¬ ª ª à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨

(Lεu
N,ε, ϕl)0 = (f, ϕl)0, (4)

CN,ε
l (0) =

N∑

k=1

CN,ε
k (T )αkl, (5)
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CN,ε
lt (T ) =

N∑

k=1

CN,ε
kt (0)αkl, (6)

£¤¥

αkl =

∫




α(x)ϕk(x)ϕl(x) dx,
︷︸︸︷
k, l = 1, N.

�¬­®�¨¬ (4) ­  ª®íää¨æ¨¥­â �ãàì¥ CN,ε
l (t) ¨ ¯à®áã¬¬¨àã¥¬ ¯®-

«ãç¥­­®¥ à ¢¥­áâ¢® ¯® l ®â 1 ¤® N , ¢ à¥§ã«ìâ â¥ ¨¬¥¥¬

(Lεω, ω)0 = (f, ω)
0

. (7)

Ǳà®¨­â¥£à¨àã¥¬ ¯® ç áâï¬ à ¢¥­áâ¢® (7) ¯® t ®â 0 ¤® T :

(f, ω) = −ε
∫




[ω(x, T )ωt(x, T )− ω(x, 0)ωt(x, 0)℄ dx + ε

∫




ω2t dQ

+

1

2

∫




[k(x, T )ω2(x, T )− k(x, 0)ω2(x, 0)℄ dx

+

∫

Q

[(
C(x) − 1

2

kt

)
ω2 +

n∑

l=1

ω2xi

]
dQ. (8)

Ǳà¨ íâ®¬ ¨§ ªà ¥¢ëå ãá«®¢¨© (5) ¨ (6) á«¥¤ã¥â, çâ®

∫




[ω(x, T )ωt(x, T )− ω(x, 0)ωt(x, 0)℄ dx = 0.

� ­¥à ¢¥­áâ¢®

∫




[k(x, T )ω2(x, T )− k(x, 0)ω2(x, 0)℄ dx

>

∫




[min




k(x, T )−max




k(x, 0)α2(x)℄ω2(x, T ) dx > 0

á¯à ¢¥¤«¨¢® ¢á«¥¤áâ¢¨¥ ãá«®¢¨© (5), (6), ­¥à ¢¥­áâ¢  �¥áá¥«ï ¨ ¯à¥¤¯®-

«®�¥­¨ï α2(x) 6

min




k(x, T )

max




k(x, 0)
. Ǳãáâì ¢ ¤ «ì­¥©è¥¬ ¢ë¯®«­¥­ë ãá«®¢¨ï
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C(x) > C
0

> 0, 2C−|kt| > δ > 0,

√
ψft ∈ L

2

(Q). � ¨â®£¥ ¨§ (8) ¯®«ãç¨¬

á«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢®:

ε||ωt||2 + ||ω||2
1,06C1

||f ||2, C
1

> 0. (9)

�§  ¯à¨®à­®© ®æ¥­ª¨ (9) á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ªà ¥¢®© § -

¤ ç¨ (4){(6) ¤«ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-

­¨©. Ǳ®íâ®¬ã á®£« á­® â¥®à¨¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨© ªà ¥¢ ï § ¤ ç  (4){(6) ®¤­®§­ ç­® à §à¥è¨¬  ¢ W 2

2

(0, T ).

�¬­®�¨¬ (4) ­ 

−ψ∂
2CN,ε

l (t)

∂t2
− 1

2

ψt
∂CN,ε

l (t)

∂t
,

¯à®áã¬¬¨àã¥¬ ¯® l ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® t. �®£¤  ¨¬¥¥¬

−
(
f,−ψωtt −

1

2

ψtωt

)
= ε

∫

Q

ψω2ttdQ+

ε

2

∫

Q

ψtωtωttdQ

+

∫

Q

ψ

[(
C(x)+

1

2

kt

)
ω2t +

n∑

k=1

ω2txi

]
dQ−

∫

Q

ψtt

(
1

2

C(x)ω2+
n∑

k=1

ω2xi

)
dQ.

� ª ª ª

ε

2

|ψtωttωt| 6 εγψω2tt + εCγω
2

t , γ > 0,

¢ á¨«ã ­¥à ¢¥­áâ¢  �®è¨ ¨  ¯à¨®à­®© ®æ¥­ª¨ (9) ¨§ ¯®á«¥¤­¥£® à ¢¥­-

áâ¢  ¯®«ãç¨¬ á«¥¤ãîéãî ®æ¥­ªã:

ε(1−γ)‖
√
ψωtt‖2+

∫

Q

ψ

[
δω2t+

n∑

k=1

ω2txi

]
dQ6C

2

[‖f‖2+‖
√
ψft‖2℄, C

2

> 0,

(10)

£¤¥ 1− γ > 0.

�¥¯¥àì (4) ã¬­®�¨¬ ­  ψλlC
N,ε
l (t) ¨ ¯à®áã¬¬¨àã¥¬ ¯® l. Ǳ®«ãç¨¬

−(Lεω, ψ�ω)0 = −(f, ψ�ω)
0

.

Ǳà®¨­â¥£à¨à®¢ ¢ ¯®á«¥¤­¥¥ à ¢¥­­áâ¢® ¯® t ®â 0 ¤® T ¨ ¨á¯®«ì§ãï ­¥à -

¢¥­áâ¢® �®è¨, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

ε

∫

Q

ψ

n∑

k=1

ω2txi
dQ+

∫

Q

ψ(�ω)2dQ6C
3

[‖f‖2 + ‖
√
ψft‖2℄, C

3

> 0. (11)
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�§ ®æ¥­®ª (9){(11) á«¥¤ã¥â, çâ® ¯à¥¤¥«ì­ë© í«¥¬¥­â u(x, t) ­¥ª®â®-

à®© ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ {uN,ε} ï¢«ï¥âáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨

(1){(3) ¨§ ¯à®áâà ­áâ¢  HL(Q) ∩
◦

W 1,0
2

(Q). � ª¨¬ ®¡à §®¬, ¤®ª § ­ 

á«¥¤ãîé ï

�¥®à¥¬  1. Ǳãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï C(x) > C
0

> 0, 2C − kt >

δ > 0, 2C + kt > δ > 0, k(x, 0) > 0, k(x, T ) > 0 ¨ |α(x)|6
√

min




k(x,T )

max




k(x,0) ¯à¨

x ∈ 
.

�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f ¨§ L
2

(Q) â ª®©, çâ®
√
ψft ∈ L

2

(Q),

áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­®¥, à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1){(3)

u(x, t)∈HL(Q) ∩
◦

W 1,0
2

(Q).

�¥«®ª «ì­ ï § ¤ ç  2. � ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨

Q, ã¤®¢«¥â¢®àïîé¥¥ á«¥¤ãîé¨¬ ªà ¥¢ë¬ ãá«®¢¨ï¬:

u|ST
= 0, (12)

u(x, 0) = β(x)u(x, T ), k(x, 0) < 0, k(x, T ) < 0, x ∈ 
, (13)

£¤¥ β(x) | ­¥¯à¥àë¢­ ï äã­ªæ¨ï ¢ 
.

�¥®à¥¬  2. Ǳãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï C(x) > C
0

> 0, 2C − kt >

δ > 0, 2C+kt > δ > 0, k(x, 0) < 0, k(x, T ) < 0 ¨ |β(x)|6
√

max




(k(x,0))

min




(k(x,T ))

¯à¨

x ∈ 
. �®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f ¨§ L
2

(Q) â ª®©, çâ®
√
ψft ∈ L

2

(Q),

áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­®¥, à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1), (12),

(13) u(x, t)∈HL(Q) ∩
◦

W 1,0
2

(Q).

�®ª § â¥«ìáâ¢®. � ááã�¤ ¥¬  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®-

à¥¬ë 1. �® ¢ íâ®¬ á«ãç ¥ ¬ë à áá¬ âà¨¢ ¥¬ § ¤ çã

(Lεu
N,ε, ϕl)0 = (f, ϕl)0, (14)

CN,ε
l (T ) =

N∑

k=1

CN,ε
k (0)βkl, (15)
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CN,ε
lt (0) =

N∑

k=1

CN,ε
kt (T )βkl, (16)

£¤¥

βkl =

∫




β(x)ϕk(x)ϕl(x) dx,
︷︸︸︷
k, l = 1, N.

� ª�¥ ­  ®á­®¢ ­¨¨ ­¥à ¢¥­áâ¢  �¥áá¥«ï á«¥¤ã¥â, çâ®

∫




[k(x, T )ω2(x, T )− k(x, 0)ω2(x, 0)℄ dx

>

∫




[max




(k(x, 0))−min




(k(x, T ))β2(x)℄ω2(x, t)℄ dx > 0.

� «ìè¥, ª ª ¨ ¢ â¥®à¥¬¥ 1, ¯®«ãç îâáï  ¯à¨®à­ë¥ ®æ¥­ª¨ (9){(11)

¨ ­  ¨å ®á­®¢ ­¨¨ ¤®ª §ë¢ ¥âáï â¥®à¥¬  2.
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�¥«®ª «ì­ë¬¨ ªà ¥¢ë¬¨ § ¤ ç ¬¨ ¯à¨­ïâ® ­ §ë¢ âì § ¤ ç¨, ¢ ª®-

â®àëå ¢¬¥áâ® § ¤ ­¨ï §­ ç¥­¨© à¥è¥­¨ï ¨«¨ ¥£® ¯à®¨§¢®¤­ëå ­  ä¨ª-

á¨à®¢ ­­®© ç áâ¨ £à ­¨æë § ¤ ¥âáï á¢ï§ì íâ¨å §­ ç¥­¨© á® §­ ç¥­¨ï¬¨

â¥å �¥ äã­ªæ¨© ­  ¨­ëå ¢­ãâà¥­­¨å ¨«¨ £à ­¨ç­ëå ¬­®£®®¡à §¨ïå.

�¥®à¨ï ­¥«®ª «ì­ëå ªà ¥¢ëå § ¤ ç ¢ �­  ¨ á ¬  ¯® á¥¡¥ ª ª à §¤¥«

®¡é¥© â¥®à¨¨ ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë-

¬¨, ¨ ª ª à §¤¥« ¬ â¥¬ â¨ª¨, ¨¬¥îé¨© ¬­®£®ç¨á«¥­­ë¥ ¯à¨«®�¥­¨ï ¢

¬¥å ­¨ª¥, ä¨§¨ª¥, ¡¨®«®£¨¨ ¨ ¤àã£¨å ¥áâ¥áâ¢¥­­®-­ ãç­ëå ¤¨áæ¨¯«¨-

­ å.

�á®¡®¥ ¬¥áâ® (¯à¥�¤¥ ¢á¥£® ¢á«¥¤áâ¢¨¥ ¬­®£®ç¨á«¥­­ëå ¯à¨«®�¥-

­¨©) áà¥¤¨ ­¥«®ª «ì­ëå § ¤ ç § ­¨¬ îâ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ­¥áâ æ¨-

®­ à­ëå ãà ¢­¥­¨© á ­¥«®ª «ì­ë¬ ¯® ¢à¥¬¥­¨ ãá«®¢¨¥¬. � ­ áâ®ïé¥¥

¢à¥¬ï ¤®áâ â®ç­® å®à®è® ¨§ãç¥­ë ¯®¤®¡­ë¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥-

áª¨å ãà ¢­¥­¨© (á¬. à ¡®âë [1{7℄), ¢ á«ãç ¥ �¥ ãà ¢­¥­¨© ¢â®à®£® ¯®-

àï¤ª  áâ®«ì �¥ ¨áç¥à¯ë¢ îé¨¥ à¥§ã«ìâ âë ®âáãâáâ¢ãîâ. �¬¥­­® ¯®-

á«¥¤­¥¬ã ¢®¯à®áã | ¨áá«¥¤®¢ ­¨î à §à¥è¨¬®áâ¨ ­®¢®© ­¥«®ª «ì­®©

¯® ¢à¥¬¥­¨ § ¤ ç¨ ¤«ï ®¤­®£® ª« áá  ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  | ¨

¯®á¢ïé¥­  ­ áâ®ïé ï à ¡®â .

Ǳãáâì Q | æ¨«¨­¤à

{(x, t) : x ∈ D = (0, 1), t ∈ (0, T ), 0 < T < +∞},

a(x, t), a
0

(x, t), b(x, t), b
0

(x, t), f(x, t), u
0

(x), u
1

(x) | § ¤ ­­ë¥ ¯à¨ x ∈
D, t ∈ [0, T ℄ äã­ªæ¨¨.
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�¯à¥¤¥«¨¬ ®¯¥à â®àë A ¨ B:

Au =
∂

∂x
(a(x, t)ux) + a

0

(x, t)u, Bu =
∂

∂x
(b(x, t)ux) + b

0

(x, t)u,

¨ ¯ãáâì íâ¨ ®¯¥à â®àë ¡ã¤ãâ í««¨¯â¨ç¥áª¨¬¨.

�¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢® V :

V =

{
v(x, t) : v(x, t) ∈ L∞

(
0, T ;W 2

2

(D) ∩
◦

W 1

2

(D)
)
,

vt(x, t) ∈ L∞

(
0, T ;

◦

W 1

2

(D)
)
∩ L

2

(
0, T ;W 2

2

(D)
)
, vtt(x, t) ∈ L

2

(Q)
}
.

Ǳãáâì �, 	

0

, 	

1

| «¨­¥©­ë¥ ®¯¥à â®àë, ¯¥à¥¢®¤ïé¨¥ ¯à®áâà ­-

áâ¢® V ¢ ¯à®áâà ­áâ¢® L
2

(D).

�à ¥¢ ï § ¤ ç . � ©â¨ ¢ Q à¥è¥­¨¥ ãà ¢­¥­¨ï

utt −Aut −Bu = f(x, t), (1)

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

u(x, 0) = �u+ u
0

(x), x ∈ D, (2)

ut(x, 0) = 	

0

u+	

1

ut + u
1

(x), x ∈ D, (3)

u(0, t) = u(1, t) = 0, 0 < t < T. (4)

� á«ãç ¥ ­ã«¥¢ëå ®¯¥à â®à®¢ �, 	

0

¨ 	

1

à áá¬ âà¨¢ ¥¬ ï ªà ¥¢ ï

§ ¤ ç  ¥áâì ®¡ëç­ ï ­ ç «ì­®-ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï á®áâ ¢-

­®£® â¨¯  (1); à¥§ã«ìâ âë ® à §à¥è¨¬®áâ¨ â ª®© § ¤ ç¨ ¯à¨¢¥¤¥­ë,

­ ¯à¨¬¥à, ¢ ¬®­®£à ä¨¨ [8℄.

�â®ç­¨¬, çâ® ¢áî¤ã ­¨�¥ äà §  ý¯®áâ®ï­­ ï . . . ®¯à¥¤¥«ï¥âáï

«¨èì ¢å®¤­ë¬¨ ¤ ­­ë¬¨ § ¤ ç¨þ ®§­ ç ¥â, çâ® ¤ ­­ ï ¯®áâ®ï­­ ï

®¯à¥¤¥«ï¥âáï á ¯®¬®éìî ª®íää¨æ¨¥­â®¢ ®¯¥à â®à®¢ A ¨ B, äã­ªæ¨©

f(x, t), u
0

(x) ¨ u
1

(x) ç¥à¥§ ¢¥«¨ç¨­ë, ª®â®àë¥ ¡ã¤ãâ ª®­¥ç­ë ¢ á¨«ã

¢ë¯®«­¥­¨ï ãá«®¢¨© á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë.

Ǳ®«®�¨¬

b
1

= max

[0,1℄
|b
0

(x, 0)|, b
2

= max

[0,1℄
b(x, 0).
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�¥®à¥¬  1. Ǳãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï

a(x, t), b(x, t) ∈ C2

(Q), a
0

(x, t), b
0

(x, t) ∈ C(Q); (5)

a(x, t) > a
0

> 0, b(x, t) > b
0

> 0, (x, t) ∈ Q; (6)

a
0

(x, t) 6 −�a
0

< 0, b
0

(x, t) 6 −�b
0

< 0, (x, t) ∈ Q; (7)

at(x, t) 6 0, bt(x, t) 6 0, b
0t(x, t) > 0, (x, t) ∈ Q. (8)

� «¥¥, ¯ãáâì ®¯¥à â®àë �, 	

0

, 	

1

¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ � = �

1

+�

2

,

	

0

= 	

01

+	

02

, 	

1

= 	

11

+	

12

¨ ¤«ï ®¯¥à â®à®¢ �

1

, �

2

, 	

01

, 	

02

, 	

11

,

	

12

¢ë¯®«­ïîâáï ãá«®¢¨ï

‖�
1

v‖2L
2

(D)

6 α
1

‖v(x, t)‖2L
2

(Q)

,

�̃

1

: �̃

1

v =
∂

∂x
�

1

v − �

1

vx, ‖�̃
1

v‖2L
2

(D)

6 α
2

‖v(x, t)‖2L
2

(Q)

,

‖	
01

v‖2L
2

(D)

6 α
3

‖v(x, t)‖2L
2

(Q)

,

‖	
11

v‖2L
2

(D)

6 α
4

‖v(x, t)‖2L
2

(Q)

,

‖�
2

v‖2L
2

(D)

6 β
1

‖v(x, t)‖2L∞(0,T ;L
2

(D))

,

�̃

2

: �̃

2

v =
∂

∂x
�

2

v − �

2

vx, ‖�̃
2

v‖2L
2

(D)

6 β
2

‖v(x, t)‖2L∞(0,T ;L
2

(D))

,

‖	
02

v‖2L
2

(D)

6 β
3

‖v(x, t)‖2L∞(0,T ;L
2

(D))

,

‖	
12

v‖2L
2

(D)

6 β
4

‖v(x, t)‖2L∞(0,T ;L
2

(D))

;

(9)

b
0

> 4β
1

b
2

+ 4α
1

β
2

T +max([4(α
3

+ α
2

b
2

) + 2α
1

b
1

℄T

− �b
0

+ 4β
3

+ 4β
1

b
1

+ 4β
2

b
2

, 0), (10)

1 > 4β
4

, �a
0

> 2α
4

, b
0

> 2b
1

β
1

.

�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f(x, t) ¨§ ¯à®áâà ­áâ¢  L
2

(D) ¨ «î¡ëå

äã­ªæ¨© u
0

(x) ¨§ ¯à®áâà ­áâ¢ W 2

2

(D)∩
◦

W 1

2

(D), u
1

(x) ¨§ ¯à®áâà ­áâ¢ 
◦

W 1

2

(D) ªà ¥¢ ï § ¤ ç  (1){(4) ¨¬¥¥â à¥è¥­¨¥ u(x, t), ¯à¨­ ¤«¥� é¥¥

¯à®áâà ­áâ¢ã V , ¨ íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.
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�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥­¨ï ¯® ¯ -

à ¬¥âàã. Ǳãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ á¥¬¥©áâ¢®

ªà ¥¢ëå § ¤ ç: ­ ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥-

è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï

u(x, 0) = λ�u + u
0

(x), x ∈ D, (2λ)

ut(x, 0) = λ[	
0

u+	

1

ut℄ + u
1

(x), (3λ)

  â ª�¥ ãá«®¢¨¥ (4). �¡®§­ ç¨¬ ç¥à¥§ � ¬­®�¥áâ¢® â¥å ç¨á¥« ¨§ ®â-

à¥§ª  [0, 1℄, ¤«ï ª®â®àëå ªà ¥¢ ï § ¤ ç  (1), (2λ), (3λ), (4) à §à¥è¨¬ 

¢ ¯à®áâà ­áâ¢¥ V ¯à¨ ¯à®¨§¢®«ì­ëå äã­ªæ¨ïå f(x, t), u
0

(x) ¨ u
1

(x) ¨§

¯à®áâà ­áâ¢ L
2

(Q), W 2

2

(D) ∩
◦

W 1

2

(D) ¨
◦

W 1

2

(D) á®®â¢¥âáâ¢¥­­®. � ª ¨§-

¢¥áâ­®, ¥á«¨ ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ® ®¤­®¢à¥¬¥­­®,

â® ®­® á®¢¯ ¤ ¥â á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄. �­®�¥áâ¢® � ­¥ ¯ãáâ®, ¯®-

áª®«ìªã ç¨á«® 0 ¯à¨­ ¤«¥�¨â ¥¬ã [8℄. �«ï ¤®ª § â¥«ìáâ¢  �¥ ®âªàë-

â®áâ¨ ¨ § ¬ª­ãâ®áâ¨ ¬­®�¥áâ¢  � ­ ¬ ¯®­ ¤®¡ïâáï  ¯à¨®à­ë¥ ®æ¥­ª¨

à¥è¥­¨© § ¤ ç¨ (1), (2λ), (3λ), (4). �áâ ­®¢¨¬ ¨å ­ «¨ç¨¥.

Ǳãáâì Qt ¥áâì æ¨«¨­¤à {(x, τ) : 0 < τ < t, x ∈ D} (t 6 T ).

� áá¬®âà¨¬ à ¢¥­áâ¢®

∫

Qt

Luuτ dxdτ =

∫

Qt

fuτ dxdτ.

�­â¥£à¨àãï ¯® ç áâï¬ ¢ «¥¢®© ç áâ¨ ¤ ­­®£® à ¢¥­áâ¢ , ¯à¨å®¤¨¬
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ª à ¢¥­áâ¢ã

1

2

1∫

0

u2t (x, t) dx − 1

2

1∫

0

u2t (x, 0) dx+

t∫

0

1∫

0

au2xτ dxdτ −
t∫

0

1∫

0

a
0

u2τ dxdτ

+

1

2

1∫

0

b(x, t)u2x(x, t) dx− 1

2

1∫

0

b(x, 0)u2x(x, 0) dx− 1

2

t∫

0

1∫

0

bτu
2

x dxdτ

− 1

2

1∫

0

b
0

(x, t)u2(x, t) dx +
1

2

1∫

0

b
0

(x, 0)u2(x, 0) dx

+

1

2

t∫

0

1∫

0

b
0τu

2 dxdτ =

t∫

0

1∫

0

fuτ dxdτ.

�á¯®«ì§ãï ãá«®¢¨ï (6){(8) â¥®à¥¬ë ¨ ¯à¨¬¥­ïï ª ¯à ¢®© ç áâ¨

¤ ­­®£® à ¢¥­áâ¢  ­¥à ¢¥­áâ¢® �­£ , ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

1∫

0

u2t (x, t) dx + 2a
0

t∫

0

1∫

0

u2xτ dxdτ + 2�a
0

t∫

0

1∫

0

u2τ dxdτ + b
0

1∫

0

u2x(x, t) dx

+

�b
0

1∫

0

u2(x, t) dx 6

1∫

0

u2t (x, 0) dx+ b
1

1∫

0

u2(x, 0) dx+ b
2

1∫

0

u2x(x, 0) dx

+

1

δ2

t∫

0

1∫

0

f2 dxdτ + δ2
t∫

0

1∫

0

u2τ dxdτ,

£¤¥ δ ¥áâì ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®.

� ¯®¬®éìî ãá«®¢¨© (2λ), (3λ) ¨ (9) ®æ¥­¨¬ ¯¥à¢®¥, ¢â®à®¥ ¨ âà¥âì¥
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á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨ ¤ ­­®£® ­¥à ¢¥­áâ¢ :

1∫

0

u2t (x, 0) dx 6 (4 + δ
1

)


α

3

T∫

0

1∫

0

u2 dxdτ

+ α
4

T∫

0

1∫

0

u2τ dxdτ + β
3

max

[0,T ℄

1∫

0

u2(x, t) dx




+β

4

max

[0,T ℄

1∫

0

u2t (x, t) dx




+

(
1 +

4

δ2
1

) 1∫

0

u2
1

(x) dx;

b
1

1∫

0

u2(x, 0) dx 6
(
2 + δ2

1

)
b
1



α
1

T∫

0

1∫

0

u2 dxdt+ β
1

max

[0,T ℄

1∫

0

u2(x, t) dx





+ b
1

(
1 +

2

δ2
1

) 1∫

0

u2
0

(x) dx;

b
2

1∫

0

u2x(x, 0) dx 6
(
4 + δ2

1

)
b
2


α

1

T∫

0

1∫

0

u2x dxdt + α
2

T∫

0

1∫

0

u2 dxdt

+β
1

max

[0,T ℄

1∫

0

u2x(x, t) dx + β
2

max

[0,T ℄

1∫

0

u2(x, t) dx




+b

2

(
1 +

4

δ2
1

) 1∫

0

u2
0x(x) dx

(§¤¥áì δ
1

| ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®). �«¥¤áâ¢¨¥¬ ¢ëè¥-
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¯à¨¢¥¤¥­­ëå ­¥à ¢¥­áâ¢ ï¢«ï¥âáï ­¥à ¢¥­áâ¢®

k
1

max

[0,T ℄

1∫

0

u2t (x, t) dx+ 2a
0

T∫

0

1∫

0

u2xτ dxdτ

+ k
2

T∫

0

1∫

0

u2τ dxdτ + k
3

max

[0,T ℄

1∫

0

u2x(x, t) dx

+ k
4

max

[0,T ℄

1∫

0

u2(x, t) dx 6

(
1 +

4

δ2
1

) 1∫

0

u2
1

(x) dx + b
2

(
1 +

4

δ2
1

) 1∫

0

u2
0x dx

+ b
1

(
1 +

2

δ2
1

) 1∫

0

u2
0

(x) dx + k
5

T∫

0

1∫

0

u2 dxdτ

+ k
6

T∫

0

1∫

0

u2x dxdτ +
1

δ2

T∫

0

1∫

0

f2 dxdτ, (11)

¢ ª®â®à®¬ ç¨á«  k
1

{k
6

®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

k
1

= 1−
(
4 + δ2

1

)
β
4

, k
2

= 2�a
0

−
(
4 + δ2

1

)
α
4

− δ2,

k
3

= b
0

−
(
4 + δ2

1

)
b
2

β
1

, k
4

=

�b
0

−
(
4 + δ2

1

)
(β

3

+ β
1

b
1

+ β
2

b
2

),

k
5

=

(
4 + δ2

1

)
(α

3

+ α
2

b
2

) +

(
2 + δ2

1

)
α
1

b
1

, k
6

=

(
4 + δ2

1

)
α
1

b
2

.

� ¯®¬®éìî ®ç¥¢¨¤­ëå ­¥à ¢¥­áâ¢

1∫

0

u2(x, t) dx 6

1∫

0

u2x(x, t) dx,

T∫

0

1∫

0

u2x dxdτ 6 T max
[0,T ℄

1∫

0

u2x(x, t) dx
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¬ë ¬®�¥¬ ®â ­¥à ¢¥­áâ¢  (11) ¯¥à¥©â¨ ª á«¥¤ãîé¥¬ã ­¥à ¢¥­áâ¢ã:

k
1

max

[0,T ℄

1∫

0

u2t (x, t) dx+ 2a
0

T∫

0

1∫

0

u2xτ dxdτ + k
2

T∫

0

1∫

0

u2τ dxdτ

+ k
3

max

[0,T ℄

1∫

0

u2x(x, t) dx 6 [k
6

T +max(k
5

T − k
4

, 0)℄max
[0,T ℄

1∫

0

u2x(x, t) dx

+

(
1 +

4

δ2
1

) 1∫

0

u2
1

(x) dx + b
2

(
1 +

4

δ2
1

) 1∫

0

u2
0x(x) dx

+ b
1

(
1 +

2

δ2
1

) 1∫

0

u2
0

(x) dx +
1

δ2

T∫

0

1∫

0

f2 dxdτ.

Ǳ¥à¢ë¥ âà¨ ­¥à ¢¥­áâ¢  ãá«®¢¨ï (10) ¯®§¢®«ïîâ ¯®¤®¡à âì ç¨á«  δ

¨ δ
1

­ áâ®«ìª® ¬ «ë¬¨, çâ® ª®íää¨æ¨¥­âë k
1

¨ k
2

,   â ª�¥ ç¨á« 

k
3

− k
6

T −max(k
5

T − k
4

, 0) ®ª �ãâáï ¯®«®�¨â¥«ì­ë¬¨. �¨ªá¨àãï ¨å

(â. ¥. ä¨ªá¨àãï ç¨á«  δ ¨ δ
1

), ¬ë ¯à¨¤¥¬ ª ¯¥à¢®©  ¯à¨®à­®© ®æ¥­ª¥

à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (1), (2λ), (3λ), (4):

max

[0,T ℄

∫
u2t (x, t) dx +

T∫

0

1∫

0

u2xτ dxdτ +

T∫

0

1∫

0

u2τ dxdτ +max

[0,T ℄

1∫

0

u2x(x, t) dx

+max

[0,T ℄

1∫

0

u2(x, t) dx 6 C
1

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 1

2

(D)

+ ‖u
1

‖2L
2

(D)

)
, (12)

£¤¥ ç¨á«® C
1

®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤­ë¬¨ ¤ ­­ë¬¨ § ¤ ç¨.

� áá¬®âà¨¬ â¥¯¥àì à ¢¥­áâ¢®

−
∫

Qt

Luuxxτ dxdτ = −
∫

Qt

f uxxτ dxdτ.

� ¯®¬®éìî ­¥à ¢¥­áâ¢  �­£ , ãá«®¢¨© (6), (8) â¥®à¥¬ë ¨ ®æ¥­ª¨
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(12) ­¥âàã¤­® ®â ¤ ­­®£® à ¢¥­áâ¢  ¯¥à¥©â¨ ª ­¥à ¢¥­áâ¢ã

1∫

0

u2xt(x, t) dx + b
0

1∫

0

u2xx(x, t) dx + a
0

t∫

0

1∫

0

u2xxτ dxdτ

6

1∫

0

u2xt(x, 0) dx+ b
1

1∫

0

u2xx(x, 0) dx

+M
1

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 1

2

(D)

+ ‖u
1

‖2L
2

(D)

)
. (13)

�¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

uxx(x, 0) = �

1

uxx +�

2

uxx + �̃

1

ux + �̃

2

ux +
˜̃
�

1

u+
˜̃
�

2

u+ u′′
0

(x),

uxt(x, 0) = 	

11

uxt +	

12

uxt +	

0

ux + 	̃

11

ut

+ 	̃

12

ut + 	̃

01

u+ 	̃

02

u+ u′
1

(x).

�á«®¢¨¥ (9) ¨ ®æ¥­ª  (12) ¯®§¢®«ïîâ ¯¥à¥©â¨ ®â ¤ ­­ëå à ¢¥­áâ¢

ª ­¥à ¢¥­áâ¢ ¬

1∫

0

u2xx(x, 0) dx 6 (2 + δ
1

)



β
1

max

[0,T ℄

1∫

0

u2xx(x, t) dx+ α
1

T∫

0

1∫

0

u2xx dxdt





+M
2

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 2

2

(D)

+ ‖u
1

‖2L
2

(D)

)
, (14)

1∫

0

u2xt(x, 0) dx 6 (2 + δ
1

)β
4

max

[0,T ℄

1∫

0

u2xt(x, t) dx

+M
3

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 1

2

(D)

+ ‖u
1

‖2W 1

2

(D)

)
(15)

á ¯à®¨§¢®«ì­ë¬ ¯®«®�¨â¥«ì­ë¬ ç¨á«®¬ δ
1

¨ ç¨á« ¬¨ M
2

¨ M
3

, ®¯à¥-

¤¥«ïîé¨¬¨áï ¢å®¤­ë¬¨ ¤ ­­ë¬¨ § ¤ ç¨ ¨ ç¨á«®¬ δ
1

. �«¥¤áâ¢¨¥¬
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­¥à ¢¥­áâ¢ (13){(15) ï¢«ï¥âáï ­¥à ¢¥­áâ¢®

[1− (2+δ
1

)β
4

℄ max

[0,T ℄

1∫

0

u2xt(x, t) dx+[b
0

− (2+δ
1

)b
1

β
1

℄ max

[0,T ℄

1∫

0

u2xx(x, t) dx

+ a
0

T∫

0

1∫

0

u2xxt dxdt 6 (2 + δ
1

)b
1

α
1

T∫

0

1∫

0

u2xx dxdt

+M
4

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 2

2

(D)

+ ‖u
1

‖2W 1

2

(D)

)
. (16)

�  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ à ¢¥­áâ¢®

−
∫

Qt

Luuxx dxdτ = −
∫

Qt

fuxx dxdτ.

�­â¥£à¨àãï ¯® ç áâï¬, ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® �­£ , ¨á¯®«ì§ãï ãá«®-

¢¨ï (7) ¨ (8), ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

2a
0

1∫

0

u2xx(x, t) dx+ (2b
0

− δ
2

)

t∫

0

1∫

0

u2xx dxdτ

6

1∫

0

u2xt(x, t) dx +

1∫

0

u2xt(x, 0) dx

+M
5

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 1

2

(D)

+ ‖u
1

‖2L
2

(D)

)
(17)

á ¯à®¨§¢®«ì­ë¬ ¯®«®�¨â¥«ì­ë¬ ç¨á«®¬ δ
2

¨ ç¨á«®¬ M
4

, ®¯à¥¤¥«ïî-

é¨¬áï «¨èì ¢å®¤­ë¬¨ ¤ ­­ë¬¨ § ¤ ç¨ ¨ ç¨á«®¬ δ
2

.

�¥â¢¥àâ®¥ ­¥à ¢¥­áâ¢® ãá«®¢¨ï (10) ®§­ ç ¥â, çâ® ¯à¨ ¤®áâ â®ç­®

¬ «ëå ç¨á« å δ
1

¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢®

b
0

− (2 + δ
1

)b
1

β
1

> 0. (18)

�á«¨ δ
1

| ¨¬¥­­® â ª®¥ ç¨á«®, â® á«¥¤áâ¢¨¥¬ ­¥à ¢¥­áâ¢  (16) ¡ã¤¥â

á«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢®:

max

[0,T ℄

1∫

0

u2xt(x, t) dx 6
(2 + δ

1

)α
1

b
1

1− (2 + δ
1

)β
4

T∫

0

1∫

0

u2xx dxdt

+M ′
4

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 2

2

(D)

+ ‖u
1

‖2W 1

2

(D)

)
.
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�æ¥­¨¢ ï á ¯®¬®éìî ¤ ­­®£® ­¥à ¢¥­áâ¢  ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢ 

(17), ¯à¨å®¤¨¬ ª ®æ¥­ª¥

[
2b

0

− δ
2

− 2(2 + δ
1

)α
1

b
1

1− (2 + δ
1

)β
4

] T∫

0

1∫

0

u2xx dxdt

6 M
6

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 2

2

(D)

+ ‖u
1

‖2W 1

2

(D)

)
(19)

á ¯®áâ®ï­­®© M
6

, ®¯à¥¤¥«ïîé¥©áï ¢å®¤­ë¬¨ ¤ ­­ë¬¨ § ¤ ç¨ ¨ ç¨á-

« ¬¨ δ
1

¨ δ
2

. Ǳ®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ãá«®¢¨ï (10) ®§­ ç ¥â, çâ® ¬®�­®

­ ©â¨ ç¨á«  δ
1

¨ δ
2

­ áâ®«ìª® ¬ «ë¬¨, çâ® ¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à -

¢¥­áâ¢® (19),   â ª�¥ ­¥à ¢¥­áâ¢®

2b
0

− δ
2

− 2(2 + δ
1

)α
1

b
1

1− (2 + δ
1

)β
4

> 0.

�¨ªá¨àãï ç¨á«  δ
1

¨ δ
2

ãª § ­­ë¬ ®¡à §®¬, ¬ë ¯®«ãç¨¬  ¯à¨®à­ãî

®æ¥­ªã ¢ ¯à®áâà ­áâ¢¥ L
2

(Q) ¤«ï äã­ªæ¨¨ uxx(x, t); ¨á¯®«ì§ãï íâã

®æ¥­ªã ¨ ­¥à ¢¥­áâ¢® (16), ¯à¨å®¤¨¬ ª® ¢â®à®©  ¯à¨®à­®© ®æ¥­ª¥ ¤«ï

à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (1), (2λ), (3λ), (4):

max

[0,T ℄

1∫

0

u2xt(x, t) dx +max

[0,T ℄

1∫

0

uxx(x, t) dx +

T∫

0

1∫

0

u2xxt dxdt

6 C
2

(
‖f‖2L

2

(Q)

+ ‖u
0

‖2W 2

2

(D)

+ ‖u
1

‖2W 1

2

(D)

)
(20)

á ¯®áâ®ï­­®© C
2

, ®¯à¥¤¥«ïîé¥©áï «¨èì ¢å®¤­ë¬¨ ¤ ­­ë¬¨ § ¤ ç¨.

�æ¥­ª  ¢â®à®© ¯à®¨§¢®¤­®© utt(x, t) ¢ ¯à®áâà ­áâ¢¥ L2

(Q) ®ç¥¢¨¤-

­ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¨§ ¤®ª § ­­ëå ®æ¥­®ª. �ª®­ç â¥«ì­ ï �¥ ®æ¥­-

ª  ¤«ï à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (1), (2λ), (3λ), (4) ¨¬¥¥â ¢¨¤

‖u‖V 6 C
0

[
‖f‖L

2

(Q)

+ ‖u
0

‖W 2

2

(D)

+ ‖u
1

‖W 1

2

(D)

]
, (21)

£¤¥ C
0

®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤­ë¬¨ ¤ ­­ë¬¨ § ¤ ç¨.

� ¯®¬®éìî ®æ¥­ª¨ (21) ¬ë ¨ ¤®ª �¥¬ ®âªàëâ®áâì ¨ § ¬ª­ãâ®áâì

¬­®�¥áâ¢  �.



68 � ä¨ã««®¢  �. �.

�«ï ¤®ª § â¥«ìáâ¢  ®âªàëâ®áâ¨ ¬­®�¥áâ¢  � ¤®áâ â®ç­® ¯®ª -

§ âì, çâ® ¯à¨ ¯à¨­ ¤«¥�­®áâ¨ ç¨á«  λ
0

¬­®�¥áâ¢ã � ç¨á«® λ = λ
0

+

~λ

¯à¨ ¬ «®© ¢¥«¨ç¨­¥ |~λ| ¡ã¤¥â ¯à¨­ ¤«¥� âì ¥¬ã �¥.
�â ª, ¯ãáâì λ

0

| í«¥¬¥­â ¬­®�¥áâ¢  �, ¨ ¯ãáâì v(x, t) | ¯à®-

¨§¢®«ì­ ï äã­ªæ¨ï ¨§ ¯à®áâà ­áâ¢  V . � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã:

­ ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥-

­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨¥ (4) ¨ ãá«®¢¨ï

u(x, 0) = λ
0

[�

1

u+�

2

u℄ + ~λ[�
1

v +�

2

v℄ + u
0

(x), (2λ
0

,v)

ut(x, 0) = λ
0

[	

01

u+	

02

u+	

11

ut +	

12

ut℄

+

~λ[	
01

v +	

02

v +	

11

vt +	

12

vt℄ + u
1

(x). (3λ
0

,v)

Ǳ®áª®«ìªã äã­ªæ¨ï �

1

v+�
2

v ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ãW 2

2

(D),

äã­ªæ¨ï 	

01

v +	

02

v +	

11

vt +	

12

vt | ¯à®áâà ­áâ¢ã W 1

2

(D), ¤ ­­ ï

ªà ¥¢ ï § ¤ ç  ¡ã¤¥â ¨¬¥âì à¥è¥­¨¥ u(x, t), ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­-

áâ¢ã V . �«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«¥­ ®¯¥à â®à G, ¯¥à¥¢®¤ïé¨© ¯à®áâà ­-

áâ¢® V ¢ á¥¡ï: G(v) = u.

�æ¥­ª  (21) ¨ ãá«®¢¨ï (9) ®§­ ç îâ, çâ® ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

‖G(v
1

)−G(v
2

)‖V 6 |~λ| · C̃‖v
1

− v
2

‖V ,

£¤¥ v
1

(x, t) ¨ v
2

(x, t) | ¤¢¥ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¨§ ¯à®áâà ­áâ¢  V ,

ç¨á«® C̃ ®¯à¥¤¥«ï¥âáï «¨èì ç¨á« ¬¨ α
1

{α
4

, β
1

{β
4

, C
0

. �á«¨ â¥¯¥àì

ç¨á«®

~λ ­ áâ®«ìª® ¬ «®¥, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® |~λ| · C̃ < 1, â®

®¯¥à â®à G á�¨¬ îé¨©. �¥¯®¤¢¨�­ ï â®çª  íâ®£® ®¯¥à â®à  ¤ áâ

äã­ªæ¨î u(x, t), ï¢«ïîéãîáï à¥è¥­¨¥¬ ¨§ ¯à®áâà ­áâ¢  V ªà ¥¢®©

§ ¤ ç¨ (1), (2λ), (3λ), (4). � íâ® ¨ ®§­ ç ¥â, çâ® ç¨á«® λ ¯à¨ ãª § ­­®¬

¢ëè¥ ®£à ­¨ç¥­¨¨ ­  ç¨á«®

~λ ¡ã¤¥â ¯à¨­ ¤«¥� âì ¬­®�¥áâ¢ã � ¨,

¤ «¥¥, | çâ® ¬­®�¥áâ¢® � ®âªàëâ®.

�®ª �¥¬ â¥¯¥àì, çâ® ¬­®�¥áâ¢® � § ¬ª­ãâ®.

Ǳãáâì {λm} | ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« ¨§ ¬­®�¥áâ¢  �, áå®¤ï-

é ïáï ª ç¨á«ã λ
0

, {um(x, t)} | ¯®á«¥¤®¢ â¥«ì­®áâì à¥è¥­¨© § ¤ ç (1),
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(2λm
), (3λm

), (4). Ǳ®«®�¨¬ wmk(x, t) = um(x, t)−uk(x, t). �«ï äã­ªæ¨¨

wmk(x, t) ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

Lwmk(x, t) = 0, (x, t) ∈ Q,

wmk(x, 0) = λm[�1

wmk +�

2

wmk℄ + (λm − λk)[�1

uk +�

2

uk℄,

wmkt(x, 0) = λm[	01

wmk +	

02

wmk +	

11

wmkt +	

12

wmkt℄

+ (λm − λk)[	01

uk +	

02

uk +	

11

ukt +	

12

ukt℄,

wmk(0, t) = wmk(1, t) = 0.

�æ¥­ª  (21) ¤ ¥â ¤«ï äã­ªæ¨© wmk(x, t) ­¥à ¢¥­áâ¢®

‖wmk‖V 6 C̃|λm − λk|[‖	01

uk +	

02

uk +	

11

ukt +	

12

ukt‖W 1

2

(D)

℄

+ C̃|λm − λk|[‖�1

uk +�

2

uk‖W 2

2

(D)

℄. (22)

�á«®¢¨ï (9) ¨ ¢­®¢ì ®æ¥­ª  (21) ¢«¥ªãâ à ¢­®¬¥à­ãî ®£à ­¨ç¥­-

­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© {‖�
1

uk +�

2

uk‖W 2

2

(D)

} ¨ {‖	
01

uk +	

02

uk +

	

11

ukt +	

12

ukt‖W 1

2

(D)

}. �å®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ {λm} ¨ ­¥à -
¢¥­áâ¢® (22) ®§­ ç îâ â®£¤ , çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {um(x, t)} äã­-

¤ ¬¥­â «ì­  ¢ ¯à®áâà ­áâ¢¥ V . �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â äã­ªæ¨ï

u(x, t), ¯à¨­ ¤«¥� é ï ¯à®áâà ­áâ¢ã V ¨ â ª ï, çâ® um(x, t) → u(x, t)

¯à¨ m→ ∞ ¢ ¯à®áâà ­áâ¢¥ V . �ç¥¢¨¤­®, çâ® ¤«ï ¯à¥¤¥«ì­®© äã­ªæ¨¨

u(x, t) ¡ã¤ãâ ¢ë¯®«­ïâìáï ãà ¢­¥­¨¥ (1) ¨ ãá«®¢¨¥ (4). � «¥¥, à ¢¥­-

áâ¢ 

λm[�1

um +�

2

um℄− λ
0

[�

1

u+�

2

u℄ = (λm − λ
0

)[�

1

um +�

2

um℄

+ λ
0

[�

1

(um − u) + �

2

(um − u)℄,

λm[	01

um+	02

um+	11

umt+	12

umt℄−λ0[	01

u+	
02

u+	
11

ut+	12

ut℄

= (λm − λ
0

)[	

01

um +	

02

um +	

11

umt +	

12

umt℄

+ λ
0

[	

01

(um − u) + 	

02

(um − u) + 	

11

(umt − ut) + 	

12

(umt − ut)℄,

ãá«®¢¨ï (9), áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© {λm}, {um(x, t)} ¨ ®æ¥­ª 
(21) ¤ îâ áå®¤¨¬®áâì λm�1

um → λ
0

�

1

u, λm�2

um → λ
0

�

2

u ¯à¨ m →
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∞ ¢ ¯à®áâà ­áâ¢¥ W 2

2

(D), λm	01

um → λ
0

	

01

u, λm	02

um → λ
0

	

02

u,

λm	11

umt → λ
0

	

11

ut, λm	12

umt → λ
0

	

12

ut ¯à¨ m → ∞ ¢ ¯à®áâà ­-

áâ¢¥ W 1

2

(D).

�® â®£¤  ¤«ï ¯à¥¤¥«ì­®© äã­ªæ¨¨ u(x, t) ¡ã¤ãâ ¢ë¯®«­ïâìáï ãá«®-

¢¨ï (2λ
0

), (3λ
0

).

Ǳà¨­ ¤«¥�­®áâì äã­ªæ¨¨ u(x, t) ¯à®áâà ­áâ¢ã V , ¢ë¯®«­¥­¨¥ ¤«ï

­¥¥ ãà ¢­¥­¨ï (1) ¨ ãá«®¢¨© (2λ
0

), (3λ
0

), (4) ®§­ ç îâ, çâ® ç¨á«® λ
0

¡ã¤¥â ¯à¨­ ¤«¥� âì ¬­®�¥áâ¢ã �. Ǳà¨­ ¤«¥�­®áâì ¯à¥¤¥«ì­®© â®çª¨

¬­®�¥áâ¢  ¥¬ã �¥ ¨ ®§­ ç ¥â ¥£® § ¬ª­ãâ®áâì.

�â ª, ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®. �«¥¤®¢ â¥«ì­®,

®­® á®¢¯ ¤ ¥â á® ¢á¥¬ ®âà¥§ª®¬ [0,1℄. �® â®£¤  ªà ¥¢ ï § ¤ ç  (1){(4)

¡ã¤¥â ¨¬¥âì à¥è¥­¨¥, ¯à¨­ ¤«¥� é¥¥ ¯à®áâà ­áâ¢ã V .

�¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (1){(4) ¤®ª §ë¢ ¥âáï ¬¥-

â®¤®¬ ®â ¯à®â¨¢­®£®. Ǳãáâì § ¤ ç  ¨¬¥¥â ¡®«¥¥ ®¤­®£® à¥è¥­¨ï.

Ǳãáâì u(x, t), v(x, t) | ¤¢  ¥¥ ¯à®¨§¢®«ì­ëå à¥è¥­¨ï. �®£¤  ¢¥à­ë

à ¢¥­áâ¢ 

utt −Aut −Bu = f(x, t), vtt −Avt −Bv = f(x, t).

�®áâ ¢¨¬ à §­®áâì w = u − v. �«ï äã­ªæ¨¨ w(x, t) ¨¬¥îâ ¬¥áâ®

à ¢¥­áâ¢ 

wtt −Awt −Bw = 0, w(x, 0) = �

1

w +�

2

w,

wt(x, 0) = 	

01

w +	

02

w +	

11

wt +	

12

wt, w(0, t) = w(1, t) = 0.

Ǳ®¢â®à¨¬ à ááã�¤¥­¨ï,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ à ­¥¥. Ǳà¨-

¤¥¬ ª á«¥¤ãîé¥© ®æ¥­ª¥:

‖w‖V 6 C
0

· 0.

�«¥¤®¢ â¥«ì­®, w ≡ 0. � íâ® ¨ ®§­ ç ¥â, çâ® à¥è¥­¨¥ ªà ¥¢®©

§ ¤ ç¨ (1){(4) ¥¤¨­áâ¢¥­­®.

�¥®à¥¬  ¯®«­®áâìî ¤®ª § ­ .

Ǳà¨¢¥¤¥¬ ¯à¨¬¥àë ®¯¥à â®à®¢ �

1

,�
2

,	
01

,	
02

, 	

11

,	
12

, ã¤®¢«¥-

â¢®àïîé¨å ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë.
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� ª ç¥áâ¢¥ ®¯¥à â®à®¢ �

1

, 	

01

¨ 	

11

¬®�­® ¢§ïâì ®¯¥à â®àë

�

1

v =

T∫

0

K
1

(x, t)v(x, t) dt, 	

01

v =

T∫

0

K
2

(x, t)v(x, t) dt,

	

11

v =

T∫

0

K
3

(x, t)v(x, t) dt

á £« ¤ª¨¬¨ äã­ªæ¨ï¬¨ K
1

(x, t), K
2

(x, t) ¨ K
3

(x, t); ¢ ª ç¥áâ¢¥ ®¯¥à -

â®à®¢ �

2

, 	

02

¨ 	

12

¬®�­® ¢§ïâì á«¥¤ãîé¨¥ ®¯¥à â®àë:

�

2

v =

m∑

k=1

αk(x)v(x, tk), 	

02

v =

p∑

k=1

βk(x)v(x, t
∗
k),

	

12

v =
r∑

k=1

γk(x)v(x, t
∗∗
k ),

0 < t
1

< · · · < tm 6 T , 0 < t∗
1

< · · · < t∗p 6 T , 0 < t∗∗
1

< · · · <
t∗∗r 6 T , αk(x), βk(x), γk(x) | £« ¤ª¨¥ äã­ªæ¨¨. �á«®¢¨ï (10) ¡ã¤ãâ

¢ë¯®«­ïâìáï ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© ¬ «®áâ¨ ­  äã­ªæ¨¨ K
1

(x, t),

K
2

(x, t), K
3

(x, t), αk(x), βk(x) ¨ γk(x).

�®�­® ¯à¨¢¥áâ¨ ¨ ¤àã£¨¥ ¯à¨¬¥àë.

� ¬¥â¨¬ â ª�¥ á«¥¤ãé¥¥. �¥§ã«ìâ â,  ­ «®£¨ç­ë© ¯®«ãç¥­­®¬ã

¢ à ¡®â¥, ¨¬¥¥â ¬¥áâ® ¨ ¢ ¬­®£®¬¥à­®¬ á«ãç ¥. �á¥ ¢ëª« ¤ª¨ ¢¯®«­¥

á®®â¢¥âáâ¢ãîâ ¯à¨¢¥¤¥­­ë¬ ¢ëè¥.
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� áâ âì¥ à áá¬ âà¨¢ ¥âáï á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_x
1

= x
1

(1− x
1

− bx
2

− ax
3

),

_x
2

= x
2

(1− bx
1

− x
2

− bx
3

),

_x
3

= −x
3

(r − ax
1

− bx
2

− x
3

),

(1)

£¤¥ a, b, r | ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, xi à áá¬ âà¨¢ îâáï ¢ ¯®-

«®�¨â¥«ì­®© ®¡« áâ¨, â. ¥. xi > 0. � ª ï á¨áâ¥¬  ãà ¢­¥­¨© ¬®�¥â

¡ëâì ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî ¢ íª®á¨áâ¥¬¥ â¨¯  ý�¥àâ¢ë-å¨é­¨ªþ.

� à ¡®â¥ ãáâ ­ ¢«¨¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ãáâ®©ç¨¢®£® á®áâ®ï­¨ï à ¢-

­®¢¥á¨ï ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå, ­ « £ ¥¬ëå ­  ¯ à ¬¥âàë. �â¨

ãá«®¢¨ï ¤®«�­ë ¡ëâì ¡®«¥¥ ¯à®áâë¬¨, ç¥¬ ãá«®¢¨ï � ã§  | �ãà¢¨æ ,

¯®­ïâ­ë¬¨ ¤«ï ¡¨®«®£®¢, § ­¨¬ îé¨åáï ¤ ­­ë¬ ¢®¯à®á®¬.

� ©¤¥¬ á®áâ®ï­¨¥ à ¢­®¢¥á¨ï á ¯®«®�¨â¥«ì­ë¬¨ ª®®à¤¨­ â ¬¨ ¨§

á¨áâ¥¬ë ãà ¢­¥­¨©

x
1

+ bx
2

+ ax
3

= 1,

bx
1

+ x
2

+ bx
3

= 1,

ax
1

+ bx
2

+ x
3

= r.

�â® á®áâ®ï­¨¥ à ¢­®¢¥á¨ï M ¨¬¥¥â ª®®à¤¨­ âë

x∗
1

=

1− b

1 + a− 2b2
+

r − 1

�

(b2 − a), x∗
2

=

1 + a− 2b

1 + a− 2b2
+

r − 1

�

b(a− 1),

x∗
3

=

1− b

1 + a− 2b2
+

r − 1

�

(1− b2). (2)


© 2008 �®äà®­®¢ �. �.
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�®§¬®�­ë á«¥¤ãîé¨¥ á«ãç ¨:

1) r = 1;

2) r > 1, a > 1, b < 1;

3) r < 1, a > 1, b < 1;

4) r > 1, a < 1, b > 1;

5) r < 1, a < 1, b > 1.

�¥®à¥¬  1. �á«¨ r = 1, a > 1, b < 1, â® á®áâ®ï­¨¥ à ¢­®¢¥á¨ï M

¨¬¥¥â ¯®«®�¨â¥«ì­ë¥ ª®®à¤¨­ âë ¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �§ ä®à¬ã« (2) ¢¨¤­®, çâ® ª®®à¤¨­ âë â®çª¨

¯®«®�¨â¥«ì­ë. �¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå

x
1

= x∗
1

+ y
1

, x
2

= x∗
2

+ y
2

, x
3

= x∗
3

+ y
3

.

�®£¤  ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©

_y
1

= (x∗
1

+ y
1

)(−y
1

− by
2

− ay
3

),

_y
2

= (x∗
2

+ y
2

)(−by
1

− y
2

− by
3

),

_y
3

= (x∗
3

+ y
3

)(ay
1

+ by
2

+ y
3

),

(3)

� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á®®â¢¥âáâ¢ãîé¥© «¨­¥©­®© á¨áâ¥¬ë

ãà ¢­¥­¨© ¨¬¥¥â ¢¨¤

λ3 + a
1

λ2 + a
2

λ+ a
3

= 0, (4)

£¤¥

a
1

= x∗
1

+ x∗
2

− x∗
3

, a
2

= (1− b2)x∗
2

(x∗
1

− x∗
3

) + (a2 − 1)x∗
1

x∗
3

,

a
3

= (a− 1)(1 + a− 2b2)x∗
1

x∗
2

x∗
3

.

Ǳà¨ ãá«®¢¨ïå â¥®à¥¬ë

x∗
1

= x∗
3

, a
1

> 0,

a
1

· a
2

− a
3

= x∗
2

(a2 − 1)x∗2
1

+� · x∗2
1

· x∗
2

= (a− 1) · 2b2x∗2
1

· x∗
2

> 0.

�âáî¤  á«¥¤ã¥â, çâ® á®áâ®ï­¨¥ à ¢­®¢¥á¨ï M  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-

ç¨¢®.

�¥âàã¤­® ¤®ª § âì á«¥¤ãîé¥¥ ¯à¥¤«®�¥­¨¥.
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�¥®à¥¬  2. �á«¨ r = 1, a < 1, b > 1, â® áãé¥áâ¢ã¥â á®áâ®ï­¨¥

à ¢­®¢¥á¨ïM á ¯®«®�¨â¥«ì­ë¬¨ ª®®à¤¨­ â ¬¨, ª®â®à®¥ ­¥ãáâ®©ç¨¢®.

�¥®à¥¬  3. �á«¨ r = 1, a = 1, b 6= 1, â® áãé¥áâ¢ã¥â á®áâ®ï­¨¥

à ¢­®¢¥á¨ïM á ¯®«®�¨â¥«ì­ë¬¨ ª®®à¤¨­ â ¬¨, ª®â®à®¥ ­¥ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �§ ä®à¬ã« (2) ¨¬¥¥¬

x∗
1

= x∗
3

=

1

2(1 + b)
, x∗

2

=

1

1 + b
, a

1

= x∗
2

, a
2

= 0, a
3

= 0.

Ǳ®â®¬ã ãà ¢­¥­¨¥ (4) ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© (3) ¨¬¥¥â ¤¢  ­ã«¥¢ëå

ª®à­ï, ®¤¨­ ®âà¨æ â¥«ì­ë© ª®à¥­ì λ = − 1

1+b . � á¨áâ¥¬¥ ãà ¢­¥­¨© (3)

á¤¥« ¥¬ ¯à¥®¡à §®¢ ­¨¥:

x =
2

b− 1

y
1

+

b

1− b
y
2

, y = y
1

+ y
3

, z = b(y
1

+ y
3

) + y
2

.

�®£¤  ¯®«ãç¨¬ á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢­¥­¨©:

_x = y +

[
x+

b

b− 1

(z − by)

]
· [(b2 − 1)y − bz℄ +

b

b− 1

z(z − by),

_y = [(1− b2)y + bz℄ · [(1− b)x+ (1 + b2)y − bz℄,

_z = λz + z(z − by) + b[(1− b2)y + bz℄[(1− b)x+ (1 + b2)y − bz℄.

(5)

�®§ì¬¥¬ äã­ªæ¨î

V (x, y, z) = x · y − z2 + P (x) +Q(x) · z,

¥¥ ¯à®¨§¢®¤­ãî ¯® ¢à¥¬¥­¨ t ¢ëç¨á«¨¬ ¢ á¨«ã á¨áâ¥¬ë ãà ¢­¥­¨© (5).

�ã­ªæ¨¨ P (x), Q(x) ¢ë¡¥à¥¬ â ª, çâ®¡ë ¢ äã­ªæ¨¨

_V ­¥ ¡ë«® ç«¥­®¢

¢¨¤  c(x)y, d(x)z, â. ¥. ç«¥­®¢, «¨­¥©­ëå ®â­®á¨â¥«ì­® y, z. �®£¤  íâ¨

äã­ªæ¨¨ ¤®«�­ë ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨ï¬

dP

dx
[1 + (b2 − 1)x℄ + (1− b)(1− b2)x(x + bQ) = 0,

dP

dx
bx− b(1− b)x(x+ bQ)− λQ = 0.

�§ íâ¨å ãà ¢­¥­¨© ­ ©¤¥¬

Q(x) =
b(b2 − 1)x2

1− (1− b4)x
,

dP

dx
= (1− b)x+

(b− 1)x[1 + b2(1− b2)x℄

1− (1− b4)x
.
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Ǳà¨ â ª®¬ ¢ë¡®à¥ äã­ªæ¨© P (x), Q(x) äã­ªæ¨ï _V ¨¬¥¥â ¢¨¤

_V = −2λz2 + y2 +W (x, y, z).

�­  ¯®«®�¨â¥«ì­  ¨ ®¡à é ¥âáï ¢ ­ã«ì â®«ìª® ¯à¨ y = z = 0. � äã­ª-

æ¨ï V (x, y, z) ¯à¨ x = 0 ®âà¨æ â¥«ì­ , P (x) ¥áâì àï¤, ­ ç¨­ îé¨©áï

á ç«¥­®¢ âà¥âì¥£® ¯®àï¤ª . Ǳ®íâ®¬ã áãé¥áâ¢ã¥â ®¡« áâì V > 0, £¤¥

_V > 0. �¥¯¥àì, ¯à¨¬¥­ïï â¥®à¥¬ã �. �. �¥â ¥¢  [1℄, ¤®ª §ë¢ ¥¬ ­ èã

â¥®à¥¬ã.

Ǳãáâì â¥¯¥àì à áá¬ âà¨¢ ¥âáï ¢â®à®© á«ãç ©: r > 1, a > 1, b < 1.

�¥®à¥¬  4. �á«¨

a > 1, b < 1, 0 < r − 1 <
a− 1

1 + b
, (6)

â® áãé¥áâ¢ã¥â á®áâ®ï­¨¥ à ¢­®¢¥á¨ïM á ¯®«®�¨â¥«ì­ë¬¨ ª®íää¨æ¨-

¥­â ¬¨, ª®â®à®¥  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �§ (2) ¢¨¤­®, çâ® x∗
1

> 0. Ǳ®ª �¥¬, çâ® ¯à¨

¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ (6) x∗
2

> 0. �¥©áâ¢¨â¥«ì­®,

1 + a− 2b

1 + a− 2b2
+

(r − 1)b(a− 1)

(1− a)(1 + a− 2b2)

>
1 + a− 2b

1 + a− 2b2
+

b(a− 1)

2

(1− a)(1 + a− 2b2)(1 + b)

=

(1 + b)(1 + a− 2b)− b(a− 1)

(1 + a− 2b2)(1 + b)
=

1

1 + b
.

�â ª, ¢á¥ x∗i ¡®«ìè¥ 0. �¥âàã¤­® ¯®ª § âì, çâ® a
1

> 0, a
3

> 0. �ëà -

�¥­¨¥ a
1

· a
2

− a
3

¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

a
1

·a
2

−a
3

= (1− b2)x∗
2

(x∗
1

−x∗
3

)

2

+

[
(1− b2)x∗2

2

+(a2−1)x∗
1

x∗
3

]
(x∗

1

−x∗
3

)

+ 2(a− 1)b2x∗
1

x∗
2

x∗
3

. (7)

� ª ª ª x∗
1

−x∗
3

=

r−1

a−1

> 0, â® a
1

·a
2

−a
3

> 0. �«¥¤®¢ â¥«ì­®, á®áâ®ï­¨¥

à ¢­®¢¥á¨ï M  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. � áá¬®âà¨¬ â¥¯¥àì r < 1,

a > 1, b < 1.
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�¥®à¥¬  5. Ǳãáâì r < 1, a > 1, b < 1. �®£¤  áãé¥áâ¢ã¥â ¯®«®�¨-

â¥«ì­®¥ ç¨á«® r
0

â ª®¥, çâ® ¯à¨ −r
0

< r − 1 < 0 á®áâ®ï­¨¥ à ¢­®¢¥á¨ï

M á ¯®«®�¨â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. Ǳà¨ ãá«®¢¨ïå â¥®à¥¬ë x∗
2

> 0, x∗
3

> 0. �§

­¥à ¢¥­áâ¢  x∗
1

> 0 á«¥¤ã¥â, çâ®

(1− b)(1− a)

a− b2
< r − 1 < 0.

Ǳà¨ â ª¨å §­ ç¥­¨ïå (r − 1) ¨¬¥¥¬

a
1

=

1 + a− 2b

1 + a− 2b2
+

r − 1

�

(b− 1)(1 + a+ 2b)

>
1 + a− 2b

1 + a− 2b2
− (1− b)2(1 + a+ 2b)

(a− b2)(1 + a− 2b2)
> 0.

�ëà �¥­¨¥ a
1

a
2

− a
3

¬®�­® ¯à¥¤áâ ¢¨â ¢ ¢¨¤¥

a
1

a
2

− a
3

= (1− b2)x∗
2

(x∗
1

+ x∗
2

− x∗
3

)

[
x∗
1

− x∗
3

+

a2 − 1

(1− b2)x∗
2

x∗
1

x∗
3

]

+ (1− a)(1 + a− 2b2)x∗
1

x∗
2

x∗
3

.

�âáî¤  á«¥¤ã¥â, çâ® ¨§ ãà ¢­¥­¨ï a
1

a
2

− a
3

= 0 ¬®�­® ­ ©â¨ ¤¢  ®â-

à¨æ â¥«ì­ëå §­ ç¥­¨ï: (x∗
1

− x∗
3

) ¨ a
1

a
2

− a
3

> 0 ¯à¨ (x∗
1

− x∗
3

) = 0.

Ǳ®íâ®¬ã áãé¥áâ¢ã¥â ¯®«®�¨â¥«ì­®¥ ç¨á«® r
1

â ª®¥, çâ® a
1

a
2

− a
3

> 0

¯à¨ −r
1

< r − 1 < 0. �®£¤ , ãç¨âë¢ ï ­¥à ¢¥­áâ¢  (8), ¬®�­® ãâ¢¥à-

�¤ âì, çâ® a
1

a
2

− a
3

> 0 ¯à¨ −r
0

< r − 1 < 0, £¤¥

r
0

= min

{
r
1

;

(1− b)(a− 1)

a− b2

}
.

�¥®à¥¬  ¤®ª § ­ .

�¥¯¥àì à áá¬®âà¨¬ á«ãç © r > 1, a < 1, b > 1.

�¥®à¥¬  6. Ǳãáâì r > 1, a < 1, b > 1. �®£¤  áãé¥áâ¢ã¥â ¯®«®�¨-

â¥«ì­®¥ r
0

â ª®¥, çâ® ¯à¨

0 < r
0

< r − 1 <
(b− 1)(1− a)

b2 − a

á®áâ®ï­¨¥ à ¢­®¢¥á¨ïM á ¯®«®�¨â¥«ì­ë¬¨ ª®®à¤¨­ â ¬¨  á¨¬¯â®â¨-

ç¥áª¨ ãáâ®©ç¨¢®.
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�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© â¥®à¥¬ë á«¥¤ã¥â, çâ®

x∗
2

> 0, x∗
3

> 0.

�®®à¤¨­ â  x∗
1

¡®«ìè¥ 0, ¥á«¨

0 < r − 1 <
(b− 1)(1− a)

b2 − a
,

¨

a
1

=

1 + a− 2b

1 + a− 2b2
+

r − 1

�

(b− 1)(1 + a+ 2b)

>
1 + a− 2b

1 + a− 2b2
+

(b− 1)

2

(1 + a+ 2b)

(1 + a− 2b2)(b2 − a)
> 0

¯à¨ a < 1, 1 + a − 2b2 < 0. �á«¨ a
2

¯à¥¤áâ ¢¨âì ª ª ª¢ ¤à â­ë©

¬­®£®ç«¥­ ®â­®á¨â¥«ì­®

r−1

1−a , â. ¥.

(1 + a− 2b2)2a
2

= C
0

(
r − 1

1− a

)
2

+ C
1

(
r − 1

1− a

)
+ C

2

,

£¤¥ C
0

> 0, C
1

> 0, C
2

< 0, â® a
2

= 0 ¨¬¥¥â ®¤¨­ ®âà¨æ â¥«ì­ë©, ®¤¨­

¯®«®�¨â¥«ì­ë© ª®à­¨. � «¥¥, ¨¬¥¥¬

a
2

> 0, a
1

a
2

− a
3

> 0

¯à¨

r − 1

1− a
=

b− 1

b2 − a
.

�®£¤  ­ ©¤¥âáï â ª®¥ ç¨á«® r
0

> 0, çâ®

a
1

a
2

− a
3

> 0

¯à¨

0 < r
0

< r − 1 <
(b − 1)(1− a)

b2 − a
.

�âáî¤  á«¥¤ã¥â, çâ® á®áâ®ï­¨¥ à ¢­®¢¥á¨ï M  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-

ç¨¢® ¯à¨ ãá«®¢¨ïå

a < 1, b > 1, 0 < r
0

< r − 1 <
(b − 1)(1− a)

b2 − a
.

�¥®à¥¬  ¤®ª § ­ .

Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© r − 1 < 0, a < 1, b > 1 ¨§ à ¢¥­áâ¢ 

(7) á«¥¤ã¥â, çâ® a
1

a
2

− a
3

< 0. Ǳ®íâ®¬ã á®áâ®ï­¨¥ à ¢­®¢¥á¨ï M á

¯®«®�¨â¥«ì­ë¬¨ ª®®à¤¨­ â ¬¨ ­¥ãáâ®©ç¨¢®.
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� à ¡®â¥ [1℄ ¯à¥¤«®�¥­ ®¡®¡é¥­­ë© ¬¥â®¤ �¥à­ã««¨ ¤«ï à¥è¥-

­¨ï ¯®«¨­®¬¨ «ì­ëå ãà ¢­¥­¨© ª®­¥ç­®© (n-©) áâ¥¯¥­¨. � ­ áâ®ïé¥©

§ ¬¥âª¥ à áá¬ âà¨¢ ¥âáï ¯à¨¬¥­¥­¨¥ ®¡®¡é¥­­®£® ¬¥â®¤  �¥à­ã««¨ ª

à¥è¥­¨î  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¡¥áª®­¥ç­®£® ¯®àï¤ª , ®á­®¢­ ï

¨¤¥ï ª®â®à®£® ¨§«®�¥­  ¢ [2℄. � ª ¯®ª § ­® ¢ à ¡®â¥ [2℄,  ­ «¨â¨ç¥-

áª®¥ à¥è¥­¨¥ ­¥ª®â®àëå ¡¥áª®­¥ç­ëå á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢­¥-

­¨© á¢®¤¨âáï ª ­ å®�¤¥­¨î ¬¨­¨¬ «ì­®£® ¯® ¬®¤ã«î ª®à­ï  «£¥¡à -

¨ç¥áª®£® ãà ¢­¥­¨ï ¡¥áª®­¥ç­®£® ¯®àï¤ª , â. ¥. ª ¢ëç¨á«¥­¨î ¢¥é¥-

áâ¢¥­­ëå ­ã«¥©  ­ «¨â¨ç¥áª®© äã­ªæ¨¨.

Ǳãáâì § ¤ ­® ¯®«¨­®¬¨ «ì­®¥ ãà ¢­¥­¨¥ á ¢¥é¥áâ¢¥­­ë¬¨ ª®íä-

ä¨æ¨¥­â ¬¨ áâ¥¯¥­¨ m:

p(y) ≡ a
0

ym
+ a

1

ym−1

+ · · ·+ am−1

y + am = 0, a
0

6= 0. (1)

�¥ ­ àãè ï ®¡é­®áâ¨, ¬®�­® ¯®«®�¨âì a
0

≡ 1. �«¥¤ãï à ¡®â¥ [1℄, ¢

§ ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨ï áâ¥¯¥­¨ m ãà ¢­¥­¨ï (1) ¢¢¥¤¥¬ å à ªâ¥à¨-
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áâ¨ç¥áª¨¥ ®¯à¥¤¥«¨â¥«¨ ¯®àï¤ª  n ¢¨¤ : ¯à¨ n > m

An(m) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−a
1

1 0 . . . 0

a
2

−a
1

1 . . . 0

−a
3

a
2

−a
1

. . . 0

. . . . . . .

. . . . . . .

. . . . . . .
(−1)mam (−1)m−1am−1

(−1)m−2am−2

. . . 0

0 (−1)mam (−1)m−1am−1

. . . 0

. . . . . . .

. . . . . . .

. . . . . . .
0 0 0 . . . −a

1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2)

¨ ¯à¨ n 6 m

An(m) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

−a
1

1 0 . . . 0

a
2

−a
1

1 . . . 0

. . . . . . .

. . . . . . .

. . . . . . .
(−1)n−1an−1

(−1)n−2an−2

(−1)n−3an−3

. . . 1

(−1)nan (−1)n−1an−1

(−1)n−2an−2

. . . −a
1

∣∣∣∣∣∣∣∣∣∣∣∣∣

. (3)

� ¢ëà �¥­¨¨ (1) á¤¥« ¥¬ § ¬¥­ã x = 1

y ¨ ãáâà¥¬¨¬ m ¢ ¡¥áª®­¥ç­®áâì,

â®£¤  ¢¬¥áâ® ¯®«¨­®¬  p(y) ¯®«ãç¨¬  ­ «¨â¨ç¥áªãî äã­ªæ¨î f(x) (¢

á«ãç ¥ áå®¤¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¥£® àï¤ ) ¨ à áá¬ âà¨¢ ¥¬ ï § ¤ ç 

§ ¬¥­ï¥âáï § ¤ ç¥© ®¯à¥¤¥«¥­¨ï ­ã«¥© äã­ªæ¨¨ f(x):

f(x) ≡
∞∑

n=0

anx
n
= 0. (4)

� ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥, ®ç¥¢¨¤­®, ®¯à¥¤¥«¨â¥«ì An(m) ¢ëà � ¥â-

áï â®«ìª® á®®â­®è¥­¨¥¬ (3), ¯®áª®«ìªãm = ∞ ¨ ¯®íâ®¬ã ¢¬¥áâ® An(m)

¬®�¥¬ ¯¨á âì ¯à®áâ® An. � ¬¥â¨¬ â ª�¥, çâ® ¢ à ¡®â¥ [2℄ ¢¬¥áâ® ª®-

íää¨æ¨¥­â®¢ an ¢§ïâë ª®íää¨æ¨¥­âë (−1)nan. �­ «®£¨ç­® à ¡®â¥ [1℄

¢¢¥¤¥¬ ¯®­ïâ¨ï å à ªâ¥à¨áâ¨ç¥áª¨å ®¯à¥¤¥«¨â¥«¥© ¨ å à ªâ¥à¨áâ¨ç¥-

áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨.
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�¯à¥¤¥«¥­¨¥ 1. �á«¨ áâ¥¯¥­­®© àï¤, á®áâ ¢«¥­­ë© ¨§ ª®íää¨-

æ¨¥­â®¢ an, áå®¤¨âáï, â® ãà ¢­¥­¨¥ (4) ­ §ë¢ ¥âáï  «£¥¡à ¨ç¥áª¨¬ (¯®-

«¨­®¬¨ «ì­ë¬) ãà ¢­¥­¨¥¬ ¡¥áª®­¥ç­®© áâ¥¯¥­¨.

�¯à¥¤¥«¥­¨¥ 2. �¯à¥¤¥«¨â¥«¨ An ¢¨¤  (3) ­ §ë¢ îâáï å à ªâ¥-

à¨áâ¨ç¥áª¨¬¨ ®¯à¥¤¥«¨â¥«ï¬¨ ¯®àï¤ª  n ¯®«¨­®¬¨ «ì­®£® ãà ¢­¥­¨ï

¡¥áª®­¥ç­®© áâ¥¯¥­¨ (4).

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì å à ªâ¥à¨áâ¨ç¥áª¨å ®¯à¥¤¥«¨â¥-

«¥©: A
0

= 1; A
1

= −a
1

;

A
2

=

∣∣∣∣
−a

1

1

a
2

−a
1

∣∣∣∣ ; A
3

=

∣∣∣∣∣∣

−a
1

1 0

a
2

−a
1

1

−a
3

a
2

−a
1

∣∣∣∣∣∣
; . . . ;An; . . . , (5)

£¤¥ An ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (3). �ç¥¢¨¤­®, ¯®á«¥¤®¢ â¥«ì­®áâì

£« ¢­ëå ¬¨­®à®¢ ®¯à¥¤¥«¨â¥«ï (3) á®áâ ¢«ïîâ ¯®á«¥¤®¢ â¥«ì­®áâì (5).

�¯à¥¤¥«¥­¨¥ 3. Ǳ®á«¥¤®¢ â¥«ì­®áâì (5) ­ §ë¢ ¥âáï å à ªâ¥à¨-

áâ¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì­®áâìî ¯®«¨­®¬¨ «ì­®£® ãà ¢­¥­¨ï ¡¥áª®-

­¥ç­®© áâ¥¯¥­¨ (4).

�á«®¢¨¥ 1. Ǳãáâì ¯®á«¥¤®¢ â¥«ì­®áâì {ap} â ª ï, çâ® An 6= 0

¤«ï «î¡®£® ­ âãà «ì­®£® n.

Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï 1 ¢ á«ãç ¥ ¯®«¨­®¬  ¡¥áª®­¥ç­®£® ¯®àï¤-

ª  ¬®�­® ¢¢¥áâ¨ â ª �¥, ª ª ¨ ¢ à ¡®â¥ [1℄, ¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨:

¨áå®¤ï ¨§ å à ªâ¥à¨áâ¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ á®áâ ¢«ï¥¬ ¯®á«¥-

¤®¢ â¥«ì­®áâì

An

An−1

, n = 2, 3, . . . , ¨ ¨áå®¤ï ¨§ ª®íää¨æ¨¥­â®¢ ai àï¤ 

(4) á®áâ ¢«ï¥¬ ¤àã£ãî ¯®á«¥¤®¢ â¥«ì­®áâì:

sn = −a
1

−
n∑

p=2

ap

p−1∏
k=1

sn−k

, s
1

= −a
1

, n = 2, 3, . . . . (6)

� ª �¥, ª ª ¨ ¢ à ¡®â å [1, 2℄, ¬®�­® ¯®ª § âì, çâ® íâ¨ ¯®á«¥¤®¢ â¥«ì-

­®áâ¨ á®¢¯ ¤ îâ, â. ¥.

An

An−1

= sn = −a
1

−
n∑

p=2

ap

p−1∏
k=1

sn−k

, n = 2, 3, . . . . (7)
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�¥©áâ¢¨â¥«ì­®, à §« £ ï ®¯à¥¤¥«¨â¥«ì An ¯® ¯¥à¢ë¬ áâà®ª ¬, ¯®«ã-

ç¨¬

An = −a
1

An−1

− 1 ·

∣∣∣∣∣∣∣

a
2

1 . . . 0

−a
3

−a
1

. . . 0

. . . . . .
(−1)nan (−1)n−2an−2

. . . −a
1

∣∣∣∣∣∣∣

= −a
1

An−1

− a
2

An−2

+ 1 ·

∣∣∣∣∣∣∣

−a
3

1 . . . 0

a
4

−a
1

. . . 0

. . . . . .
(−1)nan (−1)n−3an−3

. . . −a
1

∣∣∣∣∣∣∣

= −a
1

An−1

− a
2

An−2

− a
3

An−3

− · · · − an. (8)

�ç¥¢¨¤­®, ¯à¨ n = 1 á®®â­®è¥­¨¥ (7) ¢¥à­®. Ǳãáâì ¤«ï m 6 n − 1

à ¢¥­áâ¢® (7) ¢ë¯®«­ï¥âáï. Ǳ® ¨­¤ãªâ¨¢­®¬ã ¯à¥¤¯®«®�¥­¨î á¯à -

¢¥¤«¨¢®

An−1

An−k
=

An−1

An−2

An−2

An−3

. . .
An−k+1

An−k
=

n−1∏

k=1

sn−k. (9)

� §¤¥«¨¢ ¢ëà �¥­¨¥ (8) ­  An−1

¨ ãç¨âë¢ ï à ¢¥­áâ¢® (9), ¯®«ãç¨¬

An

An−1

= −a
1

− a
2

An−2

An−1

− a
3

An−3

An−1

− · · · − an−1

A
1

An−1

− an
A
0

An−1

= −a
1

−
n∑

p=2

ap

p−1∏
k=1

sn−k

= sn,

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

� ¬¥ç ­¨¥ 1. � á«ãç ¥ Ak = 0 (¨«¨ sk = 0) ®¡¥ ¯®á«¥¤®¢ â¥«ì-

­®áâ¨ An/An−1

¨ sn ®¡àë¢ îâáï ­  á®®â¢¥âáâ¢ãîé¥¬ è £¥.

�¥¯®áà¥¤áâ¢¥­­® ¨§ à ¢¥­áâ¢ 

An

An−1

= sn ¢ëâ¥ª îâ á«¥¤áâ¢¨ï.

�«¥¤áâ¢¨¥ 1. Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï 1 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

An =

n∏

j=1

sj ∀n <∞. (10)
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�«¥¤áâ¢¨¥ 2. Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï 1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­-

áâ¢®

sn 6= 0 ∀n <∞. (11)

� «¥¥, ¢¢¥¤¥¬ á«¥¤ãîé¥¥

�á«®¢¨¥ 2. Ǳãáâì áâ¥¯¥­­®© àï¤

∞∑

p=0

(−1)papx
p
= f(x) (12)

 ¡á®«îâ­® áå®¤¨âáï ¢ |x| 6 r > 0, £¤¥ r | à ¤¨ãá áå®¤¨¬®áâ¨ àï¤  (12),

¨ ¯ãáâì áãé¥áâ¢ã¥â ¡«¨� ©è ï ®â ­ã«ï â®çª  x
0

­  ¢¥é¥áâ¢¥­­®© ®á¨

â ª ï, çâ® |x
0

| 6 r ¨ f(x
0

) = 0, â. ¥.

∞∑

p=0

(−1)papx
p
0

= 0, (13)

¯à¨ç¥¬ ¯®« £ ¥¬, çâ® ¢ ®¡« áâ¨ x 6 |x
0

| äã­ªæ¨ï f(x) ­¥ ¨¬¥¥â ¤àã£¨å
(ª®¬¯«¥ªá­ëå) ­ã«¥©.

�¥¬¬  1 [3℄. �á«¨ áâ¥¯¥­­®© àï¤

∞∑
n=0

anx
n
áå®¤¨âáï ¯à¨ x

1

, ®â-

«¨ç­®¬ ®â ­ã«ï, â® ®­  ¡á®«îâ­® áå®¤¨âáï ¤«ï ¢á¥å x, |x| < |x
1

|.

�¥®à¥¬  1. Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï 2 ®¡à â­ ï äã­ªæ¨ï 1/f(x)

¢ ®¡« áâ¨ x < |x
0

| à §« £ ¥âáï ¢  ¡á®«îâ­® áå®¤ïé¨©áï áâ¥¯¥­­®© àï¤

1

f(x)
=

∞∑

n=0

Anx
n, (14)

£¤¥ An | å à ªâ¥à¨áâ¨ç¥áª¨¥ ®¯à¥¤¥«¨â¥«¨ (5) ¨ à ¤¨ãá áå®¤¨¬®áâ¨

R àï¤  (14) à ¢¥­ |x
0

|, â. ¥. R = |x
0

|.
�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¯® «¥¬¬¥ ®¡à â­ ï äã­ªæ¨ï

1/f(x) ¢ ®¡« áâ¨ x < |x
0

| à §« £ ¥âáï ¢  ¡á®«îâ­® áå®¤ïé¨©áï áâ¥¯¥­-
­®© àï¤

1

f(x)
=

∞∑

n=0

dnx
n,
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¯à¨ç¥¬ ª®íää¨æ¨¥­âë dn ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¨§ ¡¥áª®­¥ç­®© á¨-

áâ¥¬ë ãà ¢­¥­¨© [4℄

d
0

= 1,

n∑

k=0

akdn−k = 0, n = 1, 2, 3 . . . . (15)

Ǳ®ª �¥¬, çâ® dn = An. �¥©áâ¢¨â¥«ì­®, d0 = 1 = A
0

. � «¥¥, ¨§ (15)

¨¬¥¥¬

dn = −
n∑

k=1

akdn−k.

� á¨«ã à §«®�¥­¨ï (7) ¯®«ãç¨¬ dn = An, â. ¥.

1

f(x)
=

∞∑

n=0

Anx
n, (16)

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�á«®¢¨¥ 3. Ǳãáâì ª®íää¨æ¨¥­âë ai § ¤ ­ë â ª¨¬ ®¡à §®¬, çâ®

¢ë¯®«­ï¥âáï ãá«®¢¨¥

lim

n→∞

An+mAn−1

−An+m−1

An

An+m−1

An−1

= 0 ∀ m = 1, 2, . . . . (17)

�áâ¥áâ¢¥­­®, â ª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ áãé¥áâ¢ãîâ. � ¯à¨¬¥à,

¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ an = (−1)n/n! ­¥âàã¤­® ¯à®¢¥à¨âì ¢ë¯®«­¥-

­¨¥ ãá«®¢¨ï (17). �¥©áâ¢¨â¥«ì­®, á­ ç «  á®áâ ¢«ï¥¬ äã­ªæ¨î f(x)

¯® ä®à¬ã«¥ (4)

∞∑

p=0

(−1)p 1
p!
xp

= exp(−x).

�¥¯¥àì à §« £ ¥¬ ®¡à â­ãî äã­ªæ¨î 1/ exp(−x) ¢ áâ¥¯¥­­®© àï¤, çâ®
¢®§¬®�­® ­  ¢á¥© ¢¥é¥áâ¢¥­­®© ®á¨:

1

exp(−x) = exp(x) =

∞∑

p=0

1

p!
xp

=

∞∑

p=0

Apx
p.

�âáî¤  á«¥¤ã¥â, çâ® An = 1/n!. � «¥¥ ¢ëç¨á«ï¥¬

An+mAn−1

−An+m−1

An

An+m−1

An−1

=

−m
n(n+m)

.

�«¥¤®¢ â¥«ì­®, ãá«®¢¨¥ (17) ¢ë¯®«­ï¥âáï ¤«ï «î¡®£® ­ âãà «ì­®£®m.
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�¥®à¥¬  2. Ǳãáâì ª®íää¨æ¨¥­âë ai ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ 1{3

¨ |x
0

| ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬, ¯à¨ç¥¬ ¢¥é¥áâ¢¥­­ë¬, ­ã«¥¬ äã­ªæ¨¨

f(x) ¢ ®¡« áâ¨ x 6 |x
0

|. �®£¤  áãé¥áâ¢ã¥â ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨
(6), ¢¥à­® à ¢¥­áâ¢®

|s| = 1

|x
0

| , £¤¥ lim

n→∞
sn = s,

¨ ¢®§¬®�¥­ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯®¤ §­ ª®¬ áã¬¬ë ¢ ¢ëà �¥­¨¨ (6),

â. ¥. ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

s = −a
1

−
∞∑

p=2

ap

sp−1

. (18)

�®ª § â¥«ìáâ¢®. � á¨«ã (7) ¨§ ãá«®¢¨ï (18) ¢ëâ¥ª ¥â, çâ®

|sn+m − sn| → 0 ¯à¨ n→ ∞ ∀m = 1, 2, . . . .

�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¯à¥¤¥«

lim

n→∞
sn = lim

n→∞

An

An−1

= s,

¯à¨ç¥¬ s| ¢¥é¥áâ¢¥­­®¥ ç¨á«®, ¯®áª®«ìªã ¯®á«¥¤®¢ â¥«ì­®áâì (6) ¬®-

�¥â ¨¬¥âì â®«ìª® ¢¥é¥áâ¢¥­­ë© ¯à¥¤¥«. �®£¤  áãé¥áâ¢ã¥â

lim

n→∞

n
√
|An| = lim

n→∞

|An|
|An−1

| = |s| = 1

R
,

£¤¥ R | à ¤¨ãá áå®¤¨¬®áâ¨ àï¤  (16). �ç¥¢¨¤­® R = |x
0

|, ¯®íâ®¬ã
|s| = 1/|x

0

|.
�®ª �¥¬ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤. Ǳãáâì s | ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì-

­®áâ¨ (6), â®£¤ 

∞∑

p=0

ap

sp
= 0.

�«¥¤®¢ â¥«ì­®, ¤«ï ­¥ª®â®à®£® N á¯à ¢¥¤«¨¢®

1 +

N∑

p=1

ap

sp
+

∞∑

p=N+1

ap

sp
= 0, (19)
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£¤¥ ¯®á«¥¤­¥¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª ­ã«î ¯à¨ N → ∞. � §¤¥«¨¢ ¢ë-

à �¥­¨¥ (6) ­  sn (sn 6= 0), ¢ë¯¨è¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì (6) ¢ ¢¨¤¥

−1−
N∑

p=1

ap

p−1∏
k=0

sN−k

= 0. (20)

�ª« ¤ë¢ ï (19) ¨ (20) ¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã N → ∞ ¢ ¯®«ãç¥­­®¬

¢ëà �¥­¨¨, ¯®«ãç¨¬

lim

N→∞

(
a
1

s
+

1

s

N∑

p=2

ap

sp−1

)
= lim

N→∞

(
a
1

sN
+

1

sN

N∑

p=2

ap

p−1∏
k=1

sN−k

)
.

�âáî¤  ¨¬¥¥¬

lim

N→∞

N∑

p=2

ap

sp−1

= lim

N→∞

N∑

p=2

ap

p−1∏
k=1

sN−k

. (21)

Ǳ¥à¥å®¤ï ¢ ¢ëà �¥­¨¨ (6) ª ¯à¥¤¥«ã, á ãç¥â®¬ (21) ¯®«ãç¨¬ (18), çâ®

¨ âà¥¡®¢ «®áì ¤®ª § âì.

�â¬¥â¨¬, çâ® â¥®à¥¬  2 ¨¬¥¥â á¨«ã ¨ ¯à¨ s = 0, â. ¥. ¯à¨ R = |x
0

| =
∞. �¥à­¥¬áï ª ¯à¨¢¥¤¥­­®¬ã ¢ëè¥ ¯à¨¬¥àã. Ǳ®áª®«ìªã exp(x) ï¢«ï-

¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ­  ¢á¥© ç¨á«®¢®© ®á¨, â. ¥. R = |x
0

| = ∞,

¯® â¥®à¥¬¥ 2 ¨¬¥¥¬ s = 1/|x
0

| = 0. �¥©áâ¢¨â¥«ì­®, ­¥¯®áà¥¤áâ¢¥­­ë¥

¢ëç¨á«¥­¨ï ¯®  «£®à¨â¬ã (6) ¤ îâ sn = 1/n, ®âáî¤  lim

n→∞
sn = 0. � ­-

­ë© ¯à¨¬¥à § ¬¥ç â¥«¥­ â¥¬, çâ® ­  ¯¥à¢ë© ¢§£«ï¤ ¨§ ¢¨¤  (6) ª -

�¥âáï, çâ® à ¢¥­áâ¢® lim

n→∞
sn = 0 ­¥¢®§¬®�­®, ¯®áª®«ìªã ¢â®à®© ç«¥­

­¥®£à ­¨ç¥­­® ¢®§à áâ ¥â ¯à¨ n→ ∞.

� § ª«îç¥­¨¥ ®â¬¥â¨¬ á«¥¤ãîé¥¥

� ¬¥ç ­¨¥ 2. � á¨«ã à¥ªãàà¥­â­®áâ¨ ãà ¢­¥­¨ï (8) ¨ à ¢¥­áâ¢ 

sn = An/An−1

¯®¤å®¤, ®¯¨á ­­ë© ¢ ¤ ­­®© § ¬¥âª¥, ¬®�­® ­ §ë¢ âì

®¡®¡é¥­­ë¬ ¬¥â®¤®¬ �¥à­ã««¨.

� ª¨¬ ®¡à §®¬, ­  ®á­®¢ ­¨¨ ¨§«®�¥­­®£® ¨ à¥§ã«ìâ â®¢ à ¡®â

[1, 2℄ ¬®�­® § ª«îç¨âì, çâ® ®¡®¡é¥­­ë© ¬¥â®¤ �¥à­ã««¨ ¯®§¢®«ï¥â
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­ å®¤¨âì ª®à­¨  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï ª®­¥ç­®© ¨«¨ ¡¥áª®­¥ç­®©

áâ¥¯¥­¨.
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�¥áª®­¥ç­®© á¨áâ¥¬®© «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ¡¥á-

ª®­¥ç­ë¬ ¬­®�¥áâ¢®¬ ­¥¨§¢¥áâ­ëå ­ §ë¢ ¥âáï á¨áâ¥¬  ãà ¢­¥­¨©

a
1,1x1 + a

1,2x2 + ... = b
1

,

a
2,1x1 + a

2,2x2 + ... = b
2

,

. . . . . . . . . . . . . . . . . . . . . . . ,

(1)

£¤¥ ai,k | ¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë, bi | á¢®¡®¤­ë¥ ç«¥­ë ¨ xk |

­¥¨§¢¥áâ­ë¥. �¨áâ¥¬  ç¨á«¥­­ëå §­ ç¥­¨© ¢¥«¨ç¨­ x
1

, x
2

, . . . ­ §ë-

¢ ¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (1), ¥á«¨ ¯®á«¥ ¯®¤áâ ­®¢ª¨ íâ¨å §­ ç¥­¨©

¢ «¥¢ãî ç áâì à ¢¥­áâ¢ (1) ¬ë ¯®«ãç¨¬ áå®¤ïé¨¥áï àï¤ë ¨ ¢á¥ íâ¨

à ¢¥­áâ¢  ¡ã¤ãâ ã¤®¢«¥â¢®à¥­ë.

�¥®à¨ï ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨© ¢®§­¨ª«  ¨ à §-

¢¨« áì ¢ á¢ï§¨ á â¥¬¨ ¯à¨«®�¥­¨ï¬¨, ª®â®àë¥ ®­  ¨¬¥¥â ¢ ¢®¯à®á å

¨­â¥£à¨à®¢ ­¨ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¢ â¥®-

à¨¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¨ ¢ ®á®¡¥­­®áâ¨ ¯à¨ à¥è¥­¨¨ £à ­¨ç­ëå

§ ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ [1, 2℄.

�¥®à¨î ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨© á ¡¥áç¨á«¥­­ë¬

¬­®�¥áâ¢®¬ ­¥¨§¢¥áâ­ëå ­ ç «¨ à §à ¡ âë¢ âì ¢ ª®­æ¥ XIX | ­ -

ç «¥ XX ¢¢., ¨, ª ª ®â¬¥ç ¥â  ¢â®à à ¡®âë [1℄, ¨¬¥¥âáï ¤®áâ â®ç­®

®¡è¨à­ ï «¨â¥à âãà , ¯®á¢ïé¥­­ ï ¥©. �«¥¤ã¥â ®â¬¥â¨âì, çâ® â¥®-

à¨ï ¨¬¥¥â ¢¯®«­¥ § ª®­ç¥­­ë© ¢¨¤ (á â®çª¨ §à¥­¨ï ¯à¨¡«¨�¥­­®£®

ç¨á«¥­­®£® à¥è¥­¨ï) â®«ìª® ¢ â¥å á«ãç ïå, ª®£¤  á¨áâ¥¬  à¥£ã«ïà­ ï
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¨ ¢¯®«­¥ à¥£ã«ïà­ ï ¨«¨ ¨¬¥¥â ¬ �®à ­â­ãî á¨áâ¥¬ã. �à®¬¥ â®£®,

¤«ï ­®à¬ «ì­®© á¨áâ¥¬ë ¬®�¥â ¡ëâì à §¢¨â  â¥®à¨ï ®¯à¥¤¥«¨â¥«¥©

[1℄. �¬¥áâ¥ á â¥¬, ª ª ®â¬¥ç¥­® ¢ à ¡®â¥ [1℄, ¤® á¨å ¯®à â¥®à¨ï ¡¥áª®-

­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨© ­¥ ¯®«ãç¨«  ¢¯®«­¥ § ª®­ç¥­­®£®

¢¨¤ , ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ¯®ï¢«ïîâáï í¯¨§®¤¨ç¥áª¨¥ à ¡®âë â¨¯  [3{

6℄. � ç áâ­®áâ¨,  ¢â®à à ¡®âë [4℄ ¨áá«¥¤ã¥â à §à¥è¨¬®áâì á¨áâ¥¬ë,

ª®íää¨æ¨¥­âë ª®â®à®© ®¡« ¤ îâ á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¤«ï ¢áïª®£®

­ âãà «ì­®£® ç¨á«  n > 2 ­ ©¤¥âáï áâà®£® ¢®§à áâ îé ï ¯®á«¥¤®¢ -

â¥«ì­®áâì ­ âãà «ì­ëå ç¨á¥« ni â ª ï, çâ®

lim

i→∞

∣∣∣∣
aj+1,ni

aj,nj

∣∣∣∣ = ∞, j = 1, 2, . . . , n− 1.

Ǳ®¤ ¢«ïîé¥¥ ¡®«ìè¨­áâ¢® à ¡®â, ¢ ª®â®àëå ¯à¥¤« £ îâáï ¬¥â®¤ë à¥-

è¥­¨ï ( «£®à¨â¬¨ç¥áª¨ à¥ «¨§ã¥¬ë¥ ¡¥§ âàã¤ ) ¡¥áª®­¥ç­ëå á¨áâ¥¬

«¨­¥©­ëå ãà ¢­¥­¨©, ¯®á¢ïé¥­® ¯à¨¡«¨�¥­­®¬ã ç¨á«¥­­®¬ã à¥è¥­¨î.

� ­­ ï à ¡®â  ¢ ®â«¨ç¨¥ ®â ã¯®¬ï­ãâëå ¯®á¢ïé¥­   ­ «¨â¨ç¥-

áª®¬ã à¥è¥­¨î ®¤­®à®¤­®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨-

ç¥áª¨å ãà ¢­¥­¨© (����) ¢¨¤  [2℄

∞∑

i=0

bijxi = 0, j = 0, 1, 2, . . . . (2)

�¥â®¤®¬ � ãáá , ¨á¯®«ì§ãï ¬ â¥¬ â¨ç¥áªãî ¨­¤ãªæ¨î, á¨áâ¥¬ã

(2) ¬®�­® á¢¥áâ¨ ª áâã¯¥­ç â®¬ã ¢¨¤ã:

∞∑

i=j

aijxi = 0, j = 0, 1, 2, . . . . (3)

� «¥¥ ¯à¥¤¯®« £ ¥¬, çâ® aj,j 6= 0, â. ¥. ®¯à¥¤¥«¨â¥«ì ãá¥ç¥­­®©

á¨áâ¥¬ë (3) «î¡®£® ¯®àï¤ª  n ­¥ à ¢¥­ ­ã«î. � áá¬®âà¨¬ ãá¥ç¥­­ãî

á¨áâ¥¬ã ¢¨¤  (3), ¯à¨ íâ®¬ (çâ®¡ë ¨¬¥âì ­¥­ã«¥¢®¥ à¥è¥­¨¥) ç¨á«®

ãà ¢­¥­¨© à ¢­® n,   ç¨á«® ­¥¨§¢¥áâ­ëå à ¢­® n+ 1.

�¥®à¥¬  1. Ǳãáâì § ¤ ­  ����

n∑

i=j

ajixi = 0, ajj 6= 0, j = 0, n− 1. (4)
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�®£¤  ­¥¨§¢¥áâ­ë¥ xi ¢ëà � îâáï ç¥à¥§ xn á«¥¤ãîé¨¬ ®¡à §®¬:

xi = (−1)n−ixn

n−i∏

p=1

Sp, i = 0, n− 1, (5)

£¤¥

Sj =
an−j,n−j+1

an−j,n−j
+

j∑

p=2

(−1)p+1an−j,n−j+p

an−j,n−j

p−1∏
k=1

Sj−k

,

S
1

=

an−1,n

an−1,n−1

, j = 2, n− 1.

(6)

�®ª § â¥«ìáâ¢®. Ǳ®¤áâ ¢«ïï (5) ¢ «¥¢ãî ç áâì (4), ¨¬¥¥¬

n∑

i=j

ajixi = (−1)n+jajjxn

n−j−1∏

k=1

Sk

[
Sn−j −

aj,j+1

aj,j

+

n−j∑

p=2

(−1)paj,j+p

n−j−p∏
k=1

Sk

aj,j

n−j−1∏
k=1

Sk

]
,

¯à¨ç¥¬ ¤«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© ¡ã¤¥¬ áç¨â âì, çâ®

0∏
k=1

Sk = 1.

�¥¯¥àì, ãç¨âë¢ ï á®®â­®è¥­¨¥

n−j−p∏
k=1

Sk

n−j−1∏
k=1

Sk

=

(
p−1∏

k=1

Sn−j−k

)−1

¨ ¨á¯®«ì§ãï ¢ëà �¥­¨¥ (6), ã¡¥�¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ (5).

�«¥¤áâ¢¨¥ 1. � á¨áâ¥¬¥ (4) á®á¥¤­¨¥ ­¥¨§¢¥áâ­ë¥ á¢ï§ ­ë ¤àã£

á ¤àã£®¬ á«¥¤ãîé¨¬ ®¡à §®¬:

xi = −Sn−ixi+1, i = 0, n− 1. (7)

� ¬¥ç ­¨¥ 1. �¨áâ¥¬ã (4) ¬®�­® à áá¬®âà¥âì ¤¢®ïª®: ¢®-¯¥à¢ëå,

ª ª á ¬®áâ®ïâ¥«ì­ãî ª®­¥ç­ãî á¨áâ¥¬ã, ¢®-¢â®àëå, ª ª ãà¥§ ­­ãî ®â
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¡¥áª®­¥ç­®© á¨áâ¥¬ë (3). � ¯®á«¥¤­¥¬ á«ãç ¥, ¥áâ¥áâ¢¥­­®, ¢¬¥áâ® xi

¯®¤à §ã¬¥¢ îâáï ¨å ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï

n
xi ¨ ¤«ï ¯à®áâ®âë, ¯à¥¤-

¯®« £ ï, çâ® xi = lim

n→∞

n
xi, ®¯ãáª ¥¬ ¢¥àå­¨© §­ ª. � §ã¬¥¥âáï, â ª¨¥

á¨áâ¥¬ë áãé¥áâ¢ãîâ, å®âï ¡ë à¥£ã«ïà­ë¥ á¨áâ¥¬ë, ¤«ï ª®â®àëå ¯®-

«ãç¥­  á®®â¢¥âáâ¢ãîé ï â¥®à¥¬  [1℄. � íâ¨å â¥à¬¨­ å ¢ëà �¥­¨¥ (7)

¯à¨¬¥â ¢¨¤

xi = −( lim
n→∞

Sn−i)xi+1, i = 0,∞. (8)

� ª¨¬ ®¡à §®¬, ¨áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨ ¡¥áª®­¥ç­®© á¨áâ¥¬ë (3)

á¢®¤¨âáï ª ¨§ãç¥­¨î áå®¤¨¬®áâ¨ ¯à¥¤¥«  (6), ª®â®àë© ¬®�­® ¯¥à¥¯¨-

á âì ¢ ¢¨¤¥

Sn−j =
aj,j+1

aj,j
+

n−j∑

p=2

(−1)p+1aj,j+p

aj,j

p−1∏
k=1

Sn−j−k

, S
1

=

an−1,n

an−1,n−1

, j = 0, n− 2.

�¨áâ¥¬ã (4) ¬®�­® ¯à¥®¡à §®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:

n−j∑

p=0

aj,j+pxj+p = 0, j = 0, n− 1, ajj 6= 0. (9)

Ǳà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ª®íää¨æ¨¥­âë aj,j+p ¢ á¨áâ¥¬¥ (9) ¨¬¥îâ

¢¨¤

aj,j+p = apajj

p−1∏

k=0

�aj+k, p > 1. (10)

� ª ¨ ¢ëè¥, ¤«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© ¡ã¤¥¬ áç¨â âì, çâ® a
0

= 1

¨

−1∏
k=0

�aj+k = 1, â®£¤  ¬®�­® ¯à¨­ïâì p > 0.

�¥®à¥¬  2. �á«¨ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (9) ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥

(10), â® à¥è¥­¨¥ á¨áâ¥¬ë (9) á¢®¤¨âáï ª à¥è¥­¨î á¨áâ¥¬ë

n−j∑

p=0

apyj+p = 0, j = 0, n− 1, (11)

¯à¨ íâ®¬ ­¥¨§¢¥áâ­ë¥ yi ¢ëà � îâáï ç¥à¥§ yn ¯® ä®à¬ã«¥

yi = (−1)n−iyn

n−i∏

k=1

Sk, i = 0, n− 1, (12)
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£¤¥

Sn−j = a
1

+

n−j∑

p=2

(−1)p+1ap

p−1∏
k=1

Sn−j−k

, S
1

= a
1

, j = 0, n− 2. (13)

�®ª § â¥«ìáâ¢®. �¥£ª® ¢¨¤¥âì, çâ®, ¯®¤áâ ¢«ïï (10) ¢ á¨áâ¥¬ã

(9) ¨ ®¡®§­ ç ï

yj+p =

p−1∏

k=0

�aj+kxj+p, (14)

¯®«ãç¨¬ á¨áâ¥¬ã (11), ¯à¨ íâ®¬ ª �¤®¥ j-¥ ãà ¢­¥­¨¥ ¢ (9) ã¬­®�¨¬

­  ¢ëà �¥­¨¥

j−1∏
k=1

�aj−k.

� ãç¥â®¬ (5) ¢ëà �¥­¨¥ (14) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

yj+p = (−1)n−j−pyn

p−1∏
k=0

�aj+k

n−j−1∏
k=0

�aj+k

n−j−p∏

k=1

Sk. (15)

�«ï ª®íää¨æ¨¥­â®¢ (10) ¨§ á®®â­®è¥­¨ï (6) á«¥¤ã¥â, çâ®

Sn−j = �aj

[
a
1

+

n−j∑

p=2

(−1)p+1ap

p−1∏
k=1

�aj+k

p−1∏
k=1

Sn−j−k

]
= �ajSn−j , (16)

£¤¥

Sn−j = a
1

+

n−j∑

p=2

(−1)p+1ap

p−1∏
k=1

�aj+k

p−1∏
k=1

(Sn−j−k�aj+k)

.

�âáî¤  ¨ ¢ëâ¥ª ¥â à ¢¥­áâ¢® (13). �à®¬¥ â®£®, S
1

= a
1

, ¯®áª®«ìªã

á¯à ¢¥¤«¨¢® (16). � ª ª ª

p−1∏
k=0

�aj+k

n−j−p∏
k=1

�an−k

n−j−1∏
k=0

�aj+k

= 1,
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â®, ãç¨âë¢ ï (16), ¨§ á®®â­®è¥­¨ï (15) ¯®«ãç¨¬ (12), çâ® ¨ âà¥¡®¢ «®áì

¤®ª § âì.

� ¬¥ç ­¨¥ 2. �å®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ (13) à áá¬®âà¥­ 

¢ à ¡®â¥ [7℄.

Ǳ¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ª®­ªà¥â­®£® ¯à¨¬¥à . Ǳãáâì § ¤ ­ 

á«¥¤ãîé ï ¡¥áª®­¥ç­ ï ®¤­®à®¤­ ï ����:

x
0

+ x
1

+ x
2

+ · · ·+ xn + · · · = 0,

2 · 3x
1

+ 4 · 5x
2

+ · · ·+ 2n(2n+ 1)xn + · · · = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(2n− 1)!xn−1

+ 4.5 . . . n(2n+ 1)xn + · · · = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(17)

�ç¥¢¨¤­®, á¨áâ¥¬  (17) ã�¥ ¨¬¥¥â áâã¯¥­ç âë© ¢¨¤. �«ï â®£®

çâ®¡ë ¯à¨¬¥­¨âì â¥®à¥¬ã 1 ¨«¨ 2, ­¥®¡å®¤¨¬® ãà¥§ âì ¡¥áª®­¥ç­ãî

á¨áâ¥¬ã ª®­¥ç­®© á¨áâ¥¬®©.

�®£¤  á¨áâ¥¬ã (17) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

n∑

i=j

(2i+ 1)!

(2(i− j) + 1)!

xi = 0, j = 0, n− 1, (18)

¯à¨ íâ®¬ ­¥®¡å®¤¨¬® ¯®¬­¨âì, çâ® ¯®¤ xi ¯®¤à §ã¬¥¢ ¥âáï
n
xi. �ç¥¢¨¤-

­®, á¨áâ¥¬  (18) ¨¬¥¥â ¢¨¤ á¨áâ¥¬ë (4), ¨, á«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ë

ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë 1 ¨ ¥¥ á«¥¤áâ¢¨ï.

� ¬¥â¨¬, çâ® á¨áâ¥¬ã (18) ¬®�­® ¯à¥®¡à §®¢ âì ª ¢¨¤ã (9), ¯à¨

íâ®¬ ª®íää¨æ¨¥­âë á¨áâ¥¬ë ¯à¨­¨¬ îâ ¢¨¤ (10)

aj,j+p =
1

(2p+ 1)!

(2j + 1)!

p−1∏

k=o

(2j + 2k + 3)(2j + 2k + 2),

â. ¥.

ap =
1

(2p+ 1)!

; ajj = (2j + 1)!;

p−1∏

k=0

�aj+k =
(2j + 2p+ 1)!

(2j + 1)!

.
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�ç¥¢¨¤­®, àï¤, á®áâ ¢«¥­­ë© ¨§ ª®íää¨æ¨¥­â®¢ ap, ¡ã¤¥â áå®¤ïé¨¬-

áï, á«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢  â¥®à¥¬  2 à ¡®âë [7℄, ¨ ¢ ¤ «ì­¥©è¥¬

¬®�­® ¨á¯®«ì§®¢ âì ¥¥.

�¢ï§ë¢ ï ª �¤®¥ ­¥¨§¢¥áâ­®¥ á ¯®á«¥¤ãîé¨¬, ­  ®á­®¢ ­¨¨ á«¥¤-

áâ¢¨ï 1 ¨¬¥¥¬

xi = −Sn−i
(2i+ 3)!

(2i+ 1)!

xi+1, i = 0, n− 1, (19)

Sj =
1

3!

+

j∑

p=2

(−1)p+1

(2p+ 1)!

p−1∏
k=1

Sj−k

, j = 2, n, S
1

=

1

3!

. (20)

�¥©áâ¢¨â¥«ì­®, ¯®¤áâ ¢«ïï ¢ëà �¥­¨¥

aj,j+p

ajj
=

(2j + (2p+ 1))!

(2i+ 1)!(2p+ 1)

¢ (6), ¯®«ãç¨¬

Sn−j =
(2j + 3)!

(2j + 1)!

[
1

3!

+

n−j∑

p=2

(−1)p+1(2j + 4) . . . (2j + 2p+ 1)

(2i+ 1)!

p−1∏
k=1

Sn−j−k

]

=

(2j + 3)!

(2j + 1)!

Sn−j. (21)

� áá¬®âà¨¬

p−1∏

k=1

Sn−j−k =

p−1∏

k=1

(2j + 2k + 2)(2j + 2k + 3)Sn−j−k

= (2j + 4)(2j + 5) . . . (2j + 2p+ 1)

p−1∏

k=1

Sn−j−k.

Ǳ®¤áâ ¢«ïï ¯®á«¥¤­¥¥ ¢ëà �¥­¨¥ ¢ (21),   (21) ¢ (7), ¯à¨å®¤¨¬ ª á®-

®â­®è¥­¨ï¬ (19) ¨ (20), ¯à¨ íâ®¬ ­¥¯®áà¥¤áâ¢¥­­® ¨§ ¯®á«¥¤­¥£® ãà ¢-

­¥­¨ï á¨áâ¥¬ë (18) á«¥¤ã¥â S
1

= 1/3!. �¤¥áì ¤«ï ¯à®áâ®âë ®¯ãáâ¨«¨

ç¥àâ®çªã ­ ¤ Sj . �  ®á­®¢ ­¨¨ â¥®à¥¬ë 2 ¨§ [7℄ áãé¥áâ¢ã¥â ¯à¥¤¥«
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lim

n→∞
Sn = S, ¯à¨ç¥¬ ¢ ¢ëà �¥­¨¨ (20) ¢®§¬®�¥­ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤,

â®£¤  ¨¬¥¥¬

lim

n→∞
Sn = S =

1

3!

+

∞∑

p=2

(−1)p+1

(2p+ 1)! lim

n→∞

p−1∏
k=1

Sn−k

=

∞∑

p=1

(−1)p+1S1−p

(2p+ 1)!

.

�âáî¤  á«¥¤ã¥â, çâ®

∞∑

p=0

(−1)p+1S1−p

(2p+ 1)!

= 0, â. ¥. sin(1/
√
S) = 0. (22)

Ǳ®íâ®¬ã S = 1/π2k2, k = 1, 2 . . . ,   ­¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï ¯®

 «£®à¨â¬ã (20) ã¡¥�¤ îâ, çâ® S = 1/π2.

�«¥¤®¢ â¥«ì­®, á®®â­®è¥­¨¥ (19) ¯à¨¬¥â ¢¨¤ (­¥®¡å®¤¨¬® ¯®¬-

­¨âì, çâ® ¯® ¯à¥¤¯®«®�¥­¨î lim

n→∞

n
xi = xi)

xi = − (2i+ 3)!

π2(2i+ 1)!

xi+1, i = 0, 1, 2, . . . . (23)

�¥è ï à¥ªãàà¥­â­®¥ ãà ¢­¥­¨¥ (23) ¢ ®¡à â­®¬ ¯®àï¤ª¥, ¯®«ãç¨¬

xi =
(−1)iπ2i

(2i+ 1)!

x
0

, i = 0, 1, 2, . . . , (24)

£¤¥ x
0

| ¯à®¨§¢®«ì­®¥ ç¨á«®. Ǳ®¤áâ ¢«ïï (24) ¢ ¡¥áª®­¥ç­ãî á¨áâ¥-

¬ã (17), ã¡¥�¤ ¥¬áï, çâ® ¢á¥ ãà ¢­¥­¨ï á¨áâ¥¬ë ã¤®¢«¥â¢®àïîâáï, ¯®-

áª®«ìªã sinπ = 0. � ª¨¬ ®¡à §®¬, ¢ëà �¥­¨¥ (24) ï¢«ï¥âáï  ­ «¨â¨-

ç¥áª¨¬ à¥è¥­¨¥¬ á¨áâ¥¬ë (17).

� ¬¥ç ­¨¥ 3. �á«¨ ãà ¢­¥­¨¥ â¨¯  (22) ¨¬¥¥â ­¥áª®«ìª® ª®à­¥©,

¢ ­ è¥¬ á«ãç ¥ | ¡¥áª®­¥ç­®¥ ¬­®�¥áâ¢® ª®à­¥© Sk =
1

π2k2 , â® áâ®«ìª®

�¥ à §«¨ç­ëå à¥è¥­¨© ¨¬¥¥â á®®â¢¥âáâ¢ãîé ï ¡¥áª®­¥ç­ ï á¨áâ¥¬ .

� ¤ ­­®¬ á«ãç ¥ â ª¨¬¨ à¥è¥­¨ï¬¨-¢¥ªâ®à ¬¨ ¤«ï ª �¤®£® k ¡ã¤ãâ

x
(k)
i =

(−1)iπ2ik2i

(2i+ 1)!

x
0

, i = 0, 1, 2, . . . , k = 1, 2, . . . .

� ¬¥ç ­¨¥ 4. �ç¥¢¨¤­®, ¢á¥ àï¤ë, á®áâ ¢«¥­­ë¥ ¨§  ¡á®«îâ­ëå

¢¥«¨ç¨­ ª®íää¨æ¨¥­â®¢ ¡¥áª®­¥ç­®© á¨áâ¥¬ë (17), ­¥ áå®¤ïâáï. �à®¬¥

â®£®, ­¥ áãé¥áâ¢ã¥â ­¨ª ª®© ¬ �®à ­â­®© ¤«ï ­¥¥ á¨áâ¥¬ë, á«¥¤®¢ -

â¥«ì­®, ¢á¥ à ­¥¥ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ­¥ ¯à¨£®¤­ë ¤«ï à¥è¥­¨ï

à áá¬®âà¥­­®£® ¯à¨¬¥à .
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� ������� Ǳ����������

�. � � «¨«®¢

Ǳ¥à¢ë¬ ¯à¨¬¥à®¬ í««¨¯â¨ç¥áª®© ¯® Ǳ¥âà®¢áª®¬ã á¨áâ¥¬ë, ¤«ï

ª®â®à®© ­ àãè « áì ­�¥â¥à®¢®áâì § ¤ ç¨ �¨à¨å«¥, ï¢«ï¥âáï á¨áâ¥¬ 

�. �. �¨æ ¤§¥ [1℄

−�u+ 2

∂

∂x
(ux + vy) = 0, −�v + 2

∂

∂y
(ux + vy) = 0.

Ǳ®  ­ «®£¨¨ á á¨áâ¥¬®© �. �. �¨æ ¤§¥ ¡ë«¨ ¯®áâà®¥­ë ¯à¨¬¥àë

í««¨¯â¨ç¥áª¨å ¯® Ǳ¥âà®¢áª®¬ã á¨áâ¥¬ ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  á

âà¥¬ï ¨ ç¥âëàì¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ [2, 3℄,   â ª�¥ á ¯à®¨§-

¢®«ì­ë¬ ç¨á«®¬ ¯¥à¥¬¥­­ëå [4℄, ¤«ï ª®â®àëå ­ àãè « áì ­�¥â¥à®¢®áâì

§ ¤ ç¨ �¨à¨å«¥. �. �. �¨è¨ª [5℄ ®¯à¥¤¥«¨« ª« áá á¨«ì­® í««¨¯â¨ç¥-

áª¨å á¨áâ¥¬, ª®â®àë¥ ¢ á¬ëá«¥ à §à¥è¨¬®áâ¨ ª« áá¨ç¥áª¨å £à ­¨ç­ëå

§ ¤ ç ¢¥¤ãâ á¥¡ï â®ç­® â ª �¥, ª ª ®¤­® í««¨¯â¨ç¥áª®¥ ãà ¢­¥­¨¥, â. ¥.

íâ¨ § ¤ ç¨ ­�¥â¥à®¢ë. �®àà¥ªâ­®áâì �¥ ª« áá¨ç¥áª¨å £à ­¨ç­ëå § ¤ ç

¤«ï ¬­®£®¬¥à­ëå ®¡é¨å í««¨¯â¨ç¥áª¨å ¯® Ǳ¥âà®¢áª®¬ã á¨áâ¥¬, ¤ �¥ á

¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ¨áá«¥¤®¢ ­  ®ç¥­ì ¬ «®,   â ª�¥ ¤ «¥-

ª¨ ®â ¯®«­®£® à¥è¥­¨ï ¨ § ¤ ç¨ £®¬®â®¯¨ç¥áª®© ª« áá¨ä¨ª æ¨¨ â ª¨å

á¨áâ¥¬.

� ¤ ­­®© à ¡®â¥ ¨áá«¥¤ã¥âáï á¨áâ¥¬  ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§-

¢®¤­ëå:

−
n∑

i,k=1

ai,k(X)
∂2uj

∂xi∂xk
+

n∑

k=1

λjk(X)
∂

∂xk

n∑

i=1

li(ui) = 0, j = 1, n, (1)


© 2008 � «¨«®¢ �. �.
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£¤¥

li(·) =
n∑

k=1

aik(X)
∂

∂xk
, i = 1, n,

  X = (x
1

, x
2

, . . . , xn) ï¢«ï¥âáï â®çª®© n-¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­-

áâ¢  Rn
. Ǳà¥¤¯®« £ ¥âáï, çâ® λji = −λji, i 6= j, λ

11

= λ
22

= · · · =
λnn = λ, aik = aki ¨ A · �

0

= �

0

A, £¤¥ A = (aik)n,

�

0

=




0 λ
12

. . . λ
1n

−λ
12

0 . . . λ
2n

. . . . . . . . . . . .
−λ

1n λ
2n . . . 0


 .

� à ªâ¥à¨áâ¨ç¥áª¨© ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (1) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

σ(ξ) = (−1)n−1

(λ(X)− 1)[L(ξ)℄n, L(ξ) =

n∑

i,k=1

aik(X)ξiξk.

�âáî¤  ¢¨¤­®, çâ® ¥á«¨ ª¢ ¤à â¨ç­ ï ä®à¬  L(ξ) ¯®«®�¨â¥«ì­®

¨«¨ ®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ ï ¨ λ(X) 6= 1, â® á¨áâ¥¬  ãà ¢­¥­¨© (1)

ï¢«ï¥âáï í««¨¯â¨ç¥áª®©. �® å à ªâ¥à¨áâ¨ç¥áª ï ¬ âà¨æ  á¨áâ¥¬ë (1)

¨¬¥¥â á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï:

µj = −L(ξ), µn = (λ(X)− 1)λ(ξ).

�á«¨ λ(X) < 1, â® íâ¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨¬¥îâ ®¤¨­ ª®¢ë¥ §­ -

ª¨, â. ¥. å à ªâ¥à¨áâ¨ç¥áª ï ¬ âà¨æ  á¨áâ¥¬ë ï¢«ï¥âáï ®¯à¥¤¥«¥­­®©.

�«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  (1) ï¢«ï¥âáï á¨«ì­® í««¨¯â¨ç¥-

áª®©. �á«¨ λ(X) > 1, â® µj , j = 1, n− 1, ¨¬¥îâ ®¤¨­ ª®¢ë¥ §­ ª¨,  

µn | ¯à®â¨¢®¯®«®�­ë¥ ¨¬. � íâ®¬ á«ãç ¥ å à ªâ¥à¨áâ¨ç¥áª ï ¬ â-

à¨æ  á¨áâ¥¬ë (1) ­¥ ï¢«ï¥âáï á¨«ì­® í««¨¯â¨ç¥áª®©. �á«¨ λ(x) = 1,

â® σ(ξ) ≡ 0 ¨ ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  (1) ­¥ ï¢«ï¥âáï í««¨¯â¨ç¥áª®©,

â. ¥. ®­  ¢ëà®�¤ ¥âáï. �«ãç © λ(X) < 1 ­¥ ¯à¥¤áâ ¢«ï¥â ¤«ï ¨áá«¥-

¤®¢ ­¨ï ®á®¡®£® ¨­â¥à¥á . Ǳ®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥¬, çâ®

λ(X) > 1. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ á«ãç ¥, ª®£¤  L = � ¨ λji = 0, i 6= j,

i, j = 1, n, λ(X) = 2, á¨áâ¥¬  (1) á®¢¯ ¤ ¥â á ¬­®£®¬¥à­ë¬  ­ «®£®¬

á¨áâ¥¬ë �. �. �¨æ ¤§¥ [4℄.
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Ǳãáâì á¨áâ¥¬  ãà ¢­¥­¨© (1) § ¤ ­  ¢ ­¥ª®â®à®© ®£à ­¨ç¥­­®© ®¡-

« áâ¨ D
1

, á®¤¥à� é¥© § ¬ª­ãâãî ®¡« áâì D = D ∪ S, £¤¥ £à ­¨æ 

∂D = S ®¡« áâ¨ D ï¢«ï¥âáï ¯®¢¥àå­®áâìî �ï¯ã­®¢ , ¨ ¯ãáâì aik(X),

λik(X) ∈ C1,α
(D

1

), 0 < α 6 1, i, k = 1, n. � ¤ çã �¨à¨å«¥ ¤«ï á¨áâ¥¬ë

(1) ¢ ®¡« áâ¨ D à áá¬®âà¨¬ ¢ á«¥¤ãîé¥© ¯®áâ ­®¢ª¥: ­ ©â¨ à¥£ã«ïà-

­ë¥ ¢ ®¡« áâ¨ D à¥è¥­¨ï u
1

, u
2

, . . . , un á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¥¥

­  £à ­¨æ¥ S ®¡« áâ¨ D ªà ¥¢ë¬ ãá«®¢¨ï¬

uj |S = fj(X), j = 1, n, (2)

£¤¥ fj(X) ∈ C1

(S), j = 1, n.

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

ϕ(X) =

n∑

i=1

li(ui). (3)

�¥¯¥àì á¨áâ¥¬ã (1) ¬®�­® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

Luj =

n∑

i,k=1

ai,k(X)
∂2uj

∂xi∂xk
= λj(X), j = 1, n, (4)

£¤¥

λj(·) =
n∑

k=1

λjk(X)
∂

∂xk
, j = 1, n.

Ǳà¥¤¯®« £ ï, çâ® ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© á¨áâ¥¬ë (4) ¨§¢¥áâ­ë,

¡ã¤¥¬ ¨áª âì ¥¥ à¥è¥­¨¥ ¢ ¢¨¤¥

uj(X) = −
∫

D

H(X,Y, 0)ρj(Y )dY V

− 2

∫

S

σj(Y )

n∑

i,k=1

aik(Y )
∂H(X,Y, ρ)

∂yk
ωi(Y )dY S, j = 1, n, (5)

£¤¥ ρj(X), j = 1, n, | ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¢ ®¡« -

áâ¨ D,   σj(X), j = 1, n, ­  ¯®¢¥àå­®áâ¨ S, p > 2, dY V | í«¥¬¥­âë

®¡ê¥¬  ®¡« áâ¨ D, dY S | í«¥¬¥­â ¯«®é ¤¨ ¯®¢¥àå­®áâ¨ S. �­ ª Y

®§­ ç ¥â, çâ® ¨­â¥£à¨à®¢ ­¨¥ ¯à®¨§¢®¤¨âáï ¯® ¯¥à¥¬¥­­ë¬ Y . �ã¤¥¬
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áç¨â âì ρj(X), j = 1, n, ­¥¯à¥àë¢­ë¬¨ ¯® ��¥«ì¤¥àã,   σj(X), j = 1, n,

­¥¯à¥àë¢­ë¬. �¤¥áì

H(X,Y, 0) =
�(n/2− 1)

4

√
πnD(Y )

[
n∑

i,k=1

Ai,k(Y )(xi − yi)(xk − yk)

]
(2−n)/n

, n > 3,

H(X,Y, ρ) = H(X,Y, 0) +

p∑

m=1

∫

D

H(X,Z, 0)K(m)

(Z, Y ) dZV,

K(m)

(X,Y ) =

∫

D

K(m−1)

(X,Z)K(Z, Y )dZV, K(X,Y ) = LX [H(X,Y, 0)℄,

D(Y ) | ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A(Y ) = (aik(Y ))n, Aik(Y ) |  «£¥¡-

à ¨ç¥áª¨¥ ¤®¯®«­¥­¨ï í«¥¬¥­â®¢ aik(Y ) ¬ âà¨æë A(Y ). Ǳ®¤áâ ¢«ïï

§­ ç¥­¨¥ äã­ªæ¨¨ uj(X), j = 1, n, ¨§ à ¢¥­áâ¢  (5) ¢ ãà ¢­¥­¨ï (4),

­ å®¤¨¬

ρj(x) − µ

∫

D

K(X,Y )ρj(Y )dY V

− 2

∫

S

σj(Y )

n∑

i,k

aik(Y )
∂K(p+1)

(X,Y )

∂yk
ωi(Y ) dY S = λj(ϕ), j = 1, n,

(6)

  ã¤®¢«¥â¢®àïï £à ­¨ç­®¬ã ãá«®¢¨î, ¯®«ãç¨¬

σj(x)− µ

∫

D

K(X,Y, 0)ρi(Y ) dY V

− 2

∫

S

σj(Y )
n∑

i,k

aik(Y )
∂H(X,Y, 0)

∂yk
ωi(Y ) dY S = fj(X), j = 1, n. (7)

Ǳ®«ãç¥­­ë¥ 2n á®®â­®è¥­¨© ¯à¥¤áâ ¢«ïîâ á®¡®© ¤«ï ª �¤®© ¯ àë

äã­ªæ¨© ρj(X) ¨ σj(X) á®®â¢¥âáâ¢¥­­® á¨áâ¥¬ã ¤¢ãå ãà ¢­¥­¨© �à¥¤-

£®«ì¬ . �¤¥áì ç¥à¥§ ωi ®¡®§­ ç¥­® i-¥ á®áâ ¢«ïîé¥¥ ¥¤¨­¨ç­®£® ¢¥ª-

â®à  ­®à¬ «¨ ª ¯®¢¥àå­®áâ¨ S, ¢­¥è­¥© ®â­®á¨â¥«ì­® D,  

µ = 1/4π−(n/2)
�(n/2− 1).
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�á«¨ ¯®«ãç¥­­ë¥ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �à¥¤£®«ì¬ 

à §à¥è¨¬ë, â® äã­ªæ¨¨ uj(X), j = 1, n, ¢ëà � ¥¬ë¥ ä®à¬ã« ¬¨ (5),

ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢­¥­¨© (4) ¨ ­  £à ­¨æ¥ ®¡« áâ¨ D ¯à¨­¨-

¬ îâ §­ ç¥­¨ï fj(X), j = 1, n. Ǳ® ãá«®¢¨î äã­ªæ¨¨ fj(X), j = 1, n,

­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë, ¨­â¥£à «ë, ¢å®¤ïé¨¥ ¢ (7), ­¥¯à¥àë¢-

­ë ¯® ��¥«ì¤¥àã [6℄. �«¥¤®¢ â¥«ì­®, äã­ªæ¨¨ σj(X), j = 1, n, ­¥¯à¥àë¢-

­ë¥. �á«¨ ¯à¥¤¯®« £ âì, çâ® ϕ(X) ∈ C1,β
(D

1

), 0 < β 6 1, â® ¯à ¢ë¥

ç áâ¨ à ¢¥­áâ¢  (6) ¡ã¤ãâ äã­ªæ¨ï¬¨, ­¥¯à¥àë¢­ë¬¨ ¯® ��¥«ì¤¥àã,  

¨­â¥£à «ë ¯® S ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨ ¯® ��¥«ì¤¥àã [6℄.

�­ ç¨â, ¨ á ¬¨ äã­ªæ¨¨ ρj(X), j = 1, n, â ª�¥ ï¢«ïîâáï ­¥¯à¥àë¢­ë-

¬¨ ¯® ��¥«ì¤¥àã,   íâ® ®§­ ç ¥â, çâ® äã­ªæ¨¨ uj(X), j = 1, n, ¢ëà � -

¥¬ë¥ ä®à¬ã« ¬¨ (5), ¨¬¥îâ ¢â®àë¥ ¯à®¨§¢®¤­ë¥ ¢ D ¨ ¨§ ãà ¢­¥­¨ï

(6) á«¥¤ãîâ ãà ¢­¥­¨ï Luj = λj(ϕ), j = 1, n. � á¨«ã à ¢¥­áâ¢  (7)

äã­ªæ¨¨ uj(X) ã¤®¢«¥â¢®àïîâ ¨ £à ­¨ç­®¬ã ãá«®¢¨î (2). �à ¢­¥­¨ï

(6) ¨ (7) à §à¥è¨¬ë, ª®£¤  ¢á¥ ª®íää¨æ¨¥­âë aik ¯®áâ®ï­­ë¥. �¥¯¥àì

ãà ¢­¥­¨ï (6) ¯à¥¢à é îâáï ¢ ãà ¢­¥­¨ï ρj(X) = λj(ϕ), j = 1, n,  

ãà ¢­¥­¨ï (7) «¨­¥©­®© § ¬¥­®© ¯¥à¥¬¥­­ëå á¢®¤ïâáï ª  ­ «®£¨ç­ë¬

ãà ¢­¥­¨ï¬, á¢ï§ ­­ë¬ á ®¯¥à â®à®¬ � ¯« á , ¯à¨ç¥¬ à §à¥è¨¬®áâì

íâ¨å ¯®á«¥¤­¨å ãà ¢­¥­¨© ¨§¢¥áâ­ . � ®¡é¥¬ á«ãç ¥ à §à¥è¨¬®áâì

íâ¨å ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¬®�­® ¤®ª § âì ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì-

­ëå ¯à¨¡«¨�¥­¨© ¤«ï ¬ «ëå ®¡« áâ¥©. �á«¨ ®¡« áâì D ¨ ¯«®é ¤ì

¯®¢¥àå­®áâ¨ S ¤®áâ â®ç­  ¬ «ë, â®

uj(X) = −2
∫

S

P
1

(X,Y )fj(Y ) dY S −
∫

D

P
2

(X,Y )λj [ϕ(Y )℄ dY V, j = 1, n,

(8)

P
2

(X,Y ) = G(X,Y ) + 2

∫

S

P
1

(X,Y )G(Z, Y ) dZS,

P
1

(X,Y ) =

n∑

i,k=1

aik(Y )
∂H(X,Y, p)

∂yk
· ωi(Y )

+ 2

∫

S

n∑

i,k+1

aik(Z)
∂H(X,Z, p)

∂zk
· ωi(Z) · P (Z, Y ) dZS,
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G(X,Y ) = H(X,Y, 0) +

∫

D

H(X,Z, 0)N(Z, Y ) dZV,

£¤¥ P (X,Y ) ¨ N(X,Y ) | à¥§®«ì¢¥­âë �à¥¤£®«ì¬  ï¤¥à

n∑

i,k=1

aik(Y )
∂H(X,Y, p)

∂yk
· ωi(Y ) ¨ K(X,Y )

á®®â¢¥âáâ¢¥­­®. �¤à® P
1

(X,Y ) ¨¬¥¥â ­¥¯à¥àë¢­ë¥ ¢â®àë¥ ¯à®¨§¢®¤-

­ë¥ ¯® ¯¥à¥¬¥­­ë¬ xi ¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î LXP1(X,Y ) = 0 ¢

ª �¤®© ¯®¤®¡« áâ¨, áâà®£® «¥� é¥© ¢ ®¡« áâ¨ D. Ǳà¨ X ∈ S ¨ X 6= Y

ï¤à® P
1

(X,Y ) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¯® ¯¥à¥¬¥­­®© X ,  

¯® ¯¥à¥¬¥­­®© Y | ­¥¯à¥àë¢­®© ¯® ��¥«ì¤¥àã äã­ªæ¨¥©. �à®¬¥ â®£®,

P
1

(X,Y ) = o
(
r1−n
XY

)
¯à¨ X → Y.

�­ «®£¨ç­ë¥ á¢®©áâ¢  ¨¬¥¥â ¨ ï¤à® G(X,Y ), ¨ ¢ á¨«ã á¢®©áâ¢  äã­ª-

æ¨¨ �¥¢¨ H(X,Y, 0) á¯à ¢¥¤«¨¢®

G(X,Y ) = o
(
r2−n
XY

)
¯à¨ X → Y.

�­â¥£à¨àãï ¯® ç áâï¬ ¢® ¢â®à®¬ ¨­â¥£à «¥ ¯à ¢®© ç áâ¨ (8), ­ ©¤¥¬

uj(X) = −2
∫

S

P
1

(X,Y )fj(Y ) dY S

−
∫

S

n∑

i,k

λjk(Y )P2(X,Y )ωk(Y )ϕ̃(Y ) dY S

+

∫

D

n∑

k=1

∂

∂yk
[λjk(Y )P2(X,Y )℄ϕ(Y ) dY V, j = 1, n.

�ã­ªæ¨¨

ϕj(X) = −
∫

S

P
1

(X,Y )fj(Y ) dY S, j = 1, n,

ï¢«ïîâáï ®¡®¡é¥­­ë¬ ¯®â¥­æ¨ «®¬ ¤¢®©­®£® á«®ï, ª®â®àë© ¢® ¢á¥å

â®çª å ®¡« áâ¨ D ï¢«ï¥âáï äã­ªæ¨¥© ª« áá  C2

,   ¯à¨ X → X
0

∈ S



104 � «¨«®¢ �. �.

¨¬¥¥â ª®­¥ç­ë© ¯à¥¤¥« [7℄. �¤à® P
1

(X,Y ) à ¢­® o
(
r2−n
XY

)
¯à¨ X → Y .

� ª ª ª λik(Y ) ∈ C1,α
(D

1

), 0 < α 6 1, j, k = 1, n, â®
n∑

k=1

∂

∂yk
[λjk(Y )P2(X,Y )℄ = o

(
r1−n
XY

)
¯à¨ X → Y.

�«¥¤®¢ â¥«ì­®, ¢á¥ ¨­â¥£à «ë, ¢å®¤ïé¨¥ ¢ ¢ëà �¥­¨ï ¤«ï äã­ªæ¨¨

uj(X), j = 1, n, ¨¬¥îâ á« ¡ãî ®á®¡¥­­®áâì ¨ ®¯à¥¤¥«ïîâ ­¥¯à¥àë¢­®

¤¨ää¥à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨. � ¤àã£®© áâ®à®­ë,

ϕ(X) = 2

n∑

k=1

li(ϕi)−
n∑

i=1

li

[∫

D

P
2

(X,Y )λi[ϕ(Y )℄ dY V

]

= 2

n∑

k=1

li(ϕi)−
n∑

i=1

li

[∫

S

n∑

k=1

λik(Y )P2(X,Y )ωk(Y )ϕ̃(Y ) dY S

]

+

n∑

i=1

li

[∫

D

n∑

k=1

∂

∂yk
[λik(Y )P2(X,Y )℄ϕ(Y ) dY V

]
.

�á«¨ X ∈ D, â® ¢ ¯®¢¥àå­®áâ­®¬ ¨­â¥£à «¥ ï¤à® ï¢«ï¥âáï ­¥¯à¥àë¢­®

¤¨ää¥à¥­æ¨àã¥¬®© äã­ªæ¨¥© ¯® ¯¥à¥¬¥­­®© X , ¨ ¥£® ¬®�­® ¤¨ää¥-

à¥­æ¨à®¢ âì ¯®¤ §­ ª®¬ ¨­â¥£à « ,   ï¤à®

n∑

i,k=1

λik(Y )l
X
j [P2(X,Y )℄ωk(Y )

­¥¯à¥àë¢­®. �¡ê¥¬­ë¥ ¨­â¥£à «ë ¯¥à¥¯¨è¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

∫

D

n∑

k=1

∂

∂yk
[λik(Y )P2(X,Y )℄ϕ(Y ) dY V =

∫

D

αi(Y )P2(X,Y )ϕ(Y ) dY V

+

n∑

k=1

∫

D

[λik(Y )− λik(X)℄
∂P

2

(X,Y )

∂yk
dY V

+

n∑

k=1

λik(X)

∫

D

∂P
2

(X,Y )

∂yk
ϕ(Y ) dY V, i = 1, n,

£¤¥

αi(Y ) =

n∑

k=1

∂λik

∂yk
, i = 1, n.
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Ǳ¥à¢ë¥ ¨­â¥£à «ë ï¢«ïîâáï ®¡®¡é¥­­ë¬¨ ¯®â¥­æ¨ « ¬¨ ®¡ê¥¬­®©

¬ ááë á ¯«®â­®áâï¬¨ αi(Y )ϕ(Y ), ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ¤¢ -

�¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨ [7℄. � á¨«ã â®£®, çâ®

λjk(X) ∈ C1,α
(D), ï¤à  ¢® ¢â®àëå ¨­â¥£à « å ¨¬¥îâ ®á®¡¥­­®áâ¨ ­¥

¢ëè¥ o
(
r1+α−n
XY

)
¯à¨ X → Y . �à®¬¥ â®£®,

∂P
2

(X,Y )

∂yk
= o
(
r1−n
XY

)
, k = 1, n, ¯à¨ X → Y.

�«¥¤®¢ â¥«ì­®,

n∑

i=1

li

∫

D

n∑

k=1

∂

∂yk
[λik(Y )P2(X,Y )℄ϕ(Y ) dY V =

∫

D

A(X,Y )ϕ(Y ) dY V

+

n∑

i,k=1

λik(X)li

[∫

D

∂

∂yk
P
2

(X,Y )ϕ(Y ) dY V

]
,

£¤¥

A(X,Y ) = o
(
rα−n
XY

)
, 0 < α 6 1, ¯à¨ X → Y.

�à®¬¥ â®£® [7℄,

∂P
2

(X,Y )

∂yk
= −∂P2(X,Y )

∂xk
+ o
(
rα−n
XY

)
, 0 < α 6 1.

�âáî¤  ­ å®¤¨¬

ϕ(X) = 2

n∑

i=1

li(ϕi)−
∫

S

B
1

(X,Y )ϕ̃(Y ) dY S

+

∫

S

B
2

(X,Y )ϕ(Y ) dY V −
n∑

i,k=1

λik(X)li

[
∂�(X)

∂xk

]
,

£¤¥

�(X) =

∫

D

P
2

(X,Y )ϕ(Y ) dY V.

�®

n∑

i,k=1

λik(X)li

[
∂�

∂xk

]
=

n∑

i,k=1

λik(X)
n∑

l=1

ail(X)
∂2�

∂xl∂xk

=

n∑

k,l=1

(
n∑

i=1

λik(X)ail(X)

)
∂2�

∂xl∂xk
=

n∑

k,l=1

bkl(X)
∂2�

∂xl∂xk
.
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� ª ª ª �

0

· A = A · �
0

¨ �

′′
xkxl

= �

′′
xlxk

, â®

n∑

k,l

bkl(X)
∂2�

∂xl∂xk
= λ(X)L�,

¨ ¢ á¨«ã ®¡®¡é¥­­®© ä®à¬ã«ë Ǳã áá®­  [7℄

L� = −ϕ(X) +
∫

D

LX [P2(X,Y )℄ϕ(Y ) dY V,

LX [P2(X,Y )℄ = o
(
rα−n
XY

)
, 0 < α 6 1, ¯à¨ X → Y.

�âáî¤  ¯à¨ X ∈ D ¨¬¥¥¬

(1− λ(X))ϕ(X) −
∫

D

B(X,Y )ϕ(Y ) dY V

+

∫

S

B
1

(X,Y )ϕ̃(Y ) dY S = 2

n∑

i=1

li(ϕi), (9)

B(X,Y ) = o
(
rα−n
XY

)
, 0 < α 6 1, ¯à¨ X → Y.

Ǳãáâì â¥¯¥àì X → X
0

∈ S ¨§­ãâà¨ ®¡« áâ¨ D. �®£¤ 

(1− λ(X
0

))ϕ̃(X
0

) +

∫

D

B(X
0

, Y )ϕ(Y ) dY V

+

∫

S

B
1

(X
0

, Y )ϕ̃(Y ) dY S = F̃ (X
0

),

F̃ (X
0

) =

n∑

i=1

li(ϕi)|X
0

∈S .

�¤¥áì ¨­â¥£à « ¯® ¯®¢¥àå­®áâ¨ ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥-

­¨ï. � ª ª ª

n∑

i,k=1

λik(Y )l
X
i [P2(X0

, Y )℄ωk(Y )

=

n∑

i,k=1

[λik(Y )− λik(X0

)℄lXi [P2(X,Y )℄ωk(Y )
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+

n∑

i,k=1

λik(Y )l
X
i [P2(X0

, Y )℄[ωk(X0

)− ωk(Y )℄

+

n∑

i,k=1

λik(X0

)lXi [P2(X0

, Y )℄ωk(X0

),

â®

∫

S

B
1

(X
0

, Y )ϕ̃(Y ) dY S =

∫

S

B
3

(X
0

, Y )ϕ̃(Y ) dY S

+

n∑

i,k=1

λik(X0

)ωk(X0

)li

[∫

S

P
2

(X
0

, Y )ϕ̃(Y ) dY S

]

=

∫

S

B
3

(X
0

, Y )ϕ̃(Y ) dY S + λ(X
0

)�(�̃) + χ(F̃ ),

£¤¥

�(�̃) =

n∑

l=1

(
n∑

k=1

alk(X0

)ωk(X0

)

)
∂�̃

∂xl
,

χ(�̃) =
n∑

k,l=1

(
n∑

i=1

(1− δki)λik(X0

)ail(X0

)

)
ωk(X0

)

∂�̃

∂xl
,

�̃(X
0

) =

∫

S

P
2

(X
0

, Y )ϕ̃(Y ) dY S,

δik | á¨¬¢®« �à®­¥ª¥à . �¤à® B
3

(X
0

, Y ) ¯à¨ X
0

→ Y ¨¬¥¥â á« ¡ãî

®á®¡¥­­®áâì.

� ááã�¤ ï  ­ «®£¨ç­® [6℄, ¬®�­® ¯®ª § âì, çâ® ¯à¥¤¥« ¢ëà �¥­¨ï

�(�̃), ª®£¤  â®çª  X áâà¥¬¨âáï ª â®çª ¬ ¯®¢¥àå­®áâ¨ S, ­ å®¤ïáì ¯®

®¤­ã áâ®à®­ã ®â ­¥¥, áãé¥áâ¢ã¥â. �â®â ¯à¥¤¥« ¬®�¥â ¡ëâì à §«¨ç­ë¬

¯à¨ áâà¥¬«¥­¨¨ á à §­ëå áâ®à®­ S. �­ ç¥­¨¥ �(�̃) ¯à¨ áâà¥¬«¥­¨¨ X

¨§­ãâà¨ D ª S ¤ ¥âáï ä®à¬ã«®© [7℄

�(�̃) =

1

2

ϕ̃(X
0

) +

∫

S

�[P
2

(X
0

, Y )℄ϕ̃(Y ) dY S. (10)
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�­ «®£¨ç­®

χ(�̃) =
1

2


os(l, n)ϕ̃(X
0

) +

∫

S

χ[P
2

(X
0

, Y )℄ϕ̃(Y ) dY S, (11)

£¤¥ ¨­â¥£à « ¢ ä®à¬ã«¥ (11) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï.

�® ¢ á¨«ã ª®¬¬ãâ â¨¢­®áâ¨ ¬ âà¨æë �

0

¨ A ­¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á-

«¥­¨¥¬ ¬®�­® ã¡¥¤¨âìáï ¢ â®¬, çâ® 
os(l, n) = 0. �âáî¤ 

1

2

(1− λ(X
0

))ϕ̃(X
0

)−
∫

D

B(X
0

, Y )ϕ(Y ) dY V

+

∫

S

X [P
2

(X
0

, Y )℄ϕ̃(Y ) dY S +

∫

S

B
4

(X
0

, Y )ϕ̃(Y ) dY S = F̃ (X
0

),

£¤¥ ï¤à® B
4

(X
0

, Y ) ¯à¨ X
0

→ Y ¨¬¥îâ á« ¡ãî ®á®¡¥­­®áâì. � ¢¥­-

áâ¢® (9) ¯à¥¤áâ ¢«ï¥â á®¡®© ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �à¥¤£®«ì¬  âà¥-

âì¥£® à®¤  ®â­®á¨â¥«ì­® äã­ªæ¨¨ ϕ(x). �á«¨ äã­ªæ¨ï 1− λ(x) ­¨£¤¥

¢ D ∪ S ­¥ ®¡à é ¥âáï ¢ ­ã«ì, â® ®­® ¯à¥¢à é ¥âáï ¢ ¨­â¥£à «ì­®¥

ãà ¢­¥­¨¥ �à¥¤£®«ì¬  ¢â®à®£® à®¤ , ¨ ¢ á¨«ã ¬ «®áâ¨ ®¡« áâ¨ D ¥£®

à¥è¥­¨¥ ¬®�­® § ¯¨á âì ç¥à¥§ à¥§®«ì¢¥­âã �à¥¤£®«ì¬  ¬¥â®¤®¬ ¯®-

á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨�¥­¨©. Ǳ®¤áâ ¢«ïï ­ ©¤¥­­®¥ ¢ëà �¥­¨¥ ¤«ï

äã­ªæ¨¨ ϕ(X) ¢ (12), ­ å®¤¨¬

1

2

(2− λ(X
0

))ϕ̃(X
0

) +

∫

S

X [P
2

(X
0

, Y )℄ϕ̃(Y ) dY S

+

∫

S

B
5

(X
0

, Y )ϕ̃(Y ) dY S = g(X
0

), (13)
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£¤¥

g(X
0

) = F̃ (X
0

) +

∫

D

[1− λ(Y )℄−1B(X
0

, Y )ψ(Y ) dY V,

ψ(Y ) =

n∑

i=1

li[ϕi(Y )℄ +

∫

D

R(Y, Z)

n∑

i=1

li[ϕi(Z)℄ dZV,

B
5

(X
0

, Y ) = B
4

(X
0

, Y ) +

∫

D

B(X
0

, Y )(1− λ(Z))−1R
0

(Z, Y ) dZY,

R
0

(Z, Y ) = B
1

(Z, Y ) +

∫

D

R(Z, T )B
1

(T, Y ) dTV,

  R(X,Y ) | à¥§®«ì¢¥­â  �à¥¤£®«ì¬  ï¤à  B(X,Y ). �­® ¨¬¥¥â ®á®-

¡¥­­®áâ¨ ­¥ ¢ëè¥ o
(
rα−n
XY

)
, 0 < α 6 1, ¯à¨ X → Y . � ª ª ª äã­ª-

æ¨¨ fi(X0

), j = 1, n, ï¢«ïîâáï äã­ªæ¨ï¬¨ ª« áá  C1

(S), â® F (X
0

) ∈
C1,α

(S). �«¥¤®¢ â¥«ì­®, ψ(X
0

) ∈ C0,α
(S) ¨ g(X

0

) ∈ C0,α
(S). �¤à®

B
5

(X
0

, Y ) ¨¬¥¥â á« ¡ãî ®á®¡¥­­®áâì ¯à¨ X
0

→ Y ,   ï¤à® X [P
2

(X
2

, Y )℄

ï¢«ï¥âáï á¨­£ã«ïà­ë¬. �¨­£ã«ïà­ë© ®¯¥à â®à ¢ (13) á®¤¥à�¨â á¨¬¢®«

[8℄

d(X
0

,�) =
1

2

(2− λ(X
0

)) +

1

2

i 
os(v, l),

£¤¥ v | «î¡®¥ ­ ¯à ¢«¥­¨¥ ¢ ª á â¥«ì­®© ¯«®áª®áâ¨ ¨ ¢ à áá¬ âà¨¢ -

¥¬®© â®çª¥ X
0

¯®¢¥àå­®áâ¨ S ¨

inf |d(X
0

,�)| >
1

2

inf |2− λ(X
0

)|.

�âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ λ(X
0

) 6= 2, â® á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢-

­¥­¨¥ (13) ¤®¯ãáª ¥â à¥£ã«ïà¨§ æ¨î [8℄,   ¥á«¨ 1 < λ(X
0

) < 2, â® ®­®

¤®¯ãáª ¥â íª¢¨¢ «¥­â­ãî à¥£ã«ïà¨§ æ¨î. � ª¨¬ ®¡à §®¬, ¢¥à­  á«¥-

¤ãîé ï

�¥®à¥¬ . Ǳãáâì

�

1

= {X ∈ D
1

: λ(X)− 1 = 0}, �

2

= {X ∈ D
1

: λ(X)− 2 = 0}.

�®£¤  ¥á«¨ �

1

∩ D = ∅ ¨ �

2

∩ S = ∅ ¨ ¥á«¨ ®¡« áâì D ¤®áâ â®ç­®

¬ « , â® § ¤ ç  �¨à¨å«¥ (2) ¤«ï á¨áâ¥¬ë (1) ¢ ®£à ­¨ç¥­­®© ®¡« áâ¨D



110 � «¨«®¢ �. �.

¢á¥£¤  äà¥¤£®«ì¬®¢ . �á«¨ �

1

∩D 6= ∅ ¨«¨ �

2

∩S 6= ∅, â® ­ àãè ¥âáï

äà¥¤£®«ì¬®¢®áâì § ¤ ç¨ �¨à¨å«¥.
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����������������� ��������� ������,

�Ǳ������������ � ������� �� 1999{2003 ££.

1999, â. 6

ü

¯/¯

�¢â®à, § £« ¢¨¥ áâ âì¨

ü

¢ë¯.

áâà.

1 �­â®­®¢ �. �. �¨á«¥­­ë¥  «£®à¨â¬ë ¤«ï

®¤­®£® ­¥«¨­¥©­®£® ¯ à ¡®«¨ç¥áª®£®

ãà ¢­¥­¨ï á ¯¥à¥¬¥­­ë¬ ­ ¯à ¢«¥­¨¥¬

¢à¥¬¥­¨

1 3{9

2 �¥£¬ â®¢ �ªà ¬ �. �¡ ®¤­®© § ¤ ç¥

¨­â¥£à «ì­®© £¥®¬¥âà¨¨ ¤«ï á¥¬¥©áâ¢ 

ª®­ãá®¢

1 10{18

3 �®ª¨© �. �., �®«®¢ì¥¢ �. �. �¨á«¥­­®¥

à¥è¥­¨¥ § ¤ ç¨ ª®­â ªâ­®£®

¢§ ¨¬®¤¥©áâ¢¨ï ¤¢ãå ã¯àã£¨å â¥« ¯à¨

ã¤ à¥ á âà¥­¨¥¬

2 101{108

4 �®à¨á®¢ �. �., �¨áâïª®¢ �. �.

Ǳ®á«¥¤®¢ â¥«ì­ ï ­¥¯ à ¬¥âà¨ç¥áª ï

¨¤¥­â¨ä¨ª æ¨ï áâ®å áâ¨ç¥áª¨å á¨áâ¥¬

2 3{8

5 � á¨«ì¥¢ �. �., �®äà®­®¢ �. �.

�áá«¥¤®¢ ­¨¥ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨

ª®­ªãà¥­æ¨¨ ¬¥�¤ã ¤¢ã¬ï ¢¨¤ ¬¨

1 104{107

6 �à¨£®àì¥¢ �. �. Ǳ«®áª ï § ¤ ç  ®

¯¥à¥­®á¥ ¬ áá ¯à¨«¨¢­ë¬¨ ¢®«­ ¬¨

2 9{20

7 �ãá¥¢ �. �. � ç¥áâ¢¥­­ë¥ á¢®©áâ¢ 

®¯â¨¬ «ì­ëå á«®¨áâëå áâàãªâãà ¯à¨

¢®§¤¥©áâ¢¨¨  ªãáâ¨ç¥áª¨å ¢®«­

1 108{114

8 � ­¨«®¢ �. �. �¨­ ¬¨ç¥áª ï ãáâ®©ç¨¢®áâì

¢ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«ïå ®«¨£®¯®«¨¨

1 115{131

9 � ­¨«®¢ �. �. � à ¢­®¢¥á¨¨ �ãà­® ¨

�â ª¥«ì¡¥à£  ¢ ¤¨­ ¬¨ç¥áª®© ¬®¤¥«¨

®«¨£®¯®«¨¨

2 21{27

10 �£®à®¢ �. �. � ¯®¢¥¤¥­¨¨ à¥è¥­¨©

­¥ª®â®àëå ­¥«¨­¥©­ëå ãà ¢­¥­¨© ¢â®à®£®

¯®àï¤ª 

1 19{25
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11 �£®à®¢ �. �., �¥¤®à®¢ �. �. �¡ ®¤­®©

ªà ¥¢®© § ¤ ç¥ ¤«ï ãà ¢­¥­¨ï á¬¥è ­­®£®

â¨¯  ¢ëá®ª®£® ¯®àï¤ª 

1 26{35

12 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ.

�¡ ®¯â¨¬ «ì­®© ª®­âàáâà â¥£¨¨

¢  ­â £®­¨áâ¨ç¥áª®© ¨£à¥ á

¯à®¯®àæ¨®­ «ì­ë¬ ¨á¯®«­¥­¨¥¬ § ï¢®ª

1 132{137

13 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ. �¡ ®¤­®©

¬®¤¥«¨ ä¨­ ­á®¢®{¯®áà¥¤­¨ç¥áª®©

¤¥ïâ¥«ì­®áâ¨

2 109{112

14 �áå®ª®¢ �. �., �¨¢æ¥¢  �. �. � à¨ æ¨®­­ ï

§ ¤ ç  �¨à¨å«¥ ¤«ï í««¨¯â¨ç¥áª®£®

®¯¥à â®à , ¢ëà®�¤ îé¥£®áï ­ 

¬­®£®®¡à §¨ïå à §«¨ç­ëå ¨§¬¥à¥­¨©

2 28{41

15 �®� ­®¢ �. �., � àìª¨­ �. �.

� à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç ¤«ï á¨«ì­®

­¥«¨­¥©­ëå ãà ¢­¥­¨© ¢ï§ª®ã¯àã£®áâ¨ ¢

­¥æ¨«¨­¤à¨ç¥áª¨å ®¡« áâïå

1 36{45

16 �®­¤ ª®¢ �. �. �¤¥­â¨ä¨ª æ¨ï ¬®é­®áâ¨

âà¥­¨ï ¢ ¯®¤è¨¯­¨ª å áª®«ì�¥­¨ï ¯®

â¥¬¯¥à âãà­ë¬ ¤ ­­ë¬ á ãç¥â®¬

­¥«¨­¥©­®áâ¨ â¥¯«®ä¨§¨ç¥áª¨å

å à ªâ¥à¨áâ¨ª

2 113{120

17 �¨¯ £¨­  �. �. �­¢ à¨ ­â­ë¥ ¬¥âà¨ç¥áª¨¥

f -áâàãªâãàë ­  áä¥à¥ S5
2 42{46

18 �®­ å®¢ �. �. � §à¥è¨¬®áâì

áâ ­æ¨®­ à­ëå § ¤ ç â¥¯«®¢®© ¤¢ãåä §­®©

ä¨«ìâà æ¨¨

1 46{53

19 Ǳ ¢«®¢ �. �., �ªãè¥¢  �. �. �¨á«¥­­ë¥

¬¥â®¤ë à¥è¥­¨ï ­¥ª®â®àëå ®¡à â­ëå § ¤ ç

£¨¤à ¢«¨ª¨ ¨ ª ç¥áâ¢  ¢®¤ë

2 121{130

20 Ǳ¥âà®¢ �. �. �¢ãáâ®à®­­¨¥ ®æ¥­ª¨ ­®à¬

®¡à â­ëå ®¯¥à â®à®¢, ¯®«ãç ¥¬ë¥ ¯à¨

¨á¯®«ì§®¢ ­¨¨ ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢

2 47{49

21 Ǳ®¯®¢ �. �. � ¢áâà¥ç­ëå ¯®â®ª å â¥¯«®¢®£®

¯®£à ­¨ç­®£® á«®ï á�¨¬ ¥¬®© �¨¤ª®áâ¨

2 131{134
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22 Ǳ®¯®¢  �. �., �®äà®­®¢ �. �. �¡ ®¤­®¬

¬¥â®¤¥ ¬®¤¥«¨à®¢ ­¨ï ã¤ à­ëå á¨áâ¥¬

2 135{143

23 �¨å®­®¢ �. �. �¡ ®¡®¡é¥­­®©

à §à¥è¨¬®áâ¨ âà¥âì¥© ªà ¥¢®© § ¤ ç¨ ¤«ï

¢ëà®�¤ îé¥£®áï í««¨¯â¨ç¥áª®£®

ãà ¢­¥­¨ï

1 54{59

24 �¨«¨­ �. �. �¡à â­ ï § ¤ ç  ¤¨­ ¬¨ª¨

¯«®â­®áâ¨ ¯®¯ã«ïæ¨©

2 50{80

25 Borisov V. Z. Optimization of of Separation

Pro
esses in the Case of Multi-dimensional

Interfa
es

1 138{142

26 Buskarova O. F. Solvability of a Nonlo
al

Boundary Value Problem for an

Operator-Di�erential Equation with Variable

Time Dire
tion

2 81{87

27 Ivleva A. I. and Khe K. Ch. An Estimate for

the Error of the Zeidel Iterative Pro
ess for

the Di�eren
e Gellerstedt Problem

2 95{100

28 Iskhokov S. A. The Variational Diri
hlet

Problem for a Degenerate Ellipti
 Equation in

a Limit{Tube Domain

1 60{76

29 Khe Kan Cher and Vinogradova P. V. The E

Boundary Value Problem for a Mixed-Type

Eguation With Two Bessel Operators

1 77{89

30 Khe K. Ch. An Estimate for Solutions to the

Darboux{Protter Problems for a

Multi-Dimentional Wave Eguation

2 88{94

31 Popov S. V. Nonlo
al Boundary Value

Problems for Operator-Di�erential Equations

of Even Order

1 90{103
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2000, â. 7

ü

¯/¯

�¢â®à, § £« ¢¨¥ áâ âì¨

ü

¢ë¯.

áâà.

32 �®à¨á®¢ �. �., Ǳà®å®à®¢ �. �. �æ¥­ª 

â¥å­¨ç¥áª®£® á®áâ®ï­¨ï ®¡ê¥ªâ®¢ ­  ®á­®¢¥

â¥®à¨¨ ­¥ç¥âª¨å ¬­®�¥áâ¢

2 169{173

33 � ¡¨é¥¢¨ç Ǳ. �., �£®à®¢ �. �.

�¥áâ¨à®¢ ­¨¥ à §­®áâ­ëå áå¥¬ ¤«ï

ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï ¯ ¢®¤ª®¢ëå

¯à®æ¥áá®¢ ­  à¥ª å

1 93{104

34 � á¨«ì¥¢ �. �., �®äà®­®¢ �. �.

Ǳ à ¬¥âà¨ç¥áª ï ¬®¤¥«ì ª®­ªãà¥­æ¨¨ ¢

íª®«®£¨¨

1 3{10

35 � á¨«ì¥¢ �. �., �®äà®­®¢ �. �.

Ǳ à ¬¥âà¨ç¥áª ï ¬®¤¥«ì ª®­ªãà¥­æ¨¨ ¢

íª®«®£¨¨.II

2 3{12

36 �®à¥¢çãª �. �. � á¢®©áâ¢ å à¥è¥­¨©

­¥«¨­¥©­®© ªà ¥¢®© § ¤ ç¨ ¤«ï ®¤­®£®

ãà ¢­¥­¨ï ¢ï§ª®ã¯àã£®áâ¨

1 11{27

37 �ã¡ª¨­  �. �. �¥â®¤ ­¥¯à¥àë¢­®áâ¨ ¢

¯à¨ª« ¤­ëå § ¤ ç å ä¨«ìâà æ¨¨ �¨¤ª®áâ¨

¢ ¯®à¨áâëå áà¥¤ å

2 13{22

38 �£®à®¢ �. �., �¢ ­®¢  �. �.

� ãáâ®©ç¨¢®áâ¨ ¢ æ¥«®¬ ­ã«¥¢®£® à¥è¥­¨ï

®¤­®©  ¢â®­®¬­®© á¨áâ¥¬ë ¢â®à®£®

¯®àï¤ª . 1

2 23{33

39 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ. �¡ ®¤­®¬

¯®¤å®¤¥ ª à¥è¥­¨î § ¤ ç¨ ¤¨­ ¬¨ç¥áª®£®

¯à®£à ¬¬¨à®¢ ­¨ï á¯¥æ¨ «ì­®£® ¢¨¤ 

2 34{38

40 �¢«¥¢  �. �. �æ¥­ª  ¯®£à¥è­®áâ¨

¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ¢ § ¤ ç¥ �à¨ª®¬¨

1 28{34

41 �á ­£ã«®¢ �. �. �§®á¯¥ªâà «ì­ë¥ ¯«®áª¨¥

¡ãâë«ª¨ �«¥©­ 

1 39{48
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42 �¨à¨««®¢  �. �., �®� ­®¢ �. �.

� ­¥ª®â®àëå ®¡à â­ëå § ¤ ç å ¤«ï

¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ç¥â¢¥àâ®£®

¯®àï¤ª 

1 35{48

43 �®� ­®¢ �. �. � ¤ ç  ®¡ ®¯à¥¤¥«¥­¨¨

ª®íää¨æ¨¥­â®¢ ¯à¨ ¬« ¤è¨å ç«¥­ å ¢

á« ¡® á¢ï§ ­­®© ¯ à ¡®«¨ç¥áª®© á¨áâ¥¬¥

2 49{61

44 �àãâ¨ª®¢ �. �. �¢ §¨­ìîâ®­®¢áª¨¥ ¬¥â®¤ë

­  ®á­®¢¥ à ááà¥¤®â®ç¥­­ëå á¯®á®¡®¢

¢®ááâ ­®¢«¥­¨ï £¥áá¨ ­ 

2 62{81

45 � â¢¥¥¢  �. �., Ǳ®¯®¢ �. �. �¥«¨­¥©­ë¥

¢ëà®�¤ îé¨¥áï ¯ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï

á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ í¢®«îæ¨¨

2 82{92

46 � â¢¥¥¢  �. �. �¯¥à¨®¤¨ç¥áª¨¥ ª®«¥¡ ­¨ï

¢ í«¥ªâà®¬ £­¨â­®¬ ¯®«¥

1 105{109

47 �¥à«¨­ �. �. � ­¥áã¬¬¨àã¥¬ëå à¥è¥­¨ïå

¨­â¥£à «ì­®£® ãà ¢­¥­¨ï á

«®£ à¨ä¬¨ç¥áª¨¬ ï¤à®¬

1 49{57

48 �¥áâ­¨ª®¢ �. �., �ãªáã­®¢ �. �. �¡ ®¤­®©

¯®¢â®àïîé¥©áï ¨¥à àå¨ç¥áª®© ¨£à¥

1 110{119

49 �¨ª®« ¥¢  �. �. �­ «¨§ ¯ à ¬¥âà¨ç¥áª®©

§ ¢¨á¨¬®áâ¨ ¬­®�¥áâ¢  ¤®¯ãáâ¨¬ëå

¯®àâä¥«¥© ­  àë­ª¥ æ¥­­ëå ¡ã¬ £

1 120{128

50 Ǳ ¢«®¢ �. �. �¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥

â¥¬¯¥à âãà­ëå ¤¥ä®à¬ æ¨©

ã¯àã£®-¯®«§ãç¥£® â¥« 

1 129{136

51 Ǳ®¯®¢ �. �. �®­â ªâ­ë¥ § ¤ ç¨ ¤«ï

«¨­¥©­ëå ãà ¢­¥­¨© ¬ â¥¬ â¨ç¥áª®©

ä¨§¨ª¨

1 58{67

52 Ǳ®¯®¢ �. �. Ǳ à ¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï á

¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ í¢®«îæ¨¨

2 93{112

53 �¨â®¢ �. �. �¡  ¤¤¨â¨¢­®áâ¨ ¡¨¥ªæ¨©,

á®åà ­ïîé¨å ª®¬¬ãâ â®à ¢ ¬ âà¨ç­®©

 «£¥¡à¥

1 68{71
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54 �à®ä¨¬æ¥¢ �. �., Ǳ®«®¢¨­ª¨­ �. �.

�¯â¨¬¨§ æ¨ï ¢¥«¨ç¨­ ®ç¨áâ­ëå á®®àã�­¨©

¢ §®«®â®¤®¡ë¢ îé¥© ¯à®¬ëè«¥­­®áâ¨

�ªãâ¨¨

1 137{146

55 �áª®¢  �. �. � ¯à¨¡«¨�¥­¨ïå ª

á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ ¨ á®¡áâ¢¥­­ë¬

¢¥ªâ®à ¬ ¢®§¬ãé¥­­ëå «¨­¥©­ëå

®¯¥à â®à®¢

1 72{76

56 �è ª®¢  �. Ǳ. �¥á®¢ë¥ ­¥à ¢¥­áâ¢  ¤«ï

®¯¥à â®à®¢ �¨¬ ­  | �¨ã¢¨««ï ­ 

ªãá®ç­®-¬®­®â®­­ëå äã­ªæ¨ïå

2 113{149

57 �¨à®ª¨å �. �. �¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥

ãáâ ­®¢¨¢è¥£®áï ¤¢¨�¥­¨ï ­¥á�¨¬ ¥¬®©

�¨¤ª®áâ¨ ¢ ¯®à¨áâ®© áà¥¤¥

2 174{185

58 Biderman V. I. On some Estimates for

Solutions to Di�eren
e Equations in a Bana
h

Spa
e

1 77{87

59 Buskarova O. F. Solvability of Boundary

Value Problems for a S
hr�odinger-Type

Operator-Di�erential Equation With Varying

Time Dire
tion

2 150{158

60 Egorov R. I., Kaigorodov S. P. On a Simple

Antagonisti
 Game with Proportional

Ful�llment of Requests

1 88{92

61 Pyatkov S. G. On Some Properties for

Imaginary Powers of Positive Operators

2 159{168
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2001, â. 8

ü

¯/¯

�¢â®à, § £« ¢¨¥ áâ âì¨

ü

¢ë¯.

áâà.

62 �«¥ªá¥¥¢ �. �. �®¢ë¥ ¤®¯ãáâ¨¬ë¥ ®æ¥­ª¨

¯«®â­®áâ¨ ¢¥à®ïâ­®áâ¨ ¨ ¥¥ ¯à®¨§¢®¤­ëå

2 3{10

63 �®ª¨© �. �., �®«¥á­¨ª �. �. �¨á«¥­­®¥

à¥è¥­¨¥ § ¤ ç¨ ª ç¥­¨ï ã¯àã£¨å

æ¨«¨­¤à®¢ á ¯ à ««¥«ì­ë¬¨ ®áï¬¨ á

à §«¨ç­ë¬¨ ã¯àã£¨¬¨ ¯®áâï­­ë¬¨

1 93{100

64 �®à¨á®¢ �. �. �¡ ®¤­®¬ § ¬¥ç ­¨¨ ª

â¥®à¥¬¥ �®à¥«ï | � ­â¥«¨

2 11{13

65 � á¨«ì¥¢ �. �. �áá«¥¤®¢ ­¨¥

¯ à ¬¥âà¨ç¥áª®© ¬®¤¥«¨ âà¥å¢¨¤®¢®©

ª®­ªãà¥­æ¨¨ ¢ íª®«®£¨¨

2 14{18

66 �¬¨âà¨¥¢ �. �., �¥ãáâà®¥¢  �. �.

�à®¬ â¨ç¥áª¨¥ ¬­®£®ç«¥­ë £¨¯¥àæ¨ª«®¢

2 19{21

67 �à®¡ëè¥¢¨ç �. �., � âª®¢  �. �.

�¢­®-­¥ï¢­ë©  «£®à¨â¬ à¥è¥­¨ï

¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© á  ¤ ¯â¨¢­®©

¢à¥¬¥­­®© á¥âª®©

1 6{14

68 �£®à®¢ �. �., �¢ ­®¢  �. �.

� ãáâ®©ç¨¢®áâ¨ ¢ æ¥«®¬ ­ã«¥¢®£® à¥è¥­¨ï

®¤­®©  ¢â®­®¬­®© á¨áâ¥¬ë ¢â®à®£®

¯®àï¤ª . 2

1 15{26

69 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ. �¡ ®¤­®¬

¯®¤å®¤¥ ª ¬®¤¥«¨à®¢ ­¨î

¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¨ à á¯à¥¤¥«¥­¨ï

1 27{32

70 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ.

� £ à ­â¨à®¢ ­­®¬ ¢ë¨£àëè¥ ¢ ®¤­®©

¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥ à á¯à¥¤¥«¥­¨ï

2 22{26

71 �®� ­®¢ �. �. �¡ ®¤­®© ­¥«®ª «ì­®©

ªà ¥¢®© § ¤ ç¥ ¤«ï í««¨¯â¨ç¥çª®£®

ãà ¢­¥­¨ï

1 33{49

72 �®� ­®¢ �. �. � à §à¥è¨¬®áâ¨

­¥«®ª «ì­®© ¯® ¢à¥¬¥­¨ § ¤ ç¨ ¤«ï ®¤­®£®

ãà ¢­¥­¨ï á ªà â­ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨

2 27{40
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73 �®áâ¨­ �. �., �®äà®­®¢ �. �.

�áá«¥¤®¢ ­¨¥ ®¤­®© ¬ â¥¬ â¨ç¥áª®©

¬®¤¥«¨ ¢ íª®«®£¨¨

2 41{48

74 �àãâ¨ª®¢ �. �., Ǳ¥âà®¢  �. �. �®¢ë©

à¥« ªá æ¨®­­ë© ¬¥â®¤

­¥¤¨ää¥à¥­æ¨àã¥¬®© ®¯â¨¬¨§ æ¨¨

1 50{60

75 � § à¥¢ �. Ǳ. �« ¤ª®áâì à¥è¥­¨ï ¢ § ¤ ç¥

® à ¢­®¢¥á¨¨ ¯« áâ¨­ë á ­ ª«®­­®©

âà¥é¨­®©

2 49{55

76 �®à¤®¢áª®© �. �. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì

¢« £®®¡¬¥­  ¢ ­¥­ áëé¥­­ëå ¯®à¨áâëå

áà¥¤ å

1 101{109

77 �®à¤®¢áª®© �. �. �®¤¥«¨à®¢ ­¨¥

âà¥å¬¥à­®£® â¥¯«®®¡¬¥­  áâ¢®«  á ãç¥â®¬

â¥¯«®¢®£® ¢«¨ï­¨ï ¢¥­â¨«ïæ¨®­­®£® ª ­ « 

2 134{142

78 �¨ª®« ¥¢  �. �. � ¯à¨¬¥­¥­¨¨ ¬®¤¥«¨

� àª®¢¨æ  ­  àë­ª¥ æ¥­­ëå ¡ã¬ £

1 61{65

79 �á®ª¨­  �. �. �áá«¥¤®¢ ­¨¥ á¯à®á  ­ 

àë­ª¥ âàã¤  á®¢¥àè¥­­®© ª®­ªãà¥­æ¨¨

1 60{77

80 Ǳïâª®¢ �. �. � à §à¥è¨¬®áâ¨ § ¤ ç¨

�¨à¨å«¥ ¨ ­¥ª®â®àëå á¢®©áâ¢ å à¥è¥­¨©

¤«ï ­¥«¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©

á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨

2 56{74

81 �¥¤®à®¢ �. �. ��¨¬ îé¨¥ ¯®«ã£àã¯¯ë

ãà ¢­¥­¨© á®¡®«¥¢áª®£® â¨¯  ¨

®â­®á¨â¥«ì­® ¤¨áá¨¯ â¨¢­ë¥ ®¯¥à â®àë

2 75{83

82 �¥¤®à®¢ �. �., � â¢¥¥¢ �. �.,

� à¨®­®¢ �. �., �¥¤®à®¢ �. �.

� æ¨®­ «ì­ ï à §à ¡®âª 

à §­®ª ç¥áâ¢¥­­ëå ãç áâª®¢

¬¥áâ®à®�¤¥­¨© ¬¨­¥à «ì­®£® áëàìï

2 143{146

83 � á ­®¢ �. �. �¡  ¡á®«îâ­®© áå®¤¨¬®áâ¨

ªà â­ëå àï¤®¢ �ãàì¥ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å

äã­ªæ¨©

2 84{92
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84 �¥¢æ®¢ �. �., �¥ �. �., � à ¢ ­®¢ �. Ǳ.,

�¨åâ¥­ª® �. �. �áá«¥¤®¢ ­¨¥ ¢«¨ï­¨ï

å¢®áâ®åà ­¨«¨é ­  ®ªàã� îéãî áà¥¤ã ¢

£®à­®àã¤­ëå à ©®­ å ¤ «ì­¥¢®áâ®ç­®£®

à¥£¨®­ 

2 147{156

85 �¨à®ª¨å �. �. �¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥

­¥ãáâ ­®¢¨¢è¥£®áï ¤¢¨�¥­¨ï ã¯àã£®©

�¨¤ª®áâ¨ ¢ ¯®à¨áâ®© áà¥¤¥

1 110{121

86 Buskarova O. F. Smoothness of Solutions to

Boundary Value Problems for S
hr�odinger

Operator{Di�erential Type Equation With

Varying Time Dire
tion

2 93{102

87 Egorov I. E. On Solvability of the Boundary

Value Problem for a Mixed Type

Operator{Di�erential Equation

1 78{83

88 L'vov A. P. On Solvability of a Nonlo
al

Boundary Value Problem for an Equation

With Varying Time Dire
tion

2 103{111

89 Matveeva O. I. Asymptoti
 Stability of

Solutions to Quasilinear Di�eren
e Equations

1 84{92

90 Popov S. V. Paraboli
 Equations of the

Fourth Order With Varying Evolution

Dire
tion

2 112{133
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91 �«¥ªá¥¥¢ �. �. �¤à  â¨¯  ��¥ªá®­  ¨ ¨å

¯à¨¬¥­¥­¨¥ ª áã¬¬¨à®¢ ­¨î à áå®¤ïé¨åáï

àï¤®¢

1 6{10

92 �­â®­¥­ �. �. �¨áâ¥¬ë ®¡à §ãîé¨å ¤«ï

æ¥­âà «¨§ â®à®¢ ­¥ª®â®àëå í«¥¬¥­â®¢

£àã¯¯ë ãá¥ç¥­­®£® ªã¡®ªâ í¤à 

2 3{19

93 �¥à¥á« ¢áª¨© �. �., �®«®¢ì¥¢  �. �.

� â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ­¨¥ ¨­âàã§¨¨

á®«¥­ëå ¢®¤ ¢ ¯à¨¡à¥�­ëå ­ ¯®à­ëå

¢®¤®­®á­ëå £®à¨§®­â å

2 128{134

94 �¨­®£à ¤®¢  Ǳ. �. � à §à¥è¨¬®áâ¨

¤¢ã¬¥à­ëå ãà ¢­¥­¨© �îà£¥àá  ¢

¯à®áâà ­áâ¢¥ ��¥«ì¤¥à  ¢ ­¥æ¨«¨­¤à¨ç¥áª®©

®¡« áâ¨

2 20{31

95 � ­¨«®¢  �. �. � §à¥è¨¬®áâì ®¤­®©

ªà ¥¢®© § ¤ ç¨ ¤«ï á¨«ì­® ­¥«¨­¥©­®£®

¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï á ¬¥­ïîé¨¬áï

­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨

2 32{41

96 �¬¨âà¨¥¢ �. �., �¢ ­®¢  �. �. �®ª «ì­®

®¤­®§­ ç­® à áªà è¨¢ ¥¬ë¥ £à äë

1 11{23

97 �à®¡ëè¥¢¨ç �. �. �®¤¥«¨à®¢ ­¨¥

¯¥à¥å®¤­ëå ¯à®æ¥áá®¢ áä¥à¨ç¥áª®©

£¨¡à¨¤­®© ¢®«­ë £®à¥­¨ï

2 42{50

98 �£®à®¢ �. �., �¢ ­®¢  �. �.

� ãáâ®©ç¨¢®áâ¨ ¢ æ¥«®¬ ­ã«¥¢®£® à¥è¥­¨ï

®¤­®©  ¢â®­®¬­®© á¨áâ¥¬ë ¢â®à®£® ¯®àï¤ª 

1 24{32

99 �£®à®¢ �. �., �¨å®­®¢ �. �. � ªà ¥¢ëå

§ ¤ ç å ¤«ï ¢ëà®�¤ îé¥£®áï

í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï

1 33{42

100 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ. �¡ ®¤­®©

¬®¤¨ä¨ª æ¨¨ ¯à¨­æ¨¯  ®¯â¨¬ «ì­®áâ¨ ¯®

Ǳ à¥â® ¢ ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥

à á¯à¥¤¥«¥­¨ï

1 43{46
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101 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ. �¡ ®¤­®¬

¯®¤å®¤¥ ª à¥è¥­¨î ¬­®£®ªà¨â¥à¨ «ì­®©

§ ¤ ç¨ à á¯à¥¤¥«¥­¨ï, ã¤®¢«¥â¢®àïîé¥¬ã

á¯¥æ¨ «ì­®¬ã ¯à¨­æ¨¯ã

Ǳ à¥â®-®¯â¨¬ «ì­®áâ¨

1 51{56

102 �¢ ­®¢ �. �. � §­®áâ­ë¥ áå¥¬ë á

á®£« á®¢ ­­ë¬¨  ¯¯à®ªá¨¬ æ¨ï¬¨

¯®â®ª®¢ëå ç«¥­®¢

1 142{152

103 �¨à¨««®¢  �. �. �¨­¥©­ ï ®¡à â­ ï § ¤ ç 

á ¨­â¥£à «ì­ë¬ ¯¥à¥®¯à¥¤¥«¥­¨¥¬ ¤«ï

®¤­®£® ª« áá  ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©

¢ëá®ª®£® ¯®àï¤ª 

2 57{73

104 �®� ­®¢ �. �. �¡ ®¯à¥¤¥«¥­¨¨ ¨áâ®ç­¨ª®¢

¢ «¨­¥ à¨§®¢ ­­®¬ ãà ¢­¥­¨¨ �®àâ¥¢¥£  |

¤¥ �à¨§ 

2 74{82

105 �®­áâ ­â¨­®¢  �. Ǳ. � ¬¥â®¤  à §­®áâ­ëå

áå¥¬ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï á

¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨

1 153{158

106 �®áâ¨­ �. �., �®äà®­®¢ �. �.

�áá«¥¤®¢ ­¨¥ ®¤­®© ¬ â¥¬ â¨ç¥áª®©

¬®¤¥«¨ ýå¨é­¨ª ¨ �¥àâ¢ þ

2 83{90

107 �ì¢®¢ �. Ǳ. �¡ ®¤­®© ­¥«®ª «ì­®© ªà ¥¢®©

§ ¤ ç¥ ¤«ï ãà ¢­¥­¨ï âà¥âì¥£® ¯®àï¤ª  á

¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨

2 91{95

108 � â¢¥¥¢  �. �. � §à¥è¨¬®áâì § ¤ ç¨

�¨à¨å«¥ ¤«ï ª¢ §¨«¨­¥©­ëå

¢ëà®�¤ îé¨åáï ¯ à ¡®«¨ç¥áª¨å

ãà ¢­¥­¨© ¯¥à¥¬¥­­®£® â¨¯ 

1 47{57

109 �¥áâ­¨ª®¢ �. �. �¯¯à®ªá¨¬ æ¨ï

¨­ä®à¬ æ¨®­­®£® ¬­®�¥áâ¢ 

¤¨ää¥à¥­æ¨ «ì­®© ¨£àë ¯®¨áª  á ­ àï¤®¬

¨éãé¨å

1 58{70

110 Ǳ¨­¨£¨­  �. �., Ǳ®¯®¢ �. �. � §à¥è¨¬®áâì

ªà ¥¢ëå § ¤ ç ¤«ï ¯ à ¡®«¨ç¥áª®£®

ãà ¢­¥­¨ï á ¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬

¢à¥¬¥­¨

1 71{82
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111 �¥¯¨­ �. �., �¨«¨¬®­®¢ �. �.

� ­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¥ ¤«ï

ãà ¢­¥­¨ï �¥««¥àáâ¥¤â 

1 83{92

112 �®«¤ â®¢  �. �. �æ¥­ª  ¤«ï ¨£àë ¯à®áâ®£®

¯®¨áª  ­  ¯«®áª®áâ¨ á ¤¢ã¬ï

¯à¥á«¥¤®¢ â¥«ï¬¨ ¢ ®¤­®¬ ª« áá¥ áâà â¥£¨©

2 96{101

113 �®äà®­®¢ �. �. �¡ ãáâ®©ç¨¢®áâ¨ ¢ æ¥«®¬

®¤­®© á¨áâ¥¬ë ç¥âëà¥å ãà ¢­¥­¨© ¢ á«ãç ¥

ª®¬¯«¥ªá­ëå ª®à­¥©

1 93{97

114 �®äà®­®¢ �. �. �á¨¬¯â®â¨ç¥áª ï

ãáâ®©ç¨¢®áâì ¢ æ¥«®¬ ¢ ®¤­®¬ ªà¨â¨ç¥áª®¬

á«ãç ¥

2 102{110

115 �¨å®­®¢ �. �. � á¯¥ªâà «ì­ëå á¢®©áâ¢ å ¨

äà¥¤£®«ì¬®¢®áâ¨ âà¥âì¥© ªà ¥¢®© § ¤ ç¨

¤«ï ¢ëà®�¤ îé¥£®áï í««¨¯â¨ç¥áª®£®

ãà ¢­¥­¨ï

1 98{103

116 �á¬ ­®¢ �. �¨­£ã«ïà­ë¥ á«ãç ¨ ®¡é¥©

£à ­¨ç­®© § ¤ ç¨ «¨­¥©­®£® á®¯àï�¥­¨ï

1 104{108

117 �¥¤®à®¢ �. �. �¥«®ª «ì­ ï ªà ¥¢ ï § ¤ ç 

¤«ï ãà ¢­¥­¨ï á ¬¥­ïîé¨¬áï

­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ ¢ëá®ª®£® ¯®àï¤ª 

2 111{116

118 � á ­®¢ �. �. � ¯à¨¡«¨�¥­¨¨ ¯®çâ¨

¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© ¤¢ãå ¯¥à¥¬¥­­ëå

áã¬¬ ¬¨ â¨¯  � àæ¨­ª¥¢¨ç  | �¨£¬ã­¤ 

2 117{127

119 Doronin G. G., Larkin N. A. Mathemati
al

models for a dusty gas

1 109{141
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120 �«¥ªá¥¥¢ �. �. �®¢ë¥ ¤®¯ãáâ¨¬ë¥ ®æ¥­ª¨

¯«®â­®áâ¨ ¢¥à®ïâ­®áâ¨ ¨ ¥¥ ¯à®¨§¢®¤­ëå. II

1 5{13

121 �«¥ªá¥¥¢  �. �. �ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï

§ ¤ ç¨ ® ¤¢¨�¥­¨¨ ¨¤¥ «ì­®© ­¥á�¨¬ ¥¬®©

�¨¤ª®áâ¨ ¢ ¡ áá¥©­¥ á ¯®áâ®ï­­®© ä®à¬®©

¤­ 

2 3{9

122 �«®é¨æ¨­ �. �. �¢â®¬®àä¨§¬ë

á¨¬¯«¥ªâ¨ç¥áª®© £àã¯¯ë Sp
4

­ ¤

¯®«ã«®ª «ì­ë¬¨ ª®«ìæ ¬¨

2 10{19

123 �ã¡ïª¨­ �. �., �ã¯à¨ï­®¢  �. �.,

�®¢®£®¤¨­  �. �. � áâà®¥­¨¨ ­¥ª®â®àëå

è¥áâ¨¬¥à­ëå ¤®¯ãáâ¨¬ëå ª®¬¯«¥ªá®¢

¤¢ã¬¥à­ëå ¯«®áª®áâ¥© ¢ ¯à®¥ªâ¨¢­®¬

¯à®áâà ­áâ¢¥ P 6

2 20{32

124 � á¨«ì¥¢ �. �. �áá«¥¤®¢ ­¨¥ ®¤­®©

¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ âà¥å¢¨¤®¢®©

ª®­ªãà¥­æ¨¨

2 33{39

125 � ¡ëè¥¢  �. Ǳ., �®äà®­®¢ �. �.

� ­¥ª®â®àëå ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«ïå âà¥å

¯®¯ã«ïæ¨©

1 14{22

126 �£®à®¢ �. �. �¨á«¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ ®

à áâ¥ª ­¨¨ âï�¥«®© ¢ï§ª®© �¨¤ª®áâ¨ ¯®

¯«®áª®© ¯®¢¥àå­®áâ¨

1 119{131

127 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ.

� ¬­®£®ªà¨â¥à¨ «ì­®© § ¤ ç¥

à á¯à¥¤¥«¥­¨ï á ®â­®è¥­¨ï¬¨

¯à¥¤¯®çâ¥­¨ï ãç áâ­¨ª®¢

1 23{26

128 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǳ. �¡ ®¡é¥©

§ ¤ ç¥ à á¯à¥¤¥«¥­¨ï

2 40{42

129 �£®à®¢  �. �. � ¢­®¢¥á¨¥ ¢ ¬­®£®è £®¢®©

­¥ ­â £®­¨áâ¨ç¥áª®© ¨£à¥ ¤¢ãå «¨æ

2 43{51

130 �¢ ­®¢ �. �. Ǳ®«­®áâìî ª®­á¥à¢ â¨¢­ë¥

¤¢ãåíâ ¯­ë¥ à §­®áâ­ë¥ áå¥¬ë

1 132{139
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131 �§ ªá®­ �. �. �á¥á¨¬¬¥âà¨ç­ ï § ¤ ç 

£¥®¬¥å ­¨ª¨ ¬­®£®«¥â­¥¬¥à§«ëå £®à­ëå

¯®à®¤

1 140{146

132 �§ ªá®­ �. �., �à ¬áª®¢ �. Ǳ.,

�§ ªá®­ �. �. �¥¯«®¨§®«ïæ¨ï ãáâã¯ 

ª àì¥à  ý�¨àþ ¯®¤ ¢®¤®¢®¤ ¬¨

1 147{153

133 �áâ®¬¨­  �. �., Ǳ®¤£ ¥¢ �. �. �¥®à¥¬ 

¥¤¨­áâ¢¥­­®áâ¨ ¤«ï ­¥«¨­¥©­®£®

¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢

­¥æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨

1 27{33

134 �¨à¨««®¢  �. �. �¡à â­ ï § ¤ ç  ¤«ï

¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢ëá®ª®£®

¯®àï¤ª  á ­¥¨§¢¥áâ­ë¬ ª®íää¨æ¨¥­â®¬ ¯à¨

à¥è¥­¨¨ ¢ á«ãç ¥ ¨­â¥£à «ì­®£®

¯¥à¥®¯à¥¤¥«¥­¨ï

1 34{44

135 �®¡ëá®¢  �. �. �¡ ®æ¥­ª¥ á­¨§ã ®¤­®£®

¯®ª § â¥«ï  ¯¯à®ªá¨¬ â¨¢­ëå

¢®§¬®�­®áâ¥© «¨­¥©­ëå ¯®«®�¨â¥«ì­ëå

®¯¥à â®à®¢

2 52{57

136 �®«âã­®¢áª¨© �. �. � à §à¥è¨¬®áâ¨

®¡à â­®© § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£®

ãà ¢­¥­¨ï á ä¨­ «ì­ë¬ ãá«®¢¨¥¬

¯¥à¥®¯à¥¤¥«¥­¨ï

1 45{72

137 �®«âã­®¢áª¨© �. �. � à §à¥è¨¬®áâ¨

®¡à â­®© § ¤ ç¨ á ¨­â¥£à «ì­ë¬ ãá«®¢¨¥¬

¯¥à¥®¯à¥¤¥«¥­¨ï ¤«ï ¯ à ¡®«¨ç¥áª¨å

ãà ¢­¥­¨© á ­¥¨§¢¥áâ­ë¬ ª®íää¨æ¨¥­â®¬

¯à¨ áâ àè¨å ¯à®¨§¢®¤­ëå

2 59{82

138 �¨å ©«®¢ �. �., � à¨¯®¢ �. Ǳà¥¤áâ ¢«¥­¨¥

à¥è¥­¨© ®¤­®£® ª« áá  ¯¥à¥®¯à¥¤¥«¥­­ëå

á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©,

¨­â¥£à¨àã¥¬ëå ï¢­®

1 73{80

139 Ǳ¥âà®¢ �. �. �æ¥­ª¨ ¯®£à¥è­®áâ¥© ¬¥â®¤ 

¬¥å ­¨ç¥áª¨å ª¢ ¤à âãà ¯à¨

¨á¯®«ì§®¢ ­¨¨ â¥®à¨¨ ¡«¨§ª¨å ãà ¢­¥­¨©

1 81{85
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140 Ǳ¨­¨£¨­  �. �., Ǳ®¯®¢ �. �. �« ¤ª®áâì

à¥è¥­¨© ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© á

¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨ á

ãá«®¢¨ï¬¨ áª«¥¨¢ ­¨ï, á®¤¥à� é¨¬¨

¯à®¨§¢®¤­ë¥ ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢

1 86{97

141 Ǳ®¯®¢ �. �. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì

­ £­¥â ­¨ï ¢®¤ë ¢ ¯®à¨áâãî áà¥¤ã

1 154{160

142 Ǳ®¯®¢ �. �. � ¯¥à¢®© ªà ¥¢®© § ¤ ç¥ ¤«ï

á¨­£ã«ïà­®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï á

¬¥­ïîé¨¬áï ­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨

1 98{104

143 Ǳ®¯®¢  �. �. �à ¥¢ ï § ¤ ç  á

®¤­®áâ®à®­­¨¬¨ ®£à ­¨ç¥­¨ï¬¨ ­  £à ­¨æ¥

¤«ï ã¯àã£®© ¯« áâ¨­ë

2 83{89

144 �¥à£¨¥­ª® �. �. � â¥¬ â¨ç¥áª®¥

¬®¤¥«¨à®¢ ­¨¥ ¯à®æ¥áá  ¯®¢¥àå­®áâ­®£®

ã¯à®ç­¥­¨ï ¬¥â ««®¢

1 161{168

145 �âàãçª®¢  �. �. � â¥¬ â¨ç¥áª®¥

¬®¤¥«¨à®¢ ­¨¥ ¯à®¨§¢®¤áâ¢¥­­®£® á¥ªâ®à 

íª®­®¬¨ª¨ à¥£¨®­  ¨ à¥£ã«¨à®¢ ­¨¥

¯à®¨§¢®¤áâ¢¥­­ëå ¨­¢¥áâ¨æ¨©

2 115{124

146 �áª®¢  �. �. � ¨áá«¥¤®¢ ­¨î ¢®§¬ãé¥­­ëå

«¨­¥©­ëå ®â­®è¥­¨©

2 90{101

147 �¥¤®à®¢ �. �. � ­®¢®¬ ¯®¤å®¤¥ ¨§ãç¥­¨ï

¢¥é¥áâ¢¥­­ëå ª®à­¥© ¯®«¨­®¬¨ «ì­®£®

ãà ¢­¥­¨ï

1 105{113

148 � á ­®¢ �. �. �¡á®«îâ­ ï ç¥§ à®¢áª ï

áã¬¬¨àã¥¬®áâì àï¤®¢ �ãàì¥ ­¥ª®â®àëå

ª« áá®¢ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨©

2 102{114

149 �¨áâïª®¢ �. �., �ë« âç ­®¢ �. �.

� ¯®áâ ­®¢ª¥ § ¤ ç¨ ¯®¨áª  íªáâà¥¬ã¬ 

äã­ªæ¨¨ à¥£à¥áá¨¨ ¬¥â®¤ ¬¨

­¥¯ à ¬¥âà¨ç¥áª®© ¨¤¥­â¨ä¨ª æ¨¨

1 114{118
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CǱ���� ����������,

��� ����������

Ǳ�������� �������

� Ǳ���������� �������

�®à®­¥�áª¨© £®áã¤ àáâ¢¥­­ë© â¥å­¨ç¥áª¨© ã­¨¢¥àá¨â¥â, £. �®à®-

­¥�.

�ëç¨á«¨â¥«ì­ë© æ¥­âà ��� ���, £. � ¡ à®¢áª.

�ëç¨á«¨â¥«ì­ë© æ¥­âà �� ���, £. �®¢®á¨¡¨àáª.

�­áâ¨âãâ £®à­®£® ¤¥«  �¥¢¥à  ��� �� ���, £. �ªãâáª.

�­áâ¨âãâ ¬ â¥¬ â¨ª¨ �� ���, £. �®¢®á¨¡¨àáª.

�­áâ¨âãâ ¬ â¥¬ â¨ª¨ �� �¥á¯ã¡«¨ª¨ � ¤�¨ª¨áâ ­, £. �ãè ­¡¥.

�­áâ¨âãâ ­¥¬¥â ««¨ç¥áª¨å ¬ â¥à¨ «®¢ ��� �� ���, £. �ªãâáª.

�­áâ¨âãâ â¥®à¥â¨ç¥áª®© ¨ ¯à¨ª« ¤­®© ¬¥å ­¨ª¨ �� ���, £. �®-

¢®á¨¡¨àáª.

�­áâ¨âãâ ä¨§¨ª¨  â¬®áä¥àë ���, £. �®áª¢ .

�­áâ¨âãâ ä¨§¨ª®-â¥å­¨ç¥áª¨å ¯à®¡«¥¬ �¥¢¥à  �� ���, £. �ªãâáª.

�­áâ¨âãâ ã£«ï ¨ ã£«¥å¨¬¨¨ �� ���, £. �¥¬¥à®¢®.

�¥¬¥à®¢áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. �¥¬¥à®¢®.

�¨à­¨­áª¨© ä¨«¨ « ���, £. �¨à­ë©.

�®áª®¢áª¨© £®áã¤ àáâ¢¥­­ë© ¯¥¤ £®£¨ç¥áª¨© ã­¨¢¥àáâ¥â, £. �®áª¢ .

�¥àî£à¨­áª¨© ä¨«¨ « ���, £. �¥àî­£à¨.

�®¢®á¨¡¨àáª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. �®¢®á¨¡¨àáª.

�®¢®á¨¡¨àáª¨© £®áã¤ àáâ¢¥­­ë© â¥å­¨ç¥áª¨© ã­¨¢¥àá¨â¥â, £. �®-

¢®á¨¡¨àáª.

�®¢®á¨¡¨àáª¨© ¯¥¤ £®£¨ç¥áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â,

£. �®¢®á¨¡¨àáª.

Ǳ®£à ­¨ç­ë© ¨­áâ¨âãâ ��� ��, £. � ¡ à®¢áª.

�ï§ ­áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. �ï§ ­ì.

� ¬ àª ­áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. � ¬ àª ­¤, �§¡¥-

ª¨áâ ­.

� ­ªâ-Ǳ¥â¥à¡ãà£áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. � ­ªâ-Ǳ¥-

â¥à¡ãà£.

� ­ªâ-Ǳ¥â¥à¡ãà£áª¨© £®áã¤ àáâ¢¥­­ë© â¥å­®«®£¨ç¥áª¨© ã­¨¢¥à-

á¨â¥â, £. � ­ªâ-Ǳ¥â¥à¡ãà£.

� ¤�¨ªáª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â ª®¬¬¥àæ¨¨, £. �ãè ­¡¥
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� ¤�¨ªáª¨© £®áã¤ àáâ¢¥­­ë© ­ æ¨®­ «ì­ë© ã­¨¢¥àá¨â¥â, £. �ã-

è ­¡¥.

� ¤�¨ªáª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. �ãè ­¡¥.

� ¡ à®¢áª¨© £®áã¤ àáâ¢¥­­ë© â¥å­¨ç¥áª¨© ã­¨¢¥àá¨â¥â, £. � ¡ -

à®¢áª.

�¥¡®ªá àáª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. �¥¡®ªá àë.

�¨â¨­áª¨© £®áã¤ àáâ¢¥­­ë© â¥å­¨ç¥áª¨© ã­¨¢¥àá¨â¥â, £. �¨â .

�ªãâáª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. �ªãâáª.

�à®á« ¢áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â, £. �à®á« ¢«ì.
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���������

��� 517.956

�������� �������������� ������� ������ ����� |Ǳ�������

��� ������������ Ǳ������������ ���������. �. �. �ªë«¡ ¥¢ .

| � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.

�«ï ¬­®£®¬¥à­®£® ¯®«¨¢®«­®¢®£® ãà ¢­¥­¨ï ¯®«ãç¥­ ªà¨â¥à¨© ¥¤¨­áâ¢¥­­®-

áâ¨ à¥è¥­¨ï § ¤ ç¨ � à¡ã | Ǳà®ââ¥à . �¨¡«¨®£à. 8.

��� 519.234

� ��Ǳ�������������� ������� Ǳ���������� �Ǳ����������

Ǳ�������� ������������� ���������� Ǳ�������

� ���������� ��������. �. �. �«¥ªá¥¥¢. | � â. § ¬¥âª¨ ���, 2008,

â. 15, ¢ë¯. 2.

� áá¬®âà¥­ë ­¥¯ à ¬¥âà¨ç¥áª¨¥ ®æ¥­ª¨ ¯à®¨§¢®¤­ëå (¤® ç¥â¢¥àâ®£® ¯®àï¤ª 

¢ª«îç¨â¥«ì­®) á¯¥ªâà «ì­®© ¯«®â­®áâ¨ áâ æ¨®­ à­®£® á«ãç ©­®£® ¯à®æ¥áá  á ¤¨á-

ªà¥â­ë¬ ¢à¥¬¥­¥¬. �® ¢á¥å á«ãç ïå ¯à¥¤« £ ¥âáï ¢¥á®¢ãî äã­ªæ¨î (ï¤à® ®æ¥­ª¨)

v↼x↽, § ¢¨áïéãî ®â ­¥¯à¥àë¢­®£®  à£ã¬¥­â , § ¬¥­¨âì ¤¨áªà¥â­ë¬ ­ ¡®à®¬ ¢¥-

á®¢ëå ª®íää¨æ¨¥­â®¢ {v↼k↽}. �¥¬ á ¬ë¬ ãáâà ­ï¥âáï ¯®£à¥è­®áâì, ¢®§­¨ª î-

é ï ¯à¨ ¯¥à¥å®¤¥ ®â â¥®à¥â¨ç¥áª®© ®æ¥­ª¨, ¢ª«îç îé¥© ¢ á¥¡ï ¨­â¥£à « ®â ¯à®¨§-

¢¥¤¥­¨ï ¯¥à¨®¤®£à ¬¬ë ­  âã ¨«¨ ¨­ãî ¢¥á®¢ãî äã­ªæ¨î v↼x↽, ª ¥¥ ¬ è¨­­®©

à¥ «¨§ æ¨¨. �¨¡«¨®£à. 11.

��� 517.95

�� ����� ����������� ������ � ������������ ��������.

�. �. �¥©«¨­. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.

�®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ª« áá¨ç¥áª®£® à¥è¥­¨ï ­¥«®ª «ì­®©

§ ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï á á¨­£ã«ïà­ë¬ ª®íää¨æ¨¥­â®¬. �¨¡«¨®£à. 4.

��� 519.17

������������ ��������������� �����. �. �. �¬¨âà¨¥¢,

�. �. �¢ ­®¢ , �. �. �¥ãáâà®¥¢ . | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.

�¢®¤¨âáï ¯®­ïâ¨¥ åà®¬ â¨ç¥áª¨ ¡¨íª¢¨¢ «¥­â­ëå £à ä®¢. �®ª §ë¢ ¥âáï â¥®-

à¥¬  ® áãé¥áâ¢®¢ ­¨¨ ¡¥áª®­¥ç­®£® ­ ¡®à  ¨§ n ¯®¯ à­® ­¥¨§®¬®àä­ëå åà®¬ â¨á-

ª¨ ¡¨íª¢¨¢ «¥­â­ëå £à ä®¢. Ǳ®ª §ë¢ ¥âáï á¢ï§ì ¬¥�¤ã å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ¨

åà®¬ â¨ç¥áª¨¬¨ ¬­®£®ç«¥­ ¬¨ ¤®¯®«­¥­¨ï¬¨ ¤¥à¥¢ì¥¢. �«. 3, ¡¨¡«¨®£à. 5.
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��� 518.9

� ������ ���Ǳ��������� �������� �����. �. �. �£®à®¢,

�. Ǳ. � ©£®à®¤®¢. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.

� áá¬ âà¨¢ ¥âáï § ¤ ç  à á¯®§­ ¢ ­¨ï ª®àâ¥�¥© ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«. �®-

ª §ë¢ ¥âáï â¥®à¥¬ , ®¡¥á¯¥ç¨¢ îé ï ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¤«ï ­ å®�¤¥­¨ï à¥è¥-

­¨ï íâ®© § ¤ ç¨.

��� 517.956

������������ ������ ����� | Ǳ������� ��� ������������

��Ǳ������������� ��������� � ����������� ��Ǳ� �

Ǳ������. �. �. �à¬¥ª¡ ¥¢. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.

�®ª § ­  à §à¥è¨¬®áâì § ¤ ç¨ � à¡ã | Ǳà®ââ¥à  ¤«ï ¬­®£®¬¥à­®£® £¨¯¥à-

¡®«¨ç¥áª®£® ãà ¢­¥­¨ï á ¢ëà®�¤¥­¨¥¬ â¨¯  ¨ ¯®àï¤ª . �¨¡«¨®£à. 8.

��� 517.9:533.7

���������� ����� �����Ǳ����� � ��������������

�ǱǱ������������ Ǳ�������� ������. �. �. �¢ ­®¢. | � â.

§ ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.

�«ï à¥è¥­¨ï § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ è¨à®ª® ¯à¨¬¥­ï¥âáï ¬¥â®¤ à á-

é¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬, ãç¨âë¢ îé¨© á¯¥æ¨ä¨ªã § ¤ ç ¨ ¯®§¢®«ï-

îé¨© íää¥ªâ¨¢­® ¯®«ãç âì ¨å ç¨á«¥­­®¥ à¥è¥­¨¥. �®«ìè®© ¨­â¥à¥á ¯à¥¤áâ ¢-

«ï¥â ¨§ãç¥­¨¥ ¢®§¬®�­®áâ¨ à áé¥¯«¥­¨ï  «£®à¨â¬  ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨,

®¡« ¤ îé¥£® â ª¨¬¨ ¢ �­ë¬¨ á¢®©áâ¢ ¬¨, ª ª ãáâ®©ç¨¢®áâì, ª®­á¥à¢ â¨¢­®áâì,

¨­¢ à¨ ­â­®áâì ¨ â. ¤. � à ¡®â¥ ¯®áâà®¥­ë à §­®áâ­ë¥ áå¥¬ë à áé¥¯«¥­¨ï ¯® ä¨-

§¨ç¥áª¨¬ ¯à®æ¥áá ¬ ¤«ï ãà ¢­¥­¨© £ §®¢®© ¤¨­ ¬¨ª¨ ¢ í©«¥à®¢ëå ¯¥à¥¬¥­­ëå. � 

¯¥à¢®¬ íâ ¯¥ ãç¨âë¢ îâáï £à ¤¨¥­âë ¤ ¢«¥­¨ï (¢ ãà ¢­¥­¨¨ ¤¢¨�¥­¨ï) ¨ áª®à®áâ¨

(¢ ãà ¢­¥­¨ïå ­¥à §àë¢­®áâ¨ ¨ í­¥à£¨¨), ­  ¢â®à®¬ íâ ¯¥ ãç¨âë¢ îâáï ¨­¥àæ¨®­-

­ë¥ ç«¥­ë, ¨ ¯à®¨§¢®¤¨âáï ¯¥à¥­®á ¢¥ªâ®à  á®áâ®ï­¨ï ¢¤®«ì âà ¥ªâ®à¨¨. �â«¨ç¨-

â¥«ì­®© ç¥àâ®© ¨§«®�¥­­ëå à §­®áâ­ëå áå¥¬ ï¢«ï¥âáï â®, çâ® ¢á¥ ¯®â®ª®¢ë¥ ç«¥­ë

¢§ ¨¬­® á®£« á®¢ ­ë ¨ ¤«ï ­¨å ¢ë¯®«­ïîâáï ­¥ â®«ìª® à §­®áâ­ë¥  ­ «®£¨ ®á­®¢-

­ëå § ª®­®¢ á®åà ­¥­¨ï, ­® â ª�¥ ¨ ¤®¯®«­¨â¥«ì­ë¥ á®®â­®è¥­¨ï, ¢ëà � îé¨¥

¡ « ­á ®â¤¥«ì­ëå ¢¨¤®¢ í­¥à£¨¨. �¨¡«¨®£à. 9.
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� ��������� ������� ����������� ������� ����� ���

Ǳ�������������� ��������� � ���������� ��Ǳ���������

�������. �. Ǳ. �ì¢®¢. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.

� æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ Q / Ω×↼, T↽, ST / S×↼, T↽ à áá¬ âà¨¢ îâáï

¤¢¥ ­¥«®ª «ì­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï á ¬¥­ïîé¨¬áï

­ ¯à ¢«¥­¨¥¬ ¢à¥¬¥­¨

Lu≡k↼x, t↽ut − ∆u ⇁ C↼x↽u / f↼x, t↽.
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�®ª §ë¢ îâáï â¥®à¥¬ë ® áãé¥áâ¢®¢ ­¨¨ £« ¤ª¨å ¨ ¥¤¨­áâ¢¥­­ëå à¥è¥­¨© ¯®áâ ¢-

«¥­­ëå § ¤ ç. �¨¡«¨®£à. 6.

��� 517.946
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�«ï ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 

utt − Aut − Bu / f↼x, t↽

á í««¨¯â¨ç¥áª¨¬¨ ®¯¥à â®à ¬¨ A ¨ B ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ à áá¬ â-

à¨¢ ¥âáï ªà ¥¢ ï § ¤ ç , ¢ ª®â®à®© ¢¬¥áâ® ®¡ëç­ëå ­ ç «ì­ëå ãá«®¢¨© § ¤ îâáï

­¥«®ª «ì­ë¥ ãá«®¢¨ï. �«ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¤®ª §ë¢ ¥âáï â¥®à¥¬  áãé¥áâ¢®-

¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­®£® à¥è¥­¨ï.
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� áá¬ âà¨¢ ¥âáï á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© âà¥âì¥£® ¯®àï¤ª , ¨á-

á«¥¤ã¥âáï ­  ãáâ®©ç¨¢®áâì á®áâ®ï­¨ï à ¢­®¢¥á¨ï á ¯®«®�¨â¥«ì­ë¬¨ ª®®à¤¨­ â ¬¨.

�áá«¥¤®¢ ­ â ª�¥ ªà¨â¨ç¥áª¨© á«ãç © ¤¢ãå ­ã«¥¢ëå ª®à­¥©. �¨¡«¨®£à. 1.

��� 512.6:519.61

� ������� �������������� ��������� ����������� ���Ǳ���
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� áá¬ âà¨¢ ¥âáï ®¡®¡é¥­¨¥ ¬¥â®¤  �¥à­ã««¨ ­ å®�¤¥­¨ï ¢¥é¥áâ¢¥­­ëå ª®à-

­¥© ¯®«¨­®¬¨ «ì­ëå ãà ¢­¥­¨© ­  á«ãç © ¯®¨áª  ¢¥é¥áâ¢¥­­ëå ­ã«¥©  ­ «¨â¨-

ç¥áª®© äã­ªæ¨¨. �ª § ­ë ãá«®¢¨ï áå®¤¨¬®áâ¨ ¢ëç¨á«¨â¥«ì­ëå ¯à®æ¥áá®¢. �¨¡-

«¨®£à. 4.

��� 512.6:519.61

� ������� ����������� ������ �������� ��������������

���������. �. �. �¥¤®à®¢, �. �. �á¨¯®¢ . | � â. § ¬¥âª¨ ���, 2008,

â. 15, ¢ë¯. 2.

Ǳà¥¤« £ ¥âáï ¬¥â®¤ à¥è¥­¨ï ¡¥áª®­¥ç­®© á¨áâ¥¬ë «¨­¥©­ëå ®¤­®à®¤­ëå  «-

£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©. � ©¤¥­  ¡¥áª®­¥ç­ ï á¨áâ¥¬   ­ «¨â¨ç¥áª¨å à¥è¥­¨©

­¥ª®â®àëå ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥­¨©. �¨¡«¨®£à. 7.
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��� 517.956

� ������ ������� ��� �� ������ ����Ǳ�������� ������
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�áá«¥¤ã¥âáï ª®àà¥ªâ­®áâì £à ­¨ç­ëå § ¤ ç ¤«ï ¬­®£®¬¥à­ëå ®¡é¨å í««¨¯-

â¨ç¥áª¨å á¨áâ¥¬. �¥â®¤®¬ ¯®â¥­æ¨ «®¢ ¤®ª §ë¢ ¥âáï â¥®à¥¬  äà¥¤£®«ì¬®¢®áâ¨

§ ¤ ç¨ �¨à¨å«¥ ¤«ï ãª § ­­®© á¨áâ¥¬ë ¢ ®£à ­¨ç¥­­®© ®¡« áâ¨. �¨¡«¨®£à. 8.


