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��� (2m+ 1)-Ǳ�������������

���������

∗)

�. �. �¡¤à å¬ ­®¢, �. �. �®� ­®¢

� ¡®â  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç á

ª®á®© ¯à®¨§¢®¤­®© ¤«ï ãà ¢­¥­¨©

(−1)mD2m+1

t u−Mu = f(x, t), (1)

£¤¥ Dk
t =

∂k

∂tk , m > 0, | æ¥«®¥ ç¨á«®, M | í««¨¯â¨ç¥áª¨© ®¯¥à â®à

¢â®à®£® ¯®àï¤ª , ¤¥©áâ¢ãîé¨© ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ (¯®-

¤®¡­ë¥ ãà ¢­¥­¨ï ­ §ë¢ îâáï ¨­®£¤  (2m+1)-¯ à ¡®«¨ç¥áª¨¬¨ ãà ¢-

­¥­¨ï¬¨, ¨­®£¤  | í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨¬¨ ãà ¢­¥­¨ï¬¨). � §-

«¨ç­ë¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¢¨¤  (1) ¨§ãç «¨áì ¢ à ¡®â å

[1{8℄, ®¤­ ª® § ¤ ç  á ª®á®© ¯à®¨§¢®¤­®© à ­¥¥ ­¥ à áá¬ âà¨¢ « áì.

Ǳ¥à¥©¤¥¬ ª á®¤¥à� â¥«ì­®© ç áâ¨ à ¡®âë.

Ǳãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¯à®áâà ­áâ¢  R
n
á £« ¤ª®© (¤«ï

¯à®áâ®âë ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬®©) £à ­¨æ¥© �, Q | æ¨«¨­¤à


×(0, T ), 0 < T < +∞, S | ¡®ª®¢ ï £à ­¨æ  æ¨«¨­¤à  Q, aij(x), αi(x),

i, j = 1, . . . , n, a
0

(x), α
0

(x), f(x, t) | § ¤ ­­ë¥ ¯à¨ x ∈ 
, t ∈ [0, T ℄

äã­ªæ¨¨. Ǳãáâì M ¨ l | ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë, ¤¥©áâ¢¨¥

ª®â®àëå ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨

Mu =
∂

∂xi
(aij(x)uxi

) + a
0

(x)u,

∗)
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­-

â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ ¯à®¥ªâ  ü06{01{00439) ¨ �¨¡¨àáª®£® ®â¤¥«¥­¨ï

���, ¨­â¥£à æ¨®­­ë© ¯à®¥ªâ ü 48).


© 2008 �¡¤à å¬ ­®¢ �. �., �®� ­®¢ �.�.
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lu = αk(x)uxk
+ α

0

(x)u

(§¤¥áì ¨ ¤ «¥¥ ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥ ¢

¯à¥¤¥« å ®â 1 ¤® n).

�à ¥¢ ï § ¤ ç  I. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨-

«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï

ãá«®¢¨ï

lu|S = 0, (2)

Dk
t u
∣∣
t=0

= 0, k = 0, 1, . . . ,m, (3)

Dk
t u
∣∣
t=T

= 0, k = 0, 1, . . . ,m− 1. (4)

�à ¥¢ ï § ¤ ç  II. � ©â¨ äã­ªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨-

«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï

ãá«®¢¨ï (2), (3),   â ª�¥ ãá«®¢¨ï

Dk
t u
∣∣
t=T

= 0, k = m+ 1, . . . , 2m. (5)

Ǳà¨¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë¥ á¢¥¤¥­¨ï, ª®â®àë¥ ¯®­ ¤®¡ïâáï ­¨�¥.

�¡®§­ ç¨¬ ç¥à¥§ B ®¯¥à â®à, ¤¥©áâ¢¨¥ ª®â®à®£® ®¯à¥¤¥«ï¥âáï à -

¢¥­áâ¢®¬

Bu =Mlu− lMu.

�¯¥à â®à B | ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª , ¨ ®­

¨¬¥¥â ¢¨¤

Bu = bij(x)uxixj
+ bi(x)uxi

+ b
0

(x)u;

äã­ªæ¨¨ bij(x), bi(x), i, j = 1, . . . , n, b
0

(x) §¤¥áì ®¯à¥¤¥«ïîâáï äã­ª-

æ¨ï¬¨ aij(x), αk(x), i, j, k = 1, . . . , n, a
0

(x) ¨ α
0

(x). �ç¥¢¨¤­®, çâ®

¥á«¨ ª®íää¨æ¨¥­âë íâ®£® ®¯¥à â®à  ®£à ­¨ç¥­ë ¢ 
, â® ¤«ï «î¡®©

äã­ªæ¨¨ v(x) ¨§ ¯à®áâà ­áâ¢  W 2

2

(
) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

‖Bv‖2L
2

(
)

6 �b
0

‖v‖2W 2

2

(
)

, (6)

¥á«¨ �¥ ®£à ­¨ç¥­­ë¬¨ ¢ 
 ï¢«ïîâáï äã­ªæ¨¨ bij(x), bijxj
(x), bi(x),

i = 1, . . . , n, b
0

(x) ¨ ¥á«¨ ¤®¯®«­¨â¥«ì­® äã­ªæ¨ï lv ®¡à é ¥âáï ¢ ­ã«ì
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­  �, â® ¤«ï «î¡®© äã­ªæ¨¨ v(x) ¨§ ¯à®áâà ­áâ¢  W 2

2

(
) ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢® ∫




Bvlv dx 6 �b
1

‖lv‖2W 1

2

(
)

+

�b
2

‖v‖2L
2

(
)

; (7)

¯®áâ®ï­­ë¥

�b
0

,

�b
1

¨

�b
2

§¤¥áì ®¯à¥¤¥«ïîâáï «¨èì äã­ªæ¨ï¬¨ aij(x),

αk(x), i, j, k = 1, . . . , n, a
0

(x) ¨ α
0

(x).

�¡®§­ ç¨¬ ç¥à¥§ νk(x), k = 1, . . . , n, ª®¬¯®­¥­âë ¢¥ªâ®à  ¢­ãâà¥­-

­¥© ­®à¬ «¨ ª � ¢ â®çª¥ x. �áî¤ã ­¨�¥ ¡ã¤¥â ¢ë¯®«­ïâìáï ãá«®¢¨¥

αk(x)νk(x) 6 0 ¯à¨ x ∈ �. (8)

Ǳãáâì v(x) | äã­ªæ¨ï ¨§ ª« áá 

{
v(x) : v ∈ W 2

2

(
), lv ∈ W 2

2

(
)

}
, ¨

¯ãáâì ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (8). �®£¤  ¥á«¨ ¤®¯®«­¨â¥«ì­® ¢ë¯®«­ï¥âáï

ãá«®¢¨¥

α
0

(x) ∈ C(
), αk(x) ∈ C1

(
), k = 1, . . . , n,

α
0

(x) − 1

2

αkxk
(x) > �α

0

> 0 ¯à¨ x ∈ 
, (9)

â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

‖v‖L
2

(
)

6 β
0

‖lv‖L
2

(
)

; (10)

¥á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨¥ (9),   â ª�¥ ãá«®¢¨¥

α
0

(x) ∈ C1

(
),

[
α
0

(x) − 1

2

αkxk
(x)

]
ξ2i + αkxi

ξiξi > �α
1

|ξ|2, (11)

�α
1

> 0, x ∈ 
, ξ ∈ R
n,

â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

‖v‖W 1

2

(
)

6 β
1

‖lv‖W 1

2

(
)

; (12)

¥á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï (9), (11),   â ª�¥ ãá«®¢¨¥

α
0

(x) ∈ C2

(
), αk(x) ∈ C2

(
), k = 1, . . . , n,

[
α
0

(x)− 1

2

αkxk
(x)

]
ξ2ij + αkxi

(x)ξkjξij + αkxj
(x)ξkiξij > �α

2

n∑

i,j=1

ξ2ij ,
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�α
2

> 0, x ∈ 
, ξij ∈ R, i, j = 1, . . . , n, (13)

â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

‖v‖W 2

2

(
)

6 β
2

‖lv‖W 2

2

(
)

, (14)

¯à¨ç¥¬ ¯®áâ®ï­­ë¥ β
0

, β
1

¨ β
2

¢ íâ¨å ­¥à ¢¥­áâ¢ å ®¯à¥¤¥«ïîâáï «¨èì

äã­ªæ¨ï¬¨ αk(x), k = 1, . . . , n, ¨ α
0

(x).

�«ï ¤®ª § â¥«ìáâ¢  íâ¨å ­¥à ¢¥­áâ¢ ¤®áâ â®ç­® ¯®á«¥¤®¢ â¥«ì­®

¯à® ­ «¨§¨à®¢ âì à ¢¥­áâ¢ 

(lv, v)L
2

(
)

= (w, v)L
2

(
)

,

(lv, v)W 1

2

(
)

= (w, v)W 1

2

(
)

,

(lv, v)W 2

2

(
)

= (w, v)W 2

2

(
)

,

¢ ª®â®àëå áª®¡ª ¬¨ ®¡®§­ ç ¥âáï áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ ¯à®áâà ­-

áâ¢ å L
2

(
), W 1

2

(
) ¨ W 2

2

(
) á®®â¢¥âáâ¢¥­­®, w(x) ¥áâì äã­ªæ¨ï lv(x);

á ¬  ­ «¨§ ®á­®¢ ­ ­  ¨­â¥£à¨à®¢ ­¨¨ ¯® ç áâï¬, ¨á¯®«ì§®¢ ­¨¨ ãá«®-

¢¨© (8), (9), (11) ¨ (13),   â ª�¥ ¯à¨¬¥­¥­¨¨ ­¥à ¢¥­áâ¢ �®è¨ | �ã-

­ïª®¢áª®£® ¨ ��¥«ì¤¥à .

Ǳãáâì v(x) | äã­ªæ¨ï ¨§ ¯à®áâà ­áâ¢  W 2

2

(
), ®¡à é îé ïáï ¢

­ã«ì ­  �, M | í««¨¯â¨ç¥áª¨© ¢ 
 ®¯¥à â®à. �®£¤  ¯à¨ ¢ë¯®«­¥­¨¨

ãá«®¢¨ï

a
0

(x) 6 −a
0

> 0 ¯à¨ x ∈ 
 (15)

¤«ï äã­ªæ¨© v(x) ¨§ ¯à®áâà ­áâ¢ W 2

2

(
), ®¡à é îé¨åáï ¢ ­ã«ì ­  �,

¨¬¥¥â ¬¥áâ® ®æ¥­ª 

m
1

‖v‖2W 2

2

(
)

6 ‖Mv‖2L
2

(
)

(16)

á ¯®«®�¨â¥«ì­®© ¯®áâ®ï­­®© m
1

, ®¯à¥¤¥«ïîé¥©áï «¨èì ª®íää¨æ¨¥­-

â ¬¨ ®¯¥à â®à  M ¨ ®¡« áâìî 
 (á¬. [9℄).

�¥®à¥¬  1. Ǳãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (8), (9), (11), (13), (14),

  â ª�¥ ãá«®¢¨ï

aij(x) ∈ C2

(
), aij(x) = aji(x), i, j = 1, . . . , n, a
0

(x) ∈ C2

(
); (17)
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aij(x)ξiξj > m
0

|ξ|2, m
0

> 0, x ∈ 
, ξ ∈ R
n
; (18)

�b
1

< m
0

, �b
2

β
0

< �a
0

, �b
0

β
2

< m
1

. (19)

�®£¤  ¥á«¨ äã­ªæ¨ï f(x, t) â ª®¢ , çâ® f(x, t) ∈ L
2

(Q), lf(x, t) ∈ L
2

(Q),

â® ªà ¥¢ ï § ¤ ç  (1){(4) ¨¬¥¥â à¥è¥­¨¥ u(x, t) â ª®¥, çâ®

u(x, t) ∈ L
2

(
0, T ;W 2

2

(
)

)
, Dk

t u(x, t) ∈ L
2

(Q),

Dk
t lu(x, t) ∈ L

2

(Q), k = 0, 1, . . . , 2m+ 1,

¨ íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢®. Ǳãáâì g(x, t) | § ¤ ­­ ï äã­ªæ¨ï ¨§ L
2

(Q).

� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî ªà ¥¢ãî § ¤ çã: ­ ©â¨ äã­ªæ¨î u(x, t),

ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

(−1)mD2m+1

t lu−Mlu−Bu = g(x, t) (20)

¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ï¥âáï ãá«®¢¨¥

Dk
t lu|t=0 = 0, k = 0, 1, . . . ,m, Dk

t lu|t=T = 0, k = 0, 1, . . . ,m− 1, (21)

  â ª�¥ ãá«®¢¨¥ (2).

� §à¥è¨¬®áâì íâ®© ªà ¥¢®© § ¤ ç¨ ãáâ ­®¢¨¬ á ¯®¬®éìî ¬¥â®-

¤  ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã. �¬¥­­®, ¯ãáâì λ | ç¨á«® ¨§ ®âà¥§ª 

[0, T ℄. � áá¬®âà¨¬ á¥¬¥©áâ¢® ªà ¥¢ëå § ¤ ç: ­ ©â¨ äã­ªæ¨î u(x, t),

ï¢«ïîéãîáï ¢ æ¨«¨­¤à¥ Q à¥è¥­¨¥¬ ãà ¢­¥­¨ï

(−1)mD2m+1

t lu−Mlu− λBu = g(x, t) (20λ)

¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2) ¨ (19). �¡®§­ ç¨¬ ç¥à¥§

� ¬­®�¥áâ¢® â¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ï ª®â®àëå ªà ¥¢ ï § ¤ ç 

(20λ), (2), (21) à §à¥è¨¬  ¢ ª« áá¥

{
u(x, t) : u(x, t) ∈ L

2

(
0, T ;W 2

2

(
)

)
, Dk

t u(x, t) ∈ L
2

(Q),

Dk
t lu(x, t) ∈ L

2

(Q), k = 0, 1, . . . , 2m+ 1

}

¤«ï «î¡®© äã­ªæ¨¨ g(x, t) ¨§ ¯à®áâà ­áâ¢  L
2

(Q). �á«¨ ¬ë ¯®ª �¥¬,

çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®, ®âªàëâ® ¨ § ¬ª­ãâ®, â® ®­®, ª ª ¨§¢¥áâ­®,
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¡ã¤¥â á®¢¯ ¤ âì á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄. �®¢¯ ¤¥­¨¥ ¬­®�¥áâ¢  � á

®âà¥§ª®¬ [0, 1℄ ¨ ¤ áâ à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (20), (2), (21) ¢

âà¥¡ã¥¬®¬ ª« áá¥.

Ǳ®ª �¥¬, çâ® ¬­®�¥áâ¢® � ­¥¯ãáâ®.

�à ¥¢ ï § ¤ ç  (20

0

), (2), (21) ï¢«ï¥âáï  ­ «®£®¬ ¯¥à¢®© ªà ¥¢®©

§ ¤ ç¨ ¤«ï (2m+ 1)-¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï

(−1)mD2m+1

t w −Mw = g(x, t)

®â­®á¨â¥«ì­® äã­ªæ¨¨ w = lu; ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (15), (17),

(18) ¤ ­­ ï ªà ¥¢ ï § ¤ ç  ¨¬¥¥â à¥è¥­¨¥ w(x, t) â ª®¥, çâ® w(x, t) ∈
L
2

(
0, T ;W 2

2

(
)

)
, Dk

t w(x, t) ∈ L
2

(Q), k = 0, 1, . . .2m + 1 (á¬. æ¨â¨à®-

¢ ­­ë¥ ¢ëè¥ à ¡®âë). � «¥¥, ãà ¢­¥­¨¥ lu = w, ãá«®¢¨ï (8), (9), (11)

¨ (13) ¤ îâ ¢®§¬®�­®áâì ­ ©â¨ äã­ªæ¨î u(x, t), ¯à¨ç¥¬ ¤«ï äã­ª-

æ¨¨ u(x, t) ¡ã¤ãâ ¨¬¥âì ¬¥áâ® ¢ª«îç¥­¨ï u(x, t) ∈ L
2

(
0, T ;W 2

2

(
)

)
,

Dk
t u ∈ L

2

(Q), k = 0, 1, . . . , 2m + 1 (á¬. [10℄). � ª¨¬ ®¡à §®¬, ¯à¨

¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë ªà ¥¢ ï § ¤ ç  (20

0

), (2), (21) ¨¬¥¥â à¥-

è¥­¨¥ u(x, t), ¯à¨­ ¤«¥� é¥¥ âà¥¡ã¥¬®¬ã ª« ááã. �â® ¨ ®§­ ç ¥â, çâ®

ç¨á«® 0 ¯à¨­ ¤«¥�¨â ¬­®�¥áâ¢ã �.

�âªàëâ®áâì ¨ § ¬ª­ãâ®áâì ¬­®�¥áâ¢  � ¢ëâ¥ª ¥â ¨§  ¯à¨®à­ëå

®æ¥­®ª (á¬. [11℄). �áâ ­®¢¨¬ ¨å ­ «¨ç¨¥.

� áá¬®âà¨¬ à ¢¥­áâ¢®

∫

Q

[
(−1)mD2m+1

t lu−Mlu
]
lu dxdt =

∫

Q

(g + λBu)lu dxdt.

�­â¥£à¨àãï ¢ «¥¢®© ç áâ¨ íâ®£® à ¢¥­áâ¢ , ®æ¥­¨¢ ï ¯à ¢ãî ç áâì á

¯®¬®éìî ­¥à ¢¥­áâ¢  �­£ , ­¥à ¢¥­áâ¢ (7) ¨ (10), ­¥âàã¤­® ¯®«ãç¨âì

­¥à ¢¥­áâ¢®

1

2

∫




[
Dm
t lu(x, T )

]
2

dx+m
0

‖lu‖2L
2

(0,T ;W 1

2

(
))

+ �a
0

‖lu‖2L
2

(Q)

6 �b
1

‖lu‖2L
2

(0,T ;W 1

2

(
))

+

(
�b
2

β
0

− δ2

2

)
‖lu‖2L

2

(Q) +
1

2δ2
‖g‖2L

2

(Q),
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¢ ª®â®à®¬ δ | ¯à®¨§¢®«ì­®¥ ¯®«®�¨â¥«ì­®¥ ç¨á«®. �§ íâ®£® ­¥à -

¢¥­áâ¢  ¨ ¨§ ãá«®¢¨ï (19) ¢ëâ¥ª ¥â ¯¥à¢ ï  ¯à¨®à­ ï ®æ¥­ª  à¥è¥­¨©

ªà ¥¢®© § ¤ ç¨ (20λ), (2), (21)

‖lu‖L
2

(0,T ;W 1

2

(
))

6 K
1

‖g‖L
2

(Q), (22)

¯®áâ®ï­­ ï K
1

¢ ª®â®à®© ®¯à¥¤¥«ï¥âáï «¨èì ª®íää¨æ¨¥­â ¬¨ ®¯¥à -

â®à®¢ M ¨ l.

�  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ à ¢¥­áâ¢®

∫

Q

[
(−1)mD2m+1

t lu−Mlu
]
Mlu dxdt =

∫

Q

[g + λBu℄Mlu dxdt.

�­®¢ì ¨­â¥£à¨àãï ¢ «¥¢®© ç áâ¨, ®æ¥­¨¢ ï ¯à ¢ãî ç áâì á ¯®¬®éìî

­¥à ¢¥­áâ¢  �­£ , ­¥à ¢¥­áâ¢ (6) ¨ (4), ¨á¯®«ì§ãï ¤ «¥¥ ãá«®¢¨¥ (19),

­¥âàã¤­® ¯®«ãç¨âì ¢â®àãî  ¯à¨®à­ãî ®æ¥­ªã à¥è¥­¨© ªà ¥¢®© § ¤ ç¨

(20λ), (2), (21)

‖lu‖L
2

(0,T ;W 2

2

(
))

6 K
2

‖g‖L
2

(Q), (23)

¯®áâ®ï­­ ï K
2

¢ ª®â®à®© ®¯à¥¤¥«ï¥âáï «¨èì ª®íää¨æ¨¥­â ¬¨ ®¯¥à -

â®à®¢ M ¨ l,   â ª�¥ ®¡« áâìî 
.

�§ ®æ¥­®ª (22) ¨ (23) ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢ëâ¥ª îâ ®æ¥­ª¨

‖u‖L
2

(0,T ;W 2

2

(
))

6 K
3

‖g‖L
2

(Q), (24)

2m+1∑

k=0

(∥∥Dk
t u
∥∥
L
2

(Q)
+

∥∥Dk
t lu
∥∥
L
2

(Q)

)
6 K

4

‖g‖L
2

(Q); (25)

¯®áâ®ï­­ ï K
3

§¤¥áì ®¯à¥¤¥«ï¥âáï «¨èì ç¨á« ¬¨ β
2

¨ K
2

, ¯®áâ®ï­­ ï

K
4

| «¨èì ç¨á« ¬¨ K
1

, K
2

¨ T .

�æ¥­®ª (22){(25) á®£« á­® [11℄ ¢¯®«­¥ ¤®áâ â®ç­® ¤«ï ¤®ª § â¥«ì-

áâ¢  ®âªàëâ®áâ¨ ¨ § ¬ª­ãâ®áâ¨ ¬­®�¥áâ¢  �. � ª £®¢®à¨«®áì ¢ëè¥,

®âªàëâ®áâì, § ¬ª­ãâ®áâì ¨ ãáâ ­®¢«¥­­ ï à ­¥¥ ­¥¯ãáâ®â  ¬­®�¥áâ¢ 

� ®§­ ç îâ, çâ® ®­® á®¢¯ ¤ ¥â á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄. �® â®£¤  ªà ¥-

¢ ï § ¤ ç  (20), (2), (21) ¡ã¤¥â ¨¬¥âì à¥è¥­¨¥ u(x, t), ¯à¨­ ¤«¥� é¥¥

âà¥¡ã¥¬®¬ã ª« ááã.
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Ǳãáâì â¥¯¥àì g(x, t) | äã­ªæ¨ï lf(x, t). �à ¢­¥­¨¥ (20) ¢ íâ®¬

á«ãç ¥ ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

l
(
(−1)mD2m+1

t u−Mu− f
)
= 0.

�§ íâ®£® ãà ¢­¥­¨ï ¨ ¨§ ãá«®¢¨© (8) ¨ (9) á«¥¤ã¥â, çâ® ¯®çâ¨ ¢áî¤ã ¢

Q ¢ë¯®«­ï¥âáï â®�¤¥áâ¢®

(−1)mD2m+1

t u−Mu = f.

� «¥¥, ¨§ â¥å �¥ ãá«®¢¨© (8) ¨ (9) á«¥¤ã¥â, çâ® ¤«ï äã­ªæ¨¨ u(x, t)

¢ë¯®«­ïîâáï ãá«®¢¨ï (3) ¨ (4). �àã£¨¬¨ á«®¢ ¬¨, äã­ªæ¨ï u(x, t),

ï¢«ïîé ïáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (20), (2), (21) 
 g = lf , ¡ã¤¥â

âà¥¡ã¥¬ë¬ à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (1){(4).

�¤¨­áâ¢¥­­®áâì à¥è¥­¨© ®ç¥¢¨¤­ .

�¥®à¥¬  ¯®«­®áâìî ¤®ª § ­ .

�¥®à¥¬  2. Ǳãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤ 

¥á«¨ äã­ªæ¨ï f(x, t) â ª®¢ , çâ® f(x, t) ∈ L
2

(Q), lf(x, t) ∈ L
2

(Q), â®

ªà ¥¢ ï § ¤ ç  (1){(3), (5) ¨¬¥¥â à¥è¥­¨¥ u(x, t) â ª®¥, çâ®

u(x, t) ∈ L
2

(
0, T ;W 2

2

(
)

)
, Dk

t u(x, t) ∈ L
2

(Q),

Dk
t lu(x, t) ∈ L

2

(Q), k = 0, 1, . . . , 2m+ 1,

¨ íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï ¯®«­®áâìî  ­ «®£¨ç­®

¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.

� ¬¥ç ­¨¥. � à ¡®â¥ à áá¬ âà¨¢ ¥âáï á«ãç © ¬®¤¥«ì­®£® ãà ¢-

­¥­¨ï (1). �¥âàã¤­® ¯®ª § âì, çâ®  ­ «®£¨ç­ë¥ à¥§ã«ìâ âë ® à §à¥è¨-

¬®áâ¨ § ¤ ç¨ á ª®á®© ¯à®¨§¢®¤­®© ¬®�­® ¯®«ãç¨âì ¨ ¤«ï ¡®«¥¥ ®¡é¨å

ãà ¢­¥­¨©, ­ ¯à¨¬¥à, ®¯¥à â®à M ¬®�­® § ¬¥­¨âì ®¯¥à â®à®¬

aij(x, t)
∂2

∂xi∂xj
+ ai(x, t)

∂

∂xi
+ a

0

(x, t),

¨ â. ¯.
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� ¤ ç¨ �®è¨ ¨ �ãàá  ¤«ï «¨­¥©­ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨©

å®à®è® ¨§ãç¥­ë ¢ [1{3℄. �­®£®¬¥à­ë¥  ­ «®£¨ íâ¨å § ¤ ç ¨§-§  ®â-

áãâáâ¢¨ï íää¥ªâ¨¢­ëå ¬¥â®¤®¢ ¨§ãç¥­¨ï âà¥¡ãîâ ¯à¨¢«¥ç¥­¨ï ­®¢ëå

¬¥â®¤®¢, ¯®íâ®¬ã ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ áãé¥áâ¢ã¥â ¬ «® à ¡®â (á¬. [4℄).

� ¤ ­­®© à ¡®â¥ ¯à¥¤«®�¥­ ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï, ¢ ç áâ­®áâ¨, ¯®«ã-

ç¥­ë ®¤­®§­ ç­ë¥ à §à¥è¨¬®áâ¨ ¢§ ¨¬­®-á®¯àï�¥­­ëå § ¤ ç �®è¨ ¨

�ãàá  ¤«ï ®¤­®£® ª« áá  ¬­®£®¬¥à­ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨©.

1. Ǳ®áâ ­®¢ª  § ¤ ç ¨ ®á­®¢­ë¥ à¥§ã«ìâ âë. Ǳãáâì Dε |

ª®­¥ç­ ï ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  Em+1

â®ç¥ª (x, . . . , xm, t),

®£à ­¨ç¥­­ ï ¯®¢¥àå­®áâï¬¨ |x| = t+ ε, |x| = 1− t ¨ ¯«®áª®áâìî t = 0,

£¤¥ |x| | ¤«¨­  ¢¥ªâ®à  x = (x
1

, . . . , xm),   0 6 t 6 1−ε
2

, 0 6 ε < 1.

� áâ¨ íâ¨å ¯®¢¥àå­®áâ¥©, ®¡à §ãîé¨å £à ­¨æã ∂Dε ®¡« áâ¨ Dε, ®¡®-

§­ ç¨¬ ç¥à¥§ Sε, S1 ¨ S á®®â¢¥âáâ¢¥­­®.

� ®¡« áâ¨ Dε à áá¬®âà¨¬ ¢§ ¨¬­®-á®¯àï�¥­­ë¥ ¬­®£®¬¥à­ë¥ £¨-

¯¥à¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï

Lu = �xu− utt +

m∑

i=1

ai(x, t)uxi
+ b(x, t)ut + c(x, t)u = 0, (1)

L∗v = �xv − vtt −
m∑

i=1

aivxi
− bvt + dv = 0, (1

∗
)

£¤¥ �x | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥­­ë¬ x
1

, . . . , xm, m > 2, d(x, t) =

c−
m∑
i=1

aixi
− bt.
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� áá¬®âà¨¬ á«¥¤ãîé¨¥ § ¤ ç¨ �®è¨ ¨ �ãàá  ¤«ï ãà ¢­¥­¨ï (1).

� ¤ ç  1. � ©â¨ ¢ ®¡« áâ¨ Dε à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨§ ª« áá 

C(Dε) ∩ C2

(Dε), ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬

u|S = τ(x), ut|S = ν(x). (2)

� ¤ ç  2. � ©â¨ ¢ ®¡« áâ¨ Dε à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨§ ª« áá 

C(Dε) ∩ C2

(Dε), ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

u|Sε
= σε(x), u|S

1

= σ
1

(x). (3)

� ¤ «ì­¥©è¥¬ ­ ¬ ¡ã¤¥â ã¤®¡­® ¯¥à¥©â¨ ®â ¤¥ª àâ®¢ëå ª®®à¤¨­ â

x
1

, . . . , xm, t ª áä¥à¨ç¥áª¨¬ r, θ1, . . . , θm−1

, t, r > 0, 0 6 θ
1

6 2π, 0 6 θi 6

π, i = 2, 3, . . . ,m − 1. Ǳãáâì Hε | ¯à®¥ªæ¨ï ®¡« áâ¨ Dε ­  ¯«®áª®áâì

(r, t) á £à ­¨æ ¬¨ �ε : r = t + ε, �
1

: r = 1 − t ¨ � : t = 0, ε < r < 1.

Ǳãáâì ¤ «¥¥

{
Y kn,m(θ)

}
| á¨áâ¥¬  «¨­¥©­® ­¥§ ¢¨á¨¬ëå áä¥à¨ç¥áª¨å

äã­ªæ¨© ¯®àï¤ª  n, 1 6 k 6 kn, (m−2)!n!kn = (n+m−3)!(2n+m−2),

θ = (θ
1

, . . . , θm−1

), W l
2

(Dε), l = 0, 1, . . . , | ¯à®áâà ­áâ¢  �®¡®«¥¢ ,  

S̃ =

{
(r, θ) ∈ S, ε < r < 1+ε

2

}
.

�¥à¥§ ~akin(r, t), a
k
in(r, t),

~bkn(r, t), ~c
k
n(r, t)

~dkn(r, t), ρ
k
n, �τ

k
n(r) �v

k
n(r), �σ

k
εn(r),

�σk
1n(r) ®¡®§­ ç¨¬ ª®íää¨æ¨¥­âë à §«®�¥­¨ï àï¤®¢ ¯® áä¥à¨ç¥áª¨¬

äã­ªæ¨ï¬ Y kn,m(θ) äã­ªæ¨© ai(r, θ, t), ρ(θ), ai
xi

r ρ, b(r, θ, t)ρ, c(r, θ, t)ρ,

d(r, θ, t)ρ, ρ(θ), τ(r, θ), ν(r, θ), σε(r, θ), σ1(r, θ), i = 1, . . . ,m, ¯à¨ç¥¬

ρ(θ) ∈ C∞
(S). �¢¥¤¥¬ ¬­®�¥áâ¢® äã­ªæ¨©

B′
(S) =

{
f(r, θ) : f ∈W l

2

(S),

∞∑

n=0

kn∑

k=1

(∥∥fkn(r)
∥∥2
C1

([ε,1℄)

+

∥∥fkn(r)
∥∥2
C2

([ε,1℄)

)
exp 2(n2 + n(m− 2)) <∞, l > m− 1

}
.

�á«¨ ai(x, t), b(x, t), c(x, t) ∈ Bl(S), â® ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �á«¨ τ(r, θ), ν(r, θ) ∈ Bl(S), â® § ¤ ç  1 ¨¬¥¥â ¥¤¨­-

áâ¢¥­­®¥ à¥è¥­¨¥.



14 �«¤ è¥¢ �. �.

�¥®à¥¬  2. �á«¨ σε(r, θ) ∈ Bl(S̃), σ
1

(r, θ) ∈ Bl(S \ S̃), â® § ¤ ç  2
®¤­®§­ ç­® à §à¥è¨¬ .

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ -

ç¨ 1 ¤®ª § ­  ¢ [5℄. Ǳ®ª �¥¬ ¥¥ à §à¥è¨¬®áâì. �¥è¥­¨¥ íâ®© § ¤ ç¨

¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ àï¤ 

u(r, θ, t) =

∞∑

n=0

kn∑

k=1

�ukn(r, t)Y
k
n,m(θ), (4)

£¤¥ �ukn(r, t) | äã­ªæ¨¨, ª®â®àë¥ ¡ã¤ãâ ®¯à¥¤¥«¥­ë ­¨�¥. Ǳ®¤áâ ¢¨¢

(4) ¢ (1),  ­ «®£¨ç­® [4, 6℄ ¯®«ãç¨¬ ãà ¢­¥­¨ï ¢¨¤ 

ρ1
0

�u1
0rr − ρ1

0

�u1
0tt +

(
m− 1

r
ρ1
0

+

m∑

i=1

a1i0

)
�u1
0r +

~b1
0

�u1
0t + ~c1

0

�u1
0

+

∞∑

n=1

kn∑

k=1

{
ρkn�u

k
nrr − ρkn�u

k
ntt +

(
m− 1

r
ρkn +

m∑

i=1

akin

)
�uknr +

~bkn�u
k
nt

+

[
~ckn − λn

r2
ρkn +

m∑

i=1

(
~akin−1

− nakin
)
]
�ukn

}
= 0, λn = n(n+m− 2). (5)

�¥¯¥àì à áá¬®âà¨¬ ¡¥áª®­¥ç­ãî á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-

­¨©

ρ1
0

�u1
0rr − ρ1

0

�u1
0tt +

m− 1

r
ρ1
0

�u1
0r = 0, (6)

ρk
1

�uk
1rr − ρk

1

�uk
1tt +

m− 1

r
ρk
1

�uk
1r

−λ1
r2
ρk
1

�uk
1

= − 1

k
1

(
m∑

i=1

a1i0�u
1

0r +
~b1
0

�u1
0t + ~c1

0

�u1
0

)
,

n = 1, k = 1, k
1

,

(7)

ρkn�u
k
nrr − ρkn�u

k
ntt +

m− 1

r
ρkn�u

k
nr −

λn
r2
ρkn�u

k
n

= − 1

kn

kn−1∑

kn

{
m∑

i=1

akin−1

�uknr +
~bkn−1

�ukn−1t

+

[
~ckn−1

+

m∑

i=1

(
~akin−2

− (n− 1)akin−1

)
]
�ukn−1

}
, k = 1, kn, n = 2, 3, . . . .

(8)
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�¥âàã¤­® ¯®ª § âì, çâ® ¥á«¨

{
�ukn
}
, k = 1, kn, n = 0, 1, . . . , | à¥è¥-

­¨¥ á¨áâ¥¬ë (6){(8), â® ®­® ï¢«ï¥âáï ¨ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5). �ç¨-

âë¢ ï ®àâ®£®­ «ì­®áâì áä¥à¨ç¥áª¨å äã­ªæ¨© Y kn,m(θ) [7℄, ¨§ ªà ¥¢®£®

ãá«®¢¨ï (2) ¢ á¨«ã (4) ¨¬¥¥¬

�ukn(r, t)|� = �τkn (r), �u
k
nt(r, t)|� = �νkn(r), k = 1, kn, n = 0, 1, . . . . (9)

� ª¨¬ ®¡à §®¬, § ¤ ç  1 á¢¥¤¥­  ª á¨áâ¥¬¥ § ¤ ç �®è¨ ¢ ®¡« áâ¨ Hε

¤«ï ãà ¢­¥­¨© (6){(8). �¥¯¥àì ¡ã¤¥¬ ­ å®¤¨âì à¥è¥­¨ï íâ¨å § ¤ ç.

�¥âàã¤­® § ¬¥â¨âì, çâ® ª �¤®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (6){(8) ¬®�­® ¯à¥¤-

áâ ¢¨âì ¢ ¢¨¤¥

�uknrr − ukntt +
m− 1

r
�uknr −

λn
r2

�ukn =
�fkn(r, t), (10)

£¤¥

�fkn(r, t) ®¯à¥¤¥«ïîâáï ¨§ ¯à¥¤ë¤ãé¨å ãà ¢­¥­¨© íâ®© á¨áâ¥¬ë, ¯à¨

íâ®¬

�f1
0

(r, t) ≡ 0. � (10), ¢ë¯®«­¨¢ § ¬¥­ã ¯¥à¥¬¥­­ëå �ukn(r, t) =

r
1−m
2 ukn(r, t) ¨ ¯®«®�¨¢ § â¥¬

ξ =
r + t

2

, η =
r − t

2

,

¯®«ãç¨¬

Mu = uknξη +
[(m− 1)(3−m)− 4λn℄

4(ξ + η)2
ukn = fkn(ξ, η), (11)

fkn(ξ, η) = (ξ+η)
m−1

2

�fkn(ξ+η, ξ−η), ¯à¨ íâ®¬ ªà ¥¢®¥ ãá«®¢¨¥ (9) ¯à¨¬¥â

¢¨¤

ukn(ξ, ξ) = τkn (ξ),

(
∂ukn
∂ξ

− ∂ukn
∂η

)∣∣∣∣
ξ=η

= νkn(ξ),
ε

2

6 η < ξ 6
1

2

, (12)

τkn (ξ) = (2ξ)
m−1

2

�τkn (2ξ), ν
k
n(ξ) =

√
2(2ξ)

m−1

2

�νkn(2ξ), k = 1, kn, n = 0, 1, . . . .

� ª ¯®ª § ­® ¢ [8℄, à¥è¥­¨¥ § ¤ ç �®è¨ (11), (12) ¨¬¥¥â ¢¨¤

ukn(ξ, η) =
1

2

τkn(η)R(η, η; ξ, η) +
1

2

τkn(ξ)R(ξ, ξ; ξ, η)

+

1√
2

ξ∫

η

[
νkn(ξ1)R(ξ1, ξ1; ξ, η)− τkn (ξ1)

∂

∂N
R(ξ

1

, η
1

; ξ, η)|ξ
1

=η
1

]
dξ

1

+

ξ∫

1/2

η∫

ε/2

fkn(ξ1, η1)R(ξ1, η1; ξ, η) dξ1dη1,
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£¤¥

R(ξ
1

, η
1

; ξ, η) = Pµ

[
(ξ
1

− η
1

)(ξ − η) + 2(ξ
1

η
1

+ ξη)

(ξ
1

+ η
1

)(ξ + η)

]
= Pµ(z)

| äã­ªæ¨ï �¨¬ ­  ãà ¢­¥­¨ïMu = 0,   Pµ(z) | äã­ªæ¨ï �¥� ­¤à ,

µ = n + m−3

2

,

∂
∂N

∣∣
ξ=η

=

1√
2

(
∂
∂ξ − ∂

∂η

)∣∣
ξ=η

. � ª¨¬ ®¡à §®¬, § ¤ ç  (10),

(9) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �«¥¤®¢ â¥«ì­®, á­ ç «  à¥è¨¢ § ¤ çã

(6), (9) (n = 0),   § â¥¬ (7), (9) (n = 0) ¨ â. ¤., ­ ©¤¥¬ ¯®á«¥¤®¢ â¥«ì­®

¢á¥ �ukn(r, t) k = 1, kn, n = 0, 1, . . . . � «¥¥, ª ª ¨ ¢ [4, 6℄, ¤®ª §ë¢ ¥âáï,

çâ® äã­ªæ¨ï (4) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ 1, £¤¥ �ukn(r, t) ®¯à¥¤¥«ï¥âáï

¨§ ¤¢ã¬¥à­ëå § ¤ ç �®è¨, ¯à¨ç¥¬ ¯à¨­ ¤«¥�¨â ¨áª®¬®¬ã ª« ááã.

�¥®à¥¬  1 ¤®ª § ­ .

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �­ ç «  ¤®ª �¥¬ ¥¤¨­áâ¢¥­-

­®áâì à¥è¥­¨ï § ¤ ç¨ 2. �«ï íâ®£® ¯®áâà®¨¬ à¥è¥­¨¥ v(r, θ, t) ãà ¢­¥-

­¨ï (1

∗
), ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬

v|S = 0, vt|S = ν(r, θ) = �ν1
0

(r)Y 1

0,m(θ), �ν1
0

(r) ∈ G, (13)

£¤¥ G | ¬­®�¥áâ¢® äã­ªæ¨© v(r) ¨§ ª« áá  C1

(ε 6 r 6 1) ∩ C2

(ε <

r < 1). �ç¥¢¨¤­®, çâ® ¬­®�¥áâ¢® G ¯«®â­® ¢áî¤ã ¢ L
2

((ε, 1)). �¥è¥­¨¥

v(r, θ, t) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ àï¤  (4). �®£¤ , ª ª ¨ ¢ á«ãç ¥ § ¤ ç¨ 1,

äã­ªæ¨¨ �vkn(r, t) ¡ã¤ãâ ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ ãà ¢­¥­¨© (6){(8), £¤¥

~akin, a
k
in,

~bkn § ¬¥­¥­ë á®®â¢¥âáâ¢¥­­® ­  −~akin, −akin, −~bkn ,   ~ckn ­ 

~dkn,

i = 1, . . . ,m, k = 1, kn, n = 0, 1, . . . .

�§ ªà ¥¢®£® ãá«®¢¨ï (13) ¨¬¥¥¬

�v1
0

∣∣
�

= 0, �v1
0t

∣∣
�

= �ν1
0

(r), (14)

�vk
0

∣∣
�

= 0, vknt
∣∣
�

= 0, k = 1, kn, n = 1, 2, . . . . (15)

� ¯. 2 ¯®ª § ­®, çâ® § ¤ ç¨ �®è¨ (10), (14) ¨ (10), (15) ¨¬¥îâ

¥¤¨­áâ¢¥­­ë¥ à¥è¥­¨ï. �âáî¤  ­ ©¤¥¬ ¯®á«¥¤®¢ â¥«ì­® ®¤­®§­ ç­ë¥

à¥è¥­¨ï § ¤ ç (6), (14), (7), (15) (n = 1) ¨ (8), (15) (n = 2, 3, . . . ). � ª¨¬

®¡à §®¬, à¥è¥­¨¥ § ¤ ç¨ (1

∗
), (13) ¢ ¢¨¤¥ (4) ¯®áâà®¥­®. �­ «®£¨ç­ë¬

®¡à §®¬ áâà®ïâáï à¥è¥­¨ï íâ®© § ¤ ç¨, ¥á«¨

ν(r, t) = �νkn(r)Y
k
n,m(θ), k = 1, kn, n = 1, 2, . . . .
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�¥¯¥àì ¯®ª �¥¬, çâ® ¥á«¨ σε(x) ≡ 0, σ
1

(x) ≡ 0, â® à¥è¥­¨¥ § ¤ ç¨ 2

u(x, t) â®�¤¥áâ¢¥­­® ­ã«¥¢®¥. �§ ®¯à¥¤¥«¥­¨ï á®¯àï�¥­­ëå ®¯¥à â®-

à®¢ [5℄ á«¥¤ã¥â

vLu− uL∗v = −vP (u) + uP (v)− uvQ,

£¤¥

P (u) =

m∑

i=1

uxi

os(N⊥, xi)− ut 
os(N

⊥, t),

Q =

m∑

i=1

ai 
os(N
⊥, xi) + b 
os(N⊥, t),

  N⊥
| ¢­ãâà¥­­ïï ­®à¬ «ì ª £à ­¨æ¥ ∂Dε. � «¥¥, ¨á¯®«ì§ãï ä®à-

¬ã«ã �à¨­ , ¯®«ãç¨¬

∫

Dε

(vLu− uL∗v) dDε =

∫

∂Dε

[(
v
∂u

∂N
− u

∂v

∂N

)
M + uvQ

]
ds, (16)

£¤¥

∂
∂N | ª®­®à¬ «ì ª ∂Dε,   M

2

=

m∑
i=1


os

2

(N⊥, xi) + 
os

2

(N⊥, t).

�§ (16), ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ £à ­¨ç­ë¥ ãá«®¢¨ï (3) ¨ â®â ä ªâ,

çâ® ­  å à ªâ¥à¨áâ¨ç¥áª¨å ª®­ãá å Sε ¨ S1 ª®­®à¬ «ì­ë¥ ¯à®¨§¢®¤-

­ë¥

∂
∂N á®¢¯ ¤ îâ á ¯à®¨§¢®¤­®© ¯® ª á â¥«ì­®¬ã ­ ¯à ¢«¥­¨î [5℄,

¯®«ãç ¥¬ ∫

S

ν(r, θ)u(r, θ, 0) dS = 0. (17)

Ǳ®áª®«ìªã «¨­¥©­ ï ®¡®«®çª  á¨áâ¥¬ë äã­ªæ¨©

{
�νkn(r)Y

k
n,m(θ)

}
¯«®â-

­  [9℄ ¢ L
2

(S), â® ¨§ (17) § ª«îç ¥¬, çâ® u(x, 0) = 0 ∀x ∈ S. Ǳãáâì

â¥¯¥àì v(r, θ, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï (1

∗
) á ¤ ­­ë¬¨ v|S =

τ(r, θ) = �τkn(r)Y
k
n,m(θ), vt|S = 0, �τkn (r) ∈ G ¢ ¢¨¤¥ (4). �®£¤  ¨§ (16)

â ª�¥ ¡ã¤¥¬ ¨¬¥âì

∫

S

τ(r, θ)(ut + bu) dS = 0. (18)
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� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï (17) ¨ (18), ¯à¨å®¤¨¬ ª ®¤­®à®¤­®© § ¤ ç¥

�®è¨ u(x, 0) = 0, ut(x, 0) = 0 ∀x ∈ S ¤«ï ãà ¢­¥­¨ï (1). �«¥¤®¢ â¥«ì-

­®, ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ 2 ¤®ª § ­ .

�¥¯¥àì ãáâ ­®¢¨¬ à §à¥è¨¬®áâì § ¤ ç¨ 2. �á«¨ ¥¥ à¥è¥­¨¥ ¨áª âì

¢ ¢¨¤¥ (4), â® äã­ªæ¨¨ �ukn(r, t) ¡ã¤ãâ ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ ãà ¢­¥­¨©

(6){(8). �§ ªà ¥¢®£® ãá«®¢¨ï (3) ¨¬¥¥¬

�ukn
∣∣
�ε

= �σkεn(r), �ukn
∣∣
�

1

= �σk
1n(r), k = 1, kn, n = 0, 1, . . . . (19)

� «¥¥ à áá¬®âà¨¬ ãà ¢­¥­¨¥ (11), ª ª®â®à®¬ã á¢®¤¨âáï ª �¤®¥ ãà ¢-

­¥­¨¥ á¨áâ¥¬ë (6){(8),   ãá«®¢¨¥ (19) ¬®�­® § ¯¨á âì ¢ á«¥¤ãîé¥¬

¢¨¤¥:

ukn

(
ξ,
ε

2

)
= ϕkεn(ξ), ukn

(
1

2

, η

)
= ψkn(η),

ε

2

6 ξ 6
1

2

,
ε

2

6 η 6
1

2

,

ϕkεn(ξ) =

(
ξ +

ε

2

)m−1

2

�σkεn

(
ξ +

ε

2

)
, ψkn(η) =

(
1

2

+ η

)m−1

2

�σk
1n

(
1

2

+ η

)
,

k = 1, kn, n = 0, 1, . . . .
(20)

� ª¨¬ ®¡à §®¬, ¯à¨è«¨ ª § ¤ ç¥ �ãàá  (11), (20), ª®â®à ï ¨¬¥¥â ¥¤¨­-

áâ¢¥­­®¥ à¥è¥­¨¥ [1℄. �«¥¤®¢ â¥«ì­®, á­ ç «  à¥è¨¢ § ¤ çã (6), (19)

(n = 0), (7), (19) (n = 1) ¨ â. ¤., ­ ©¤¥¬ ¯®á«¥¤®¢ â¥«ì­® ¢á¥ �ukn(r, t),

k = 1, kn, n = 0, 1, . . . .

� ª ¨ ¢ [4, 6℄, ¤®ª §ë¢ ¥âáï, çâ® äã­ªæ¨ï (4) ï¢«ï¥âáï à¥è¥­¨¥¬

§ ¤ ç¨ 2, £¤¥ �ukn(r, t) ®¯à¥¤¥«ï¥âáï ¨§ ¤¢ã¬¥à­ëå § ¤ ç �ãàá , ¯à¨ç¥¬

¯à¨­ ¤«¥�¨â ¨áª®¬®¬ã ª« ááã.

�¥®à¥¬  2 ¤®ª § ­ .
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∗)

�. �. �®à®¤¨­, �. �. �¬¨âà¨¥¢, �. �. �¢ ­®¢ 

�¢¥¤¥­¨¥

� â¥®à¨¨ £à ä®¢ è¨à®ª® ¨§¢¥áâ­  2-¤¨áâ ­æ¨®­­ ï à áªà áª  ¢¥à-

è¨­. �¥à¥§ V (G) ¨ E(G) ®¡®§­ ç¨¬ ¬­®�¥áâ¢  ¢¥àè¨­ ¨ à¥¡¥à £à ä 

G á®®â¢¥âáâ¢¥­­®. � áªà áª  f : V (G) → {1, 2, . . . , k} ¢¥àè¨­ £à ä 

G ­ §ë¢ ¥âáï 2-¤¨áâ ­æ¨®­­®©, ¥á«¨ «î¡ë¥ ¤¢¥ ¢¥àè¨­ë ­  à ááâ®ï-

­¨¨ ­¥ ¡®«¥¥ 2 ®ªà è¥­ë ¢ à §­ë¥ æ¢¥â . � ¨¬¥­ìè¥¥ ç¨á«® æ¢¥â®¢

¢ 2-¤¨áâ ­æ¨®­­ëå à áªà áª å £à ä  G ­ §ë¢ ¥âáï 2-¤¨áâ ­æ¨®­­ë¬

åà®¬ â¨ç¥áª¨¬ ç¨á«®¬ £à ä  G ¨ ®¡®§­ ç ¥âáï ç¥à¥§ χ
2

(G).

� ¤ ç  2-¤¨áâ ­æ¨®­­®© à áªà áª¨ ¢®§­¨ª ¥â ¢ ¯à¨«®�¥­¨ïå; ¢

ç áâ­®áâ¨, ®­  ï¢«ï¥âáï ®¤­®© ¨§ ®á­®¢­ëå ¬®¤¥«¥© ¢ ¯à®¡«¥¬¥ à á-

¯à¥¤¥«¥­¨ï à ¤¨®ç áâ®â ¢ á¥âïå ¬®¡¨«ì­®£® â¥«¥ä®­¨à®¢ ­¨ï. � á -

¬®© â¥®à¨¨ £à ä®¢ ¨§¢¥áâ­  áâ à ï (1977 £.) £¨¯®â¥§  �. �¥£­¥à  [1℄

® â®¬, çâ® χ
2

(G) 6 ⌊ 3
2

�⌋ + 1 ¤«ï «î¡®£® ¯«®áª®£® £à ä  G 
 ¬ ªá¨-

¬ «ì­®© áâ¥¯¥­ìî � (á¬. â ª�¥ ¬®­®£à ä¨î �. �. �¥­á¥­  ¨ �. �®äâ 

[2℄). � ¨«ãçè¥© ¨§ ®¯ã¡«¨ª®¢ ­­ëå ¢¥àå­¨å ®æ¥­®ª ¤«ï ¯à®¨§¢®«ì­ëå

¯«®áª¨å £à ä®¢ ï¢«ï¥âáï χ
2

(G) 6 ⌈ 9
5

�⌉+ 1 ¯à¨ � > 47 [3℄.

∗)
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­-

â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ ¯à®¥ªâ  ¯¥à¢®£®  ¢â®à  08{01{00673 ¨ ª®¤ ¯à®¥ªâ 

¢â®à®£®  ¢â®à  06{01{00694); âà¥â¨©  ¢â®à ¡ë«  ¯®¤¤¥à� ­  £à ­â®¬ Ǳà¥-

§¨¤¥­â  �®áá¨¨ ¤«ï ¬®«®¤ëå ª ­¤¨¤ â®¢ ¨ ¨å ­ ãç­ëå àãª®¢®¤¨â¥«¥© (ª®¤

¯à®¥ªâ  ��-2302.2008.1).


© 2008 �®à®¤¨­ �. �., �¬¨âà¨¥¢ �. �., �¢ ­®¢  �. �.
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�ç¥¢¨¤­®, çâ® χ
2

(G) > �+1 ¤«ï «î¡®£® £à ä  G (¢¢¨¤ã â®£®, çâ®

¢ «î¡®¬ £à ä¥ ¥áâì §¢¥§¤ K
1,�). � [4, 5℄ ®¯à¥¤¥«¥­ë ¤®áâ â®ç­ë¥ ãá«®-

¢¨ï (¢ â¥à¬¨­ å ®¡å¢ â  ¨ ¬ ªá¨¬ «ì­®© áâ¥¯¥­¨) 2-¤¨áâ ­æ¨®­­®©

(� + 1)-à áªà è¨¢ ¥¬®áâ¨ ¯«®áª¨å £à ä®¢ á ¬ ªá¨¬ «ì­®© áâ¥¯¥­ìî

�. � ç áâ­®áâ¨, ¯®«­®áâìî à¥è¥­ ¢®¯à®á ® â®¬, ¤«ï ¯«®áª¨å £à ä®¢

G áª®«ì ¬ «ëå ®¡å¢ â®¢ ç¨á«® χ
2

(G) ¤®áâ¨£ ¥â á¢®¥£® ­ ¨¬¥­ìè¥£®

§­ ç¥­¨ï �+1 «¨èì ¯ãâ¥¬ ­ «®�¥­¨ï ®£à ­¨ç¥­¨ï ­  ¬ ªá¨¬ «ì­ãî

áâ¥¯¥­ì £à ä . � ¡®â  [6℄ ®¡®¡é ¥â à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ [4, 5℄, ­ 

á«ãç © ¯à¥¤¯¨á ­­®© 2-¤¨áâ ­æ¨®­­®© à áªà áª¨.

�¥¡¥à­ë¬ à áªà áª ¬ £à ä®¢ ¯®á¢ïé¥­® ¬­®£® à ¡®â (á¬. [2℄).

� ­ áâ®ïé¥© à ¡®â¥ ¬ë ¢¢®¤¨¬ ¢ à áá¬®âà¥­¨¥ à¥¡¥à­ãî 2-¤¨áâ ­-

æ¨®­­ãî à áªà áªã £à ä®¢ ¡¥§ ¯¥â¥«ì ¨ ªà â­ëå à¥¡¥à.

� áªà áªã ϕ : E(G) → {1, 2, . . . , k} £à ä  G ­ §®¢¥¬ à¥¡¥à­®© 2-

¤¨áâ ­æ¨®­­®©, ¥á«¨ «î¡ë¥ ¤¢  à¥¡à , ­ å®¤ïé¨¥áï ¤àã£ ®â ¤àã£  ¢

£à ä¥ á¬¥�­®áâ¨ à¥¡¥à ­  à ááâ®ï­¨¨ ­¥ ¡®«¥¥ 2, ®ªà è¥­ë ¢ à §­ë¥

æ¢¥â . �àã£¨¬¨ á«®¢ ¬¨, ¢ à §­ë¥ æ¢¥â  ¤®«�­ë ªà á¨âìáï: (a) á¬¥�-

­ë¥ à¥¡à  (¨¬¥îé¨¥ ®¡éãî ª®­æ¥¢ãî ¢¥àè¨­ã) ¨ (b) à¥¡à , ¨¬¥îé¨¥

®¡é¥¥ á®á¥¤­¥¥ à¥¡à®.

�à ä G ­ §ë¢ ¥âáï à¥¡¥à­® 2-¤¨áâ ­æ¨®­­® k-à áªà è¨¢ ¥¬ë¬,

¥á«¨ áãé¥áâ¢ã¥â 2-¤¨áâ ­æ¨®­­ ï à áªà áª  ¥£® à¥¡¥à ¢ k æ¢¥â®¢; ­ ¨-

¬¥­ìè¥¥ æ¥«®¥ k â ª®¥, çâ® £à ä G ï¢«ï¥âáï à¥¡¥à­® 2-¤¨áâ ­æ¨®­­®

k-à áªà è¨¢ ¥¬ë¬, ­ §ë¢ ¥âáï à¥¡¥à­ë¬ 2-¤¨áâ ­æ¨®­­ë¬ åà®¬ â¨-

ç¥áª¨¬ ç¨á«®¬ £à ä  G ¨ ®¡®§­ ç ¥âáï ç¥à¥§ χe
2

(G).

�¥£ª® ¢¨¤¥âì, çâ® ¯à¨ � = 2 áãé¥áâ¢ãîâ £à äë á χe
2

(G) = 4

¨ ¯à®¨§¢®«ì­® ¡®«ìè¨¬ ®¡å¢ â®¬. �¥©áâ¢¨â¥«ì­®, çâ®¡ë à¥¡¥à­® 2-

¤¨áâ ­æ¨®­­® à áªà á¨âì æ¨ª« C
3k ¤®áâ â®ç­® âà¥å æ¢¥â®¢, â®£¤  ª ª

¤«ï æ¨ª«®¢ C
3k+1 ¨ C

3k+2 íâ® ç¨á«® ã�¥ ¤®áâ¨£ ¥â ç¥âëà¥å, ¯à¨ç¥¬

C
5

¨¬¥¥â ¤ �¥ χe
2

(C
5

) = 5.

�ç¥¢¨¤­®, çâ®¡ë à áªà á¨âì à¥¡¥à­® 2-¤¨áâ ­æ¨®­­® ¯à®áâãî æ¥¯ì

¤®áâ â®ç­® âà¥å æ¢¥â®¢. �î¡®¥ ¤¥à¥¢® á � = 3 âà¥¡ã¥â ã�¥ 5 æ¢¥â®¢,

¥á«¨ ¢ ­¥¬ ¥áâì å®âï ¡ë ¤¢¥ á¬¥�­ë¥ 3-¢¥àè¨­ë. Ǳ®ªà á¨¢ «î¡®¥

à¥¡à® ¢ ªã¡¨ç¥áª®¬ ¤¥à¥¢¥, ¡ã¤¥¬ ¯à®¤®«� âì 5-à áªà áªã ®â ­¥£® ¢
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à §­ë¥ áâ®à®­ë ª ¢¨áïç¨¬ à¥¡à ¬. �¥âàã¤­® § ¬¥â¨âì, çâ® æ¢¥â  ­ 

à¥¡à å ¡ã¤ãâ ¯®¢â®àïâìáï ¯¥à¨®¤¨ç­® ¯® ¬¥à¥ ã¤ «¥­¨ï ®â ¨áå®¤­®£®

à¥¡à . Ǳ®á«¥¤­¨¬¨ ¡ã¤¥¬ ªà á¨âì ¢¨áïç¨¥ à¥¡à .

� ª¨¬ ®¡à §®¬, ¯à¨ g =∞ ¨ � = 3, çâ®¡ë à áªà á¨âì £à ä à¥¡¥à-

­® 2-¤¨áâ ­æ¨®­­®, ¯ïâ¨ æ¢¥â®¢ ¤®áâ â®ç­®. � ¬®�­® «¨ §  áç¥â ¤®áâ -

â®ç­® ¡®«ìè®£® ª®­¥ç­®£® ®¡å¢ â  ¤®¡¨âìáï à¥¡¥à­®© 2-¤¨áâ ­æ¨®­­®©

5-à áªà è¨¢ ¥¬®áâ¨ ¯« ­ à­®£® £à ä ? �«¥¤ãîé ï â¥®à¥¬  ®â¢¥ç ¥â

­  íâ®â ¢®¯à®á.

�¥®à¥¬  1. Ǳãáâì G | ¯« ­ à­ë© áã¡ªã¡¨ç¥áª¨© £à ä ¨ g(G) >

36. �®£¤  χe
2

(G) 6 5.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

�à¥¤¨ ¢á¥å ª®­âà¯à¨¬¥à®¢ ª â¥®à¥¬¥ 1 ¢ë¡¥à¥¬ ¬¨­¨¬ «ì­ë© ¯®

ç¨á«ã > 2-¢¥àè¨­ ¨ ª ª �¤®© ¥£® 2-¢¥àè¨­¥ ¤®¡ ¢¨¬ ¢¨áïç¥¥ à¥¡à®. �

¯®«ãç¥­­®¬ £à ä¥ G ¨¬¥îâáï â®«ìª® ¢¥àè¨­ë áâ¥¯¥­¨ 1 ¨ 3 ¨ g(G) >

36,   χe
2

(G
0

) > 5.

�¥ ­ àãè ï ®¡é­®áâ¨, ¬®�­® áç¨â âì, çâ® £à ä G á¢ï§¥­.

�¥¬¬  1. � G ­¥â 3-¢¥àè¨­, á¬¥�­ëå á ¤¢ã¬ï ¢¨áïç¨¬¨ ¢¥àè¨-

­ ¬¨.

�®ª § â¥«ìáâ¢®. �¤ «¨¬ ®¡¥ ¢¨áïç¨¥ ¢¥àè¨­ë ¯à¨ â ª®© 3-¢¥à-

è¨­¥ ¨ à áªà á¨¬ ¯®«ãç¥­­ë© £à ä. � áªà áªã ¬®�­® ¯à®¤®«�¨âì,

¯®áª®«ìªã ­  ¢ë¡®à æ¢¥â  ¤«ï ­¥®ªà è¥­­ëå à¥¡¥à ¨¬¥¥âáï ­¥ ¡®«¥¥

ç¥âëà¥å ®£à ­¨ç¥­¨©, â ª ª ª �(G) = 3. �

Ǳ®¤ k-£ãá¥­¨æ¥© ¤ «¥¥ ¡ã¤¥¬ ¯®­¨¬ âì æ¥¯ì, á®áâ®ïéãî ¢ â®ç­®-

áâ¨ ¨§ k ¢¥àè¨­ áâ¥¯¥­¨ 3, ª �¤ ï ¨§ ª®â®àëå ¨­æ¨¤¥­â­  ¢¨áïç¥©

¢¥àè¨­¥.

Ǳãáâì e
1

, e
2

, . . . , e
7

| à¥¡à  6-£ãá¥­¨æë,   e′
1

, e′
2

, . . . , e′
6

| ¥¥ ¢¨-

áïç¨¥ à¥¡à  á®®â¢¥âáâ¢¥­­®; ¨ ¯ãáâì e
11

, e
12

á¬¥�­ë á e
1

,   e
71

, e
72

|

á e
7

. �¤ «¨¬ ¢¨áïç¨¥ ¢¥àè¨­ë 6-£ãá¥­¨æë ¨ 3-¢¥àè¨­ë, ¨­æ¨¤¥­â-

­ë¥ à¥¡à ¬ ei, 3 6 i 6 5, ¨ à áªà á¨¬ ¯®«ãç¥­­ë© £à ä. Ǳà®¤®«�¨¬

à áªà áªã c ­  ¢¥áì £à ä G.
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Ǳãáâì c(e
11

) = 1, c(e
12

) = 2, c(e
1

) = 3. � ©¤¥¬ ¬­®�¥áâ¢® æ¢¥â®¢,

à §à¥è¥­­ëå ­  æ¥­âà «ì­®¬ à¥¡à¥ e
4

6-£ãá¥­¨æë. � áá¬®âà¨¬ ¬­®-

�¥áâ¢  à §à¥è¥­­ëå æ¢¥â®¢ ­  à¥¡à å ei ¨ e
′
i, 1 6 i 6 6. �ç¥¢¨¤­®,

à¥¡à  e
2

, e′
1

¨¬¥îâ ¯® ¤¢  à §à¥è¥­­ëå æ¢¥â  | 4 ¨ 5. �«¥¤ãîé¨¥ § 

­¨¬¨ e
3

¨ e′
2

â®�¥ ¨¬¥îâ ¯® ¤¢  à §à¥è¥­­ëå æ¢¥â  | 1 ¨ 2, â ª ª ª

ª �¤®¥ ¨§ e
3

¨ e′
2

¯®«ãç ¥â ¯® 3 § ¯à¥â  ­  ¢ë¡®à æ¢¥â  ®â à¥¡¥à e
1

,

e
2

¨ e′
1

, â. ¥. ®¡  à §à¥è¥­­ë¥ ­  e
2

, e′
1

æ¢¥â  ¤«ï e
3

, e′
2

§ ¯à¥é¥­ë,  

â ª�¥ § ¯à¥é¥­ æ¢¥â à¥¡à  e
1

. �¥¡à  e
4

, e′
3

¨¬¥îâ ã�¥ ¯® 3 à §à¥è¥­-

­ëå æ¢¥â  | 3, 4, 5, ¯®áª®«ìªã ¤«ï ­¨å § ¯à¥é¥­  â®«ìª® ¯ à  æ¢¥â®¢,

à §à¥è¥­­ëå ­  e
3

, e′
2

. � ª¨¬ ®¡à §®¬, ­  e
4

á® áâ®à®­ë à¥¡¥à e
11

, e
12

,

e
1

¯à¨å®¤ïâ 2 § ¯à¥â  ­  ¢ë¡®à æ¢¥â , ¨ à §à¥è¥­­ë¬¨ ®áâ îâáï æ¢¥â 

3, 4, 5.

�®ç­® â ª �¥ ¯®©¤¥¬ ª e
4

á ¤àã£®© áâ®à®­ë. Ǳãáâì c(e
71

) = α,

c(e
72

) = β, c(e
7

) = γ. �  à¥¡à å e
6

¨ e′
6

à §à¥è¥­ë æ¢¥â  δ, ε, ®â«¨ç­ë¥

®â α, β, γ; ­  e
5

¨ e′
5

à §à¥è¥­ë α, β,   ­  e
4

¨ e′
4

à §à¥è¥­ë γ,

δ, ε. � ª¨¬ ®¡à §®¬, ®â à¥¡¥à e
71

, e
72

, e
7

­  e
4

â ª�¥ ¯à¨å®¤ïâ 3

à §à¥è¥­­ëå æ¢¥â . Ǳ®áª®«ìªã æ¢¥â®¢ ¯ïâì, â® {3, 4, 5}⋂{γ, δ, ε} 6= ∅,

â. ¥. e
4

¬®�­® ¡ã¤¥â ¯®ªà á¨âì.

�¥¬¬  2. � áªà áªã c ¬®�­® ¯à®¤®«�¨âì ­  G ¢® ¢á¥å á«ãç ïå,

§  ¨áª«îç¥­¨¥¬ á«ãç ï α = 3, β = 2, γ = 1 ¨ ¥¬ã á¨¬¬¥âà¨ç­ëå (α = 2,

β = 3, γ = 1; α = 1, β = 3, γ = 2 ¨ α = 3, β = 1, γ = 2).

�®ª § â¥«ìáâ¢®. � ¯®¬­¨¬, çâ® c(e
11

) = 1, c(e
12

) = 2, c(e
1

) = 3.

�«ãç © 1. 3 /∈ {α, β}. � ¯®¬­¨¬ â ª�¥, çâ® ­  à¥¡à å e
6

, e′
6

¨

e
5

, e′
5

à §à¥è¥­ë æ¢¥â  δ, ε ¨ α, β á®®â¢¥âáâ¢¥­­®,   ­  e′
4

| γ, δ ¨ ε.

Ǳ®«®�¨¬ c(e
4

) = 3.

�á«¨ γ 6= 3, â® 3 ∈ {δ, ε}. Ǳãáâì ε = 3. �®£¤  à¥¡à  e
6

, e′
6

¨

e′
4

®¤­®§­ ç­® à áªà è¨¢ îâáï ¢ δ, ε, ¨ γ á®®â¢¥âáâ¢¥­­®. � «¥¥ ¬ë

ªà á¨¬ e
5

¨ e′
5

á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ γ ∈ {4, 5}, â® ¯®« £ ¥¬ c(e
5

) ∈
{1, 2}; ¥á«¨ �¥ γ ∈ {1, 2}, â® c(e

5

) ∈ {4, 5}. �¥¯¥àì ¬®�­® ¢§ïâì c(e′
3

) ∈
{4, 5} − γ,   c(e

3

) ∈ {1, 2} − c(e
5

) ¨ ¤ «¥¥ à áªà áªã «¥£ª® ¯à®¤®«�¨âì

­  à¥¡à  e
2

, e′
2

¨ e′
1

.
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Ǳãáâì â¥¯¥àì γ = 3. �á«¨ å®âï ¡ë ®¤¨­ ¨§ α ¨«¨ β ¯à¨­ ¤«¥�¨â

¬­®�¥áâ¢ã {1, 2}, ¯ãáâì α ∈ {1, 2}, â® áà¥¤¨ δ, ε ¥áâì 4 ¨«¨ 5, ¨ ¬ë

¯®« £ ¥¬ c(e′
4

) > 3. � «¥¥ c(e
6

) ∈ {δ, ε} − c(e′
4

) ¨ c(e′
3

) ∈ {4, 5} − c(e′
4

),

  c(e
5

) = α. � ¬¥â¨¬, çâ® â¥¯¥àì à áªà áªã «¥£ª® ¯à®¤®«�¨âì ­  ¢á¥

®áâ «ì­ë¥ à¥¡à . �á«¨ �¥ ­¨ α, ­¨ β ­¥ ¯à¨­ ¤«¥� â ¬­®�¥áâ¢ã {1, 2}
(â. ¥. α = 4, β = 5, γ = 3), â® ¬ë ¯®« £ ¥¬ c(e′

4

) = 1. �¬¥¥¬ ®¤­®§­ ç­®

à áªà è¨¢ ¥¬ë¥ à¥¡à : c(e
3

) = c(e
6

) = 2, c(e′
2

) = c(e′
6

) = 1 ¨ c(e
4

) = 3;

¨ â¥¯¥àì ã�¥ ­¥âàã¤­® ¯à®¤®«�¨âì à áªà áªã ­  à¥¡à  e′
3

, e
5

, e′
5

, e
2

¨ e′
1

.

�«ãç © 2. α = 3 (á«ãç © β = 3 á¨¬¬¥âà¨ç¥­). �ç¨âë¢ ï á«ã-

ç © 1 (¯®¢â®àïï ¢ëè¥®¯¨á ­­ë¥ à ááã�¤¥­¨ï ¯à¨¬¥­¨â¥«ì­® ª à¥¡à ¬

6-£ãá¥­¨æë ®â e
6

ª e
2

), ¬ë ¬®�¥¬ áç¨â âì â¥¯¥àì, çâ® γ ∈ {1, 2}. �¢¨¤ã
á¨¬¬¥âà¨ç­®£® à á¯®«®�¥­¨ï æ¢¥â®¢ 1, 2 ­  à¥¡à å e

11

¨ e
12

¯®«®�¨¬

γ = 1.

�á«¨ β ∈ {4, 5}, â® § ¬¥â¨¬, çâ® ­  à¥¡à å e
6

, e′
6

à §à¥è¥­ë æ¢¥â 

{2, δ}, ­  e
5

, e′
5

| {3, β},   ­  e′
4

| {1, 2, δ}. �à®¬¥ â®£®, ¯®áª®«ì-

ªã á ®¤­®© áâ®à®­ë ­  e
4

¯à¨å®¤ïâ à §à¥è¥­­ë¬¨ æ¢¥â  {1, 2, δ},   á

¤àã£®© | {3, 4, 5}, ¯à¨ç¥¬ δ ∈ {4, 5}, â® ¯®« £ ¥¬ c(e
4

) = {4, 5} − β,  

c(e
5

) = β ¨ c(e′
3

) = 3. � «¥¥ ®¤­®§­ ç­® c(e′
5

) = 3, c(e
6

) = 2, c(e′
6

) = δ ¨

à áªà áªã «¥£ª® ¯à®¤®«�¨âì ­  à¥¡à  e′
4

, e
3

, e′
2

, e
2

¨ e′
1

.

Ǳãáâì â¥¯¥àì β = 2. �®£¤  ¨¬¥¥¬ ®¤¨­ ¨§ ­¥¯à®¤®«� ¥¬ëå á«ã-

ç ¥¢, ¯¥à¥ç¨á«¥­­ëå ¢ ãá«®¢¨¨ «¥¬¬ë 2. �¡¥¤¨¬áï, çâ® à áªà á¨âì

6-£ãá¥­¨æã ­¥¢®§¬®�­®. �¥©áâ¢¨â¥«ì­®, e
4

¬®�­® ¯®ªà á¨âì «¨¡® ¢ 4,

«¨¡® ¢ 5. �® ¢ ®¡®¨å á«ãç ïå c(e
4

) ¢ëç¥àª¨¢ ¥âáï ¨§ ¬­®�¥áâ¢  à §-

à¥è¥­­ëå ¤«ï e
2

¨ e
6

æ¢¥â®¢. �¢¨¤ã á¨¬¬¥âà¨¨ ¯ãáâì c(e
4

) = 4; ¨¬¥¥¬

®¤­®§­ ç­ãî à áªà áªã: c(e
2

) = 5, c(e′
1

) = 4, c(e
6

) = 5, c(e′
6

) = 4,

c(e′
3

) = 3, c(e′
4

) = 1, c(e
3

) = 2 ¨ c(e′
2

) = 1. �® â®£¤  e
5

­¥¢®§¬®�­®

¯®ªà á¨âì. �

�¥¬¬  3. � G ­¥â 7-£ãá¥­¨æ.

�®ª § â¥«ìáâ¢®. Ǳãáâì e
1

, e
2

, . . . , e
8

| à¥¡à  7-£ãá¥­¨æë,  

e′
1

, e′
2

, . . . , e′
7

| ¥¥ ¢¨áïç¨¥ à¥¡à ; ¨ ¯ãáâì e
11

, e
12

á¬¥�­ë á e
1

,   e
81

, e
82

|
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á e
8

. �¤ «¨¬ ¢¨áïç¨¥ ¢¥àè¨­ë 7-£ãá¥­¨æë ¨ 3-¢¥àè¨­ë, ¨­æ¨¤¥­â­ë¥

à¥¡à ¬ ei, 3 6 i 6 6, ¨ à áªà á¨¬ ¯®«ãç¥­­ë© £à ä. Ǳà®¤®«�¨¬ à á-

ªà áªã c ­  ¢¥áì £à ä G. �§ «¥¬¬ë 2 á«¥¤ã¥â, çâ® ¥á«¨ c(e
11

), c(e
12

),

c(e
1

) á®®â¢¥âáâ¢¥­­® à ¢­ë 1, 2, 3, â® c(e
71

) = 2, c(e
72

) = 3, c(e
7

) = 1.

� ¬¥â¨¬, çâ® â¥¯¥àì ã ­ á ­  à¥¡à å e′
3

, e
4

à §à¥è¥­ë âà¨ æ¢¥â : 3,

4, 5, ­  e
5

, e′
5

| 1, 4, 5,   ­  æ¥­âà «ì­®¬ ¢¨áïç¥¬ à¥¡à¥ e′
4

| ¢á¥ ¯ïâì

æ¢¥â®¢. Ǳ®«®�¨¬ c(e′
4

) = 5, c(e
5

) = 1 ¨ c(e
4

) = 3. �¥âàã¤­® ¢¨¤¥âì,

çâ® ¤ «¥¥ à áªà áª  ¯à®¤®«� ¥âáï ­  ¢á¥ à¥¡à  7-£ãá¥­¨æë. �

�â ª, ¢ G ¥áâì â®«ìª® 6 6-£ãá¥­¨æë. �¤ «¨¬ ¢á¥ ¢¨áïç¨¥ à¥¡à 

¢á¥å k-£ãá¥­¨æ ¨ áâï­¥¬ ¯®«ãç¥­­ë¥ k-æ¥¯¨ (á®áâ®ïé¨¥ ¨§ k ¢¥àè¨­

áâ¥¯¥­¨ 2) ¢ à¥¡à .

�«ï ¯®«ãç¥­­®£® £à ä  G∗
ä®à¬ã«ã �©«¥à  |V | − |E| + |F | = 2

§ ¯¨è¥¬ ¢ ¢¨¤¥

(4|E| − 6|V |) + (2|E| − g|F |) = −12,

£¤¥ F | ¬­®�¥áâ¢® £à ­¥© £à ä  G∗
. �âáî¤  á«¥¤ã¥â, çâ®

∑

v∈V
(2d(v)− 6) +

∑

f∈F
(r(f) − 6) < 0,

£¤¥ d(v) | áâ¥¯¥­ì ¢¥àè¨­ë v,   r(f) | à ­£ £à ­¨ f . Ǳ®áª®«ìªã ¢

¯®«ãç¥­­®¬ £à ä¥ G∗
¬¨­¨¬ «ì­ ï áâ¥¯¥­ì > 3, â® ¢ ­¥¬ ­ ©¤¥âáï 6 5-

£à ­ì f . �®ááâ ­®¢¨¬ 2-¢¥àè¨­ë áâï­ãâëå k-æ¥¯¥©, ¯à¨ íâ®¬ ª �¤®¥

à¥¡à® £à ­¨ f ¯à¥¢à â¨âáï ¢ æ¥¯ì ¨§ ­¥ ¡®«¥¥ ç¥¬ 7 à¥¡¥à, â. ¥. à ­£ f

­¥ ¯à¥¢®áå®¤¨â 35.

�¥®à¥¬  1 ¤®ª § ­ .
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∗)

�. �. �®à®¤¨­, �. �. �¬¨âà¨¥¢, �. �. �¢ ­®¢ 

1. Ǳ¥à¥¬¥­­ ï ¢ëà®�¤¥­­®áâì

�¤­¨¬ ¨§ ®¡®¡é¥­¨© ¯®­ïâ¨ï ¢¥àè¨­­®© à áªà áª¨ ï¢«ï¥âáï ¯®-

ªàëâ¨¥ ¢¥àè¨­ £à ä  «¥á ¬¨ ¨, ¡®«¥¥ ®¡é®, ¯®¤£à ä ¬¨ § ¤ ­­®© ¢ë-

à®�¤¥­­®áâ¨. �à ä ­ §ë¢ ¥âáï k-¢ëà®�¤¥­­ë¬, ¥á«¨ ¬¨­¨¬ «ì­ ï

áâ¥¯¥­ì «î¡®£® ¥£® ¯®¤£à ä  ¬¥­ìè¥ k. � ç áâ­®áâ¨, 1-¢ëà®�¤¥­­ë¬¨

ï¢«ïîâáï £à äë ¡¥§ à¥¡¥à,   2-¢ëà®�¤¥­­ë¬¨ | £à äë ¡¥§ æ¨ª«®¢,

â. ¥. «¥á . �¢¥¤¥­­®¥ ¢ [1℄ ç¨á«® αt(G) ¢¥àè¨­­®© t-¤à¥¢¥á­®áâ¨ £à -

ä  G ¥áâì ¬¨­¨¬ «ì­®¥ ç¨á«® t-¢ëà®�¤¥­­ëå ¯®¤£à ä®¢, ¯®ªàë¢ î-

é¨å V (G). �á­®, çâ® α
1

(G) ¥áâì åà®¬ â¨ç¥áª®¥ ç¨á«® χ(G) £à ä  G.

Ǳ à ¬¥âà ρ(G) = α
2

(G) ­ §ë¢ ¥âáï ç¨á«®¬ ¢¥àè¨­­®© ¤à¥¢¥á­®áâ¨

£à ä  G.

� ç¨­ ï á 1972 £. ç¨á«  αt ¨ ρ ¨§ãç «¨áì ¢ ¤¥áïâª å à ¡®â (á¬.

[2℄). � áá¬ âà¨¢ « áì ¨ § ¤ ç  ¯®ªàëâ¨ï ¢¥àè¨­ £à ä  ¯®¤£à ä ¬¨

­¥ ®¤­®© ¨ â®© �¥ ¢ëà®�¤¥­­®áâ¨. � ª, �. �. �®à®¤¨­ë¬ [3℄ ¯®«ãç¥­®

á«¥¤ãîé¥¥ ®¡®¡é¥­¨¥ ¨§¢¥áâ­®© â¥®à¥¬ë �àãªá  [4℄.

�¥®à¥¬  1. �á«¨ �(G) = k
1

+ . . . + ks > 3, £¤¥ s > 2, ¨ á¢ï§­ë©

∗)
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­-

â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ ¯à®¥ªâ  ¯¥à¢®£®  ¢â®à  06{01{00694 ¨ ª®¤ ¯à®¥ªâ 

âà¥âì¥£®  ¢â®à  05{01{00816); âà¥â¨©  ¢â®à ¡ë«  ¯®¤¤¥à� ­  £à ­â®¬ Ǳà¥-

§¨¤¥­â  �®áá¨¨ ¤«ï ¬®«®¤ëå ª ­¤¨¤ â®¢ ¨ ¨å ­ ãç­ëå àãª®¢®¤¨â¥«¥© (ª®¤

¯à®¥ªâ  ��-2302.2008.1).
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£à ä G ­¥ ï¢«ï¥âáï ¯®«­ë¬, â® V (G) ¬®�­® ¯®ªàëâì s-¯®¤£à ä ¬¨,

i-© ¨§ ª®â®àëå ki-¢ëà®�¤¥­.

�¤¥áì â¥®à¥¬  �àãªá  á®®â¢¥âáâ¢ã¥â á«ãç î k
1

= . . . = ks = 1. �â-

¬¥â¨¬ â ª�¥, çâ® k-¢ëà®�¤¥­­ë© £à ä ï¢«ï¥âáï k-à áªà è¨¢ ¥¬ë¬,

  2k-¢ëà®�¤¥­­ë© ¤®¯ãáª ¥â ¯®ªàëâ¨¥ k ¨­¤ãæ¨à®¢ ­­ë¬¨ «¥á ¬¨.

�àã£®¥ ®¡®¡é¥­¨¥ ¢¥àè¨­­®© à áªà áª¨| ¯à¥¤¯¨á ­­ ï à áªà á-

ª  | ¡ë«® ¢¢¥¤¥­® ¢ 1976 £. �¨§¨­£®¬ [5℄,   â ª�¥, ­¥¬­®£® ¯®§¤­¥¥,

�à¤¥è¥¬, � ¡¨­®¬ ¨ �¥©«®à®¬ [6℄ ¨ á â¥å ¯®à ¯à¨¢«¥ª ¥â ®£à®¬­®¥ ¢­¨-

¬ ­¨¥ ¨áá«¥¤®¢ â¥«¥© (á¬. ª­¨£ã [7℄). �¤¥áì ¬­®�¥áâ¢® æ¢¥â®¢ L(v),

¤®¯ãáâ¨¬ëå ¤«ï ¢¥àè¨­ë v, ¬®�¥â ¬¥­ïâìáï ®â ¢¥àè¨­ë ª ¢¥àè¨­¥ ¨

­ã�­® ¢ë¡à âì ¯® ®¤­®¬ã æ¢¥âã ¨§ L(v) ¤«ï ª �¤®© ¢¥àè¨­ë v â ª,

çâ®¡ë ¯®«ãç¨« áì ¯à ¢¨«ì­ ï à áªà áª  £à ä . Ǳà¥¤¯¨á ­­ë¬ åà®¬ -

â¨ç¥áª¨¬ ç¨á«®¬ χl(G) £à ä  G ­ §ë¢ ¥âáï â ª®¥ ­ ¨¬¥­ìè¥¥ k, çâ®

¨§ «î¡®£® ¯à¥¤¯¨á ­¨ï á® á¢®©áâ¢®¬ |L(v)| > k ¤«ï ª �¤®© ¢¥àè¨­ë

v ∈ V (G) ¬®�­® ¢ë¤¥«¨âì à áªà áªã. �ç¥¢¨¤­®, çâ® χ(G) 6 χl(G), â ª

ª ª ®¡ëç­ ï à áªà áª  ¥áâì â®â ç áâ­ë© á«ãç © ¯à¥¤¯¨á ­­®©, ª®£¤ 

¯à¥¤¯¨á ­¨¥ (ª ª äã­ªæ¨ï ­  V (G)) ¯®áâ®ï­­®.

Ǳ®«ãç¥­­®¥ �¨§¨­£®¬ [5℄ ®¡®¡é¥­¨¥ â¥®à¥¬ë �àãªá  ­  á«ãç ©

¯à¥¤¯¨á ­­®© à áªà áª¨ ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬  2. �á«¨ |L(v)| > �(G) > 3 ¤«ï ª �¤®© ¢¥àè¨­ë v ∈
V (G) ¨ á¢ï§­ë© £à ä G ­¥ ï¢«ï¥âáï ¯®«­ë¬, â® ¨§ L ¬®�­® ¢ë¤¥«¨âì

à áªà áªã.

�¢  ¯à¨¢¥¤¥­­ëå ¢ëè¥ ®¡®¡é¥­¨ï ¢¥àè¨­­®© à áªà áª¨ ª �ãâ-

áï á®¢¥àè¥­­® ­¥ ¯®å®�¨¬¨ ¤àã£ ­  ¤àã£ . �¨èì á¯ãáâï ¬­®£® «¥â

�. �. �®à®¤¨­, �. �. �®áâ®çª  ¨ �®äâ [2℄ ®¡­ àã�¨«¨ á¢ï§ì ¬¥�-

¤ã § ¤ ç ¬¨ ¯à¥¤¯¨á ­­®© à áªà áª¨ ¨ ¯®ªàëâ¨ï ¢ëà®�¤¥­­ë¬¨ ¯®¤-

£à ä ¬¨: ¢ ®¡®¨å á«ãç ïå £à ä ¯®ªàë¢ ¥âáï ¯®¤£à ä ¬¨ ¯¥à¥¬¥­­®©

¢ëà®�¤¥­­®áâ¨.

Ǳ®ïá­¨¬ áãâì ¤¥« . � ¬¥â¨¬ á­ ç « , çâ® k-¢ëà®�¤¥­­ë© £à ä

¤®¯ãáª ¥â k-à §¡®àªã: ¬®�­® ã¤ «ïâì ¨§ ­¥£® ¢¥àè¨­ë (¢¬¥áâ¥ á ¨­-

æ¨¤¥­â­ë¬¨ à¥¡à ¬¨) ¢ ®¯à¥¤¥«¥­­®¬ ¯®àï¤ª¥ â ª, çâ®¡ë ¢ ¬®¬¥­â
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ã¤ «¥­¨ï áâ¥¯¥­ì ¢¥àè¨­ë ¢ ®áâ ¢è¥¬áï ¯®¤£à ä¥ ¡ë«  ¬¥­ìè¥ k.

Ǳãáâì â¥¯¥àì f | äã­ªæ¨ï ¨§ V (G) ¢ ¬­®�¥áâ¢® ­ âãà «ì­ëå

ç¨á¥« N . �ã¤¥¬ £®¢®à¨âì, çâ® £à ä G ï¢«ï¥âáï f -¢ëà®�¤¥­­ë¬, ¥á-

«¨ áãé¥áâ¢ã¥â â ª ï ¥£® à §¡®àª , ¯à¨ ª®â®à®© ª �¤ ï ¢¥àè¨­  v ¢

¬®¬¥­â á¢®¥£® ã¤ «¥­¨ï ¨¬¥¥â áâ¥¯¥­ì (áâà®£®) ¬¥­ìè¥ f(v). �á­®,

çâ® k-¢ëà®�¤¥­­ë¬¨ ï¢«ïîâáï ¢ â®ç­®áâ¨ f -¢ëà®�¤¥­­ë¥ £à äë á

f(v) ≡ k.

�â¬¥â¨¬, çâ® ­¨ª ª®© £à ä G ­¥ ï¢«ï¥âáï d-¢ëà®�¤¥­­ë¬, £¤¥

d | ¥£® áâ¥¯¥­­ ï äã­ªæ¨ï (å®âï ¡ë ¯®â®¬ã, çâ® ­¥â ¢¥àè¨­ë, á ª®-

â®à®© ¬®�­® ¡ë«® ¡ë ­ ç âì à §¡®àªã). � ¤àã£®© áâ®à®­ë, ¥á«¨ G

á¢ï§¥­, â® ¤«ï ¥£® f -¢ëà®�¤¥­­®áâ¨ ¤®áâ â®ç­®, çâ®¡ë f(v) > d(v)

¤«ï ¢á¥å v ∈ V (G) ¨ ¯à¨ íâ®¬ f(w) > d(w) ¤«ï ­¥ª®â®à®© ¢¥àè¨­ë

w ∈ V (G).

� «¥¥, ¯ãáâì F = (f
1

, . . . , fs), £¤¥ ª �¤ ï fi ¥áâì äã­ªæ¨ï ¨§ V (G)

¢ N ∪ {0}. �ã¤¥¬ £®¢®à¨âì, çâ® £à ä G ï¢«ï¥âáï F -à §«®�¨¬ë¬,

¨«¨ (f
1

, . . . , fs)-à §«®�¨¬ë¬, ¥á«¨ V (G) ¬®�­® ¯®ªàëâì ¢¥àè¨­­®-

­¥¯¥à¥á¥ª îé¨¬¨áï ¨­¤ãæ¨à®¢ ­­ë¬¨ ¯®¤£à ä ¬¨ G
1

, . . . , Gs â ª¨-

¬¨, çâ® ª �¤ë© Gi ï¢«ï¥âáï fi-¢ëà®�¤¥­­ë¬, 1 6 i 6 s.

�â¨ ¯®¤£à äë Gi ¬®�­® âà ªâ®¢ âì ª ª æ¢¥â®¢ë¥ ª« ááë. � ¬¥-

â¨¬, çâ® ¥á«¨ fi(v) = 0, â® ¢¥àè¨­  v ­¥ ¬®�¥â ¡ëâì ¯®ªà è¥­  ¢

æ¢¥â i (â. ¥. ¯à¨­ ¤«¥� âì Gi). �¥©áâ¢¨â¥«ì­®, ¯®¯ ¤¨ v ¢ Gi, ®­  ­¥

¬®£«  ¡ë ¡ëâì ã¤ «¥­  ¨§ Gi, ¨¬¥ï ¢ ¬®¬¥­â ã¤ «¥­¨ï ®âà¨æ â¥«ì­ãî

áâ¥¯¥­ì.

� ª¨¬ ®¡à §®¬, ç áâ­ë© á«ãç © ¯®ªàëâ¨ï V (G) ¯®¤£à ä ¬¨ ¯¥-

à¥¬¥­­®© ¢ëà®�¤¥­­®áâ¨, ª®£¤  fi(v) ∈ {0, 1} ¤«ï ¢á¥å i ¨ v, ®â¢¥ç ¥â
¯à¥¤¯¨á ­­®© à áªà áª¥ £à ä  G ¯à¨ L(v) = {i | fi(v) = 1}. �á«¨

�¥ ¢áî¤ã fi(v) ∈ {0, 2}, â® ¨¬¥¥¬ § ¤ çã ® ¯à¥¤¯¨á ­­®© ¢¥àè¨­­®©

¤à¥¢¥á­®áâ¨, ¢¢¥¤¥­­ãî ¢ à áá¬®âà¥­¨¥ ¢ [2℄.

� ¬ �¥ [2℄ ¯®«ãç¥­® ¤ «ì­¥©è¥¥ ®¡®¡é¥­¨¥ â¥®à¥¬ë �àãªá , ¯®-

£«®é îé¥¥ ã¯®¬ï­ãâë¥ ¢ëè¥ à¥§ã«ìâ âë �®à®¤¨­  [3℄ ¨ �¨§¨­£  [5℄.
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�¥®à¥¬  3. �¢ï§­ë© ­¥¯®«­ë© £à ä G ï¢«ï¥âáï (f
1

, . . . , fs)-à §-

«®�¨¬ë¬, £¤¥ s > 2, ¥á«¨ G ­¥ á®¤¥à�¨â ¬®­®¡«®ª®¢ ¨ f
1

(v) + . . . +

fs(v) > �(G) > 3 ¤«ï ª �¤®© ¢¥àè¨­ë v.

2. �á­®¢­®© à¥§ã«ìâ â

�®£« á­® â¥®à¥¬¥ �¯¯¥«ï ¨ � ª¥­  [8℄ ® 4 ªà áª å ª �¤ë© ¯«®á-

ª¨© £à ä ï¢«ï¥âáï (1, 1, 1, 1)-à §«®�¨¬ë¬. �¤­ ª®, ª ª ¯®ª § « �¥£-

­¥à [9℄, ­¥ ª �¤ë© ¯«®áª¨© £à ä ¤®¯ãáª ¥â á«¥¤ãîé¥¥ ¯® á¨«¥ (2, 1, 1)-

à §«®�¥­¨¥ (¥é¥ à ­ìè¥ � àâà¥­¤®¬ ¨ �à®­ª®¬ [10℄ ¯®áâà®¥­ë ¯«®á-

ª¨¥ £à äë 
 ¢¥àè¨­­®© ¤à¥¢¥á­®áâìî 3, â. ¥. ­¥ ¨¬¥îé¨¥ (2, 2)-à §«®-

�¥­¨ï). � ¤àã£®© áâ®à®­ë, � à£¨â �®£â [11℄ ¯®ª § « , çâ® áãé¥áâ¢ãîâ

¯«®áª¨¥ £à äë, ­¥ à áªà è¨¢ ¥¬ë¥ ¯à¥¤¯¨á ­­® ¢ 4 æ¢¥â .

�áâ¥áâ¢¥­­® ¢®§­¨ª ¥â ¢®¯à®á ® ¤®áâ â®ç­ëå ãá«®¢¨ïå ¯à¥¤¯¨á ­-

­®© 4-à áªà è¨¢ ¥¬®áâ¨ ¯«®áª¨å £à ä®¢,   â ª�¥ ¤«ï ¨å (2, 1, 1)-à §-

«®�¨¬®áâ¨, ¢¥àè¨­­®© 2-¤à¥¢¥á­®áâ¨, ¯à¥¤¯¨á ­­®© ¢¥àè¨­­®© 2-¤à¥-

¢¥á­®áâ¨ ¨ â. ¤. �®«¥¥ ®¡é® ¢áâ ¥â ¢®¯à®á ® ¢®§¬®�­®áâ¨ ¯®ªàëâì

¢¥àè¨­ë ¯«®áª®£® £à ä  ¨­¤ãæ¨à®¢ ­­ë¬¨ ¯®¤£à ä ¬¨ á ¯à¥¤¯¨á ­-

­ë¬¨ ¢ëà®�¤¥­­®áâï¬¨, ¢ áã¬¬¥ á®áâ ¢«ïîé¨¬¨ ¯® ¬¥­ìè¥© ¬¥à¥ 4

¢ ª �¤®© ¢¥àè¨­¥.

�ç¥¢¨¤­ë¬ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ â ª®£® à®¤  ï¢«ï¥âáï ®âáãâ-

áâ¢¨¥ ¢ ¯«®áª®¬ £à ä¥ 3-æ¨ª«®¢ (¯®áª®«ìªã â ª¨¥ £à äë ï¢«ïîâáï

4-¢ëà®�¤¥­­ë¬¨). �­â¥à¥á­ë© à¥§ã«ìâ â ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¯®«ã-

ç¨«¨ � ¬, �áã ¨ �î [12℄.

�¥®à¥¬  4. � �¤ë© ¯«®áª¨© £à ä ¡¥§ 4-æ¨ª«®¢ ¯à¥¤¯¨á ­­® 4-

à áªà è¨¢ ¥¬.

�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï á«¥¤ãîé¥¥ ®¡®¡é¥­¨¥ â¥®à¥¬ë 4.

�¥®à¥¬  5. � �¤ë© ¯«®áª¨© £à ä ¡¥§ 4-æ¨ª«®¢ (f
1

, . . . , fs)-à §-

«®�¨¬, ¥á«¨ s > 2, f
1

(v) + . . . + fs(v) > 4 ¤«ï «î¡®© ¢¥àè¨­ë v,  

fi(v) ∈ {0, 1, 2} ¤«ï ¢á¥å i ¨ v.
�ç¥¢¨¤­®, çâ® â¥®à¥¬  4 á®®â¢¥âáâ¢ã¥â á«ãç î fi(v) ∈ {0, 1} â¥®-

à¥¬ë 5.
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�«¥¤áâ¢¨¥ 1. � �¤ë© ¯«®áª¨© £à ä ¡¥§ 4-æ¨ª«®¢ ¯à¥¤¯¨á ­­®

¢¥àè¨­­® 2-¤à¥¢¥á¥­.

Ǳ®« £ ¥¬ fi(v) ∈ {0, 2} ¢ â¥®à¥¬¥ 5.

�«¥¤áâ¢¨¥ 2. � �¤ë© ¯«®áª¨© £à ä ¡¥§ 4-æ¨ª«®¢ ¢¥àè¨­­®

2-¤à¥¢¥á¥­.

Ǳ®« £ ¥¬ s = 2, f
1

(v) ≡ f
2

(v) ≡ 2 ¢ â¥®à¥¬¥ 5.

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 5

Ǳãáâì G
0

| ¬¨­¨¬ «ì­ë© ¯® ç¨á«ã ¢¥àè¨­ ª®­âà¯à¨¬¥à ª â¥®à¥-

¬¥ 5. �¡®§­ ç¨¬ ¬¨­¨¬ «ì­ãî áâ¥¯¥­ì £à ä  G ç¥à¥§ δ(G).

�­ ç «  ¯à¨¢¥¤¥¬ àï¤ à¥§ã«ìâ â®¢ ® áâà®¥­¨¨ ¯«®áª¨å £à ä®¢ ¡¥§

4-æ¨ª«®¢. � [13℄ ¯®ª § ­®, çâ® ¢á¥£¤  δ 6 4, ¯à¨ç¥¬ δ > 3 ¢«¥ç¥â

­ «¨ç¨¥ à¥¡à  e = xy â ª®£®, çâ® d(x)+d(y) 6 9 (®æ¥­ª  ­¥ã«ãçè ¥¬ ).

Ǳà¨ δ > 2 ¢ [14℄ ¤®ª § ­® ­ «¨ç¨¥ à¥¡à  e = xy â ª®£®, çâ® d(x)+d(y) 6

10, çâ® ¡ë«® ¤®¢¥¤¥­® ¢ [15℄ ¤® ­¥ã«ãçè ¥¬®© ®æ¥­ª¨ d(x) + d(y) 6 9.

Ǳà¨¬¥­¨â¥«ì­® ª â¥®à¥¬ ¬ 4 ¨ 5 ¨­â¥à¥á¥­ á«ãç © δ = 4, â ª ª ª

¢ G
0

­¥â ¢¥àè¨­ë v á d(v) 6 3. �¥©áâ¢¨â¥«ì­®, «î¡®¥ ¤®¯ãáâ¨¬®¥

(f
1

, . . . , fs)-à §«®�¥­¨¥ £à ä  G0

− {v} ¬®�­® ¯à®¤®«�¨âì ­  v, ¯®-

ªà á¨¢ ¥¥ ¢ â ª®© æ¢¥â i, çâ® v á¬¥�­  ¢ G
0

− {v} á ¬¥­¥¥ ç¥¬ fi(v)

¢¥àè¨­ ¬¨ æ¢¥â  i (¯à¨ íâ®¬ v áâ ­®¢¨âáï ¯¥à¢®© ¢¥àè¨­®© ¢ à §¡®à-

ª¥ ¯®¤£à ä  æ¢¥â  i).

� [12℄ ¤®ª § ­ 

�¥¬¬  1. �á«¨ ¯«®áª¨© £à ä G ¡¥§ 4-æ¨ª«®¢ ¨¬¥¥â δ(G) = 4, â®

¢ ­¥¬ ­ ©¤¥âáï 6-æ¨ª« á (âà¥ã£®«ì­®©) å®à¤®©, ¢á¥ ¢¥àè¨­ë ª®â®à®£®

¨¬¥îâ áâ¥¯¥­ì 4.

� ª¨¬ ®¡à §®¬, G
0

á®¤¥à�¨â 6-æ¨ª« C∗
6

= x
1

. . . x
6

á å®à¤®© x
2

x
6

.

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¢¢¨¤ã ®âáãâáâ¢¨ï 4-æ¨ª«®¢ ¢ G
0

¨­¤ãæ¨à®-

¢ ­­ë© ¯®¤£à ä ­  ¬­®�¥áâ¢¥ {x
1

, . . . , x
6

} á®¢¯ ¤ ¥â á C∗
6

. �­ë¬¨

á«®¢ ¬¨, ¨§ ¢¥àè¨­ x
2

¨ x
6

¢ V (G
0

) − {x
1

, . . . , x
6

} ¢ëå®¤¨â (¢ â®ç­®-
áâ¨) ¯® ®¤­®¬ã à¥¡àã,   ¨§ x

1

, x
3

, x
4

¨ x
5

| ¯® ¤¢ .
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� ¬ ®áâ ¥âáï ¯®ª § âì, çâ® «î¡®¥ (f
1

, . . . , fs)-à §«®�¥­¨¥ F £à ä 

G
0

−{x
1

, . . . , x
6

}, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ â¥®à¥¬ë, ¬®�­® ¯à®¤®«-

�¨âì ­  ¢¥áì G
0

.

�¬¥ï F , ¤«ï ª �¤®© ¢¥àè¨­ë v ∈ V (C∗
6

) ¨ ª �¤®£® i 6 s ¯®«®�¨¬

f∗
i (v) à ¢­ë¬ fi(v) ¬¨­ãá ç¨á«® ¢¥àè¨­ æ¢¥â  i, á¬¥�­ëå á v ¢ G

0

−
{x

1

, . . . , x
6

}.
�â¬¥â¨¬, çâ® ¨§ (f∗

1

, . . . , f∗
s )-à §«®�¥­¨ï £à ä  C∗

6

¬®�­® ¯®«ã-

ç¨âì ¨áª®¬®¥ (f
1

, . . . , fs)-à §«®�¥­¨¥ ¤«ï G0

: ¤«ï ª �¤®£® æ¢¥â®¢®£®

ª« áá  i ¬ë á­ ç «  à §¡¨à ¥¬ ¥£® ¢¥àè¨­ë, ¢å®¤ïé¨¥ ¢ {x
1

, . . . , x
6

}
(¢ ¯®àï¤ª¥, § ¤ ­­®¬ (f∗

1

, . . . , f∗
s )-à §«®�¥­¨¥¬),   § â¥¬ | ¢å®¤ïé¨¥

¢ G
0

− {x
1

, . . . , x
6

}.
�â ª, ã¡¥¤¨¬áï ¢ (f∗

1

, . . . , fs)
∗
-à §«®�¨¬®áâ¨ £à ä  C∗

6

. �«ï íâ®-

£® ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 8 ¨§ [2℄, ¢ ª®â®à®© ¤ ¥âáï ­¥®¡å®¤¨¬®¥ ¨

¤®áâ â®ç­®¥ ãá«®¢¨¥ (f
1

, . . . , fs)-à §«®�¨¬®áâ¨ á¢ï§­®£® £à ä  G ¯à¨

ãá«®¢¨¨, çâ® f
1

(v)+ . . .+fs(v) > d(v) ¤«ï «î¡®© ¢¥àè¨­ë v. �â  â¥®à¥-

¬  ®¡®¡é ¥â ¨§¢¥áâ­ãî â¥®à¥¬ã � «« ¨ [16℄ ® £à ä å, ªà¨â¨ç¥áª¨å ¯®

à áªà áª¥ ¢¥àè¨­,   â ª�¥ àï¤ ¯®á«¥¤ãîé¨å ¥¥ ®¡®¡é¥­¨© (¢ ç áâ­®-

áâ¨, ¤ ­­®¥ ¢ [17℄; á¬. â¥®à¥¬ã 6 ¢ [2℄). � ç áâ­®áâ¨, ¨§ íâ®£® ªà¨â¥à¨ï

á«¥¤ã¥â â¥®à¥¬  3 ­ áâ®ïé¥© à ¡®âë.

Ǳ®áª®«ìªã £à ä C∗
6

ï¢«ï¥âáï 2-á¢ï§­ë¬, ¯à¨¬¥­¥­¨¥ ª ­¥¬ã ªà¨â¥-

à¨ï ¨§ [2℄ ã¯à®é ¥âáï ¨ á¢®¤¨âáï ª á«¥¤ãîé¨¬ § ¬¥ç ­¨ï¬: £à ä C∗
6

,

¢®-¯¥à¢ëå, ­¥ ï¢«ï¥âáï ­¨ ¯®«­ë¬ £à ä®¬, ­¨ ­¥ç¥â­ë¬ æ¨ª«®¬ (®ç¥-

¢¨¤­®) ¨, ¢®-¢â®àëå, ­¥ ï¢«ï¥âáï â ª ­ §ë¢ ¥¬ë¬ ¬®­®¡«®ª®¬ (á¬. [2℄).

Ǳ®¤ ¬®­®¡«®ª®¬ ¢ ¤ ­­®¬ á«ãç ¥ ¯®­¨¬ ¥âáï 2-á¢ï§­ë© £à ä á

â ª®© ¢¥ªâ®à-äã­ªæ¨¥© (f
1

, . . . , fs) ­  ¢¥àè¨­ å, çâ® fi
0

(v) ≡ d(v) ¤«ï

­¥ª®â®à®£® ¨­¤¥ªá  (æ¢¥â ) i
0

,   fi(v) ≡ 0 ¯à¨ i 6= i
0

. Ǳ®áª®«ìªã ¢¥à-

è¨­ë x
2

¨ x
6

¢ C∗
6

¨¬¥îâ áâ¥¯¥­ì 3, â®, ¢ ç áâ­®áâ¨,

f∗
1

(x
2

) + . . .+ f∗
s (x2) > 3.

� ¤àã£®© áâ®à®­ë, fi(x2) 6 2 ¤«ï «î¡®£® æ¢¥â  i ¯® ãá«®¢¨î â¥®-

à¥¬ë 5,   f∗
i (x2) 6 fi(x2) ¤«ï ¢á¥å i. �âáî¤  á«¥¤ã¥â, çâ® ¢¥ªâ®à

(f∗
1

(x
2

), . . . , f∗
s (v)) ¨¬¥¥â ¯® ¬¥­ìè¥© ¬¥à¥ ¤¢¥ ­¥­ã«¥¢ë¥ ª®¬¯®­¥­âë,

¯®íâ®¬ã C∗
6

­¥ ï¢«ï¥âáï ¬®­®¡«®ª®¬.
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�¥®à¥¬  ¤®ª § ­ .

�¢â®àë ¡« £®¤ àïâ �. �. �«¥¡®¢  §  ¢­¨¬ â¥«ì­®¥ ¯à®çâ¥­¨¥ àã-

ª®¯¨á¨ ¨ á¤¥« ­­ë¥ § ¬¥ç ­¨ï.
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1. �¢¥¤¥­¨¥

�âà®¥­¨¥ ¯«®áª¨å âà¨ ­£ã«ïæ¨© T
5

á ¬¨­¨¬ «ì­®© áâ¥¯¥­ìî 5 ¯à¨-

¢«¥ª ¥â ¢­¨¬ ­¨¥ ¨áá«¥¤®¢ â¥«¥© ¤ ¢­® ®âç áâ¨ ¢ á¢ï§¨ á® §­ ¬¥­¨â®©

¯à®¡«¥¬®© ç¥âëà¥å ªà á®ª, à¥è¥­­®© ¢ 1976 £. �¯¯¥«¥¬ ¨ � ª¥­®¬

[1℄. � ª, �¥à­¨ª¥ [2℄ ¥é¥ ¢ 1904 £. ¯®ª § «, çâ® «î¡ ï T
5

á®¤¥à�¨â 5-

¢¥àè¨­ã, á¬¥�­ãî á 6 6-¢¥àè¨­®©,   �à ­ª«¨­ [3℄ (1922 £.) | á ¤¢ã¬ï

6 6-¢¥àè¨­ ¬¨.

�¥¡¥£ [4℄ ¢ 1940 £. ¯®ª § «, çâ® ¢ T
5

¢á¥£¤  ¥áâì 3-£à ­ì f = xyz

¢¥á  w(f) = d(x)+d(y)+d(z) ­¥ ¡®«¥¥ 19, £¤¥ d(v) | áâ¥¯¥­ì ¢¥àè¨­ë v.

�®æ¨£ [5℄ ¢ 1963 £. ãá¨«¨« ®æ¥­ªã �¥¡¥£  ¤® 18,   �®à®¤¨­ [6℄ ¢ 1989 £. |

¤® ­¥ã«ãçè ¥¬®© ®æ¥­ª¨ 17.

Ǳãáâì w(Sk) | ¬¨­¨¬ «ì­ë© ¢¥á k-§¢¥§¤ë á æ¥­âà®¬ ¢ 5-¢¥àè¨­¥.

�®£¤  ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ â®ç­ë¥ ®æ¥­ª¨: w(S
1

) 6 11 (�¥à­¨-

ª¥), w(S
2

) 6 17 (�à ª«¨­), w(S
3

) 6 23 (�¥­¤à®«ì ¨ � ¤ à è [7℄,

1996 £.), w(S
4

) 6 30 (�®à®¤¨­ ¨ �ã¤ « [8℄, 1998 £.), çâ® ã«ãçè ¥â ®æ¥­ªã

w(S
4

) 6 39 �¥­¤à®«ï ¨ � ¤ à è  [7℄.

∗)
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­-

â «ì­ëå ¨áá«¥¤®¢ ­¨© (ª®¤ë ¯à®¥ªâ®¢ 06{01{00694 ¨ 08{01{00673); ¢â®à®©  ¢-

â®à ¡ë«  ¯®¤¤¥à� ­  £à ­â®¬ Ǳà¥§¨¤¥­â  �®áá¨¨ ¤«ï ¬®«®¤ëå ª ­¤¨¤ â®¢ ¨

¨å ­ ãç­ëå àãª®¢®¤¨â¥«¥© (ª®¤ ¯à®¥ªâ  ��-2302.2008.1).


© 2008 �®à®¤¨­ �. �., �¢ ­®¢  �. �.



�¨­¨¬ «ì­ë© ¢¥á ®ªà¥áâ­®áâ¨ 35

�¥à¥§ w(Ck) ®¡®§­ ç¨¬ ¬¨­¨¬ «ì­ë© ¢¥á (áã¬¬ã áâ¥¯¥­¥© ¢¥à-

è¨­) k-æ¨ª«  ¢ «î¡®© T
5

. �§ à¥§ã«ìâ â  �®à®¤¨­  [6℄ á«¥¤ã¥â, çâ®

w(C
3

) 6 17. �¥­¤à®«ì ¨ � ¤ à è [7℄ ¯®ª § «¨, çâ® w(C
4

) 6 35 ¨

w(C
5

) 6 45.

�§ ®æ¥­ª¨ w(S
4

) 6 30 �®à®¤¨­  ¨ �ã¤ «  [8℄ ­¥¬¥¤«¥­­® á«¥¤ãîâ,

á ®¤­®© áâ®à®­ë, ­¥ã«ãçè ¥¬ë¥ ®æ¥­ª¨ w(C
4

) 6 25 ¨ w(C
5

) 6 30,   á

¤àã£®© | ®æ¥­ª  w(S
5

) 6 �+30 (¯à¨ «î¡®¬ �), £¤¥ �| ¬ ªá¨¬ «ì­ ï

áâ¥¯¥­ì £à ä .

�¥«ìî ¤ ­­®© § ¬¥âª¨ ï¢«ï¥âáï

�¥®à¥¬  1. �«ï «î¡®© ¯«®áª®© âà¨ ­£ã«ïæ¨¨ ¬¨­¨¬ «ì­®© áâ¥-

¯¥­¨ 5 á � > 28 ¨¬¥¥â ¬¥áâ® ­¥ã«ãçè ¥¬ ï ®æ¥­ª  w(S
5

) 6 �+ 27.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

�­ ç «  ¯®ª �¥¬ ­¥ã«ãçè ¥¬®áâì ®æ¥­ª¨ w(S
5

) 6 �+ 27. �®§ì-

¬¥¬ âà¨ ª®­æ¥­âà¨ç¥áª¨å �-æ¨ª«  V i = vi
1

. . . vi
�

, 1 6 i 6 3, ¨ á®¥¤¨­¨¬

V 2


 V 1

à¥¡à ¬¨ ¢¨¤  v2j v
1

j ¨ v2j v
1

j+1, £¤¥ 1 6 j 6 �,   á«®�¥­¨¥ ¯®

mod �. �­ «®£¨ç­® ¯®áâã¯¨¬ á ¯ à®© æ¨ª«®¢ V 2

¨ V 3

. � ª®­¥æ, á®¥¤¨-

­¨¬ ¢á¥ ¢¥àè¨­ë ¨§ V 1

á ­®¢®© �-¢¥àè¨­®© ¨ â® �¥ á ¬®¥ ¯à®¤¥« ¥¬ á

æ¨ª«®¬ V 3

. � ¯®«ãç¨¢è¥©áï âà¨ ­£ã«ïæ¨¨ ª �¤ ï 5-¢¥àè¨­  á¬¥�­ 

á ¤¢ã¬ï 5-¢¥àè¨­ ¬¨, ¤¢ã¬ï 6-¢¥àè¨­ ¬¨ ¨ �-¢¥àè¨­®©.

Ǳãáâì â¥¯¥àì T
5

| ª®­âà¯à¨¬¥à ª â¥®à¥¬¥ 1. �®à¬ã«ã �©«¥à 

|V | − |E|+ |F | = 2 ¤«ï T
5

¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

∑

v∈V
(d(v) − 6) = −12. (1)

�®¯®áâ ¢¨¬ § àï¤ µ(v) = d(v) − 6 ª �¤®© ¢¥àè¨­¥ v ∈ V ; ¢¨¤­®, çâ®

â®«ìª® 5-¢¥àè¨­ë ¨¬¥îâ ®âà¨æ â¥«ì­ë© § àï¤,   ¨¬¥­­® −1. �á¯®«ì-
§ãï á¢®©áâ¢  T

5

ª ª ª®­âà¯à¨¬¥à , ¯à®¨§¢¥¤¥¬ «®ª «ì­®¥ ¯¥à¥à á¯à¥-

¤¥«¥­¨¥ § àï¤®¢, á®åà ­ïîé¥¥ ¨å áã¬¬ã, â ª, çâ® ­®¢ë© § àï¤ µ′
(v)

¡ã¤¥â ­¥®âà¨æ â¥«¥­ ¤«ï ¢á¥å v ∈ V . �â® ¤ áâ ¯à®â¨¢®à¥ç¨¥ á â¥¬

ä ªâ®¬, çâ® áã¬¬  ­®¢ëå § àï¤®¢ á®£« á­® (1) à ¢­  −12.
� è¨ ¯à ¢¨«  à á¯à¥¤¥«¥­¨ï á«¥¤ãîé¨¥.
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R1. � �¤ ï > 6-¢¥àè¨­  v ®â¤ ¥â ξ(v) = d(v)−6

d(v) ª �¤®© ¨­æ¨-

¤¥­â­®© ¥© £à ­¨.

R2. Ǳãáâì £à ­ì f = xyz â ª®¢ , çâ® d(x) = 5 ¨ d(z) > 6. �®£¤ 

x ¯®«ãç ¥â ®â f § àï¤:

(i)

ξ(z)
2

, ¥á«¨ d(y) = 5,

(ii) ξ(y) + ξ(z) ¯à¨ d(y) > 6.

� ª ­¥âàã¤­® ¢¨¤¥âì, µ′
(v) > 0 ¯à¨ d(v) > 6. � ¬ ®áâ ¥âáï ¯®ª -

§ âì, çâ® ¯à¨ d(v) = 5 ¢¥àè¨­  v ¯®«ãç ¥â ¢ áã¬¬¥ ­¥ ¬¥­¥¥ 1 á®£« á­®

¯à ¢¨« ¬ R1 ¨ R2.

� ¬¥ç ­¨¥ 1. Ǳãáâì 5-¢¥àè¨­  v á¬¥�­  á > 6-¢¥àè¨­®© w,

â®£¤  v ¯®«ãç ¥â ®â w ®¤¨­ ¨§ § àï¤®¢ ξ(w), 3ξ(w)
2

«¨¡® 2ξ(w) ¢ § -

¢¨á¨¬®áâ¨ ®â â®£®, áª®«ìª® 5-¢¥àè¨­, ®â«¨ç­ëå ®â v, ¢å®¤ïâ ¢ £à ­¨,

¨­æ¨¤¥­â­ë¥ à¥¡àã vw: ¤¢¥, ®¤­  ¨«¨ ­¨ ®¤­®©.

�«ï ­ âãà «ì­®£® n > 6 ¯®«®�¨¬ θ(n) = n−6

n . � ¤ «ì­¥©è¥¬ ¯à¨

®æ¥­ª¥ áã¬¬ à­®£® § àï¤ , ¯®«ãç ¥¬®£® 5-¢¥àè¨­®© ¯® ¯à ¢¨« ¬ R1

¨ R2, ­ ¬ ¡ã¤¥â ã¤®¡­® ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬ «¥£ª® ¤®ª §ë¢ ¥¬ë¬

ä ªâ®¬.

�¥¬¬  1. �«ï «î¡ëå æ¥«ëå p, q, £¤¥ 6 6 p < q, ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢® θ(p) + θ(q) 6 θ(p+ 1) + θ(q − 1).

Ǳãáâì áâ¥¯¥­¨ ¢¥àè¨­, á¬¥�­ëå á 5-¢¥àè¨­®© v, § ¯¨á ­ë ¢ ¯®-

àï¤ª¥ ­¥ã¡ë¢ ­¨ï ª ª (d
1

, . . . , d
5

), â. ¥. 5 6 d
1

6 d
2

6 . . . 6 d
5

. � ¯à¨-

¬¥à, ¢ ¯à¨¢¥¤¥­­®© ¢ ­ ç «¥ ¤®ª § â¥«ìáâ¢  ª®­áâàãªæ¨¨ ¢á¥ ¢¥àè¨­ë

¨¬¥îâ ¢¥ªâ®à á¬¥�­®áâ¨ (5, 5, 6, 6,�).

�â¬¥â¨¬, çâ® ¯®áª®«ìªã ­ è  âà¨ ­£ã«ïæ¨ï T
5

ï¢«ï¥âáï ª®­âà-

¯à¨¬¥à®¬, â® ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

(*) d
1

+ . . .+ d
4

> 23;

(**) d
1

+ . . .+ d
5

> 51.

�«ãç © 1. 6 6 d
1

. C®£« á­® § ¬¥ç ­¨î 1 áã¬¬ à­ë© § àï¤,

¯®«ãç ¥¬ë© v, §¤¥áì à ¢¥­ 2(θ(d
1

) + . . .+ θ(d
5

)), çâ® ¢¢¨¤ã «¥¬¬ë 1 ­¥

¬¥­ìè¥

2(4θ(6) + θ(27)) = 2θ(27) > 1.
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�âáî¤  µ′
(v) > 5− 6 + 1 = 0.

�«ãç © 2. 5 = d
1

< d
2

. �­ «®£¨ç­® áã¬¬ à­ë© § àï¤, ¯®«ãç¥­-

­ë© v, â¥¯¥àì ­¥ ¬¥­ìè¥ 3

2

(θ(d
2

) + . . .+ θ(d
5

)), çâ® ­¥ ¬¥­ìè¥

3

2

(3θ(6) + θ(28)) =
3

2

θ(28) > 1.

�âáî¤  µ′
(v) > 0.

�«ãç © 3. 5 = d
1

= d
2

< d
3

. �â¬¥â¨¬, çâ® ¯à¨ ä¨ªá¨à®¢ ­­ëå

d
3

, d
4

¨ d
5

­ è  v ¯®«ãç ¥â ¬¥­ìè¥, ¥á«¨ ¤¢¥ á®á¥¤­¨¥ á ­¥© 5-¢¥àè¨­ë

®¡à §ãîâ 3-£à ­ì á ­¥î, ­¥�¥«¨ ¥á«¨ ®­¨ ¢ ®ªàã�¥­¨¨ v ¨¤ãâ ­¥ ¯®¤-

àï¤. � ­ ¨åã¤è¥¬ á«ãç ¥ ®¤­  ¨§ > 6-á®á¥¤®ª ¢¥àè¨­ë v ¯¥à¥¤ ¥â v

á¢®î ¤®«î θ á ª®íää¨æ¨¥­â®¬ 1,   ¤¢¥ ¤àã£¨¥ | á ª®íää¨æ¨¥­â®¬

3

2

.

�á­®, çâ® áã¬¬ à­ë© § àï¤, ¯®«ãç¥­­ë© v, â¥¯¥àì ­¥ ¬¥­ìè¥

3

2

θ(d
3

) +

3

2

θ(d
4

) + θ(d
5

),

çâ® ­¥ ¬¥­ìè¥

3

2

θ(6) +
3

2

θ(7) + θ(28) =
3

2

· 1
7

+

22

28

= 1.

�âáî¤  µ′
(v) > 0.

�«ãç © 4. 5 = d
1

= d
2

= d
3

< d
4

. �â¬¥â¨¬, çâ® d
4

> 8 ¢¢¨¤ã (*).

�á­®, çâ® v ¯®«ãç ¥â ­¥ ¬¥­ìè¥ θ(d
4

) + θ(d
5

), â. ¥. ­¥ ¬¥­ìè¥

θ(8) + θ(28) =
1

4

+

22

28

,

®âªã¤  µ′
(v) > 0.

�¥®à¥¬  ¤®ª § ­ .
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�¢¥¤¥­¨¥

�®¯à®á ® à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç ¤«ï ­¥«¨­¥©­ëå ¤¨ää¥-

à¥­æ¨ «ì­ëå ãà ¢­¥­¨© à áá¬®âà¥­ ¢® ¬­®£¨å à ¡®â å [1{5℄. � íâ¨å

à ¡®â å ¤«ï ¨áá«¥¤®¢ ­¨ï ªà ¥¢ëå § ¤ ç ¨á¯®«ì§®¢ ­ë ¬¥â®¤  ¯à¨®à-

­ëå ®æ¥­®ª, â¥®à¥¬ë ® ­¥¯®¤¢¨�­ëå â®çª å, £¥®¬¥âà¨ç¥áª¨¥ ¬¥â®¤ë,

¬¥â®¤ ¯à®¤®«�¥­¨ï ¯® ¯ à ¬¥âàã. � ¤ ­­®© à ¡®â¥ á ¯®¬®éìî â¥®à¥-

¬ë ® á�¨¬ îé¨å ®â®¡à �¥­¨ïå ¨ ¢ à¨ æ¨®­­®£® ¬¥â®¤  ¤®ª §ë¢ ¥âáï

áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ®¡®¡é¥­­®£® à¥è¥­¨ï § ¤ ç¨ �¨à¨å«¥

¤«ï ­¥«¨­¥©­®£® ¢ëà®�¤ îé¥£®áï í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£®

¯®àï¤ª .

Ǳ®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ ­¥ª®â®àãî ®£à ­¨ç¥­­ãî ®¡« áâì 
 á £à ­¨æ¥© � ∈
C1

. Ǳ®«®�¨¬ Q = 
× (0, a), S = �× (0, a), a > 0, �

0

= 
× {0}.
� ®¡« áâ¨ Q à áá¬®âà¨¬ ­¥«¨­¥©­®¥ ¢ëà®�¤ îé¥¥áï í««¨¯â¨ç¥-

áª®¥ ãà ¢­¥­¨¥

Lu =
∂

∂t

(
ϕ(t)

∂u

∂t

)
+

n∑

i,j=1

∂

∂xi
(aij(x, u,∇u)uxj

)+a(x, t)
∂u

∂t
+c(x, t)u = f,

(1)

£¤¥ ¢¥á®¢ ï äã­ªæ¨ï ϕ(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬: ϕ(t) > 0 | ­¥¯à¥-

àë¢­ ï äã­ªæ¨ï ¯à¨ t > 0, ϕ(0) = 0,   x = (x
1

, . . . , xn), ∇u =


© 2008 �¨åà¥¢  �. �.
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(ux
1

, . . . , uxn
), aij | ¢¥é¥áâ¢¥­­ë¥ ¨§¬¥à¨¬ë¥ ¢ 
 äã­ªæ¨¨ (i, j =

1, . . . , n), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ á¨¬¬¥âà¨ç­®áâ¨: aij(x, u,∇u) =
aji(x, u,∇u) ¤«ï «î¡®£® u ∈ C∞

0

(Q),   c(x, t) ­¥¯à¥àë¢­  ¢ Q ¨ a(x, t)

­¥¯à¥àë¢­  ¢ Q ∩ {t > δ} ¤«ï ∀δ > 0.

Ǳãáâì

◦
H

1

(Q) | § ¬ëª ­¨¥ ª« áá  C∞
0

(Q) ¯® ­®à¬¥

‖u‖2◦
H

1

=

∫

Q


ϕut2 + ρ2

n∑

i,j=1

u2xi


 dQ,

£¤¥ ρ ∈ C(Q), |∇ρ| ∈ L
2

(
), ρ(x) > 0 ∀x ∈ 
.

Ǳà¥¤¯®«®�¨¬, çâ® ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

vrai sup

x∈Q
|aij(x, u,∇u)ρ−2

(x)| < +∞, (2)

vrai sup

x∈Q

∣∣∣∣
aij(x, ϕ,∇ϕ) − aij(x, ψ,∇ψ)

ρ2(x)

∣∣∣∣

6 M

(∫

Q

ρ2
n∑

i=1

(ϕxi
− ψxi

)

2 dQ

) 1

2

, (3)

c
1

ρ2 |ξ|2 6

n∑

i,j=1

aij(x, ϕ,∇ϕ)ξiξj , ξ ∈ R
n, (4)

¤«ï «î¡ëå ϕ, ψ ∈
◦
H

1

, £¤¥ M | ¯®«®�¨â¥«ì­®¥ ç¨á«®, ­¥ § ¢¨áïé¥¥ ®â

ϕ, ψ, x, ξ.

Ǳ®«®�¨¬

I =

a∫

0

1

ϕ(t)
dt.

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî äã­ªæ¨î

S(t) =

t∫

0

dξ

ϕ
, I <∞.
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Ǳãáâì I < ∞. �«ï ãà ¢­¥­¨ï (1) âà¥¡ã¥âáï ­ ©â¨ à¥è¥­¨¥ u ∈
◦
H

1

(Q).

�¯à¥¤¥«¥­¨¥. �ã­ªæ¨ï u ∈
◦
H

1

(Q) ­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ à¥-

è¥­¨¥¬ § ¤ ç¨ �¨à¨å«¥ ¤«ï ãà ¢­¥­¨ï (1), ¥á«¨ ¯à¨ ϕ ≡ u ¢ë¯®«­¥­®

¨­â¥£à «ì­®¥ â®�¤¥áâ¢®

Uϕ[u, υ℄ =

∫

Q




n∑

i,j=1

aij(x, ϕ,∇ϕ)uxj
υxi

+ ϕutυt + auυt − (c− at)uυ


 dQ

= −
∫

Q

fυ dQ ∀υ ∈
◦
H

1

. (5)

�¬¥¥â ¬¥áâ® ¢«®�¥­¨¥

◦
H

1

→֒ L
2,σ−1

(Q),

£¤¥ ¢¥á®¢ ïäã­ªæ¨ï σ(t) ¯®«®�¨â¥«ì­  ¯à¨ t > 0 ¨ σ(t) = (ϕ−1

(t)S−2

(t))

¯à¨ ¤®áâ â®ç­® ¬ «ëå t. �®£¤  á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

‖υ‖L
2,σ−1

(Q) 6 A ‖υ‖ ◦

H
1

∀υ ∈
◦
H

1

, A > 0.

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã ãá«®¢¨© (2), (3) ¨

c− 1

2

at 6 0 ¢ Q

¯®«ãç ¥¬ ®æ¥­ªã

k ‖υ‖2◦
H

1

6 Uϕ[υ, υ℄ ∀υ ∈
◦
H

1

,

£¤¥ k = min {1, c
1

} > 0.

�¥®à¥¬ . Ǳãáâì q =

Mn2A
k2 ‖f‖L

2,σ−1

< 1 ¨ ª®íää¨æ¨¥­â a ¯à¨

I <∞ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î:

a > −C
2

S−1

(t) ¨

∥∥ρ−2

∥∥
L
1

(


⋂
b)
<∞
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¤«ï «î¡®£® è à  b á æ¥­âà®¬ ­  �

0

. �á«¨

c(x, t) − 1

2

at 6 0, (x, t) ∈ Q,

â® ¤«ï «î¡®© äã­ªæ¨¨ f ∈ L
2,σ−1

(Q) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ®¡®¡-

é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥ ¤«ï ãà ¢­¥­¨ï (1).

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ ­¥«¨­¥©­ë© ®¯¥à â®à T :

◦
H

1

→
◦
H

1

à ¢¥­áâ¢®¬ u = Tϕ ¤«ï «î¡®£® ϕ ∈
◦
H

1

, £¤¥ u ï¢«ï¥âáï ¥¤¨­áâ¢¥­-

­ë¬ ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ �¨à¨å«¥ ¤«ï «¨­¥©­®£® ¢ëà®�¤ -

îé¥£®áï í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï [6℄, â. ¥. ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì-

­®¬ã â®�¤¥áâ¢ã (5). �®ª �¥¬, çâ® ¥á«¨ q < 1 ¨ f ∈ L
2,σ−1

(Q), £¤¥ σ(t)

®¯à¥¤¥«¥­  ¢ëè¥, â® ®¯¥à â®à T ï¢«ï¥âáï á�¨¬ îé¨¬.

Ǳãáâì ϕ, ψ ∈
◦
H

1

(Q) ¨ f ∈ L
2,σ−1

(Q). Ǳ®«®�¨¬ u = Tϕ ¨ υ = Tψ.

�®£¤  ¨¬¥¥¬ à ¢¥­áâ¢®

Uϕ[u, η℄ = −(f, η) = Uψ[υ, η℄ ∀η ∈
◦
H

1

, (6)

â ª ª ª

Uϕ[u, η℄ =

∫

Q

[
n∑

i,j=1

aij(x, ϕ,∇ϕ)uxj
ηxi

+ ϕutηt

+ auηt − (c− at)uη

]
dQ = −

∫

Q

fη dQ, (7)

Uψ[υ, η℄ =

∫

Q

[
n∑

i,j=1

aij(x, ψ,∇ψ)υxj
ηxi

+ ϕυtηt

+ aυηt − (c− at)υη

]
dQ = −

∫

Q

fη dQ ∀η ∈
◦
H

1

. (8)

�®£¤  ¨§ (6) ¯à¨ U = u− υ ¨ η = U ¯®«ãç ¥¬

Uϕ[U,U ℄ =

∫

Q

[
n∑

i,j=1

(aij(x, ϕ,∇ϕ) − aij(x, ψ,∇ψ))υxj
Uxi

]
dQ. (9)
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�§ (8) á«¥¤ã¥â, çâ®

k‖υ‖2◦
H

1

6 ‖f‖L
2,σ−1

‖υ‖L
2,σ

6 A‖f‖L
2,σ−1

‖υ‖ ◦

H
1

,

‖υ‖ ◦

H
1

6
A

k
‖f‖L

2,σ−1

.
(10)

�á¯®«ì§ãï (3), (4), ®æ¥­¨¬ (9):

k‖U‖2◦
H

1

6

∣∣∣∣∣

∫

Q

n∑
i,j=1

(aij(x, ϕ,∇ϕ) − aij(x, ψ,∇ψ))

ρ2(x)
ρυxj

ρUxi
dQ

∣∣∣∣∣,

6 Mn2 ‖ϕ− ψ‖ ◦

H
1

‖υ‖ ◦

H
1

‖U‖ ◦

H
1

,

¨§ ª®â®à®£® ¢ á¨«ã ­¥à ¢¥­áâ¢  (10) á«¥¤ã¥â ®æ¥­ª 

‖Tϕ− Tψ‖ ◦

H
1

6
Mn2A

k2
‖f‖L

2,σ−1

(Q) ‖ϕ− ψ‖ ◦

H
1

.

� á¨«ã ãá«®¢¨ï â¥®à¥¬ë ¨¬¥¥¬

q =
Mn2A

k2
‖f‖L

2,σ−1

< 1.

� ª¨¬ ®¡à §®¬, ®¯¥à â®à T ï¢«ï¥âáï á�¨¬ îé¨¬ ®â®¡à �¥­¨¥¬ ¯à®-

áâà ­áâ¢ 

◦
H

1

(Q) ¢ á¥¡ï. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ª-

æ¨ï u ∈
◦
H

1

(Q) â ª ï, çâ® Tu = u. �®£¤  äã­ªæ¨ï u = Tϕ ï¢«ï¥âáï

¥¤¨­áâ¢¥­­ë¬ ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ �¨à¨å«¥.

�¥®à¥¬  ¤®ª § ­ .
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�§¢¥áâ­®, çâ® â¥®à¨ï á¨­£ã«ïà­ëå ¨ ¢ëà®�¤ îé¨åáï ãà ¢­¥­¨©

¯®à®¤¨«  ®¡è¨à­ãî «¨â¥à âãàã [1{7℄. � ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ã¥â-

áï ®¡é ï ªà ¥¢ ï § ¤ ç  ­  ¯®«ã®á¨ ¤«ï á¨­£ã«ïà­®£® ®¡ëª­®¢¥­­®£®

¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯®àï¤ª  2m. Ǳà¨ íâ®¬ ¯®áâ ­®¢ª  ªà -

¥¢®© § ¤ ç¨ ¢ª«îç ¥â m ¢¥á®¢ëå £à ­¨ç­ëå ãá«®¢¨©.

� áá¬®âà¨¬ á¨­£ã«ïà­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à á ¯®áâ®ï­-

­ë¬¨ ª®íää¨æ¨¥­â ¬¨

L
2m(Bν)≡Bmν + a

1

Bm−1

ν + · · ·+ am−1

Bν + am,

£¤¥ Bν =
d2

dt2 +
2ν+1
t

d
dt , ν | ¢¥é¥áâ¢¥­­®¥ ç¨á«®.

Ǳà¥¤¯®«®�¨¬, çâ® ¥£® å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­

L(λ)≡λ2m + a
1

λ2m−2

+ · · ·+ am

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î: ãà ¢­¥­¨¥

L(λ) = 0 (1)

­¥ ¨¬¥¥â ç¨áâ® ¬­¨¬ëå ª®à­¥©.

�«ï ä®à¬ã«¨à®¢ª¨ ¨§¢¥áâ­ëå ãá«®¢¨© �®¯ â¨­áª®£® [1, 6, 7℄ ®¡®-

§­ ç¨¬ ç¥à¥§ λ−
1

, . . . , λ−m ª®à­¨ ãà ¢­¥­¨ï (1), «¥� é¨¥ ¢ «¥¢®© ¯®«ã-

¯«®áª®áâ¨. �®£¤  ª®à­¨ ãà ¢­¥­¨ï (1) λ+j = −λ−j , j = 1,m, «¥� â ¢

¯à ¢®© ¯®«ã¯«®áª®áâ¨.


© 2008 �£®à®¢ �. �.



46 �£®à®¢ �. �.

�¯à¥¤¥«¨¬ ¢¥á®¢ãî äã­ªæ¨î σν(t) ¯® ä®à¬ã«¥

σν(t) =






t2ν ¯à¨ ν > 0,

(− ln t)−1

¯à¨ ν = 0,

1 ¯à¨ ν < 0.

� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

L
2m(Bν)u = 0, 0 < t, |u(t)| → 0 ¯à¨ t→ +∞, (2)

σν(t)bj(Bν)u|t=0 = ϕj , j = 1,m, (3)

£¤¥ £à ­¨ç­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë ¨¬¥îâ ¢¨¤

bj(Bν) = Bmj
ν + b

1

Bmj−1

ν + · · ·+ bmj
, mj 6 m− 1.

�¯à¥¤¥«¨¬ ¯®«¨­®¬ë

L−
(λ) =

m∏

k=1

(λ− λ−k ), L+

(λ) =

m∏

k=1

(λ− λ+k ).

Ǳà¥¤áâ ¢¨¬ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¬­®£®ç«¥­ë £à ­¨ç­ëå ®¯¥à â®-

à®¢ ¢ ¢¨¤¥

bj(λ
2

) = qj(λ)L−(λ) + βj(λ), (4)

£¤¥ qj(λ) ¨ βj(λ) | ¯®«¨­®¬ë, ¯à¨ç¥¬ áâ¥¯¥­ì βj(λ) ­¥ ¯à¥¢®áå®¤¨â

m− 1. Ǳãáâì

βj(λ) = βj1 + βj2λ+ · · ·+ βjmλ
m−1, j = 1,m.

�¢¥¤¥¬ ¬ âà¨æã

B =




β
11

β
12

· · · β
1m

β
21

β
22

· · · β
2m

· · · · · · · · · · · ·
βm1

βm2

· · · βmm


 .

� «¥¥ áç¨â ¥¬, çâ® ¤«ï £à ­¨ç­ëå ®¯¥à â®à®¢ ¢ë¯®«­¥­® ãá«®¢¨¥

�®¯ â¨­áª®£®

detB 6= 0. (5)
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� à ¡®â¥ [6℄ �. �. � âà å®¢ ¢¢¥« ®¯¥à â®à â¨¯  �®­¨­  ¨ Ǳã á-

á®­ ,   â ª�¥ ¨§ãç¨« ¨å ®á­®¢­ë¥ á¢®©áâ¢ . �¡®§­ ç¨¬ ç¥à¥§ S(R1

+

)

¬­®�¥áâ¢® ¢á¥å äã­ªæ¨© ¨§ ª« áá  C∞
(R1

+

) ­  ¯®«ã®á¨ [0,+∞) = R1

+

,

ã¡ë¢ îé¨å ¯à¨ t → +∞ ¢¬¥áâ¥ á® ¢á¥¬¨ ¯à®¨§¢®¤­ë¬¨ ¡ëáâà¥¥ «î-

¡®© áâ¥¯¥­¨ t−1

. �«ï v ∈ S(R1

+

) ®¯à¥¤¥«ï¥¬ ®¯¥à â®à â¨¯  Ǳã áá®­ 

¯® ä®à¬ã«¥

Pνv(t) =
−1

�

(
1

2

− ν
) t−2ν

∞∫

1

(y2 − 1)

−ν− 1

2 v(yt) dy, t > 0, (6)

£¤¥ �(µ) | äã­ªæ¨ï �©«¥à .

�â¬¥â¨¬, çâ® ä®à¬ã«  (6) ®¯à¥¤¥«¥­  ¤«ï Re ν < 1

2

,   ¤«ï ®áâ «ì-

­ëå ν ®¯¥à â®à Pν ®¯à¥¤¥«ï¥âáï ¯ãâ¥¬  ­ «¨â¨ç¥áª®£® ¯à®¤®«�¥­¨ï

¯® ¯ à ¬¥âàã ν ¨ ¢¥â¢ì ¬­®£®§­ ç­®© äã­ªæ¨¨ ¢ë¡¨à ¥âáï á®®â¢¥â-

áâ¢ãîé¨¬ ®¡à §®¬ [6℄.

�¢¥¤¥¬ ®¯¥à â®à

P̃ν =

{
Pν ¯à¨ Re ν > 0,

t−2νP−ν ¯à¨ Re ν < 0.

�¡®§­ ç¨¬ ç¥à¥§ Sν
(
R1

+

)
®¡à § ¬­®�¥áâ¢  S

(
R1

+

)
¯à¨ ®â®¡à �¥-

­¨¨ P̃ν .

�¯à¥¤¥«¨¬ ®¯¥à â®à â¨¯  �®­¨­  ¯® ä®à¬ã«¥

Sνu(t) =
2

�

(
ν + 1

2

) ∂
∂t

∞∫

t

(y2 − t2)ν−
1

2 yu(y) dy, u ∈ Sν
(
R1

+

)
. (7)

�®à¬ã«  (7) ®¯à¥¤¥«ï¥â Sν ¤«ï Re ν > − 1

2

. �¥¯¥àì ¢¢¥¤¥¬ ®¯¥à -

â®à

S̃ν =

{
Sν ¯à¨ Re ν > 0,

S−νt
2ν

¯à¨ Re ν < 0,

®¯à¥¤¥«¥­­ë© ­  ¬­®�¥áâ¢¥ Sν
(
R1

+

)
.

�¥®à¥¬  1. �¯¥à â®àë P̃ν , S̃ν ï¢«ïîâáï ®¯¥à â®à ¬¨ ¯à¥®¡à §®-

¢ ­¨ï, ¯à¨ íâ®¬ ¨¬¥îâ ¬¥áâ®

P̃ν S̃ν = S̃ν P̃ν = I, BνP̃ν = P̃ν
d2

dt2
, S̃νBν =

d2

dt2
S̃ν .
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�¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ à¥§ã«ìâ -

â®¢ à ¡®âë [6℄.

�¥®à¥¬  2. �à ¥¢ ï § ¤ ç  (2), (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

¢ ª« áá¥ Sν
(
R1

+

)
¯à¨ «î¡ëå ϕj , j = 1,m, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

¢ë¯®«­¥­® ãá«®¢¨¥ �®¯ â¨­áª®£® (5).

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 1 ¤«ï v ∈ Sν
(
R1

+

)
¨¬¥îâ ¬¥áâ®

à ¢¥­áâ¢ 

S̃νL2m(Bν)P̃νv = L
2m

(
d2

dt2

)
v,

σν(t)bj(Bν)P̃νv|t=0 = Cνbj

(
d2

dt2

)
v

∣∣∣∣
t=0

.

C«¥¤®¢ â¥«ì­®, à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (2), (3) ¢ ª« áá¥ Sν
(
R1

+

)

íª¢¨¢ «¥­â­  à §à¥è¨¬®áâ¨ á«¥¤ãîé¥© ªà ¥¢®© § ¤ ç¨:

L
2m

(
d2

dt2

)
v = 0, 0 < t, |v(t)| → ∞ ¯à¨ t→ ∞, (2

′
)

bj

(
d2

dt2

)
v

∣∣∣∣
t=0

= C−1

ν ϕj , j = 1,m, (3

′
)

¢ ª« áá¥ S
(
R1

+

)
. �®£¤  ­  ®á­®¢ ­¨¨ â¥®à¨¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­-

æ¨ «ì­ëå ãà ¢­¥­¨© [1, 7℄ ªà ¥¢ ï § ¤ ç  (2

′
), (3

′
) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ ¯à¨ «î¡ëå ϕj , j = 1,m, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­®

ãá«®¢¨¥ (5). Ǳ®íâ®¬ã ®¤­®§­ ç­ ï à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (2),

(3) ¢ ª« áá¥ Sν
(
R1

+

)
íª¢¨¢ «¥­â­  ãá«®¢¨î �®¯ â¨­áª®£® (5). �¥®à¥¬ 

¤®ª § ­ .

�¥®à¥¬  3. Ǳãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ �®¯ â¨­áª®£® (5). �®£¤ 

ªà ¥¢ ï § ¤ ç  (2), (3) ®¤­®§­ ç­® à §à¥è¨¬  ¢ ª« áá¥ Sν
(
R1

+

)
¯à¨

«î¡ëå ϕj , j = 1,m, ¨ ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

|σν(t)u(t)| 6 C
m∑

j=1

|ϕj |, (8)

£¤¥ ª®­áâ ­â  C > 0 ­¥ § ¢¨á¨â ®â ϕj , j = 1,m.
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�®ª § â¥«ìáâ¢®. Ǳãáâì a−j , j = 1,m, ï¢«ïîâáï ª®íää¨æ¨¥­â -

¬¨ ¯®«¨­®¬ 

L−
(λ) = λm + a−

1

λm−1

+ · · ·+ a−m.

�¡®§­ ç¨¬ ç¥à¥§ bkj í«¥¬¥­âë ¬ âà¨æë B−1

. �¢¥¤¥¬ ¯®«¨­®¬ë

L−
k (λ) =

m∑

s=0

a−k λ
k−s, a−

0

= 1, k = 0,m− 1,

Nj(λ) =

m∑

k=1

bkjL−
m−k(λ), j = 1,m.

�­ ç «  ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¯à®¢¥¤¥¬ ¢ á«ãç ¥ ν 6 0. � ¬¥-

â¨¬, çâ® ¢ á¨«ã â¥®à¥¬ë 2 ¤®áâ â®ç­® ¯®ª § âì áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï

ªà ¥¢®© § ¤ ç¨ (2), (3) ¢ ª« áá¥ Sν
(
R1

+

)
.

�¢¥¤¥¬ äã­ªæ¨î

kν(z) = γν
Kν(z)

zν
, γν =

{
1, ν = 0,
2

ν+1

�(−ν) , ν < 0,

£¤¥ Kν(z) | äã­ªæ¨ï � ª¤®­ «ì¤  ¯®àï¤ª  ν [8℄. �®£¤  à¥è¥­¨¥ ªà -

¥¢®© § ¤ ç¨ (2), (3) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

u(t) =

m∑

j=1

ϕj
2πi

∫

�

−

kν(−λt)Nj(λ)
L−

(λ)
dλ, (9)

£¤¥ �

−
| ª®­âãà, «¥� é¨© ¢ «¥¢®© ¯®«ã¯«®áª®áâ¨ ¨ ®å¢ âë¢ îé¨©

ª®à­¨ λ−
1

, . . . , λ−m.

�¥©áâ¢¨â¥«ì­®, ¢ á¨«ã à ¢¥­áâ¢ 

Bsνkγ(−λt) = λ2skν(−λt) (10)

¨ â¥®à¥¬ë �®è¨ ¨¬¥¥¬

L
2m(Bν)u(t) =

m∑

j=1

ϕj
2πi

∫

�

−

kν(−λt)L+

(λ)Nj(λ) dλ = 0, t > 0.
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� ãç¥â®¬ (10) ¨ á¢®©áâ¢ äã­ªæ¨¨ Kν(z) ¨§ ä®à¬ã«ë (9) ¯®«ãç ¥¬

σν(t)bk(Bν)u(t)|t=0 =
m∑

j=1

ϕj
2πi

∫

�

−

σν(t)kν(−λt)|t=0bk(λ2)Nj(λ)
L−

(λ)
dλ = ϕk,

k = 1,m, â ª ª ª ¨¬¥îâ ¬¥áâ® (4),

1

2πi

∫

�

−

βk(λ)Nj(λ)

L−
(λ)

dλ = δkj , k, j = 1,m,

¨ σν(t)kν(−λt)|t=0 = 1 ¯à¨ ν 6 0.

�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï u(t) ã¤®¢«¥â¢®àï¥â £à ­¨ç­ë¬ ãá«®¢¨ï¬

(3). � á¨«ã  á¨¬¯â®â¨ç¥áª®£® ¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨¨ � ª¤®­ «ì¤ 

[8℄

Kν(z) =

√
π

2z
e−z
[
1 +O

(
1

z

)]
, | arg z| 6 π − α, α > 0.

�æ¥­¨¢ ï ª®­âãà­ë© ¨­â¥£à « ¢ (9) ¯®«ãç ¥¬, çâ® u(t) ¯à¨­ ¤«¥�¨â

ª« ááã Sν
(
R1

+

)
¨ ¤«ï ­¥¥ á¯à ¢¥¤«¨¢  ®æ¥­ª  (8).

Ǳà¨ ν > 0 à áá¬®âà¨¬ äã­ªæ¨î

u(t) =
m∑

j=1

ϕj
2πi

∫

�

−

t−2νk−ν(−λt)Nj(λ)
L−

(λ)
dλ. (11)

� á¨«ã à ¢¥­áâ¢

Bsνt
−2ν

= t−2νBs−ν

¨§ ä®à¬ã«ë (11) á­®¢  ¢ á¨«ã â¥®à¥¬ë �®è¨ ¨¬¥¥¬

L
2m(Bν)u(t) =

m∑

j=1

ϕj
2πi

t−2ν

∫

�

−

k−ν(−λt)L+

(λ)Nj(λ) dλ = 0, t > 0.

�¥¯¥àì, ª ª ¨ ¢ëè¥, ¯®ª §ë¢ ¥¬, çâ® äã­ªæ¨ï u(t), ®¯à¥¤¥«¥­­ ï

ä®à¬ã«®© (11), ¯à¨­ ¤«¥�¨â ª« ááã Sν
(
R1

+

)
¨ ¤«ï ­¥¥ á¯à ¢¥¤«¨¢ë

£à ­¨ç­ë¥ ãá«®¢¨ï (3) ¨ ®æ¥­ª  (8) ¯à¨ ν > 0. �¥®à¥¬  3 ¤®ª § ­ . �
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��������� ������ � PEC-�������

�. �. �£®à®¢, �. Ǳ. � ©£®à®¤®¢

� ¡®â  ¯à®¤®«� ¥â ¨áá«¥¤®¢ ­¨¥ PEC-§ ¤ ç, ­ ç â®¥  ¢â®à ¬¨ ¢

à ¡®â¥ [1℄. �¥ª®â®àë¥ § ¤ ç¨ ¢ë¡®à  ¨ ¯à¨­ïâ¨ï à¥è¥­¨© á¢®¤ïâáï ª

®¤­®© ¨«¨ ­¥áª®«ìª¨¬ § ¤ ç ¬ ¢ë¡®à  ®¤­®© ¨§ ¤¢ãå ¢®§¬®�­®áâ¥©:

ý¯®áâã¯¨âì â ª¨¬ ®¡à §®¬þ ¨«¨ ý­¥ ¤¥« âì íâ®£®þ. � ª®£® à®¤  § ¤ -

ç¨ ¡ã¤¥¬ ­ §ë¢ âì § ¤ ç ¬¨ ý§ þ ¨ ý¯à®â¨¢þ ¨«¨ PEC-§ ¤ ç ¬¨ (®â

« â¨­áª®£® pro et 
ontra). �«ï ª �¤®© PEC-§ ¤ ç¨ à áá¬ âà¨¢ îâáï

®¯à¥¤¥«¥­­ë¥ ­ ¡®àë  à£ã¬¥­â®¢ (¤®¢®¤®¢) ¢ ¯®«ì§ã â®© ¨«¨ ¨­®© ¢®§-

¬®�­®áâ¨. PEC-§ ¤ ç  ®¯à¥¤¥«ï¥âáï ª ª á®¢®ªã¯­®áâì ¬­®�¥áâ¢ P , C

¨ ¬ âà¨æë A, £¤¥

P ⇋ {p
1

, . . . , pn}, n ∈ N, (1)

¥áâì ¬­®�¥áâ¢®  à£ã¬¥­â®¢ ý§ þ,

C ⇋ {c
1

, . . . , cm}, m ∈ N, (2)

¥áâì ¬­®�¥áâ¢®  à£ã¬¥­â®¢ ý¯à®â¨¢þ,

A = {aij}, i = 1, n, j = 1, m, (3)

¥áâì n×m-¬ âà¨æ , á®áâ®ïé ï ¨§ í«¥¬¥­â®¢ aij , ï¢«ïîé¨åáï íªá¯¥àâ-

­ë¬¨ ®æ¥­ª ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj. � ª¨¬ ®¡à §®¬, ¯à¥¤¯®« -

£ ¥âáï, çâ® ª �¤ë©  à£ã¬¥­â ý§ þ pi ¨§ P áà ¢­¨¢ ¥âáï á ª �¤ë¬

 à£ã¬¥­â®¬ ý¯à®â¨¢þ cj ¨§ C ¨ ¬¥â®¤®¬ íªá¯¥àâ­ëå ®æ¥­®ª [2℄ (¨«¨

ª ª¨¬-«¨¡® ¤àã£¨¬ á¯®á®¡®¬) ¯®«ãç îâáï ç¨á«  aij , ª®â®àë¥ ¬ë ¨ ­ -

§¢ «¨ íªá¯¥àâ­ë¬¨ ®æ¥­ª ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj. �¥¬ ¡®«ìè¥
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§­ ç¥­¨¥ aij , â¥¬ ¡®«¥¥ §­ ç¨¬ ¨ ã¡¥¤¨â¥«¥­  à£ã¬¥­â ý§ þ pi ¯® áà ¢-

­¥­¨î á  à£ã¬¥­â®¬ ý¯à®â¨¢þ cj , ¨, ­ ®¡®à®â, ç¥¬ ¬¥­ìè¥ §­ ç¥­¨¥ aij ,

â¥¬ ¡®«¥¥ §­ ç¨¬ ¨ ã¡¥¤¨â¥«¥­  à£ã¬¥­â ý¯à®â¨¢þ cj ¯® áà ¢­¥­¨î á

 à£ã¬¥­â®¬ ý§ þ pi.

Ǳãáâì Â | ¬­®�¥áâ¢® ¢á¥å n × m-¬ âà¨æ á í«¥¬¥­â ¬¨ ¨§ R1

(n,m ∈ N). �ç¥¢¨¤­®, çâ® «î¡ ï n × m-¬ âà¨æ  A ¨§ Â ®¯à¥¤¥«ï-

¥â PEC-§ ¤ çã á ¬­®�¥áâ¢ ¬¨ P (1) ¨ C (2) ¨ íªá¯¥àâ­ë¬¨ ®æ¥­ª ¬¨

aij (3) ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj .

Ǳãáâì A | n ×m-¬ âà¨æ  ¨§ Â. �¢â®à ¬¨ à ­¥¥ ¡ë«® ¯®ª § ­®,

çâ® ¤«ï ¢ëç¨á«¥­¨ï à¥è¥­¨ï ¯®à®�¤ ¥¬®© ¥î PEC-§ ¤ ç¨ (â. ¥. ®¯à¥-

¤¥«¥­¨ï ¨­â¥£à «ì­®© íªá¯¥àâ­®© ®æ¥­ª¨) ¤®áâ â®ç­® ­ ©â¨ æ¥­ã á®®â-

¢¥âáâ¢ãîé¥© ¬ âà¨ç­®© ¨£àë [3℄. Ǳ®íâ®¬ã, à áá¬ âà¨¢ ï PEC-§ ¤ çã

(1){(3), ã¬¥áâ­® £®¢®à¨âì ®¡ ¨£à®ª å á ¬­®�¥áâ¢ ¬¨ áâà â¥£¨© ( à-

£ã¬¥­â®¢) P ¨ C.

� áá¬®âà¨¬ â¥¯¥àì ¢®¯à®á ¢«¨ï­¨ï ®¡ê¥¤¨­¥­¨ï ¨£à®ª®¬ «î¡ëå

¤¢ãå  à£ã¬¥­â®¢ ­  à¥è¥­¨¥ PEC-§ ¤ ç¨.

�ã¤¥¬ £®¢®à¨âì, çâ® ¯¥à¢ë© (¬ ªá¨¬¨§¨àãîé¨©) ¨£à®ª ®¡ê¥¤¨­¨«

 à£ã¬¥­âë ps ¨ pt (s, t ∈ {1, . . . , n}, s 6= t), ¥á«¨ ¢¬¥áâ® PEC-§ ¤ ç¨

(1){(3) à áá¬ âà¨¢ ¥âáï PEC-§ ¤ ç  á ¬­®�¥áâ¢ ¬¨ P 1

, C ¨ (n−1)×m-
¬ âà¨æ¥© A1

, £¤¥

P 1

=

{
p1
1

, . . . , p1n−1

}
(4)

| ¬­®�¥áâ¢®, ¯®«ãç îé¥¥áï ¨§ ¬­®�¥áâ¢  P ¯ãâ¥¬ ã¤ «¥­¨ï  à£ã-

¬¥­â®¢ ps, pt ¨ ¤®¡ ¢«¥­¨ï ­®¢®£®  à£ã¬¥­â  p
1

r (r ∈ {1, . . . , n− 1}),

A1

=

{
a1ij
}
, i = 1, n− 1, j = 1,m, (5)

| ¬ âà¨æ , ¯®«ãç îé ïáï ¨§ ¬ âà¨æë A ¯ãâ¥¬ ã¤ «¥­¨ï áâà®ª á

¨­¤¥ªá ¬¨ s, t ¨ ¤®¡ ¢«¥­¨ï ­®¢®© áâà®ª¨ á ¨­¤¥ªá®¬ r â ª®©, çâ®

a1rj = max(asj , atj), j = 1,m.

�¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥.

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ¢ PEC-§ ¤ ç¥ (1){(3) ¯¥à¢ë© ¨£à®ª

¨¬¥« ¢®§¬®�­®áâì ®¡ê¥¤¨­¨âì «î¡ë¥ ¤¢  á¢®¨å  à£ã¬¥­â , ­¥ ¨§¬¥­ïï
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à¥è¥­¨ï PEC-§ ¤ ç¨, ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï ã ­¥£® ®¯â¨¬ «ì­®©

ç¨áâ®© áâà â¥£¨¨.

�®ª § â¥«ìáâ¢®. Ǳà¥¤¯®«®�¨¬, çâ® ¨¬¥¥¬ PEC-§ ¤ çã (1){(3)

¨ áãé¥áâ¢ã¥â ®¯â¨¬ «ì­ ï ç¨áâ ï áâà â¥£¨ï ¯¥à¢®£® ¨£à®ª . � áá¬®â-

à¨¬ PEC-§ ¤ çã (4), (2), (5), â. ¥. ¯à¥¤¯®«®�¨¬, çâ® ¯¥à¢ë© ¨£à®ª

®¡ê¥¤¨­¨« ¢  à£ã¬¥­â¥ p1r ¤¢  á¢®¨å  à£ã¬¥­â  ps ¨ pt. �¨¤­®, çâ®

¬ ªá¨¬ã¬ë ¢ ª �¤®¬ áâ®«¡æ¥ ¬ âà¨æë (5) à ¢­ë á®®â¢¥âáâ¢ãîé¨¬

§­ ç¥­¨ï¬ ¢ ¬ âà¨æ¥ (3). �®£¤  ®¯â¨¬ «ì­®© ç¨áâ®© áâà â¥£¨¥© ( à-

£ã¬¥­â®¬ ý§ þ) ¯¥à¢®£® ¨£à®ª  ¢ PEC-§ ¤ ç¥ (4), (2), (5) ¡ã¤¥â ®¯â¨-

¬ «ì­ ï ç¨áâ ï áâà â¥£¨ï ¯¥à¢®£® ¨£à®ª  ¢ ¨áå®¤­®© PEC-§ ¤ ç¥ ¨«¨

 à£ã¬¥­â p1r. � ª¨¬ ®¡à §®¬, à¥è¥­¨ï à áá¬ âà¨¢ ¥¬ëå PEC-§ ¤ ç

á®¢¯ ¤ îâ. �¥®à¥¬  ¤®ª § ­ .

�«¥¤áâ¢¨¥ 1. �â¢¥à�¤¥­¨¥ â¥®à¥¬ë ¢¥à­® ¨ ¤«ï ®¡ê¥¤¨­¥­¨ï

¡®«¥¥ ç¥¬ ¤¢ãå  à£ã¬¥­â®¢.

�«¥¤áâ¢¨¥ 2. �â¢¥à�¤¥­¨¥ â¥®à¥¬ë ¤ ¥â ¤®áâ â®ç­®¥ ãá«®¢¨¥ ­¥

â®«ìª® ¤«ï ®¡ê¥¤¨­¥­¨ï, ­® ¨ ¤«ï à §¡¨¥­¨ï  à£ã¬¥­â  ­  ­¥áª®«ìª®

 à£ã¬¥­â®¢.

�«¥¤áâ¢¨¥ 3. �§¬¥­ïï á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«¨à®¢ª¨, ¬®�­®

¤®ª § âì  ­ «®£¨ç­ãî â¥®à¥¬ã ¨ ¤«ï ¢â®à®£® ¨£à®ª .
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� ¯àï¬®ã£®«ì­¨ª¥ D = {(x, t) : 0 < x < 1, 0 < t < T < +∞}
à áá¬®âà¨¬ ãà ¢­¥­¨¥

utt − uxx + λut + q(x)a(x, t)u = f
0

(x, t), (1)

£¤¥ λ | ¨§¢¥áâ­ ï ¯®áâ®ï­­ ï, f
0

(x, t) ¨ a(x, t) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨,

§ ¤ ­­ë¥ ¯à¨ (x, t) ∈ D.

� à ¡®â¥ à áá¬ âà¨¢ ¥âáï

�¡à â­ ï § ¤ ç . � ©â¨ äã­ªæ¨¨ u(x, t) ¨ q(x), á¢ï§ ­­ë¥ ¢ D

ãà ¢­¥­¨¥¬ (1) ¨ â ª¨¥, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï

u(0, t) = µ
0

(t), u(1, t) = µ
1

(t), 0 < t < T, (2)

u(x, 0) = u
0

(x), 0 < x < 1, (3)

ut(x, 0) = u
1

(x), 0 < x < 1, (4)

T∫

0

α(t)u(x, t) dt = h
0

(x), 0 < x < 1. (5)

�á«®¢¨ï (2){(4) ï¢«ïîâáï ãá«®¢¨ï¬¨ ¯¥à¢®© ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨

¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï (1). �á«®¢¨¥ (5) | ãá«®¢¨¥ ¨­â¥£à «ì-

­®£® ¯¥à¥®¯à¥¤¥«¥­¨ï, ¯®§¢®«ïîé¥¥ ­ ©â¨ ¢¬¥áâ¥ á à¥è¥­¨¥¬ u(x, t) ¨
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­¥¨§¢¥áâ­ë© ª®íää¨æ¨¥­â q(x). �ã­ªæ¨¨ µ
0

(t), µ
1

(t), u
0

(x), u
1

(x),

α(t), h
0

(x) ¨§¢¥áâ­ë ¨ § ¤ ­ë ¯à¨ x ∈ [0, 1℄, t ∈ [0, T ℄.

� ª ª ª ­¥¨§¢¥áâ­ë¬¨ ï¢«ïîâáï à¥è¥­¨¥ ¨ ª®íää¨æ¨¥­â ãà ¢-

­¥­¨ï (1), ®¡à â­ ï § ¤ ç  ¡ã¤¥â ­¥«¨­¥©­®©. �¥«¨­¥©­ë¥ ®¡à â­ë¥

§ ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢ à §«¨ç­ëå ¯®áâ ­®¢ª å à á-

á¬ âà¨¢ «¨áì ¢ à ¡®â å [1{7℄ ¨ ¢ àï¤¥ ¤àã£¨å, ®¤­ ª® ¢ ¢ëè¥¯à¨¢¥¤¥­-

­®© ¯®áâ ­®¢ª¥ ¯®¤®¡­ë¥ § ¤ ç¨ à ­¥¥ ­¥ ¨§ãç «¨áì. �¥â®¤ë ¨áá«¥¤®-

¢ ­¨ï, ¯à¨¬¥­¥­­ë¥ ¢ ¤ ­­®© à ¡®â¥, ¡«¨§ª¨ ª ¬¥â®¤ ¬ à ¡®âë [8℄.

�¤¥« ¥¬ á«¥¤ãîé¥¥

Ǳà¥¤¯®«®�¥­¨¥ 1. �ãé¥áâ¢ã¥â äã­ªæ¨ï U = U(x, t) ¨§ ª« áá 

C2

(D), ã¤®¢«¥â¢®àïîé ï £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2){(4).

Ǳà®¨§¢¥¤¥¬ § ¬¥­ã

u(x, t) = v(x, t) + U(x, t)

¨ ¯¥à¥ä®à¬ã«¨àã¥¬ ®¡à â­ãî § ¤ çã: âà¥¡ã¥âáï ­ ©â¨ äã­ªæ¨¨ v(x, t)

¨ q(x), á¢ï§ ­­ë¥ ¢ ¯àï¬®ã£®«ì­¨ª¥ D ãà ¢­¥­¨¥¬

vtt − vxx + λvt + q(x)a(x, t)u = f(x, t), (1

′
)

¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©

v(0, t) = 0, v(1, t) = 0, 0 < t < T, (2

′
)

v(x, 0) = 0, 0 < x < 1, (3

′
)

vt(x, 0) = 0, 0 < x < 1, (4

′
)

T∫

0

α(t)v(x, t) dt = h(x), 0 < x < 1. (5

′
)

�ã­ªæ¨¨ f(x, t) ¨ h(x) à ¢­ë á®®â¢¥âáâ¢¥­­®

f(x, t) = f
0

(x, t)− (Utt − Uxx + λUt),

h(x) = h
0

(x)−
T∫

0

α(t)U(x, t) dt.
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�¬­®�¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (1

′
) ­  äã­ªæ¨î α(t), ¯à®¨­â¥£à¨àã¥¬

¯®ç«¥­­® ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢® ¯® ¯¥à¥¬¥­­®© t ¢ ¯à¥¤¥« å ®â t = 0

¤® t = T , ¯à¨¤¥¬ ª à ¢¥­áâ¢ã

q(x) =

T∫
0

α(t)f(x, t) dt+h′′(x)−α(T )vt(x, T )+
T∫
0

[α′
(t)−λα(t)℄vt(x, t) dt

T∫
0

α(t)a(x, t)v(x, t) dt +
T∫
0

α(t)a(x, t)U(x, t) dt

.

(6)

� «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«­¥­¨¥ ¯à¨ 0 6 x 6 1 á«¥¤ãîé¨å ­¥à -

¢¥­áâ¢:

0 < H
1

6

T∫

0

α(t)f(x, t) dt + h′′(x) 6 H
2

,

0 < A
1

6

T∫

0

α(t)a(x, t)U(x, t) dt 6 A
2

.

(7)

�¢¥¤¥¬ á¥¬¥©áâ¢® áà¥§ îé¨å äã­ªæ¨© σρ(ζ) ¯à¨ ρ > 0:

σρ(ζ) =






ζ, ¥á«¨ |ζ| 6 ρ,

−ζ, ¥á«¨ ζ 6 −ρ,
ζ, ¥á«¨ ζ > ρ.

�«ï äã­ªæ¨¨ p(x, t), § ¤ ­­®© ¢ ¯àï¬®ã£®«ì­¨ª¥D, ¨ ç¨á¥« β, γ ∈ (0, 1)

®¯à¥¤¥«¨¬ ª®íää¨æ¨¥­â

Qp(x) =

T∫
0

α(t)f(x, t) dt + h′′(x) + σβH
1

(ζ
1

)

T∫
0

α(t)a(x, t)U(x, t) dx + σγA
1

(ζ
2

)

, (8)

£¤¥

ζ
1

= −α(T )pt(x, T ) +
T∫

0

[α′
(t)− λα(t)℄pt(x, t) dt,

ζ
2

=

T∫

0

α(t)a(x, t)p(x, t) dt.
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�¯à¥¤¥«¨¬ ¯®áâ®ï­­ë¥, ª®â®àë¥ ¯®­ ¤®¡ïâáï ­¨�¥:

Q
1

=

(1− β)H
1

γA
1

+A
2

, Q
2

=

βH
1

+H
2

(1− γ)A
1

,

F
0

= ‖f‖L∞(D)

+Q
2

max

D
|a(x, t)U(x, t)|,

F̃
0

= ‖ft‖L∞(D)

+Q
2

max

D
|[a(x, t)U(x, t)℄t|,

�λ =






7

3

T 3

¯à¨ λ = 0,

1

8λ3

(
6λ2T 2 − 2λT + ln

1 + 4λT

1 + 2λT

)
¯à¨ λ > 0,

�

0

= (

�λ+ 5/2T )F 2

0

+ 14/3T 3F̃ 2

0

.

�¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢  äã­ªæ¨©, ¨á¯®«ì§ã¥¬ë¥ ¤ «¥¥:

V =

{
v(x, t) : v(x, t) ∈W 2

2

(D) ∩ L∞
(
0, T ;

◦
W 1

2

(0, 1)
)
,

vt(x, t) ∈ L∞
(
0, T ;

◦
W 1

2

(0, 1)
)}
,

Ṽ = {v(x, t) : v(x, t) ∈ V, vxxt ∈ L
2

(D)}.

�®à¬ë ¢ íâ¨å ¯à®áâà ­áâ¢ å ®¯à¥¤¥«¨¬ à ¢¥­áâ¢ ¬¨

‖v‖V = ‖v‖W 2

2

(D)

+ ‖v‖
L∞(0,T,

◦

W 1

2

(0,1))
+ ‖vt‖

L∞(0,T ;
◦

W 1

2

(0,1))
,

‖v‖
Ṽ
= ‖v‖V + ‖vxxt‖L

2

(D)

.

�áá«¥¤ã¥¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã: âà¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î v(x, t),

ª®â®à ï ã¤®¢«¥â¢®àï¥â ¢ ¯àï¬®ã£®«ì­¨ª¥ D ãà ¢­¥­¨î (ε > 0)

−εvxxt + vtt − vxx + λvt +Qv(x)a(x, t)v = Fv(x, t) (9)

¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2

′
), (3

′
), (4

′
).

�ã­ªæ¨ï Fv(x, t) à ¢­  f(x, t) − Qv(x)a(x, t)U(x, t). � ¬¥â¨¬, çâ®

ãà ¢­¥­¨¥ (9) | ­¥«¨­¥©­®¥ ­ £àã�¥­­®¥ [9, 10℄ ãà ¢­¥­¨¥ á®áâ ¢­®£®

â¨¯ .
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�¥®à¥¬  1. Ǳãáâì ¢ë¯®«­ïîâáï ¯à¥¤¯®«®�¥­¨¥ 1, ­¥à ¢¥­áâ¢ 

(7) ¨ ¢ª«îç¥­¨ï f(x, t) ∈ L∞(D), ft(x, t) ∈ L∞(D), α(t) ∈ C1

([0, T ℄),

h(x) ∈ C2

([0, 1℄). Ǳà¥¤¯®«®�¨¬ â ª�¥, çâ® ¯®áâ®ï­­ ï λ ­¥ ¬¥­ìè¥ 0,

äã­ªæ¨ï a(x, t) ¯à¨­ ¤«¥�¨â C1

(D) ¨ ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  ¯à¨

(x, t) ∈ D:

a(x, t) > 0, at(x, t) 6 0,

4Q
2

a(x, t)(2T − t) 6
√
1 + 2λ(2T − t),

Q
2

[a(x, t) + |at(x, t)|(2T − t)℄ 6 1/8,

Q
2

a(x, 0) 6 1/4.

�®£¤  § ¤ ç  (9), (2

′
), (3

′
), (4

′
) ¨¬¥¥â à¥è¥­¨¥ v(x, t) ¨§ ¯à®áâà ­áâ¢  Ṽ .

�®ª § â¥«ìáâ¢®. Ǳãáâì p(x, t) ∈ Ṽ . �¨­¥ à¨§ã¥¬ ãà ¢­¥­¨¥ (9)

¨ à áá¬®âà¨¬ § ¤ çã: ­ ©â¨ äã­ªæ¨î v(x, t), ã¤®¢«¥â¢®àïîéãî ¢ ¯àï-

¬®ã£®«ì­¨ª¥ D ãà ¢­¥­¨î

−εvxxt + vtt − vxx + λvt +Qp(x)a(x, t)v = Fp(x, t) (9p)

¨ â ªãî, çâ® ¤«ï ­¥¥ ¢ë¯®«­ïîâáï £à ­¨ç­ë¥ ãá«®¢¨ï (2

′
), (3

′
), (4

′
).

� §à¥è¨¬®áâì íâ®© § ¤ ç¨ ¢ ¯à®áâà ­áâ¢¥ Ṽ ä ªâ¨ç¥áª¨ ãáâ ­®¢-

«¥­  ¢ ª­¨£¥ [11℄, â ª ª ª ª®íää¨æ¨¥­â Qp(x) ®£à ­¨ç¥­ ¢ á¨«ã á¢®¥£®

®¯à¥¤¥«¥­¨ï (8): Q
1

6 Qp(x) 6 Q
2

.

Ǳ®«ãç¨¬  ¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨© § ¤ ç¨ (9p), (2
′
), (3

′
), (4

′
).

�¬­®�¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (9p) ­  ¢ëà �¥­¨¥ (2T − t)(vt −
vxxt) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢® ¯® ¯àï¬®ã£®«ì­¨ªã

D. � ¯à ¢®© ç áâ¨ ¯à®¨§¢¥¤¥¬ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ á ãç¥â®¬
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ãá«®¢¨ï (3

′
), ¯à¨¬¥­¨¬ ­¥à ¢¥­áâ¢® �®è¨ ¨ ¯®«ãç¨¬ ®æ¥­ªã

∣∣∣∣
∫∫

D

Fp(2T − t)(vt − vxxt) dxdt

∣∣∣∣ 6

∣∣∣∣
∫∫

D

Fp(2T − t)vt dxdt

∣∣∣∣

+

∣∣∣∣
∫∫

D

[Fp(2T − t)℄tvxx dxdt

∣∣∣∣+ T

∣∣∣∣∣∣

1∫

0

vxx(x, T )Fp(x, T ) dx

∣∣∣∣∣∣

6

∫∫

D

[
1

2

λ(2T − t) +
1

4

]
v2t dxdt +

∫∫

D

F 2

p

(2T − t)2

2λ(2T − t) + 1

dxdt

+

1

4

∫∫

D

v2xx dxdt+

∫∫

D

[Fp(2T − t)℄2t dxdt

+

1

2

T

1∫

0

v2xx(x, T ) dx+
1

2

T

1∫

0

F 2

p (x, T ) dx.

� á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ Fp(x, t), ª®íää¨æ¨¥­â  Qp(x, t), ç¨á¥« F0

¨ F̃
0

,   â ª�¥ ãá«®¢¨© â¥®à¥¬ë 1 ¯®«ãç¨¬ ®ª®­ç â¥«ì­ãî ®æ¥­ªã

∣∣∣∣
∫∫

D

Fp(2T − t)(vt − vxxt) dxdt

∣∣∣∣ 6

∫∫

D

[
1

2

λ(2T − t) +
1

4

]
v2t dxdt

+

1

4

∫∫

D

v2xx dxdt+
1

2

T

1∫

0

v2xx(x, T ) dx+�

0

. (10)

� áá¬®âà¨¬ «¥¢ãî ç áâì

∫∫

D

(−εvxxt + vtt − vxx + λvt +Qpav)(2T − t)(vt − vxxt) dxdt.

Ǳà®¨§¢¥¤¥¬ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ á ãç¥â®¬ ®¤­®à®¤­ëå £à ­¨ç-

­ëå ãá«®¢¨© (2

′
), (3

′
), (4

′
) ¨ ¢ë¤¥«¨¬ §­ ª®®¯à¥¤¥«¥­­ë¥ ­¥®âà¨æ -

â¥«ì­ë¥ ¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë 1 á« £ ¥¬ë¥ I+ ¨ ®áâ «ì­ë¥ á« £ ¥-
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¬ë¥ I:

I+ = ε

∫∫

D

v2xt(2T − t) dxdt+
1

2

∫∫

D

v2t dxdt +
1

2

T

1∫

0

v2t (x, T ) dx

+

1

2

∫∫

D

v2x dxdt +
1

2

T

1∫

0

v2x(x, T ) dx+

∫∫

D

λv2t (2T − t) dxdt

+

1

2

T

1∫

0

Qp(x)a(x, T )v
2

(x, T )− 1

2

∫∫

D

Qp[a(2T − t)℄tv
2dxdt

+ ε

∫∫

D

v2xxt(2T − t)dxdt+
1

2

∫∫

D

v2xt dxdt+
1

2

T

1∫

0

v2xt(x, T ) dx

+

1

2

∫∫

D

v2xx dxdt+
1

2

T

1∫

0

v2xx(x, T ) dx+

∫∫

D

λv2xt(2T − t) dxdt,

I = −T
1∫

0

Qp(x)a(x, T )v(x, T )vxx(x, T ) dx

+

∫∫

D

Qpvxx{a(2T − t)vt + [a(2T − t)℄tv} dxdt.

� «¥¥ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ Mi

(i = 1, . . . ) § ¢¨áïâ â®«ìª® ®â ¢å®¤­ëå ¤ ­­ëå § ¤ ç¨ (9), (2

′
), (3

′
),

(4

′
) | ¨§¢¥áâ­ëå äã­ªæ¨© ¨ ¨å ­®à¬ ¢ á®®â¢¥âáâ¢ãîé¨å ¯à®áâà ­-

áâ¢ å, ®¯à¥¤¥«ï¥¬ëå ãá«®¢¨ï¬¨ â¥®à¥¬ë 1, ­® ­¥ § ¢¨áïâ ®â ç¨á« 

ε > 0. �§ ­¥à ¢¥­áâ¢ 

∫∫

D

(−εvxxt + vtt − vxx + λvt +Qpav)(2T − t)(vt − vxxt) dxdt

6

∣∣∣∣
∫∫

D

Fp(2T − t)(vt − vxxt) dxdt

∣∣∣∣
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¨«¨

I+ + I 6

∣∣∣∣
∫∫

D

Fp(2T − t)(vt − vxxt) dxdt

∣∣∣∣

¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë 1 ¨ ®æ¥­ª¨ (10) ¯®«ãç ¥¬ ®æ¥­ªã

M
1

(
‖v‖2W 2

2

(D)

+ ε‖vxxt‖2L
2

(D)

)

+

1

2

T

1∫

0

v2x(x, T ) dx+
1

2

T

1∫

0

v2xt(x, T ) dx 6 �

0

. (11)

� ¬¥â¨¬ á«¥¤ãîé¥¥: ¥á«¨ ¯à¨ ®æ¥­ª¥ ¨­â¥£à « 

∣∣∣∣
∫∫

D

Fp(2T − t)(vt − vxxt) dxdt

∣∣∣∣

­¥ ¯à®¢®¤¨âì ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬, â®  ­ «®£¨ç­ë¬ ®¡à §®¬ ¯®-

«ãç ¥âáï ®æ¥­ª 

‖v‖2W 2

2

(D)

+ ε‖vxxt‖2L
2

(D)

6
1

ε
M

2

‖Fp‖2L
2

(D)

. (12)

� áá¬®âà¨¬ ¯àï¬®ã£®«ì­¨ª Dτ = {(x, t) : 0 < x < 1, 1 < t < τ}, £¤¥
τ | ¯à®¨§¢®«ì­®¥ ç¨á«® ¨§ ¨­â¥à¢ «  [0, T ℄. �­ «®£¨ç­® ¯à¥¤ë¤ãé¥-

¬ã ã¬­®�¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (9p) ­  ¢ëà �¥­¨¥ (2τ − t)(vt− vxxt),
¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢® ¯® ¯àï¬®ã£®«ì­¨ªã Dτ , ¨á-

¯®«ì§ã¥¬ ®æ¥­ªã (12) ¨ â®£¤  ¯à¨å®¤¨¬ ª ®æ¥­ª¥

‖v‖2
Ṽ

6
1

ε
M

3

‖Fp‖2L
2

(D)

. (13)

� ª ãª §ë¢ «®áì ¢ëè¥, § ¤ ç  (9p), (2
′
), (3

′
), (4

′
) à §à¥è¨¬  ¢ ¯à®-

áâà ­áâ¢¥ Ṽ , â. ¥. ¤ ­­ ï § ¤ ç  ¯®à®�¤ ¥â ®¯¥à â®à P , ¯¥à¥¢®¤ïé¨©

¯à®áâà ­áâ¢® Ṽ ¢ á¥¡ï: P (p) = v. Ǳ®ª �¥¬, çâ® ®¯¥à â®à P ¨¬¥¥â ¢ Ṽ

­¥¯®¤¢¨�­ãî â®çªã.

�«ï à¥è¥­¨© § ¤ ç¨ (9p), (2
′
), (3

′
), (4

′
) ¢ë¯®«­ï¥âáï ®æ¥­ª  (13),

¨§ ª®â®à®© ¢ á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ Fp(x, t) ¨ ãá«®¢¨© â¥®à¥¬ë 1

á«¥¤ã¥â ®æ¥­ª 

‖v‖2
Ṽ

6
1

ε
M

4

(
‖f‖2L

2

(D)

+ ‖U‖C2

(D)

)
. (14)
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�«¥¤®¢ â¥«ì­®, ®¯¥à â®à P «î¡®© è à ¯à®áâà ­áâ¢  Ṽ à ¤¨ãá  r â -

ª®£®, çâ®

r >
1

ε
M

4

(
‖f‖2L

2

(D)

+ ‖U‖C2

(D)

)
,

¡ã¤¥â ¯¥à¥¢®¤¨âì ¢ á¥¡ï.

Ǳ®ª �¥¬ â¥¯¥àì, çâ® ®¯¥à â®à P ¢¯®«­¥ ­¥¯à¥àë¢¥­.

Ǳãáâì {pn(x, t)} | ®£à ­¨ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨§ ¯à®áâà ­-

áâ¢  Ṽ , {vn(x, t)} | ¯®á«¥¤®¢ â¥«ì­®áâì ®¡à §®¢ äã­ªæ¨© pn(x, t) ¯à¨

¤¥©áâ¢¨¨ ®¯¥à â®à  P . � á¨«ã (14) ¯®á«¥¤®¢ â¥«ì­®áâì {vn(x, t)} ®£à -
­¨ç¥­  ¢ ¯à®áâà ­áâ¢¥ Ṽ . � ¬¥â¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ {pn(x, T )},
{pnt(x, T )} ¡ã¤ãâ ®£à ­¨ç¥­­ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨ ¢W 1

2

(0, 1). �§

®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥© {pn(x, t)}, {vn(x, t)}, {pn(x, T )},
{pnt(x, T )} ¨ ª®¬¯ ªâ­®áâ¨ ¢«®�¥­¨ï W 1

2

(0, 1) ¢ C([0, 1℄) á«¥¤ã¥â [12℄,

çâ® áãé¥áâ¢ãîâ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ {pnk
(x, t)} ¨ {vnk

(x, t)} á®®â-

¢¥âáâ¢ãîé¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨ äã­ªæ¨¨ p(x, t) ¨ v(x, t) â ª¨¥,

çâ® ¯à¨ k → ∞ ¨¬¥îâ ¬¥áâ® áå®¤¨¬®áâ¨:

pnk
(x, t) → p(x, t) á« ¡® ¢ Ṽ ¨ ¯®çâ¨ ¢áî¤ã ¢ D,

vnk
(x, t) → v(x, t) á« ¡® ¢ Ṽ ¨ ¯®çâ¨ ¢áî¤ã ¢ D,

pnk
(x, T ) → P (x, T ) á¨«ì­® ¢ C([0, 1℄),

pnkt(x, T ) → pt(x, T ) á¨«ì­® ¢ C([0, 1℄).

�§ íâ¨å áå®¤¨¬®áâ¥© á«¥¤ã¥â, çâ® äã­ªæ¨¨ p(x, t) ¨ v(x, t) á¢ï§ ­ë ãà ¢-

­¥­¨¥¬ (9p), äã­ªæ¨ï v(x, t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (2

′
), (3

′
), (4

′
).

�¡®§­ ç¨¬ wk(x, t) = vnk
(x, t)− v(x, t). �¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

−εwkxxt + wktt − wkxx +Qpnk
w = (Qp −Qpnk

)(v + U).

�â® à ¢¥­áâ¢®, ®æ¥­ª  (13) ¤«ï äã­ªæ¨© wk(x, t), á¨«ì­ ï áå®¤¨¬®áâì

pnk
(x, T ) → p(x, T ) ¨ pnkt(x, T ) → pt(x, T ) ¢ C([0, 1℄) ¨ ®¯à¥¤¥«¥­¨¥

Qp(x) ¤ îâ áå®¤¨¬®áâì

‖wk‖Ṽ → 0 ¯à¨ k → ∞.

�àã£¨¬¨ á«®¢ ¬¨, ¤«ï ¢áïª®© ®£à ­¨ç¥­­®© ¢ ¯à®áâà ­áâ¢¥ Ṽ ¯®á«¥¤®-

¢ â¥«ì­®áâ¨ {pn(x, t)} ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {P (pn)} ¬®�­® ¨§¢«¥çì
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á¨«ì­® áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì. �â® ¨ ®§­ ç ¥â, çâ® ®¯¥-

à â®à P ¢¯®«­¥ ­¥¯à¥àë¢¥­ ¢ ¯à®áâà ­áâ¢¥ Ṽ .

�¯®«­¥ ­¥¯à¥àë¢­®áâì ®¯¥à â®à  P , ¥£® á¢®©áâ¢® ¯¥à¥¢®¤¨âì è à

¯à®áâà ­áâ¢  Ṽ ¤®áâ â®ç­® ¡®«ìè®£® à ¤¨ãá  ¢ á¥¡ï ¨ â¥®à¥¬  � ã¤¥-

à  ¤ îâ ­ ¬, çâ® ®¯¥à â®à P ¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥ Ṽ ­¥¯®¤¢¨�­ãî

â®çªã. �â  ­¥¯®¤¢¨�­ ï â®çª , â. ¥. äã­ªæ¨ï v(x, t) ¨§ ¯à®áâà ­áâ¢ 

Ṽ , ¨ ¡ã¤¥â ¨áª®¬ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (9), (2

′
), (3

′
), (4

′
).

�¥®à¥¬  1 ¤®ª § ­ .

�®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ®¡à â­®© § ¤ ç¨

(1

′
){(5

′
) ¯à¨¢¥¤¥­ë ¢ á«¥¤ãîé¥© â¥®à¥¬¥.

�¥®à¥¬  2. Ǳãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1 ¨ ãá«®¢¨ï

á®£« á®¢ ­¨ï h(0) = h(1) = 0. Ǳà¥¤¯®«®�¨¬ â ª�¥, çâ® ¢ë¯®«­ïîâáï

­¥à ¢¥­áâ¢ 

√
2�

0

T



|α(T )|+

T∫

0

|α′
(t)− λα(t)| dt



 6 βH

1

,

√
2�

0

T
max

[0,1℄

T∫

0

|α(t)a(x, t)| dt 6 γA
1

.

�®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ {v(x, t), q(x)} ®¡à â­®© § ¤ ç¨ (1′), (2′), (3′),
(4

′
), (5

′
) â ª®¥, çâ® v(x, t) ∈ V , q(x) ∈ L∞(0, 1).

�®ª § â¥«ìáâ¢®. � â¥®à¥¬¥ 1 ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï

vε(x, t) ∈ Ṽ § ¤ ç¨ (9), (2

′
), (3

′
), (4

′
) ¤«ï «î¡®£® §­ ç¥­¨ï ε > 0.

�æ¥­ª  (11) ¢«¥ç¥â ­¥à ¢¥­áâ¢ 

1∫

0

v2εx(x, T ) dx 6
2�

0

T
,

1∫

0

v2εxt(x, T ) dx 6
2�

0

T
.

Ǳà¨¬¥­¨¬ ¨§¢¥áâ­ë¥ ­¥à ¢¥­áâ¢ 

|vε(x, T )| 6




1∫

0

v2εx(x, T ) dx




1/2

, |vεt(x, T )| 6




1∫

0

v2εxt(x, T ) dx




1/2

,
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â®£¤ 

|vε(x, T )| 6

√
2�

0

T
, |vεt(x, T )| 6

√
2�

0

T
¯à¨ x ∈ [0, 1℄.

� á¨«ã ãá«®¢¨© â¥®à¥¬ë

σβH
1

(ζ
1

) = ζ
1

, σγA
1

(ζ
2

) = ζ
2

,

¯®íâ®¬ã Qv(x) = q(x), £¤¥ äã­ªæ¨ï q(x) ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (6).

Ǳ®ª �¥¬, çâ® á ¯®¬®éìî ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯® ¯ à ¬¥âàã ε

¬®�­® ¤®ª § âì à §à¥è¨¬®áâì ¢ ¯à®áâà ­áâ¢¥ V § ¤ ç¨ (1

′
){(5

′
).

�§ ®æ¥­ª¨ (11) ¬®�­® ¯®«ãç¨âì ®æ¥­ªã

‖vε‖2V + ε‖vεxxt‖2L
2

(D)

6 M
5

�

0

(15)

( ­ «®£¨ç­® á¯®á®¡ã ¯®«ãç¥­¨ï ®æ¥­ª¨ (13)).

�æ¥­ª  (15) ®§­ ç ¥â, çâ® áãé¥áâ¢ãîâ ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì-

­®áâì {εk}, ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© {vεk
(x, t)} ¨ äã­ªæ¨ï v(x, t)

â ª¨¥, çâ® ¯à¨ k → ∞ ¨¬¥îâ ¬¥áâ® áå®¤¨¬®áâ¨:

εk → 0,

vεk
(x, t) → v(x, t) á« ¡® ¢ V ¨ ¯®çâ¨ ¢áî¤ã ¢ D,

εkvεkxxt → 0 á« ¡® ¢ L
2

(D),

vεk
(x, T ) → v(x, T ) á¨«ì­® ¢ C([0, 1℄),

vεkt(x, T ) → vt(x, T ) á¨«ì­® ¢ C([0, 1℄).

�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï v(x, t) ã¤®¢«¥â¢®àï¥â ¢ ¯àï¬®ã£®«ì­¨ª¥ D

ãà ¢­¥­¨î

vtt − vxx + λvt + q(x)a(x, t)(v + U) = f(x, t), (1

′
)

  â ª�¥ ãá«®¢¨ï¬ (2

′
), (3

′
), (4

′
).

�®ª �¥¬, çâ® äã­ªæ¨ï v(x, t) ã¤®¢«¥â¢®àï¥â ¨ ãá«®¢¨î (5

′
).

�¢¥¤¥¬ äã­ªæ¨î

I(x) =

T∫

0

α(t)v(x, t) dx,



66 �®«âã­®¢áª¨© �. �.

â®£¤  ¢ á¨«ã ãá«®¢¨© (2

′
) I(0) = I(1) = 0.

�¬­®�¨¬ ãà ¢­¥­¨¥ (1

′
), £¤¥ ª®íää¨æ¨¥­â q(x) ®¯à¥¤¥«¥­ à ¢¥­-

áâ¢®¬ (6), ­  äã­ªæ¨î α(t) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯®«ãç¨¢è¥¥áï ãà ¢­¥­¨¥

¯®ç«¥­­® ¯® ¯¥à¥¬¥­­®© t ¢ ¯à¥¤¥« å ®â 0 ¤® T . Ǳ®á«¥ ¯à¥®¡à §®¢ ­¨©

¨¬¥¥¬ I ′′(x) = h′′(x), ¯® ãá«®¢¨î â¥®à¥¬ë 2 I(0) = h(0), I(1) = h(1),

¯®íâ®¬ã I(x) = h(x) ¨ ãá«®¢¨¥ (5′) ¢ë¯®«­¥­®.

�â ª, äã­ªæ¨¨ v(x, t) ¨ q(x) ï¢«ïîâáï à¥è¥­¨¥¬ ®¡à â­®© § ¤ ç¨

(1

′
){(5

′
), ¯à¨ç¥¬ ¯à¥¤¥«ì­ ï äã­ªæ¨ï v(x, t) ¯à¨­ ¤«¥�¨â V , äã­ªæ¨ï

q(x) ¯à¨­ ¤«¥�¨â L∞(0, 1) ¯® ¯®áâà®¥­¨î.

�¥®à¥¬  2 ¤®ª § ­ .

�¡áã¤¨¬ ¢®¯à®á ® ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ®¡à â­®© § ¤ ç¨ (1

′
){

(5

′
).

Ǳãáâì {v(x, t), q(x)} | à¥è¥­¨¥ ®¡à â­®© § ¤ ç¨, £¤¥ äã­ªæ¨ï

v(x, t) ¯à¨­ ¤«¥�¨â V , ª®íää¨æ¨¥­â q(x) ¯à¨­ ¤«¥�¨â L∞(0, 1) ¨ ®¯à¥-

¤¥«¥­ à ¢¥­áâ¢®¬ (6):

q(x) =
~q(x)
~

~q(x)
,

¯à¨ç¥¬ ¯à¨ x ∈ [0, 1℄

0 < H∗
1

6 �q(x) 6 H∗
2

, 0 < A∗
1

6 ~

�q(x) 6 A∗
2

.

Ǳ® â¥®à¥¬¥ 2 â ª®¥ à¥è¥­¨¥ ¨ â ª¨¥ ç¨á«  H∗
1

, H∗
2

, A∗
1

, A∗
2

áãé¥áâ¢ãîâ,

­ ¯à¨¬¥à

H∗
1

= (1− β)H
1

, H∗
2

= (1 + β)H
2

,

A∗
1

= (1− γ)A
1

, A∗
2

= (1 + γ)A
2

.

�®£¤  ¯à¨ x ∈ [0, 1℄ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

0 < q∗
1

=

H∗
1

A∗
2

6 q(x) 6 q∗
2

=

H∗
2

A∗
1

.

�¡®§­ ç¨¬

S(t) = H∗
2

|α(t)| max
x∈[0,1℄

a(x, t) +A∗
2

|α′′
(t)− λα′

(t)|, K∗
=

T∫

0

S2(t) dt,
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a∗ = q∗
1

min

D

[a+ |at|(2T − t)℄[1 + 2λ(2T − t)℄

a2(2T − t)2
,

R∗
=

4

a∗

∫∫

D

f2 + (q∗
2

)

2a2U2

1 + 2λ(2T − t)
(2T − t)2 dxdt

+ 2

∫∫

D

a2U2

1 + 2λ(2T − t)
(2T − t)2 dxdt.

� ¬¥â¨¬, çâ® ¯à¨ att(x, t) 6 0 (á¬. ãá«®¢¨ï â¥®à¥¬ 1 ¨ 2) a∗ ¬®�­®

¢§ïâì ¢ ¢¨¤¥

a∗ =
q∗
1

(1 + 2λT )

4T 2

min

[0,1℄

a(x, T ) + T |at(x, 0)|
a2(x, 0)

.

�¥¬¬  1. Ǳãáâì ¢ ãà ¢­¥­¨¨ (1

′
) λ > 0; a(x, t) ∈ C1

(D) ¨ a(x, t) > 0,

at(x, t) 6 0 ¯à¨ (x, t) ∈ D; q(x) ∈ L∞(0, 1) ¨ 0 < q∗
1

6 q(x) 6 q∗
2

;

f(x, t) ∈ L∞(D). �®£¤  ¤«ï à¥è¥­¨ï § ¤ ç¨ (1

′
){(4

′
) ¨§ ¯à®áâà ­áâ¢ 

V á¯à ¢¥¤«¨¢  ®æ¥­ª 

∫∫

D

a2(v + U)2(2T − t)2

1 + 2λ(2T − t)
dxdt 6 R∗. (16)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á«¥¤áâ¢¨¥ ãà ¢­¥­¨ï (1

′
):

∫∫

D

(vtt − vxx + λvt + qav)vt(2T − t) dxdt

=

∫∫

D

(f − qav)vt(2T − t) dxdt.

� ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¢ «¥¢®© ç áâ¨ ¯à®¨§¢¥¤¥¬ ¨­â¥-

£à¨à®¢ ­¨¥ ¯® ç áâï¬ á ãç¥â®¬ ®¤­®à®¤­ëå £à ­¨ç­ëå ãá«®¢¨© (2

′
){

(4

′
), ¯à ¢ãî ®æ¥­¨¬, ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢® �®è¨

∫∫

D

1

2

q[a+ |at|(2T − t)℄v2 dxdt 6
1

4

∫∫

D

(f − qaU)2(2T − t)2

1

2

+ λ(2T − t)
dxdt. (17)
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Ǳà®¤®«�¨¬ ®æ¥­ªã (17):

∫∫

D

q[a+ |at|(2T − t)℄[1 + 2λ(2T − t)℄

a2(2T − t)2
· a2(2T − t)2

[1 + 2λ(2T − t)℄
v2 dxdt

6

∫∫

D

(2f2 + 2q2a2U2

)(2T − t)2

1 + 2λ(2T − t)
dxdt,

¨«¨

∫∫

D

a2(2T − t)2

1 + 2λ(2T − t)
v2 dxdt 6

1

a∗

∫∫

D

(2f2 + 2(q∗
2

)

2a2U2

)(2T − t)2

1 + 2λ(2T − t)
dxdt.

Ǳ®íâ®¬ã

∫∫

D

a2(v + U)2(2T − t)2

1 + 2λ(2T − t)
dxdt 6

∫∫

D

2a2v2 + 2a2U2

1 + 2λ(2T − t)
(2T − t)2dxdt 6 R∗.

�¥¬¬  1 ¤®ª § ­ .

�®áâ â®ç­ë¥ ãá«®¢¨ï ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¯à¨¢¥¤¥­ë ¢ á«¥¤ã-

îé¥© â¥®à¥¬¥.

�¥®à¥¬  3. Ǳãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï «¥¬¬ë 1, äã­ªæ¨ï α(t)

¯à¨­ ¤«¥�¨â C2

([0, T ℄), ¯à¨ç¥¬ α(T ) = α′
(T ) = 0.

Ǳà¥¤¯®«®�¨¬ â ª�¥, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

K∗R∗

(A∗
1

)

2

< 1. (18)

�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ {v(x, t), q(x)} ®¡à â­®© § ¤ ç¨
(1

′
){(5

′
) â ª®¥, çâ® v(x, t) ∈ V , q(x) ∈ L∞(0, 1), 0 < q∗

1

6 q(x) 6 q∗
2

.

�®ª § â¥«ìáâ¢®. Ǳãáâì äã­ªæ¨¨ v
1

(x, t) ¨ v
2

(x, t) | ¤¢  à¥è¥-

­¨ï ®¡à â­®© § ¤ ç¨ (1

′
){(5

′
) â ª¨¥, çâ® v

1

(x, t), v
2

(x, t) ∈ V , 0 < q∗
1

6

qi(x) 6 q∗
2

(i = 1, 2). �å à §­®áâì �v(x, t) = v
1

(x, t) − v
2

(x, t) ã¤®¢«¥â¢®-

àï¥â ãà ¢­¥­¨î

�vtt − �vxx + λ�vt + q
1

a�v = (q
2

− q
1

)a(v
2

+ U)

¨ ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2

′
){(4

′
).
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� ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¬®�­® ¯®«ãç¨âì ®æ¥­ªã

M
6

∫∫

D

�v2 dxdt+

∫∫

D

�v2x dxdt

6

∫∫

D

(q
2

− q
1

)

2

a2(v
2

+ U)2(2T − t)2

1 + 2λ(2T − t)
dxdt. (19)

� §­®áâì q
2

(x) − q
1

(x) ¯®á«¥ ¯à¥®¡à §®¢ ­¨© á ãç¥â®¬ ãá«®¢¨© â¥®à¥-

¬ë 3 à ¢­ 

q
2

(x)− q
1

(x) =

T∫
0

(~q
2

(x)α(t)a(x, t) + ~

~q
2

(x)[α′′
(t)− λα′

(t)℄)�v(x, t) dt

~

~q
1

(x)~~q
2

(x)
.

�®á¯®«ì§ã¥¬áï ¨§¢¥áâ­ë¬ ­¥à ¢¥­áâ¢®¬

|�v(x, t)| 6




1∫

0

�v2x(x, t) dx




1/2

¨ ­¥à ¢¥­áâ¢®¬ ��¥«ì¤¥à , â®£¤ 

(q
2

(x)− q
1

(x))2

6
1

(A∗
1

)

2




T∫

0

[H∗
2

|α(t)| max
x∈[0,1℄

a(x, t) +A∗
2

|α′′
(t)− λα′

(t)|℄|�v(x, t)| dt





6
1

(A∗
1

)

2




T∫

0

S(t)




1∫

0

�v2x(x, t) dx




1/2



2

6
1

(A∗
1

)

2

T∫

0

S2(t) dt ·
T∫

0

1∫

0

�v2x(x, t) dxdt.

Ǳà®¤®«�¨¬ ®æ¥­ªã (19) á ãç¥â®¬ à¥§ã«ìâ â  «¥¬¬ë 1:

M
6

∫∫

D

�v2 dxdt+

∫∫

D

�v2x dxdt

6
1

(A∗
1

)

2

T∫

0

S2(t) dt ·
∫∫

D

�v2x dxdt ·R∗
=

K∗R∗

(A∗
1

)

2

∫∫

D

�v2x dxdt.
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� ª ª ª ­¥à ¢¥­áâ¢® (18) áâà®£®¥, à ¢­ë ­ã«î á«¥¤ãîé¨¥ ¨­â¥£à «ë:

∫∫

D

�v2x dxdt = 0 ¨

∫∫

D

�v2 dxdt = 0,

á«¥¤®¢ â¥«ì­®, �v(x, t) = 0 ¢ ¯àï¬®ã£®«ì­¨ª¥ D.

�¥®à¥¬  3 ¤®ª § ­ .

� «¥¥ à áá¬ âà¨¢ ¥âáï

�¡à â­ ï § ¤ ç  II. � ©â¨ äã­ªæ¨¨ u(x, t) ¨ q(x), á¢ï§ ­­ë¥ ¢

¯àï¬®ã£®«ì­¨ª¥ D ãà ¢­¥­¨¥¬

utt − uxx + q(x)a(x, t)ut = f
0

(x, t) (20)

¨ â ª¨¥, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï (2){(5).

�ã¤¥¬ áç¨â âì, ª ª ¨ ¢ëè¥, çâ® ¢ë¯®«­ï¥âáï ¯à¥¤¯®«®�¥­¨¥ 1.

Ǳà®¨§¢¥¤¥¬ § ¬¥­ã

u(x, t) = v(x, t) + U(x, t)

¨ ¯¥à¥ä®à¬ã«¨àã¥¬ ®¡à â­ãî § ¤ çã: âà¥¡ã¥âáï ­ ©â¨ äã­ªæ¨¨ v(x, t)

¨ q(x), á¢ï§ ­­ë¥ ¢ ¯àï¬®ã£®«ì­¨ª¥ D ãà ¢­¥­¨¥¬

vtt − vxx + q(x)a(x, t)ut = f(x, t), (20

′
)

¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2

′
){(5

′
).

�ã­ªæ¨¨ f(x, t) ¨ h(x) ¢ ¤ ­­®¬ á«ãç ¥ à ¢­ë á®®â¢¥âáâ¢¥­­®

f(x, t) = f
0

(x, t)− (Utt − Uxx),

h(x) = h
0

(x)−
T∫

0

α(t)U(x, t) dt.

�¬­®�¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (20

′
) ­  äã­ªæ¨î α(t), ¯à®¨­â¥£à¨àã¥¬

¯®ç«¥­­® ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢® ¯® ¯¥à¥¬¥­­®© t ¢ ¯à¥¤¥« å ®â t = 0

¤® t = T , ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ ¬

q(x) =

T∫
0

α(t)f(x, t) dt + h′′(x) − α(T )vt(x, T ) +
T∫
0

α′
(x)vt(x, t) dt

T∫
0

α(t)a(x, t)vt(x, t) dt+
T∫
0

α(t)a(x, t)Ut(x, t) dt

. (21)
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� «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«­¥­¨¥ ¯à¨ 0 6 x 6 1 á«¥¤ãîé¨å ­¥à -

¢¥­áâ¢:

0 < H
1

6

T∫

0

α(t)f(x, t) dt + h′′(x) 6 H
2

,

0 < B
1

6

T∫

0

α(t)a(x, t)Ut(x, t) dt 6 B
2

.

(22)

�«ï äã­ªæ¨¨ p(x, t), § ¤ ­­®© ¢ ¯àï¬®ã£®«ì­¨ª¥D, ¨ ç¨á¥« β, γ ∈ (0, 1)

®¯à¥¤¥«¨¬ ª®íää¨æ¨¥­â

Q̃p(x) =

T∫
0

α(t)f(x, t) dt + h′′(x) + σβH
1

(ζ
1

)

T∫
0

α(t)a(x, t)Ut(x, t) dt + σγB
1

(ζ
2

)

, (23)

£¤¥

ζ
1

= −α(T )pt(x, T ) +
T∫

0

α′
(t)pt(x, t) dt, ζ

2

=

T∫

0

α(t)a(x, t)pt(x, t) dt.

�¯à¥¤¥«¨¬ ¯®áâ®ï­­ë¥, ª®â®àë¥ ¯®­ ¤®¡ïâáï ­¨�¥:

Q̃
1

=

(1− β)H
1

γB
1

+B
2

, Q̃
2

=

βH
1

+H
2

(1− γ)B
1

,

F
0

= ‖f‖L∞(D)

+ Q̃
2

max

D
|a(x, t)Ut(x, t)|,

F
0

= ‖ft‖L∞(D)

+ Q̃
2

max

D
|[a(x, t)Ut(x, t)℄t|,

�̃

0

= (14/3T 3

+ 13/4T )F
2

0

+ 14/3T 3F
2

0

.

�áá«¥¤ã¥¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã: âà¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î v(x, t),

ª®â®à ï ã¤®¢«¥â¢®àï¥â ¢ ¯àï¬®ã£®«ì­¨ª¥ D ãà ¢­¥­¨î (ε > 0)

−εvxxt + vtt − vxx +Qv(x)a(x, t)vt = Fv(x, t) (24)

¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2

′
), (3

′
), (4

′
).

�ã­ªæ¨ï Fv(x, t) à ¢­  f(x, t)−Qv(x)a(x, t)Ut(x, t).
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�¥®à¥¬  4. Ǳãáâì ¢ë¯®«­ïîâáï ¯à¥¤¯®«®�¥­¨¥ 1, ­¥à ¢¥­áâ¢ 

(22) ¨ ¢ª«îç¥­¨ï f(x, t) ∈ L∞(D), ft(x, t) ∈ L∞(D), α(t) ∈ C1

([0, T ℄),

h(x) ∈ C2

([0, 1℄). Ǳà¥¤¯®«®�¨¬ â ª�¥, çâ® äã­ªæ¨ï a(x, t) ¯à¨­ ¤«¥-

�¨â C1

(D) ¨ ¯à¨ (x, t) ∈ D ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

a(x, t) > 0, at(x, t) 6 0,

Q̃
2

a(x, 0) 6
1√
2

, Q̃
2

a(x, 0)T 6
1

4

,

1

16

[1 + 4Q̃
1

a(x, t)(2T − t) + Q̃
1

|at(x, t)|℄ > Q̃2

2

[a(x, t) + |at(x, t)|(2T − t)℄.

�®£¤  § ¤ ç  (24), (2

′
), (3

′
), (4

′
) ¨¬¥¥â à¥è¥­¨¥ v(x, t) ¨§ ¯à®áâà ­-

áâ¢  Ṽ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥-

¬ë 1, â®«ìª® ¢¬¥áâ® ¢á¯®¬®£ â¥«ì­®£® ¬­®�¨â¥«ï (2T − t)(vt − vxxt)

¨á¯®«ì§ã¥âáï ¢ëà �¥­¨¥ (2T − t)(vt − vxxt) +
1

2

vtt.

�®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ®¡à â­®© § ¤ ç¨

(20

′
), (2

′
), (3

′
), (4

′
), (5

′
) ¯à¨¢¥¤¥­ë ¢ á«¥¤ãîé¥© â¥®à¥¬¥.

�¥®à¥¬  5. Ǳãáâì ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 4 ¨ ãá«®¢¨¥

á®£« á®¢ ­­®áâ¨ h(0) = h(1) = 0. Ǳà¥¤¯®«®�¨¬ â ª�¥, çâ® ¢ë¯®«­ï-

îâáï ­¥à ¢¥­áâ¢ 

√
2�̃

0

T



|α(T )|+

T∫

0

|α′
(t)| dt



 6 βH

1

,

√
2�̃

0

T
max

[0,1℄

T∫

0

|α(t)a(x, t)| dt 6 γB
1

.

�®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ {v(x, t), q(x)} ®¡à â­®© § ¤ ç¨ (20′), (2′){(5′)
â ª®¥, çâ® v(x, t) ∈ V , q(x) ∈ L∞(0, 1).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥-

¬ë 2.

�¡áã¤¨¬ ¢®¯à®á ® ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ (20

′
), (2

′
){(5

′
).
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Ǳãáâì {v(x, t), q(x)} | à¥è¥­¨¥ ®¡à â­®© § ¤ ç¨, £¤¥ äã­ªæ¨ï

v(x, t) ¯à¨­ ¤«¥�¨â V , ª®íää¨æ¨¥­â q(x) ¯à¨­ ¤«¥�¨â L∞(0, 1) ¨ ®¯à¥-

¤¥«¥­ à ¢¥­áâ¢®¬ (21):

q(x) =
~q(x)
~

~q(x)
,

¯à¨ç¥¬ ¯à¨ x ∈ [0, 1℄

0 < H
∗
1

6 ~q(x) 6 H
∗
2

, 0 < B
∗
1

6 ~

~q(x) 6 B
∗
2

.

Ǳ® â¥®à¥¬¥ 5 â ª®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â. �®£¤  ¯à¨ x ∈ [0, 1℄ á¯à ¢¥¤-

«¨¢® ­¥à ¢¥­áâ¢®

0 < �q∗
1

=

H
∗
1

B
∗
2

6 q(x) 6 q∗
2

=

H
∗
2

B
∗
1

.

�¡®§­ ç¨¬

�a∗ =
�q∗
1

T max
[0,1℄

a(x, 0)
,

R
∗
=

4

�a∗
· 1
�q∗
1

∫∫

D

f2 + (�q∗
2

)

2a2U2

t

a
(2T − t) dxdt

+ 2

∫∫

D

a2U2

t (2T − t)2 dxdt,

S(t) = H
∗
2

|α(t)| max
x∈[0,1℄

a(x, t) +B
∗
2

|α′
(t)|, K

∗
=

T∫

0

S
2

(t) dt.

�®áâ â®ç­ë¥ ãá«®¢¨ï ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¯à¨¢¥¤¥­ë ¢ á«¥¤ãîé¥©

â¥®à¥¬¥.

�¥®à¥¬  6. Ǳãáâì ¢ ãà ¢­¥­¨¨ (20

′
) äã­ªæ¨ï a(x, t) ¯à¨­ ¤«¥�¨â

C1

(D) ¨ a(x, t) > 0, at(x, t) 6 0 ¯à¨ (x, t) ∈ D; äã­ªæ¨ï α(t) ¯à¨­ ¤«¥-

�¨â C1

([0, T ℄), ¯à¨ç¥¬ α(T ) = 0; äã­ªæ¨ï f(x, t) ¯à¨­ ¤«¥�¨â L∞(D).

Ǳà¥¤¯®«®�¨¬ â ª�¥, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

K
∗
R

∗

(B
∗
1

)

2

< 1.

�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ {v(x, t), q(x)} ®¡à â­®© § ¤ ç¨
(20

′
), (2

′
){(5

′
) â ª®¥, çâ® v(x, t) ∈ V , q(x) ∈ L∞(0, 1), 0 < �q∗

1

6 q(x) 6 �q∗
2

.
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 6  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥-

¬ë 3.

����������

1. �®¬ ­®¢ �. �. �¥ª®â®àë¥ ®¡à â­ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© £¨¯¥à¡®«¨ç¥áª®£®

â¨¯ . �®¢®á¨¡¨àáª: � ãª , 1972.

2. �®¬ ­®¢ �. �. �áâ®©ç¨¢®áâì ¢ ®¡à â­ëå § ¤ ç å. �.: � ãç­ë© ¬¨à, 2005.

3. �­¨ª®­®¢ �. �. �®à¬ã«ë ¢ ®¡à â­ëå § ¤ ç å ¤«ï ãà ¢­¥­¨© 2-£® ¯®àï¤ª  //

�®ª«. �� ����. 1991. �. 320, ü 4. �. 848{850.

4. Savateev E. G. An inverse problem for the Burger's equation and its hyperboli


regularization // J. Inverse Ill-Posed Probl. 1993. V. 1, N. 3. P. 231{244.

5. Savateev E. G.Well-posedness and redu
tion of an inverse problem for a hyperboli


equation // J. Inverse Ill-Posed Probl. 1994. V. 2, N. 2. P. 165{180.

6. Denisov A. M. Determination of a nonlinear 
oeÆ
ient in a hyperboli
 equation for

the Goursat problem // J. Inverse Ill-Posed Probl. 1998. V. 6, N. 4. P. 327{334.

7. S
heglov A. Yu. The inverse problem of determination of a nonlinear 
ourse in a

hyperboli
 equation // J. Inverse Ill-Posed Probl. 1998. V. 6, N 6. P. 625{644.

8. � «¨â®¢ �. �., �®� ­®¢ �. �. �¡à â­ë¥ § ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢-

­¥­¨©: á«ãç © ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢, § ¢¨áïé¨å ®â ¢à¥¬¥­¨ // �¥áâ­.

���. �¥à. � â¥¬ â¨ª , ¬¥å ­¨ª , ¨­ä®à¬ â¨ª . 2006. �. 6, ¢ë¯. 1, �. 3{18.

9. � åãè¥¢ �. �. �à ¢­¥­¨ï ¬ â¥¬ â¨ç¥áª®© ¡¨®«®£¨¨. �.: �ëáè. èª®« , 1995.

10. ��¥­ «¨¥¢ �. �. � â¥®à¨¨ «¨­¥©­ëå ªà ¥¢ëå § ¤ ç ¤«ï ­ £àã�¥­­ëå ¤¨ää¥-

à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �«¬ âë: �­-â â¥®à¥â. ¨ ¯à¨ª«. ¬ â¥¬ â¨ª¨, 1995.

11. Kozhanov A. I. Composite type equations and inverse problems. Utre
ht: VSP,

1999.

12. � ¤ë�¥­áª ï �. �., �à «ìæ¥¢  �. �. �¨­¥©­ë¥ ¨ ª¢ §¨«¨­¥©­ë¥ ãà ¢­¥­¨ï

í««¨¯â¨ç¥áª®£® â¨¯ . �.: � ãª , 1973.

£. ��­®-� å «¨­áª 18  ¢£ãáâ  2006 £.



��� 517.956.4

� ������� �������� ������

�������

�. �. Ǳ®¯®¢, �. �. �ãá«®­®¢ 

Ǳ¥à¢ë¬¨ £«ã¡®ª¨¬¨ ¨áá«¥¤®¢ ­¨ï¬¨ ¢ ®¡« áâ¨ ãà ¢­¥­¨© á¬¥è ­-

­®£® â¨¯  áâ «¨ à ¡®âë �. �à¨ª®¬¨, ®¯ã¡«¨ª®¢ ­­ë¥ ¢ 20-x ££. ¯à®-

è«®£® áâ®«¥â¨ï. �«ï ãà ¢­¥­¨ï

y
∂2u

∂x2
+

∂2u

∂y2
= 0, (1)

ª®â®à®¥ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ �à¨ª®¬¨, ¨§ãç « áì ®á­®¢­ ï ªà ¥¢ ï

§ ¤ ç  (§ ¤ ç  �à¨ª®¬¨).

�. �. �à ­ª«ì ®¡­ àã�¨« ¢ �­ë¥ ¯à¨«®�¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¨

¤àã£¨å à®¤áâ¢¥­­ëå ¥© § ¤ ç ¢ âà ­á§¢ãª®¢®© £ §®¤¨­ ¬¨ª¥. �. �. �¥-

ªã  ãª § « ­  ¢ �­®áâì ¯à®¡«¥¬ë ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  ¯à¨

à¥è¥­¨¨ § ¤ ç, ¢®§­¨ª îé¨å ¢ â¥®à¨¨ ¡¥áª®­¥ç­® ¬ «ëå ¨§£¨¡ ­¨©

¯®¢¥àå­®áâ¥©,   â ª�¥ ¢ ¡¥§¬®¬¥­â­®© â¥®à¨¨ ®¡®«®ç¥ª á ªà¨¢¨§­®©

¯¥à¥¬¥­­®£® §­ ª . �. �. �¨æ ¤§¥ ¢¯¥à¢ë¥ áä®à¬ã«¨à®¢ « ¯à¨­æ¨¯

íªáâà¥¬ã¬  ¤«ï § ¤ ç¨ �à¨ª®¬¨. Ǳ®§¤­¥¥ ®­ ¡ë« ¤®ª § ­ ¨ ¤«ï ¤àã-

£¨å ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯ . �§ ¯à¨­æ¨¯  íªá-

âà¥¬ã¬  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï íâ¨å § ¤ ç.

�. �. �¨æ ¤§¥ ¯®«ãç¨« áãé¥áâ¢¥­­® ­®¢ë¥ à¥§ã«ìâ âë §­ ç¨â¥«ì­®©

â¥®à¥â¨ç¥áª®© ¢ �­®áâ¨ ¤«ï ¬®¤¥«ì­®£® ãà ¢­¥­¨ï á¬¥è ­­®£® â¨¯ .

� «¥¥, ¢ à ¡®â å �. �. � ¡¥­ª®, �. �. �®«ª®¤ ¢®¢ , �. �. �à £®¢ ,

�. �. � «ì¬¥­®¢ , �. �. �®à®«ï, �. �. �®¨á¥¥¢ , �. �. � åãè¥¢ ,

�. �. Ǳ®­®¬ à¥¢ , �. Ǳ. Ǳã«ìª¨­ , �. �. � « å â¤¨­®¢  ¨ ¤à. ¡ë-

«¨ ¯®áâ ¢«¥­ë ¨ ¨áá«¥¤®¢ ­ë ­®¢ë¥ § ¤ ç¨ ¤«ï ¯®¤®¡­ëå ãà ¢­¥­¨©

á¬¥è ­­®£® â¨¯ .


© 2008 Ǳ®¯®¢ �. �., �ãá«®­®¢  �. �.
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�§¢¥áâ­®, çâ® ¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ �à¨-

ª®¬¨ á¢®¤¨âáï ª à¥è¥­¨î á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ®â­®-

á¨â¥«ì­® ­¥¨§¢¥áâ­®© ¯«®â­®áâ¨ ν(x), à §à¥è¨¬®áâì ª®â®à®£® á«¥¤ã¥â

¨§ ¨§¢¥áâ­®© â¥®à¥¬ë ¥¤¨­áâ¢¥­­®áâ¨ ¨áå®¤­®© § ¤ ç¨:

ν(x) +
1

π
√
3

1∫

0

(
t

x

) 2

3

(
1

t− x
− 1

x+ t− 2xt

)
ν(t) dt = F (x), (2)

£¤¥

F (x) =
1

kπ
√
3

d

dx

x∫

0

f(t) dt

(x− t)
2

3

.

� à ¡®â¥ �. �. �¬¨à­®¢  [1℄ ¤®ª § ­®, çâ® à¥è¥­¨¥ ν(x) ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬

1

6

+ ε, £¤¥ ε | áª®«ì ã£®¤­®

¬ « ï ¯®«®�¨â¥«ì­ ï ¯®áâ®ï­­ ï.

� ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤®¢ ­  à §à¥è¨¬®áâì íâ®£® á¨­£ã«ïà­®-

£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¢ ¡®«¥¥ £« ¤ª¨å ª« áá å ��¥«ì¤¥à ,   §­ -

ç¨â, £« ¤ª®áâì à¥è¥­¨© § ¤ ç¨ �à¨ª®¬¨. �¥è¥­¨ï áãé¥áâ¢ãîâ ¯à¨

¢ë¯®«­¥­¨¨ ­¥ª®â®à®£® ª®«¨ç¥áâ¢  ãá«®¢¨© à §à¥è¨¬®áâ¨ ­  ¤ ­­ë¥

§ ¤ ç¨.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ (1), ª®â®à®¥ ¯à¨ y > 0 ï¢«ï¥âáï í««¨¯â¨ç¥-

áª¨¬,   ¯à¨ y < 0 | £¨¯¥à¡®«¨ç¥áª¨¬; y = 0 | ¯ à ¡®«¨ç¥áª ï «¨­¨ï

ãà ¢­¥­¨ï (1). Ǳãáâì � | ªà¨¢ ï, á®¢¯ ¤ îé ï á ý­®à¬ «ì­®©þ ªà¨-

¢®© �

0

: (
x− 1

2

)
2

+

4

9

y3 =
1

4

, y > 0,

á ª®­æ ¬¨ ¢ â®çª å A(0, 0) ¨ B(1, 0), «¥� é ï ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨.

�à ¢­¥­¨¥ (1) ¯à¨ y < 0 ¨¬¥¥â ¤¢  à §«¨ç­ëå á¥¬¥©áâ¢  ¢¥é¥áâ¢¥­­ëå

å à ªâ¥à¨áâ¨ª. �à ¢­¥­¨ï¬¨

ξ ≡ x− 2

3

(−y) 32 = 0, (3)

η ≡ x+
2

3

(−y) 32 = 1 (4)
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®¯à¥¤¥«ïîâáï å à ªâ¥à¨áâ¨ª¨ AC ¨ BC ¨§ à §­ëå á¥¬¥©áâ¢ (C | â®ç-

ª  ¯¥à¥á¥ç¥­¨ï). �¡®§­ ç¨¬ ç¥à¥§ D ®¡« áâì, ®£à ­¨ç¥­­ãî ªà¨¢®© �

¨ å à ªâ¥à¨áâ¨ª ¬¨ AC ¨ BC. � áâì ®¡« áâ¨ D, «¥� éãî ¢ ¯®«ã-

¯«®áª®áâ¨ y > 0 (y < 0), ®¡®§­ ç¨¬ ç¥à¥§ D+

(D−
).

� ¤ ç  �à¨ª®¬¨. � ©â¨ ¢ ®¡« áâ¨ D à¥è¥­¨¥ ãà ¢­¥­¨ï (1),

­¥¯à¥àë¢­®¥ ¢ D, ¯à¨­¨¬ îé¥¥ ­  ªà¨¢®© � ¨ ­  ®¤­®© ¨§ å à ªâ¥à¨-

áâ¨ª (­ ¯à¨¬¥à, ­  AC) § ¤ ­­ë¥ ­¥¯à¥àë¢­ë¥ §­ ç¥­¨ï u|
�

= ϕ(s),

u|AC = ψ(x), ϕ(l) = ψ(0), £¤¥ l | ¤«¨­  ªà¨¢®© �.

� á¨«ã à¥§ã«ìâ â®¢ ¨§ [1, £«. II, § 4℄ äã­ªæ¨ï �à¨­  G
0

(x, y;x
0

, y
0

)

§ ¤ ç¨ N ¤«ï ãà ¢­¥­¨ï (1) ¢ á«ãç ¥ ­®à¬ «ì­®© ®¡« áâ¨ D+

0

¢ë¯¨áë-

¢ ¥âáï ¢ ï¢­®¬ ¢¨¤¥:

G
0

(x, y;x
0

, y
0

) = q(x, y;x
0

, y
0

)− (2r
0

)

− 1

3 q((x − 1/2, y; �x
0

, �y
0

), (5)

£¤¥

r2
0

=

(
x
0

− 1

2

)
2

+

4

9

y3
0

, �x
0

=

x
0

− 1

2

4r2
0

, �y
3

2

0

=

y
3

2

0

4r2
0

,

¨ à¥è¥­¨¥ § ¤ ç¨ N ¨¬¥¥â ¢¨¤

u(x, y) = −
1∫

0

ν(t)G
0

(t, 0;x, y) dt−
l∫

0

ϕ(s)As[G0

(ξ, η;x, y)℄ ds. (6)

Ǳ®« £ ï §¤¥áì y = 0 ¨ ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (5) ¨

q(x, y;x
0

, y
0

) = k(r+)−
1

3F

(
1

6

,
1

6

,
1

3

; 1− σ

)
(7)

| äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1), £¤¥

(r∓)2 = (x− x
0

)

2

+

4

9

(
y
3

2 ∓ y
3

2

0

)
2

, σ =
(r−)2

(r+)2
, k =

(
4

3

) 1

3

�

2

(
1

6

)

4π�
(
1

3

) ,

¯®«ãç¨¬

τ(x) + k

1∫

0

[
1

|x− t| 13
− 1

(x+ t− 2xt)
1

3

]
ν(t) dt = �(x), (8)
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£¤¥

�(x) =
k

2

(
2

3

) 2

3

x(1− x)

1∫

0

ϕ(ξ)ξ−
1

3

(1− ξ)−
1

3

[x2 − (2x− 1)ξ℄−
7

6 dξ. (9)

�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¢ £¨¯¥à¡®«¨ç¥áª®© ¯®«ã¯«®áª®áâ¨, ã¤®¢«¥-

â¢®àïîé¥¥ ¤ ­­ë¬ �®è¨

u(x, 0) = τ(x), lim

y→0

∂u

∂y
= ν(x),

¤ ¥âáï ä®à¬ã«®©

u(x, y) = γ
1

1∫

0

τ

[
x+

2

3

(−y) 32 (2t− 1)

]
t−

5

6

(1− t)−
5

6 dt

+

(
4

3

) 2

3

γ
2

y

1∫

0

ν

[
x+

2

3

(−y) 32 (2t− 1)

]
t−

1

6

(1− t)−
1

6 dt, (10)

£¤¥

γ
1

=

�

(
1

3

)

�

2

(
1

6

) , γ
2

=

(
3

4

) 2

3

�

(
5

3

)

�

2

(
5

6

) .

Ǳà¨à ¢­¨¢ ï ¢ëà �¥­¨¥ (9) ­  å à ªâ¥à¨áâ¨ª¥ AC ª äã­ªæ¨¨ ψ(x),

¡ã¤¥¬ ¨¬¥âì

γ
1

1∫

0

τ(2xt)t−
5

6

(1− t)−
5

6 dt

− γ
2

(2x)
2

3

1∫

0

ν(2xt)t−
1

6

(1− t)−
1

6 dt = ψ(x), (0 6 x 6 1/2)

¨«¨

x∫

0

(x − ξ)−
5

6 ξ−
5

6 τ(ξ) dξ − γ
2

γ
1

x−
2

3

x∫

0

ξ−
1

6

(x− ξ)−
1

6 ν(ξ) dξ =
1

γ
1

x−
2

3ψ
(x
2

)
.
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�âáî¤ , ¯à¨¬¥­ïï ¨§¢¥áâ­ãî ä®à¬ã«ã ®¡à é¥­¨ï

ϕ(x) =
sinπα

π

d

dx

x∫

0

�(t) dt

(x − t)(1−α)

¤«ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �¡¥«ï

x∫

0

(x− t)−αϕ(t) dt = �(x), 0 < α < 1,

¯®«ãç¨¬

τ(x) = ψ
1

(x) + k

x∫

0

(x− t)−
1

3 ν(t) dt, (11)

£¤¥

ψ
1

(x) =
1

2πγ
1

x
5

6

d

dx

x∫

0

�ψ(t) dt

t
2

3

(x − t)
1

6

, �ψ(t) = ψ

(
t

2

)
,

k =
γ
2

γ
1

�

(
5

6

)

�

(
1

6

)
�

(
2

3

)
=

(
4

3

) 1

3

�

2

(
1

6

)

4π�
(
1

3

) . (12)

�áª«îç ï â¥¯¥àì τ(x) ¨§ ãà ¢­¥­¨© (7) ¨ (10), ¡ã¤¥¬ ¨¬¥âì

x∫

0

ν(t) dt

(x− t)
1

3

+

1∫

0

[
1

|x− t| 13
− 1

(x+ t− 2xt)
1

3

]
ν(t) dt =

1

k
f(x), (13)

£¤¥

f(x) = �(x)− ψ
1

(x). (14)

Ǳà®¨§¢®¤ï ¯à¥®¡à §®¢ ­¨ï, ¯à¨¢¥¤¥¬ ãà ¢­¥­¨¥ (12) ª á¨­£ã«ïà­®¬ã

ãà ¢­¥­¨î

ν(x) +
1

π
√
3

1∫

0

(
t

x

) 2

3

(
1

t− x
− 1

x+ t− 2xt

)
ν(t) dt = F (x), (15)

£¤¥

F (x) =
1

kπ
√
3

d

dx

x∫

0

f(t) dt

(x− t)
2

3

. (16)
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�â ª, ¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ á¢®-

¤¨âáï ª à¥è¥­¨î ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ®â­®á¨â¥«ì­® ν(x), à §à¥-

è¨¬®áâì ª®â®à®£® á«¥¤ã¥â ¨§ â¥®à¥¬ë ¥¤¨­áâ¢¥­­®áâ¨ ¨áå®¤­®© § ¤ ç¨

[1, 2℄:

ν(x) +
1

π
√
3

1∫

0

(
t

x

) 2

3

(
1

t− x
− 1

x+ t− 2xt

)
ν(t) dt = F (x), (17)

£¤¥

F (x) =
1

kπ
√
3

d

dx

x∫

0

f(t) dt

(x− t)
2

3

, (18)

¯à¨ íâ®¬ f ′
(t) ¯à¨­ ¤«¥�¨â ª« ááã ��¥«ì¤¥à  H

γ

3 , 0 < γ < 1, ¨ f(0) = 0.

�®£¤  ν(x) ∈ H
1

6

+ε
, £¤¥ ε > 0 ¤®áâ â®ç­® ¬ «®¥ (á¬. [1, á. 106℄). �¥âàã¤-

­® § ¬¥â¨âì, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ âà¥¡®¢ ­¨© ­  äã­ªæ¨î f(t) äã­ª-

æ¨ï F (x) ¯à¨­ ¤«¥�¨â H
1+γ
3

(0, 1). �â® ®¡¥á¯¥ç¨¢ ¥â á«¥¤ãîé ï

�¥¬¬  1 [4, 7, 5℄. �á«¨ ϕ ∈ Hβ , 0 < α < β < 1, â®

∥∥∥∥∥∥
d

dt

t∫

0

ϕ(τ)

(t− τ)α
dτ

∥∥∥∥∥∥
Hβ−α

6 C‖ϕ‖Hβ ,

â. ¥.

d

dt

t∫

0

ϕ(τ)

(t− τ)α
dτ ∈ Hβ−α.

� ª ª ª f ′
(x) ∈ H

γ
3

, ®âáî¤  á«¥¤ã¥â, çâ® f(x) ∈ H
γ
3

+1

. �§ «¥¬-

¬ë 1 ¢ëâ¥ª ¥â, çâ® F (x) ∈ H
1+γ

3

. �®§­¨ª ¥â ¢®¯à®á: ¯à¨ ª ª¨å ãá«®-

¢¨ïå ν(x) ∈ H
1+γ
3

? �ë¢¥¤¥¬ ãá«®¢¨ï, ª®â®àë¥ ­¥®¡å®¤¨¬ë ¤«ï íâ®£®.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ν(t) ¯à¨­ ¤«¥�¨â âà¥¡ã¥¬®¬ã ¯à®áâà ­áâ¢ã

��¥«ì¤¥à  á ¯®ª § â¥«¥¬

1+γ
3

¨ ν(0) = 0.

� áá¬®âà¨¬ á­ ç «  ãà ¢­¥­¨¥ (17):

F (x) =
1

kπ
√
3

d

dx

x∫

0

f(t) dt

(x− t)
2

3
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=

1

kπ
√
3



 d

dx

x∫

0

f(t)− f(0)

(x− t)
2

3

dt+ f(0)
d

dx

x∫

0

dt

(x− t)
2

3





=

1

kπ
√
3


f(0)
x

2

3

+

d

dx

x∫

0

f(t)− f(0)

(x− t)
2

3

dt



=

1

kπ
√
3


f(0)
x

2

3

+

x∫

0

f ′
(t) dt

(x− t)
2

3


 .

� íâ®¬ ¨­â¥£à «¥ ¯à¨¡ ¢¨¬ ¨ ®â­¨¬¥¬ f ′
(0):

F (x) =
1

kπ
√
3



f(0)
x

2

3

+

x∫

0

f ′
(t)− f ′

(0)

(x− t)
2

3

dt+ f ′
(0)

x∫

0

dt

(x − t)
2

3





=

1

kπ
√
3


f(0)
x

2

3

+

x∫

0

f ′
(t)− f ′

(0)

(x− t)
2

3

dt+ f ′
(0)

(
−3(x− t)

1

3

∣∣∣∣
x

0

)


=

1

kπ
√
3


f(0)
x

2

3

+ 3x
1

3 f ′
(0) +

x∫

0

f ′
(t)− f ′

(0)

(x− t)
2

3

dt


 .

� ª ª ª f(0) = 0, ¯¥à¢®¥ á« £ ¥¬®¥ ¨áç¥§ ¥â. �®£¤  F (x) ¯à¨¬¥â ¢¨¤

F (x) =
1

kπ
√
3




3x

1

3 f ′
(0) +

x∫

0

f ′
(t)− f ′

(0)

(x− t)
2

3

dt



 .

� ï¤à¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ?????(18)? ¯à¨¡ ¢¨¬ ¨ ®â­¨¬¥¬

1

t . ?!

Ǳ®«ãç¨¬

F (x) = ν(x) +
1

π
√
3

1∫

0

(
t

x

) 2

3

(
1

t− x
− 1

t
− 1

x+ t− 2xt
+

1

t

)
ν(t) dt

= ν(x) +
1

π
√
3

1∫

0

(
t

x

) 2

3

(
x

t(t− x)
− x(2t− 1)

t(x+ t− 2xt)

)
ν(t) dt

= ν(x) +
1

π
√
3

1∫

0

(
x

t

) 2

3

(
1

t− x
− 2t− 1

x+ t− 2xt

)
ν(t) dt.
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Ǳà¨à ¢­ï¥¬ ®¡¥ ¯®«ãç¥­­ë¥ F (x):

ν(x) +
1

π
√
3

1∫

0

(
x

t

) 2

3

(
1

t− x
− 2t− 1

x+ t− 2xt

)
ν(t) dt

=

1

kπ
√
3



3x

1

3 f ′
(0) +

x∫

0

f ′
(t)− f ′

(0)

(x− t)
2

3

dt


 . (19)

�¥¯¥àì ã¬­®�¨¬ ®¡¥ ç áâ¨ ­ 

1

x
1

3

¨ ãáâà¥¬¨¬ x ª ­ã«î:

ν(x)

x
1

3

+

1

π
√
3

1∫

0

1

t
1

3

(
1

t− x
− 2t− 1

x+ t− 2xt

)
ν(t) dt

=

1

kπ
√
3




3f ′

(0) +

1

x
1

3

x∫

0

f ′
(t)− f ′

(0)

(x− t)
2

3

dt



 .

Ǳ®áª®«ìªã

ν(x)

x
1

3

→ 0 ¯à¨ x→ 0, ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãá«®¢¨¥:

2k

3

1∫

0

ν(t)2(1− t)

t
4

3

dt = f ′
(0). (20)

Ǳà¨ ¢ë¯®«­¥­¨¨ (20) ãà ¢­¥­¨¥ (17) § ¯¨è¥âáï ¢ ¢¨¤¥

ν(x) +
1

π
√
3

1∫

0

(x
t

) 4

3

(
1

t− x
− (2t− 1)

2

x+ t− 2xt

)
ν(t) dt

=

1

kπ
√
3

x∫

0

f ′
(t)− f ′

(0)

(x − t)
2

3

dt. (21)

�¥£ã«ïà¨§ æ¨ï ¨ à §à¥è¨¬®áâì ¯®«ãç¥­­®£® á¨­£ã«ïà­®£® ãà ¢­¥-

­¨ï ¤®ª §ë¢ ¥âáï áâ ­¤ àâ­® (á¬. [3{5℄). Ǳà¨ íâ®¬ à¥è¥­¨¥, ®ç¥¢¨¤­®,

¡ã¤¥â ¯à¨­ ¤«¥� âì ¯à®áâà ­áâ¢ã H
1+γ
3

.

�â ª, ¤®ª § ­ 
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�¥®à¥¬  1. �¥è¥­¨¥ ν(x) á¨­£ã«ïà­®£® ãà ¢­¥­¨ï (18)??????? ã¤®-
?!

¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬

1+γ
3

â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¢ë¯®«­¥­® ®¤­® ãá«®¢¨¥ à §à¥è¨¬®áâ¨, ª®â®à®¥ ¬®�­® ¢ë¯¨á âì

¢ ï¢­®¬ ¢¨¤¥ ¨§ à ¢¥­áâ¢  (20).

�ë¢¥¤¥¬ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ν(x) ¡ã¤¥â ¯à¨­ ¤«¥� âì ª« ááã

��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 1 +

1+γ
3

. �«ï íâ®£® ¯à¥¤¯®«®�¨¬, çâ® ν(x)

¯à¨­ ¤«¥�¨â âà¥¡ã¥¬®¬ã ¯à®áâà ­áâ¢ã ��¥«ì¤¥à  ¨ ν(0) = 0.

�¬¥¥¬

F (x)
1

kπ
√
3

=

x∫

0

f ′
(t)− f ′

(0)

(x− t)
2

3

dt =

x∫

0

(f ′
(t)− f ′

(0))3d− (x− t)
1

3

= −(f ′
(t)− f ′

(0))3(x− t)
1

3

∣∣x
0

+ 3

x∫

0

f ′′
(t)(x − t)

1

3 dt

= 3

x∫

0

(f ′′
(t)− f ′′

(0))(x − t)
1

3 dt+ 3

x∫

0

f ′′
(0)(x− t)

1

3 dt,

£¤¥

3

x∫

0

f ′′
(0)(x− t)

1

3 dt = −9

4

(x− t)
4

3 f ′′
(0)

∣∣x
0

=

9

4

x
4

3 f ′′
(0).

� áá¬®âà¨¬ ãà ¢­¥­¨¥

ν(x) +
1

π
√
3

1∫

0

(x
t

) 4

3

(
1

t− x
− (2t− 1)

2

x+ t− 2xt

)
ν(t) dt

=

1

kπ
√
3

9

4

f ′′
(0) + 3

x∫

0

(f ′′
(t)− f ′′

(0))(x− t)
1

3 dt,

ã¬­®�¨¬ ®¡¥ ç áâ¨ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ­ 

1

x
4

3

¨ ãáâà¥¬¨¬ x ª ­ã«î.
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Ǳ®«ãç¨¬

ν(x)

x
4

3

+

1

π
√
3

1∫

0

1

t
4

3

(
1

t− x
− (2t− 1)

2

x+ t− 2xt

)
ν(t) dt

=

1

kπ
√
3

9

4

f ′′
(0) +

3

x
4

3

x∫

0

(f ′′
(t)− f ′′

(0))(x− t)
1

3 dt.

� ª ª ª

ν(x)

x
4

3

→ 0 ¯à¨ x→ 0, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãá«®¢¨î:

16

k

1∫

0

(1− t)ν(t)

t
4

3

dt = f ′′
(0). (22)

Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (22) ãà ¢­¥­¨¥ (21) § ¯¨è¥âáï ¢ ¢¨¤¥

ν(x) +
1

π
√
3

1∫

0

(x
t

) 7

3

(
1

t− x
− (2t− 1)

3

x+ t− 2xt

)
ν(t) dt

= 3

x∫

0

(f ′′
(t)− f ′′

(0))(x − t)
1

3 dt. (23)

�¥£ã«ïà¨§ æ¨ï ¨ à §à¥è¨¬®áâì ¯®«ãç¥­­®£® á¨­£ã«ïà­®£® ãà ¢­¥­¨ï

¤®ª §ë¢ ¥âáï áâ ­¤ àâ­® (á¬. [3{5℄). Ǳà¨ íâ®¬ à¥è¥­¨¥, ®ç¥¢¨¤­®,

¡ã¤¥â ¯à¨­ ¤«¥� âì ¯à®áâà ­áâ¢ã H1+

1+γ
3

.

�â ª, ¤®ª § ­ 

�¥®à¥¬  2. �¥è¥­¨¥ ν(x) á¨­£ã«ïà­®£® ãà ¢­¥­¨ï (17) ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 1+

1+γ
3

â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¢ë¯®«­¥­ë ¤¢  ãá«®¢¨ï à §à¥è¨¬®áâ¨, ª®â®àë¥ ¬®�­® ¢ë¯¨á âì

¢ ï¢­®¬ ¢¨¤¥ ¨§ à ¢¥­áâ¢ (20) ¨ (22).

� áá¬®âà¨¬ á¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ (21), ¯à ¢ ï ç áâì ª®â®à®£®

F (x) ∈ H
1+γ

3

(0, 1), ¯à¨ç¥¬ F (x) = O(t
1+γ

3

) ¤«ï ¬ «ëå t (f ′
(0) = 0).

Ǳ¥à¥¯¨è¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (21) ¢ ¢¨¤¥

ν(x) +
1

π
√
3

1∫

0

(
x

t

) 1

3 K(x, t)

t− x
ν(t) dt = F (x), (24)
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£¤¥

K(x, t) =
x+ t− 2xt− (2t− 1)(t− x)

x+ t− 2xt
=

2t(1− t)

x+ t− 2xt
.

�¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ (24) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ãà ¢­¥­¨¥ ®â­®-

á¨â¥«ì­® ν
0

(x) = ν(x)x−
1

3

. � ©¤¥¬ à¥è¥­¨ï ν
0

(x), ­¥®£à ­¨ç¥­­ë¥ ¯à¨

x = 0 (¤®¯ãáª îé¨¥ ®á®¡¥­­®áâì ¬¥­ìè¥ ¥¤¨­¨æë) ¨ ®£à ­¨ç¥­­ë¥ ¯à¨

x = 1. �«ï íâ®£® ¢¢¥¤¥¬ ªãá®ç­®-£®«®¬®àä­ãî äã­ªæ¨î [3, 4, 6℄

	(z) =
1

2πi

1∫

0

ν
0

(t)

t− z
dt.

�®£¤  ­  ®á­®¢ ­¨¨ ä®à¬ã« �®å®æª®£® | Ǳ«¥¬¥«ï ãà ¢­¥­¨¥ (24) íª-

¢¨¢ «¥­â­® à¥è¥­¨î § ¤ ç¨ á®¯àï�¥­¨ï

	

+

(x) =

√
3− i√
3 + i

	

−
(x) +

F (x)

t
1

3

(

√
3 + i)

, x ∈ (0, 1),

	

+

(x) = 	

−
(x), x ∈ (−∞, 0) ∪ (0,+∞),

¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨ 	(∞) = 0. � ª ª ª G =

√
3−i√
3+i

¨

exp


 1

2πi

1∫

0

lnG

t− z
dt



= (z − 1)

− 1

6 z
1

6 , θ =
1

π
ar
tg

√
1

3

=

1

6

,

¢ ãª § ­­®¬ ¢ëè¥ ª« áá¥ ª ­®­¨ç¥áª ï äã­ªæ¨ï à ¢­ 

χ(z) = (z − 1)

5

6 z−
5

6 ,

¨­¤¥ªá κ à ¢¥­ 0.

�®£« á­® ®¡é¥© â¥®à¨¨ [3{6℄

	(z) =
χ(z)

2πi

1∫

0

F (t)

t
1

3

(

√
3 + i)χ+(t)(t− z)

dt.

�®£¤ 

ν(x) = x
1

3

(	

+

(x)−	

−
(x))

=

√
3

4

F (x) − 1

4π
(1− x)

5

6 x−
1

2

1∫

0

F (t)

(1− t)
5

6 t−
1

2

(t− x)
dt. (25)
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�§ ä®à¬ã«ë (24) á«¥¤ã¥â, çâ® ν(0) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

1∫

0

F (t)

(1− t)
5

6 t
1

2

dt = 0. (26)

Ǳà¨ ¢ë¯®«­¥­¨¨ (25) ä®à¬ã«  (24) ®ª®­ç â¥«ì­® ¯à¨¬¥â ¢¨¤

ν(x) =

√
3

4

F (x)− 1

4π
(1− x)

5

6x
1

2

1∫

0

F (t)

(1− t)
5

6 t
1

2

(t− x)
dt.

� ª ª ª F (t) ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã H
1+γ
3

(0, 1), äã­ªæ¨ï ν(x),

¯à¥¤áâ ¢«¥­­ ï ä®à¬ã«®© (26), ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®-

ª § â¥«¥¬

1+γ
3

¢® ¢á¥å â®çª å ª®­âãà  (0, 1), ®â«¨ç­ëå ®â ª®­æ®¢. � á-

á¬®âà¨¬ ¥£® ¯®¢¥¤¥­¨¥ ­  ª®­æ å. �®£« á­® ä®à¬ã«¥ ¯®¢¥¤¥­¨ï ¨­-

â¥£à «  â¨¯  �®è¨ ­  ª®­æ å ª®­âãà  ¨­â¥£à¨à®¢ ­¨ï [4, 
. 76℄ «¥£ª®

¢¨¤¥âì, çâ® ν(0) = ν(1) = 0. �«ï ¤ «ì­¥©è¥£® ¨áá«¥¤®¢ ­¨ï ¯®¢¥¤¥­¨ï

¨å ­  ª®­æ å ª®­âãà  ¢®á¯®«ì§ã¥¬áï á«¥¤ãîé¥© «¥¬¬®©.

�¥¬¬  2 [4, 
. 82{86℄. Ǳãáâì ϕ(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à 

á ¯®ª § â¥«¥¬ λ ¢¡«¨§¨ c (c ®¡®§­ ç ¥â 0 ¨«¨ T ), 0 < λ < 1 ¨ 0 < µ < 1.

�®£¤  ¤«ï â®ç¥ª ª®­âãà  (0, T ) ¨­â¥£à « â¨¯  �®è¨

	(t) =
(t− c)µ

2πi

T∫

0

ϕ(τ)

(τ − c)µ(τ − t)
dτ

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  ¢¡«¨§¨ c, ¢ª«îç ï c á ¯®ª § â¥«¥¬

min{λ, µ} ¯à¨ λ 6= µ, ¨ ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ λ − ε ¯à¨

λ = µ, £¤¥ ε | áª®«ì ã£®¤­® ¬ « ï ¯®«®�¨â¥«ì­ ï ¯®áâ®ï­­ ï.

� á¨«ã íâ®© «¥¬¬ë ¨ ­¥à ¢¥­áâ¢ 

1+γ
3

< min

{
5

6

, 1
2

}
¯à¨ 0 < γ < 1

2

¯®«ãç¨¬, çâ® ¢ ä®à¬ã«¥ (26) äã­ªæ¨ï ν(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

��¥«ì¤¥à  á ¯®ª § â¥«¥¬

1+γ
3

, ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬

1

2

¯à¨

1

2

< γ < 1 ¨ ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬

1

2

− ε ¯à¨ γ = 1

2

.

� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (24) ¬ë ¯®«ãç¨«¨ äã­ª-

æ¨î ν(x) ¨§ ¨áª®¬®£® ¯à®áâà ­áâ¢ H
1+γ

3

(0, 1), ã¤®¢«¥â¢®àïîéãî ãá«®-

¢¨ï¬

ν(0) = ν(1) = 0.
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Ǳ®¤áâ ¢¨¢ ­ ©¤¥­­®¥ §­ ç¥­¨¥ äã­ªæ¨¨ ν(x) ¢ (25), ¯®«ãç¨¬ ¥¤¨­-

áâ¢¥­­®¥ ãá«®¢¨¥ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ¯®áâ ¢«¥­­®© ªà ¥¢®© § -

¤ ç¨ �à¨ª®¬¨.

�¥®à¥¬  3. Ǳãáâì F (x) ∈ Hp
(0, 1), p = 1+γ

3

. �®£¤  ¯à¨ ¢ë¯®«­¥-

­¨¨ ãá«®¢¨ï

1∫

0

F (t) dt

(1− t)
5

6 t
1

2

= 0

¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (23) ¨¬¥¥â ¢¨¤

ν(x) =

√
3

4

F (x)− 1

4π
(1− x)

5

6 x
1

2

1∫

0

F (t)

(1− t)
5

6 t
1

2

dt (27)

¨ ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã Hq
(0, 1), £¤¥

1) q = 1+γ
3

, ¥á«¨ 0 < γ < 1

2

;

2) q = 1

2

, ¥á«¨

1

2

< γ < 1;

3) q = 1

2

− ε, ¥á«¨ γ = 1

2

, ε | áª®«ì ã£®¤­® ¬ « ï ¯®«®�¨â¥«ì­ ï

¯®áâ®ï­­ ï.

Ǳà¨ ¢ë¯®«­¥­¨¨ ¤¢ãå ãá«®¢¨© ­  ¤ ­­ë¥ § ¤ ç¨ á¯à ¢¥¤«¨¢® áã-

é¥áâ¢®¢ ­¨¥ ¡®«¥¥ £« ¤ª®£® à¥è¥­¨ï ν(x).

�¥®à¥¬  4. Ǳãáâì F (x) ∈ Hp
(0, 1), p =

1+γ
3

, γ > 1

2

. �®£¤  ¯à¨

¢ë¯®«­¥­¨¨ ãá«®¢¨©

1∫

0

F (t) dt

(1− t)
5

6 t
1

2

+k
= 0, k = 0, 1, (28)

¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (23) ¨¬¥¥â ¢¨¤

ν(x) =

√
3

4

F (x)− 1

4π
(1− x)

5

6 x
3

2

1∫

0

F (t)

(1− t)
5

6 t
3

2

dt (29)

¨ ¯à¨­ ¤«¥�¨â ¯à®áâà ­áâ¢ã Hp
(0, 1).
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� ª«îç¥­¨¥. Ǳà¥�¤¥ ¢á¥£® ®â¬¥â¨¬ ®á­®¢­ãî ¨¤¥î ¤®ª § â¥«ì-

áâ¢  à §à¥è¨¬®áâ¨ § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï (1). �¤¥ï á®áâ®¨â

¢ â®¬, çâ® á­ ç «  ®â¤¥«ì­® à¥è îâ § ¤ çã â¨¯  �¨à¨å«¥ ¢ ®¡« áâ¨

D+

¨ § ¤ çã �®è¨ | �ãàá  ¢ ®¡« áâ¨ D−
, áç¨â ï ¨§¢¥áâ­®© äã­ªæ¨î

ν(x) = lim

y→0

∂u(x, y)

∂y
.

� â¥¬ ®¡  ¯®«ãç¥­­ëå à¥è¥­¨ï ¢¬¥áâ¥ á ¨å ¯¥à¢ë¬¨ ¯à®¨§¢®¤­ë¬¨

­¥¯à¥àë¢­® áª«¥¨¢ îâ ­  ®âà¥§ª¥ AB ¯ à ¡®«¨ç¥áª®© «¨­¨¨. � ª¨¬

¯ãâ¥¬ ¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ á¢®¤¨â-

áï ª à¥è¥­¨î á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (15) ®â­®á¨â¥«ì-

­® äã­ªæ¨¨ ν(x), à §à¥è¨¬®áâì ª®â®à®£® á«¥¤ã¥â ¨§ â¥®à¥¬ë ¥¤¨­-

áâ¢¥­­®áâ¨ (á¬. [1, 2℄).

�â¬¥â¨¬, çâ® § ¤ ç¨ �à¨ª®¬¨ ¨áá«¥¤®¢ «¨áì ¬­®£¨¬¨  ¢â®à ¬¨

[7{13℄. �« ¤ª¨¥ à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©,   â ª-

�¥ § ¤ ç¨ �à¨ª®¬¨ ¬®�­® ­ ©â¨ ¢ à ¡®â å [14{17℄.

� â¥®à¥¬ å 1 ¨ 2 ¢ë¯¨áë¢ îâáï ãá«®¢¨ï £« ¤ª®áâ¨, ¯à¨ ¢ë¯®«-

­¥­¨¨ ª®â®àëå à¥è¥­¨¥ á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï ¡ã¤¥â

¯à¨­ ¤«¥� âì ¯à®áâà ­áâ¢ ¬ ��¥«ì¤¥à  á ¯®ª § â¥«ï¬¨

1+γ
3

¨ 1+

1+γ
3

.

� «¥¥ ¨§ãç ¥âáï à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (15). �¥è¥­¨¥

ν(x) ¨¬¥¥â ¢¨¤ (27), ¨ ¤«ï ­¥£® á¯à ¢¥¤«¨¢ë â¥®à¥¬ë 3 ¨ 4.

� ª®© £« ¤ª®áâìî ®¡« ¤ ¥â à¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¯à¨ ¤®ª -

§ ­­ëå â¥®à¥¬ å 3, 4?

�¢¥¤¥¬ ®¯à¥¤¥«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ª« áá  R
2

, ¡®«¥¥

£« ¤ª®£®, ç¥¬ ª« áá R
1

[1, 2℄.

�¯à¥¤¥«¥­¨¥. �¥è¥­¨¥¬ ãà ¢­¥­¨ï �à¨ª®¬¨ ª« áá R
2

¢ ®¡« áâ¨

D ­ §ë¢ ¥âáï äã­ªæ¨ï u(x, y), ã¤®¢«¥â¢®àïîé ï á«¥¤ãîé¨¬ ãá«®¢¨-

ï¬:

1) ®­  ­¥¯à¥àë¢­  ¢ § ¬ª­ãâ®© ®¡« áâ¨ D;

2) ®­  ¤¢ �¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¢ D+

¨ ã¤®¢«¥â¢®-

àï¥â ãà ¢­¥­¨î �à¨ª®¬¨;
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3) ¤«ï «î¡®£® x, 0 6 x 6 1, áãé¥áâ¢ã¥â

lim

y→0

∂u(x, y)

∂y
= ν(x);

4) ®¡®¡é¥­­®áâì à¥è¥­¨ï ¢ ®¡« áâ¨ D−
á®áâ®¨â ¢ â®¬, çâ® äã­ª-

æ¨ï τ(x) = u(x, 0) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ α
1

=

1 + γ/3 > 5/6 ¯à¨ 0 6 x 6 1,   äã­ªæ¨ï ν(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

��¥«ì¤¥à  á ¯®ª § â¥«¥¬ α
2

= (1 + γ)/3 > 1/6 ¯à¨ 0 6 x 6 1.

�¥®à¥¬  5. Ǳãáâì ϕ(s) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª -

§ â¥«¥¬ 2−ε (ε > 0 áª®«ì ã£®¤­® ¬ «®¥),   ψ(η) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 1+

1+2γ
6

. �®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (28) ¢

®¡« áâ¨ D áãé¥áâ¢ã¥â à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ¯à¨­ ¤«¥� é¥¥ ª« ááã

R
2

, â ª®¥, çâ®

u|
�

= ϕ(s), u|ξ=0 = ψ(η).
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�. �. Ǳ®¯®¢, �. �. � à¨­

I. �  ¯®«®á¥ � = {(x, t) : −∞ < x < +∞, 0 < t < T } à áá¬®âà¨¬

ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨

ut = a2uxx. (1)

�£à ­¨ç¥­­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ­  ¯®«ã¯®«®á å

�

+

= {� : x > 0}, �−
= {� : x < 0} ª ª à¥è¥­¨¥ ¤¢ãå ­ ç «ì­®-ªà ¥-

¢ëå § ¤ ç ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© áª«¥¨¢ ­¨ï

u(−0, t) = u(+0, t), u′x(−0, t) = u′x(+0, t), 0 < t < T, (2)

ã¤®¢«¥â¢®àïîé¨å ­ ç «ì­ë¬ ãá«®¢¨ï¬

ϕ (x) =

{
ϕ
1

(x) , x > 0,

ϕ
2

(x) , x < 0,
(3)

£¤¥ ϕ
1

(x), ϕ
2

(x) | § ¤ ­­ë¥ äã­ªæ¨¨.

Ǳ® ãá«®¢¨î (2) ­  «¨­¨¨ x = 0 âà¥¡ã¥âáï ­¥¯à¥àë¢­®áâì á ¬¨å

à¥è¥­¨© á ¯¥à¢ë¬¨ ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¯® x. Ǳ®ª �¥¬, çâ® ¯à¨

íâ®¬ ¯®«ãç îâáï â¥ �¥ à¥è¥­¨ï ¨§ [1℄. � á ¬®¬ ¤¥«¥, ­  ¯¥à¢®© ¯®«ã-

¯®«®á¥ �

+

¨¬¥¥¬

u (x, t) = − a√
π

t∫

0

e
− x2

4a2(t−τ)
ν (τ)√
t− τ

dτ + ω
1

(x, t), (4)


© 2008 Ǳ®¯®¢ �. �., � à¨­ �. �.
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¢® ¢â®à®© ¯®«ã¯®«®á¥ �

−
|

u(x, t) =
a√
π

t∫

0

e
− x2

4a2(t−τ)
ν (τ)√
t− τ

dτ + ω
2

(x, t), (5)

£¤¥

ω
1

(x, t) =
1

2a
√
πt

∞∫

0

e−
(x−ξ)2

4a2t ϕ
1

(ξ) dξ,

ω
2

(x, t) =
1

2a
√
πt

0∫

−∞

e−
(x−ξ)2

4a2t ϕ
2

(ξ) dξ.

�§ ¢â®à®£® ãá«®¢¨ï áª«¥¨¢ ­¨ï (2) á ãç¥â®¬ (4), (5) ¯®«ãç¨¬

ν (t) + ω′
2x(−0, t) = ν (t) + ω′

1x(+0, t),

¨«¨

ω′
2x(−0, t)− ω′

1x(+0, t) = 0. (6)

�¤®¢«¥â¢®à¨¢ ¯¥à¢®¬ã ãá«®¢¨î áª«¥¨¢ ­¨ï u (−0, t) = u (+0, t), ¯à¨å®-

¤¨¬ ª ãà ¢­¥­¨î á ®¯¥à â®à®¬ �¡¥«ï

2

a√
π

t∫

0

ν (τ)√
t− τ

dτ = ω
1

(+0, t)− ω
2

(−0, t). (7)

�á«¨ § ¤ ­­ë¥ äã­ªæ¨¨ ¯®áâ®ï­­ë¥ ϕ
1

(x) = T
1

, ϕ
2

(x) = T
2

, â®,

®¡à â¨¢ ®¯¥à â®à �¡¥«ï ¢ ãà ¢­¥­¨¨ (7), ¯®«ãç¨¬

d

dy

y∫

0

dt

(y − t)1/2




t∫

0

ν (τ)√
t− τ

dτ = �

0

(t)


⇒ ν (t) =

1

π

d

dt

t∫

0

�

0

(τ) dτ

(t− τ )
1/2

,

(8)

£¤¥

�

0

(t) =

√
π

2a
(ω

1

− ω
2

) = (T
1

− T
2

)

√
π

2a
.

�¬¥¥¬

ν(t) =
T
1

− T
2

π

d

dt

t∫

0

dτ

(t− τ )
1/2

=

T
1

− T
2

2a
√
π

· 1√
t
.
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�â¬¥â¨¬, çâ® ¯à¨ x = 0

u(0, t) = − a√
π

t∫

0

T
1

−T
2

2a
√
π

1√
τ√

t− τ
dτ + T

1

=

T
2

− T
1

2π

t∫

0

dτ√
τ(t− τ)

+ T
1

=

T
1

+ T
2

2

,

£¤¥

t∫
0

dτ√
τ(t−τ)

= π. � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨¬ à¥è¥­¨¥, ®¡« ¤ îé¥¥

â ª¨¬¨ �¥ á¢®©áâ¢ ¬¨, çâ® ¨ ¢ á«ãç ¥ § ¤ ç¨ �®è¨ (á¬. [1℄):

u (x, t) =
T
1

+ T
2

2

− T
1

− T
2

2

�

(
x

2a
√
t

)
, (9)

£¤¥

� (ω) =
2√
π

ω∫

0

e−z
2

dz

| äã­ªæ¨ï ®è¨¡®ª. �ç¥¢¨¤­®, �(0) = 0, � (+∞) = 1. �¥£ª® ¯®ª § âì,

çâ® äã­ªæ¨ï � (ω) ­¥ç¥â­ ï:

�(−ω) = 2√
π

−ω∫

0

e−z
2

dz = − 2√
π

−ω∫

0

e−z
2

d(−z)

= − 2√
π

ω∫

0

e−s
2

ds = −�(ω).

�âáî¤  � (−∞) = −1. �â¬¥â¨¬, çâ® ­ ç «ì­ ï äã­ªæ¨ï ϕ (x) ­¥ ï¢«ï-
¥âáï ­¥¯à¥àë¢­®©,   ¯à¥â¥à¯¥¢ ¥â à §àë¢ ¢ â®çª¥ x = 0. � íâ®¬ á«ãç ¥

à¥è¥­¨¥, ª ª ¨ ¢ § ¤ ç¥ �®è¨, ¯à¥¤áâ ¢¨¬®¥ ¨­â¥£à «®¬ Ǳã áá®­ ,

ã�¥ ­¥ ¡ã¤¥â ª« áá¨ç¥áª¨¬,   ¨¬¥¥â ®á®¡ãî â®çªã x = 0.

Ǳ®¢¥¤¥­¨¥ à¥è¥­¨ï, ¯à¥¤áâ ¢«¥­­®£® ä®à¬ã«®© (9), ¢ ®á®¡®© â®çª¥

x = 0 ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ t = 0 § ¢¨á¨â ®â á¯®á®¡  ¯¥à¥å®¤ 

ª ¯à¥¤¥«ã:

lim

x→0+0

lim

t→0

u(x, t) = T
2

, lim

x→0−0

lim

t→0

u(x, t) = T
1

,
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lim

t→0

lim

x→0

u(x, t) =
T
1

+ T
2

2

.

�®«¥¥ â®£®, ¥á«¨ à áá¬®âà¥âì ®¤­®¢à¥¬¥­­ë© ¯¥à¥å®¤ ª ¯à¥¤¥«ã

¯à¨ x → 0, t → 0 ¢¤®«ì ªà¨¢®©

x
2a

√
t
= ω, £¤¥ ω ∈ (−∞; +∞) |

¯®áâ®ï­­ ï, â® á ¯®¬®éìî ä®à¬ã«ë (9) ¨¬¥¥¬

lim

(x,t)→(0,0)
u(x, t) =

T
1

+ T
2

2

− T
1

− T
2

2

� (ω) ,
x

2a
√
t
= ω.

Ǳ®áª®«ìªã −1 6 �(ω) 6 1, ¯®«ãç¨¬ «î¡®¥ §­ ç¥­¨¥, § ª«îç¥­­®¥ ¢

¯à¥¤¥« å ®â T
1

¤® T
2

.

Ǳãáâì â¥¯¥àì ϕ
1

∈ H2+γ
1

(0;+∞), 0 < γ
1

< 1, ¨ ϕ
2

∈ H2+γ
2

(−∞; 0),

0 < γ
2

< 1. �®£« á­® ®¡é¥© â¥®à¨¨ [2{4℄ u(x, t) ¯à¨­ ¤«¥�¨âH
2+γ

1

, 1+
γ
1

2

x t

¯à¨ ãá«®¢¨¨ ¯à¨­ ¤«¥�­®áâ¨ ªà ¥¢ëå ãá«®¢¨© ux(0, t) = ψ (t) ¯à®-

áâà ­áâ¢ã H
1+γ

1

2

¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï á®£« á®¢ ­¨ï

ψ (0) = u′x(0, 0) = ϕ′
1

(0),

à ¢­®á¨«ì­®£® ¢ë¯®«­¥­¨î ãá«®¢¨ï

ν (0) = 0. (10)

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

�

0

(t) =

√
π

2a
(ω

1

− ω
2

) , �

1

(t) = ω′
2x (−0, t)− ω′

1x (+0, t) .

�§ ¢â®à®£® ãá«®¢¨ï áª«¥¨¢ ­¨ï ¨¬¥¥¬ ¢ë¯®«­¥­¨¥ ãá«®¢¨ï:

�

1

(0) = 0. (11)

�¤®¢«¥â¢®à¨¢ ¯¥à¢®¬ã ãá«®¢¨î áª«¥¨¢ ­¨ï (2), ¯®«ãç¨¬

t∫

0

ν (τ)√
t− τ

dτ = �

0

(t),

£¤¥

ω
1

(0, t) ∈ H1+

γ
1

2

(0, T ), ω
2

(0, t) ∈ H1+

γ
2

2

(0, T ),

â. ¥. �

0

(t) ∈ Hmin(1+

γ
1

2

,1+
γ
2

2

)

(0, T ).
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� ¤ «ì­¥©è¥¬ ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¯à¥¤¯®« £ ¥¬ γ
1

6 γ
2

.

�®£¤  �

0

(t) ∈ H1+

γ
1

2

(0, T ) ¨

t∫

0

ν (τ)√
t− τ

dτ = �

0

(t) ∈ H1+

γ
1

2

(0, T ).

Ǳà¨¬¥­¨¢ ¨§¢¥áâ­ãî ä®à¬ã«ã ®¡à é¥­¨ï ®¯¥à â®à  �¡¥«ï, ¯à¨-

å®¤¨¬ ª á®®â­®è¥­¨î

ν (t) =
1

π

d

dt

t∫

0

�

0

(τ) dτ

(t− τ )
1/2

∈ H
1+γ

1

2

(0, T ). (12)

Ǳà¥®¡à §ã¥¬ ¯à ¢ãî ç áâì ¢ ¯®«ãç¥­­®¬ ãà ¢­¥­¨¨ (12):

1

π

d

dt

t∫

0

�

0

(τ) dτ

(t− τ)1/2
=

1

π

d

dt

t∫

0

�

0

(τ) − �

0

(0)

(t− τ)1/2
dτ

+

�

0

(0)

π

d

dt

t∫

0

dτ

(t− τ)1/2
=

1

π

t∫

0

�

′
0

(τ)

(t− τ)1/2
dτ +

�

0

(0)

π
√
t
. (13)

�®£¤  ¯à¨ t = 0 ¨§ (13) ¯®«ãç¨¬ ¢ë¯®«­¥­¨¥ ãá«®¢¨ï

�

0

(0) = 0. (14)

Ǳà¨ ¢ë¯®«­¥­¨¨ (14) ¨¬¥¥¬

ν(t) =
1

π

t∫

0

�

′
0

(τ)− �

′
0

(0)

(t− τ)1/2
dτ +

�

′
0

(0)

π

t∫

0

dτ

(t− τ)1/2

=

1

π

t∫

0

�

′
0

(τ)− �

′
0

(0)

(t− τ)1/2
dτ +

�

′
0

(0)

π
2t1/2,

£¤¥ â ª ª ª �

0

(t) ∈ H1+

γ
1

2

(0, T ), â®

1

π

t∫

0

�

′
0

(τ) − �

′
0

(0)

(t− τ)1/2
dτ ∈ H

1+γ
1

2

(0, T )
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¨

�

′
0

(0) = 0. (15)

� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (14) ¨ (15) ¯®«ãç¨¬

ν (t) =
1

π

t∫

0

�

′
0

(τ) − �

′
0

(0)

(t− τ)1/2
dτ ∈ H

1+γ
1

2

(0, T ).

Ǳà¨ íâ®¬, ®ç¥¢¨¤­®, ν (0) = 0.

�â ª, ¤®ª § ­  á«¥¤ãîé ï

�¥®à¥¬  1. Ǳãáâì ϕ
1

∈ H2+γ
1 , ϕ

2

∈ H2+γ
2

. �®£¤  áãé¥áâ¢ã-

¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u(x, t) ∈ H
2+γ, 1+ γ

2

x t (�

±
) (γ = min {γ

1

, γ
2

})
ªà ¥¢®© § ¤ ç¨ (1){(3) ¯à¨ ¢ë¯®«­¥­¨¨ âà¥å ãá«®¢¨© (11), (14) ¨ (15):

�

0

(0) = 0, �

′
0

(0) = 0, �

1

(0) = 0.

�«¥¤áâ¢¨¥ 1. Ǳà¨ ϕ
1

(x) , ϕ
2

(x) ∈ Hp
(p = 2l+γ, 0 < γ < 1) ¥¤¨­-

áâ¢¥­­®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1){(3) áãé¥áâ¢ã¥â ¯à¨ ¢ë¯®«­¥­¨¨

[p℄ + 1 ª®«¨ç¥áâ¢  ãá«®¢¨© ­  ­ ç «ì­ë¥ ¤ ­­ë¥ § ¤ ç¨ ϕ
1

, ϕ
2

.

� áá¬®âà¨¬ ¢®¯à®áë, á¢ï§ ­­ë¥ á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ á¢®©áâ¢ -

¬¨ äã­ªæ¨© u(x, t). �«ï íâ®£® ¢ ä®à¬ã« å (4) ¨§ãç¨¬ á¢®©áâ¢  ¯à®¨§-

¢®¤­ëå ®â ¯¥à¢ëå á« £ ¥¬ëå, ª®â®àë¥ ¡ã¤¥¬ ®¡®§­ ç âì ¢ ¤ «ì­¥©è¥¬

ç¥à¥§ u+
0

, u−
0

. �áâ ¢è¥¥áï á« £ ¥¬®¥ ¢ (4), ª ª ¨§¢¥áâ­® [2℄, à¥è ¥â § -

¤ çã �®è¨. �¥á«®�­® ¯®«ãç¨âì ¢ëà �¥­¨¥ ¤«ï ¯¥à¢ëå ¯à®¨§¢®¤­ëå

¯® x:

u±
0x =

2√
π

∞∫

x/(2a
√
t)

ν

(
t− x2

4a2z2

)
e−z

2

dz. (16)

�ç¥¢¨¤­®, çâ® ¤«ï «î¡®£® t ∈ (0, T ) ¯à¨ x → 0 ¯®«ãç ¥¬ u+
0

→
ν(t), u−

0

→ ν(t). � ª¨¬ ®¡à §®¬, ¯à¨ ϕ
1

(x), ϕ
2

(x) ∈ H1+γ ,   â ª�¥ ¯à¨

¢ë¯®«­¥­¨¨ ãá«®¢¨© (14), (15) ux ∈ C(�). �áá«¥¤ã¥¬ á¢®©áâ¢  ¢â®à®©

¯à®¨§¢®¤­®© ¯® x ¨«¨ ¯¥à¢®© ¯® t (¢ á¨«ã (1) ¨å á¢®©áâ¢  ®¤¨­ ª®¢ë).
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�«ï ¢â®à®© ¯à®¨§¢®¤­®© ¯® x ¯®«ãç ¥¬ ¢ëà �¥­¨ï

u±
0xx =

2a2√
πx


ν(0)

x/(2a
√
t)∫

0

(2z2 − 1)e−z
2

dz

−
∞∫

x/(2a
√
t)

(
ν

(
t− x2

4az2

)
− ν(0)

)
(2z2 − 1)e−z

2

dz


 . (17)

�áá«¥¤ã¥¬ ¯¥à¢ãî ä®à¬ã«ã ¢ (17), ¢â®à ï à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç-

­®. �ã¤¥¬ áç¨â âì, çâ® (14), (15) ¢ë¯®«­¥­ë. � ¯¨è¥¬ ¯¥à¢ãî ä®à-

¬ã«ã (17) ¢ ¤àã£®© ä®à¬¥:

u+
0xx =

aν(0)

s
√
πt

s∫

0

(2z2 − 1)e−z
2

dz

− a

s
√
πt

∞∫

s

F (x, t, z)

(
t− x2

4a2z2

)δ
(2z2 − 1)e−z

2

dz,

£¤¥ s = x/(2a
√
t); F (x, t, z) | ­¥ª®â®à ï ®£à ­¨ç¥­­ ï äã­ªæ¨ï, δ = γ

2

.

�çâ¥¬ á«¥¤ãîé¨¥ ¯à®áâë¥ à §«®�¥­¨ï ¯à¨ s→ 0:

1

s

s∫

0

(2z2 − 1)e−z
2

dz = −1 + o(s),

1

s

∞∫

s

(
1− s2

z2

)δ
(2z2 − 1)e−z

2

dz = 1 + o(s).

� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ¤«ï «î¡ëå t ∈ (0, T ) ¨ x > 0 á«¥¤ãîéãî

ä®à¬ã«ã:

u+
0xx = −ν(0)√

π
· t− 1

2 − c · t− 1

2

+δ
+ o(s), (18)

£¤¥ c | ­¥ª®â®à ï ¯®áâ®ï­­ ï.
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�¥®à¥¬  2. Ǳãáâì ϕ
1

(x) ∈ Hp
1

, ϕ
2

(x) ∈ Hp
2

. �®£¤  áãé¥áâ¢ã¥â

¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u(x, t) ∈ H
p, p

2

x t (�
±
) (p = min {p

1

, p
2

}) ªà ¥¢®©
§ ¤ ç¨ (1){(3) ¯à¨ ¢ë¯®«­¥­¨¨

1) ®¤­®£® ãá«®¢¨ï (14), ¥á«¨ 0 < p < 1, ¯à¨ íâ®¬

ux(x, t) ∈ L
2

(�), uxx(x, t) ∈ L
1

(�);

2) ¤¢ãå ãá«®¢¨© (11), (14), ¥á«¨ 1 < p < 2, ¯à¨ íâ®¬

uxx(x, t), ut(x, t) ∈ L
2

(�);

3) âà¥å ãá«®¢¨© (11), (14) ¨ (15), ¥á«¨ 2 < p < 3, ¯à¨ íâ®¬

uxx(x, t), ut(x, t) ∈ H
γ, γ

2

x t (�) (0 < γ < 1/2).

�«¥¤áâ¢¨¥ 2. Ǳãáâì ϕ
1

(x), ϕ
2

(x) ∈ H2

. �®£¤  áãé¥áâ¢ã¥â ¥¤¨­-

áâ¢¥­­®¥ à¥è¥­¨¥ u(x, t) ∈ C2,1
x t ªà ¥¢®© § ¤ ç¨ (1){(3) ¯à¨ ¢ë¯®«­¥­¨¨

âà¥å ãá«®¢¨© (11), (14) ¨ (15), ¯à¨ íâ®¬ uxx(x, t), ut(x, t) ∈ C(�).

II. � áá¬®âà¨¬ ¢ ¯®«®á¥ � á«¥¤ãîéãî § ¤ çã:

ut − sgnx · uxx = f(x, t) (19)

¯à¨ £à ­¨ç­ëå ãá«®¢¨ïå

u(x, 0) = ϕ
0

(x), x > 0; u(x, T ) = ϕT (x), x < 0. (20)

� ¤ ­­®© à ¡®â¥ ¡ã¤¥¬ ¨áá«¥¤®¢ âì ª« áá¨ç¥áª¨¥ à¥è¥­¨ï. �â-

­®á¨â¥«ì­® ¯à ¢®© ç áâ¨ ¢ (19) ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® f ∈ L
2

(�).

�à®¬¥ â®£®, ¯®âà¥¡ã¥¬, çâ®¡ë äã­ªæ¨¨ ϕ
0

¨ ϕT ¢ (20) ã¤®¢«¥â¢®àï«¨

ãá«®¢¨ï¬ ��¥«ì¤¥à  á ­¥ª®â®àë¬¨ ¯®«®�¨â¥«ì­ë¬¨ ¯®ª § â¥«ï¬¨ α ¨

β á®®â¢¥âáâ¢¥­­®, â. ¥.

ϕ
0

(x) ∈ Hα
(0,∞), ϕT (x) ∈ Hβ

(−∞, 0).

�¥è¥­¨¥ § ¤ ç¨ (19), (20) ¡ã¤¥¬ ¯®­¨¬ âì ¢ ª« áá¨ç¥áª®¬ á¬ëá«¥,

â. ¥. ¡ã¤¥¬ áç¨â âì, çâ®

u ∈ C2,1
(�

+ ∩�

−
) ∩ C1,0

(�) ∩ C(�). (21)
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�á«¨ ¢¢¥áâ¨ ­¥¨§¢¥áâ­ãî äã­ªæ¨î

ν(t) = ux(+0, t) = ux(−0, t), (22)

â® à¥è¥­¨¥ § ¤ ç¨ (19), (20) ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ [4℄

u+ =

t∫

0

ν(τ)E(x, t− τ) dτ +G+

(x, t) + V +

(x, t);

u− =

T∫

t

ν(τ)E(x, τ − t) dτ +G−
(x, t) + V −

(x, t).

(23)

� ¯®á«¥¤­¨å ä®à¬ã« å ¢¢¥¤¥­ë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

E(x, t) = e−x
2/4t/

√
πt,

G+

=

1

2

∞∫

0

ϕ
0

(ξ)(E(x + ξ, t) +E(x− ξ, t)) dξ,

G−
=

1

2

∞∫

0

ϕT (−ξ)(E(x + ξ, T − t) +E(x− ξ, T − t)) dξ,

V +

=

1

2

∞∫

0

dξ

t∫

0

f(ξ, τ)(E(x+ ξ, t− τ) +E(x− ξ, t− τ)) dτ ,

V −
=

1

2

∞∫

0

dξ

t∫

0

f(−ξ, τ)(E(x+ ξ, τ − t) +E(x− ξ, τ − t)) dτ .

�á«®¢¨¥ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ u(x, t) ¯à¨ x = 0 ¯®§¢®«ï¥â ­ -

¯¨á âì ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ ν(t):

T∫

0

ν(τ)√
|t− τ |

dτ = h(t). (24)

£¤¥

h(t) =
√
π(G+

(0, t) + V +

(0, t)−G−
(0, t)− V −

(0, t)). (25)
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�à ¢­¥­¨¥ (24) ¯à¨ ¯®¬®é¨ ¨§¢¥áâ­ëå ä®à¬ã« ®¡à é¥­¨ï ¨­â¥-

£à «ì­®£® ®¯¥à â®à  �¡¥«ï íª¢¨¢ «¥­â­® ¯à¨¢®¤¨âáï ª á¨­£ã«ïà­®¬ã

¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

ϕ(t) +

T∫

0

ϕ(t)

τ − t
dτ =

√
t

π
g(t), ϕ(t) =

√
tν(t), (26)

£¤¥

g(t) =
d

dt




t∫

0

h(s) ds√
t− s



 . (27)

�¨­£ã«ïà­®¥ ãà ¢­¥­¨¥ (26) ¨¬¥¥â ­ã«¥¢®© ¨­¤¥ªá ¨, á«¥¤®¢ â¥«ì-

­®, ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ [5℄. � á¨«ã ¤®ª § ­­®© íª¢¨¢ «¥­â­®áâ¨ à¥-

è¥­¨¥ (24) â ª�¥ ¥¤¨­áâ¢¥­­®. �á¯®«ì§ãï ¨§¢¥áâ­ãî â¥å­¨ªã [5, 6℄, íâ®

à¥è¥­¨¥ ¬®�­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

ν(t) =
1

2

g(t)− ν
0

(t)

2π

T∫

0

g(τ)

ν
0

(τ)

dτ

τ − t
, (28)

ν
0

(t) =
1

4

√
t(T − t)

. (29)

�ã­ªæ¨ï g(t) ¯à¥¤áâ ¢«¥­  ¢ëà �¥­¨¥¬ (27). � ª¨¬ ®¡à §®¬, § ¤ ç 

(19){(21) ä®à¬ «ì­® à¥è¥­ .

� áá¬®âà¨¬ ­¥ª®â®àë¥ ç áâ­ë¥ á«ãç ¨.

Ǳãáâì f = 0, ϕ
0

(x) = ϕ
0

, ϕT (x) = ϕT , £¤¥ ϕ0, ϕT | ­¥ª®â®àë¥

¯®áâ®ï­­ë¥. Ǳ® ä®à¬ã« ¬ (23), (28), (29) ¯®«ãç ¥¬ â®ç­®¥ à¥è¥­¨¥

§ ¤ ç¨ (19){(21) ¢ íâ®¬ ¯à®áâ®¬ ç áâ­®¬ á«ãç ¥ [4, 7℄:

u+ = ϕ
0

+

ϕT − ϕ
0√

2π

t∫

0

ν
0

(τ)E(x, t − τ) dτ, x > 0,

u− = ϕT − ϕT − ϕ
0√

2π

T∫

t

ν
0

(τ)E(x, τ − t) dτ, x < 0.

(30)
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�àã£®© ¯à¨¬¥à ¯®«ãç¨¬ ¯à¨ f = 0, ϕ
0

(x) = ϕ
0

+ Axα, ϕT (x) = ϕT +

B(−x)β , £¤¥ ϕ
0

, ϕT , A,B | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥. Ǳ® ä®à¬ã«¥ (25)

­ ©¤¥¬

h(s) =

∞∫

0

((ϕ
0

+Aξα)E(ξ, s)− (ϕT +Bξβ)E(ξ, T − s)) dξ.

Ǳ®á«¥ ­¥á«®�­ëå ¯à¥®¡à §®¢ ­¨© ¡ã¤¥â

h(s) =
√
π(ϕ

0

− ϕT ) + asα/2 − b(T − s)β/2,

a = 2

α+1A

∞∫

0

zαe−z
2

dz, b = 2

β+1B

∞∫

0

zβe−z
2

dz.
(31)

�®à¬ã«  (27) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

g(t) =
h(0)√
t
+

t∫

0

h′(s) ds√
t− s

. (32)

�®£« á­® ä®à¬ã«¥ (31) ¨¬¥¥¬

h′(s) =
aα

2

s(α−2)/2
+

bβ

2

(T − s)(β−2)/2
; (33)

Ǳà¨¬¥­ïï à §«®�¥­¨¥ ¢ áâ¥¯¥­­ë¥ àï¤ë, ¯à¥¤áâ ¢¨¬ (33) ¢ ¢¨¤¥

h′(s) =
bβ

2

T (β−2)/2
+

aα

2

s(α−2)/2
+

∞∑

n=1

cns
n. (34)

�áãé¥áâ¢«ïï ¯®¤áâ ­®¢ªã (34) ¢ ä®à¬ã«ã (32), ­ å®¤¨¬ ¯à¥¤áâ ¢«¥­¨¥

¤«ï äã­ªæ¨¨ g(t):

g(t) =
h(0)√
t
+A

0

t(α−1)/2
+

√
t

∞∑

n=0

bnt
n, (35)

£¤¥

A
0

=

aα

2

1∫

0

σ(α−2)/2
(1− σ)−1/2 dσ.
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� ©¬¥¬áï ¯à¥¤áâ ¢«¥­¨¥¬ äã­ªæ¨¨ ν(t) ¢ ®ªà¥áâ­®áâ¨ â®çª¨ t = 0.

�­ «®£¨ç­® ¬®�­® ®¯à¥¤¥«¨âì ¯à¥¤áâ ¢«¥­¨¥ ¢ ®ªà¥áâ­®áâ¨ â®çª¨ t =

T. � ¯¨è¥¬ (35) ¢ ¢¨¤¥

g(t) = g
0

(t) + g
1

(t) + g
2

(t),

£¤¥

g
0

(t) =
h(0)√
t
; g

1

(t) = A
0

t(α−1)/2
; g

2

(t) =
√
t

∞∑

n=0

bnt
n.

�¯¨à ïáì ­  §­ ç¥­¨¥ ¨­â¥£à «  [8℄

T∫

0

(
T − τ

τ

)
1/4

dτ

τ − t
= π

((
T − t

t

)
1/4

−
√
2

)
, (36)

¯®«ãç ¥¬ á«¥¤ãîéãî ä®à¬ã«ã:

g
0

− ν
0

(t)

π

T∫

0

g
0

(τ)

ν
0

(τ)

dτ

τ − t
=

√
2h(0)ν

0

(t). (37)

Ǳ®á«¥¤­¨© à¥§ã«ìâ â á®®â¢¥âáâ¢ã¥â ¯®áâ®ï­­ë¬ ªà ¥¢ë¬ ãá«®¢¨-

ï¬ ϕ
0

, ϕT ¢ ä®à¬ã« å (30). �«ï ¤ «ì­¥©è¨å ¨áá«¥¤®¢ ­¨© ¢¢¥¤¥¬ ¢

à áá¬®âà¥­¨¥ ªãá®ç­®- ­ «¨â¨ç¥áªãî äã­ªæ¨î

�(z) =
1

2πi

T∫

0

g
1

(τ)

ν
0

(τ)

dτ

τ − z
. (38)

Ǳ® ä®à¬ã« ¬ �®å®æª®£® ¢ ª �¤®© ¢­ãâà¥­­¥© â®çª¥ ®âà¥§ª  [0, T ℄ ¨¬¥-

¥¬

�

+

(t)− �

−
(t) =

g
1

(t)

ν
0

(t)
, (39)

�

+

(t) + �

−
(t) =

1

πi

T∫

0

g
1

(τ)

ν
0

(τ)

dτ

τ − t
. (40)

�«ï ¯®«ãç¥­¨ï à¥£ã«ïà­®© ¢ ®ªà¥áâ­®áâ¨ z = 0 äã­ªæ¨¨ à áá¬®â-

à¨¬ â ª�¥ ¥é¥ ®¤­ã äã­ªæ¨î

ω(z) =
g
1

(z)

ν
0

(z)
= A

0

z(α−1)/2
(z(T − z))1/4. (41)
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�¥âàã¤­® ã¡¥¤¨âìáï, çâ® äã­ªæ¨ï �(z)−γω(z) ¡ã¤¥â ®¤­®§­ ç­®©  ­ -
«¨â¨ç¥áª®© äã­ªæ¨¥© ¢ ®ªà¥áâ­®áâ¨ z = 0, £¤¥

γ =
1

1− eiπ(2α−1)/2
. (42)

� ª¨¬ ®¡à §®¬, ¨á¯®«ì§ãï (40), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã:

g
1

(t)− ν
0

(t)

π

T∫

0

g
1

(τ)

ν
0

(τ)

dτ

τ − t
= λA

0

t(α−1)/2
+ ν

0

(t)R
1

(t), (43)

£¤¥

λ = 1− 
tg

π

2

(
α− 1

2

)
, (44)

R
1

(t) |  ­ «¨â¨ç¥áª ï ¢ ®ªà¥áâ­®áâ¨ t = 0 äã­ªæ¨ï.

�­ «®£¨ç­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ®

g
2

(t)− ν
0

(t)

π

T∫

0

g
2

(τ)

ν
0

(τ)

dτ

τ − t
= ν

0

(t)R
2

(t). (45)

Ǳà®¨§¢®¤ï áã¬¬¨à®¢ ­¨¥ ä®à¬ã« (37), (43), (45), ­ ©¤¥¬ ¯à¥¤áâ ¢-

«¥­¨¥ ν(t) ¢ ®ªà¥áâ­®áâ¨ t = 0:

2ν(t) = λA
0

t(α−1)/2
+ ν

0

(t)R(t). (46)

� ª¨¬ �¥ ®¡à §®¬ ¬®�­® ¯®«ãç¨âì ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ ν(t) ¢

®ªà¥áâ­®áâ¨ t = T :

2ν(T − t) = κB
0

(T − t)(β−1)/2 − ν
0

(t)R̃(t). (47)

� ä®à¬ã« å (46), (47) R(t) ¨ R̃(t) ®¡®§­ ç îâ ­¥ª®â®àë¥  ­ «¨â¨ç¥áª¨¥

äã­ªæ¨¨ ¢ ®ªà¥áâ­®áâ¨ t = 0,

κ = 1− 
tg

π

2

(
β − 1

2

)
, (48)

�®à¬ã«ë (44), (48) â¥àïîâ á¬ëá« ¯à¨ α = 1/2, β = 1/2. �®�­® ¯®ª -

§ âì, çâ® ¢ íâ®¬ á«ãç ¥ ν(t) ¡ã¤¥â ¨¬¥âì «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì
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¢ ®ªà¥áâ­®áâ¨ t = 0 ¨ t = T. �á«¨ ¯®âà¥¡®¢ âì ¤®¯®«­¨â¥«ì­® ¢ë¯®«-

­¥­¨¥ à ¢¥­áâ¢

R(0) = R̃(0) = 0, (49)

â® ¢â®àë¥ á« £ ¥¬ë¥ ¢ ä®à¬ã« å (46), (47) ¡ã¤ãâ ¨¬¥âì ¢¨¤ O(t3/4).

�á«®¢¨ï (49) ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¨­â¥£à «ì­®© ä®à¬¥ (α, β > 1/2):

−
√
2h(0) =

1

π

T∫

0

g
1

(τ) + g
2

(τ)

ν
0

(τ)

dτ

τ
;

√
2h(T ) =

1

π

T∫

0

~g
1

(τ) + ~g
2

(τ)

ν
0

(τ)

dτ

T − τ
,

(50)

£¤¥ ~g
1

, ~g
2

­ å®¤ïâáï  ­ «®£¨ç­® g
1

, g
2

.

Ǳà¨¢¥¤¥­­ë¥ à ááã�¤¥­¨ï á ­¥§­ ç¨â¥«ì­ë¬¨ ãá«®�­¥­¨ï¬¨ ¬®-

£ãâ ¡ëâì à¥ «¨§®¢ ­ë ¨ ¢ ®¡é¥¬ á«ãç ¥, ãª § ­­®¬ ¢ ­ ç «¥ ¯. II, â. ¥

¯à¨ f ∈ L
2

(�).

�¥¬¬ . Ǳãáâì ϕ
0

(x), ϕT (x) ∈ H1+γ
¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (50),

â®£¤  ν(t) ∈ Hδ
(0, T ), £¤¥

δ = min{3/4; γ/2} > 0. (51)

� íâ®¬ á«ãç ¥ ¨§ (46), (47) á«¥¤ã¥â ν(0) = ν(T ) = 0. Ǳà¨ ϕ
0

(x), ϕT (x) ∈
H1

¨ ¢ë¯®«­¨¬®áâ¨ (50) ν(t) ∈ C[0, T ℄.

� § ª«îç¥­¨¥, ª ª ¨ ¢ëè¥, à áá¬®âà¨¬ ¢®¯à®áë, á¢ï§ ­­ë¥ á ¤¨ä-

ä¥à¥­æ¨ «ì­ë¬¨ á¢®©áâ¢ ¬¨ äã­ªæ¨© u(x, t). �¥á«®�­® ¯®«ãç¨âì ¢ë-

à �¥­¨¥ ¤«ï ¢â®àëå ¯à®¨§¢®¤­ëå ¯® x: ¤«ï «î¡ëå t ∈ (0, T ) ¨ x > 0

á¯à ¢¥¤«¨¢  ä®à¬ã« 

u+
0xx = −ν(0)√

π
· t−1/2 − c · t−1/2+δ

+ o(s), (52)

£¤¥ c | ­¥ª®â®à ï ¯®áâ®ï­­ ï.

�§ á®®â­®è¥­¨© (46), (47), (52) ¢ëâ¥ª îâ á«¥¤ãîé¨¥ ãâ¢¥à�¤¥­¨ï.
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�¥®à¥¬  3. Ǳãáâì ϕ
0

(x) ∈ Hα
, ϕT (x) ∈ Hβ

(p = min{α, β} ∈
(1; 2)). �®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ (50) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

ãà ¢­¥­¨ï (19) u(x, t) ∈ H
p,p/2
x t (�

±
), ¯à¨ íâ®¬ uxx, ut ∈ L

2

(�).

�«¥¤áâ¢¨¥ 3. Ǳãáâì ϕ
0

(x), ϕT (x) ∈ H2

. �®£¤  ¯à¨ ¢ë¯®«­¨-

¬®áâ¨ (50) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (19) u(x, t) ∈
C2,1
x t(�

±
), ¯à¨ íâ®¬ uxx, ut ∈ C(�).
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� [1℄ ¤«ï ãà ¢­¥­¨ï ª®«¥¡ ­¨ï áâàã­ë ¨áá«¥¤®¢ « áì § ¤ ç  � à¡ã

á ®âå®¤®¬ ®â å à ªâ¥à¨áâ¨ª¨, £¤¥ ¡ë«® ®¡à é¥­® ¢­¨¬ ­¨¥ ­  ¨§ãç¥­¨¥

â ª¨å § ¤ ç, ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨©. �­®£®¬¥à­ë¥  ­ «®£¨

íâ¨å § ¤ ç ¤«ï ¢®«­®¢®£® ãà ¢­¥­¨ï ¯à¥¤«®�¥­ë ¢ [2℄. � ¤ ­­®© à ¡®â¥

¯®«ãç¥­ ªà¨â¥à¨© ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç � à¡ã á ®âå®¤®¬

®â å à ªâ¥à¨áâ¨ª¨ ¤«ï ¬­®£®¬¥à­®£® ãà ¢­¥­¨ï �©«¥à  | � à¡ã |

Ǳã áá®­ .

1. Ǳ®áâ ­®¢ª  § ¤ ç ¨ ®á­®¢­ë¥ à¥§ã«ìâ âë. Ǳãáâì Dβ |

ª®­¥ç­ ï ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  Em+1

â®ç¥ª (x
1

, . . . , xm, t),

®£à ­¨ç¥­­ ï ¯®¢¥àå­®áâï¬¨ β|x| = t, |x| = 1 − t ¨ ¯«®áª®áâìî t = 0,

£¤¥ |x| | ¤«¨­  ¢¥ªâ®à  x = (x
1

, . . . , xm),   0 < β = 
onst 6 1. � áâ¨

íâ¨å ¯®¢¥àå­®áâ¥©, ®¡à §ãîé¨å £à ­¨æã ∂Dβ ®¡« áâ¨ Dβ, ®¡®§­ ç¨¬

ç¥à¥§ Sβ, S
1

¨ S á®®â¢¥âáâ¢¥­­®.

� ®¡« áâ¨ Dβ à áá¬®âà¨¬ ãà ¢­¥­¨¥ �©«¥à  | � à¡ã | Ǳã áá®­ 

�xu− utt −
α

t
ut = 0, (1)

£¤¥ �x | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥­­ë¬ x
1

, . . . , xm, m > 2, α |

¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®.

�¥à¥§ uα(x, t) ®¡®§­ ç¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¨ ¤ ­­®¬ α.


© 2008 �¥¨«å ­®¢  �. �.
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� ª ç¥áâ¢¥ ¬­®£®¬¥à­ëå  ­ «®£®¢ § ¤ ç � à¡ã á ®âå®¤®¬ ®â å à ªâ¥-

à¨áâ¨ª¨ ¤«ï ãà ¢­¥­¨ï (1) à áá¬®âà¨¬ á«¥¤ãîé¨¥ § ¤ ç¨.

� ¤ ç  1. � ©â¨ ¢ ®¡« áâ¨ Dβ à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ã¤®¢«¥-

â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

uα|S = τ(x), uα|Sβ
= σ(x) ¯à¨ α < 1; (2)

uα
ln t

∣∣∣∣
S

= τ(x), uα|Sβ
= σ(x) ¯à¨ α = 1; (3)

(tα−1uα)|S = τ(x), uα|Sβ
= σ(x) ¯à¨ α > 1. (4)

� ¤ ç  2. � ©â¨ ¢ ®¡« áâ¨ Dβ à¥è¥­¨¥ ãà ¢­¥­¨ï (1), ã¤®¢«¥-

â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

lim

t→0

tα(uα − uα,2) = ν(x), uα|Sβ
= σ(x) ¯à¨ α < 1; (5)

lim

t→0

t(ln t)2
(
uα − uα,1

ln t

)

t

= ν(x), uα|Sβ
= σ(x) ¯à¨ α = 1; (6)

lim

t→0

t2−α[tα−1

(uα − uα,2)℄t = ν(x), uα|Sβ
= σ(x) ¯à¨ α > 1, (7)

£¤¥ uα,1(x, t), uα,2(x, t) | ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¥ äã­ªæ¨¨, § ¢¨áïé¨¥ ®â

σ(x), ν(x).

� ¤ «ì­¥©è¥¬ ­ ¬ ¡ã¤¥â ã¤®¡­® ¯¥à¥©â¨ ®â ¤¥ª àâ®¢ëå ª®®à¤¨-

­ â x
1

, . . . , xm, t ª áä¥à¨ç¥áª¨¬ r, θ
1

, . . . , θm−1

, t, r > 0, 0 6 θ
1

< 2π,

0 6 θi 6 π, i = 2, . . . ,m− 1. Ǳãáâì

{
Y kn,m(θ)

}
| á¨áâ¥¬  «¨­¥©­® ­¥§ -

¢¨á¨¬ëå áä¥à¨ç¥áª¨å äã­ªæ¨© ¯®àï¤ª  n, 1 6 k 6 kn, (m− 2)!n!kn =

(n + m − 3)!(2n + m − 2), θ = (θ
1

, . . . , θm−1

), W 1

2

(S), l = 0, 1, . . . , |

¯à®áâà ­áâ¢  �®¡®«¥¢ ,   S̃β =
{
(r, θ) ∈ S, 0 < r < 1

1+β

}
. �¥à¥§ �τkn (r),

�vkn(r), �σ
k
n(r) ®¡®§­ ç¨¬ ª®íää¨æ¨¥­âë àï¤®¢ ¯® áä¥à¨ç¥áª¨¬ äã­ªæ¨-

ï¬ Y kn,m(θ) á®®â¢¥âáâ¢¥­­® äã­ªæ¨© τ(r, θ), ν(r, θ), σ(r, θ),   ç¥à¥§ Hβ |

¯à®¥ªæ¨î ®¡« áâ¨ Dβ ­  ¯«®áª®áâì (r, t). �¬¥¥â ¬¥áâ® [3℄

�¥¬¬ . Ǳãáâì f(r, θ) ∈W l
2

(S). �á«¨ l > m− 1, â® àï¤

f(r, θ) =

∞∑

n=0

kn∑

k=1

fkn(r)Y
k
n,m(θ),
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  â ª�¥ àï¤ë, ¯®«ãç¥­­ë¥ ¨§ ­¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¯®àï¤ª  p 6

l −m+ 1, áå®¤ïâáï  ¡á®«îâ­® ¨ à ¢­®¬¥à­®.

�¢¥¤¥¬ ¬­®�¥áâ¢® äã­ªæ¨©

Blp(S) =

{
f(r, θ) : f ∈W l

2

(S),

∞∑

n=0

kn∑

k=1

(∥∥fkn(r)
∥∥2
Cp+2

((0,1))

+

∥∥fkn(r)
∥∥2
Cp

([0,1℄)

)
(exp 2n2)n2l <∞, l >

3m

2

, p = 0, 1, . . .

}
.

Ǳãáâì ¤ «¥¥ p > 0 | ­ ¨¬¥­ìè¥¥ æ¥«®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à -

¢¥­áâ¢ ¬ α + 2p > m − 1, ¥á«¨ α 6 0, ¨ 2 − α + 2p > m − 1, ¥á«¨

α > 2; q > 0 | ­ ¨¬¥­ìè¥¥ æ¥«®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­-

áâ¢ ¬ 2−α+2q > m−1, ¥á«¨ 0 < α 6 1, ¨ α+2q > m−1, ¥á«¨ 1 6 α < 2,

  â ª�¥ s â ª®¥, çâ® s =
[
−α

2

]
, ¥á«¨ α 6 0, ¨ s =

[
α
2

− 1

]
, ¥á«¨ α > 2,

£¤¥ [α℄ | æ¥« ï ç áâì ç¨á«  α. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥ µ = max{s+ 1, p},
y = max{s+ 1, q}.

�á«¨ τ(r, θ) = τs+1τ∗(r, θ), ν(r, θ) = rs+1ν∗(r, θ), τ∗(r, θ) ∈ Blµ(S),

ν∗(r, θ) ∈ Blγ(S), σ(r, θ) = rσ∗
(r, θ), σ∗

(r, θ) ∈ Bls+1(S̃β) ¯à¨ α 6 0 ¨ α >

2; τ(r, θ) = rq+3τ∗(r, θ), ν(r, θ) = rq+3ν∗(r, θ), τ∗(r, θ), ν(r, θ) ∈ Blq+1(S),

σ(r, θ) = rq+2σ∗
(r, θ), σ∗

(r, θ) ∈ Blq+1(S̃β) ¯à¨ 0 < α 6 1 ¨ 1 6 α < 2, â®

á¯à ¢¥¤«¨¢ á«¥¤ãîé¨© ªà¨â¥à¨©.

�¥®à¥¬ . � ª« áá¥ C(Dβ \ S) ∩ C2

(Dβ) § ¤ ç¨ 1 ¨ 2 ®¤­®§­ ç­®

à §à¥è¨¬ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  β < 1.

Ǳà¨ α = 0 íâ  â¥®à¥¬  ¯®«ãç¥­  ¢ [4℄.

2. �¢¥¤¥­¨¥ § ¤ ç 1 ¨ 2 ª ¤¢ã¬¥à­ë¬ § ¤ ç ¬ � à¡ã. �

áä¥à¨ç¥áª¨å ª®®à¤¨­ â å ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¢¨¤

urr +
m− 1

r
ur −

1

r2
δu− utt −

α

t
ut = 0, (8)

£¤¥

δ ≡ −
m−1∑

j=1

1

gj sin
m−j−1 θj

∂

∂θj

(
sin

m−j−1 θj
∂

∂θj

)
,

g
1

= 1, gj = (sin θ
1

. . . sin θj−1

)

2, j > 1.
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� ª ª ª ¨áª®¬®¥ à¥è¥­¨¥ uα ¯à¨­ ¤«¥�¨â C2

(Dβ), ¥£® ¬®�­® ¨á-

ª âì ¢ ¢¨¤¥ àï¤ 

uα(r, θ, t) =

∞∑

n=0

kn∑

k=1

�ukα,n(r, t)Y
k
n,m(θ), (9)

£¤¥ �ukα,n(r, t) | äã­ªæ¨¨, ª®â®àë¥ ¡ã¤ãâ ®¯à¥¤¥«¥­ë ­¨�¥. Ǳ®¤áâ ¢¨¢

(9) ¢ (8) ¨ ¨á¯®«ì§®¢ ¢ ®àâ®£®­ «ì­®áâì áä¥à¨ç¥áª¨å äã­ªæ¨© Y kn,m(θ)

[3℄, ¯®«ãç¨¬ ãà ¢­¥­¨¥

Lα�u
k
α,n ≡ �ukα,nrr +

m− 1

r
�ukα,nr − �ukα,ntt −

α

t
�ukα,nt −

λn
r2

�ukα,n = 0,

λn = n(n +m − 2), k = 1, kn, n = 0, 1, . . . , ª®â®à®¥ á ¯®¬®éìî § ¬¥­ë

¯¥à¥¬¥­­ëå �ukn(r, t) = r
1−m
2 ukn(r, t) á¢®¤¨âáï ª ãà ¢­¥­¨î

Lαu
k
α,n ≡ ukα,nrr − ukα,ntt +

[(m− 1)(3−m)− 4λn℄

4r2
ukα,n = 0. (10)

� «¥¥, ¨§ ªà ¥¢ëå ãá«®¢¨© (2){(7) ¤«ï äã­ªæ¨© ukn(r, t) á®®â¢¥âáâ¢¥­­®

¡ã¤¥¬ ¨¬¥âì

ukα,n(r, 0) = τkn (r), ukα,n(r, βr) = σkn(r), (11)

k = 1, kn, n = 0, 1, . . . , α < 1;

ukα,t
ln t

∣∣∣∣
t=0

= τkn(r), ukα,n(r, βr) = σkn(r), (12)

k = 1, kn, n = 0, 1, . . . , α = 1;

(
tα−1ukα,n

)∣∣
t=0

= τkn(r), ukα,n(r, βr) = σkn(r), (13)

k = 1, kn, n = 0, 1, . . . , α > 1;

lim

t→0

tα
(
ukα,n − uk,2α,n

)
t
= νkn(r), ukα,n(r, βr) = σkn(r), α < 1, (14)

k = 1, kn, n = 0, 1, . . . ;

lim

t→0

(
ukα,n − uk,1α,n

ln t

)

t

(ln t)2 = νkn(r), ukα,n(r, βr) = σkn(r), α = 1, (15)

k = 1, kn, n = 0, 1, . . . ;
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lim

t→0

t2−α
[
tα−1

(
ukα,n − uk,2α,n

)]
t
= νkn(r), ukα,n(r, βr) = σkn(r), α > 1,

(16)

k = 1, kn, n = 0, 1, . . . ,

£¤¥ τkn (r) = r
m−1

2

�τkn(r), ν
k
n(r) = r

m−1

2

�νkn(r), σ
k
n(r) = r

m−1

2

�σkn(r).

� ª¨¬ ®¡à §®¬, § ¤ ç¨ 1 ¨ 2 á¢¥¤¥­ë ª ¤¢ã¬¥à­ë¬ § ¤ ç ¬ � à¡ã

¢ ®¡« áâ¨ Hβ ¤«ï ãà ¢­¥­¨ï (10). �¥è¥­¨¥ íâ¨å § ¤ ç ¡ã¤¥¬ ¨§ãç âì

¢ ¯. 4. � àï¤ã á ãà ¢­¥­¨¥¬ (10) à áá¬®âà¨¬ ãà ¢­¥­¨¥

L
0

uk
0,n ≡ uk

0,nrr +
m− 1

r
uk
0,nr − uk

0,ntt −
[(m− 1)(3−m)− 4λn℄

4r2
uk
0,n = 0,

(10

0

)

ª®â®à®¥ á ¯®¬®éìî § ¬¥­ë ¯¥à¥¬¥­­ëå

ξ =
r + t

2

, η =
r − t

2

á¢®¤¨âáï ª ãà ¢­¥­¨î

Muk
0,n ≡ uk

0,nξη +
[(m− 1)(3−m)− 4λn℄

4(ξ + η)2
uk
0,n = 0. (17)

�¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï (17) á ¤ ­­ë¬¨

uk
0,n(ξ, ξ) ≡ τkn(ξ),

(
∂uk

0,n

∂ξ
−
∂uk

0,n

∂η

)∣∣∣∣
ξ=η

= νkn(ξ), η 6 ξ 6 η +
β

1 + β
,

¨¬¥¥â ¢¨¤ [5℄

uk
0,n(ξ, η) =

1

2

τkn (η)R(η, η; ξ, η) +
1

2

τkn (ξ)R(ξ, ξ; ξ, η)

+

1√
2

ξ∫

η

[
νkn(ξ1)R(ξ1, ξ1; ξ, η)− τkn(ξ1)R(ξ1, η1; ξ, η)|ξ1=η1

]
dξ

1

, (18)

£¤¥

τkn(ξ) = (2ξ)
m−1

2

�τkn (2ξ), νkn(ξ) =
√
2(2ξ)

m−1

2

�νkn(2ξ),

R(ξ
1

, η
1

; ξ, η) = Pµ
1

[
(ξ
1

− η
1

)(ξ − η) + 2(ξη + ξ
1

η
1

)

(ξ
1

+ η
1

)(ξ + η)

]
= Pµ

1

(z)
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| äã­ªæ¨ï �¨¬ ­  ¤«ï ãà ¢­¥­¨ï Muk
0,n = 0 [6℄,   Pµ

1

(z) | äã­ªæ¨ï

�¥� ­¤à ,

µ
1

= n+
(m− 3)

2

,
∂

∂N

∣∣∣∣
ξ
1

=η
1

=

(
∂ξ

1

∂N ′
∂

∂η
1

+

∂

∂N ′
∂

∂ξ
1

)∣∣∣∣
ξ
1

=η
1

,

N ′
| ­®à¬ «ì ª ¯àï¬®© ξ = η ¢ â®çª¥ ξ

1

, η
1

), ­ ¯à ¢«¥­­ ï ¢ áâ®à®­ã

¯®«ã¯«®áª®áâ¨ η 6 ξ.

3. �ã­ªæ¨®­ «ì­ ï á¢ï§ì ¬¥�¤ã à¥è¥­¨ï¬¨ § ¤ ç¨ �®è¨

¤«ï ãà ¢­¥­¨© (10α) ¨ (10

0

). �­ ç «  ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ á¢®©áâ¢ 

®¯¥à â®à  Lα, ª®â®àë¥ ­¥®¡å®¤¨¬ë ¤«ï ¤ «ì­¥©è¨å ¨áá«¥¤®¢ ­¨©. �á-

«¨ uα | à¥è¥­¨¥ ãà ¢­¥­¨ï Lαu = 0, â® äã­ªæ¨ï

u
2−α = tα−1uα (19)

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï L
2−α = 0. �á«¨ uα | à¥è¥­¨¥ ãà ¢­¥-

­¨ï Lαu = 0, â® äã­ªæ¨ï

1

t

∂uα
∂t

= uα+2 (20)

¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï L
2+αu = 0. �¯¥à â®à Lα ®¡« ¤ ¥â á¢®©-

áâ¢®¬

Lαuα = t1−αL
2−α(t

α−1uα). (21)

�ª § ­­ë¥ á¢®©áâ¢  ãáâ ­ ¢«¨¢ îâáï  ­ «®£¨ç­® â®¬ã, ª ª ®­¨ ¡ë«¨

¤®ª § ­ë ¤«ï ãà ¢­¥­¨ï (1) [7℄. �§ à ¢¥­áâ¢  (19) ¨¬¥¥¬ u
2−α−2p =

tα+2p−1uα+2p. Ǳà¨¬¥­¨¢ ª ¯®á«¥¤­¥¬ã à ¢¥­áâ¢ã p à § ä®à¬ã«ã (20),

  § â¥¬ (19), ¯®«ãç¨¬

u
2−α =

(
1

t

∂

∂t

)p
(tα+2p−1uα+2p). (22)

�®®â­®è¥­¨¥ (22) ï¢«ï¥âáï äã­¤ ¬¥­â «ì­®© ä®à¬ã«®© [7℄ ¤«ï à¥è¥-

­¨ï § ¤ ç¨ �®è¨. Ǳãáâì p
1

> 0, q
1

> 0 | ­ ¨¬¥­ìè¨¥ æ¥«ë¥ ç¨á« ,

ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ ¬ α+ 2p
1

> m− 1, 2− α+ 2q
1

> m− 1.

�â¢¥à�¤¥­¨¥ 1. �á«¨ u2,k
0,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï

ãà ¢­¥­¨ï (10

0

), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

u2,k
0,n(r, 0) = 0,

∂

∂t
u2,k
0,n(r, 0) = νkn(r), (23)
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â® äã­ªæ¨ï

u2,kα,n(r, t) = γ−αt
−α

1∫

0

u2,k
0,n(r, ξt)(1− ξ2)−

α
2

−1 dξ

≡ γ−α�
(
−α
2

)
D

α
2

0t2u
2,k
0,n(r, t) (24)

¯à¨ α < 0 ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10α), ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î

u2,kα,n(r, 0) = 0, lim

t→0

tα
∂

∂t
u2,kα,n = νkn(r). (25)

�á«¨ �¥ 0 < α < 1, â® äã­ªæ¨ï

u2,kα,n(r, t) = γ
2−k+2q

1

(
1

t

∂

∂t

)q
1


t1−k+2q1

1∫

0

u1,k
0,n(r, ξt)(1− ξ2)q1−

α
2 dξ




≡ γ
2−α+2q

1

2

q
1

−1

�

(
q
1

− α

2

+ 1

)
D

α
2

−1

0t2

[
u1,k
0,n(r, t)

t

]
(26)

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10α) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ (25), £¤¥√
π�
(
α
2

)
γα = 2�

(
α+1
2

)
, �(z) | £ ¬¬ -äã­ªæ¨ï, Dα

0t | ®¯¥à â®à �¨¬ -

­  | �¨ã¢¨««ï [7℄,   u1,k
0,n(r, t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (10

0

) á ­ ç «ì­ë-

¬¨ ãá«®¢¨ï¬¨

u1,k
0,n(r, 0) =

vkn(r)

(1− α)(3− α) . . . (2q
1

+ 1− α)
,

∂

∂t
u1,k
0,n(r, 0) = 0. (23

′
)

�â¢¥à�¤¥­¨¥ 2. �á«¨ u1,k
0,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï

ãà ¢­¥­¨ï (10

0

), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

u1,k
0,n(r, 0) = τkn (r),

∂

∂t
u1,k
0,n(r, 0) = 0, (27)

â® äã­ªæ¨ï

u1,kα,n(r, t) = γα

1∫

0

u1,k
0,n(r, ξt)(1− ξ2)

α
2

−1 dξ

≡ 2

−1γα�

(
α

2

)
t1−αD

−α
2

0t2

[
u1,k
0,n(r, t)

t

]
(28)
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¯à¨ α > 0 ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10α), ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î

(27).

�â¢¥à�¤¥­¨¥ 3. �á«¨ u1,k
0,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï

ãà ¢­¥­¨ï (10

0

), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (27), â® äã­ªæ¨ï

u1,k
1,n(r, t) =

1∫

0

u1,k
0,n(r, ξt)(1− ξ2)−

1

2

ln[t(1− ξ2)℄ dξ (29)

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï L
1

u = 0 á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨

u1,k
1,n

ln t

∣∣∣∣
t=0

= τkn (r). (30)

�¯à ¢¥¤«¨¢®áâì ¯à¨¢¥¤¥­­ëå ãâ¢¥à�¤¥­¨© ãáâ ­ ¢«¨¢ ¥âáï â ª

�¥, ª ª ®­¨ ¤®ª § ­ë ¤«ï ãà ¢­¥­¨ï (1) ¨ ¢®«­®¢®£® ãà ¢­¥­¨ï [8{

10℄. Ǳà¨¢¥¤¥¬ ­¥ª®â®àë¥ á«¥¤áâ¢¨ï ¨§ ãâ¢¥à�¤¥­¨© 2, 3. �­ ç « 

à áá¬®âà¨¬ á«ãç © α < 0, α 6= −(2r+1), r = 0, 1, . . . . �á«¨ u1,k
0,n(r, t) |

à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (10

0

) á ¤ ­­ë¬¨

u1,k
0,n(r, 0) =

τkn (r)

(1− α) . . . (α+ 2p
1

− 1)

,
∂

∂t
u1,k
0,n(r, 0) = 0, (31)

â® ¨§ ãâ¢¥à�¤¥­¨ï 2 á«¥¤ã¥â, çâ® äã­ªæ¨ï

u1,kα+2p
1

,n(r, t) = γα+2p
1

1∫

0

u1,k
0,n(r, ξt)(1− ξ2)

α
2

+p
1

−1 dξ

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï Lα+2p
1

u = 0, ã¤®¢«¥â¢®àïîé¨¬ ­ ç «ì-

­®¬ã ãá«®¢¨î (31). �®£¤  ¨§ á®®â­®è¥­¨© (22) ¨ (19) ¢ëâ¥ª ¥â, çâ®

äã­ªæ¨ï

u1,kα,n(r, t) = t1−α
(
1

t

∂

∂t

)p
1(
tα+2p1−1u1,kα+2p

1

,n

)

≡ γk+2p
1

2

p
1

−1

�

(α
2

+ p
1

)
t1−αD

−α
2

0t2

[
u1,k
0,n(r, t)

t

]
(32)

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (10α) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (27).
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Ǳãáâì α = −(2r + 1). �á«¨ u1,k
0,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨

¤«ï (10

0

) á ¤ ­­ë¬¨ (27), â® ¨§ (19), (22) ¨ ãâ¢¥à�¤¥­¨ï 3 ­¥âàã¤­®

¯®«ãç¨âì, çâ® äã­ªæ¨ï

u1,k−(2r+1),n(r, t) = t2(r+1)
(
1

t

∂

∂t

)r+1

×




1∫

0

u1,k
0,n(r, ξt)(1− ξ2)−

1

2

ln(t(1− ξ2)) dξ




(33)

ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨ ¤«ï L−(2r+1)u = 0, ã¤®¢«¥â¢®àïîé¨¬

ãá«®¢¨î (27).

�á¯®«ì§ãï [11, «¥¬¬  1.14.2℄, á®®â­®è¥­¨¥ (33) ¬®�­® § ¯¨á âì ¢

¢¨¤¥

u1,k−(2r+1),n(r, t) =
a

2

t2(r+1)D
1

2

+r

0t2

[
u1,k
0,n(r, t)

t

]
, (34)

a =
1

2

�

′
(1)− �

′
(1/2)√
π

− ln t.

4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë ¤«ï § ¤ ç 1 ¨ 2. Ǳãáâì β < 1.

� áá¬®âà¨¬ § ¤ çã 1.

1. �«ãç © α < 1. �¥è¥­¨¥ § ¤ ç¨ (10α), (11) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

ukα,n(r, t) = u1,kα,n + u2,kα,n, £¤¥ u
1,k
α,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ (10α),

(27),   u2,kα,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ ¤«ï (10α) á ãá«®¢¨¥¬

u2,kα,n(r, 0) = 0, u2,kα,n(r, βr) = σkn(r)− u1,kα,n(r, βr), (35)

k = 1, kn, n = 0, 1, . . . .

�ç¨âë¢ ï ä®à¬ã«ë (28), (32) ¨ (34), § ¤ ç¨ �®è¨ (10α), (27) á¢®-

¤¨¬ ª § ¤ ç ¬ �®è¨ (10

0

), (31) ¨ (10

0

), (27), à¥è¥­¨ï ª®â®àëå ¨¬¥¥â

¢¨¤ (18). � «¥¥, ¨á¯®«ì§ãï ä®à¬ã«ë (24), (26), ªà ¥¢ãî § ¤ çã (10α),

(35) á¢®¤¨¬ ª § ¤ ç¥ ¤«ï ãà ¢­¥­¨ï (10

0

) á ¤ ­­ë¬¨ u2,k
0,n(r, 0) = 0,

u2,k
0,n(r, βr) = ϕkn(r) ¯à¨ α 6 0 ¨ ª § ¤ ç¥ ¤«ï (10

0

) á ãá«®¢¨¥¬

∂

∂t
u2,k
0,n(r, 0) = 0, u2,k

0,n(r, βr) = ϕkn(r) (36)
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¯à¨ 0 < α < 1, £¤¥ ϕkn(r) | äã­ªæ¨ï, ¢ëà � îé ïáï ç¥à¥§ τkn (r),

σkn(r). �â¨ § ¤ ç¨, ª ª ¯®ª § ­® ¢ [4℄, ¨¬¥îâ ¥¤¨­áâ¢¥­­ë¥ à¥è¥­¨ï.

�«¥¤®¢ â¥«ì­®, á ãç¥â®¬ ãâ¢¥à�¤¥­¨ï 1 ¯®«ãç¨¬ ®¤­®§­ ç­®¥ à¥-

è¥­¨¥ § ¤ ç¨ (10α) (11) ¢ ª« áá¥ C(Hβ) ∩ C2

(Hβ).

2. �«ãç © α = 1. �¥è¥­¨¥ § ¤ ç¨ (10α), (12) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

uk
1,n(r, t) = u1,k

1,n + u2,k
1,n, £¤¥ u

1,k
1,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï

(10α) á ¤ ­­ë¬¨ (30),   u
2,k
1,n(r, t) | à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ ¤«ï (10α)

á ãá«®¢¨¥¬

∂

∂t
u2,k
1,n(r, 0) = 0, u2,k

1,n(r, βr) = σkn(r) − u1,k
1,n(r, βr). (37)

� á¨«ã (29) § ¤ ç  (10α), (30) á¢®¤¨âáï ª § ¤ ç¥ �®è¨ (100), (27). �ç¨-

âë¢ ï ä®à¬ã«ã (28), § ¤ çã (10α), (37) ¯à¨¢®¤¨¬ ª § ¤ ç¥ (10

0

), (36).

� ª¨¬ ®¡à §®¬, § ¤ ç  (10α), (12) ®¤­®§­ ç­® à §à¥è¨¬ . �á¯®«ì§ãï

ä®à¬ã«ë (21), (19), § ¤ çã (10α), (13) á¢®¤¨¬ ª ¨áá«¥¤®¢ ­­®¬ã á«ãç î

α < 1.

�­ ç¨â, àï¤ ¢¨¤ 

uα(r, θ, t) =

∞∑

n=0

kn∑

k=1

r
1−m
2 ukα,n(r, t)Y

k
n,m(θ) (38)

ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ 1 ¯à¨ β < 1, £¤¥ äã­ªæ¨¨

ukα,n(r, t) ®¯à¥¤¥«ïîâáï ¨§ ¤¢ã¬¥à­ëå § ¤ ç.

�ç¨âë¢ ï ®£à ­¨ç¥­¨¥ ­  § ¤ ­­ë¥ äã­ªæ¨¨ τ(r, θ), σ(r, θ), ª ª ¨

¢ [4, 12℄, ­¥âàã¤­® ¯®ª § âì, çâ® à¥è¥­¨¥ (37) ¯à¨­ ¤«¥�¨â ¨áª®¬®¬ã

ª« ááã. �¥¯¥àì à áá¬®âà¨¬ § ¤ çã 2.

1. �«ãç © α < 1. �¥è¥­¨¥ § ¤ ç¨ (10α), (14) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

ukα,n(r, t) = u1,kα,n + u2,kα,n, £¤¥ u
2,k
α,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ (10α),

(25),   u1,kα,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (10α) á ãá«®¢¨¥¬

(37). � á¨«ã (24), (26) § ¤ ç  (10α), (25) ¯à¨¢®¤¨âáï ª § ¤ ç¥ (10α),

(23) ¯à¨ α 6 0 ¨ § ¤ ç¥ (10

0

), (23

′
) ¯à¨ 0 < α < 1. �á¯®«ì§ãï (32) ¨

(34), § ¤ çã (10α), (37) á¢®¤¨¬ ª § ¤ ç¥ (10

0

), (36), ª®â®à ï ®¤­®§­ ç­®

à §à¥è¨¬  [4℄. � ª¨¬ ®¡à §®¬, § ¤ ç  (10α), (14) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥.
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2. �«ãç © α = 1. �¥è¥­¨¥ § ¤ ç¨ (10α), (15) ¨é¥¬ ¢ ¢¨¤¥

uk
1,n(r, t) = u1,k

1,n + u2,k
1,n, £¤¥ u

2,k
1,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï (10α)

á ¤ ­­ë¬¨

u2,k
1,n(r, 0) = −νkn(r),

∂

∂t
u2,k
1,n(r, 0) = 0, (39)

  u1,k
1,n(r, t) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ (10α), (37).

�ç¨âë¢ ï (28), § ¤ çã �®è¨ (10α), (39) á¢®¤¨¬ ª § ¤ ç¥ �®è¨

(10

0

), (39),   § ¤ çã (10α), (37) | ª § ¤ ç¥ (10

0

), (36). �­ ç¨â, § ¤ ç 

(10α), (15) â ª�¥ ®¤­®§­ ç­® à §à¥è¨¬ . Ǳà¨¬¥­ïï (21), (19), § ¤ -

çã (10α), (16) á¢®¤¨¬ ª á«ãç î α < 1. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï (38)

ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ 2 ¯à¨ β < 1, £¤¥ äã­ªæ¨ï

ukα,n(r, t), k = 1, kn, n = 0, 1, . . . , ®¯à¥¤¥«ï¥âáï ¨§ ¯à¥¤ë¤ãé¨å ªà ¥¢ëå

§ ¤ ç.

Ǳ¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª § ­ .

Ǳãáâì â¥¯¥àì à¥è¥­¨ï § ¤ ç 1 ¨ 2 ¢ ª« áá¥ C(Dβ \ S) ∩ C2

(Dβ),

u(x, t) â®�¤¥áâ¢¥­­® ­ã«¥¢ë¥. Ǳ®ª �¥¬, çâ® β < 1.

Ǳà¥¤¯®«®�¨¬ ¯à®â¨¢­®¥, â. ¥. β = 1. � íâ®¬ á«ãç ¥ ¢ [13, 14℄ ¤®ª -

§ ­®, çâ® § ¤ ç¨ 1 ¨ 2 ¨¬¥îâ ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢® ­¥âà¨¢¨ «ì­ëå

à¥è¥­¨©, çâ® ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î.

�¥®à¥¬  ¤®ª § ­  ¯®«­®áâìî.
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�. �. �®äà®­®¢

� áâ âì¥ à áá¬ âà¨¢ ¥âáï ®¤¨­ ¯à¨¬¥à ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© ¢¨-

¤  [1℄

_x
1

= x
1

(1− x
1

− bx
2

− ax
3

),

_x
2

= x
2

(1− ax
1

− x
2

− bx
3

), (1)

_x
3

= −x
3

(k − ax
1

− bx
2

− x
3

),

£¤¥ a, b, k | ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥. �áá«¥¤ã¥âáï á®áâ®ï­¨¥ à ¢-

­®¢¥á¨ï á ¯®«®�¨â¥«ì­ë¬¨ ª®®à¤¨­ â ¬¨ ­  ãáâ®©ç¨¢®áâì ¯® �ï¯ã-

­®¢ã [2℄ ¯à¨ ç¨á«¥­­ëå §­ ç¥­¨ïå a, b, k. �â® á®áâ®ï­¨¥ à ¢­®¢¥á¨ï

M(x∗
1

, x∗
2

, x∗
3

) ¨¬¥¥â á«¥¤ãîé¨¥ ª®®à¤¨­ âë:

x∗i =
�i

�

(i = 1, 2, 3), £¤¥ � = (a− 1)(b− 1)(1 + a+ b),

�

1

= (a− 1)(b− 1) + (b2 − a)(k − 1),

�

2

= (a− 1)(b− 1) + (a2 − b)(k − 1),

�

3

= (a− 1)(b− 1) + (1− ab)(k − 1).

C ¯®¬®éìî § ¬¥­ë

xi = x∗i + yi (i = 1, 2, 3)


© 2008 �®äà®­®¢ �. �.
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¯à¨¢¥¤¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (1) ª ¢¨¤ã

_y
1

= (x∗
1

+ y
1

)(−y
1

− by
2

− ay
3

),

_y
2

= (x∗
2

+ y
2

)(−ay
1

− y
2

− by
3

),

_y
3

= (x∗
3

+ y
3

)(ay
1

+ by
2

+ y
3

).

(2)

� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤«ï á®®â¢¥âáâ¢ãîé¥© «¨­¥©­®© á¨áâ¥-

¬ë ãà ¢­¥­¨© ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

λ3 + a
1

λ2 + a
2

λ+ a
3

= 0, (3)

£¤¥

a
1

= x∗
1

+ x∗
2

− x∗
3

, a
2

= (1− ab)x∗
1

x∗
2

+ (a2 − 1)x∗
1

x∗
3

+ (b2 − 1)x∗
2

x∗
3

,

a
3

= −�x∗
1

x∗
2

x∗
3

.

�«ï á¨áâ¥¬ë ãà ¢­¥­¨© à áá¬®âà¨¬ â®â á«ãç ©, ª®£¤ 

k < 1, a
1

> 0, a
3

> 0, a
1

a
2

− a
3

= 0.

Ǳà¨ â ª¨å ãá«®¢¨ïå å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (3) ¨¬¥¥â ®¤¨­ ®â-

à¨æ â¥«ì­ë© ª®à¥­ì ¨ ¤¢  ç¨áâ® ¬­¨¬ëå ª®à­ï. �§ãç ¥¬ ¤ ­­ë© á«ã-

ç © ¯à¨ ª®­ªà¥â­ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ á¨áâ¥¬ë ãà ¢­¥­¨© (1).

Ǳãáâì k = 19

21

, a = 4, b = 1

4

. �®£¤ 

x∗
1

=

10

63

, x∗
2

=

20

63

, x∗
3

=

4

21

.

� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (3) ¨¬¥¥â ª®à­¨

λ
1

= −2

7

, λ
2,3 = ±5

√
7

21

i.

� ¯®¬®éìî § ¬¥­ë ¯¥à¥¬¥­­ëå

x = 2y
1

+ 2y
2

+ 3y
3

, y = −
√
7y

2

− 5

√
7

3

y
3

, z = y
2

− y
3

¬®�­® ¯à¨¢¥áâ¨ á¨áâ¥¬ã ãà ¢­¥­¨© (2) ª ¢¨¤ã

_x = −2

7

x− 9

√
7

14

yz −
(
33

√
7

224

xy +
105

32

z

)
x− 1

2

x2,

_y = βz +
15

√
7

128

(y2 − z2) +
237

64

yz +

(
1

2

y +
5

√
7

2

z

)
x,

_z = −βy − 64

63

x+
45

128

(y2 − z2)− 57

√
7

7 · 64 yz +
(
3

√
7

14

y − 1

2

z

)
x.

(4)
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�â®¡ë ã­¨çâ®�¨âì ¢ëà �¥­¨¥ − 64

63

x, áâ®ïé¥¥ ¢ âà¥âì¥¬ ãà ¢­¥­¨¨ á¨-

áâ¥¬ë (4), á¤¥« ¥¬ á«¥¤ãîéãî § ¬¥­ã ¯¥à¥¬¥­­ëå:

�y = y +
320

√
7

633

x, �z = z − 128

211

x,

¨ ®¯ãáâ¨¬ ç¥àâ®çª¨ ã ­®¢ëå ¯¥à¥¬¥­­ëå �y ¨ �z . �®£¤  ¯®«ãç¨¬ á¨áâ¥¬ã

ãà ¢­¥­¨©

_x = −2

7

x− 9

√
7

14

yz +

(
11469

√
7

211 · 214 y −
37515

32 · 211z
)
x+ d

1

x2,

_y = βz +
15

√
7

128

(y2 − z2) +
19297

211 · 64yz

+

(
− 277131

211 · 422y +
626685

√
7

211 · 422 z
)
x+ d

2

x2, (5)

_z = −βy+ 45

128

(y2−z2)+ 24837

√
7

211 · 448 yz+
(
67065

√
7

422 · 1477y+
11949

422 · 211z
)
x+d

3

x2.

�«ï íâ®© á¨áâ¥¬ë ãà ¢­¥­¨© ¨é¥¬ ¨­â¥£à «ì­ãî ¯®¢¥àå­®áâì [3℄

x = F (y, z) =
∞∑

k=2

Fk(y, z), (6)

£¤¥ Fk(y, z) áãâì ®¤­®à®¤­ë¥ ¬­®£®ç«¥­ë k-£® ¯®àï¤ª . �á«¨

F
2

(y, z) = b
1

y2 + b
2

yz + b
3

z2,

â® ¨§ ãà ¢­¥­¨ï

− 2

7

F (y, z)− 9

√
7

14

yz +

(
11469

√
7

211 · 214 y −
37515

32 · 211z
)
F (y, z) + d

1

F (y, z)2

=

∂F

∂y
(βz + . . . ) +

∂F

∂z
(−βy + . . . )

­ ©¤¥¬ b
1

, b
2

, b
3

,   ¨¬¥­­®

b
1

= −b
3

=

7 · 135
8 · 184 , b

2

=

−81
√
7

2 · 368 .
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�áâ «ì­ë¥ ç«¥­ë F
3

, F
4

, . . . ­ ¬ ­¥ ­ã�­® ­ å®¤¨âì. �¥¯¥àì ­ ©¤¥­-

­ë© ¨­â¥£à « (6) ¯®¤áâ ¢«ï¥¬ ¢ á¨áâ¥¬ã ãà ¢­¥­¨© (5). �®£¤  ¤¢  ¯®-

á«¥¤­¨¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (5) ­¥ § ¢¨áïâ ®â x. �«ï íâ¨å ¤¢ãå ãà ¢-

­¥­¨© ¨é¥¬ äã­ªæ¨î �ï¯ã­®¢  [2℄ V (y, z) ¢ ¢¨¤¥

V = y2 + z2 +
∞∑

k=3

Vk(y, z),

£¤¥ Vk(y, z) áãâì ®¤­®à®¤­ë¥ ¬­®£®ç«¥­ë ¯®àï¤ª  k. Ǳà®¨§¢®¤­ ï íâ®©

äã­ªæ¨¨, ¢§ïâ ï ¢ á¨«ã ¤ ­­®© á¨áâ¥¬ë ãà ¢­¥­¨©, ¡ã¤¥â ®¡« ¤ âì

«¨¡® á¢®©áâ¢®¬

dV
dt ≡ 0, «¨¡® á¢®©áâ¢®¬

dV
dt = gs(y

2

+ z2)s + . . . , £¤¥

gs | 
onst, gs 6= 0. � ¯¥à¢®¬ á«ãç ¥ á®áâ®ï­¨¥ à ¢­®¢¥á¨ï A(0, 0),

«¥� é¥¥ ­  ¨­â¥£à «ì­®© ¯®¢¥àå­®áâ¨ (6) á¨áâ¥¬ë ãà ¢­¥­¨© (5), ¥áâì

æ¥­âà,   ¢® ¢â®à®¬ á«ãç ¥ | ä®ªãá, ãáâ®©ç¨¢ë© ¨«¨ ­¥ãáâ®©ç¨¢ë© ¢

§ ¢¨á¨¬®áâ¨ ®â §­ ª  gs. � ©¤¥¬ ¯®á«¥¤®¢ â¥«ì­® V
3

, V
4

. Ǳãáâì

V
3

= c
1

y3 + c
2

y2z + c
3

yz2 + c
4

z3.

�®£¤  ¯®áâ®ï­­ë¥ ci ­ å®¤ïâáï ¨§ ãà ¢­¥­¨ï

(3c
1

y2 + 2c
2

yz + c
3

z2)βz + 2y

[
15

√
7

128

(y2 − z2) +
19297

64 · 211yz
]

− (c
2

y2 + 2c
3

yz + 3c
4

z2)βy + 2z

[
45

128

(y2 − z2) +
24837

√
7

448 · 211 yz
]
= 0.

�âáî¤ 

c
1

=

−29099
√
7

64 · 211 , c
2

=

63

64

, c
3

=

27

√
7

64

, c
4

=

71829

320 · 211 .

� ¬¥â¨¬, çâ® á¨áâ¥¬  ¤¢ãå ¯®á«¥¤­¨å ãà ¢­¥­¨© ¯à¨ x = 0 ¨¬¥¥â ¨­-

â¥£à « [4℄

F = y2 + z2 +
∞∑

s=3

Fs(y, z) = c,

â. ¥. ¯à®¨§¢®¤­ ï íâ®© äã­ªæ¨¨ F (y, z), ¢ëç¨á«¥­­ ï ¢ á¨«ã á¨áâ¥¬ë

ãà ¢­¥­¨© (5) ¯à¨ x = 0, â®�¤¥áâ¢¥­­® à ¢­  ­ã«î. � ãç¥â®¬ íâ®£®

¬ë ¬®�¥¬ ­ ©â¨ äã­ªæ¨î

V
4

= l
1

y4 + l
2

y3z + l
3

y2z2 + l
4

yz3 + l
5

z4
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 ­ «®£¨ç­® á«ãç î ­ å®�¤¥­¨ï V
3

. �à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ y4,

z4, z2y2 ¨ ¨áª«îç ï l
2

, l
4

, ¯®«ãç¨¬ ãà ¢­¥­¨ï

βl
2

= −g
2

+

45

128

c
2

+

15

√
7

128

3c
1

− 277131

211

b
1

,

βl
4

= g
2

+

15

√
7

128

c
3

+

45

128

3c
4

− 11949

211 · 211b3,

8g
2

=

11949− 3 · 277131
211 · 211 b

1

+

7 · 626685+ 67065

7 · 211 · 211
√
7b

2

+

3 · 11949− 277131

211 · 211 b
3

.

Ǳ®¤áâ ¢«ïï §­ ç¥­¨ï b
1

, b
2

, b
3

, ­ ©¤¥¬ §­ ç¥­¨¥ 8g
2

: ®­® ®âà¨æ â¥«ì-

­®. � ª¨¬ ®¡à §®¬, á®áâ®ï­¨¥ à ¢­®¢¥á¨ï A(0, 0) | ãáâ®©ç¨¢ë© ä®ªãá.

�âáî¤  á«¥¤ã¥â, çâ® á®áâ®ï­¨¥ à ¢­®¢¥á¨ïM  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨-

¢® [2℄.
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���������. II

�. �. �¥¤®à®¢

�â âìï ï¢«ï¥âáï ¯à®¤®«�¥­¨¥¬ à ¡®âë [1℄. Ǳà¥�¤¥ ç¥¬ ¤®ª § âì

â¥®à¥¬ã 6, ®â¬¥â¨¬ ­¥ª®â®àë¥ à¥§ã«ìâ âë, ¯à¥¤è¥áâ¢ãîé¨¥ â¥®à¥¬¥ 6,

­® ­¥ ¢ª«îç¥­­ë¥ ¢ [1℄, ¯®íâ®¬ã á®åà ­¨¬ ¯à¥�­¨¥ ­ã¬¥à æ¨¨ ¯à¥¤-

«®�¥­¨© ¨ ä®à¬ã«.

� ¬¥ç ­¨¥ 4. � ¤® ¯®¬­¨âì, çâ® ¯à¨ ¯®áâà®¥­¨¨ ¬¥â®¤  à¥¤ãª-

æ¨¨ ¤«ï ®¤­®à®¤­ëå £ ãáá®¢ëå á¨áâ¥¬ ¢¨¤  (2) ç¨á«® ­¥¨§¢¥áâ­ëå ¢á¥-

£¤  ®áâ ¥âáï ­  ®¤­® ¡®«ìè¥, ç¥¬ ç¨á«® ãà ¢­¥­¨©. � ¯à®â¨¢­®¬ á«ã-

ç ¥, â. ¥. ª®£¤  ç¨á«® ­¥¨§¢¥áâ­ëå à ¢­® ç¨á«ã ãà ¢­¥­¨©, ¬¥â®¤®¬

à¥¤ãªæ¨¨, ª ª ¡ë«® § ¬¥ç¥­® ¢ëè¥ [1℄, ¯®«ãç¨¬ â®«ìª® âà¨¢¨ «ì­®¥

à¥è¥­¨¥.

� á¢ï§¨ á § ¬¥ç ­¨¥¬ 4 ¬®�­® ¢¢¥áâ¨ à §­ë¥ ¯®­ïâ¨ï ¬¥â®¤  à¥-

¤ãªæ¨¨ ¤«ï à¥è¥­¨ï ¡¥áª®­¥ç­ëå á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©.

�¯à¥¤¥«¥­¨¥ 4. �á«¨ ¯à¨ ¯®áâà®¥­¨¨ ¬¥â®¤  à¥¤ãªæ¨¨ ¤«ï à¥-

è¥­¨ï ¡¥áª®­¥ç­ëå á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ª®«¨ç¥áâ¢® ­¥¨§-

¢¥áâ­ëå ¨ ª®«¨ç¥áâ¢® ãà ¢­¥­¨© ®áâ îâáï ®¤¨­ ª®¢ë¬¨ ¢ ãá¥ç¥­­®©

á¨áâ¥¬¥, â® £®¢®à¨¬, çâ® ¬¥â®¤ à¥¤ãªæ¨¨ ¯®­¨¬ ¥âáï ¢ ã§ª®¬ á¬ëá«¥,

  ¥á«¨ ª®«¨ç¥áâ¢® ­¥¨§¢¥áâ­ëå ®áâ ¥âáï ¡®«ìè¥, ç¥¬ ª®«¨ç¥áâ¢® ãà ¢-

­¥­¨©, â® £®¢®à¨¬, çâ® ¬¥â®¤ à¥¤ãªæ¨¨ ¯®­¨¬ ¥âáï ¢ è¨à®ª®¬ á¬ëá«¥.

�¤¥áì ¨ ¢ëè¥, ­ ¯à¨¬¥à ¢ â¥®à¥¬¥ 5 ¨§ [1℄, ¬¥â®¤ à¥¤ãªæ¨¨ ¤«ï

®¤­®à®¤­ëå £ ãáá®¢ëå á¨áâ¥¬ ¯®­¨¬ ¥âáï ¢ è¨à®ª®¬ á¬ëá«¥, ¥á«¨ íâ®

á¯¥æ¨ «ì­® ­¥ ®£®¢®à¥­®.
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� ª¨¬ ®¡à §®¬, ¥á«¨ ª ®¤­®à®¤­®© £ ãáá®¢®© á¨áâ¥¬¥ (2) ¯à¨¬¥­¨¬

¬¥â®¤ à¥¤ãªæ¨¨ ¢ ã§ª®¬ á¬ëá«¥, â® ¯®«ãç¨¬ â®«ìª® âà¨¢¨ «ì­®¥ à¥-

è¥­¨¥,   ¥á«¨ ª íâ®© �¥ á¨áâ¥¬¥ ¯à¨¬¥­¨¬ ¬¥â®¤ à¥¤ãªæ¨¨ ¢ è¨à®ª®¬

á¬ëá«¥, â® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï � ¯®«ãç¨¬ ­¥âà¨¢¨ «ì­®¥ à¥è¥-

­¨¥, ¯à¨ç¥¬ ¡¥áª®­¥ç­® ¬­®£® à¥è¥­¨© ¨ ¢á¥ ®­¨ áâà®£® ­¥âà¨¢¨ «ì­ë.

�¤¥áì ã¬¥áâ­® ¢¥à­ãâìáï ª ¤¨áªã

¨¨, ã¯®¬ï­ãâ®© ¢ëè¥ [1℄, ¬¥�-

¤ã �. �. �®ï«®¢¨ç¥¬ [2℄ ¨ �. �. �ã§ì¬¨­ë¬ [3℄. �¥áª®­¥ç­ ï á¨áâ¥¬ 

(1) ¢ á®¢à¥¬¥­­®¬ ¯®­¨¬ ­¨¨ ï¢«ï¥âáï  ªâã «ì­®© ¡¥áª®­¥ç­®© á¨áâ¥-

¬®©, â. ¥. § ¤ ­­®© ®¤­®¢à¥¬¥­­® ¨«¨ § ¢¥àè¥­­®© ­¥§ ¢¨á¨¬® ®â ¯®-

áâà®¥­¨ï íâ¨å á¨áâ¥¬. � â® �¥ ¢à¥¬ï ¬­®£¨¥  ¢â®àë ¢ ¯à®è«®¬, ¢

â®¬ ç¨á«¥ ¨ �. �. �®ï«®¢¨ç ¨ �. �. �ã§ì¬¨­, á¨áâ¥¬ã (1) ¯®­¨¬ -

«¨ ª ª ¯®â¥­æ¨ «ì­ãî ¡¥áª®­¥ç­ãî á¨áâ¥¬ã, â. ¥. ¯®«ãç¥­­ãî ¨áå®¤ï

¨§ ¯®áâà®¥­¨ï íâ¨å á¨áâ¥¬. �â¢¥â ­  ¢®¯à®á, ¯à¨ ª ª®¬ § ª®­¥ ¨§¬¥-

­¥­¨ï ç¨á«  ­¥¨§¢¥áâ­ëå ¨ ãà ¢­¥­¨© ¯®«ãç¥­  ¡¥áª®­¥ç­ ï á¨áâ¥¬ 

(1), ¨ ¯à¨¢¥« ª ïà®áâ­®© ¤¨áªãáá¨¨ ¬¥�¤ã íâ¨¬¨  ¢â®à ¬¨. �ëè¥ [1℄

¬ë ã�¥ ãª § «¨, çâ® à¥§ã«ìâ â®¬ íâ®© ¤¨áªãáá¨¨ áâ «® ¢¢¥¤¥­¨¥ ¯®­ï-

â¨© ­®à¬ «ì­®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë, ª®£¤  ç¨á«® ãà ¢­¥­¨© ®áâ ¥âáï

à ¢­ë¬ ç¨á«ã ­¥¨§¢¥áâ­ëå ¯à¨ ¢®§à áâ ­¨¨ ª®«¨ç¥áâ¢  ­¥¨§¢¥áâ­ëå

¨ ãà ¢­¥­¨©, ¨  ­®à¬ «ì­®© | ¢ ¯à®â¨¢­®¬ á«ãç ¥. �. �. �®ï«®¢¨ç

¯à¨¤¥à�¨¢ «áï ¯®­ïâ¨ï ­®à¬ «ì­ëå á¨áâ¥¬, ¨, ª ª ®­ á ¬ ®â¬¥ç « [2℄,

¢á¥ ¥£® à¥§ã«ìâ âë ®â­®áïâáï ª ­®à¬ «ì­ë¬ á¨áâ¥¬ ¬,   �. �. �ã§ì¬¨­

[3℄, ¯à¨¤¥à�¨¢ ïáì  ­®à¬ «ì­ëå á¨áâ¥¬, ªà¨â¨ª®¢ « �. �. �®ï«®¢¨ç 

§  â®, çâ® ¥£® à¥§ã«ìâ âë ­¥¢¥à­ë. �ª § «®áì, çâ® ®¡  ¢ ç¥¬-â® ¯à ¢ë

¨ ¢ ç¥¬-â® ­¥¯à ¢ë. �  á ¬®¬ ¤¥«¥ ­¥ á¨áâ¥¬  (1) ï¢«ï¥âáï ­®à¬ «ì­®©

¨«¨  ­®à¬ «ì­®©,   ¤¥«® § ª«îç ¥âáï ¢ ¬¥â®¤¥ à¥è¥­¨ï ¡¥áª®­¥ç­ëå

á¨áâ¥¬,   ¨¬¥­­® ¢ ¬¥â®¤¥ à¥¤ãªæ¨¨, ¢ ª ª®¬ á«ãç ¥ ®­ ¯à¨¬¥­ï¥âáï:

¢ ã§ª®¬ ¨«¨ ¢ è¨à®ª®¬. � ª ª¨¬ à¥§ã«ìâ â ¬ ¯à¨å®¤¨¬ ¯à¨ íâ®¬, ¬ë

ã�¥ ã¯®¬ï­ã«¨ ¢ëè¥.

�«¥¤áâ¢¨¥ 5. �«ï «î¡ëå äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© á¨áâ¥¬ë

(2) ­¥§ ¢¨á¨¬® ®â ¢ë¯®«­¥­¨ï ãá«®¢¨ï � á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

xi = −sxi+1, i > 0, (33)
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£¤¥ xi | ª®¬¯®­¥­âë äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï £ ãáá®¢®© á¨áâ¥¬ë

(2),

1

s | ­ã«ì å à ªâ¥à¨áâ¨ª¨ f(x) (12) á¨áâ¥¬ë (2).

� ª¨¬ ®¡à §®¬, à §«¨ç­ë¬ äã­¤ ¬¥­â «ì­ë¬ à¥è¥­¨ï¬ á®®â¢¥â-

áâ¢ãîâ à §­ë¥ ­ã«¨ å à ªâ¥à¨áâ¨ª¨ (12).

� ¬¥ç ­¨¥ 5. �á¥ äã­¤ ¬¥­â «ì­ë¥ à¥è¥­¨ï £ ãáá®¢®© á¨áâ¥¬ë

(2) ï¢«ïîâáï áâà®£® ­¥âà¨¢¨ «ì­ë¬¨ ¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨. �¥©-

áâ¢¨â¥«ì­®, ¨§ ¯à¥¤¯®«®�¥­¨ï «¨­¥©­®© § ¢¨á¨¬®áâ¨ ¤¢ãå äã­¤ ¬¥­-

â «ì­ëå à¥è¥­¨© á«¥¤ã¥â à ¢¥­áâ¢® ­ã«¥© å à ªâ¥à¨áâ¨ª¨, á®®â¢¥â-

áâ¢ãîé¥© íâ¨¬ à¥è¥­¨ï¬, ç¥£®, ®ç¥¢¨¤­®, ¡ëâì ­¥ ¬®�¥â. �«¥¤®¢ -

â¥«ì­®, ¢á¥ äã­¤ ¬¥­â «ì­ë¥ à¥è¥­¨ï (20) ®¡à §ãîâ äã­¤ ¬¥­â «ì-

­ãî á¨áâ¥¬ã à¥è¥­¨© ����� (2).

Ǳ®á«¥ íâ¨å § ¬¥ç ­¨© ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë (6) áâ ­®¢¨âáï ®ç¥-

¢¨¤­ë¬.

� ¬¥ç ­¨¥ 6. �á«¨ ¯à¥¤¥« s ¯®á«¥¤®¢ â¥«ì­®áâ¨ sn, â. ¥.

s = lim

n→∞
sn =

1

x
0

,

£¤¥ x
0

| ­ã«ì å à ªâ¥à¨áâ¨ª¨ f(x) ¯® ãá«®¢¨î �, à ¢¥­ ­ã«î, â® x
0

=

∞, á«¥¤®¢ â¥«ì­®, ¯® ãá«®¢¨î � å à ªâ¥à¨áâ¨ª  f(x) ï¢«ï¥âáï, ¢®-

¯¥à¢ëå,  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¢® ¢á¥© ®¡« áâ¨, ¢®-¢â®àëå, ­¥ ¨¬¥¥â

­ã«¥© ¢ íâ®© �¥ ®¡« áâ¨. �á«¨ �¥ s = ∞, â® x
0

= 0, â. ¥. ­ã«ì

ï¢«ï¥âáï ª®à­¥¬ å à ªâ¥à¨áâ¨ª¨ f(x), á«¥¤®¢ â¥«ì­®, ¢ à §«®�¥­¨¨

(12) å à ªâ¥à¨áâ¨ª¨ f(x) ª®íää¨æ¨¥­â a
0

à ¢¥­ 0, çâ® ­¥¢®§¬®�­® ¯®

¯®áâà®¥­¨î ¡¥áª®­¥ç­®© á¨áâ¥¬ë (2).

� ¬¥ç ­¨¥ 7. � à ªâ¥à¨áâ¨ª  f(x) á¨áâ¥¬ë (2) ­¥ ï¢«ï¥âáï ¯®-

áâ®ï­­®© äã­ªæ¨¥©, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ­¥«ì§ï ¯®áâà®¨âì ¡¥áª®­¥ç­ãî

á¨áâ¥¬ã (2).

�  ®á­®¢ ­¨¨ § ¬¥ç ­¨© 6 ¨ 7 ¢ ¤ «ì­¥©è¥¬ ¯®« £ ¥¬, ­¥ ­ àãè ï

®¡é­®áâ¨, çâ® a
0

= 1 ¨ aj
0

6= 0 å®âï ¡ë ¤«ï ®¤­®£® j
0

.
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�¥®à¥¬  7. �¥áª®­¥ç­ ï á¨áâ¥¬  (2) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥

à¥è¥­¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  å à ªâ¥à¨áâ¨ª  f(x) á¨áâ¥¬ë (2)

­¥ ¨¬¥¥â ­ã«¥©.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ â¥®-

à¥¬ 4 ¨ 6.

�«¥¤áâ¢¨¥ 6. Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï � ¡¥áª®­¥ç­ ï á¨áâ¥¬ 

(2) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

s = 0, £¤¥ s | ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ (8) [1℄.

�¥¯¥àì ¯¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ¡®«¥¥ ®¡é¥© ¡¥áª®­¥ç­®© á¨áâ¥-

¬ë, ç¥¬ á¨áâ¥¬  (2).

Ǳãáâì § ¤ ­  á«¥¤ãîé ï ®¤­®à®¤­ ï ����� ¢ £ ãáá®¢®© ä®à¬¥:

a
0,0x0 + a

0,1x1 + a
0,2x2 + a

0,3x3 + a
0,4x4 + . . . = 0

a
1,0x1 + a

1,1x2 + a
1,2x3 + a

1,3x4 + . . . = 0

a
2,0x2 + a

2,1x3 + a
2,2x4 + . . .

a
3,0x3 + a

3,1x4 + . . . = 0

. . . . . . . . . . . . . . . . . . . . . . . .

(34)

� ªà âª®© § ¯¨á¨ á¨áâ¥¬  (34) § ¯¨è¥âáï â ª:

∞∑

p=0

aj,j+pxj+p = 0, j = 0, 1, 2, . . . , (35)

¯à¨ç¥¬ ¯®« £ ¥¬, çâ® ª®íää¨æ¨¥­âë aj,j+p ¨¬¥îâ á¯¥æ¨ «ì­ë© ¢¨¤:

aj,j+p = apaj,j

p−1∏

k=0

�aj+k ∀aj,j 6= 0 (j, p = 0, 1, 2, . . . ). (36)

� ¬¥â¨¬, çâ® ¤«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© ¢ (36) ¬®�­® ¯®«®�¨âì

−1∏
k=0

�aj+k = 1.

�¥«¨ç¨­ë �aj+k áâà®¨¬ ¯® ®¯à¥¤¥«¥­­®¬ã  «£®à¨â¬ã ¨§ ç¨á¥« aj,j

â ª¨¬ ®¡à §®¬: á­ ç «  ¯®«®�¨¬ �a
0

= a
1,1,   ¤«ï ¯®á«¥¤ãîé¨å ª®íä-

ä¨æ¨¥­â®¢ ¬®�­® ¢§ïâì �ak = ak+1,k+1/ak,k, k > 0. �áå®¤ï ¨§ áâàãªâã-

àë ç¨á¥« �aj § ª«îç ¥¬, çâ® aj,j
p−1∏
k=0

�aj+k = aj+p,j+p. �¥©áâ¢¨â¥«ì­®, ¨§
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¯®áâà®¥­¨ï �aj ¬®�­® § ¯¨á âì

j−1∏

k=0

�ak = �a
0

j−1∏

k=1

(ak+1,k+1/ak,k) = aj,j .

�¥¬ á ¬ë¬ ¨¬¥¥¬ á«¥¤ãîéãî æ¥¯®çªã à ¢¥­áâ¢:

aj+p,j+p =

j+p−1∏

k=0

�ak =

j−1∏

k=0

�ak

j+p−1∏

k=j

�ak = aj,j

p−1∏

k=0

�aj+k.

� ª¨¬ ®¡à §®¬, ¯®¤áâ ­®¢ª  ¯®á«¥¤­¥£® á®®â­®è¥­¨ï ¢ (36) ¤ ¥â

aj,j+p
aj+p,j+p

= ap ∀j = 0, 1, . . . . (37)

�¯à¥¤¥«¥­¨¥ 5. Ǳ¥à¨®¤¨ç¥áª®© ����� ¡ã¤¥¬ ­ §ë¢ âì ¡¥áª®-

­¥ç­ãî á¨áâ¥¬ã (34) á ª®íää¨æ¨¥­â ¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ á®®â­®è¥-

­¨î (37).

�¥®à¥¬  8. �¥è¥­¨ï á¨áâ¥¬ (2) ¨ (34) ¨§®¬®àä­ë.

�®ª § â¥«ìáâ¢® � ¯®¬­¨¬, çâ® ªà âª ï § ¯¨áì á¨áâ¥¬ë (2)

¨¬¥¥â ¢¨¤

∞∑

p=0

apxj+p = 0, j = 0, 1, 2, . . . . (38)

Ǳãáâì x′i | «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë (38). Ǳ®áª®«ìªã ª®íää¨æ¨-

¥­âë ai,i ¢ á¨áâ¥¬¥ (34) ¯® ¯à¥¤¯®«®�¥­¨î ­¥ à ¢­ë ­ã«î, â® ¬®�­®

¯®áâà®¨âì äã­ªæ¨î

yi =
x′i
ai,i

. (39)

Ǳ®ª �¥¬, çâ® ç¨á«  yi ï¢«ïîâáï à¥è¥­¨ï¬¨ á¨áâ¥¬ë (35), ª®«ì

áª®à® ç¨á«  x′i ¡ã¤ãâ à¥è¥­¨ï¬¨ á¨áâ¥¬ë (38).

Ǳ®¤áâ ¢«ïï yi ¢ (35) ¨ ãç¨âë¢ ï, çâ® aj+p,j+p 6= 0, ¨ á®®â­®è¥­¨ï

(37){(39), ¯®«ãç¨¬

∞∑

p=0

aj,j+pyj+p =

∞∑

p=0

aj,j+px
′
j+p

aj+p,j+p
=

∞∑

p=0

apx
′
j+p = 0, j = 0, 1, 2, . . . ,
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¨ â¥¬ á ¬ë¬ ¯®ª § «¨, çâ® ç¨á«  yi ï¢«ïîâáï à¥è¥­¨ï¬¨ á¨áâ¥¬ë (35).

Ǳãáâì ç¨á«  yi á®áâ ¢«ïîâ «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë (35). �®£¤ 

¨áå®¤ï ¨§ äã­ªæ¨¨ (39) ®¡à â­®¥ ®â®¡à �¥­¨¥ ¢®§ì¬¥¬ ¢ ¢¨¤¥ x′i =

ai,iyi. Ǳ®áâã¯ ï  ¡á®«îâ­®  ­ «®£¨ç­® â®¬ã, ª ª ¤¥« «¨ ¢ëè¥, ­® ¡¥àï

á¨áâ¥¬ã (38) ¢¬¥áâ® á¨áâ¥¬ë (35), ã¡¥�¤ ¥¬áï, çâ® ç¨á«  x′i ï¢«ïîâáï

à¥è¥­¨ï¬¨ á¨áâ¥¬ë (38).

�«¥¤áâ¢¨¥ 7. �¥áª®­¥ç­ ï á¨áâ¥¬  (38) ¢å®¤¨â ¢ ª« áá ¯¥à¨®¤¨-

ç¥áª¨å á¨áâ¥¬ á® áâàãªâãà®© (37).

� ¬¥ç ­¨¥ 8. � ¯à ¢®¬¥à­®áâ¨ á«¥¤áâ¢¨ï (7) ¬®�­® ã¡¥¤¨âìáï

­¥¯®áà¥¤áâ¢¥­­®, ­¥ ¨á¯®«ì§ãï â¥®à¥¬ã 8, ¯®« £ ï, çâ® ai,i ≡ 1.

�¥®à¥¬  9. �¥è¥­¨ï ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ á à ¢­®© å à ªâ¥à¨-

áâ¨ª®© f(x) (12) ¨§®¬®àä­ë ¤àã£ ª ¤àã£ã, â. ¥., ¨­ë¬¨ á«®¢ ¬¨, áãé¥-

áâ¢ã¥â  ¢â®¬®àä¨§¬ ¬¥�¤ã à¥è¥­¨ï¬¨ íâ¨å á¨áâ¥¬.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¤¢¥ «î¡ë¥ ¯¥à¨®¤¨ç¥áª¨¥ á¨áâ¥¬ë á

®¤­®© ¨ â®© �¥ å à ªâ¥à¨áâ¨ª®© f(x). Ǳãáâì íâ¨ á¨áâ¥¬ë ¨¬¥îâ ¢¨¤

∞∑

p=0

a′j,j+pxj+p = 0, £¤¥ a′j,j+p = apa
′
j+p,j+p, j = 0, 1, 2, . . . , (40)

∞∑

p=0

a′′j,j+pxj+p = 0, £¤¥ a′′j,j+p = apa
′′
j+p,j+p, j = 0, 1, 2, . . . , (41)

£¤¥ ¢¥«¨ç¨­ë ap ï¢«ïîâáï ª®íää¨æ¨¥­â ¬¨ ¢ à §«®�¥­¨¨ (12) [1℄ å -

à ªâ¥à¨áâ¨ª¨ f(x) á¨áâ¥¬ (40) ¨ (41).

Ǳãáâì x′i | «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë (40). �®áâ ¢¨¬ äã­ªæ¨î

x′′i =
a′i,i
a′′i,i

x′i.

� ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 8, ã¡¥�¤ ¥¬áï, çâ® ç¨á«  x′′i ®¡à §ã-

îâ à¥è¥­¨¥ á¨áâ¥¬ë (41). Ǳãáâì x′′i | «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë (41).

�®áâ ¢¨¬ ®¡à â­®¥ ®â®¡à �¥­¨¥

x′i =
a′′i,i
a′i,i

x′′i .
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�®£¤ , ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 8. ã¡¥�¤ ¥¬áï, çâ® ç¨á«  x′i
®¡à §ãîâ à¥è¥­¨¥ á¨áâ¥¬ë (40), çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�«¥¤áâ¢¨¥ 8. �¢®©áâ¢  ¤¢ãå ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ à §«¨ç îâáï

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à §«¨ç­ë ¨å å à ªâ¥à¨áâ¨ª¨.

�¥®à¥¬  10. �î¡®¥ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¯¥à¨®¤¨ç¥áª®© á¨-

áâ¥¬ë (35) ¢ëà � ¥âáï á®®â­®è¥­¨¥¬

xi =
(−1)ix

0

ai,isi
, i > 0, (42)

£¤¥

1

s ï¢«ï¥âáï ­¥ª®â®àë¬ ­ã«¥¬ å à ªâ¥à¨áâ¨ª¨ f(x) á¨áâ¥¬ë (35).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ ¨§®-

¬®àä¨§¬  á¨áâ¥¬ (38) ¨ (35). �â¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 10

¬®�­® ¯®«ãç¨âì ¨ ­¥¯®áà¥¤áâ¢¥­­®, ¯®¤áâ ¢«ïï ¢ëà �¥­¨¥ (42) ¢ á¨-

áâ¥¬ã (35).

�«¥¤áâ¢¨¥ 9. �«ï «î¡ëå äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© ¯¥à¨®¤¨-

ç¥áª®© á¨áâ¥¬ë (35) á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

xi = −s�aixi+1, i > 0, (43)

£¤¥ xi | ª®¬¯®­¥­âë äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï £ ãáá®¢®© á¨áâ¥¬ë

(35),

1

s | ­ã«ì å à ªâ¥à¨áâ¨ª¨ f(x) á¨áâ¥¬ë (35), �ai =
ai+1,i+1

ai,i
| ª®-

íää¨æ¨¥­âë, ¢å®¤ïé¨¥ ¢ ¢ëà �¥­¨¥ (36).

�¥©áâ¢¨â¥«ì­®, ¢ëà �¥­¨¥ (42) ¯¥à¥¯¨è¥¬, ãç¨âë¢ ï áâàãªâãàã

ª®íää¨æ¨¥­â®¢ �ai, ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

xi =
−s(−1)i+1x

0

ai,isi+1
= −s (−1)

i+1
�aix0

ai+1,i+1si+1
= −s�aixi+1, i > 0,

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

� á¨«ã ¨§®¬®àä¨§¬  á¨áâ¥¬ (38) ¨ (35) «¥£ª® ¤®ª § âì á«¥¤ãîéãî

®á­®¢­ãî â¥®à¥¬ã ¤«ï ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬,  ­ «®£¨ç-

­ãî â¥®à¥¬¥ 6.
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�¥®à¥¬  11. �¡é¨¬ à¥è¥­¨¥¬ £ ãáá®¢®© á¨áâ¥¬ë (35) ï¢«ï¥âáï

«¨­¥©­ ï ª®¬¡¨­ æ¨ï ¢á¥å äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© á¨áâ¥¬ë (35),

â. ¥.

xi =

M∑

k=1

(−1)ick
ai,isik

, i = 0, 1, 2, . . . , (44)

£¤¥

1

sk
| ­ã«¨ å à ªâ¥à¨áâ¨ª¨ f(x) (12) á¨áâ¥¬ë (2), M | ç¨á«® ¢á¥å

íâ¨å ­ã«¥©, ck | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë.

� ¬¥ç ­¨¥ 9. �¨á«® M ¬®�¥â ¡ëâì ¨ ¡¥áª®­¥ç­ë¬, ­® ¢ íâ®¬

á«ãç ¥ ¯®âà¥¡ã¥âáï ­¥®¡å®¤¨¬®áâì ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ àï¤  (44).

Ǳà¨¬¥à 1. Ǳãáâì § ¤ ­  á«¥¤ãîé ï ®¤­®à®¤­ ï ¯¥à¨®¤¨ç¥áª ï

£ ãáá®¢  á¨áâ¥¬ :

∞∑

p=0

(2j + 2p+ 1)!

(2p+ 1)!

xj+p = 0, j = 0,∞. (45)

Ǳà®¢¥à¨¬ ¯¥à¨®¤¨ç­®áâì á¨áâ¥¬ë (45). Ǳ®áª®«ìªã ª®íää¨æ¨¥­âë

¤ ­­®© á¨áâ¥¬ë ¨¬¥îâ ¢¨¤

aj,j+p =
(2j + 2p+ 1)!

(2p+ 1)!

,

â® aj,j = (2j + 1)!, §­ ç¨â, ç¨á«  �aj , ¢å®¤ïé¨¥ ¢ ä®à¬ã«ã (36), § ¯¨-

èãâáï á«¥¤ãîé¨¬ ®¡à §®¬:

�aj =
(2j + 3)!

(2j + 1)!

= (2j + 2)(2j + 3).

Ǳ®íâ®¬ã ¯à®¨§¢¥¤¥­¨¥

p−1∏
k=0

�aj+k à ¢­®

p−1∏

k=0

�aj+k =

p−1∏

k=0

(2j + 2k + 2)(2j + 2k + 3) =

(2j + 2p+ 1)!

(2j + 1)!

.

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

aj,j+p =
(2j + 2p+ 1)!

(2p+ 1)!

=

(2j + 1)!(2j + 2p+ 1)!

(2p+ 1)!(2j + 1)!

=

1

(2p+ 1)!

(2j + 1)!

p−1∏

k=0

(2j + 2k + 2)(2j + 2k + 3) = apaj,j

p−1∏

k=0

�aj+k,
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£¤¥

ap =
1

(2p+ 1)!

, aj,j = (2j + 1)!,

p−1∏

k=0

�aj+k =
(2j + 2p+ 1)!

(2j + 1)!

,

â¥¬ á ¬ë¬ ¯®ª § ­  ¯¥à¨®¤¨ç­®áâì á¨áâ¥¬ë (45).

�®áâ ¢¨¬ å à ªâ¥à¨áâ¨ªã f(x) á¨áâ¥¬ë (45):

f(x) =

∞∑

p=0

(−1)papxp =
∞∑

p=0

(−1)p 1

(2p+ 1)!

xp. (46)

� ©¤¥¬ ­ã«¨

1

s å à ªâ¥à¨áâ¨ª¨ (46), â. ¥. à¥è¨¬ ãà ¢­¥­¨¥

∞∑

p=0

(−1)papxp =
∞∑

p=0

(−1)p 1

(2p+ 1)!sp
= sin(1/

√
s) = 0.

�âáî¤  § ª«îç ¥¬, çâ® s = sk = 1/π2k2, k = 1, 2, 3, . . . .

� á¨«ã â¥®à¥¬ë 10 «î¡®¥ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¡¥áª®­¥ç­®©

á¨áâ¥¬ë (45) ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨© ¢¨¤:

x
(k)
i =

(−1)iπ2ik2ix
0

(2i+ 1)!

, i = 0, 1, 2, . . . , k = 0, 1, 2, 3, . . . . (47)

�®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 11 ¨ ä®à¬ã«ë (47) ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë

(45) ä®à¬ «ì­® § ¯¨è¥âáï â ª:

xi =

∞∑

k=1

(−1)iπ2ik2iCk
(2i+ 1)!

, i = 0, 1, 2, . . . . (48)

� á¨«ã ¨§®¬®àä¨§¬  á¨áâ¥¬ (38) ¨ (35) ¢á¥ ãâ¢¥à�¤¥­¨ï ®â­®á¨-

â¥«ì­® á¨áâ¥¬ë (2) [1℄ (â® �¥, çâ® ¨ á¨áâ¥¬  (38)) ®áâ îâáï ¢ á¨«¥ ¨

¤«ï ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (35), ¢ ç áâ­®áâ¨, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  12. Ǳ¥à¨®¤¨ç¥áª ï ®¤­®à®¤­ ï ¡¥áª®­¥ç­ ï á¨áâ¥¬  (35)

¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  å à ª-

â¥à¨áâ¨ª  f(x) (12) [1℄ á¨áâ¥¬ë (35) ­¥ ¨¬¥¥â ­ã«¥©.
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�«¥¤áâ¢¨¥ 10. Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï � ¯¥à¨®¤¨ç¥áª ï ®¤­®-

à®¤­ ï ¡¥áª®­¥ç­ ï á¨áâ¥¬  (35) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  s = 0, £¤¥ s | ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨

(8) [1℄.

Ǳ¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ­¥®¤­®à®¤­ëå ¯¥à¨®¤¨ç¥áª¨å £ ãáá®¢ëå

á¨áâ¥¬: ∞∑

p=0

aj,j+pxj+p = bj , j = 0, 1, 2, . . . . (49)

Ǳ®áª®«ìªã á¨áâ¥¬  (49) ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª®©, â® ª®íää¨æ¨¥­-

âë á¨áâ¥¬ë aj,j+p ¨¬¥îâ ¢¨¤ (36).

�ç¥¢¨¤­®, ª ª ¤«ï ¢áïª®© «¨­¥©­®© á¨áâ¥¬ë ®¡é¥¥ à¥è¥­¨¥ �����

(49) á®áâ®¨â ¨§ áã¬¬ë ®¡é¥£® à¥è¥­¨ï ®¤­®à®¤­®© á¨áâ¥¬ë (35) ¨ ç áâ-

­®£® à¥è¥­¨ï ­¥®¤­®à®¤­®© á¨áâ¥¬ë (49). �â­®á¨â¥«ì­® ¯®¢¥¤¥­¨ï

á¢®¡®¤­ëå ç«¥­®¢ bj ¯®ª  ­¨ª ª¨å ¯à¥¤¯®«®�¥­¨© ­¥ ¤¥« ¥¬.

Ǳ®¯ëâ ¥¬áï ­ ©â¨ ç áâ­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (49) ¯à¨ § ¤ ­¨¨ á¢®-

¡®¤­ëå ç«¥­®¢ bj ¢ ¯à®áâ¥©è¥¬ ¢¨¤¥:

bj = c�bj , £¤¥

�bj+p = bjbp, c = 
onst, j = 0, 1, 2, . . . . (50)

�¥®à¥¬  13. Ǳ¥à¨®¤¨ç¥áª ï á¨áâ¥¬  (49) á® á¢®¡®¤­ë¬¨ ç«¥­ ¬¨

(50) ¢á¥£¤  ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥, ª®â®à®¥ § ¤ ¥âáï ä®à¬ã«®©

xi =
biB

∗

ai,i
, (51)

£¤¥

B∗
=

1

∞∑
p=0

ap�bp

, (52)

¥á«¨ â®«ìª® àï¤ ¢ (52) áå®¤¨âáï ¨ ­¥ à ¢¥­ ­ã«î.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¯®¤áâ ¢«ïï (51), (52) ¢ (49), á

ãç¥â®¬ (36) ¨ (50) ¨¬¥¥¬

∞∑

i=j

aj,i
c�biB

∗

ai,i
=

∞∑

p=0

aj,j+p
c�bj+pB

∗

aj+p,j+p
=

∞∑

p=0

apaj+p,j+pc�bj�bpB
∗

aj+p,j+p

= c�bjB
∗

∞∑

p=0

ap�bp = c�bj = bj ,
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çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�¥¯¥àì ¯®¯ëâ ¥¬áï à¥è¨âì ­¥®¤­®à®¤­ãî £ ãáá®¢ã á¨áâ¥¬ã ¢ ¡®«¥¥

®¡é¥¬ ¢¨¤¥ (35) ¬¥â®¤®¬ à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ á¬ëá«¥. �®£« á­®

íâ®¬ã ¬¥â®¤ã ¡¥áª®­¥ç­ãî á¨áâ¥¬ã (35) ãà¥§ ¥¬ ¤® ª®­¥ç­®© â ª, çâ®-

¡ë ç¨á«® ­¥¨§¢¥áâ­ëå ¡ë«® ­  ¥¤¨­¨æã ¡®«ìè¥, ç¥¬ ç¨á«® ãà ¢­¥­¨©.

�«ï â ª¨å ª®­¥ç­ëå á¨áâ¥¬ ¢ à ¡®â å [4, 5℄ ¯®«ãç¥­ë á«¥¤ãîé¨¥ à¥-

§ã«ìâ âë.

�¥®à¥¬  14. Ǳãáâì § ¤ ­  á«¥¤ãîé ï ª®­¥ç­ ï ����

n−j∑

p=0

aj,j+pxj+p = bj , ajj 6= 0, j = 0, n− 1. (53)

�®£¤  ­¥¨§¢¥áâ­ë¥ xi ¢ëà � îâáï ç¥à¥§ xn á«¥¤ãîé¨¬ ®¡à §®¬:

xi = Bn−i + (−1)n−ixn
n−i∏

p=1

sp, i = 0, n− 1, (54)

£¤¥

Bj =
bn−j

an−j,n−j
−
j−1∑

p=1

an−j,n−p
an−j,n−j

Bp, B
1

=

bn−1

an−1,n−1

, j = 2, n, (55)

¨

sj =
an−j,n−j+1
an−j,n−j

+

j∑

p=2

(−1)p+1an−j,n−j+p

an−j,n−j
p−1∏
k=1

sj−k

,

s
1

=

an−1,n

an−1,n−1

, j = 2, n.

(56)

�«¥¤áâ¢¨¥ 11. � á¨áâ¥¬¥ (53) á®á¥¤­¨¥ ­¥¨§¢¥áâ­ë¥ á¢ï§ ­ë ¤àã£

á ¤àã£®¬ á«¥¤ãîé¨¬ ®¡à §®¬:

xi = Bn−i + sn−iBn−i−1

− sn−ixi+1, i = 0, n− 1. (57)

� ¬¥ç ­¨¥ 10. �ç¥¢¨¤­®, çâ® ¥á«¨ bj = 0, â® ¨ Bj = 0, á«¥¤®-

¢ â¥«ì­®, ¯®«ãç ¥¬ á®®â¢¥âáâ¢ãîéãî â¥®à¥¬ã ¤«ï ®¤­®à®¤­®© ����.

� ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ ä®à¬ã«  (57) ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ®¤-

­®à®¤­®© á¨áâ¥¬¥,  áá®æ¨¨à®¢ ­­®© á ­¥®¤­®à®¤­®© á¨áâ¥¬®© (53).



134 �¥¤®à®¢ �. �.

� ¬¥ç ­¨¥ 11. �¨áâ¥¬ã (53) ¬®�­® à áá¬®âà¥âì ¤¢®ïª®: ¢®-

¯¥à¢ëå, ª ª á ¬®áâ®ïâ¥«ì­ãî ª®­¥ç­ãî á¨áâ¥¬ã, ¢®-¢â®àëå, ª ª ãà¥-

§ ­­ãî ®â ¡¥áª®­¥ç­®© á¨áâ¥¬ë (35).

� ¯®á«¥¤­¥¬ á«ãç ¥, ¥áâ¥áâ¢¥­­®, ¢¬¥áâ® xi ¯®¤à §ã¬¥¢ ¥¬ ¨å ¯à¨-

¡«¨�¥­­ë¥ §­ ç¥­¨ï

n
xi ¨ ¤«ï ¯à®áâ®âë, ¯à¥¤¯®« £ ï, çâ® xi = lim

n→∞
n
xi,

®¯ãáª ¥¬ ¢¥àå­¨© §­ ª. � íâ¨å â¥à¬¨­ å ¢ëà �¥­¨¥ (57) ¯à¨¬¥â ¢¨¤

xi = lim

n→∞
Bn−i + lim

n→∞
(sn−iBn−i−1

)− ( lim

n→∞
sn−i)xi+1, i = 0,∞. (58)

� ª¨¬ ®¡à §®¬, ¨áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨ ¡¥áª®­¥ç­®© á¨áâ¥¬ë (35),

â®ç­¥¥ ¨áá«¥¤®¢ ­¨¥ áå®¤¨¬®áâ¨ ¬¥â®¤  à¥¤ãªæ¨¨ ¢ è¨à®ª®¬ ¯®­¨¬ -

­¨¨, á¢®¤¨âáï ª ¨§ãç¥­¨î áå®¤¨¬®áâ¨ á®®â¢¥âáâ¢¥­­® ¯à¥¤¥«®¢ (55) ¨

(56), ª®â®àë¥ ¬®�­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

Bn−j =
bj
aj,j

−
n−j−1∑

p=1

aj,n−p
aj,j

Bp, B
1

=

bn−1

an−1,n−1

, (59)

sn−j =
aj,j+1
aj,j

+

n−j∑

p=2

(−1)p+1aj,j+p

aj,j
p−1∏
k=1

sn−j−k

, s
1

=

an−1,n

an−1,n−1

, j = 0, n− 2. (60)

Ǳãáâì â¥¯¥àì £ ãáá®¢  á¨áâ¥¬  (53) ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª®©,   á¢®-

¡®¤­ë¥ ç«¥­ë bj ¨¬¥îâ ¢¨¤ (50).

�«ï ã­¨ä¨ª æ¨¨ ®¡®§­ ç¥­¨© ¡ã¤¥¬ áç¨â âì, çâ®

a
0

= 1,

−1∏

k=0

�aj+k = 1, �b
0

= 1.

�¥®à¥¬  15. �á«¨ ª®íää¨æ¨¥­âë aj,j+p ¨ á¢®¡®¤­ë¥ ç«¥­ë bj

á¨áâ¥¬ë (53) á®®â¢¥âáâ¢¥­­® ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ (37) ¨ (50), â® à¥è¥­¨¥

ª®­¥ç­®© á¨áâ¥¬ë (53) ¨¬¥¥â ¢¨¤

xi =
c

ai,i

i∑

j=1

(−1)j+1�bi−j
j−1∏
k=1

�sn−i+k

(
�bn−i+j
�sn−i+j

+

�b
1

�bn−i+j−1

)
+

(−1)ix
0

i∏
k=1

�ai−k�sn−i+k

,

(61)
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£¤¥

�bn−j = 1−
n−j−1∑

p=1

ap�bp�bn−j−p, �b
1

= 1, (62)

�sn−j = a
1

+

n−j∑

p=2

(−1)p+1ap
p−1∏
k=1

�sn−j−k

, �s
1

= a
1

, j = 0, n− 2. (63)

�¥®à¥¬  16. Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï � à¥è¥­¨¥ ¯¥à¨®¤¨ç¥áª®©

����� (49) á® á¢®¡®¤­ë¬¨ ç«¥­ ¬¨ (50) ¬®�¥â ¡ëâì ¯®«ãç¥­® ¬¥â®-

¤®¬ à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ ¯®­¨¬ ­¨¨ ¨ íâ® à¥è¥­¨¥ § ¤ ¥âáï ä®à-

¬ã«®©

xi =
(−1)i+1cB∗

ai,i

(
1

si
+ (−1)i−1

�bi

)
+

(−1)ix
0

siai,i
, i = 0, 1, 2, . . . , (64)

£¤¥ B∗
®¯à¥¤¥«ï¥âáï ¢ëà �¥­¨¥¬ (52), ¥á«¨ â®«ìª® àï¤ ¢ (52) áå®¤¨âáï

¨ ­¥ à ¢¥­ ­ã«î ¨ 1/s ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¯® ¬®¤ã«î ­ã«¥¬ å à ª-

â¥à¨áâ¨ª¨ f(x) á¨áâ¥¬ë (49).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 16 ¯à¨¢¥¤¥­® ¢ à ¡®â¥ [5℄ ¨ ¯®«ãç¥­®

¬¥â®¤®¬ à¥¤ãªæ¨¨ á ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬.

� ª¨¬ ®¡à §®¬, ¬¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ ¯®­¨¬ ­¨¨ áå®¤¨â-

áï ª à¥è¥­¨î ¯¥à¨®¤¨ç¥áª¨å ����� ¢¨¤  (49) á ãá«®¢¨ï¬¨, ãª § ­-

­ë¬¨ ¢ â¥®à¥¬¥ 16.

Ǳà® ­ «¨§¨àã¥¬ à¥è¥­¨¥ (64) ¨ ¤«ï íâ®£® ¯¥à¥¯¨è¥¬ (64) ¢ á«¥-

¤ãîé¥¬ ¢¨¤¥:

xi =
(−1)i+1cB∗

ai,isi
+

cB∗
�bi

ai,i
+

(−1)ix
0

siai,i
, i = 0, 1, 2, . . . . (65)

� á¨«ã ãá«®¢¨ï (50) ¢â®à®© ç«¥­ ¢ (65) á®¢¯ ¤ ¥â á ¢ëà �¥­¨¥¬

(51), â. ¥. ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ ­¥®¤­®à®¤­®© á¨áâ¥¬ë (49),  

âà¥â¨© ç«¥­ ¢ (65) ¯® â¥®à¥¬¥ 10 ï¢«ï¥âáï äã­¤ ¬¥­â «ì­ë¬ à¥è¥­¨-

¥¬ ¯à¨¢¥¤¥­­®© á¨áâ¥¬ë,  áá®æ¨¨à®¢ ­­®© á á¨áâ¥¬®© (49). � ª «¥£ª®

¢¨¤¥âì ¨§ âà¥âì¥£® ç«¥­  ¢ (65), ¯¥à¢ë© ç«¥­ ¢ (65) ï¢«ï¥âáï ç áâ-

­ë¬ §­ ç¥­¨¥¬ äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï ¯à¨¢¥¤¥­­®© á¨áâ¥¬ë ¯à¨
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x
0

= −cB∗
. �¥§î¬¨àãï ¢ëè¥áª § ­­®¥, § ª«îç ¥¬, çâ® ¢ëà �¥­¨¥

ï¢«ï¥âáï à¥è¥­¨¥¬ ­¥®¤­®à®¤­®© ¯¥à¨®¤¨ç¥áª®© ¡¥áª®­¥ç­®© á¨áâ¥¬ë

(49) á® á¢®¡®¤­ë¬¨ ç«¥­ ¬¨ (50).

� ¤ «ì­¥©è¥¬ ¨§«®�¥­¨¨ ¡ã¤¥¬ ¯®« £ âì, çâ® àï¤

∞∑
p=0

ap�bp áå®¤¨â-

áï ¨ ­¥ à ¢¥­ ­ã«î.

�¥®à¥¬  17. �¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ ¯®­¨¬ ­¨¨ áå®¤¨âáï

ª à¥è¥­¨î (51) ¯¥à¨®¤¨ç¥áª¨å ����� ¢¨¤  (49) â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  å à ªâ¥à¨áâ¨ª  f(x) á¨áâ¥¬ë (49) ­¥ ¨¬¥¥â ­ã«¥©.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ â¥®-

à¥¬ 12 ¨ 16.

�«¥¤áâ¢¨¥ 12. Ǳà¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï � ¬¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£®

è¨à®ª®¬ ¯®­¨¬ ­¨¨ áå®¤¨âáï ª à¥è¥­¨î (51) ¯¥à¨®¤¨ç¥áª¨å �����

¢¨¤  (49) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  s = 0, £¤¥ s | ¯à¥¤¥« ¯®á«¥¤®¢ -

â¥«ì­®áâ¨ (8) [1℄.

�¥®à¥¬  18. �¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£® ã§ª®¬ ¯®­¨¬ ­¨¨ áå®¤¨âáï ª

à¥è¥­¨î (51) ¯¥à¨®¤¨ç¥áª¨å ����� ¢¨¤  (49) á® á¢®¡®¤­ë¬¨ ç«¥­ ¬¨

(50).

�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á ¬¥â®¤®¬ à¥¤ãªæ¨¨ ¢ ¥£® ã§-

ª®¬ ¯®­¨¬ ­¨¨ ¯¥à¨®¤¨ç¥áªãî á¨áâ¥¬ã (49) ãà¥§ ¥¬ ¤® ª®­¥ç­®© á¨-

áâ¥¬ë á ®¤¨­ ª®¢ë¬ ç¨á«®¬ ­¥¨§¢¥áâ­ëå ¨ ãà ¢­¥­¨© n+ 1, â. ¥. à á-

á¬ âà¨¢ ¥¬ ª®­¥ç­ãî á¨áâ¥¬ã ¢¨¤ 

n−j∑

p=0

aj,j+pxj+p = bj , ajj 6= 0, j = 0, n. (66)

�®­¥ç­ãî £ ãáá®¢ã á¨áâ¥¬ã (66) à¥è ¥¬ ¯® ¬¥â®¤ã, ¯à¥¤«®�¥­­®¬ã ¢

à ¡®â å [4, 5℄. � á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¢¢®¤¨¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï.

Ǳ®á«¥¤­¥¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (66) ¤ ¥â

xn = B
1

, £¤¥ B
1

=

bn
an,n

.
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�§ ¯à¥¤¯®á«¥¤­¥£® ãà ¢­¥­¨ï á¨áâ¥¬ë (66) ¨¬¥¥¬

xn−1

= B
2

=

bn−1

an−1,n−1

− an−1,n

an−1,n−1

B
1

.

Ǳà®¤®«� ï â ª¨¬ ®¡à §®¬, ¯®«ãç¨¬  ­ «®£¨ç­®¥ ¢ëà �¥­¨î (55) á®-

®â­®è¥­¨¥

Bn−j+1 =
bj
aj,j

−
n−j∑

p=1

aj,j+p
aj,j

Bn+1−j−p, B
1

=

bn
an,n

, j = 0, n− 1. (67)

�âáî¤ , ¢¢¥¤ï ®¡®§­ ç¥­¨¥

Bn−j+1 =
bj
aj,j

Bn−j+1

¨ ãç¨âë¢ ï ¯¥à¨®¤¨ç­®áâì á¨áâ¥¬ë (49) ¨ ¢¨¤ á¢®¡®¤­ëå ç«¥­®¢ (50),

¯®«ãç¨¬

n
xj =

bj
aj,j

�bn−j+1,

£¤¥

�bn−j+1 = 1−
n−j∑

p=1

ap�bp�bn+1−j−p. (68)

�áå®¤ï ¨§ ¢ëà �¥­¨© (52) ¨ (68), § ª«îç ¥¬, çâ®

lim

M→∞

M∑

p=0

ap�bp(�bM+1−p −B∗
) = 0.

�«¥¤®¢ â¥«ì­®, ¢¢¥¤ï ®¡®§­ ç¥­¨¥

�bM+1−p −B∗
= B′

M+1−p,

¨¬¥¥¬

∣∣∣∣∣∣

M∑

p=0

ap�bpB
′
M+1−p −

M∑

p=0

ap�bpB
′
M+m+1−p −

M+m∑

p=M+1

ap�bpB
′
M+m+1−p

∣∣∣∣∣∣
< ǫ.

�âáî¤  ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å M ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â, çâ®

|B′
M+1−p −B′

M+m+1−p| < ǫ
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¨«¨, çâ® â® �¥,

lim

M→∞
�bM+1−p = B∗.

�«¥¤®¢ â¥«ì­®,

lim

n→∞
n
x =

bi
ai,i

lim

M→∞
�bM+1−p =

bi
ai,i

B∗
= xi,

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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�. �. �¥¡®â à¥¢, �. �. �ë¡ 

1. Ǳ®áâ ­®¢ª  ®¡à â­®© § ¤ ç¨

� áá¬®âà¨¬ â¥ç¥­¨¥ ¢ï§ª®© ­¥á�¨¬ ¥¬®© ¨ ¯à®¢®¤ïé¥© �¨¤ª®-

áâ¨ ¢ ®£à ­¨ç¥­­®© ®¤­®á¢ï§­®© ®¡« áâ¨ 
 ⊂ R
d
á® á¢ï§­®© £à ­¨æ¥©

� = ∂
, d = 2, 3. � ¡¥§à §¬¥à­ëå ¯¥à¥¬¥­­ëå â¥ç¥­¨¥ ®¯¨áë¢ ¥âáï

ãà ¢­¥­¨ï¬¨ ¬ £­¨â­®© £¨¤à®¤¨­ ¬¨ª¨:

∂u

∂t
− ν�u+ (u∇)u = −∇p+ S · rotB ×B, x ∈ 
, t > 0, (1)

∂B

∂t
+ rotE = 0, j = rotB =

1

νm

(
E + u×B +

m∑

i=1

αi(t)Ei

)
, (2)

div u = 0, divB = 0. (3)

�¤¥áì u, B, E ¨ j | ¢¥ªâ®à­ë¥ ¯®«ï áª®à®áâ¨, ¬ £­¨â­®© ¨­¤ãªæ¨¨,

í«¥ªâà¨ç¥áª®© ­ ¯àï�¥­­®áâ¨ ¨ ¯«®â­®áâ¨ â®ª  á®®â¢¥âáâ¢¥­­®, p |

¤ ¢«¥­¨¥, ν = 1/Re, νm = 1/Rm, S = M2/Re Rm, £¤¥ Re | ç¨á«®

�¥©­®«ì¤á , Rm |¬ £­¨â­®¥ ç¨á«® �¥©­®«ì¤á ,M | ç¨á«® � àâ¬ ­ .

�¥à¥§ Ei = Ei(x) ®¡®§­ ç¥­ë áâ®à®­­¨¥ í«¥ªâà®¤¢¨�ãé¨¥ á¨«ë.

� ãà ¢­¥­¨ï¬ (1){(3) ¤®¡ ¢«ïîâ ­ ç «ì­ë¥ ãá«®¢¨ï

u|t=0 = u
0

(x), B|t=0 = B
0

(x), x ∈ 
, (4)

∗)
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­-

â «ì­ëå ¨áá«¥¤®¢ ­¨© | ��� ��� (ª®¤ ¯à®¥ªâ  06{01{96003) ¨ £à ­â  ��-

9004.2006.1.
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¨ ãá«®¢¨ï ­  £à ­¨æ¥ � ®¡« áâ¨ â¥ç¥­¨ï:

u = 0, B · n = 0, n× E = 0 (x, t) ∈ �× (0, T ), (5)

£¤¥ n | ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ª £à ­¨æ¥ �.

� ¤¢ã¬¥à­®¬ á«ãç ¥ ¯«®â­®áâì â®ª , í«¥ªâà¨ç¥áª®¥ ¯®«¥ ¨ ¢ëà -

�¥­¨ï rot B, u×B ï¢«ïîâáï áª «ïà ¬¨, ¯à¨ íâ®¬

rotB =

∂B
2

∂x
1

− ∂B
1

∂x
2

, u×B = Z(u) · B,

rotB × v = rotBZ(v), rotE = −Z(∇E).

�¤¥áì Z(v) = {−v
2

, v
1

} | ¯®¢®à®â ¢¥ªâ®à  {v
1

, v
2

} ­  π/2.
�«ï ¬®¤¥«¨ (1){(5) à áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã.

� ©â¨ äã­ªæ¨¨ αi = αi(t), i = 1, . . . ,m, ¨ á®®â¢¥âáâ¢ãîé¥¥ ¨¬

à¥è¥­¨¥ y = {u,B} á¨áâ¥¬ë (1){(3), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (4),

(5) ¨ ¤®¯®«­¨â¥«ì­ë¬ á®®â­®è¥­¨ï¬

αi(t) > 0,

∫




rotB ·Ei dx > qi(t), αi(t)

(∫




rotB ·Ei dx− qi
)
= 0. (6)

�¤¥áì äã­ªæ¨¨ qi(t), Ei(x) áç¨â îâáï § ¤ ­­ë¬¨ â ª �¥, ª ª ¨ ­ ç «ì-

­ë¥ ãá«®¢¨ï u
0

, B
0

.

� ¬¥â¨¬, çâ® ¢¥«¨ç¨­ 

∫



rotB ·Ei dx á®®â¢¥âáâ¢ã¥â à ¡®â¥, á®¢¥à-
è ¥¬®© áâ®à®­­¨¬¨ í«¥ªâà®¤¢¨�ãé¨¬¨ á¨« ¬¨ Ei ¢ ¥¤¨­¨æã ¢à¥¬¥-

­¨, ­ ¤ â®ª ¬¨ ¯à®¢®¤¨¬®áâ¨ j = rotB [1℄. �¥«®ª «ì­ë¥ £à ­¨ç­ë¥

ãá«®¢¨ï (6) ä ªâ¨ç¥áª¨ ®¯¨áë¢ îâ ¯à®æ¥áá à¥£ã«¨à®¢ ­¨ï ¬®é­®áâ¨

áâ®à®­­¨å í.¤.á. §  áç¥â ¤¨­ ¬¨ç¥áª®£® ¨§¬¥­¥­¨ï  ¬¯«¨âã¤ áâ®à®­­¨å

â®ª®¢ ¯à¨ ãá«®¢¨¨ ®£à ­¨ç¥­­®áâ¨ ¨å á­¨§ã.

� â¥¬ â¨ç¥áª¨¥ ¢®¯à®áë ¤«ï ª« áá¨ç¥áª¨å ªà ¥¢ëå § ¤ ç ¢ ¬®-

¤¥«¨ (1){(3) ¨§ãç¥­ë ¢ [2℄. Ǳ®áâ ­®¢ª  (1){(6) ¨áá«¥¤ã¥âáï ­  ®á­®¢¥

â¥®à¨¨  ¡áâà ªâ­ëå í¢®«îæ¨®­­ëå ­¥à ¢¥­áâ¢ � ¢ì¥ | �â®ªá  [3{5℄,

¯à¥¤áâ ¢«¥­­®© ¢ á«¥¤ãîé¥¬ ¯ã­ªâ¥. �«¨§ª¨¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨-

ç¥áª¨å á¨áâ¥¬ ¨ ¤«ï ãà ¢­¥­¨© � ªá¢¥««  à áá¬ âà¨¢ «¨áì ¢ [6, 7℄.
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2. �ã¡¤¨ää¥à¥­æ¨ «ì­ ï ®¡à â­ ï § ¤ ç 

¤«ï á¨áâ¥¬ë â¨¯  � ¢ì¥ | Câ®ªá 

Ǳãáâì V ¨ H | ¯ à  ¢¥é¥áâ¢¥­­ëå á¥¯ à ¡¥«ì­ëå £¨«ì¡¥àâ®¢ëå

¯à®áâà ­áâ¢ â ª¨å, çâ® V ¯«®â­® ¢ ¯à®áâà ­áâ¢¥ H , ¢«®�¥­¨¥ V ¢ H

ª®¬¯ ªâ­® ¨ V ⊂ H = H ′ ⊂ V ′
, £¤¥ H ′

¨ V ′
| á®¯àï�¥­­ë¥ á H ¨ V .

�®à¬ë ¯à®áâà ­áâ¢ V ¨ H ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ ‖ · ‖ ¨ | · | á®®â¢¥â-
áâ¢¥­­®; (·, ·) | ®â­®è¥­¨¥ ¤¢®©áâ¢¥­­®áâ¨ ¬¥�¤ã ¯à®áâà ­áâ¢ ¬¨ V ′

¨ V ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ H . �¯à¥¤¥«¨¬ á«¥¤ãîé¨¥ ®â®¡à �¥-

­¨ï.

1. A : V → V ′
| «¨­¥©­ë© ­¥¯à¥àë¢­ë© ®¯¥à â®à â ª®©, çâ®

(Av, v) > α‖v‖2, α > 0, (Av,w) = (Aw, v) ∀v, w ∈ V. (7)

2. B(u, v) : V × V → V ′
| ¡¨«¨­¥©­®¥ ­¥¯à¥àë¢­®¥ ®â®¡à �¥­¨¥,

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î ®àâ®£®­ «ì­®áâ¨ (B(u, v), v) = 0 ∀u, v ∈ V .

3. �¢ ¤à â¨ç­ë© ®¯¥à â®à B[u℄ = B(u, u) : V → V ′
ãá¨«¥­­®

­¥¯à¥àë¢¥­.

4. 	 : V ′ → (−∞; +∞℄ | ¢ë¯ãª«ë© ¯®«ã­¥¯à¥àë¢­ë© á­¨§ã

äã­ªæ¨®­ «, 	 6≡ +∞.

� áá¬®âà¨¬ í¢®«îæ¨®­­®¥ ãà ¢­¥­¨¥

y′ +Ay +B[y℄ + h = f, t ∈ (0, T ), (8)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬

y(0) = y
0

. (9)

�¤¥áì y′ = ∂y/∂t. Ǳà¥¤¯®« £ ¥âáï, çâ® ¯à ¢ ï ç áâì f ¨ ­ ç «ì­®¥

§­ ç¥­¨¥ y
0

§ ¤ ­ë. �ã­ªæ¨ï h : (0, T ) → V ′
áç¨â ¥âáï ­¥¨§¢¥áâ­®©, ¨

âà¥¡ã¥âáï ¥¥ ®¯à¥¤¥«¨âì ¢¬¥áâ¥ á y(t) ¯® ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î

y(t)− r(t) ∈ ∂	(h(t)) ­  (0, T ). (10)

�¤¥áì r(t) ∈ V | ¨§¢¥áâ­ ï äã­ªæ¨ï, ∂	(h) ï¢«ï¥âáï áã¡¤¨ää¥à¥­æ¨-

 «®¬ 	(·);

∂	(h) = {u ∈ V : 	(g)−	(h) > (g − h, u) ∀g ∈ V ′}.
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�  § ¤ çã (8){(10) ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ááë« âìáï ª ª ­  § ¤ çã I.

2.1. Ǳà¥®¡à §®¢ ­¨¥ § ¤ ç¨ I. �ãé¥áâ¢®¢ ­¨¥ á« ¡®£® à¥-

è¥­¨ï. �¡®§­ ç¨¬ ç¥à¥§ �(v) ¯à¥®¡à §®¢ ­¨¥ ¯®«ïà¨§ æ¨¨ ®â äã­ª-

æ¨¨ 	,

�(v) = sup{(h, v)−	(h), h ∈ V ′}.
Ǳãáâì K | íää¥ªâ¨¢­ ï ®¡« áâì äã­ªæ¨®­ «  �,

K = {v ∈ V : �(v) < +∞}.

�ã¤¥¬ áç¨â âì, çâ® äã­ªæ¨®­ « � ­¥¯à¥àë¢¥­ ­  ¬­®�¥áâ¢¥ K. �«¥-

¤®¢ â¥«ì­®, ∂�(w) 6= ∅ ∀w ∈ K.

�®á¯®«ì§®¢ ¢è¨áì á®®â­®è¥­¨¥¬ ¬¥�¤ã ¬­®�¥áâ¢ ¬¨ ∂	 ¨ ∂�

[8, 
. 61℄, ¨§ ãá«®¢¨ï (10) áà §ã ¯®«ãç ¥¬

h(t) ∈ ∂�(y(t)− r(t)). (11)

�áª«îç¨¢ h(t) ¨§ (8), (11), ¯®«ãç ¥¬ § ¤ çã �®è¨ ¤«ï í¢®«îæ¨®­­®£®

ãà ¢­¥­¨ï á ¬­®£®§­ ç­ë¬ ®¯¥à â®à®¬ (¢ à¨ æ¨®­­®¥ ­¥à ¢¥­áâ¢®)

f ∈ y′ +Ay +B[y℄ + ∂�(y − r), y(0) = y
0

. (12)

� ¤ «ì­¥©è¥¬ ¥á«¨ X | ¡ ­ å®¢® ¯à®áâà ­áâ¢®, â® ç¥à¥§ Ls(0, T ;X),

1 6 m 6 ∞ (á®®â¢¥âáâ¢¥­­® C([0, T ℄;X)), ®¡®§­ ç ¥âáï ¯à®áâà ­áâ¢® Ls

(á®®â¢¥âáâ¢¥­­® ª« áá C) äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  [0, T ℄ á® §­ ç¥­¨-

ï¬¨ ¢ X . �¥à¥§ D′
(0, T ) ¡ã¤¥¬ ®¡®§­ ç âì ¯à®áâà ­áâ¢® à á¯à¥¤¥«¥­¨©

(®¡®¡é¥­­ëå äã­ªæ¨©) ­  (0, T ), ç¥à¥§ W l
s | ¯à®áâà ­áâ¢® �®¡®«¥¢ 

äã­ªæ¨©, ¨­â¥£à¨àã¥¬ëå á s-© áâ¥¯¥­ìî ¢¬¥áâ¥ á ®¡®¡é¥­­ë¬¨ ¯à®¨§-

¢®¤­ë¬¨ ¤® ¯®àï¤ª  l.

�¯à¥¤¥«¨¬ äã­ªæ¨®­ «

G(z) =





T∫
0

�(z(t)) dt, ¥á«¨ �(z(·)) ∈ L1

(0, T ),

+∞ ¨­ ç¥.

�¯à¥¤¥«¥­¨¥ 1. Ǳ à  {y, h} ∈ L2

(0, T ;V ) × D ′
(0, T ;V ′

) ­ §ë¢ -

¥âáï á« ¡ë¬ à¥è¥­¨¥¬ § ¤ ç¨ I, ¥á«¨

G(y − r) < +∞, h(t) ∈ ∂�(y(t)− r(t))
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¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

T∫

0

(z′+Ay+B[y℄− f, y− z) dt+G(y− r)−G(z − r) 6
|y
0

− z(0)|2
2

(13)

¤«ï ¢á¥å z â ª¨å, çâ® z ∈ L2

(0, T ;V ), z′ ∈ L2

(0, T ;V ′
).

�¤¥áì ¨ ¤ «¥¥ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«­ïîâáï á«¥¤ãî-

é¨¥ (¤®áâ â®ç­® á« ¡ë¥) ãá«®¢¨ï à¥£ã«ïà­®áâ¨ ¨áå®¤­ëå ¤ ­­ëå:

r ∈ L2

(0, T ;V ); f, r′ ∈ L2

(0, T ;V ′
); y

0

∈ H. (14)

�¥®à¥¬  1. Ǳãáâì ¡¨«¨­¥©­ë© ®¯¥à â®à B ã¤®¢«¥â¢®àï¥â ãá«®-

¢¨î

|((w, v), w)| 6 k
1

‖w‖1+θ|w|1−θ‖v‖, (15)

£¤¥ θ ∈ [0, 1), k
1

> 0|¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥ ®â v, w ∈ V . �®£¤  ¤«ï

«î¡ëå f , r, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (14), ¨ ¯à®¨§¢®«ì­®£® í«¥¬¥­â 

y
0

â ª®£®, çâ®

y
0

− r(0) ∈ K
H
= § ¬ëª ­¨¥ K ¢ ¯à®áâà ­áâ¢¥ H, (16)

§ ¤ ç  I ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® á« ¡®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1, ®á­®¢ ­­®¥ ­  ¯®«ãç¥­¨¨  ¯à¨®à­ëå

®æ¥­®ª à¥è¥­¨ï § ¤ ç¨ ¢¨¤  (12), ¢ ª®â®à®© ¢¬¥áâ® äã­ªæ¨®­ «  �

¢ë¡à ­  ¥£® à¥£ã«ïà¨§ æ¨ï [9, 
. 25℄

�λ(u) = inf

{‖u− v‖2
2λ

+�(v); v ∈ V

}
, u ∈ V, λ > 0,

¯®«ãç¥­® ¢ [4, 5℄.

2.2. �¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ I.

�¯à¥¤¥«¥­¨¥ 2. Ǳ à  {y, h} ∈ C([0, T ℄;V ) × L2

(0, T ;V ′
) ­ §ë¢ -

¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ I, ¥á«¨

y(0) = y
0

, y′ ∈ L2

(0, T ;V ) ∩ L∞
(0, T ;H), G(y − r) < +∞,
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¯à¨ íâ®¬

h(t) = f(t)− (y′(t) +Ay(t) +B[y(t)℄) ∈ ∂�(y(t)− r(t)) ¯. ¢. ­  (0, T ).

(17)

Ǳãáâì U ,H
0

ï¢«ïîâáï ¢¥é¥áâ¢¥­­ë¬¨ á¥¯ à ¡¥«ì­ë¬¨ £¨«ì¡¥àâ®¢ë¬¨

¯à®áâà ­áâ¢ ¬¨, U ­¥¯à¥àë¢­® ¨ ¯«®â­® ¢«®�¥­® ¢ V ,   ­®à¬  ¢ H
0

íª¢¨¢ «¥­â­  ­®à¬¥ ¢ H . Ǳà¥¤¯®«®�¨¬, çâ® Az + B[z℄ ∈ H
0

, ¥á«¨

z ∈ U ,

|Az +B[z℄− f(0)| 6 k
2

(
1 + ‖z‖2U

)
, (18)

£¤¥ k
2

> 0 ­¥ § ¢¨á¨â ®â z ∈ U.

�¥®à¥¬  2 [5℄. Ǳãáâì

|(B(w, v), w)| 6 k
3

‖w‖1+θ|w|1−θ‖v‖γ |v|1−γ , (19)

£¤¥ ¯®áâ®ï­­ë¥ θ, γ ∈ [0, 1/2℄, k
3

> 0 ­¥ § ¢¨áïâ ®â v, w ∈ V . �®£¤  ¤«ï

«î¡ëå ¤ ­­ëå â ª¨å, çâ®

∂�(y
0

− r(0)) ∩H 6= ∅, y
0

− r(0) ∈ U ∩K, f(0) ∈ H,

f, f ′ ∈ L2

(0, T ;V ′
), r ∈ C([0, T ℄;V ), r′ ∈ L2

(0, T ;V ) ∩ L∞
(0, T ;H),

(20)

§ ¤ ç  I ¨¬¥¥â à®¢­® ®¤­® á¨«ì­®¥ à¥è¥­¨¥.

2.3. �¡à â­ ï § ¤ ç  â¨¯  ã¯à ¢«¥­¨ï. Ǳà¨¢¥¤¥¬ ¯à¨¬¥à

®¡à â­®© § ¤ ç¨ I, ª ª®â®à®© ¬®�­® á¢¥áâ¨ ¯®áâ ­®¢ªã (1){(6). � á-

á¬®âà¨¬ «¨­¥©­® ­¥§ ¢¨á¨¬ãî á¨áâ¥¬ã äã­ªæ¨®­ «®¢ {Qi}, i = 1,m,

¨§ ¯à®áâà ­áâ¢  V ′
¨ ¡¨®àâ®£®­ «ì­ãî á ­¥© á¨áâ¥¬ã í«¥¬¥­â®¢ ¨§ V ,

{zi}, i = 1,m, (Qi, zk) = δik. Ǳãáâì

r = −
m∑

i=1

qi(t)zi, K = {z ∈ V : (Qi, z) 6 0, i = 1,m}.

�¤¥áì qi(t), i = 1,m, | § ¤ ­­ë¥ äã­ªæ¨¨. � áá¬®âà¨¬ § ¤ çã I, £¤¥

	 | ®¯®à­ ï äã­ªæ¨ï ¬­®�¥áâ¢  K, 	(h) = sup{(h, z) : z ∈ K}. � 
®á­®¢ ­¨¨ ãá«®¢¨ï (10) § ª«îç ¥¬ [8, 
. 60℄, çâ®

y(t)− r(t) ∈ K ¨ (h, z − y + r) 6 0 ∀z ∈ K. (21)
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�§ (21) á«¥¤ã¥â áâàãªâãà  ­¥¨§¢¥áâ­®© äã­ªæ¨¨ h(t),

h(t) =

m∑

1

αi(t)Qi, αi(t) = (h(t), wi),

(Qi, y(t)) 6 −qi(t), αi > 0, ((Qi, y(t)) + qi(t))αi(t) = 0, i = 1,m.

3. � §à¥è¨¬®áâì ®¡à â­®© § ¤ ç¨ ���

� ¤ «ì­¥©è¥¬, ­¥ ­ àãè ï ®¡é­®áâ¨, áç¨â ¥¬, çâ® ¯ à ¬¥âà S ¢

¬®¤¥«¨ (1){(3) à ¢¥­ 1, ¯®áª®«ìªã ¢á¥£¤  ¬®�­® á¤¥« âì ¯¥à¥®¡®§­ ç¥-

­¨ï: B :=

√
SB, E :=

√
SE, Ei :=

√
SEi.

3.1. Ǳà®áâà ­áâ¢  ¨ ®¯¥à â®àë ¤«ï ¬®¤¥«¨ ���. Ǳãáâì


| ®¤­®á¢ï§­ ï ®¡« áâì ¢ R
d
á® á¢ï§­®© £à ­¨æ¥© � ∈ C2

. � áá¬®âà¨¬

«¨­¥©­ë¥ ¬­®£®®¡à §¨ï £« ¤ª¨å ¢¥ªâ®à-äã­ªæ¨©:

U

1

= {v ∈ C∞
(
) : div v = 0, x ∈ 
, v = 0, x ∈ �},

U

2

= {v ∈ C∞
(
) : div v = 0, x ∈ 
, n · v = 0, x ∈ �}.

�¡®§­ ç¨¬ ç¥à¥§ V
1

, V
2

§ ¬ëª ­¨ï U

1

, U

2

¯® ­®à¬¥ W 1

2

(
), ç¥à¥§ H
1

,

H
2

| § ¬ëª ­¨ï U

1

, U

2

¯® ­®à¬¥ L2

(
), ¯à¨ íâ®¬ ä ªâ¨ç¥áª¨ H
1

=

H
2

. �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ ¯à®áâà ­áâ¢ å H
1

¨ H
2

®¯à¥¤¥«ï¥âáï

®¡ëç­ë¬ ®¡à §®¬:

(u, v)
0

=

∫




(u · v) dx.

�¨«¨­¥©­ ï ä®à¬ 

((u, v)) = (rotu, rotv)
0

=

∫




(rotu · rot v) dx ∀u, v ∈ V
1

, V
2

§ ¤ ¥â áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ V
1

¨ V
2

, ¯à¨ íâ®¬ ®¯à¥¤¥«ï¥¬ ï ¨¬

­®à¬  íª¢¨¢ «¥­â­  ­®à¬¥ ¯à®áâà ­áâ¢  W 1

2

(
). � áá¬®âà¨¬ â ª�¥

¯à®áâà ­áâ¢ 

V = V
1

× V
2

, H = H
1

×H
2

, V ⊂ H = H ′ ⊂ V ′.
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�ª § ­­ë¥ ¢«®�¥­¨ï ï¢«ïîâáï ¯«®â­ë¬¨ ¨ ­¥¯à¥àë¢­ë¬¨. �®à¬ë ¢

¯à®áâà ­áâ¢ å V ¨ H á®®â¢¥âáâ¢¥­­® ®¡®§­ ç ¥¬ ç¥à¥§ ‖ · ‖, | · |; (·, ·) |
®â­®è¥­¨¥ ¤¢®©áâ¢¥­­®áâ¨ ¬¥�¤ã V ′

¨ V ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥

¢ H ;

(y, z) = (u, v)
0

+ (B,w)
0

, (y, z)V = ((u, v)) + ((B,w))

∀y = {u,B}, z = {v, w}.

�«ï á¢¥¤¥­¨ï ¯®áâ ­®¢ª¨ (1){(6) ª § ¤ ç¥ I ®¯à¥¤¥«¨¬ ®â®¡à �¥-

­¨ï

A : V → V ′, B : V × V → V ′,

¨á¯®«ì§ãï á®®â­®è¥­¨ï

(Ay, z) = ν((u, v)) + νm((B,w)),

(B(y
1

, y
2

), z) = ((u
1

· ∇)u
2

− rotB
2

×B
1

, v)
0

− (u
2

×B
1

, rotw)
0

,

ª®â®àë¥ ¢ë¯®«­ïîâáï ¤«ï ¢á¥å y = {u,B}, y
1

= {u
1

, B
1

}, y
2

= {u
2

, B
2

},
z = {v, w} ¨§ ¯à®áâà ­áâ¢  V .

� ¬¥â¨¬, çâ® ®¯¥à â®à A ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (7),   ®â®¡à �¥-

­¨ï B(y, z) ¨ B[y℄ = B(y, y) â ª®¢ë, çâ®

(B(y, z), z) = 0,

(B[y℄, z) = (rotu× u, v)
0

− (rotB × B, v)
0

− (u×B, rotw)
0

.

�ã«ìâ¨¯«¨ª â¨¢­®¥ ­¥à ¢¥­áâ¢® ¤«ï ®¡« áâ¨ 
 ⊂ R
d

‖f‖L4(
) 6 K‖f‖d/4
W 1

2

(
)

‖f‖1−d/4L2(
)

¯à¨¢®¤¨â ª á«¥¤ãîé¥© ®æ¥­ª¥:

(B(y, z), y) 6 C‖z‖ ‖y‖1+d/4|y|1−d/4, (22)

£¤¥ C > 0 ­¥ § ¢¨á¨â ®â y, z ∈ V . �á«¨ d = 2, â® á¯à ¢¥¤«¨¢® ¡®«¥¥

á¨«ì­®¥ ­¥à ¢¥­áâ¢®

(B(y, z), y) 6 C‖z‖1/2|z|1/2‖y‖3/2|y|1/2. (23)
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� ª¨¬ ®¡à §®¬, ¢¢¥¤¥­­®¥ ®â®¡à �¥­¨¥B ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (15),

  ¢ ¤¢ã¬¥à­®¬ á«ãç ¥ ãá«®¢¨î (19).

�«ï ¢¥ªâ®à-äã­ªæ¨© Ei ∈ W 1

2

(
), n × Ei = 0 ­  �, ®¯à¥¤¥«¨¬

äã­ªæ¨®­ «ë Qi ∈ V ′
,

(Qi, z) = −(rot Ei, w)0 = −(Ei, rot w)0, ¥á«¨ z = {v, w} ∈ V.

�¯à¥¤¥«¨¬ �(y) ª ª ¨­¤¨ª â®à­ãî äã­ªæ¨î ¬­®�¥áâ¢  K = {z ∈
V : (Qi, z) 6 0, i = 1,m}:

�(y) =

{
0, ¥á«¨ y ∈ K,

+∞ ¨­ ç¥.

�â¬¥â¨¬, çâ® � ï¢«ï¥âáï ¢ë¯ãª«ë¬ ­  V äã­ªæ¨®­ «®¬, á« ¡® ¯®«ã-

­¥¯à¥àë¢­ë¬ á­¨§ã.

3.2. �áá«¥¤®¢ ­¨¥ ¯®áâ ­®¢ª¨ (1){(6). Ǳãáâì y = {u,B} |

¤®áâ â®ç­® £« ¤ª®¥ à¥è¥­¨¥ ­¥«®ª «ì­®© ®¤­®áâ®à®­­¥© § ¤ ç¨ (1){

(6), y
0

= {u0, B0}. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á¨áâ¥¬  äã­ªæ¨© {rotEi}
«¨­¥©­® ­¥§ ¢¨á¨¬  ¢ ¯à®áâà ­áâ¢¥ H

2

.

� áá¬®âà¨¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â z = {v, w} ∈ V , ã¬­®�¨¬ ãà ¢-

­¥­¨¥ (1) ­  (v− u), ãà ¢­¥­¨¥ (2) ­  (w−B) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ç -

áâï¬ ¯® ®¡« áâ¨ 
, ¨á¯®«ì§ãï £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï áª®à®áâ¨, í«¥ª-

âà¨ç¥áª®£® ¨ ¬ £­¨â­®£® ¯®«¥©,   â ª�¥ ¤«ï â¥áâ®¢ëå äã­ªæ¨© v, w.

�ª« ¤ë¢ ï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¨ ãç¨âë¢ ï ãá«®¢¨ï (6), ¯®«ãç -

¥¬ ­¥à ¢¥­áâ¢®

(y′ +Ay +B[y℄, z − y) + �(z − r)− �(y − r) > 0, (24)

£¤¥ r(t) ∈ V ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

r =

{
0,−

m∑

i=1

qi(t)wi

}
.

�¤¥áì äã­ªæ¨¨ {wi} ¡¨®àâ®£®­ «ì­ë á {− rotEi}.
�¡à â­®, ¯ãáâì y = {u,B} | ¤®áâ â®ç­® £« ¤ª®¥ à¥è¥­¨¥ ¢ à¨ -

æ¨®­­®£® ­¥à ¢¥­áâ¢  (24). Ǳ®«®�¨¬ z = {u± v,B}, £¤¥ v ∈ C∞
0

(
) |
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¢¥ªâ®à-äã­ªæ¨ï â ª ï, çâ® div v = 0. �®£¤  ¨§ ­¥à ¢¥­áâ¢  (24) ¢ëâ¥-

ª ¥â, çâ®

(u′, v)
0

+ ν(rotu, rotv)
0

+ ((u · ∇)u− rotB ×B, v)
0

= 0. (25)

�§ (25) á ãç¥â®¬ ãá«®¢¨ï div u = 0 á«¥¤ã¥â, çâ®

u′ + ν�u+ (u · ∇)u− rotB ×B = −∇p, (26)

¤«ï ­¥ª®â®à®© äã­ªæ¨¨ p. �ë¯®«­¥­¨¥ £à ­¨ç­ëå ãá«®¢¨© ¤«ï ¯®«ï

áª®à®áâ¥© á«¥¤ã¥â ¨§ ¯à¨­ ¤«¥�­®áâ¨ u(·, t) ¯à®áâà ­áâ¢ã V
1

. � «¥¥,

¯®« £ ï ¢ (24) z = {u, w̃} ¨ ãç¨âë¢ ï áâàãªâãàã äã­ªæ¨®­ «  �, § -

ª«îç ¥¬

(rotEi, B)0 > qi(t), i = 1, . . . ,m,

(B′, w̃ −B)
0

+ (νm rotB − u×B, rot(w̃ −B))
0

> 0 (27)

¤«ï ¯à®¨§¢®«ì­ëå £« ¤ª¨å äã­ªæ¨© w̃(·, t) ∈ V
2

, ã¤®¢«¥â¢®àïîé¨å

­¥à ¢¥­áâ¢ ¬ (rotEi, w̃)0 > qi(t), i = 1, . . . ,m. �«¥¤áâ¢¨¥¬ ¢ à¨ æ¨-

®­­®£® ­¥à ¢¥­áâ¢  (27) ï¢«ï¥âáï á®®â­®è¥­¨¥

(B′, w)
0

+ (νm rotB − u×B, rotw)
0

=

m∑

1

αi(t)(rotEi, w)0. (28)

�¤¥áì αi > 0, ((rotEi, B)0 − qi(t))αi(t) = 0, w | ¯à®¨§¢®«ì­ë© í«¥¬¥­â

¨§ ¯à®áâà ­áâ¢  V
2

. �«ï ¯à®¨§¢®«ì­®© ¢¥ªâ®à-äã­ªæ¨¨ ŵ ∈ C∞
0

(
)

®¯à¥¤¥«¨¬ áª «ïà­ãî äã­ªæ¨î φ â ªãî, çâ®

�φ = div ŵ ¢ 
,
∂φ

∂n
= 0 ­  �.

�®£¤  w = ŵ − ∇φ ∈ V
2

, ¯à¨ íâ®¬ rotw = rot ŵ,   ¢ á¨«ã ãá«®¢¨ï

divB = 0 ¡ã¤¥â

(B,w)
0

= (B, ŵ)
0

.

�«¥¤®¢ â¥«ì­®, á®®â­®è¥­¨¥ (28) á¯à ¢¥¤«¨¢® ¤«ï «î¡®© äã­ªæ¨¨ ŵ ∈
C∞
0

(
). Ǳ®« £ ï

E = νm rotB − u×B −
m∑

1

αi(t)Ei
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¨ ¨­â¥£à¨àãï ¢ (28) ¯® ç áâï¬, ¯®«ãç ¥¬ ãà ¢­¥­¨ï (2). �à ¢­¨¢ ï

¯¥à¢®¥ ãà ¢­¥­¨¥ ¢ (2) á (28), § ª«îç ¥¬, çâ® n× E = 0 ­  �.

� ª¨¬ ®¡à §®¬, ¯®áâ ­®¢ª  (1){(6) á¢®¤¨âáï ª  ¡áâà ªâ­®¬ã í¢®-

«îæ¨®­­®¬ã ­¥à ¢¥­áâ¢ã (12). �« ¡ë¬ (á®®â¢¥âáâ¢¥­­® á¨«ì­ë¬) à¥-

è¥­¨¥¬ § ¤ ç¨ (1){(6) ¡ã¤¥¬ ­ §ë¢ âì á®®â¢¥âáâ¢¥­­® á« ¡®¥ (á¨«ì­®¥)

à¥è¥­¨¥ § ¤ ç¨ I, ¤«ï ª®â®à®© ¢ëè¥ ®¯à¥¤¥«¥­ë á®®â¢¥âáâ¢ãîé¨¥ ¯à®-

áâà ­áâ¢  ¨ ®¯¥à â®àë.

�«¥¤áâ¢¨¥¬ â¥®à¥¬ 1, 2 ï¢«ï¥âáï á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  3. Ǳãáâì

u
0

∈ H
1

, B
0

∈ H
2

, Ei ∈W 1

2

(
), n× Ei|� = 0, i = 1, . . . ,m,

á¨áâ¥¬  ¢¨åà¥© {rotEi} «¨­¥©­® ­¥§ ¢¨á¨¬  ¢ ¯à®áâà ­áâ¢¥ H2

,

qi ∈ W 1

2

(0, T ),

∫




rotEi · B0

dx > qi(0), i = 1, . . . ,m.

�®£¤  § ¤ ç  (1){(6) ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® á« ¡®¥ à¥è¥­¨¥. �à®-

¬¥ â®£®, ¥á«¨ d = 2 ¨ ¤®¯®«­¨â¥«ì­®

u
0

∈W 2

2

(
)∩V
1

, B
0

∈W 2

2

(
)∩V
2

, (n×rotB
0

)|
�

= 0, qi ∈ W 2

2

(0, T ),

(29)

â® á« ¡®¥ à¥è¥­¨¥ ï¢«ï¥âáï á¨«ì­ë¬ ¨ ¯à¨ íâ®¬ ¥¤¨­áâ¢¥­­ë¬.

�®ª § â¥«ìáâ¢®. Ǳà®¢¥à¨¬ ¢ë¯®«­¥­¨¥ ãá«®¢¨© â¥®à¥¬ 1, 2. �â-

¬¥â¨¬ áà §ã, çâ® ®¯¥à â®àëA, ~B, ®¯à¥¤¥«¥­­ë¥ ¢ ¯. 3.1, ã¤®¢«¥â¢®àïîâ

ãá«®¢¨ï¬ ãª § ­­ëå â¥®à¥¬,   ®æ¥­ª¨ (22) ¨ (23) ®§­ ç îâ á¯à ¢¥¤«¨-

¢®áâì ãá«®¢¨© (15), (19). �à®¬¥ â®£®, ¤«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ -

­¨ï ¥¤¨­áâ¢¥­­®£® á¨«ì­®£® à¥è¥­¨ï ¯®« £ ¥¬ U = W 2

2

(
) ∩ V . �®£¤ 
B[g℄ ∈ H

0

= L2

(
) × L2

(
) ¤«ï g ∈ U . �á«¨ z = {v, w} ∈ H ,  

y
0

= {u
0

, B
0

} ã¤®¢«¥â¢®àï¥â (29), â®

(Ay
0

, z) = −ν(�u
0

, v)
0

− νm(�B0

, w)
0

− νm

∫

�

(n× rotB
0

)w d�.

Ǳ®íâ®¬ã ¨§ (29) á«¥¤ã¥â ¢ë¯®«­¥­¨¥ ãá«®¢¨© (20) â¥®à¥¬ë 2.
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��� 517.946

������ � ����� Ǳ���������� ��� (2m + 1)-Ǳ�������������

���������. �. �. �¡¤à å¬ ­®¢, �. �. �®� ­®¢. | � â. § ¬¥âª¨ ���, 2008,

â. 15, ¢ë¯. 1.

�«ï 2m+ 1-¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©

(−1)
mD2m+1

t
u − Mu = f(x, t)

à áá¬ âà¨¢ îâáï ªà ¥¢ë¥ § ¤ ç¨ ¢ æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ á § ¤ ­¨¥¬ ­  ¡®ª®-

¢®© £à ­¨æ¥ §­ ç¥­¨ï ª®á®© ¯à®¨§¢®¤­®©. �®ª §ë¢ îâáï â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï

¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥£ã«ïà­ëå à¥è¥­¨©. �¨¡«¨®£à. 11.

��� 517.956

������ ���� � ����� ��� ������ ������ �����������

��Ǳ������������ ���������. �. �. �«¤ è¥¢. | � â. § ¬¥âª¨ ���,

2008, â. 15, ¢ë¯. 1.

�«ï ®¤­®£® ª« áá  ¬­®£®¬¥à­ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¤®ª § ­ë ®¤­®-

§­ ç­ë¥ à §à¥è¨¬®áâ¨ ¢§ ¨¬­®-á®¯àï�¥­­ëå § ¤ ç. �¨¡«¨®£à. 9.

��� 519.17

�������� 2-������������� ��������� Ǳ������

������������� ������. �. �. �®à®¤¨­, �. �. �¬¨âà¨¥¢, �. �. �¢ ­®¢ . |

� â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

�®ª § ­®, çâ® «î¡®© ¯« ­ à­ë© £à ä á ¬ ªá¨¬ «ì­®© áâ¥¯¥­ìî 3 à¥¡¥à­® 2-

¤¨áâ ­æ¨®­­® 5-à áªà è¨¢ ¥¬, ¥á«¨ ¥£® ®¡å¢ â ­¥ ¬¥­ìè¥ 36. �æ¥­ª  5 ¤®áâ¨£ ¥âáï

­  «î¡®¬ £à ä¥, á®¤¥à� é¥¬ ¤¢¥ á¬¥�­ë¥ ¢¥àè¨­ë áâ¥¯¥­¨ 3. �¨¡«¨®£à. 6.

��� 519.17

Ǳ������� Ǳ������ ������ Ǳ��������� Ǳ���������

�������������. �. �. �®à®¤¨­, �. �. �¬¨âà¨¥¢, �. �. �¢ ­®¢ . | � â.

§ ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

� ª ¨§¢¥áâ­®, ­¥ ¢á¥ ¯«®áª¨¥ £à äë ¯à¥¤¯¨á ­­® 4-à áªà è¨¢ ¥¬ë, ¨ ­¥ ¢á¥

®­¨ ¢¥àè¨­­® 2-¤à¥¢¥á­ë. � ¤àã£®© áâ®à®­ë, � ¬, �áã ¨ �î (1999 £.) ¤®ª § «¨, çâ®

¯à¨ ®âáãâáâ¢¨¨ ¢ ¯«®áª®¬ £à ä¥ 4-æ¨ª«®¢ ®­ ¯à¥¤¯¨á ­­® 4-à áªà è¨¢ ¥¬. Ǳ®«ã-

ç¥­® ®¡®¡é¥­¨¥ íâ®£® à¥§ã«ìâ â  ¢ â¥à¬¨­ å ¯®ªàëâ¨ï ¨­¤ãæ¨à®¢ ­­ë¬¨ ¯®¤£à -

ä ¬¨ ¯¥à¥¬¥­­®© ¢ëà®�¤¥­­®áâ¨; ª ª á«¥¤áâ¢¨¥, «î¡®© ¯«®áª¨© £à ä ¡¥§ 4-æ¨ª«®¢

¬®�­® ¯®ªàëâì ¤¢ã¬ï ¨­¤ãæ¨à®¢ ­­ë¬¨ ¯®¤£à ä ¬¨ ¡¥§ æ¨ª«®¢, â. ¥. â ª¨¥ £à äë

¢¥àè¨­­® 2-¤à¥¢¥á­ë. �¨¡«¨®£à. 17.
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��� 519.17

����������� ��� ����������� 5-������� � Ǳ������

������������� ����������� ���Ǳ��� 5. �. �. �®à®¤¨­,

�. �. �¢ ­®¢ . | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

�. �. �®à®¤¨­ ¨ �ã¤ « (1998 £.) ¤®ª § «¨, çâ® ¢ «î¡®© ¯«®áª®© âà¨ ­£ã«ï-

æ¨¨ T
5

á ¬¨­¨¬ «ì­®© áâ¥¯¥­ìî 5 ­ ©¤¥âáï ¢¥àè¨­  áâ¥¯¥­¨ 5 â ª ï, çâ® áã¬¬ 

áâ¥¯¥­¥© ¥¥ á®á¥¤¥© ­¥ ¯à¥¢®áå®¤¨â �+ 25, £¤¥ � | ¬ ªá¨¬ «ì­ ï áâ¥¯¥­ì ¢¥àè¨-

­ë ¢ T
5

. � ª¨¬ ®¡à §®¬, ¬¨­¨¬ «ì­ë© ¢¥á w(S
5

) ®ªà¥áâ­®áâ¨ 5-¢¥àè¨­ë ¢ T
5

­¥

¯à¥¢®áå®¤¨â �+ 30 ¯à¨ «î¡®¬ �.

�ë ¤®ª §ë¢ ¥¬, çâ® w(S
5

) 6 �+27 ¯à¨ � > 28, ¯à¨ç¥¬ ®æ¥­ª  ­¥ã«ãçè ¥¬ .

�¨¡«¨®£à. 8.

��� 517.956.4

������ ������� ��� ����������� ��������������

����Ǳ��������� ���������. �. �. �¨åà¥¢ . | � â. § ¬¥âª¨ ���, 2008,

â. 15, ¢ë¯. 1.

C ¯®¬®éìî â¥®à¥¬ë ® á�¨¬ îé¨å ®â®¡à �¥­¨ïå ¨ ¢ à¨ æ¨®­­®£® ¬¥â®¤ 

¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ®¡®¡é¥­­®£® à¥è¥­¨ï § ¤ ç¨ �¨à¨å-

«¥ ¤«ï ­¥«¨­¥©­®£® ¢ëà®�¤ îé¥£®áï í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª .

�¨¡«¨®£à. 6.

��� 517.946

�� ����� ������� ������ ��� ������������

������������� ����������������� ���������. �. �. �£®à®¢.

| � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

� áá¬ âà¨¢ ¥âáï ®¡é ï ªà ¥¢ ï § ¤ ç  ­  ¯®«ã®á¨ ¤«ï á¨­£ã«ïà­®£® ®¡ëª-

­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ç¥â­®£® ¯®àï¤ª  á ®¯¥à â®à®¬ �¥áá¥«ï.

Ǳ®áâ ­®¢ª  ªà ¥¢®© § ¤ ç¨ ¢ª«îç ¥â ¢¥á®¢ë¥ £à ­¨ç­ë¥ ãá«®¢¨ï. �®ª §ë¢ îâáï

â¥®à¥¬ë ¥¤¨­áâ¢¥­­®áâ¨ ¨ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ ¢ ª« áá¥ äã­ª-

æ¨©, ¡ëáâà® ã¡ë¢ îé¨å ­  ¡¥áª®­¥ç­®áâ¨. �¨¡«¨®£à. 8.

��� 518.9

�� ����� �������� ��������� ��������� ������ �

PEC-�������. �. �. �£®à®¢, �. Ǳ. � ©£®à®¤®¢. | � â. § ¬¥âª¨ ���, 2008,

â. 15, ¢ë¯. 1.

� ¡®â  ¯®á¢ïé¥­  ¯à®¡«¥¬ â¨ª¥ PEC-§ ¤ ç. �®ª § ­  â¥®à¥¬ , ¤ îé ï ¤®-

áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï ®¡ê¥¤¨­¥­¨ï ¨£à®ª ¬¨  à£ã¬¥­â®¢ ¨§ á¢®¨å ¬­®�¥áâ¢ áâà -

â¥£¨©. �¨¡«¨®£à. 3.
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��� 517.946

�������� ������ ��� ��Ǳ������������ ��������� �

����������� ������������� � ������ �������������

Ǳ����Ǳ���������. �. �. �®«âã­®¢áª¨©. | � â. § ¬¥âª¨ ���, 2008,

â. 15, ¢ë¯. 1.

� áá¬ âà¨¢ ¥âáï ®¡à â­ ï § ¤ ç  ­ å®�¤¥­¨ï ¢¬¥áâ¥ á à¥è¥­¨¥¬ £¨¯¥à¡®«¨-

ç¥áª®£® ãà ¢­¥­¨ï ­¥¨§¢¥áâ­®£® ª®íää¨æ¨¥­â  ¯à¨ à¥è¥­¨¨. � ª ç¥áâ¢¥ ãá«®¢¨ï

¯¥à¥®¯à¥¤¥«¥­¨ï ¢ ¤ ­­®© § ¤ ç¥ ¯à¥¤« è ¥âáï ãá«®¢¨¥ ¨­â¥£à «ì­®£® ¯¥à¥®¯à¥-

¤¥«¥­¨ï ¯® ¢à¥¬¥­¨. �®ª §ë¢ îâáï â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥-

£ã«ïà­ëå à¥è¥­¨©. �¨¡«¨®£à. 12.

��� 517.956.4

� ������� �������� ������ �������. �. �. Ǳ®¯®¢, �. �. �ãá«®­®¢ .

| � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

�áá«¥¤ã¥âáï £« ¤ª®áâì à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨. � ª�¥ ¢ë¯¨áë¢ îâáï ãá«®-

¢¨ï £« ¤ª®áâ¨, ¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå à¥è¥­¨¥ á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢-

­¥­¨ï �à¨ª®¬¨ ¡ã¤¥â ¯à¨­ ¤«¥� âì ¯à®áâà ­áâ¢ ¬ ��¥«ì¤¥à . �¨¡«¨®£à. 17.

��� 517.956.4

������� ������ ��� ��������� ��Ǳ��Ǳ����������

� ���������� ���������� ��������� � � ����������

��Ǳ��������� �������. �. �. Ǳ®¯®¢, �. �. � à¨­. | � â. § ¬¥âª¨ ���,

2008, â. 15, ¢ë¯. 1.

�áá«¥¤ãîâáï £« ¤ª®áâ¨ à¥è¥­¨© ªà ¥¢ëå § ¤ ç ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥-

­¨© á ­¥£« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¢ ª« áá å ��¥«ì¤¥à . � áá¬ âà¨¢ îâáï á«ãç ¨

®¤­®áâ®à®­­¨å ¨ ¯à®â¨¢®¯®«®�­ëå á¯ãâ­ëå ¯®â®ª®¢, ­  £à ­¨æ¥ à §¤¥«  ª®â®àëå

¢ë¯®«­ïîâáï ­¥¯à¥àë¢­ë¥ ãá«®¢¨ï á®¯àï�¥­¨ï. �¨¡«¨®£à. 18.

��� 517.956

�������� ����������� ������������ ����� �����

� ������� �� �������������� ��� ������������ ���������

������ | ����� | Ǳ�������. �. �. �¥¨«å ­®¢ . | � â. § ¬¥âª¨ ���,

2008, â. 15, ¢ë¯. 1.

Ǳ®«ãç¥­ ªà¨â¥à¨© ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç � à¡ã á ®âå®¤®¬ ®â å -

à ªâ¥à¨áâ¨ª¨ ¤«ï ¬­®£®¬¥à­®£® ãà ¢­¥­¨ï �©«¥à  | � à¡ã | Ǳã áá®­ . �¨¡-

«¨®£à. 14.
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��� 517.958

�� ����� Ǳ������ ����Ǳ���������� ������������

��������� ���������� � ������ ���� ����� ������ ������.

�. �. �®äà®­®¢. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

Ǳà¨¢¥¤¥­ ®¤¨­ ¯à¨¬¥à ¢ ¤ ­­®¬ ªà¨â¨ç¥áª®¬ á«ãç ¥ ¤«ï á¨áâ¥¬ë âà¥å ¤¨ä-

ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¢ ª®â®à®¬ ãª § ­  «£®à¨â¬ à¥è¥­¨ï ¢®¯à®á  ®¡ ãáâ®©-

ç¨¢®áâ¨ ¯® �ï¯ã­®¢ã. �¨¡«¨®£à. 4.

��� 512.6:519.61

� ������ ����������� ������ �������� ��������������

���������. II. �. �. �¥¤®à®¢. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

� ®á­®¢­®¬ á  «£¥¡à ¨ç¥áª¨å ¯®§¨æ¨© á¤¥« ­  ¯®¯ëâª  ¯®áâà®¥­¨ï â¥®à¨¨

¤«ï â ª ­ §ë¢ ¥¬ëå ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®­¥ç­ëå á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å

ãà ¢­¥­¨© ¢ ®â«¨ç¨¥ ®â à¥£ã«ïà­ëå, ¢¯®«­¥ à¥£ã«ïà­ëå ¨ ­®à¬ «ì­ëå á¨áâ¥¬. �¨¡-

«¨®£à. 5.

��� 517.95

�������� ������ ��������� �������������. �. �. �¥¡®â à¥¢,

�. �. �ë¡ . | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 1.

�áá«¥¤ã¥âáï ®¡à â­ ï áã¡¤¨ää¥à¥­æ¨ «ì­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨© ¬ £­¨â-

­®© £¨¤à®¤¨­ ¬¨ª¨ (���) ¢ï§ª®© ­¥á�¨¬ ¥¬®© �¨¤ª®áâ¨. �  ®á­®¢¥ à¥§ã«ìâ â®¢ ®

à §à¥è¨¬®áâ¨  ¡áâà ªâ­®£® í¢®«îæ¨®­­®£® ­¥à ¢¥­áâ¢  ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­-

áâ¢¥ ¤«ï ®¯¥à â®à®¢ á ª¢ ¤à â¨ç­®© ­¥«¨­¥©­®áâìî ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ á« -

¡®£® à¥è¥­¨ï ý¢ æ¥«®¬þ ¯® ¢à¥¬¥­¨,   ¤«ï ¤¢ã¬¥à­ëå â¥ç¥­¨© | áãé¥áâ¢®¢ ­¨¥ ¨

¥¤¨­áâ¢¥­­®áâì á¨«ì­®£® à¥è¥­¨ï. �¨¡«¨®£à. 9.



�������� �������!

� ¯ã¡«¨ª æ¨¨ ¢ ý� â¥¬ â¨ç¥áª¨å § ¬¥âª å ���þ ¯à¨­¨¬ îâáï

®à¨£¨­ «ì­ë¥ áâ âì¨, á®¤¥à� é¨¥ ­®¢ë¥ à¥§ã«ìâ âë ¢ ®¡« áâ¨ ¬ â¥-

¬ â¨ª¨ ¨ ¥¥ ¯à¨«®�¥­¨©. �â âì¨, à ­¥¥ ®¯ã¡«¨ª®¢ ­­ë¥,   â ª�¥ ¯à¨-

­ïâë¥ ª ®¯ã¡«¨ª®¢ ­¨î ¢ ¤àã£¨å �ãà­ « å, à¥¤ª®««¥£¨¥© ­¥ à áá¬ â-

à¨¢ îâáï.

� à¥¤ ªæ¨î ¯à¥¤áâ ¢«ï¥âáï àãª®¯¨áì ¢ ¤¢ãå íª§¥¬¯«ïà å ®¡ê¥¬®¬

­¥ ¡®«¥¥ 1  ¢â®àáª®£® «¨áâ , ®ä®à¬«¥­­ ï á®£« á­® áâ ­¤ àâ­ë¬ âà¥-

¡®¢ ­¨ï¬ ª  ¢â®àáª¨¬ ®à¨£¨­ « ¬. � àãª®¯¨á¨ ¤®«�­ë ¡ëâì ¯à¨«®-

�¥­ë ¤¢  íª§¥¬¯«ïà   ­­®â æ¨¨, è¨äà ���. �¥¯®­¨à®¢ ­¨¥ àãª®¯¨á¨

à¥¤ ªæ¨¥© ­¥ ®áãé¥áâ¢«ï¥âáï. � á«ãç ¥ ¢®§¢à é¥­¨ï áâ âì¨ ¤«ï ¯¥à¥-

à ¡®âª¨ ãª §ë¢ îâáï ¤¢¥ ¤ âë ¯®áâã¯«¥­¨ï | ¯¥à¢®­ ç «ì­ ï ¤ â  ¨

¤ â  ¯®«ãç¥­¨ï à¥¤ ªæ¨¥© ®ª®­ç â¥«ì­®£® â¥ªáâ .

�á­®¢­ë¥ âà¥¡®¢ ­¨ï ª ®ä®à¬«¥­¨î àãª®¯¨á¨:

1. �¥ªáâ áâ âì¨ ¤®«�¥­ ¡ëâì ­ ¯¥ç â ­ ç¥à¥§ 2 ¨­â¥à¢ «  ­  ®¤­®©

áâ®à®­¥ «¨áâ  ¡¥«®© ¯¨áç¥© ¡ã¬ £¨ ä®à¬ â®¬ 210× 300 ¬¬.

2. �¨áã­ª¨ ¨ á«®�­ë¥ ¤¨ £à ¬¬ë ¢ë¯®«­ïîâáï ­  ®â¤¥«ì­ëå «¨-

áâ å á ãª § ­¨¥¬ ­  ®¡®à®â¥ ä ¬¨«¨¨  ¢â®à , ­ §¢ ­¨ï áâ âì¨ ¨ ­®¬¥à 

à¨áã­ª ; ¨å ¬¥áâ® ¢ â¥ªáâ¥ ãª §ë¢ ¥âáï ­  ¯®«ïå áâ âì¨.

3. �®à¬ã«ë ¨ ¬ â¥¬ â¨ç¥áª¨¥ ®¡®§­ ç¥­¨ï ¤®«�­ë ¡ëâì ¢¯¨á ­ë

ç¥à­®© ¯ áâ®© ¨«¨ ç¥à­¨« ¬¨ ç¥à­®£® æ¢¥â  ®âç¥â«¨¢®, ¥¤¨­®®¡à §­®.

4. Ǳà®­ã¬¥à®¢ ­­ë¥ ä®à¬ã«ë à á¯®« £ îâáï ¢ ®â¤¥«ì­®© áâà®ª¥.

�®¬¥à ä®à¬ã«ë áâ ¢¨âáï ã ¯à ¢®£® ªà ï «¨áâ .

5. Ǳà®¢®¤¨âáï ¤®¯®«­¨â¥«ì­ ï à §¬¥âª  ä®à¬ã«.

6. � àãª®¯¨áïå, ¯®¤£®â®¢«¥­­ëå á ¯®¬®éìî â¥ªáâ®¢ëå à¥¤ ªâ®à®¢

â¨¯  Word, ¤®«�­ë ¡ëâì à §¬¥ç¥­ë £à¥ç¥áª¨¥, £®â¨ç¥áª¨¥, « â¨­áª¨¥

àãª®¯¨á­ë¥ ¡ãª¢ë, ãª § ­® ¨á¯®«ì§®¢ ­¨¥ ¡ãª¢ ¯àï¬®£® ­ ç¥àâ ­¨ï,  

â ª�¥ ¯à®¢¥¤¥­  à §¬¥âª  ¨­¤¥ªá®¢.

7. �  ¢â®àáª¨å ®à¨£¨­ « å, ¯®¤£®â®¢«¥­­ëå á ¨á¯®«ì§®¢ ­¨¥¬ ­ -

¡®à­ëå á¨áâ¥¬ â¨¯  T

E

X ¨ ¢ë¤ ­­ëå ­  « §¥à­®¬ ¯à¨­â¥à¥, à §¬¥âª 

ä®à¬ã« ­¥ ¯à®¢®¤¨âáï, ®¤­ ª® ­  ¯®«ïå ¯®ïá­ïîâáï ¡ãª¢ë £®â¨ç¥áª®£®

 «ä ¢¨â .

�¯¨á®ª «¨â¥à âãàë ¯¥ç â ¥âáï ¢ ª®­æ¥ â¥ªáâ  ­  ®â¤¥«ì­®¬ «¨áâ¥.

�áë«ª¨ ­  «¨â¥à âãàã ¢ â¥ªáâ¥ ­ã¬¥àãîâáï ¢ ¯®àï¤ª¥ ¨å ¯®ï¢«¥­¨ï ¨

¤ îâáï ¢ ª¢ ¤à â­ëå áª®¡ª å. �áë«ª¨ ­  ­¥®¯ã¡«¨ª®¢ ­­ë¥ à ¡®-

âë ­¥ ¤®¯ãáª îâáï. �ä®à¬«¥­¨¥ «¨â¥à âãàë ¤®«�­® á®®â¢¥âáâ¢®¢ âì

âà¥¡®¢ ­¨ï¬ áâ ­¤ àâ®¢ (¯à¨¬¥àë ¡¨¡«¨®£à ä¨ç¥áª¨å ®¯¨á ­¨© á¬. ¢

¯®á«¥¤­¨å ­®¬¥à å �ãà­ « ).

�ãª®¯¨á¨, ®ä®à¬«¥­­ë¥ ­¥ ¯® áâ ­¤ àâ ¬ ¨«¨ ¯à¥¢ëè îé¨¥ ãª -

§ ­­ë© ¢ëè¥ ®¡ê¥¬, ¢®§¢à é îâáï.
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