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��� 519.234�� ������ ����������������������� Ǒ��������������������������� ����������Ǒ��������. �. �«¥ªá¥¥¢�â âìî á«¥¤ã¥â à áá¬ âà¨¢ âì ª ª ¯à®¤®«�¥¨¥ à ¡®âë [1℄, ¯®á¢ï-é¥®© áâ â¨áâ¨ç¥áª®¬ã ®æ¥¨¢ ¨î âà¥¤  (¥á«ãç ©®©  ¤¤¨â¨¢®©á®áâ ¢«ïîé¥©) ¯¥à¨®¤¨ç¥áª¨ ª®àà¥«¨à®¢ ®£® á«ãç ©®£® ¯à®æ¥áá (Ǒ��Ǒ). � ª ãª § ® à ¥¥ ¢ [1, 2℄, ¨§ãç¥¨¥ ¯¥à¨®¤¨ç¥áª¨ ª®àà¥«¨-à®¢ ëå á«ãç ©ëå ¯à®æ¥áá®¢ ¯à¥¤áâ ¢«ï¥â ¡®«ìè®© ¨â¥à¥á ¤«ï ¬¥-â¥®à®«®£¨¨, ®ª¥ ®«®£¨¨ ¨ àï¤  à §¤¥«®¢ áâ â¨áâ¨ç¥áª®© à ¤¨®â¥å¨-ª¨. �®®â¢¥âáâ¢ãîé¨¥ «¨â¥à âãàë¥ ááë«ª¨ ¬®£ãâ ¡ëâì  ©¤¥ë ¢ [1℄.� ¯®¬¨¬, çâ® ¢¥é¥áâ¢¥ë© á«ãç ©ë© ¯à®æ¥áá {X(t), t ∈ R}  §ë-¢ ¥âáï ¯¥à¨®¤¨ç¥áª¨ ª®àà¥«¨à®¢ ë¬ á ¯¥à¨®¤®¬ ª®àà¥«¨à®¢ ®áâ¨
T , ¥á«¨ ¥£® ¬ â¥¬ â¨ç¥áª®¥ ®�¨¤ ¨¥ m(t) = EX(t) ¨ ª®àà¥«ïæ¨® ïäãªæ¨ï R(t, τ) = E{[X(t)−m(t)℄[X(t+ τ)−m(t+ τ)℄} ¯¥à¨®¤¨çë ¯®
t á ¯¥à¨®¤®¬ T . � áâ®ïé ï áâ âìï ¯®á¢ïé¥  áâ â¨áâ¨ç¥áª®¬ã ®æ¥¨-¢ ¨î ¬ â¥¬ â¨ç¥áª®£® ®�¨¤ ¨ï m(t) Ǒ��Ǒ X(t) ¯® ¥£® à¥ «¨§ æ¨¨ª®¥ç®£® ®¡ê¥¬ . �ã¤¥¬ áç¨â âì ¯à¨ íâ®¬, çâ® âà¥¤ Ǒ��Ǒ X(t) § -à ¥¥ ¢ë¤¥«¥ ¨ ã¤ «¥. Ǒ¥à¥å®¤ï ª ä®à¬ã«¨à®¢ª¥ ®á®¢ëå ®¯à¥¤¥-«¥¨©, ª á îé¨åáï ¨§¡à ®©  ¬¨ ¬®¤¥«¨ á«ãç ©®£® ¯à®æ¥áá , ãá«®-¢¨¬áï, çâ® ¨â¥£à « ¡¥§ ãª § ¨ï ¯à¥¤¥«®¢ ¡ã¤¥â ®¡®§ ç âì ¨â¥£à¨-à®¢ ¨¥ ¢ ¯à¥¤¥« å ®â −∞ ¤® ∞,   á¨¬¢®« ∼ | ¯à®¯®àæ¨® «ì®áâì¤¢ãå ¢¥«¨ç¨. � ¬ ¡ã¤¥â ã¤®¡® ¯à¥¤¯®« £ âì ¢ ¤ «ì¥©è¥¬, çâ® ¤«ï¢á¥å t ∈ R (2π)−1 ∫ |R(t, τ)| dT 6 C <∞. (1)© 2008 �«¥ªá¥¥¢ �. �.



4 �«¥ªá¥¥¢ �. �.Ǒà¨ á¤¥« ëå  ¬¨ ¯à¥¤¯®«®�¥¨ïå á¯¥ªâà «ì®¥ à §«®�¥¨¥ª®àà¥«ïæ¨®®© äãªæ¨¨ R(t, τ) ®¯¨áë¢ ¥âáï ä®à¬ã«®©
R(t, τ) =∑

k∈Z eiktγ

∫
eiλτfk(λ) dλ, γ = 2π

T
. (2)�ãªæ¨¨ fk(λ), ä¨£ãà¨àãîé¨¥ ¢ ä®à¬ã«¥ (2),  §ë¢ îâáï á¯¥ªâà «ì-ë¬¨ ¯«®â®áâï¬¨ Ǒ��Ǒ X(t). �ãªæ¨ï f0(λ) ¢¥é¥áâ¢¥ , ç¥â-  ¨ ¥®âà¨æ â¥«ì  (â. ¥. ®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨ á¯¥ªâà «ì®©¯«®â®áâ¨ áâ æ¨® à®£® á«ãç ©®£® ¯à®æ¥áá ). �â® �¥ ª á ¥âáï á¯¥ª-âà «ìëå ¯«®â®áâ¥© fk(λ), k 6= 0, â® ®¨, ¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªáë¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (á¬.,  ¯à¨¬¥à, [3℄)

fk(λ) = fk(kγ − λ) = f−k(−λ).�¡à âë¬ ª ä®à¬ã«¥ (2) ï¢«ï¥âáï á®®â®è¥¨¥
fk(λ) = (2πT )−1 T∫0 e−iktγ dt

∫
eiλτR(t, τ) dτ, (3)¯®§¢®«ïîé¥¥ ¢ëà §¨âì ª �¤ãî ¨§ á¯¥ªâà «ìëå ¯«®â®áâ¥© fk(λ) ç¥-à¥§ ª®àà¥«ïæ¨®ãî äãªæ¨î R(t, τ).�®¯®áâ ¢«ïï ä®à¬ã«ã (3) á ¯à¥¤¯®«®�¥¨¥¬ (1), ¯à¨å®¤¨¬ ª ¢ë-¢®¤ã, çâ® ¤«ï ¢á¥å k ∈ Z

|fk(λ)| 6 C. (4)�â®á¨â¥«ì® äãªæ¨¨ m(t) ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ ¤ «ì¥©è¥¬, çâ®®  ¨¬¥¥â ¯à®¨§¢®¤ë¥ ¯® ªà ©¥© ¬¥à¥ ¤® ç¥â¢¥àâ®£® ¯®àï¤ª  ¢ª«î-ç¨â¥«ì®, ¯à¨ç¥¬
|m(l)(t)| 6 Kl, l = 2, 4. (5)� à ¡®â¥ [2℄ ¯à¥¤«®�¥  ®æ¥ª  µ(n)1 (t) äãªæ¨¨ m(t), ®¯à¥¤¥«ï¥¬ ïá®®â®è¥¨¥¬

µ
(n)1 (t) = (nh)−1 t+h∫

t−h

w1(s− t

h

)[n−1∑
k=0X(s+ kT )]ds, (6)



�¡ ®æ¥ª¥ ¬ â¥¬ â¨ç¥áª®£® ®�¨¤ ¨ï 5£¤¥
w1(t) = { 1− |t|, |t| 6 1,0, |t| > 1,¨ h = h(n) | ¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®�¨â¥«ìëå ç¨á¥«,áâà¥¬ïé ïáï ª ã«î (® ¥ á«¨èª®¬ ¡ëáâà®!) á à®áâ®¬ ¤«¨ë à¥ «¨-§ æ¨¨ Ǒ��Ǒ X(t). �ë«® ãáâ ®¢«¥® ¯à¨ íâ®¬, çâ® ¯à¨ á¤¥« ëå¢ëè¥ ¯à¥¤¯®«®�¥¨ïå á¬¥é¥¨¥ ®æ¥ª¨ (6) ¥ ¯à¥¢®áå®¤¨â K2h2/12,  ¤«ï ¥¥ ¤¨á¯¥àá¨¨ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®Dµ(n)1 (t) 6

2πCT
nh2 (1 + 2

π2).Ǒà¨ íâ®¬ ¬¨¨¬ «ìë© ¯®àï¤®ª áà¥¤¥£® ª¢ ¤à â  ®è¨¡ª¨ ®æ¥¨-¢ ¨ï äãªæ¨¨ m(t) ¤®áâ¨£ ¥âáï, ¥á«¨ h = h(n) ∼ n−1/6. �¥£ª® ¢¨¤¥âì,çâ® ¢ íâ®¬ á«ãç ¥E[µ(n)1 (t)−m(t)]2 = [Eµ(n)1 (t)−m(t)]2 +Dµ(n)1 (t) ∼ n−2/3. (7)�  áâ®ïé¥© áâ âì¥ ¬ë à áá¬®âà¨¬ ®æ¥ªã
µ
(n)2 (t) = (nh)−1 t+2h∫

t−2h

w2(s− t

h

)[n−1∑
k=0X(s+ kT )]ds,£¤¥

w2(t) = 2a1(t)− a2(t), (8)
a1(t) = w1(t) ¨

a2(t) = (4− 6t2 + 3|t|3)/6, |t| 6 1,(2− |t|)3/6, 1 6 |t| 6 2,0, |t| > 2.Ǒà¨ íâ®¬�(λ) ≡ 2∫
−2 eitλw2(t) dt = 2[sin(λ/2)

λ/2 ]2
−
[ sin(λ/2)

λ/2 ]4
> 0, (9)�(0) = 2∫

−2 w2(t) dt = 1 (10)



6 �«¥ªá¥¥¢ �. �.¨ �′′(0) = −
2∫

−2 t2w2(t) dt = 0. (11)Ǒà¨ á¤¥« ëå  ¬¨ ¯à¥¤¯®«®�¥¨ïåEµ(n)2 (t) = h−1 t+2h∫

t−2h

w2(s− t

h

)
m(s) ds¨ ¢ á®®â¢¥âáâ¢¨¨ á (10)Eµ(n)2 (t)−m(t) = h−1 t+2h∫

t−2h

w2(s− t

h

)[m(s)−m(t)℄ ds= h−1 t+2h∫

t−2h

w2(s− t

h

)[
m′′(t)2 (s− t)2 + m(4)(ξ)4! (s− t)4] ds,£¤¥ â®çª  ξ = ξ(s)  å®¤¨âáï £¤¥-â® ¢ãâà¨ ¨â¥à¢ « , ®£à ¨ç¥®£®â®çª ¬¨ t ¨ s.�âáî¤  ¢ á¨«ã á®®â®è¥¨© (5) ¨ (11) á«¥¤ã¥â, çâ®

∣∣Eµ(n)2 (t)−m(t)∣∣ 6
h4K44! 2∫

−2 s4|W2(s)| ds. (12)Ǒ®«ì§ãïáì á¯¥ªâà «ìë¬ à §«®�¥¨¥¬ ª®àà¥«ïæ¨®®© äãªæ¨¨
R(t, τ) (ä®à¬ã«  (2)) ¨ ¥à ¢¥áâ¢ ¬¨ (4) ¨ (9),  å®¤¨¬ ¡¥§ âàã¤ , çâ®Dµ(n)2 (t) = E ∣∣∣∣∣∣(nh)−1 t+2h∫

t−2h

w2(s− t

h

){n−1∑
k=0[X(s+ kT )−m(s+ kT )℄} ds∣∣∣∣∣∣2

6
∑

k∈Z eiktγ

∫ [ sin(nTλ/2)
n sin(Tλ/2)]2fk(λ)�(hλ)�(h(kγ − λ)) dλ

6 C

∫ [ sin(nTλ/2)
n sin(Tλ/2)]2�(hλ)[∑

k∈Z�(h(kγ − λ))] dλ.



�¡ ®æ¥ª¥ ¬ â¥¬ â¨ç¥áª®£® ®�¨¤ ¨ï 7� ¬¥â¨¬, çâ® ¯à¨ «î¡®¬ k ∈ Z∫ �(h(kγ − λ)) dλ = h−1 ∫ �(µ) dµ = 2π
h
w2(0) = 8π3h ,¯à¨ç¥¬ äãªæ¨ï �(h(kγ − λ)) ¬¥ï¥âáï ®ç¥ì ¬¥¤«¥® ¯à¨ ¬ «ëå h¨ c ª �¤ë¬ ¯¥à¥å®¤®¬ ®â k ª k + 1 £à ä¨ª äãªæ¨¨ �(h(kγ − λ))á¤¢¨£ ¥âáï ¢¤®«ì ®á¨  ¡áæ¨áá   ¢¥«¨ç¨ã γ = 2π/T . �âáî¤  ¥âàã¤®¢¨¤¥âì, çâ® ¯à¨ h≪ 1

∑

k∈Z�(h(kγ − λ)) ≈ 4T3h(¯«®é ¤ì ¬¥�¤ã ªà¨¢®© �(h(kγ − λ)) ¨ ®áìî  ¡áæ¨áá   ª®®à¤¨ â®©¯«®áª®áâ¨ ¤¥«¨âáï   γ, â. ¥.   ¢¥«¨ç¨ã á¤¢¨£  ¢¤®«ì ®á¨  ¡áæ¨áá ¯à¨¯¥à¥å®¤¥ ®â k ª k + 1).� ¬ ®áâ «®áì ¢ëç¨á«¨âì ¨â¥£à «
In = 12πn ∫ [ sin(nTλ/2)sin(Tλ/2) ]2�(hλ) dλ. (13)Ǒ®« £ ï µ = Tλ ¢ ä®à¬ã«¥ (13), ¨¬¥¥¬

In = T−1 sin2(nµ/2)2πn sin2(µ/2)�(hµT ) dµ= T−1 π∫

−π

sin2(nµ/2)2πn sin2(µ/2)∑
k∈Z�(h(µ+ 2kπ)

T

)
dµ.�âáî¤  á«¥¤ã¥â, çâ® ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å n

In ≈ T−1∑
k∈Z�(2kπhT )= T−1 ∑

|k|6T/h

�(2kπh
T

)+ 2T−1 ∑

k>T/h

�(2kπh
T

)
.�§ á®®â®è¥¨ï (9) ¥âàã¤® ¢¨¤¥âì, çâ® ¯à¨ ¬ «ëå h

T−1 ∑

|k|6T/h

�(2kπh
T

) = (2πh)−1 ∑

|k|6T/h

�(2kπh
T

)2πh
T

≈ (2πh)−1 2π∫

−2π

�(µ) dµ 6 (2πh)−1 ∫ �(µ) dµ = 2a1(0)− a2(0)
h

= 43h



8 �«¥ªá¥¥¢ �. �.¨, ªà®¬¥ â®£®,2T−1 ∑

k>T/h

�(2kπh
T

)
6 4T−1 ∑

k>T/h

[ sin(kπh/T )
kπh/T

]2
6 4T−1 ∑

k>T/h

(
T

kπh

)2
≈ 4T(πh)2 ∞∫

T/h

dx

x2 = 4
π2h.Ǒ®íâ®¬ã

In 6
43h + 4

π2h = 43h(1 + 3
π2).� ª¨¬ ®¡à §®¬, ¯à¨ ¡®«ìè¨å n ¨ ¬ «ëå hDµ(n)2 (t) 6

8πCT3nh 6
32πCT9nh2 (1 + 3

π2). (14)�á«¨ â¥¯¥àì ¢ë¡à âì ¯®á«¥¤®¢ â¥«ì®áâì h = h(n) â ª¨¬ ®¡à §®¬, çâ®-¡ë ®  ã¤®¢«¥â¢®àï«  á®®â®è¥¨î h ∼ n−1/10, â® ¨§ (12) ¨ (14) ¡ã¤¥âá«¥¤®¢ âì, çâ®E[µ(n)2 (t)−m(t)]2 = [Eµ(n)2 (t)−m(t)]2 +Dµ(n)2 (t) ∼ n−4/5. (15)�®¯®áâ ¢«ïï ä®à¬ã«ë (7) ¨ (15), ¢¨¤¨¬, çâ® ®æ¥ª  µ
(n)2 (t) áå®¤¨â-áï ª äãªæ¨¨ m(t) £®à §¤® ¡ëáâà¥¥, ç¥¬ µ

(n)1 (t). �«¥¤ã¥â, ªà®¬¥ â®£®,¨¬¥âì ¢ ¢¨¤ã, çâ® ¯®«ãç¥ë¥  ¬¨ ®æ¥ª¨ á¢¥àåã ¤«ï á¬¥é¥¨ï ¨ ¤¨á-¯¥àá¨¨ ®æ¥ª¨ µ(n)2 (t) ¬®£ãâ ®ª § âìáï § ¢ëè¥ë¬¨, ¢á«¥¤áâ¢¨¥ ç¥£®ª ç¥áâ¢® ®æ¥ª¨ µ
(n)2 (t) ¬®�¥â ®ª § âìáï ¤ �¥ ¢ëè¥, ç¥¬ íâ® á«¥¤ã-¥â ¨§ ä®à¬ã«ë (15). � § ª«îç¥¨¥ ¬ë ãª �¥¬   â® ®¡áâ®ïâ¥«ìáâ¢®,çâ® äãªæ¨ï w2(t), ®¯à¥¤¥«¥ ï á®®â®è¥¨¥¬ (8), á®¢¯ ¤ ¥â á äãª-æ¨¥© h12(t) ¨§ à ¡®âë [4℄. �¬¥áâ® äãªæ¨¨ w2(t) = h12(t) ¬®£«  ¡ë¡ëâì ¨á¯®«ì§®¢   «î¡ ï ¤àã£ ï äãªæ¨ï ¨§ ¯à¨¢¥¤¥®£® ¢ à ¡®â¥[4℄  ¡®à  äãªæ¨© hjk(t). �ãªæ¨ï h12(t) ï¢«ï¥âáï «¨èì ¯à®áâ¥©è¥©¨§ ¨å. �¨â â¥«ì ¬®�¥â ®áâ ®¢¨âì á¢®© ¢ë¡®à   äãªæ¨¨ hjk(t) á¡�®«ìè¨¬ ç¨á«®¬ à ¢ëå ã«î ¬®¬¥â®¢ ¨«¨ á ¡�®«ìè¥© áâ¥¯¥ìî £« ¤-ª®áâ¨, ç¥¬ ã äãªæ¨¨ h12(t). �¥¬ á ¬ë¬ ¢ ®¯à¥¤¥«¥ëå ãá«®¢¨ïå¬®�¥â ¡ëâì ¤®áâ¨£ãâ® ¤ «ì¥©è¥¥ ã«ãçè¥¨¥ ª ç¥áâ¢  ®æ¥ª¨ ¬ â¥-¬ â¨ç¥áª®£® ®�¨¤ ¨ï m(t) Ǒ��Ǒ X(t). �áâ «®áì § ¬¥â¨âì, çâ® ¢á¥
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��� 517.958������������ �� ��������������������� ���������� ������������ ���� ����������. �. �®à®å®¢ , �. �. �®äà®®¢� áâ âì¥ à áá¬ âà¨¢ ¥âáï âà¥å¬¥à ï á¨áâ¥¬  ãà ¢¥¨© ¢¨¤ _x1 = x1(1− x1 − bx2 − ax3),_x2 = x2(1− bx1 − x2 − ax3), (1)_x3 = −x3(k − ax1 − cx2 − x3),£¤¥ a, b, k, c | ¯®«®�¨â¥«ìë¥ ç¨á« , a 6= c. � ¬ ¥®¡å®¤¨¬® ¨áá«¥-¤®¢ âì ãáâ®©ç¨¢®áâì ¨«¨ ¥ãáâ®©ç¨¢®áâì á®áâ®ï¨ï à ¢®¢¥á¨ï á ¯®-«®�¨â¥«ìë¬¨ ª®®à¤¨ â ¬¨. � ª ï á¨áâ¥¬  ãà ¢¥¨© ¬®�¥â ¡ëâì¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî ®â®è¥¨ï ýå¨é¨ª þ á ý�¥àâ¢ ¬¨þ, ¥á«¨
x1, x2 | ¡¨®¬ ááë �¥àâ¢,   x3 | ¡¨®¬ áá  å¨é¨ª .�®áâ®ï¨¥ à ¢®¢¥á¨ï M  ©¤¥¬ ¨§ á¨áâ¥¬ë ãà ¢¥¨©

x1 + bx2 + ax3 = 1,
bx1 + x2 + ax3 = 1,
ax1 + cx2 + x3 = k.�®áâ®ï¨¥ à ¢®¢¥á¨ï M ¨¬¥¥â ª®®à¤¨ âë x∗1, x∗2, x∗3, £¤¥

x∗1 = x∗2 = �1� , x∗3 = �3� , � = (1− b)(1 + b− ac− a2),�1 = �2 = (1− b)(1− ak), �3 = (1− b)[−a− c+ k(1 + b)℄,â. ¥.
x∗1 = x∗2 = 1− ak1 + b− ac− a2 , x∗3 = −a− c+ k(1 + b)1 + b− ac− a2 .© 2008 �®à®å®¢  �. �., �®äà®®¢ �. �.



12 �®à®å®¢  �. �., �®äà®®¢ �. �.� á¨áâ¥¬¥ ãà ¢¥¨© (1) ¢¢¥¤¥¬ § ¬¥ã ¯¥à¥¬¥ëå:
x1 = x∗1 + y1, x2 = x∗2 + y2, x3 = x∗3 + y3.�®£¤  ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨©_y1 = (x∗1 + y1)(−y1 − by2 − ay3),_y2 = (x∗2 + y2)(−by1 − y2 − ay3), (2)_y3 = (x∗3 + y3)(ay1 + cy2 + y3).� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï ãà ¢¥¨ï ¯¥à¢®£® ¯à¨¡«¨�¥¨ï¤ ®© á¨áâ¥¬ë ãà ¢¥¨© (2) ¨¬¥¥â ¢¨¤

λ3 + a1λ2 + a2λ+ a3 = 0,£¤¥
a1 = 2x∗1 − x∗3, a2 = (1− b2)x∗12 + (−2 + ac+ a2)x∗1x∗3, a3 = −�x∗12x∗3.� ª ª ª ¬ë ¨áá«¥¤ã¥¬ á®áâ®ï¨¥ à ¢®¢¥á¨ï á ¯®«®�¨â¥«ìë¬¨ ª®®à-¤¨ â ¬¨, ¯à¥¤¯®« £ ¥¬ x∗1, x∗2, x∗3 ¯®«®�¨â¥«ìë¬¨. �à®¬¥ â®£®, ¤«ïãáâ®©ç¨¢®áâ¨ á®áâ®ï¨ï à ¢®¢¥á¨ï M ¥®¡å®¤¨¬® ¢ë¯®«¥¨¥ ¥à -¢¥áâ¢

a1 > 0, a3 > 0, a1a2 − a3 > 0.Ǒ®íâ®¬ã ¨§ ¤ «ì¥©è¥£® à áá¬®âà¥¨ï ¨áª«îç ¥¬ á«ãç © � > 0, ¨¡®â®£¤  á®áâ®ï¨¥ à ¢®¢¥á¨ï ¥ãáâ®©ç¨¢®. �áå®¤ï ¨§ íâ®£®, ¡ã¤¥¬ à á-á¬ âà¨¢ âì á«¥¤ãîé¨¥ á«ãç ¨:a) b < 1, 1 + b− ac− a2 < 0,¡) b > 1 1 + b− ac− a2 > 0,¢) b = 1.Ǒãáâì à áá¬ âà¨¢ ¥âáï ¯¥à¢ë© á«ãç ©.�¥®à¥¬  1. �á«¨
b < 1, 1 + b− ac− a2 < 0, 1

a
<

1 + a+ b+ c(1 + a)(1 + b) < a+ c1 + b
,â® áãé¥áâ¢ã¥â á®áâ®ï¨¥ à ¢®¢¥á¨ï M á ¯®«®�¨â¥«ìë¬¨ ª®®à¤¨ -â ¬¨ ¨ ®®  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.



�¡ ®¤®¬ ¯à¨¬¥à¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ 13�®ª § â¥«ìáâ¢®. Ǒà¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë á®áâ®ï¨¥à ¢®¢¥á¨ïM ¨¬¥¥â ¯®«®�¨â¥«ìë¥ ª®®à¤¨ âë. Ǒ®ª �¥¬, çâ® a1 > 0.�¥è ï ¥à ¢¥áâ¢® 2x∗1 − x∗3 > 0, ¨¬¥¥¬1
a
<

2 + a+ c1 + 2a+ b
< k. (3)�¥¯¥àì ã�® ¯®ª § âì ¥à ¢¥áâ¢®2 + a+ c1 + 2a+ b

<
1 + a+ b+ c(1 + a)(1 + b) . (4)�¥©áâ¢¨â¥«ì®, (4) á¢®¤¨âáï ª ¥à ¢¥áâ¢ã(1+a+b+c)(1+2a+b)−(2+a+c)(1+a+b+ac) = (b−1)(1+b−ac−a2) > 0.�â ª, a1 > 0. �áâ «®áì ¯®ª § âì ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢  a1a2−a3 > 0.�£® ¬®�® ¯à¥¤áâ ¢¨âì â ª:

a1a2 − a3 = x∗1[2(1− b)x∗1 + (−2 + ac+ a2)x∗3℄[(1 + b)x∗1 − x∗3℄ > 0.Ǒãáâì −2+ac+a2 > 0. �®£¤  ¥à ¢¥áâ¢® ¢ë¯®«ï¥âáï, ¥á«¨ (1+b)x∗1−
x∗3 > 0. �®�® ¯®ª § âì, çâ® ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¯à¨ãá«®¢¨¨ 1 + a+ b+ c(1 + a)(1 + b) < k.�ç¨âë¢ ï (3), (4), ¯®«ãç¨¬ ¥à ¢¥áâ¢® a1a2 − a3 > 0. Ǒãáâì â¥¯¥àì¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® −2 + ac + a2 < 0. � ç «  ¯®ª �¥¬, çâ®
a2 > 0. �¥à ¢¥áâ¢® ¢¥à®, ¥á«¨1− b2 − (a+ c)(−2 + ac+ a2)(1− b2)a− (1 + b)(−2 + ac+ a2) < k.� ¤àã£®© áâ®à®ë, ¬ë ¬®�¥¬ ¯®ª § âì ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢ 1− b2 − (a+ c)(−2 + ac+ a2)(1− b2)a− (1 + b)(−2 + ac+ a2) < 1 + a+ b+ c(1 + a)(1 + b) ,¨¡®(−2 + ac+ a2)[(a+ c)(1 + a)(1 + b)− (1 + b)(1 + a+ b+ c)℄+ (1− b2)[a(1 + a+ b+ c)− (1 + a)(1 + b)℄= (ac+ a2 − 1− b)2(1 + b) > 0.



14 �®à®å®¢  �. �., �®äà®®¢ �. �.�â ª, a2 > 0. �®£¤ 
a1a2 − a3 = [(1− b2)x∗12 + (−2 + ac+ a2)x∗1x∗3+ (1− b)2x∗12][(1 + b)x∗1 − x∗3℄ > 0.� ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨, çâ® a1a2 − a3 > 0, á«¥¤®¢ â¥«ì®, á®áâ®-ï¨¥ à ¢®¢¥á¨ï M  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.�¥®à¥¬  2. �á«¨

b < 1, 1 + b− ac− a2 < 0, 1
a
< k <

1 + a+ b+ c(1 + a)(1 + b) < a+ c1 + b
,â® áãé¥áâ¢ã¥â á®áâ®ï¨¥ à ¢®¢¥á¨ï M á ¯®«®�¨â¥«ìë¬¨ ª®®à¤¨ -â ¬¨ ¨ ®® ¥ãáâ®©ç¨¢®.�®ª § â¥«ìáâ¢®. �á«¨ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®1

a
< k 6

2 + a+ c1 + 2a+ b
,â® a1 6 0. �á«¨2 + a+ c1 + 2a+ b

< k 6
1− b2 − (a+ c)(−2 + ac+ a2)(1− b2)a− (1 + b)(−2 + ac+ a2) ,â® a2 6 0 ¨ a1a2 − a3 < 0. � ¥á«¨1− b2 − (a+ c)(−2 + ac+ a2)(1− b2)a− (1 + b)(−2 + ac+ a2) < k <

1 + a+ b+ c(1 + a)(1 + b) ,â® a1a2 − a3 < 0. � ª¨¬ ®¡à §®¬, ¢® ¢á¥å á«ãç ïå  àãè ¥âáï å®âï ¡ë®¤® ¨§ ãá«®¢¨© � ãá | �ãà¢¨æ , ¨ á®áâ®ï¨¥ à ¢®¢¥á¨ï ¥ãáâ®©ç¨¢®.�¥®à¥¬  3. �á«¨
b < 1, 1 + b− ac− a2 < 0, 1

a
<

1 + a+ b+ c(1 + a)(1 + b) = k <
a+ c1 + b

,â® áãé¥áâ¢ã¥â á®áâ®ï¨¥ à ¢®¢¥á¨ï M á ¯®«®�¨â¥«ìë¬¨ ª®®à¤¨ -â ¬¨ ¨ ®® ãáâ®©ç¨¢®.



�¡ ®¤®¬ ¯à¨¬¥à¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ 15�®ª § â¥«ìáâ¢®. � ª ª ª a1a2 − a3 = 0, a1 > 0, a2 > 0, â®å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¨¬¥¥â ª®à¨
λ1 = (b− 1)x∗1, λ1,2 = ±βi,£¤¥

β2 = (1 + b)(−1− b+ ac+ a2)x∗12, x∗3 = (1 + b)x∗1.�¤¥« ¥¬ á«¥¤ãîé¥¥ ¯à¥®¡à §®¢ ¨¥ ¤«ï á¨áâ¥¬ë ãà ¢¥¨© (2):
x = y1 − y2, y = 1 + b

a
y2 + y3, z = − β

ax∗1 y2.�®£¤  ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨©_x = λ1x− x2 − axy + a(1− b)
β

x∗1xz,_y = −βz + y2 − z2 + [(1 + b)(2 + a)− ac− a2℄x∗1
β
yz+ dx+ x(d1y + d2z),_z = βy − dyz + bβ

a
x− bxz.�¤¥áì d, d1, d2 | ¯®áâ®ïë¥. � ª ª ª x = 0 ¥áâì ¨â¥£à «ì ï ¯«®á-ª®áâì ¨   ¥© «¥� â § ¬ªãâë¥ âà ¥ªâ®à¨¨, â® ¯® ¨§¢¥áâë¬ ªà¨â¥-à¨ï¬ [1,2℄ á®áâ®ï¨¥ à ¢®¢¥á¨ï M ãáâ®©ç¨¢®. �¥®à¥¬  ¤®ª §  .�¥®à¥¬  4. �á«¨

b > 1, 1 + b− ac− a2 > 0, a+ c1 + b
< k <

1
a
,â® áãé¥áâ¢ã¥â á®áâ®ï¨¥ à ¢®¢¥á¨ï M á ¯®«®�¨â¥«ìë¬¨ ª®®à¤¨ -â ¬¨ ¨ ®® ¥ãáâ®©ç¨¢®.�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© â¥®à¥¬ë á«¥¤ã¥â, çâ® ª®®à¤¨ âëá®áâ®ï¨ï à ¢®¢¥á¨ï M ¯®«®�¨â¥«ìë. �á«¨ ¢ë¯®«ï¥âáï ¥à ¢¥-áâ¢®

a+ c1 + b
< k <

2 + a+ c1 + 2a+ b
, (5)



16 �®à®å®¢  �. �., �®äà®®¢ �. �.â® a1 > 0. �á«¨ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® −2 + ac+ a2 6 0, â® a2 < 0 ¨á®áâ®ï¨¥ à ¢®¢¥á¨ï M ¥ãáâ®©ç¨¢®. Ǒãáâì a2 > 0, â. ¥. ¢ë¯®«ï¥âáï¥à ¢¥áâ¢®
b2 − 1 + (a+ c)(−2 + ac+ a2)(1 + b)[(b − 1)a− 2 + ac+ a2℄ < k. (6)� ¤àã£®© áâ®à®ë, ¨¬¥¥¬2 + a+ c1 + 2a+ b

<
b2 − 1 + (a+ c)(−2 + ac+ a2)(1 + b)[(b− 1)a− 2 + ac+ a2℄ .�¥©áâ¢¨â¥«ì®, ¨§ íâ®£® ¥à ¢¥áâ¢  ¢ëâ¥ª ¥â, çâ®(−2 + ac+ a2)[(1 + b)(2 + a+ c)− (a+ c)(1 + 2a+ b)℄+ (b2 − 1)[(2 + a+ c)a− 1− 2a− b℄= (−1− b+ ac+ a2)[(b − 1)2 − 2(−1− b+ ac+ a2)℄ < 0.�âáî¤  á«¥¤ã¥â, çâ® ¥à ¢¥áâ¢® (6) ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã (5). �®-£¤  a1a2 − a3 < 0 ¨ á®áâ®ï¨¥ à ¢®¢¥á¨ï M ¥ãáâ®©ç¨¢®.�¥®à¥¬  5. �á«¨ b = 1, 2− ac− a2 < 0,1

a
<
2 + a+ c2(1 + a) < k <

a+ c2 ,â® áãé¥áâ¢ã¥â á®áâ®ï¨¥ à ¢®¢¥á¨ï M á ¯®«®�¨â¥«ìë¬¨ ª®®à¤¨ -â ¬¨ ¨ ®® ãáâ®©ç¨¢®.�®ª § â¥«ìáâ¢®. Ǒà¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë x∗i > 0,
a1 = 2 + a+ c− 2k(1 + a)2− ac− a2 > 0 ¯à¨ 2 + a+ c2(1 + a) < k;

a2 = (−2 + ac+ a2)x∗1x∗3 > 0;
a1a2 − a3 = (a2 + ac− 2)(2x∗1 − x∗3)x∗1x∗3 > 0.� ª ª ª a3 = 0, â® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¨¬¥¥â ®¤¨ ã«¥¢®©ª®à¥ì ¨ ¤¢  ª®àï á ®âà¨æ â¥«ìë¬¨ ç áâï¬¨. �§ á¨áâ¥¬ë ãà ¢¥¨©(2) ¯®«ãç ¥¬, çâ®   ¯àï¬®©

y1 + y2 + ay3 = 0, ay1 + cy2 + y3 = 0«¥� â á®áâ®ï¨ï à ¢®¢¥á¨ï ¨ â®çª  M . Ǒ®íâ®¬ã ¯®«ãç¨¬ ªà¨â¨ç¥-áª¨© á«ãç © ®¤®£® ã«¥¢®£® ª®àï ¨ íâ®â á«ãç © �. �. �ï¯ã®¢  §¢ «®á®¡¥ë¬ á«ãç ¥¬. �¥¬ á ¬ë¬ á®áâ®ï¨¥ à ¢®¢¥á¨ï ãáâ®©ç¨¢®.



�¡ ®¤®¬ ¯à¨¬¥à¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ 17�¥®à¥¬  6. �á«¨ ¢ë¯®«¥® ®¤® ¨§ ãá«®¢¨©:1) b = 1, 2− ac− a2, 1
a
< k <

2 + a+ c2(1 + a) <
a+ c2 ;2) b = 1, 2− ac− a2 > 0, a+ c2 < k <

1
a
,â® áãé¥áâ¢ã¥â á®áâ®ï¨¥ à ¢®¢¥á¨ï M á ¯®«®�¨â¥«ìë¬¨ ª®íää¨æ¨-¥â ¬¨ ¨ ®® ¥ãáâ®©ç¨¢®.�®ª § â¥«ìáâ¢®. � ¯¥à¢®¬ á«ãç ¥ ¨§ ¥à ¢¥áâ¢ 

k <
2 + a+ c2(1 + a)á«¥¤ã¥â, çâ® a1 < 0. � ¢® ¢â®à®¬ á«ãç ¥ a2 < 0, á«¥¤®¢ â¥«ì®, á®áâ®ï-¨¥ à ¢®¢¥á¨ï M ¥ãáâ®©ç¨¢®.�¥®à¥¬  7. �á«¨ b = 1, 2− ac− a2 < 0,1

a
<
2 + a+ c2(1 + a) = k <

a+ c2 , (7)â® áãé¥áâ¢ã¥â á®áâ®ï¨¥ à ¢®¢¥á¨ï M á ¯®«®�¨â¥«ìë¬¨ ª®íää¨æ¨-¥â ¬¨ ¨ ®® ¥ãáâ®©ç¨¢®.�®ª § â¥«ìáâ¢®. �¤¥« ¥¬ ¯à¥®¡à §®¢ ¨¥ ¤«ï á¨áâ¥¬ë ãà ¢¥-¨© (2):
x = p(y1 + y2), y = y1 + y2 + ay3, z = y1 − y2,£¤¥

p = −(1 + a)β, (8)
β2 = ac+ a2 − 22(1 + a)2 = a2, a1 = 0.� ãç¥â®¬ (7), (8) ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨©_x = βy − xy,_y = −βx− 1

a
x2 + 1

a
y2 + ac+ a2 − 4− 2a2ap xy+(y − x

p
+ a1 + a

)
a− c2 z,_z = −yz.

(9)



18 �®à®å®¢  �. �., �®äà®®¢ �. �.�«ï á¨áâ¥¬ë ãà ¢¥¨© (9) z = 0 ¥áâì ¨â¥£à «ì ï ¯«®áª®áâì,   ª®â®-à®© «¥� â § ¬ªãâë¥ âà ¥ªâ®à¨¨. �à®¬¥ íâ®© ¨â¥£à «ì®© ¯«®áª®áâ¨áãé¥áâ¢ãîâ ¨â¥£à «ìë¥ ¯®¢¥àå®áâ¨ ¢¨¤ 
F = z

β − x
= c1.�  íâ¨å ¯®¢¥àå®áâïå «¥� â ®á®¡ë¥ â®çª¨ â¨¯  ä®ªãá (¥ãáâ®©ç¨¢ë© ¨ãáâ®©ç¨¢ë© ¢ § ¢¨á¨¬®áâ¨ ®â § ª  c1). Ǒ®íâ®¬ã á®áâ®ï¨¥ à ¢®¢¥á¨ï

M ¥ãáâ®©ç¨¢® [3℄.� ¬¥ç ¨¥. �á«¨ ¢ á¨áâ¥¬¥ ãà ¢¥¨© (1) ¢ âà¥âì¥¬ ãà ¢¥¨¨§ ¬¥¨âì c   a, â® á®áâ®ï¨¥ à ¢®¢¥á¨ï ¢ ¤ ®¬ á«ãç ¥ ¡ë«® ¡ëæ¥âà®¬. ����������1. �ï¯ã®¢ �. �. �¡é ï § ¤ ç  ®¡ ãáâ®©ç¨¢®áâ¨ ¤¢¨�¥¨ï. �.; �.: �®áâ¥å¨§¤ â,1950.2. �¥¬ëæª¨© �. �., �â¥¯ ®¢ �. �. � ç¥áâ¢¥ ï â¥®à¨ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢-¥¨©. �.; �.: �®áâ¥å¨§¤ â, 1947.3. �®äà®®¢ �. �. �áâ®©ç¨¢®áâì  ¢â®®¬ëå á¨áâ¥¬ ¢ ªà¨â¨ç¥áª¨å á«ãç ïå. �®-¢®á¨¡¨àáª: � ãª , 2000.£. �ªãâáª 10 ¤¥ª ¡àï 2007 £.



��� 517.95� ������ ������������� ����Ǒ����-Ǒ�����������������������. �. �£®à®¢, Ǒ. �. �â¥¯ ®¢ � á¢ï§¨ á â¥¬, çâ® ¢ëà®�¤ îé¨¥áï í««¨¯â¨ç¥áª¨¥ ãà ¢¥¨ï ¢áâà¥-ç îâáï ¢ â¥®à¨¨ ãà ¢¥¨© á¬¥è ®£® â¨¯  [1℄, ¨¬ ¯®á¢ïé¥  ®¡è¨à- ï «¨â¥à âãà  [2{7℄. � à ¡®â¥ �. �. �¥«¤ëè  [2℄ ¯®áâ ¢«¥  ¨ ¨áá«¥-¤®¢   ¯¥à¢ ï ªà ¥¢ ï § ¤ ç  ¤«ï ¢ëà®�¤ îé¥£®áï í««¨¯â¨ç¥áª®£®ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  ¢ § ¢¨á¨¬®áâ¨ ®â ¬« ¤è¨å ª®íää¨æ¨¥â®¢ãà ¢¥¨ï. �«ï ®¡é¨å í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¢â®à®-£® ¯®àï¤ª , ¢ ç áâ®áâ¨, á®¤¥à� é¨å ¢ëà®�¤ îé¨¥áï   £à ¨æ¥ í«-«¨¯â¨ç¥áª¨¥ ãà ¢¥¨ï, �. �¨ª¥à  [3℄ ¢¯¥à¢ë¥ ®áãé¥áâ¢¨« ¯®áâ ®¢ªã¯¥à¢®© ªà ¥¢®© § ¤ ç¨. �¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¢ à ¡®â¥ [4℄ ¯®«ãç¥-ë £«ã¡®ª¨¥ ®¡®¡é¥¨ï à¥§ã«ìâ â®¢ �¨ª¥àë ¨ ¨áá«¥¤®¢ ë á¢®©áâ¢ à¥è¥¨© í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï, â. ¥. ãà ¢¥¨ï á ¥®â-à¨æ â¥«ì®© å à ªâ¥à¨áâ¨ç¥áª®© ä®à¬®©.� à ¡®â å [3, 4, 7℄ ¯à¨ ¨áá«¥¤®¢ ¨¨ ªà ¥¢ëå § ¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¯à¨¬¥ï«¨áì äãªæ¨® «ìë¥ ¬¥â®¤ë.�  áâ®ïé¥© à ¡®â¥ ãáâ  ¢«¨¢ ¥âáï, çâ® ¯à¨ ®¯à¥¤¥«¥ëå ãá«®¢¨ïå  ª®íää¨æ¨¥âë í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï ¥¤¨áâ¢¥®¥®¡®¡é¥®¥ à¥è¥¨¥ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ ¬®�®  ©â¨ ª ª ¯à¥¤¥«¯à¨¡«¨�¥ëå à¥è¥¨©, ¢ëç¨á«ï¥¬ëå ¯® ¬¥â®¤ã � «�¥àª¨  [8℄.� ®¡« áâ¨ 
 ⊂ R
n á £« ¤ª®© £à ¨æ¥© S à áá¬®âà¨¬ í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥

Lu ≡
n∑

ǫ,j=1 aij(x)uxixj
+ n∑

i=1 bi(x)ui + c(x)u = f(x), x ∈ 
, (1)© 2008 �£®à®¢ �. �., �â¥¯ ®¢  Ǒ. �.



20 �£®à®¢ �. �., �â¥¯ ®¢  Ǒ. �.£¤¥ aij(x) = aji(x) ¨ aij , bi, c ¯à¨ ¤«¥� â ª« ááã C∞(
), i, j = 1, n, ¨¢ë¯®«¥® ãá«®¢¨¥
n∑

i,j=1 aij(x)ξiξj > 0 ∀ξ ∈ R
n, x ∈ 
.�¡®§ ç¨¬ ç¥à¥§ ~ν = (ν1, . . . , νn) ¢¥ªâ®à ¢ãâà¥¥© ®à¬ «¨ ª £à ¨æ¥®¡« áâ¨ 
. �¢¥¤¥¬ ¬®�¥áâ¢® å à ªâ¥à¨áâ¨ç¥áª¨å â®ç¥ª ãà ¢¥¨ï (1)  S:

S0 = {x ∈ S : n∑

i,j=1 aij(x)νiνj = 0}.� áá¬ âà¨¢ ï   ¬®�¥áâ¢¥ S0 äãªæ¨î �¨ª¥àë [3, 4, 7℄�(x) = n∑

i=1(bi − n∑

j=1 aijxj

)
νi, x ∈ S0,®¯à¥¤¥«¨¬ á«¥¤ãîé¨¥ ¬®�¥áâ¢ :

S+ = {x ∈ S0 : �(x) > 0}, S− = {x ∈ S0 : �(x) < 0},
S0 = {x ∈ S0 : �(x) = 0}.Ǒ®«®�¨¬

S1 = S \ S0, S2 = S1 ∪ S−.Ǒ¥à¢ ï ªà ¥¢ ï § ¤ ç . � ©â¨ à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ ®¡« -áâ¨ 
 â ª®¥, çâ®
u |S2= 0. (2)�â¬¥â¨¬, çâ® ¯¥à¢ ï ªà ¥¢ ï § ¤ ç  (1), (2) ®å¢ âë¢ ¥â ¨§¢¥áâ-ë¥ ª« áá¨ç¥áª¨¥ ªà ¥¢ë¥ § ¤ ç¨ ¤«ï í««¨¯â¨ç¥áª¨å ¨ ¯ à ¡®«¨ç¥-áª¨å ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª .�¡®§ ç¨¬ ç¥à¥§ CL ª« áá äãªæ¨© ¨§ C2(
), ã¤®¢«¥â¢®àïîé¨åãá«®¢¨î (2).�¢¥¤¥¬   ¬®�¥áâ¢¥ CL áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥(u, v)H1 = ∫
 ( n∑

i,j=1 aijuxi
vxj

+ uv

)
dx, u, v ∈ CL.



� ¬¥â®¤¥ � «�¥àª¨  21�¡®§ ç¨¬ ç¥à¥§ H1 £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®, ¯®«ãç¥®¥ ¯®¯®«¥-¨¥¬ ª« áá  CL ¯® ®à¬¥
‖u‖H1 = (u, u)1/2

H1 .� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«¥® ãá«®¢¨¥
[

n∑

i=1(bi − n∑

j=1 aijxj
)ξi]2 6 M

n∑

i,j=1 aijξiξj ∀ξ ∈ R
n, ∀x ∈ 
, M > 0. (3)� ¬¥â¨¬, çâ® ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ãá«®¢¨¥ (3) ¢á¥£¤  ¨¬¥-¥â ¬¥áâ®.�¥¬¬  1. Ǒãáâì ¢ë¯®«¥® ãá«®¢¨¥ (3). �®£¤  ¤«ï «î¡®© äãª-æ¨¨ u(x) ∈ H1

n∑

i=1(bi − n∑

j=1 aijxj

)
uxi

∈ L2(
)¨ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
∫
 [ n∑

i=1(bi − n∑

j=1 aijxj

)
uxi

]2
dx 6 M

∫
 n∑

i,j=1 aijuxi
uxj

dx. (4)�®ª § â¥«ìáâ¢®. �«ï «î¡®© äãªæ¨¨ u(x) ∈ CL ¨§ ãá«®¢¨ï (3)¥¬¥¤«¥® á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  (4).�¥¯¥àì ¯ãáâì u ∈ H1. �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì äãª-æ¨© {um(x)} ¨§ CL â ª ï, çâ® um → u ¢ H1 ¯à¨ m → ∞. � «¥¥, ¢¥à ¢¥áâ¢¥ (4) § ¬¥ïï äãªæ¨î u(x)   um − uk, ¯®«ãç ¥¬
‖vm − vk‖20 6 M‖um − uk‖2H1 → 0, m, k → ∞,£¤¥

vm(x) = n∑

i=1(bi − n∑

j=1 aijxj

)
umxi

.� á¨«ã äã¤ ¬¥â «ì®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ {vm(x)} ¢ L2(
) áãé¥-áâ¢ã¥â äãªæ¨ï v(x) ∈ L2(
) â ª ï, çâ® vm → v ¢ L2(
) ¯à¨ m → ∞.



22 �£®à®¢ �. �., �â¥¯ ®¢  Ǒ. �.�âáî¤ , ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ m→ ∞ ¢ ¥à ¢¥áâ¢¥ (4) ¯à¨ u = um,¯®«ãç¨¬ ¥à ¢¥áâ¢®
‖v‖20 6 M

∫
 n∑

i,j=1 aijuxi
uxj

dx. (5)�á«¨ T | ®¡®¡é¥ ï äãªæ¨ï ¨§ D′(
) ¨ ϕ ∈ D(
), â® § ç¥¨¥ T  äãªæ¨¨ ϕ ®¡®§ ç¨¬ ç¥à¥§ 〈T, ϕ〉. �¥âàã¤® ¯®ª § âì, çâ®
〈v, ϕ〉 = ∫
 vϕ dx = 〈 n∑

i=1(bi − n∑

j=1 aijxj

)
uxi

, ϕ

〉
∀ϕ ∈ D(
).�«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

v(x) = n∑

i=1(bi − n∑

j=1 aijxj

)
uxi¢ á¬ëá«¥ â¥®à¨¨ ®¡®¡é¥ëå äãªæ¨©. �âáî¤  ¨ ¨§ ¥à ¢¥áâ¢  (5)á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ãâ¢¥à�¤¥¨© «¥¬¬ë 1.�«ï äãªæ¨© u, v ∈ H1 à áá¬®âà¨¬ ¡¨«¨¥©ãî ä®à¬ã

B(u, v) = ∫
 [ n∑

i,s=1 aijuxi
vxj

+ u

n∑

i=1(bi − n∑

j=1 aijxj

)
vxi

− c∗uv

]
dx,£¤¥

c∗(x) = c(x)− n∑

i=1 bixi
+ n∑

i,j=1 aijxixj
.�¥¬¬  2. Ǒãáâì ¢ë¯®«¥® ãá«®¢¨¥ (3). �®£¤  ¨¬¥¥â ¬¥áâ® ¥à -¢¥áâ¢®

|B(u, v)| 6 K‖u‖H1‖v‖H1 , u, v ∈ H1, (6)£¤¥ K > 0 § ¢¨á¨â â®«ìª® ®â ª®íää¨æ¨¥â®¢ ®¯¥à â®à  L ¨ ª®áâ âë
M . � á¨«ã «¥¬¬ë 1 ¥à ¢¥áâ¢® (6) ¥âàã¤® ¤®ª §ë¢ ¥âáï á ¯®¬®éìî¨§¢¥áâëå ¥à ¢¥áâ¢ �®è¨ | �ãïª®¢áª®£® ¨ ��¥«ì¤¥à .



� ¬¥â®¤¥ � «�¥àª¨  23�¥¬¬  3. Ǒãáâì ¢ë¯®«¥® ãá«®¢¨¥ (3) ¨ S0 = S0 ¨«¨ ¬®�¥áâ¢®
S0 ¯ãáâ®¥. �®£¤  ¤«ï «î¡®£® u ∈ H1 á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
∫
 u

n∑

i=1(bi− n∑

j=1 aijxj

)
uxi

dx = −12 ∫
 n∑

i=1(bixi
−

n∑

i,j=1 aijxixj

)
u2 dx. (7)�®ª § â¥«ìáâ¢®. � ç «  § ¬¥â¨¬, çâ® ¢ á¨«ã ¢â®à®£® ãá«®¢¨ï«¥¬¬ë 3 à ¢¥áâ¢® (7) ¨¬¥¥â ¬¥áâ® ¤«ï «î¡®© äãªæ¨¨ u(x) ¨§ CL.�«ï u ∈ H1 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì {um(x)} ¨§ CL â ª ï, çâ®

um → u ¢ H1. �âáî¤ 
∫
 um

n∑

i=1(bi − n∑

j=1 aijxj

)
umxi

dx = −12 ∫
 (bixi
−

n∑

ij=1 aijxixj

)
u2m dx.� ¤àã£®© áâ®à®ë, ª ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1,

n∑

i=1(bi − n∑

j=1 aijxj

)
umxi

→
n∑

i=1(bi − n∑

j=1 aijxj

)
uxi¢ ¯à®áâà áâ¢¥ L2(
) ¯à¨ m→ ∞. �®£¤  á¯à ¢¥¤«¨¢®áâì à ¢¥áâ¢  (7)ãáâ  ¢«¨¢ ¥âáï ¨§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¯à¥¤¥«ìë¬ ¯¥à¥å®¤®¬.�¥¬¬  4. Ǒãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 3 ¨

c(x) + c∗(x) 6 −δ < 0 ∀x ∈ 
.�®£¤  áãé¥áâ¢ã¥â ª®áâ â m > 0 â ª ï, çâ® ¤«ï ¢á¥å äãªæ¨© u ∈ H1¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®
B(u, u) > m‖u‖2H1 . (8)�®ª § â¥«ìáâ¢®. �«ï äãªæ¨¨ u ∈ H1 ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¡¨-«¨¥©®© ä®à¬ë B(u, v) ¨ à ¢¥áâ¢  (7) ¨¬¥¥¬

B(u, u) = ∫
 [ n∑

i,j=1 aijuxi
uxj

− 12(c+ c∗)u2] dx.�âáî¤  ¯®«ãç ¥¬, çâ®
B(u, u) > m‖u‖2H1 , m = min{1, δ/2}.



24 �£®à®¢ �. �., �â¥¯ ®¢  Ǒ. �.�¥¬¬  4 ¤®ª §  .�áî¤ã ¨�¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯à ¢ ï ç áâì ãà ¢¥¨ï (1)
f(x) ¯à¨ ¤«¥�¨â L2(
) ¨ ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 3.�¯à¥¤¥«¥¨¥ 1. �ãªæ¨ï u ∈ H1  §ë¢ ¥âáï ®¡®¡é¥ë¬ à¥è¥-¨¥¬ ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ (1), (2), ¥á«¨ ¢ë¯®«ï¥âáï â®�¤¥áâ¢®

B(u, v) = −(f, v)0 ∀v ∈ H1. (9)�¥®à¥¬  1. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 3, â® ¯¥à¢ ï ªà ¥¢ ï§ ¤ ç  (1), (2) ¬®�¥â ¨¬¥âì ¥ ¡®«¥¥ ®¤®£® ®¡®¡é¥®£® à¥è¥¨ï¨§ H1.�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¥á«¨ u1 ¨ u2 áãâì ¤¢  ®¡®¡-é¥ëå à¥è¥¨ï § ¤ ç¨ (1), (2), â® à §®áâì u = u1 − u2 ∈ H1 ¡ã¤¥âã¤®¢«¥â¢®àïâì ®¤®à®¤®¬ã â®�¤¥áâ¢ã (9)
B(u, v) = 0 ∀v ∈ H1.�âáî¤  ¢ á¨«ã «¥¬¬ë 4 ¯à¨ u = v ¨¬¥¥¬0 = B(u, u) > m‖u‖2H1 .�§ ¤ ®£® ¥à ¢¥áâ¢  á«¥¤ã¥â á®¢¯ ¤¥¨¥ u1 á u2. �¥®à¥¬  ¤®ª §  .Ǒãáâì {ϕk(x)} | ¯®« ï á¨áâ¥¬  «¨¥©® ¥§ ¢¨á¨¬ëå í«¥¬¥â®¢¢ H1. Ǒà¨¡«¨�¥ë¥ à¥è¥¨ï uN (x) ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ (1), (2)¨é¥¬ ¢ ¢¨¤¥
uN (x) = N∑

k=1CN
k ϕk(x),¢ ª®â®àëå CN

k ®¯à¥¤¥«ïîâáï á¨áâ¥¬®© N «¨¥©ëå  «£¥¡à ¨ç¥áª¨åãà ¢¥¨©
B(uN , ϕl) = −(f, ϕl)0, l = 1, N. (10)�¥®à¥¬  2. �á«¨ ¢ë¯®«¥ë ¯à¥¤¯®«®�¥¨ï «¥¬¬ë 3, â® § ¤ ç (1), (2) ®¤®§ ç® à §à¥è¨¬  ¢ H1 ¯à¨ «î¡®© f ∈ L2(
) ¨ ¥¥ à¥è¥¨¥¥áâì á¨«ìë© ¯à¥¤¥« ¢ H1 £ «�¥àª¨áª¨å ¯à¨¡«¨�¥¨© uN , ®¤®§ ç®®¯à¥¤¥«ï¥¬ëå  «£¥¡à ¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨ (10).



� ¬¥â®¤¥ � «�¥àª¨  25�®ª § â¥«ìáâ¢®. �¨áâ¥¬  (10) ®¤®§ ç® à §à¥è¨¬ , â ª ª ª¤«ï ¥¥ á¯à ¢¥¤«¨¢  â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ ¢ á¨«ã ¥à ¢¥áâ¢  (8).�â ª, á¨áâ¥¬  (10) ®¤®§ ç® ®¯à¥¤¥«ï¥â £ «�¥àª¨áª¨¥ ¯à¨¡«¨�¥¨ï
uN . �¬®�¨¬ ®¡¥ ç áâ¨ (10)   CN

l ¨ ¯à®áã¬¬¨àã¥¬ ¯® l ®â 1 ¤® N ,çâ® ¤ ¥â à ¢¥áâ¢®
B(uN , uN ) = −(f, uN)0.�§ ¤ ®£® à ¢¥áâ¢  ¢ á¨«ã (8) á«¥¤ã¥â  ¯à¨®à ï ®æ¥ª 

‖uN‖H1 6
1
m
‖f‖0. (11)Ǒãáâì PN | «¨¥©®¥ ¯®¤¯®áâà áâ¢® ¢ H1,  âïãâ®¥   ϕ1, . . . , ϕN .�« £®¤ àï (10) uN ã¤®¢«¥â¢®àï¥â â®�¤¥áâ¢ã

B(uN , η) = −(f, η)0 ∀η ∈ PN . (12)�âáî¤  ¢ á¨«ã ®æ¥ª¨ (11), «¥¬¬ë 1 ¨ â¥®à¥¬ë 1 áâ ¤ àâë¬ ®¡à §®¬[8℄ ¯à¨å®¤¨¬ ª § ª«îç¥¨î, çâ® ¢áï ¯®á«¥¤®¢ â¥«ì®áâì uN á« ¡® ¢ H1áå®¤¨âáï ª äãªæ¨¨ u ∈ H1, ª®â®à ï ï¢«ï¥âáï ®¡®¡é¥ë¬ à¥è¥¨¥¬¯¥à¢®© ªà ¥¢®© § ¤ ç¨ (1), (2).�®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì®áâì uN ¨§ PN â ªãî, çâ® ‖uN −u‖H1 → 0¯à¨ N → ∞. �§ (9), (12) ¯à¨ η = v = uN − uN ¨¬¥¥¬ à ¢¥áâ¢®
B(u− uN , u− uN) = B(u − uN , u− uN ). (13)� ª ª ª uN áå®¤¨âáï ª u á« ¡® ¢ H1,   uN áå®¤¨âáï ª u á¨«ì® ¢ H1, â®¢ á¨«ã (6) ¯à ¢ ï ç áâì (13) áâà¥¬¨âáï ª ã«î ¯à¨ N → ∞. �®£¤  (8)£ à â¨àã¥â á¨«ìãî áå®¤¨¬®áâì uN ª u ¢ ¯à®áâà áâ¢¥ H1. �¥®à¥¬ ¤®ª §  .Ǒà¨¢¥¤¥¬ â¥®à¥¬ã ®¡ ®æ¥ª¥ ¯®£à¥è®áâ¨ ¬¥â®¤  � «�¥àª¨ .�¥®à¥¬  3. Ǒãáâì ¢ë¯®«¥ë ¯à¥¤¯®«®�¥¨ï «¥¬¬ë 3. �®£¤ ¤«ï £ «�¥àª¨áª¨å ¯à¨¡«¨�¥¨© ¨¬¥¥â ¬¥áâ® ®æ¥ª 

‖uN − u‖H1 6
K

m
d(PN , u), (14)



26 �£®à®¢ �. �., �â¥¯ ®¢  Ǒ. �.£¤¥
d(PN , u) = inf

v∈PN

‖v − u‖H1 .�®ª § â¥«ìáâ¢®. �«ï «î¡®© äãªæ¨¨ v ∈ PN ¨§ (9), (12) ¯®«ã-ç ¥¬
B(uN − u, uN − u) = B(uN − u, v − u).�âáî¤  ¢ á¨«ã (6), (8) ¨¬¥¥¬
m‖uN − u‖2H1 6 K‖uN − u‖H1‖v − u‖H1 ,â. ¥.

‖uN − u‖H1 6
K

m
‖v − u‖H1 .�âáî¤  á«¥¤ã¥â ®æ¥ª  (14). �¥®à¥¬  ¤®ª §  .����������1. �¨æ ¤§¥ �. �. �à ¢¥¨ï á¬¥è ®£® â¨¯ . �.: �§¤-¢® �� ����, 1959.2. �¥«¤ëè �. �. � ¥ª®â®àëå á«ãç ïå ¢ëà®�¤¥¨ï ãà ¢¥¨ï í««¨¯â¨ç¥áª®£®â¨¯    £à ¨æ¥ ®¡« áâ¨ // �®ª«. �� ����. 1951. �. 77, ü 2. C. 181{183.3. �¨ª¥à  �. � ¥¤¨®© â¥®à¨¨ ªà ¥¢ëå § ¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢-¥¨© // � â¥¬ â¨ª . 1963. �. 7, ü 6. �. 99{121.4. �«¥©¨ª �. �., � ¤ª¥¢¨ç �. �. �à ¢¥¨ï ¢â®à®£® ¯®àï¤ª  á ¥®âà¨æ â¥«ì®©å à ªâ¥à¨áâ¨ç¥áª®© ä®à¬®© // � â¥¬ â¨ç¥áª¨©   «¨§. �.: ������, 1971.�. 7{252. (�â®£¨  ãª¨ ¨ â¥å¨ª¨).5. �¬¨à®¢ �. �. �ëà®�¤ îé¨¥áï í««¨¯â¨ç¥áª¨¥ ¨ £¨¯¥à¡®«¨ç¥áª¨¥ ãà ¢¥¨ï.�.: � ãª , 1966.6. �¥àá¥®¢ �. �. �¢¥¤¥¨¥ ¢ â¥®à¨î ãà ¢¥¨©, ¢ëà®�¤ îé¨åáï   £à ¨æ¥. �®-¢®á¨¡¨àáª: ���, 1973.7. �à £®¢ �. �. �à ¥¢ë¥ § ¤ ç¨ ¤«ï ¥ª« áá¨ç¥áª¨å ãà ¢¥¨© ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨. �®¢®á¨¡¨àáª: ���, 1983.8. � ¤ë�¥áª ï �. �. �à ¥¢ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1973.£. �ªãâáª 30 ¬ ï 2008 £.



��� 518.9� �Ǒ������ ��������������������� � ���������Ǒ�� ������������� PEC-������. �. �£®à®¢, �. Ǒ. � ©£®à®¤®¢� à ¡®â¥ à áá¬ âà¨¢ îâáï ãá«®¢¨ï, ¤¥« îé¨¥ ¢®§¬®�ë¬ ª®à-à¥ªâ®¥ ¯à¨¬¥¥¨¥ PEC-§ ¤ ç ¯à¨ ¬®¤¥«¨à®¢ ¨¨ á¨âã æ¨© ¢ë¡®à ¨ ¯à¨ïâ¨ï à¥è¥¨©. Ǒà¨¢¥¤¥¬ ®á®¢ë¥ ¯®ïâ¨ï ¨ â¥à¬¨ë, ¥®¡-å®¤¨¬ë¥ ¤«ï ¤ «ì¥©è¥£® ¨§«®�¥¨ï. �¥ª®â®àë¥ § ¤ ç¨ ¢ë¡®à  ¨¯à¨ïâ¨ï à¥è¥¨© á¢®¤ïâáï ª ®¤®© ¨«¨ ¥áª®«ìª¨¬ § ¤ ç ¬ ¢ë¡®-à  ®¤®© ¨§ ¤¢ãå ¢®§¬®�®áâ¥©: ý¯®áâã¯¨âì â ª¨¬ ®¡à §®¬þ ¨«¨ ý¥¯®áâã¯¨âì â ª¨¬ ®¡à §®¬þ. � ª®£® à®¤  § ¤ ç¨ ¡ã¤¥¬  §ë¢ âì § ¤ -ç ¬¨ ý§ þ ¨ ý¯à®â¨¢þ ¨«¨ PEC-§ ¤ ç ¬¨ (®â « â¨áª®£® pro et ontra).�«ï ª �¤®© PEC-§ ¤ ç¨ à áá¬ âà¨¢ îâáï ®¯à¥¤¥«¥ë¥  ¡®àë  à-£ã¬¥â®¢ (¤®¢®¤®¢) ¢ ¯®«ì§ã â®© ¨«¨ ¨®© ¢®§¬®�®áâ¨. PEC-§ ¤ ç ®¯à¥¤¥«ï¥âáï ª ª á®¢®ªã¯®áâì ¬®�¥áâ¢ P , C ¨ ¬ âà¨æë A, £¤¥
P ⇋ {p1, . . . , pn}, n ∈ N, (1)| ¬®�¥áâ¢®  à£ã¬¥â®¢ ý§ þ,
C ⇋ {c1, . . . , cm}, m ∈ N, (2)| ¬®�¥áâ¢®  à£ã¬¥â®¢ ý¯à®â¨¢þ,

A = {aij}, i = 1, n, j = 1, m, (3)| n×m-¬ âà¨æ , á®áâ®ïé ï ¨§ í«¥¬¥â®¢ aij , ï¢«ïîé¨åáï íªá¯¥àâë-¬¨ ®æ¥ª ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj . � ª¨¬ ®¡à §®¬, ¯à¥¤¯®« £ ¥âáï,çâ® ª �¤ë©  à£ã¬¥â ý§ þ pi ¨§ P áà ¢¨¢ ¥âáï á ª �¤ë¬  à£ã¬¥â®¬© 2008 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ.



28 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ.ý¯à®â¨¢þ cj ¨§ C ¨ ¬¥â®¤®¬ íªá¯¥àâëå ®æ¥®ª [1℄ (¨«¨ ª ª¨¬-«¨¡®¤àã£¨¬ á¯®á®¡®¬) ¯®«ãç îâáï ç¨á«  aij , ª®â®àë¥ ¬ë ¨  §¢ «¨ íªá-¯¥àâë¬¨ ®æ¥ª ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj. �¥¬ ¡®«ìè¥ § ç¥¨¥ aij ,â¥¬ ¡®«¥¥ § ç¨¬ ¨ ã¡¥¤¨â¥«¥  à£ã¬¥â ý§ þ pi ¯® áà ¢¥¨î á  à£ã-¬¥â®¬ ý¯à®â¨¢þ cj . �,  ®¡®à®â, ç¥¬ ¬¥ìè¥ § ç¥¨¥ aij , â¥¬ ¡®«¥¥§ ç¨¬ ¨ ã¡¥¤¨â¥«¥  à£ã¬¥â ý¯à®â¨¢þ cj ¯® áà ¢¥¨î á  à£ã¬¥â®¬ý§ þ pi.Ǒãáâì Â | ¬®�¥áâ¢® ¢á¥å n × m-¬ âà¨æ á í«¥¬¥â ¬¨ ¨§ R
1(n,m ∈ N). �®£¤  ¬®�® áª § âì, çâ® «î¡ ï PEC-§ ¤ ç  á ¬®�¥áâ¢ -¬¨ P ¨ C ®¯à¥¤¥«ï¥â ¥ª®â®àãî ¬ âà¨æã A ¨§ Â íªá¯¥àâëå ®æ¥®ª

aij ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj .Ǒãáâì A | n × m-¬ âà¨æ  ¨§ Â. �¢â®à ¬¨ à ¥¥ ¡ë«® ¯®ª § -®, çâ® ¤«ï ¢ëç¨á«¥¨ï à¥è¥¨ï ¯®à®�¤ ¥¬®© ¥î PEC-§ ¤ ç¨ (â. ¥.®¯à¥¤¥«¥¨ï ¨â¥£à «ì®© íªá¯¥àâ®© ®æ¥ª¨) ¤®áâ â®ç®  ©â¨ æ¥ãá®®â¢¥âáâ¢ãîé¥© ¬ âà¨ç®© ¨£àë [2℄. Ǒ®íâ®¬ã, à áá¬ âà¨¢ ï PEC-§ ¤ çã (1){(3), ã¬¥áâ® £®¢®à¨âì ®¡ ¨£à®ª å á ¬®�¥áâ¢ ¬¨ áâà â¥£¨©
P ¨ C.� ª ¢¨¤® ¨§ ¢ëè¥¨§«®�¥®£®, ¨â¥£à «ì ï íªá¯¥àâ ï ®æ¥ª ¢ëç¨á«ï¥âáï ¨áå®¤ï ¨§  ¡®à®¢  à£ã¬¥â®¢ P , C ¨ ¬ âà¨æë ®æ¥®ª
A. � §®¢¥¬ ªàã£ «¨æ, ä®à¬¨àãîé¨å ª®ªà¥âë© ¢¨¤ P , C ¨ A, íªá-¯¥àâ®© ª®¬¨áá¨¥© (��). Ǒ®ïâ®, çâ® ¤«ï ª®àà¥ªâ®© ¯®áâ ®¢ª¨PEC-§ ¤ ç¨ �� ¤®«�  ¯à¨¤¥à�¨¢ âìáï ¥ª®â®àëå ¯à ¢¨«.� áá¬®âà¨¬ ¬®�¥áâ¢®  à£ã¬¥â®¢ ý§ þ P . �ã¤¥¬ £®¢®à¨âì, çâ® à£ã¬¥â ps ¤®¬¨¨àã¥â  ¤  à£ã¬¥â®¬ (áâà â¥£¨¥©) pt, ¥á«¨ asj >

atj (s, t ∈ {1, . . . , n}, s 6= t, j = 1,m), ¯à¨ç¥¬ å®âï ¡ë ®¤® ¥à ¢¥áâ¢®¤®«�® ¡ëâì áâà®£¨¬. � «¥¥ ¡ã¤¥¬ áç¨â âì â¥à¬¨ë ý à£ã¬¥âþ ¨ýáâà â¥£¨ïþ ¢§ ¨¬®§ ¬¥ï¥¬ë¬¨. �«ï ªà âª®áâ¨ ¡ã¤¥¬ ¨§¡¥£ âì ¨§-«¨è¥© áâà®£®áâ¨ ¢ ¨§«®�¥¨¨.�á«¨ ¬ë à áá¬ âà¨¢ ¥¬ PEC-§ ¤ çã: áâà®¨âì ¥ª¨© § ¢®¤ ¨«¨ ¥â,â® �� ¬®�¥â ®¯à¥¤¥«¨âì,  ¯à¨¬¥à, â ª¨¥  à£ã¬¥âë ý§ þ:
p1 =ýíª®®¬¨ç¥áª¨ íää¥ªâ¨¢ë© ¨ íª®«®£¨ç¥áª¨ ¡¥§®¯ áë© ¯à®-¥ªâþ,



� á¯®á®¡ å ä®à¬¨à®¢ ¨ï áâà â¥£¨© ¨ ¢ë¨£àëè¥© 29
p2 =ý¯à®¥ªâ áâà®¨â¥«ìáâ¢  íª®®¬¨ç¥áª¨ ¢ë£®¤ë©þ,
p3 =ý¯à®¥ªâ áâà®¨â¥«ìáâ¢  íª®«®£¨ç¥áª¨ ¡¥§®¯ áë©þ,
p4 =ý¯à¥¤ãá¬®âà¥  ãáâ ®¢ª  ä¨«ìâà®¢ ¤«ï ®ç¨áâª¨ �¨¤ª¨å áâ®-ª®¢þ,
p5 =ý  â¥àà¨â®à¨¨ § ¢®¤  ¯« ¨àã¥âáï à §¡¨âì æ¢¥â®çë¥ ª«ã¬-¡ëþ.�®£¤  ¨®£¤  ¤®¯ãáâ¨¬® £®¢®à¨âì, çâ® ª ª®©-â®  à£ã¬¥â ï¢«ï¥âáïç áâìî ¥ª®â®à®£® ¤àã£®£®  à£ã¬¥â  ¨«¨ ª ª®©-â®  à£ã¬¥â á®áâ®¨â¨§ ¥ª®â®àëå ¤àã£¨å  à£ã¬¥â®¢. � ¯à¨¬¥à, ¬®�® áª § âì, çâ® p2,

p3 áãâì ç áâ¨ p1. � á¢®î ®ç¥à¥¤ì, p1 á®áâ®¨â ¨§ p2 ¨ p3; p4 ¥áâì ç áâì à£ã¬¥â®¢ p3 ¨ p1.� ª�¥ ¢ ¥ª®â®àëå á«ãç ïå ¬®�® £®¢®à¨âì, çâ® ª ª®©-â®  à£ã-¬¥â ¬¥¥¥ (¨«¨ ¡®«¥¥) § ç¨¬, ç¥¬ ¥ª®â®àë© ¤àã£®©  à£ã¬¥â. � -¯à¨¬¥à, p5 ¬¥¥¥ § ç¨¬, ç¥¬  à£ã¬¥âë p1, p2, p3, p4.�ç¥¢¨¤  á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¥£® ãâ¢¥à�¤¥¨ï.�¥¬¬  1. � áá¬®âà¨¬ PEC-§ ¤ çã (1){(3). Ǒãáâì ¢ë¯®«ïîâáïá«¥¤ãîé¨¥ ãá«®¢¨ï:1) ¥á«¨  à£ã¬¥â ps ¥áâì ç áâì  à£ã¬¥â  pt, â® pt ¤®¬¨¨àã¥â  ¤
ps; 2) ¥á«¨  à£ã¬¥â ps ¬¥¥¥ § ç¨¬, ç¥¬  à£ã¬¥â pt, â® pt ¤®¬¨¨-àã¥â  ¤ ps (s, t ∈ {1, . . . , n}, s 6= t).�®£¤  ª®«¨ç¥áâ¢® ¢ P  à£ã¬¥â®¢, ï¢«ïîé¨åáï ç áâï¬¨ ª ª¨å-â® à£ã¬¥â®¢ ¨§ P ¨«¨ ¬¥¥¥ § ç¨¬ë¬¨, ç¥¬ ª ª¨¥-â® ¤àã£¨¥  à£ã¬¥âë¨§ P , ¥ ¢«¨ï¥â   ¢¥«¨ç¨ã ¨â¥£à «ì®© íªá¯¥àâ®© ®æ¥ª¨.�¥®à¥¬  1. � áá¬®âà¨¬ PEC-§ ¤ çã (1){(3). Ǒãáâì ¢ë¯®«ï¥â-áï ãá«®¢¨¥ 1 «¥¬¬ë 1 ¨ áãé¥áâ¢ã¥â q ∈ P , á®áâ®ïé¨© ¨§  à£ã¬¥â®¢
q1, . . . , qr (r ∈ N), ¯à¨ç¥¬ ¥®¡ï§ â¥«ì®, çâ® ¢á¥ ®¨ ¨§ ¬®�¥áâ¢  P .�®£¤  ¢¥«¨ç¨  ¨â¥£à «ì®© íªá¯¥àâ®© ®æ¥ª¨ ¢ PEC-§ ¤ ç¥ (1){(3),¢ ª®â®à®© ¬®�¥áâ¢® P § ¬¥¥® ¬®�¥áâ¢®¬ (P \ {q}) ∪ {q1, . . . , qr},¥ ã¢¥«¨ç¨âáï.�®ª § â¥«ìáâ¢®. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë. �®£¤ 



30 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ.¯® «¥¬¬¥ 1 ã¢¥«¨ç¥¨¥ ª®«¨ç¥áâ¢   à£ã¬¥â®¢ ¨§ P §  áç¥â ¬®�¥áâ¢ 
{q1, . . . , qr} ¥ ¨§¬¥¨â ¨â¥£à «ì®© íªá¯¥àâ®© ®æ¥ª¨,   ã¤ «¥¨¥ qá®£« á® â¥®à¥â¨ª®-¨£à®¢®¬ã ¯®¤å®¤ã ¥ ã¢¥«¨ç¨¢ ¥â § ç¥¨ï ¨£àë.�¥®à¥¬  ¤®ª §  .�«¥¤áâ¢¨¥ 1. �§¬¥ïï á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«¨à®¢ª¨, ¬®�®¤®ª § âì   «®£¨çë¥ ãâ¢¥à�¤¥¨ï ¨ ¤«ï ¢â®à®£® ¨£à®ª .� ª¨¬ ®¡à §®¬, ¬®�® ãª § âì ¥ª®â®àë¥ á¯®á®¡ë ä®à¬¨à®¢ ¨ï¬®�¥áâ¢ áâà â¥£¨© ¨£à®ª®¢ (¬®�¥áâ¢ P , C) ¨ äãªæ¨® «  ¢ë¨£àë-è  (¬ âà¨æë A) ¢  â £®¨áâ¨ç¥áª®© ¬ âà¨ç®© ¨£à¥, ¯®à®�¤ îé¥©PEC-§ ¤ çã (1){(3).�«¥¤áâ¢¨¥ 2. �á«¨ �� ¡ã¤¥â ¯à¨¤¥à�¨¢ âìáï ãá«®¢¨© 1 ¨ 2 «¥¬-¬ë 1 ¯à¨ ®¯à¥¤¥«¥¨¨ ¬®�¥áâ¢ P , C ¨ ¬ âà¨æë A, â® ¥© ¥ ¯à¨¤¥âáï¡¥á¯®ª®¨âìáï ® ¬ «®§ ç¨¬ëå  à£ã¬¥â å ¨«¨ ®¡  à£ã¬¥â å, ï¢«ïî-é¨åáï ç áâï¬¨ ¥ª®â®àëå ¤àã£¨å  à£ã¬¥â®¢. � â® �¥ ¢à¥¬ï ¨§ ãâ¢¥à-�¤¥¨ï â¥®à¥¬ë 1 ¢ëâ¥ª ¥â ¤«ï �� ¥®¡å®¤¨¬®áâì ®áâ®à®�®£® ¯®¤-¡®à  ýá®áâ ¢ëåþ ¨«¨ á«¨èª®¬ ®¡é® áä®à¬ã«¨à®¢ ëå  à£ã¬¥â®¢,â ª ª ª ¥áâì ®¯ á®áâì ¥®¡®á®¢ ®£® § ¢ëè¥¨ï ¢ë¨£àëè  ¨£à®ª .����������1. �¥âæ¥«ì �. �. �áá«¥¤®¢ ¨¥ ®¯¥à æ¨©. � ¤ ç¨, ¯à¨æ¨¯ë, ¬¥â®¤®«®£¨ï. �.:� ãª , 1988.2. �®à®¡ì¥¢ �. �. �á®¢ë â¥®à¨¨ ¨£à. �¥áª® «¨æ¨®ë¥ ¨£àë. �.: � ãª , 1984.£. �ªãâáª 15  ¯à¥«ï 2008 £.



��� 517.946�������� ������ �Ǒ��������������������� Ǒ���������� ���������� ������������������� ��������∗)�. �. �®� ®¢Ǒãáâì 
 | ¨â¥à¢ « (0, 1) ®á¨ Ox, Q | ¯àï¬®ã£®«ì¨ª 
× (0, T ),0 < T < +∞. Ǒãáâì F (η), f(x, t), ϕ(x), ψ(x), µ1(t) ¨ µ2(t) áãâì § -¤ ë¥ ¯à¨ η ∈ R, x ∈ 
, t ∈ [0, T ℄ äãªæ¨¨, t∗ | § ¤ ®¥ ç¨á«® ¨§¯®«ã¨â¥à¢ «  (0, T ℄.�¡à â ï § ¤ ç . � ©â¨ äãªæ¨¨ u(x, t) ¨ q(x), á¢ï§ ë¥ ¢¯àï¬®ã£®«ì¨ª¥ Q ãà ¢¥¨¥¬
ut −

∂

∂x
F (ux) + q(x)u = f(x, t) (1)¨ â ª¨¥, çâ® ¤«ï äãªæ¨¨ u(x, t) ¢ë¯®«ïîâáï ãá«®¢¨ï

u(x, 0) = ϕ(x), x ∈ 
, (2)
u(0, t) = µ1(t), u(1, t) = µ2(t), 0 < t < T, (3)

u(x, t∗) = ψ(x), x ∈ 
. (4)�à ¢¥¨¥ (1) ¢ á«ãç ¥ F ′(η) > 0 (¤ «¥¥ â ª®¥ ãá«®¢¨¥ ¡ã¤¥â ¢ë-¯®«ïâìáï) ï¢«ï¥âáï ¥«¨¥©ë¬ ¯ à ¡®«¨ç¥áª¨¬ ãà ¢¥¨¥¬, ®¯¨áë-¢ îé¨¬ ¯à®æ¥ááë ®¤®¬¥à®© â¥¯«®¯à®¢®¤®áâ¨ ¨«¨ ¤¨ääã§¨¨; ª®-íää¨æ¨¥â q(x) ¢ íâ®¬ ãà ¢¥¨¨ ®â¢¥ç ¥â §  áª®à®áâì ¯®£«®é¥¨ï ¨
∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥   «¨â¨ç¥áª®© ¢¥¤®¬áâ¢¥®©æ¥«¥¢®© ¯à®£à ¬¬ë ý� §¢¨â¨¥  ãç®£® ¯®â¥æ¨ « þ (ª®¤ ¯à®¥ªâ  ü ��-23/11 ¯à. ®â 12 ¤¥ª ¡àï 2008 £.).© 2008 �®� ®¢ �. �.



32 �®� ®¢ �. �.ï¢«ï¥âáï ¢ãâà¥¥© å à ªâ¥à¨áâ¨ª®© áà¥¤ë (á¬. [1℄). � á«ãç ¥ áà¥-¤ë á ¥¨§¢¥áâë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ¢®§¨ª ¥â § ¤ ç ,  §ë¢ ¥¬ ï¢ «¨â¥à âãà¥ ®¡à â®©,   ¨¬¥® § ¤ ç  ®¤®¢à¥¬¥®£® ®¯à¥¤¥«¥¨ïà¥è¥¨ï u(x, t) ¨ ª®íää¨æ¨¥â  q(x). � à áá¬ âà¨¢ ¥¬®© ®¡à â®© § -¤ ç¥ ãá«®¢¨ï (2) ¨ (3) ï¢«ïîâáï ãá«®¢¨ï¬¨ ®¡ëç®© ¯¥à¢®©  ç «ì®-ªà ¥¢®© § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï, (4) ¥áâì ãá«®¢¨¥ ¯¥à¥-®¯à¥¤¥«¥¨ï, ¥®¡å®¤¨¬®áâì ª®â®à®£® ®¡ãá«®¢«¥   «¨ç¨¥¬ ¤®¯®«¨-â¥«ì®© ¥¨§¢¥áâ®© äãªæ¨¨ q(x). �¡à âë¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨-ç¥áª¨å ãà ¢¥¨© á ¥¨§¢¥áâë¬ ª®íää¨æ¨¥â®¬ ¯à¨ à¥è¥¨¨ á ãá«®-¢¨¥¬ ¯¥à¥®¯à¥¤¥«¥¨ï (4) ¢¯®«¥ ª ç¥áâ¢¥® ¨áá«¥¤®¢ ë ¢ á«ãç ¥
F (η) ≡ η (á¬. [2{5℄), ¢ á«ãç ¥ �¥ ¥«¨¥©®© äãªæ¨¨ F (η) ¯®¤®¡ë¥§ ¤ ç¨ à ¥¥ ¥ ¨§ãç «¨áì.Ǒãáâì V | ¬®�¥áâ¢® äãªæ¨©
V = {v(x, t) : v(x, t) ∈ L∞

(0, T ;W 22 (
)), vt(x, t) ∈ L∞
(0, T ;W 12 (
)),

vtt(x, t) ∈ L2(Q), vxxt(x, t) ∈ L2(Q)}.�ç¥¢¨¤®, çâ® íâ® ¬®�¥áâ¢® ¥áâì ¡  å®¢® ¯à®áâà áâ¢® á ®à¬®©
‖v‖V = {vraimax[0,T ℄ ∫
 [v2(x, t) + v2x(x, t) + v2xx(x, t)+ v2t (x, t) + v2xt(x, t)] dx+ ∫

Q

(
v2tt + v2xxt

)
dx dt

} 12
.� áá¬®âà¨¬ ¢ ç «¥ á«ãç © ãà ¢¥¨ï (1), ¡«¨§ª®£® ª «¨¥©®¬ã.�¯à¥¤¥«¨¬ ¥®¡å®¤¨¬ë¥ ¢á¯®¬®£ â¥«ìë¥ äãªæ¨¨. Ǒ®«®�¨¬�u(x, t) = xµ2(t) + (1− x)µ1(t),

α1(x) = − 1
ψ(x) , β1(x) = −α1(x)[f(x, t∗) +F ′(ψx(x))ψxx(x)− �ut(x, t∗)℄,
α2(x) = −α1(x)ϕ(x), ϕ0(x) = ϕ(x) − �u(x, 0),

ϕ1(x) = f(x, 0) + F ′(ϕx(x))ϕxx(x) − α2(x)[f(x, t∗) + F ′(ψx(x))ψxx(x)
− �ut(x, t∗)℄− �ut(x, 0), γ(x, t) = α1(x)�u(x, t),



�¡à â ï § ¤ ç  ®¯à¥¤¥«¥¨ï 33~f(x, t) = f(x, t)− �ut(x, t) − β1(x)�u(x, t).� «¥¥, ¯ãáâì k1, m1, m2, δ0 ¨ δ1 | § ¤ ë¥ ¯®«®�¨â¥«ìë¥ ç¨á«  (®¨¯®ï¢ïâáï ¨�¥ ¢ ãá«®¢¨ïå á®®â¢¥âáâ¢ãîé¨å â¥®à¥¬). �¯à¥¤¥«¨¬ ¤àã-£¨¥ ¥®¡å®¤¨¬ë¥ (¤«ï ª®¬¯ ªâ®áâ¨ ä®à¬ã«¨à®¢®ª) ç¨á« . �¬¥®,¯®«®�¨¬
α11 = vraimax
 |α1(x)|, α21 = vraimax
 |α2(x)|, α22 = vraimax
 |α2x(x)|,
β10 = vraimin
 β1(x), β11 = vraimax
 β1(x), γ1 = vraimax

Q
|γ(x, t)|,

k2 = β10 − α11k1, k3 = α221 + γ21T, m3 = m2max[0,T ℄ |µ′1(t)− µ′2(t)|,
K1 = (1 + 1

δ20)[∫
 ϕ21(x) dx + 1
k2 ∫

Q

~f2t dx dt]+m1 ∫
Q

�u2xt dx dt,

R1 = K11− (1 + δ20)k3 , R2 = min(R1T, R1
k2 ), R3 = 2α211R21

m0 + 2β211R2,
K2 = 4(2 + α221 + γ21T )R1 +R3+ 4[∫
 F ′2(ϕx(x))ϕ2xx(x) dx + ∫
 ϕ21(x) dx + ∫

Q

~f2t dx dt],
R4 = K2 exp(4T ),

R5 = 11− (1 + 2δ21)α221 [(α222δ21 + 8γ21T
m0 + 1)R1 + 4

m0R3 + 2m23
m0 R4+ 9m42R24R1

m0 + 8
m0 ∫

Q

~f2t dx dt+ ∫
 α21x(x)ϕ21x(x) dx],
R6 = 2

m0 [(α222δ21 + 8γ21T
m0 + 1)R1 + 4

m0R3 + 2m23
m0 R4 + 9m42R24R1

m0+ 8
m0 ∫

Q

~f2t dx dt+ ∫
 α21x(x)ϕ21x(x) dx].



34 �®� ®¢ �. �.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
F (η) ∈ C2(R), 0 < m0 6 F ′(η) 6 m1, |F ′′(η)| 6 m2 ¯à¨ η ∈ R; (5)

ϕ(x) ∈W 32 (
), ψ(x) ∈ W 32 (
), µi(t) ∈ W 22 ([0, T ℄), i = 1, 2,
f(x, t) ∈ L2(Q), ft(x, t) ∈ L2(Q),
α1(x) ∈ L∞(
), ϕ1(x) ∈ ◦

W
12(
); (6)

k2 > 0; (7)
k3 < 1, (1 + δ20)k3 < 1, (1 + 2δ21)α221 < 1; (8)

R5 < 1; (9)
µ1(0) = ϕ(0), µ2(0) = ϕ(1), µ1(t∗) = ψ(0), µ2(t∗) = ψ(1). (10)�®£¤  ®¡à â ï § ¤ ç  (1){(4) ¨¬¥¥â à¥è¥¨¥ {u(x, t), q(x)} â ª®¥, çâ®

u(x, t) ∈ V , q(x) ∈ L∞(
).�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî § ¤ çã:  ©â¨äãªæ¨î w(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì¨ª¥ Q à¥è¥¨¥¬ ãà ¢¥-¨ï
wtt−

∂

∂t

∂

∂x
F (wx+�ux)+[α1(x)wt(x, t∗)+β1(x)℄wt+γ(x, t)wt(x, t∗) = ~ft(x, t)(11)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï

w(x, 0) = ϕ0(x), wt(x, 0) = ϕ1(x) + α2(x)wt(x, t∗), x ∈ 
, (12)
w(0, t) = w(1, t) = 0, 0 < t < T. (13)� §à¥è¨¬®áâì íâ®© § ¤ ç¨ ¤®ª �¥¬ á ¯®¬®éìî ¬¥â®¤  áà¥§®ª ¨ ¬¥â®¤ ¥¯®¤¢¨�®© â®çª¨.�¯à¥¤¥«¨¬ äãªæ¨î G(ξ):
G(ξ) = ξ, ¥á«¨ |ξ| < k1,

k1, ¥á«¨ ξ > k1,
−k1, ¥á«¨ ξ 6 −k1.



�¡à â ï § ¤ ç  ®¯à¥¤¥«¥¨ï 35Ǒãáâì V0 | ¯®¤¯à®áâà áâ¢® ¯à®áâà áâ¢  V , ®¯à¥¤¥«¥®¥ á«¥¤ãî-é¨¬ ®¡à §®¬:
V0 = {v(x, t) ∈ V : v(x, t) ∈ L∞

(0, T ;W 22 (
) ∩ ◦
W 12(
)),

vt(x, t) ∈ L∞
(0, T ; ◦

W 12(
)), vtt(x, t) ∈ L2(Q), vxxt(x, t) ∈ L2(Q)},¨ ¯ãáâì v(x, t) | ¯à®¨§¢®«ì ï äãªæ¨ï ¨§ V0. Ǒ®«®�¨¬
qv(x) = α1(x)G(vt(x, t∗)) + β1(x), gv(x, t) = ~fv(x, t) − γ(x, t)vt(x, t∗),

ϕ1v(x) = ϕ1(x) + α2(x)vt(x, t∗).� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã:  ©â¨ äãªæ¨î w(x, t), ï¢«ïîéãîáï¢ ¯àï¬®ã£®«ì¨ª¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
wtt −

∂

∂t

∂

∂x
F (wx + �ux) + qv(x)wt = gv(x, t) (11v)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï

w(x, 0) = ϕ0(x), wt(x, 0) = ϕ1v(x), x ∈ 
, (12v)  â ª�¥ ãá«®¢¨ï (13). �  ï § ¤ ç  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¢ãî  -ç «ì®-ªà ¥¢ãî § ¤ çã ¤«ï ¥«¨¥©®£® ãà ¢¥¨ï á®áâ ¢®£® â¨¯ (11v); ¢á«¥¤áâ¢¨¥ ¢ª«îç¥¨© gv(x, t) ∈ L2(Q), qv(x) ∈ L∞(
), ϕ0(x) ∈
W 22 (
) ∩ ◦

W 12(
), ϕ1v(x) ∈
◦
W 12(
), ¢ëâ¥ª îé¨å ¨§ ãá«®¢¨© (6) ¨ (10),  â ª�¥ ¢ á¨«ã ãá«®¢¨ï (5) ®  ¨¬¥¥â à¥è¥¨¥, ¯à¨ ¤«¥� é¥¥ ¯à®-áâà áâ¢ã V0 ([6, 7℄, á¬. â ª�¥ [8℄). �àã£¨¬¨ á«®¢ ¬¨, ªà ¥¢ ï § ¤ ç (11v), (12v), (13) ¯®à®�¤ ¥â ®¯¥à â®à �, ¤¥©áâ¢ãîé¨© ¨§ ¯à®áâà áâ¢ 

V0 ¢ ¥£® �¥: �(v) = w. Ǒ®ª �¥¬, çâ® � ¨¬¥¥â ¢ ¯à®áâà áâ¢¥ V0¥¯®¤¢¨�ë¥ â®çª¨.Ǒ®¢â®àïï ¤®ª § â¥«ìáâ¢®  ¯à¨®àëå ®æ¥®ª ¨§ à ¡®â [5{7℄, ¥âàã¤-® ãáâ ®¢¨âì, çâ® ¤«ï à¥è¥¨© w(x, t) ªà ¥¢®© § ¤ ç¨ (11v), (12v), (13)¨¬¥¥â ¬¥áâ® à ¢®¬¥à ï  ¯à¨®à ï ®æ¥ª 
‖w‖V0 6 R0 (14)



36 �®� ®¢ �. �.á ¯®áâ®ï®© R0, ®¯à¥¤¥«ïîé¥©áï «¨èì äãªæ¨ï¬¨ f(x, t), ϕ(x), ψ(x),
µ1(t), µ2(t),   â ª�¥ ç¨á« ¬¨ k1, m0, m1 ¨ T . �§ íâ®© ®æ¥ª¨ á«¥¤ã-¥â, çâ® ®¯¥à â®à � ¯¥à¥¢®¤¨â è à à ¤¨ãá  R0 ¯à®áâà áâ¢  V0 ¢ á¥¡ï.� «¥¥, ¯®¢â®àïï à ááã�¤¥¨ï à ¡®âë [4℄, ¥âàã¤® ¯®ª § âì, çâ® ®¯¥-à â®à � ¢¯®«¥ ¥¯à¥àë¢¥ ¢ ¯à®áâà áâ¢¥ V0.�§ ¯à®¢¥¤¥ëå à ááã�¤¥¨© ¢ëâ¥ª ¥â, çâ® ¤«ï ®¯¥à â®à  � ¢ë-¯®«ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë � ã¤¥à . �«¥¤®¢ â¥«ì®, � ¨¬¥¥â ¯®ªà ©¥© ¬¥à¥ ®¤ã ¥¯®¤¢¨�ãî â®çªã. �ç¥¢¨¤®, çâ® íâ  ¥¯®¤¢¨�- ï â®çª  ¯à¥¤áâ ¢«ï¥â á®¡®© à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (11w), (12w),(13).�â ª, áãé¥áâ¢ã¥â äãªæ¨ï w(x, t), ¯à¨ ¤«¥� é ï ¯à®áâà áâ¢ã
V0, ï¢«ïîé ïáï ¢ ¯àï¬®ã£®«ì¨ª¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï (11w) ¨ ¯à¨-¨¬ îé ï ªà ¥¢ë¥ ãá«®¢¨ï (12w), (13). Ǒ®ª �¥¬, çâ® ¯à¨ ¢ë¯®«¥¨¨ãá«®¢¨© â¥®à¥¬ë íâ  äãªæ¨ï ¤ áâ à¥è¥¨¥ ¨áå®¤®© ®¡à â®© § ¤ ç¨.� áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫
 [wττ − ∂

∂t
F (wx + �ux) + qwwτ

]
wτ dxdτ = t∫0 ∫
 gwwτ dxdτ.Ǒ®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ íâ® à ¢¥áâ¢® ¯à¥®¡à §ã¥âáï ª ¢¨¤ã12 ∫
 w2

t (x, t) dx + t∫0 ∫
 F ′(wx + �ux)w2
xτ dxdτ + t∫0 ∫
 qww

2
τ dxdτ= 12 ∫
 ϕ21w(x) dx −

t∫0 ∫
 F ′(wx + �ux)�uxτwxτ dxdτ + t∫0 ∫
 gwwτ dxdτ.� ¬¥â¨¬, çâ® ¯à¨ x ∈ 
 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
qw(x) > k2.�á¯®«ì§ãï íâ® ¥à ¢¥áâ¢®, ãá«®¢¨¥ (5) ¨ ¥à ¢¥áâ¢® �£ , ¥âàã¤®¯®ª § âì, çâ® á«¥¤áâ¢¨¥¬ ¯®á«¥¤¥£® à ¢¥áâ¢  ¡ã¤¥â ¥à ¢¥áâ¢®

∫
 w2
t (x, t) dx+ t∫0 ∫
 F ′(wx + �ux)w2

xτ dxdτ



�¡à â ï § ¤ ç  ®¯à¥¤¥«¥¨ï 37+ k2 t∫0 ∫
 w2
τ dxdτ 6 (1 + δ2)k3 ∫
 w2

t (x, t∗) dx+(1 + 1
δ2)[∫
 ϕ21(x) dx + 1

k2 ∫
Q

~f2t dxdt]+m1 ∫
Q

�u2xt dxdt,¢ ª®â®à®¬ δ | ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®. � ä¨ªá¨àã¥¬ δâ ª, çâ® (1 + δ2)k3 < 1(¢á«¥¤áâ¢¨¥ ãá«®¢¨ï (8) íâ® ¢®§¬®�®). �ë¡à ®¥ ç¨á«® δ ®¡®§ ç¨¬ç¥à¥§ δ0. �ç¥¢¨¤®, çâ® ¤«ï à¥è¥¨© w(x, t) ªà ¥¢®© § ¤ ç¨ (11w),(12w), (13) ¢ë¯®«ï¥âáï ®æ¥ª vraimax[0,T ℄ ∫
 w2
t (x, t) dx 6 R1. (15)� ¬¥â¨¬, çâ® ¯®¬¨¬® ®æ¥ª¨ (15) ¤«ï à¥è¥¨© w(x, t) ªà ¥¢®© § -¤ ç¨ (11w), (12w), (13) ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

t∫0 ∫
 w2
τ dxdτ 6 R2, (16)

t∫0 ∫
 F ′(wx + �ux)w2
xτ dxdτ 6 R1. (17)� áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫
 [
wττ − ∂

∂τ
F (wx + �ux) + qwwτ

]
∂

∂x
F (wx + �ux) dxdτ= t∫0 ∫
 gw

∂

∂x
F (wx + �ux) dxdτ.�â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç ¥¬ à ¢¥áâ¢®, ï¢«ïîé¥¥áï ¥£® á«¥¤áâ¢¨-¥¬:12 ∫
 F ′2(wx(x, t) + �ux(x, t))w2

xx(x, t) dx = 12 ∫
 F ′2(ϕx(x))ϕ2xx(x) dx



38 �®� ®¢ �. �.+ t∫0 ∫
 F ′(wx(x, τ) + �ux(x, τ))w2
xτ (x, τ) dxdτ+ ∫
 wt(x, t)F ′(wx(x, t) + �ux(x, t))wxx(x, t) dx

−
∫
 wt(x, 0)F ′(ϕx(x))ϕxx(x) dx + t∫0 ∫
 qwwτF

′(wx + �ux)wxx dxdτ

−
t∫0 ∫
 gvF

′(wx + �ux)wxx dxdτ.� ®¥ à ¢¥áâ¢®, ¥à ¢¥áâ¢® �£ , ®æ¥ª¨ (15) ¨ (17) ¤ îâ ¥à ¢¥-áâ¢®14 ∫
 F ′2(wx(x, t) + �ux(x, t))w2
xx(x, t) dx

6

t∫0 ∫
 F ′2(wx + �ux)w2
xx dxdτ+ (2 + α221 + γ21T )R1 + ∫
 F ′2(ϕx(x))ϕ2xx(x) dx + ∫
 ϕ21(x) dx+ ∫

Q

~f2t dxdτ + 12 t∫0 ∫
 q2ww2
τ dxdτ.�æ¥¨¬ ¯®á«¥¤¥¥ á« £ ¥¬®¥:

t∫0 ∫
 q2ww2
τ dxdτ

6 2α211 t∫0 ∫
 w2
τ (x, t∗)w2

τ (x, τ) dxdτ + 2β211 t∫0 ∫
 w2
τ dxdτ

6 2α211 t∫0 vraimax
 [
w2

τ (x, τ)](∫
 w2
t (x, t∗) dx) dτ + 2β211R2
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6 2α211 t∫0 (∫
 w2

xτ dx

)(∫
 w2
τ (x, t∗) dx) dτ + 2β211R2

6
2α211R21
m0 + 2β211R2 = R3. (18)�«¥¤®¢ â¥«ì®, ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®∫
 F ′2(wx(x, t) + �u(x, t))w2

xx(x, t) dx
6 4 t∫0 ∫
 F ′(wx + �ux)w2

xx dxdτ +K2.�â® ¥à ¢¥áâ¢® ¨ «¥¬¬  �à®ã®««  ¤ îâ ®æ¥ªã∫
 F ′2(wx(x, t) + �ux(x, t))w2
xx(x, t) dx 6 R4. (19)Ǒ®á«¥¤¥¥   «¨§¨àã¥¬®¥ à ¢¥áâ¢® ¨¬¥¥â ¢¨¤

t∫0 ∫
 [wττ − ∂

∂τ

∂

∂x
F (wx + �ux) + qwwτ

]
wxxτ dxdτ = t∫0 ∫
 gwwxxτ dxdτ.� ®¥ à ¢¥áâ¢® «¥£ª® ¯à¥®¡à §ã¥âáï ª ¢¨¤ã12 ∫

ω

w2
xt(x, t) dx + t∫0 ∫
 F ′(wx + �ux)w2

xxτ dxdτ= 12 ∫
 w2
xt(x, 0) dx + t∫0 ∫
 qwwτwxxτ dxdτ −

t∫0 ∫
 gwwxxτ dxdτ

−
t∫0 ∫
 F ′′(wx + �ux)wxx(wxτ + �uxτ )wxxτ dxdτ. (20)�á¯®«ì§ãï ¥à ¢¥áâ¢® �£ , ¯à¥¤áâ ¢«¥¨¥ äãªæ¨© ϕ1w(x) ¨ gw(x),  â ª�¥ ®æ¥ª¨ (15) ¨ (18), ¥âàã¤® ¯®«ãç¨âì, çâ® ¢ë¯®«ï¥âáï ¥à -¢¥áâ¢®∣∣∣∣∣∣

12 ∫
 w2
xt(x, 0) dx+ t∫0 ∫
 qwwτwxxτ dxdτ −

t∫0 ∫
 gwwxxτ dxdτ

∣∣∣∣∣∣
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6
m04 t∫0 ∫
 w2

xxτ dxdτ + 12(1 + 2δ2)α221 ∫
 w2
xt(x, t∗) dx+ α2222δ2R1+ 12R1 + 12 ∫
 α21x(x)ϕ21x(x) dx + 2

m0R3 + 4
m0 ∫

Q

~f2t dxdt + 4
m0 γ21TR1,¢ ª®â®à®¬ δ | ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®. � ä¨ªá¨àã¥¬ δâ ª, çâ® (1 + 2δ2)α221 < 1;¢ë¡à ®¥ ç¨á«® δ ®¡®§ ç¨¬ ç¥à¥§ δ1.�æ¥¨¬ ¯®á«¥¤¥¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ (20). �¬¥¥¬

∣∣∣∣∣∣

t∫0 ∫
 F ′′(wx + �ux)wxx(wxτ + �uxτ )wxxτ dxdτ

∣∣∣∣∣∣

6 m2 t∫0 ∫
 |wxx| |wxτ | |wxxτ | dxdτ +m3 t∫0 ∫
 |wxx| |wxxτ | dx dτ

6 m2 t∫0 vraimax
 |wxτ |
(∫
 w2

xx dx

) 12(∫
 w2
xxτ dx

) 12
dτ+m3 t∫0 (∫
 w2

xx dx

) 12(∫
 w2
xxτ dx

) 12
dτ

6
√2m2(R4

m0) 12 t∫0 (∫
 w2
xτ dx

) 14(∫
 w2
xxτ dx

) 34
dτ+ m04 t∫0 ∫
 w2

xxτ dxdτ + 2m22
m20 R4 6

m04 t∫0 ∫
 w2
xxτ dxdτ+ 9m42R24R1

m60 + m04 t∫0 ∫
 w2
xxτ dxdτ + 2m23

m20 R4
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 w2
xxτ dxdτ + 9m42R24R1

m60 + 2m23
m20 R4.�ã¬¬¨àãï, ¯®«ãç ¥¬, çâ® á«¥¤áâ¢¨¥¬ à ¢¥áâ¢  (20) ï¢«ï¥âáï ¥à ¢¥-áâ¢®

[1− (1 + 2δ21)α221] ∫
 w2
xt(x, t) dx + m02 t∫0 ∫
 w2

xxτ dxdτ

6

(
α222
δ21 + 8γ21T

m0 + 1)R1 + 4
m0R3 + 2m23

m20 R4 + 9m42R24R1
m60+ 8

m0 ∫
Q

~f2t dxdt+ ∫
 α21x(x)ϕ21x(x) dx.�§ íâ®£® ¥à ¢¥áâ¢  á«¥¤ãîâ  ¯à¨®àë¥ ®æ¥ª¨
∫
 w2

xt(x, t) dx 6 R5, (21)
∫
 w2

xxτ (x, t) dx dτ 6 R6. (22)�æ¥ª  (21) ¨£à ¥â à¥è îéãî à®«ì ¢ ¤®ª § â¥«ìáâ¢¥ à §à¥è¨¬®áâ¨ªà ¥¢®© § ¤ ç¨ (11){(13). �¥©áâ¢¨â¥«ì®, á«¥¤áâ¢¨¥¬ (21) ï¢«ï¥âáï®æ¥ª  vraimax
 |wt(x, t)| 6 R5.�¬¥áâ¥ á ãá«®¢¨¥¬ (9) íâ  ®æ¥ª  ®§ ç ¥â, çâ® ¯®çâ¨ ¢áî¤ã ¢ 
 ¢ë-¯®«ï¥âáï à ¢¥áâ¢®
qw(x) = α1(x)wt(x, t∗) + β1(x).�àã£¨¬¨ á«®¢ ¬¨, à¥è¥¨¥ w(x, t) ªà ¥¢®© § ¤ ç¨ (11w), (12w), (13) ¯à¨¢ë¯®«¥¨¨ ¢á¥å ãá«®¢¨© â¥®à¥¬ë ¡ã¤¥â áãé¥áâ¢®¢ âì, ¯à¨ ¤«¥� âì¯à®áâà áâ¢ã V0 ¨ ï¢«ïâìáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (11){(13).Ǒ®«®�¨¬

u(x, t) = w(x, t) + �u(x, t), q(x) = α1(x)wt(x, t∗) + β1(x).



42 �®� ®¢ �. �.�ç¥¢¨¤®, çâ® u(x, t) ¨ q(x) á¢ï§ ë ¢ ¯àï¬®ã£®«ì¨ª¥ Q ãà ¢¥¨¥¬
utt −

∂

∂t

∂

∂x
F (ux) + q(x)ut = ft(x, t).�â¥£à¨àãï, ¯®«ãç ¥¬, çâ® äãªæ¨¨ u(x, t) ¨ q(x) ¤ îâ à¥è¥¨¥ § -¤ ç¨ (1){(3). �ë¯®«¥¨¥ ãá«®¢¨ï (4) ¤«ï äãªæ¨¨ u(x, t) á«¥¤ã¥â ¨§ãá«®¢¨© á®£« á®¢ ¨ï (10) ¨ ¨§ ¢¨¤  äãªæ¨¨ q(x). Ǒà¨ ¤«¥�®áâìäãªæ¨© u(x, t) ¨ q(x) ¯à®áâà áâ¢ ¬ V ¨ L∞(
) ®ç¥¢¨¤ .�¥®à¥¬  ¤®ª §  .�ç¥¢¨¤®, çâ® ãá«®¢¨¥ (7) â¥®à¥¬ë 1 ¢ë¯®«ï¥âáï ¤«ï ¥¯ãáâ®£®ª« áá  ¢å®¤ëå ¤ ëå § ¤ ç¨ (1){(4). � «¥¥, ¯à¨ ¢ë¯®«¥¨¨ ãá«®-¢¨ï (7) ãá«®¢¨¥ (8) ¢ë¯®«ï¥âáï, ¥á«¨ äãªæ¨¨ ϕ(x), µ1(t) ¨ µ2(t) ¬ «ë.�á«®¢¨¥ (9) ¢ë¯®«ï¥âáï, ¥á«¨ ç¨á«® R1 ¬ «® ¨ ¬ «ë äãªæ¨¨ ~ft(x, t),

ϕ(x), f(x, 0), µ1(t) ¨ µ2(t); ç¨á«® �¥ R1 ¬ «®, ¥á«¨ ¢®¢ì ¬ «ë äãªæ¨¨~ft(x, t), ϕ(x), f(x, 0), µ1(t) ¨ µ2(t). � ª¨¬ ®¡à §®¬, ¬®�¥áâ¢® ¢å®¤ëå¤ ëå, ¤«ï ª®â®àëå ¢ë¯®«ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1, ¥ ¯ãáâ®.� ¬¥â¨¬, çâ®  ¨¡®«¥¥ ¯à®áâ® ¯®ª §ë¢ ¥âáï ¥¯ãáâ®â  ¬®�¥áâ¢  ã�-ëå ¢å®¤ëå ¤ ëå ¢ á«ãç ¥ ϕ(x) ≡ 0, f(x, t) ≡ f(x).Ǒ®ª �¥¬, çâ® ¨á¯®«ì§®¢ ë¬¨ ¬¥â®¤ ¬¨ ¬®�® ãáâ ®¢¨âì ¨¥áª®«ìª® ¨®© ¢ à¨ â â¥®à¥¬ë ® à §à¥è¨¬®áâ¨ ®¡à â®© § ¤ ç¨ (1){(4). Ǒãáâì ¢¬¥áâ® ãá«®¢¨ï (7) ¢ë¯®«ï¥âáï ãá«®¢¨¥
β10 − α11k1 > 0. (7′)Ǒà¨ ¢ë¯®«¥¨¨ íâ®£® ãá«®¢¨ï § ¤ ç  (11v), (12v), (13) ¯®-¯à¥�¥¬ã¡ã¤¥â à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V0 ¨ ¯®-¯à¥�¥¬ã ®¯¥à â®à �, ¯®-à®�¤ ¥¬ë© íâ®© § ¤ ç¥©, ¡ã¤¥â ¨¬¥âì ¥¯®¤¢¨�ë¥ â®çª¨. �àã£¨¬¨á«®¢ ¬¨, § ¤ ç  (11w), (12w), (13) ¯®-¯à¥�¥¬ã ¡ã¤¥â à §à¥è¨¬  ¢ ¯à®-áâà áâ¢¥ V0.�®¢ì à áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫
 [
wττ − ∂

∂τ

∂

∂x
F (wx + �ux) + qwwτ

]
wτ dxdτ = t∫0 ∫
 qwwτ dxdτ.



�¡à â ï § ¤ ç  ®¯à¥¤¥«¥¨ï 43�á¯®«ì§ãï ¥à ¢¥áâ¢® (7′), ãá«®¢¨¥ (5) ¨ ¥à ¢¥áâ¢® �£ , ¥âàã¤®¯®«ãç¨âì ¥à ¢¥áâ¢®
∫
 w2

t (x, t) dx+ m02 t∫0 ∫
 w2
xτ dxdτ

6
[(1 + δ20)α221 + γ1T 2] ∫
 w2

t (x, t∗) dx +(1 + 1
δ20)∫
 ϕ21(x) dx+ 1

m0 ∫
Q

~f2t dxdt+m1 ∫
Q

�u2xt dxdt.Ǒà¥¤¯®« £ ï ¢ë¯®«¥ë¬ ãá«®¢¨¥
α221 + γ1T 2 < 1 (8′)¨ ¯®¤¡¨à ï ç¨á«® δ0 â ª, çâ®

(1 + δ20)α221 + γ1T 2 < 1,¯®«ãç¨¬ ®æ¥ªã (15), ® á ¨ë¬ ç¨á«®¬ R1. Ǒ®¢â®àïï ¢á¥ ¤ «ì¥©è¨¥¢ëª« ¤ª¨, ¯à¨¤¥¬ ª âà¥¡ã¥¬ë¬  ¯à¨®àë¬ ®æ¥ª ¬ á ¨ë¬¨, ¥�¥«¨¢ â¥®à¥¬¥ 1, ¯®áâ®ïë¬¨ ¢ ¯à ¢ëå ç áâïå.�ç¥¢¨¤®, çâ® ¬®�® ¯à¥¤¯®«®�¨âì ¨ ¥é¥ ¥ª®â®àë¥ ¢ à¨ æ¨¨ãá«®¢¨© â¥®à¥¬ë 1.� «¥¥, ¢ æ¥«®¬   «®£¨ç® ¬®�® ¤®ª § âì à §à¥è¨¬®áâì ®¡à â-®© § ¤ ç¨ (1){(4) ¢ á«ãç ¥ äãªæ¨¨ F (η), à áâãé¥© ¡ëáâà¥¥, ç¥¬ |η|, ¯à¨¬¥à, ¤«ï äãªæ¨© F (η) á ¢ë¯®«¥ë¬ ãá«®¢¨¥¬0 < m0 6 F ′(η) 6 m1(1 + η2)(®ç¥¢¨¤®, çâ® ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¡ã¤ãâ ¨¬¥âì ¢¥áì¬  £à®¬®§¤ª¨©¢¨¤).�¡áã¤¨¬ ¢®¯à®á ® ¥¤¨áâ¢¥®áâ¨ à¥è¥¨© ®¡à â®© § ¤ ç¨ (1){(4). Ǒ®«®�¨¬
β(x) = −α1(x)[f(x, t∗) + F ′(ψx(x))ψxx(x)℄.



44 �®� ®¢ �. �.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
F (η) ∈ C2(R), F ′(η) > m0 > 0 ¯à¨ η ∈ R; (23)

ϕ(x) ≡ 0 ¯à¨ x ∈ 
. (24)�®£¤  «î¡ë¥ ¤¢  à¥è¥¨ï {u1(x, t), q1(x)}, {u2(x, t), q2(x)} â ª¨¥, çâ®
ui(x, t) ∈ V , qi(x) ∈ L∞(
), qi(x) > 0, i = 1, 2, á®¢¯ ¤ îâ.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢ ç «¥ ®¡éãî á¨âã æ¨î. �á«¥¤-áâ¢¨¥ ¯à¨ ¤«¥�®áâ¨ äãªæ¨© ui(x, t) ¨ qi(x) ãª § ë¬ ¢ ä®à¬ã«¨-à®¢ª¥ â¥®à¥¬ë ª« áá ¬ ¤«ï äãªæ¨© q1(x) ¨ q2(x) ¨¬¥îâ ¬¥áâ® à ¢¥-áâ¢ 

q1(x) = α1(x)u1t(x, t∗) + β(x), q2(x) = α2(x)u2t(x, t∗) + β(x).� «¥¥, ¤«ï äãªæ¨¨ w(x, t), ®¯à¥¤¥«¥®© à ¢¥áâ¢®¬
w(x, t) = u1(x, t)− u2(x, t),¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï

wtt −
∂

∂t

∂

∂x
[F (u1x)− F (u2x)℄ + q1(x)u1t − q2(x)u2t = 0,

w(x, 0) = 0, wt(x, 0) = α2(x)wt(x, t∗),
w(0, t) = w(1, t) = 0.� áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫
 {
wττ − ∂

∂τ

∂

∂x
[F (u1x)− F (u2x)℄ + q1(x)u1τ − q2(x)u2τ

}
wτ dxdτ = 0.�â¥£à¨àãï ¯® ç áâï¬, ãç¨âë¢ ï ãª § ë¥ ¢ëè¥ á®®â®è¥¨ï ¤«ïäãªæ¨© ui(x, t), qi(x) ¨ w(x, t), ¨á¯®«ì§ãï ãá«®¢¨¥ (23), ¥à ¢¥áâ¢®

q1(x) > 0 ¨ â¥®à¥¬ã ® áà¥¤¥¬, ¥âàã¤® ®â ¤ ®£® à ¢¥áâ¢  ¯¥à¥©â¨ª ¥à ¢¥áâ¢ã12 ∫
 w2
t (x, t) dx +m0 t∫0 ∫
 w2

xτ dx dτ 6
α2212 ∫
 w2

t (x, t∗) dx+ t∫0 ∫
 |F ′′(θ)| |u2xτ | |wx| |wxτ | dxdτ + α11 t∫0 ∫
 |wτ (x, t∗)| |wτ | dxdτ.



�¡à â ï § ¤ ç  ®¯à¥¤¥«¥¨ï 45Ǒ®áª®«ìªã äãªæ¨¨ u1(x, t) ¨ u2(x, t) ¯à¨ ¤«¥� â ¯à®áâà áâ¢ã V , â®¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 
|F ′(θ)| 6 M1, vraimax
 |u2xτ (x, τ)| 6 M2 +(∫
 u22xxτ(x, τ) dx) 12á ¥ª®â®àë¬¨ ä¨ªá¨à®¢ ë¬¨ ¯®áâ®ïë¬¨M1 ¨M2. �á¯®«ì§ãï íâ¨¥à ¢¥áâ¢ ,   â ª�¥ ¯à¨¬¥ïï ¥à ¢¥áâ¢® �£ , ¯®«ãç ¥¬ á«¥¤ãî-é¥¥ ¥à ¢¥áâ¢®:12 ∫
 w2

t (x, t) dx +m0 t∫0 ∫
 w2
xτ dxdτ

6
δ212 t∫0 ∫
 w2

xτ ddτ + δ222 t∫0 ∫
 w2
τ dxdτ+ M21

δ21 t∫0 (M22 + ∫
 u22xxτ dx

)(∫
 w2
x dx

)
dτ+(α2212 + α211T2δ22 )∫
 w2

t (x, t∗) dx,¢ ª®â®à®¬ δ1 ¨ δ2 | ¯à®¨§¢®«ìë¥ ¯®«®�¨â¥«ìë¥ ç¨á« . Ǒ®«®�¨¬
δ1 = δ2 = (m02 ) 12 . �á¯®«ì§ãï í«¥¬¥â à®¥ ¥à ¢¥áâ¢®

∫
 w2
x(x, t) dx 6 T

t∫0 ∫
 w2
xτ dxdτ,¯®«ãç ¥¬ ®æ¥ªã

∫
 w2
t (x, t) dx+ m0

T

∫
 w2
x(x, t) dx 6

(
α221 + α211T ) ∫
 w2

t (x, t∗) dx+M3 t∫0 (1 + ∫
 u22xxτ dx

)(∫
 w2
x dx

)
dτ. (25)Ǒãáâì â¥¯¥àì ¢ë¯®«ï¥âáï ãá«®¢¨¥ (24). �®£¤  α21 = α11 = 0 ¨ ¨§¥à ¢¥áâ¢  (25) ¨ «¥¬¬ë �à®ã®««  ¢ëâ¥ª ¥â â®�¤¥áâ¢® w(x, t) ≡ 0



46 �®� ®¢ �. �.¯à¨ (x, t) ∈ Q. �ç¥¢¨¤®, çâ® ¨§ íâ®£® â®�¤¥áâ¢  á«¥¤ã¥â u1(x, t) ≡
u2(x, t), q1(x) ≡ q2(x).�¥®à¥¬  ¤®ª §  .� áá¬®âà¨¬ á«ãç © äãªæ¨¨ ϕ(x), ¥ ï¢«ïîé¥©áï â®�¤¥áâ¢¥®ã«¥¢®©. Ǒãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥

α221 + α211T < 1. (24′)Ǒ®«®�¨¬ ¢ ¥à ¢¥áâ¢¥ (25) t = t∗. �á«¥¤áâ¢¨¥ ãá«®¢¨ï (24′) ¯®«ãç ¥¬,çâ® á¯à ¢¥¤«¨¢  ®æ¥ª 
∫
 w2

t (x, t∗) dx 6 M4 t∗∫0 (1 + ∫
 u22xxτ dx

)∫
 w2
x dxdτá ¥ª®â®à®© ¯®áâ®ï®© M4, ®¯à¥¤¥«ï¥¬®© ç¨á« ¬¨ α221 + α211T ¨ M3.�âáî¤  ¨ ¨§ (25) á«¥¤ã¥â ¥à ¢¥áâ¢®

∫
 w2
x(x, t) dx 6 M3[T + ∫

Q

u22xxt dxdt

]+ (α221 + α211T )M4 t∗ + t∗∫0 ∫
 u22xxt dxdt


 vraimax[0,T ℄ ∫
 w2

x(x, t) dx. (26)Ǒãáâì â¥¯¥àì ¢ë¯®«ï¥âáï ãá«®¢¨¥
M3[T + ∫

Q

u22xxt dxdt

]+ (α221 + α211T )M4 t∗ + t∗∫0 ∫
 u22xxt dxdt



 < 1.�§ íâ®£® ãá«®¢¨ï ¨ ®æ¥ª¨ (26) ¢ëâ¥ª ¥â â®�¤¥áâ¢® w(x, t) ≡ 0 ¨ ¤ -«¥¥ | ¥¤¨áâ¢¥®áâì à¥è¥¨© ®¡à â®© § ¤ ç¨ (1){(4).� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ ¥ â®�¤¥áâ¢¥® ã«¥¢®© äãªæ¨¨ ϕ(x)¥¤¨áâ¢¥®áâì à¥è¥¨© ®¡à â®© § ¤ ç¨ (1){(4) ¬®�® ãáâ ®¢¨âìãª § ë¬ ¢ëè¥ á¯®á®¡®¬, ® ¯à¨ íâ®¬ ¢®§¨ªãâ ¢¥áì¬  £à®¬®§¤ª¨¥¨ �¥áâª¨¥ ãá«®¢¨ï.� ¬¥ç ¨¥. Ǒ®«ãç¥ë¥ ¯® å®¤ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ®æ¥-ª¨ (15){(17), (19), (21){(22) ä ªâ¨ç¥áª¨ ¢®¢ì ¤ îâ ®æ¥ªã (14).
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 | ®£à ¨ç¥ ï ®¡« áâì ¯à®áâà áâ¢  R
n á £« ¤ª®© (¤«ï¯à®áâ®âë ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬®©) £à ¨æ¥© �, Q | æ¨«¨¤à
× (0, T ) ª®¥ç®© ¢ëá®âë T , x = (x1, . . . , xn) | â®çª  ®¡« áâ¨ 
, t |â®çª  ¨â¥à¢ «  (0, T ), S | ¡®ª®¢ ï £à ¨æ  æ¨«¨¤à  Q : S = � ×(0, T ). � «¥¥, ¯ãáâì h1(x, t), h2(x, t), u0(x), u1(x), v0(x), v1(x), f(x, t) |§ ¤ ë¥ äãªæ¨¨, ®¯à¥¤¥«¥ë¥ ¯à¨ x ∈ 
, t ∈ [0, T ℄.�¡à â ï § ¤ ç . � ©â¨ äãªæ¨¨ u(x, t), q1(x), q2(x), á¢ï§ ë¥¢ æ¨«¨¤à¥ Q ãà ¢¥¨¥¬

utt −�u+ a(x, t)ut+ b(x, t)u = h1(x, t)q1(x)+h2(x, t)q2(x)+ f(x, t), (1)¯à¨ ¢ë¯®«¥¨¨ ¤«ï äãªæ¨¨ u(x, t) ãá«®¢¨©
u(x, 0) = u0(x), x ∈ 
, (2)
ut(x, 0) = u1(x), x ∈ 
, (3)

u(x, t)|S = 0, (4)
u(x, T ) = v0(x), x ∈ 
, (5)
ut(x, T ) = v1(x), x ∈ 
. (6)� à áá¬ âà¨¢ ¥¬®© ®¡à â®© § ¤ ç¥ ãá«®¢¨ï (2){(4) áãâì ãá«®¢¨ï®¡ëç®© ¯¥à¢®©  ç «ì®-ªà ¥¢®© § ¤ ç¨, ãá«®¢¨ï �¥ (5), (6) | ãá«®-¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï, ¥®¡å®¤¨¬ë¥ ¤«ï  å®�¤¥¨ï ¤®¯®«¨â¥«ìëå¥¨§¢¥áâëå äãªæ¨© q1(x), q2(x).� §à¥è¨¬®áâì ®¡à â®© § ¤ ç¨�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¯à®áâà áâ¢  H0, H1, V0 ¨ V1:

H0 = {v(x, t) : v(x, t) ∈ L∞
(0, T ;W 22 (
)),

vt(x, t) ∈ L∞
(0, T ;W 12 (
)), vtt(x, t) ∈ L2(Q)},
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H1 = {v(x, t) : v ∈ L∞

(0, T ;W 22 (
)),
vt ∈ L2(0, T ;W 22 (
)) ∩ L∞

(0, T ;W 12 (
)), vtt ∈ L2(Q)},
Vi = {v(x, t) : v(x, t) ∈ Hi, vt(x, t) ∈ Hi, vtt(x, t) ∈ Hi}, i = 1, 2;®à¬ë ¢ íâ¨å ¯à®áâà áâ¢ å ®¯à¥¤¥«¨¬ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬:

‖v‖H0 = ‖v‖L∞(0,T ;W 22 (
)) + ‖vt‖L∞(0,T ;W 12 (
)) + ‖vtt‖L2(Q),
‖v‖H1 = ‖v‖L∞(0,T ;W 22 (
)) + ‖vt‖L2(0,T ;W 22 (
))∩L∞(0,T ;W 12 (
)) + ‖vtt‖L2(Q),
‖v‖V0 = ‖v‖H0 + ‖vt‖H0 + ‖vtt‖H0 , ‖v‖V1 = ‖v‖H1 + ‖vt‖H1 + ‖vtt‖H1 .Ǒ®«®�¨¬

α(x) = a(x, T )v1(x) + b(x, T )v0(x)−�v0(x)− f(x, T ),
β(x) = [at(x, T ) + b(x, T )℄v1(x) + bt(x, T )v0(x)−�v1(x) − ft(x, T ),
Ai(x) = (−1)i hi(x, T )β(x) − α(x)hit(x, T )

h2(x, T )h1t(x, T )− h1(x, T )h2t(x, T ) , i = 1, 2,
Bi(x) = (−1)i hi(x, T )

h2(x, T )h1t(x, T )− h1(x, T )h2t(x, T ) , i = 1, 2,
Ci(x) = (−1)i hi(x, T )a(x, T )− hit(x, T )

h2(x, T )h1t(x, T )− h1(x, T )h2t(x, T ) , i = 1, 2,
d1(x, t) = h1(x, t)B2(x) + h2(x, t)B1(x),
d2(x, t) = h1(x, t)C2(x) + h2(x, t)C1(x),

c(x) = d2t(x, 0)− a(x, 0)d2(x, 0),
F (x, t) = f(x, t) + h1(x, t)A2(x) + h2(x, t)A1(x),
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r1 = 1 + δ212 + 12δ22 maxQ

d21tt(x, t)+ 12δ23 maxQ
d22tt(x, t) + 12 maxQ

(att(x, t) + 2bt(x, t))2 + 12 maxQ
b2tt(x, t),

r2 = 32[max
 c2(x) + max
 d22xi
(x, 0)℄ + δ23T2+ 3T max
 d22(x, 0)[12 maxQ

(2at(x, t) + b(x, t))2 + T + 2T 4],
r3 = r1 + 3T 2[12 maxQ

(2at(x, t) + b(x, t))2 + T 2 + 2T 4],
r4 = (a0 − r3)(1− 4max
 d22(x, 0)).�¥®à¥¬  1. Ǒãáâì ¤«ï äãªæ¨© a(x, t), b(x, t), h1(x, t), h2(x, t),

u0(x), u1(x), v0(x), v1(x) ¨ f(x, t) ¢ë¯®«ïîâáï ¢ª«îç¥¨ï a(x, t) ∈
C3(Q), b(x, t) ∈ C3(Q), hi(x, t) ∈ W 2

∞(Q), hit(x, t) ∈ W 2
∞(Q), hitt(x, t) ∈

W 22 (Q), i = 1, 2, u0(x) ∈ W 42 (
)∩ ◦
W 12(
), u1(x) ∈W 32 (
)∩ ◦

W 12(
), vj(x) ∈
W 42 (
) ∩W 2

∞(
) ∩ ◦
W 12(
), j = 0, 1, f(x, t) ∈ L2(0, T ;W 22 (
)), ft(x, t) ∈

L2(0, T ;W 22 (
)), ftt(x, t) ∈ L2(0, T ; ◦
W 12(
)), Ftt(x, t) ∈ L2(0, T ; ◦

W 12(
)).�à®¬¥ â®£®, ¯ãáâì á¯à ¢¥¤«¨¢ë ãá«®¢¨ï:
a(x, t) > a0 > 0, (x, t) ∈ Q; (7)

h1(x, T )h2t(x, T )− h2(x, T )h1t(x, T ) 6= 0, x ∈ 
; (8)
h1(x, 0)h2(x, T )− h2(x, 0)h1(x, T ) = 0, x ∈ 
. (9)Ǒãáâì áãé¥áâ¢ãîâ δ1, δ2, δ3 > 0 â ª¨¥, çâ® ¢ë¯®«ïîâáï á«¥¤ãî-é¨¥ ãá«®¢¨ï:

a0 − r3 > 0; (10)
r4 − 2Tr2 > 0; (11)1− 3max
 d22(x, 0) · r4

r4 − 2Tr2 > 0; (12)
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 d21t(x, 0) + δ22T ) · r4
r4 − 2Tr2 > 0. (13)�®£¤  ®¡à â ï § ¤ ç  (1){(6) ¨¬¥¥â à¥è¥¨¥ {u(x, t), q1(x), q2(x)}â ª®¥, çâ® u(x, t) ∈ V0, qi(x) ∈ L2(
), i = 1, 2.�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬~q1(x) = B2(x)uttt(x, T ) + C2(x)utt(x, T ) +A2(x),~q2(x) = B1(x)uttt(x, T ) + C1(x)utt(x, T ) +A1(x),

ν(x) = �u0(x)− a(x, 0)u1(x) − b(x, 0)u0(x) + F (x, 0),
γ(x) = �u1(x) − [at(x, 0) + b(x, 0)℄u1(x)− bt(x, 0)u0(x) + Ft(x, 0),

c0(x) = γ(x)− a(x, 0)ν(x), w(x, t) = utt(x, t).� áá¬®âà¨¬ á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t),ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
Lw ≡ wtt(x, t)−�w + a(x, t)wt(x, t) + (2at(x, t)+ b(x, t))w(x, t) = Ftt(x, t) + d1tt(x, t)wt(x, T ) + d2tt(x, t)w(x, T )

− [att(x, t) + 2bt(x, t)℄ut(x, t)− btt(x, t)u(x, t), (14)â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2), (3),   â ª�¥ á«¥¤ãîé¨¥ãá«®¢¨ï:
w(x, t)|S = 0, (15)

w(x, 0) = d2(x, 0)w(x, T ) + ν(x), x ∈ 
, (16)
wt(x, 0) = d1t(x, 0)wt(x, T ) + c(x)w(x, T ) + c0(x). (17)� §à¥è¨¬®áâì ¤ ®© ªà ¥¢®© § ¤ ç¨ ¤®ª �¥¬, ª®¬¡¨¨àãï ¬¥â®¤à¥£ã«ïà¨§ æ¨¨ ¨ ¬¥â®¤ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã.Ǒà¨ ä¨ªá¨à®¢ ®¬ ¯®«®�¨â¥«ì®¬ ε à áá¬®âà¨¬ ªà ¥¢ãî § ¤ -çã:  ©â¨ äãªæ¨î uε(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢-¥¨ï

Lελw = wε
tt(x, t)−�wε(x, t) + a(x, t)wε

t (x, t) + [2at(x, t)+ b(x, t)℄wε(x, t) − ε�wε
t (x, t) = Ftt(x, t) + λ[d1tt(x, t)wε

t (x, T )
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t (x, t)− btt(x, t)uε(x, t)℄(14ελ)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2), (3), (15){(17).�¡®§ ç¨¬ ç¥à¥§ � ¬®�¥áâ¢® â¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ï ª®-â®àëå ªà ¥¢ ï § ¤ ç  (14ελ), (2), (3), (15){(17) à §à¥è¨¬  ¢ ¯à®áâà -áâ¢¥ V1 ¯à¨ ¯à®¨§¢®«ì®© äãªæ¨¨ Ftt(x, t) ¨§ ¯à®áâà áâ¢  L2(Q).� ª ¨§¢¥áâ®, ¥á«¨ ¬®�¥áâ¢® � ¥¯ãáâ®, ®âªàëâ® ¨ § ¬ªãâ® ®¤-®¢à¥¬¥®, â® ®® á®¢¯ ¤ ¥â á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄. � íâ® ¨ ¡ã¤¥â®§ ç âì, çâ® ªà ¥¢ ï § ¤ ç  (14), (2), (3), (15){(17) ¨¬¥¥â à¥è¥¨¥ ¨§¯à®áâà áâ¢  V1.Ǒà¨ λ = 0 áãé¥áâ¢ã¥â äãªæ¨ï wε(x, t), ¯à¨ ¤«¥� é ï ¯à®-áâà áâ¢ã H1, ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (14ε,0) ¨ â ª ï, çâ® ¤«ï¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (15){(17) (á¬. [19℄). �¬¥ï äãªæ¨î wε(x, t),¥âàã¤® á ¯®¬®éìî ãá«®¢¨© (2) ¨ (3)  ©â¨ á ¬ã äãªæ¨î uε(x, t);®ç¥¢¨¤®, çâ® íâ  äãªæ¨ï ¡ã¤¥â ¯à¨ ¤«¥� âì ¯à®áâà áâ¢ã V1. �«¥-¤®¢ â¥«ì®, ¬®�¥áâ¢® � ¥¯ãáâ® | ç¨á«® 0 ¯à¨ ¤«¥�¨â ¥¬ã. �«ï¤®ª § â¥«ìáâ¢  ®âªàëâ®áâ¨ ¨ § ¬ªãâ®áâ¨ � ãáâ ®¢¨¬ ¥®¡å®¤¨¬ë¥ ¯à¨®àë¥ ®æ¥ª¨ à¥è¥¨© § ¤ ç¨ (14ελ), (2), (3), (15){(17) ¨§ ¯à®-áâà áâ¢  V1.�«ï ã¤®¡áâ¢  ¨¤¥ªá ε ã äãªæ¨¨ wε(x, t) ¢à¥¬¥® ®¯ãáâ¨¬.�¡®§ ç¨¬

r(x, t) = d1tt(x, t)wt(x, T ) + d2tt(x, t)w(x, T )
− (att(x, t) + 2bt(x, t))ut(x, t) − btt(x, t)u(x, t).� áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫
 Lελwwτ dxdτ = t∫0 ∫
 Fttwτ dxdτ + λ

t∫0 ∫
 rwτ dxdτ.�â¥£à¨àãï ¯® ç áâï¬ ¢ «¥¢®© ç áâ¨ ¤ ®£® à ¢¥áâ¢  ¨ ¨á¯®«ì§ãïãá«®¢¨ï (15){(17), ¯à¨¤¥¬ ª á«¥¤ãîé¥¬ã à ¢¥áâ¢ã:12 ∫
 w2
t (x, t) dx + 12 n∑

i=1 ∫
 w2
xi
(x, t) dx + t∫0 ∫
 a(x, τ)w2

τ dxdτ
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n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ = −

t∫0 ∫
 (2aτ + b)wwτ dxdτ+ 12 ∫
 [d1t(x, 0)wt(x, T ) + c(x)w(x, T ) + c0(x)℄2 dx+ 12 n∑

i=1 ∫
 [(d2(x, 0)w(x, T ) + ν(x))xi
℄2 dx+ t∫0 ∫
 Fττwτ dxdτ + λ

t∫0 ∫
 d1ττ (x, τ)wτwt(x, T ) dxdτ+ λ

t∫0 ∫
 d2ττ (x, τ)wτw(x, T ) dxdτ − λ

t∫0 ∫
 [aττ + 2bτ ℄uτwτ dxdτ

− λ

t∫0 ∫
 bττu(x, τ)wτ (x, τ) dxdτ.�ç¨âë¢ ï ãá«®¢¨¥ (7) â¥®à¥¬ë ¨ ¯à¨¬¥ïï í«¥¬¥â àë¥  à¨ä¬¥-â¨ç¥áª¨¥ ¥à ¢¥áâ¢ ,   â ª�¥ ¥à ¢¥áâ¢® �£ , ¯®«ãç¨¬12 ∫
 w2
t (x, t) dx + 12 n∑

i=1 ∫
 w2
xi
(x, t) dx + a0 t∫0 ∫
 w2

τ dxdτ+ ε

n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ 6

32 max
 d22(x, 0) n∑

i=1 ∫
 w2
xi
(x, T ) dx+ s0 ∫
 w2

t (x, T ) dx+ s1 ∫
 w2(x, T ) dx+ r1 t∫0 ∫
 w2
τ dxdτ+ 12 maxQ

(2at+b)2 t∫0 ∫
 w2 dxdτ+ 12 t∫0 ∫
 u2τ dxdτ+ 12 t∫0 ∫
 u2 dxdτ+N0,£¤¥
s0 = 32 max
 d21t(x, 0) + δ222 T, s1 = 32 max
 c2(x) + 32 max
 d22xi

(x, 0) + δ232 T,



�¨¥© ï ®¡à â ï § ¤ ç  55ç¨á«® N0 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨.�á¯®«ì§ãï í«¥¬¥â àë¥ ¥à ¢¥áâ¢  ¢«®�¥¨ï, ¥à ¢¥áâ¢® ��¥«ì-¤¥à  ¨ ãá«®¢¨ï (2), (3), (16), ¯à¨¤¥¬ ª á«¥¤ãîé¥¬ã ¥à ¢¥áâ¢ã:12 ∫
 w2
t (x, t) dx + 12 n∑

i=1 ∫
 w2
xi
(x, t) dx + (a0 − r3) t∫0 ∫
 w2

τ dxdτ+ ε
n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ 6

32 max
 d22(x, 0) n∑

i=1 ∫
 w2
xi
(x, T ) dx+ s0 ∫
 w2

t (x, T ) dx+ r2 ∫
 w2(x, T ) dx+N1, (18)¤ «¥¥ ¢ á¨«ã ãá«®¢¨ï (10) | ª ¥à ¢¥áâ¢ã12 ∫
 w2
t (x, t) dx 6

32 max
 d22(x, 0) n∑

i=1 ∫
 w2
xi
(x, T ) dx+ s0 ∫
 w2

t (x, T ) dx+ r2 ∫
 w2(x, T ) dx+N1,£¤¥ N1 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨.�¢¨¤ã ¥à ¢¥áâ¢ ¢«®�¥¨ï ¨¬¥¥¬
∫
 w2(x, t) dx 6 3T max
 d22(x, 0) 1

a0 − r3 n∑

i=1 ∫
 w2
xi
(x, T ) dx+ 2Ts0

a0 − r3 ∫
 w2
t (x, T ) dx+ s2 ∫
 w2(x, T ) dx+N2,£¤¥

s2 = 2Tr2
a0 − r3 + 4max
 d22(x, 0).Ǒ®« £ ï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ t = T , á ãç¥â®¬ ãá«®¢¨© (10),(11) ¯®«ãç ¥¬

∫
 w2(x, T ) dx 6
3T(a0 − r3)(1− s2) max
 d22(x, 0) n∑

i=1 ∫
 w2
xi
(x, T ) dx
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 w2
t (x, T ) dx+ N21− s2 . (19)� á¨«ã ¥à ¢¥áâ¢  (19) ¨§ (18) á«¥¤ã¥â, çâ®

∫
 w2
t (x, t) dx+ n∑

i=1 ∫
 w2
xi
(x, t) dx

6 s3 n∑

i=1 ∫
 w2
xi
(x, T ) dx+ s4 ∫
 w2

t (x, T ) dx+N3,£¤¥
s3 = 3max
 d22(x, 0) + 6Tr2(a0 − r3)(1− s2) max
 d22(x, 0),

s4 = 2s0[1 + 2Tr2(a0 − r3)(1− s2)].Ǒ®« £ ï ¢ ¤ ®¬ ¥à ¢¥áâ¢¥ t = T , ¢¨¤ã ãá«®¢¨© (12), (13), ¯à¨-å®¤¨¬ ª ®æ¥ª¥
∫
 w2

t (x, T ) dx+ n∑

i=1 ∫
 w2
xi
(x, T ) dx 6 N4,£¤¥ ç¨á«® N4 § ¢¨á¨â «¨èì ®â ¢å®¤ëå ¤ ëå § ¤ ç¨.�âáî¤  á ãç¥â®¬ ¥à ¢¥áâ¢  (19) ¨§ (18) ¯®«ãç ¥¬ ¯¥à¢ãî  ¯à¨-®àãî ®æ¥ªã

∫
 w2
t (x, t) dx+ n∑

i=1 ∫
 w2
xi
(x, t) dx+ t∫0 ∫
 w2

τ dxdτ + ε

n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ + ∫
 w2(x, t) dx 6 N5, (20)£¤¥ ç¨á«® N5 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨.� «¥¥ à áá¬®âà¨¬ à ¢¥áâ¢®

−
t∫0 ∫
 wττ�wτ dxdτ + t∫0 ∫
 �w�wτ dxdτ
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−

t∫0 ∫
 awτ�wτ dxdτ −
t∫0 ∫
 [2aτ + b℄w�wτ dxdτ + ε t∫0 ∫
 �w2

τ (x, τ) dxdτ= −
t∫0 ∫
 Fττ�wτ dxdτ − λ

t∫0 ∫
 d1ττ (x, τ)wt(x, T )�wτ dxdτ

− λ

t∫0 ∫
 d2ττ (x, τ)w(x, T )�wτ dxdτ + λ

t∫0 ∫
 [aττ + 2bτ ℄uτ�wτ dxdτ+ λ

t∫0 ∫
 bττu�wτ dxdτ.�â¥£à¨àãï ¯® ç áâï¬ ¢ ¯¥à¢®¬ ¨ ¢â®à®¬ á« £ ¥¬ëå «¥¢®© ç áâ¨ à -¢¥áâ¢ , ¨á¯®«ì§ãï ãá«®¢¨ï (15){(17) ¨ ¯à¨¬¥ïï í«¥¬¥â àë¥  à¨ä-¬¥â¨ç¥áª¨¥ ¥à ¢¥áâ¢ , ¯®«ãç ¥¬12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx + ε

t∫0 ∫
 (�wτ )2 dxdτ
−

t∫0 ∫
 a(x, τ)wτ�wτ dxdτ −
t∫0 ∫
 [2aτ + b℄w�wτ dxdτ

6

n∑

i=1 ∫
 d21t(x, 0)w2
xit(x, T ) dx+ n∑

i,j=1 ∫
 d22(x, 0)w2
xixj

(x, T ) dx+ n∑

i=1 ∫
 [c(x)wxi
(x, T ) + d1txi

(x, 0)wt(x, T ) + cxi
(x)w(x, T ) + c0xi

(x)℄2 dx+ n∑

i,j=1 ∫
 [νxixj
(x) + d2xixj

(x, 0)w(x, T ) + 2d2xi
(x, 0)wxi

(x, T )℄2 dx
−

t∫0 ∫
 Fττ�wτ dxdτ − λ

t∫0 ∫
 d1ττ (x, τ)wt(x, T )�wτ dxdτ
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t∫0 ∫
 d2ττ (x, τ)w(x, T )�wτ dxdτ + λ

t∫0 ∫
 bττu�wτ dxdτ+ λ

t∫0 ∫
 [aττ + 2bτ ℄uτ�wτ dxdτ. (21)�®¢ì ¯à¨¬¥ïï í«¥¬¥â àë¥  à¨ä¬¥â¨ç¥áª¨¥ ¥à ¢¥áâ¢ ,   â ª-�¥ ¥à ¢¥áâ¢® �£ , á ãç¥â®¬ ®æ¥ª¨ (20) ¨¬¥¥¬12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx + ε

t∫0 ∫
 (�wτ )2 dxdτ
6
7δ22 t∫0 ∫
 (�wτ )2 dxdτ +max
 d21t(x, 0) n∑

i=1 ∫
 w2
xit(x, T ) dx+max
 d22(x, 0) n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx+ 12δ2 t∫0 ∫
 F 2
ττ dxdτ +N6,£¤¥ ç¨á«® N6 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨.�§ï¢ δ2 = 17ε, ¯®«ãç¨¬12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx+ ε2 t∫0 ∫
 (�wτ )2 dxdτ 6 max
 d21t(x, 0) n∑

i=1 ∫
 w2
xit(x, T ) dx+max
 d22(x, 0) n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx+N7,£¤¥ ç¨á«® N7 ®¯à¥¤¥«ï¥âáï ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨,   â ª�¥ ç¨á-«®¬ ε.�âáî¤  ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx
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6 max
 d21t(x, 0) n∑

i=1 ∫
 w2
xit(x, T ) dx+max
 d22(x, 0) n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx+N7.Ǒ®« £ ï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ t = T ¨ ãç¨âë¢ ï ãá«®¢¨ï (10),(11), (13), ¯®«ãç¨¬ ®æ¥ªã
n∑

i=1 ∫
 w2
xit(x, T ) dx+ n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx 6 N8,£¤¥ ç¨á«® N8 ®¯à¥¤¥«ï¥âáï ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨ ¨ ç¨á«®¬ ε.�âáî¤  ¯à¨å®¤¨¬ ª ¢â®à®©  ¯à¨®à®© ®æ¥ª¥ ¢ á«ãç ¥, ª®£¤  εï¢«ï¥âáï ä¨ªá¨à®¢ ®© ¢¥«¨ç¨®©:
n∑

i=1 ∫
 w2
xit(x, t) dx + n∑

i,j=1 ∫
 w2
xixj

(x, t) dx + ε

t∫0 ∫
 (�wτ )2 dxdτ 6 N9,(22)£¤¥ ç¨á«® N9 ®¯à¥¤¥«ï¥âáï ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨,   â ª�¥ ç¨á-«®¬ ε.�¬®� ï à ¢¥áâ¢® (14ελ)   wττ , ¨â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì-§ãï ãá«®¢¨¥ (15),   â ª�¥ ®æ¥ª¨ (20) ¨ (22), ¯à¨å®¤¨¬ ª âà¥âì¥©  ¯à¨-®à®© ®æ¥ª¥
t∫0 ∫
 w2

ττ dxdτ 6 N10,£¤¥ ç¨á«® N10 ®¯à¥¤¥«ï¥âáï ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨ ¨ ç¨á«®¬ ε.�âáî¤  ¯®«ãç ¥¬ ä¨ «ìãî  ¯à¨®àãî ®æ¥ªã ¢ á«ãç ¥, ª®£¤  εï¢«ï¥âáï ä¨ªá¨à®¢ ®© ¢¥«¨ç¨®©:
∫
 w2(x, t) dx+ ∫
 w2

t (x, t) dx + n∑

i=1 ∫
 w2
xi
(x, t) dx+ t∫0 ∫
 w2

τ (x, τ) dxdτ + n∑

i=1 ∫
 w2
xit(x, t) dx + ∫
 �w2(x, t) dx



60 � ä¨ã««®¢  �. �.+ t∫0 ∫
 w2
ττ (x, τ) dxdτ + ε

t∫0 ∫
 (�wτ )2 dxdτ 6 N,ç¨á«® N ¢ íâ®© ®æ¥ª¥ ®¯à¥¤¥«ï¥âáï ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨,   â ª-�¥ ç¨á«®¬ ε (á¬. [21℄).�§ ¤ ®© ®æ¥ª¨ ¨ á«¥¤ãîâ ®âªàëâ®áâì ¨ § ¬ªãâ®áâì ¬®�¥-áâ¢  �. � ª ã�¥ £®¢®à¨«®áì ¢ëè¥, ¥¯ãáâ®â , ®âªàëâ®áâì ¨ § ¬ªã-â®áâì ¬®�¥áâ¢  � ®§ ç ¥â ¥£® á®¢¯ ¤¥¨¥ á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄,  á«¥¤®¢ â¥«ì®, ¨ à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (14ε), (2), (3), (15){(17)¯à¨ ä¨ªá¨à®¢ ®¬ ε ¢ ¯à®áâà áâ¢¥ V1.�  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ á«ãç ©, ª®£¤  ε ¥ ï¢«ï¥âáï ä¨ª-á¨à®¢ ®© ¢¥«¨ç¨®©. �®¢ì à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã (14ε), (2),(3), (15){(17).�«ï à¥è¥¨© íâ®© ªà ¥¢®© § ¤ ç¨ ¨¬¥¥â ¬¥áâ® à ¢®¬¥à ï ¯® ε¯¥à¢ ï  ¯à¨®à ï ®æ¥ª  (20).�«ï ¯®«ãç¥¨ï ¢â®à®©  ¯à¨®à®© ®æ¥ª¨ ã¬®�¨¬ à ¢¥áâ¢® (14ε)  äãªæ¨î �wt. Ǒ®¢â®à¨¢ àï¤ ®¯¥à æ¨©, çâ® ¡ë«¨ ¯à®¨§¢¥¤¥ë ¢á«ãç ¥, ª®£¤  ç¨á«® ε ï¢«ï«®áì ä¨ªá¨à®¢ ®© ¢¥«¨ç¨®©, ¯à¨¤¥¬ ª¥à ¢¥áâ¢ã (21) á λ = 1.� ãç¥â®¬ ¯¥à¢®©  ¯à¨®à®© ®æ¥ª¨ ¨¬¥¥¬12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx + ε

t∫0 ∫
 (�wτ )2 dxdτ
−

t∫0 ∫
 awτ�wτ dxdτ −
t∫0 ∫
 [2aτ + b℄w�wτ dxdτ

6

n∑

i=1 ∫
 d21t(x, 0)w2
xit(x, T ) dx+ n∑

i,j=1 ∫
 d22(x, 0)w2
xixj

(x, T ) dx+ ∣∣∣∣∣∣ t∫0 ∫
 Fττ�wτ dxdτ

∣∣∣∣∣∣
+ ∣∣∣∣∣∣ t∫0 ∫
 d1ττwt(x, T )�wτ dxdτ

∣∣∣∣∣∣
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 d2ττw(x, T )�wτ dxdτ

∣∣∣∣∣∣
+ ∣∣∣∣∣∣ t∫0 ∫
 bττu�wτ dxdτ

∣∣∣∣∣∣+ ∣∣∣∣∣∣ t∫0 ∫
 [aττ + 2bτ ℄uτ�wτ dxdτ

∣∣∣∣∣∣
+K1,£¤¥ ç¨á«® K1 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨ ¨ ¥ § ¢¨-á¨â ®â ε.�â¥£à¨àãï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ¯® ç áâï¬, ¨á¯®«ì§ãï ãá«®¢¨¥(15), ¯à¨¬¥ïï ¥à ¢¥áâ¢® �£ ,   â ª�¥ ãç¨âë¢ ï ¯¥à¢ãî  ¯à¨®à-ãî ®æ¥ªã, ¯®«ãç¨¬12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx+ ε

t∫0 ∫
 (�wτ )2 dxdτ + a0 n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ 6 δ20 n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ+max
 d21t(x, 0) n∑

i=1 ∫
 w2
xit(x, T ) dx+max
 d22(x, 0) n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 Fττxi
wxiτ dxdτ

∣∣∣∣∣∣
+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 d1ττxi
wt(x, T )wxiτ dxdτ

∣∣∣∣∣∣+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 d1ττwxit(x, T )wxiτ dxdτ

∣∣∣∣∣∣
+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 d2ττxi
w(x, T )wxiτ dxdτ

∣∣∣∣∣∣+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 d2ττwxi
(x, T )wxiτ dxdτ

∣∣∣∣∣∣
+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 bττxi
uwxiτ dxdτ

∣∣∣∣∣∣+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 bττuxi
wxiτ dxdτ

∣∣∣∣∣∣
+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 [aττ + 2bτ ℄uxiτwxiτ dxdτ

∣∣∣∣∣∣+ n∑

i=1 ∣∣∣∣∣∣ t∫0 ∫
 [aττ + 2bτ ℄xi
uτwxiτ dxdτ

∣∣∣∣∣∣
+K2,



62 � ä¨ã««®¢  �. �.£¤¥ ç¨á«® K2 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨.Ǒà¨¬¥ïï ¥à ¢¥áâ¢® �£ , í«¥¬¥â àë¥ ¥à ¢¥áâ¢  ¢«®�¥-¨ï, ¨á¯®«ì§ãï ®æ¥ªã (20), ¯à¨¤¥¬ ª á®®â®è¥¨î12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx + ε

t∫0 ∫
 (�wτ )2 dxdτ+ a1 n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ 6

[max
 d21t(x, 0) + δ222 T] n∑

i=1 ∫
 w2
xit(x, T ) dx+max
 d22(x, 0) n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx+K3, (23)£¤¥ a1 = a0−5δ20 − 12δ22 maxQ
d21tt(x, t), ç¨á«® K3 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤-ë¬¨ ¤ ë¬¨ § ¤ ç¨.�§ï¢ δ20 = δ2110 , á ãç¥â®¬ ãá«®¢¨ï (10) â¥®à¥¬ë ¯à¨å®¤¨¬ ª ¥à ¢¥-áâ¢ã12 n∑

i=1 ∫
 w2
xit(x, t) dx+ 12 n∑

i,j=1 ∫
 w2
xixj

(x, t) dx
6

[max
 d21t(x, 0) + δ222 T] n∑

i=1 ∫
 w2
xit(x, T ) dx+max
 d22(x, 0) n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx+K3.Ǒ®«®�¨¢ ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ t = T ¨ ¨á¯®«ì§ãï ãá«®¢¨ï (10),(11), (13) â¥®à¥¬ë, ¯®«ãç¨¬ á®®â®è¥¨¥
n∑

i=1 ∫
 w2
xit(x, T ) dx+ n∑

i,j=1 ∫
 w2
xixj

(x, T ) dx 6 K4,£¤¥ K4 § ¢¨á¨â «¨èì ®â ¢å®¤ëå ¤ ëå § ¤ ç¨ ¨ ¥ § ¢¨á¨â ®â ε.� ãç¥â®¬ ¤ ®£® ¨§ ¥à ¢¥áâ¢  (23) ¯®«ãç ¥¬ ¢â®àãî à ¢®¬¥à-ãî ¯® ε  ¯à¨®àãî ®æ¥ªã:
n∑

i=1 ∫
 w2
xit(x, t) dx + n∑

i,j=1 ∫
 w2
xixj

(x, t) dx
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t∫0 ∫
 (�wτ )2 dxdτ + n∑

i=1 t∫0 ∫
 w2
xiτ dxdτ 6 K5,£¤¥ ç¨á«® K5 ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨ ¨ ¥ § ¢¨-á¨â ®â ε.�ç¥¢¨¤ë¬ á«¥¤áâ¢¨¥¬ ¯¥à¢ëå ¤¢ãå  ¯à¨®àëå ®æ¥®ª ï¢«ï¥âáïâà¥âìï ®æ¥ª 

t∫0 ∫
 w2
ττ dxdτ 6 K6,£¤¥ ¯®áâ®ï ï K6 § ¢¨á¨â «¨èì ®â ¢å®¤ëå ¤ ëå § ¤ ç¨.�¥§ã«ìâ â®¬ âà¥å  ¯à¨®àëå ®æ¥®ª ï¢«ï¥âáï á«¥¤ãîé ï ä¨ «ì- ï  ¯à¨®à ï ®æ¥ª :

∫
 w2(x, t) dx+ ∫
 w2
t (x, t) dx + n∑

i=1 ∫
 w2
xi
(x, t) dx + t∫0 ∫
 w2

τ dxdτ+ n∑

i=1 ∫
 w2
xit(x, t) dx + n∑

i,j=1 ∫
 w2
xixj

(x, t) dx+ t∫0 ∫
 w2
ττ dxdτ + ε

t∫0 ∫
 (�wτ )2 dxdτ 6 K, (24)£¤¥ K | ¯®áâ®ï ï, ®¯à¥¤¥«ï¥¬ ï «¨èì ¢å®¤ë¬¨ ¤ ë¬¨ § ¤ ç¨,¥ § ¢¨áïé ï ®â ¢¥«¨ç¨ë ε.�â  ®æ¥ª  ¨ ¤ ¥â  ¬ à §à¥è¨¬®áâì § ¤ ç¨ (14ε), (2), (3), (15){(17) ¢ ¯à®áâà áâ¢¥ V0. � ©¤¥ ï äãªæ¨ï u(x, t) = uε(x, t) ï¢«ï¥âáïà¥è¥¨¥¬ ãà ¢¥¨ï (14ελ) á λ = 1.�ç¨âë¢ ï, çâ® wε = uε
tt, ¨áå®¤ï ¨§ ®æ¥ª¨ (24), ¨¬¥¥¬

n∑

i=1 ∫
 uε2
tttxi

(x, t) dx 6 K.Ǒà¨ t = T á¯à ¢¥¤«¨¢  ®æ¥ª 
‖uε

ttt(x, T )‖W 12 (
) 6 C.
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ttt(x, T )} à ¢®¬¥à® ®£à ¨ç¥  ¢W 12 (
).�âáî¤  ¨ ¨§ ®æ¥ª¨ (24) ¢ëâ¥ª ¥â, çâ® áãé¥áâ¢ã¥â äãªæ¨ï u(x, t) â -ª ï, çâ® ¯à¨ m→ ∞ ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ áå®¤¨¬®áâ¨: um

ttt(x, T ) →
uttt(x, T ) á¨«ì® ¢ L2(
), um

tttt(x, t) → utttt(x, t), um
ttt(x, t) → uttt(x, t),

um
tt (x, t) → utt(x, t), �um

tt (x, t) → �utt(x, t), √
εm�um

ttt(x, t) → 0 ¯à¨
εm → 0 á« ¡® ¢ L2(Q).�§ ãª § ëå áå®¤¨¬®áâ¥© á«¥¤ã¥â, çâ® ¤«ï ¯à¥¤¥«ì®© äãªæ¨¨¢ë¯®«ï¥âáï ãà ¢¥¨¥ (14). � ª¨¬ ®¡à §®¬,  ©¤¥ ï äãªæ¨ï ï¢-«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (14), (2), (3), (15){(17).Ǒà®¨â¥£à¨à®¢ ¢ ãà ¢¥¨¥ (14) ¯® ¯¥à¥¬¥®© τ ®â 0 ¤® t ¨ ãç¨-âë¢ ï ãá«®¢¨ï (2), (3), (17), ¯®«ãç¨¬
uttt(x, t)−d1t(x, 0)uttt(x, T )− c(x)utt(x, T )− c0(x)−�ut(x, t)+�u1(x)+ a(x, t)utt(x, t) − a(x, 0)[d1(x, 0)uttt(x, T ) + d2(x, 0)utt(x, T ) + ν(x)℄+at(x, t)ut(x, t)−at(x, 0)u1(x)+b(x, t)ut(x, t)−b(x, 0)u1(x)+bt(x, t)u(x, t)

− bt(x, 0)u0(x) = Ft(x, t)−Ft(x, 0)+d1t(x, t)uttt(x, T )−d1t(x, 0)uttt(x, T )+ d2t(x, t)utt(x, T )− d2t(x, 0)utt(x, T ).� ãç¥â®¬ ¢¨¤  äãªæ¨© d1t(x, 0), c(x), c0(x), γ(x) ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã
uttt(x, t)−�ut(x, t) + [a(x, t)ut(x, t)℄t + [b(x, t)u(x, t)℄t= Ft(x, t) + d1t(x, t)uttt(x, T ) + d2t(x, t)utt(x, T ). (25)�®¢ì ¨â¥£à¨àãï ¯® ¯¥à¥¬¥®© τ ®â 0 ¤® t ¨ ãç¨âë¢ ï ãá«®¢¨ï (2),(3) ¨ ¢¨¤ äãªæ¨© d1(x, t), d2(x, t), F (x, t), ν(x), ¨¬¥¥¬
utt(x, t)−�u(x, t) + a(x, t)ut(x, t) + b(x, t)u(x, t)= f(x, t) + h1(x, t)A2(x) + h2(x, t)A1(x)+ h1(x, t)B2(x)uttt(x, T ) + h2(x, t)B1(x)uttt(x, T )+ h1(x, t)C2(x)utt(x, T ) + h2(x, t)C1(x)utt(x, T ).Ǒ®«®�¨¢ q1(x) = ~q1(x) ¨ q2(x) = ~q2(x), ¯®«ãç ¥¬, çâ® íâ¨ äãªæ¨¨ ¨äãªæ¨ï u(x, t) ¡ã¤ãâ á¢ï§ ë ¢ æ¨«¨¤à¥ Q ãà ¢¥¨¥¬ (1).



�¨¥© ï ®¡à â ï § ¤ ç  65�®¢ì ¨â¥£à¨àãï à ¢¥áâ¢® (25) ¯® ¯¥à¥¬¥®© t ®â 0 ¤® T ¨ ¨á-¯®«ì§ãï ãá«®¢¨ï (2), (3), (9) ¨ (16) ¨ ¢¨¤ äãªæ¨© ν(x), d1(x, t), d2(x, t),
F (x, t), ¯®«ãç ¥¬
utt(x, T )−�u(x, T ) + a(x, T )ut(x, T ) + b(x, T )u(x, T )= f(x, T ) + h1(x, T )A2(x) + h2(x, T )A1(x) + h1(x, T )B2(x)uttt(x, T )+h2(x, T )B1(x)uttt(x, T )+h1(x, T )C2(x)utt(x, T )+h2(x, T )C1(x)utt(x, T ).� «¥¥, ãç¨âë¢ ï ¢¨¤ äãªæ¨© Ai(x), Bi(x), Ci(x), i = 1, 2, α(x) ¨ãá«®¢¨¥ (8) â¥®à¥¬ë, ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã

a(x, T )[ut(x, T )−v1(x)℄+b(x, T )[u(x, T )−v0(x)℄− ∂2
∂x2 [u(x, T )−v0(x)℄ = 0,¨§ ª®â®à®£® ¨ ¯®«ãç ¥¬ ¢ë¯®«¨¬®áâì ãá«®¢¨© ¯¥à¥®¯à¥¤¥«¥¨ï.�ë¯®«¨¬®áâì ¤«ï  ©¤¥®© äãªæ¨¨ u(x, t) ãá«®¢¨ï (4) á«¥¤ã¥â¨§ à ¢¥áâ¢  (15),   â ª�¥ ãá«®¢¨© á®£« á®¢ ¨ï.� ª¨¬ ®¡à §®¬,  ©¤¥ë¥  ¬¨ äãªæ¨¨ u(x, t), q1(x), q2(x) ¥áâìà¥è¥¨¥ ¯¥à¢® ç «ì®© ®¡à â®© § ¤ ç¨ (1){(6) ¨§ âà¥¡ã¥¬ëå ª« á-á®¢. �¥®à¥¬  1 ¤®ª §  .�¢¥¤¥¬ ¥ª®â®àë¥ ¤®¯®«¨â¥«ìë¥ ®¡®§ ç¥¨ï.~α(x) = −�u0(x) + a(x, 0)u1(x) + b(x, 0)u0(x)− f(x, 0),~β(x) = −�u1(x) + {at(x, 0) + b(x, 0)}u1(x) + bt(x, 0)u0(x) − ft(x, 0),

Ãi(x) = (−1)i hi(x, 0) ~β(x) − ~α(x)hit(x, 0)
h2(x, 0)h1t(x, 0)− h1(x, 0)h2t(x, 0) , i = 1, 2,

B̃i(x) = (−1)i hi(x, 0)
h2(x, 0)h1t(x, 0)− h1(x, 0)h2t(x, 0) , i = 1, 2,~ci(x) = (−1)i hi(x, 0)a(x, 0)− hit(x, 0)
h2(x, 0)h1t(x, 0)− h1(x, 0)h2t(x, 0) , i = 1, 2,~d1(x, t) = h1(x, t)B̃2(x) + h2(x, t)B̃1(x),~d2(x, t) = h1(x, t)~c2(x) + h2(x, t)~c1(x),



66 � ä¨ã««®¢  �. �.~c(x, T ) = ~d2t(x, T )− a(x, T ) ~d2(x, T ),
F̃ (x, t) = f(x, t) + h1(x, t)Ã2(x) + h2(x, t)Ã1(x),

r1 = 1 + δ212 + 12δ22 maxQ

~d21tt(x, t)+ 12δ23 maxQ

~d22tt(x, t) + 12 maxQ
(att(x, t) + 2bt(x, t))2 + 12 maxQ

b2tt(x, t),
r2 = 32[max
 ~c2(x, T ) + max
 ~d22xi

(x, T )]+ δ23T2 + 3T max
 ~d22(x, T )[12 maxQ
(2at(x, t) + b(x, t))2 + T + 2T 4],

r3 = r1 + 3T 2[12 maxQ
(2at(x, t) + b(x, t))2 + T 2 + 2T 4],

r4 = (a0 − r3)(1− 4max
 ~d22(x, T )).�¥®à¥¬  2. Ǒãáâì ¤«ï äãªæ¨© a(x, t), b(x, t), h1(x, t), h2(x, t),
u0(x), u1(x), v0(x), v1(x) ¨ f(x, t) ¢ë¯®«ïîâáï ¢ª«îç¥¨ï a(x, t) ∈
C3(Q), b(x, t) ∈ C3(Q), hi(x, t) ∈ W 2

∞(Q), hit(x, t) ∈ W 2
∞(Q), hitt(x, t) ∈

W 22 (Q), i = 1, 2, u0(x) ∈ W 42 (
)∩ ◦
W 12(
), u1(x) ∈W 32 (
)∩ ◦

W 12(
), vj(x) ∈
W 42 (
) ∩W 2

∞(
) ∩ ◦
W 12(
), j = 0, 1, f(x, t) ∈ L2(0, T ;W 22 (
)), ft(x, t) ∈

L2(0, T ;W 22 (
)), ftt(x, t) ∈ L2(0, T ; ◦
W 12(
)), F̃tt(x, t) ∈ L2(0, T ; ◦

W 12(
)).�à®¬¥ â®£®, ¯ãáâì á¯à ¢¥¤«¨¢ë ãá«®¢¨ï
a(x, t) 6 −a0 < 0, (x, t) ∈ Q;

h1(x, 0)h2t(x, 0)− h2(x, 0)h1t(x, 0) 6= 0, x ∈ 
;
h1(x, T )h2(x, 0)− h2(x, T )h1(x, 0) = 0, x ∈ 
.Ǒãáâì áãé¥áâ¢ãîâ δ1, δ2, δ3 > 0 â ª¨¥, çâ® ¢ë¯®«ïîâáï á«¥¤ãî-é¨¥ ãá«®¢¨ï:

a0 − r3 > 0; r4 − 2Tr2 > 0;



�¨¥© ï ®¡à â ï § ¤ ç  671− 3max
 ~d22(x, T ) · r4
r4 − 2Tr2 > 0;1− (3max
 ~d21t(x, T ) + δ22T ) · r4

r4 − 2Tr2 > 0.�®£¤  ®¡à â ï § ¤ ç  (1){(6) ¨¬¥¥â à¥è¥¨¥ {u(x, t), q1(x), q2(x)} â -ª®¥, çâ® u(x, t) ∈ V0, qi(x) ∈ L2(
), i = 1, 2.�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï ¯®«®áâìî   «®£¨ç®¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 á ¨§¬¥¥¨ï¬¨ «¨èì ¢ â®¬, çâ® ¢ á®®â¢¥â-áâ¢ãîé¥© ªà ¥¢®© § ¤ ç¥ ¤«ï ãà ¢¥¨ï ç¥â¢¥àâ®£® ¯®àï¤ª  ãá«®¢¨ï§ ¤ îâáï ¯à¨ t = T ¨ à¥£ã«ïà¨§¨àãîé¥¥ á« £ ¥¬®¥ ¥áâì ε�utttt.����������1. �®¬ ®¢ �. �. �¡à âë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1984.2. �®¬ ®¢ �. �. �áâ®©ç¨¢®áâì ¢ ®¡à âëå § ¤ ç å. �.: � ãçë© ¬¨à, 2005.3. Romanov V. G. Investigation methods for inverse problems. Utreht (The Nether-lands): VSP BV, 2002.4. Prilepko A. I., Orlovsky D. G., Vasin I. A. Methods solving inverse problems inmathematial physi. New York: Marel Dee, 2000.5. Anikonov Yu. E.Multidimensional inverse and I'll-posed problems for di�erentionalequations. Utreht (The Netherlands): VSP BV, 1995.6. Anikonov Yu. E. Inverse and I'll-posed soures problems. Utreht (The Netherlands):VSP BV, 1997.7. Denisov A. M. Elements of theory of inverse problems. Utreht (The Netherlands):VSP BV, 1999.8. � ¡ ¨å¨ �. �., �áª ª®¢ �. �. �¯â¨¬¨§ æ¨®ë¥ ¬¥â®¤ë à¥è¥¨ï ª®íää¨-æ¨¥âëå ®¡à âëå § ¤ ç. �®¢®á¨¡¨àáª: ���, 2001.9. Kabanikhin S. I., Lorenzi A. Identi�ation problems of wave phenomena | theoryand numeris. Utreht (The Netherlands): VSP BV, 2000.10. Lorenzi A.An introdution to identi�ation problems via funtional analisis. Utreht(The Netherlands): VSP BV, 2001.11. Belov Yu. Ya. Inverse problems for partial di�erential equations. Utreht (TheNetherlands): VSP BV, 2002.12. Klibanov M. V., Timonov A. A. Carleman estimates for oeÆient inverse problemsand numerial appliations. Utreht (The Netherlands): VSP BV, 2004.13. �ã¡®¢ �. �. � ª®àà¥ªâëå ªà ¥¢ëå ¨ ®¡à âëå § ¤ ç å ¤«ï ¥ª®â®àëå ª« á-á®¢ í¢®«îæ¨®ëå ãà ¢¥¨©: �¨á. . . . ¤®ªâ. ä¨§.-¬ â.  ãª. �®¢®á¨¡¨àáª,1989. 287á.14. �áª¥¤¥à®¢ �. �. �¥ª®â®àë¥ ®¡à âë¥ § ¤ ç¨ ®¡ ®¯à¥¤¥«¥¨¨¯à ¢ëå ç áâ¥©¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© // �§¢. �� �§���. �¥à. ä¨§.-â¥å. ¨ ¬ â. ãª. 1976. ü 2, �. 58{63.15. �¬¨à®¢ �. �. � ¢®¯à®áã ® à §à¥è¨¬®áâ¨ ®¡à âëå § ¤ ç // �®ª«. �� ����.1986. �. 290, ü 2. �. 268{270.
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��� 512.6:519.61� ������ ����������� �������������� �����������������������. III�. �. �¥¤®à®¢�â âìï ï¢«ï¥âáï ¯à®¤®«�¥¨¥¬ à ¡®â [1, 2℄. �®åà ¨¬ ¯à¥�¨¥ã¬¥à æ¨¨ ¯à¥¤«®�¥¨© ¨ ä®à¬ã«.� ¬¥ç ¨¥ 12. �®¯à®á ®¯à¥¤¥«¥¨ï ç áâ®£® à¥è¥¨ï ¤«ï ¡®-«¥¥ ®¡é¨å á«ãç ¥¢ á¢®¡®¤ëå ç«¥®¢ bj ¥®¤®à®¤®© ¯¥à¨®¤¨ç¥áª®©á¨áâ¥¬ë (49) ®áâ ¥âáï ®âªàëâë¬.� ¬¥ç ¨¥ 13. �ç¥¢¨¤®, ¢ á¨«ã ¨§®¬®àä¨§¬  à¥è¥¨© á¨áâ¥¬(2) ¨ (35) äãªæ¨ï f(x) (12) ï¢«ï¥âáï å à ªâ¥à¨áâ¨ª®© â ª�¥ ¨ ¤«ï¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (35).� áá¬®âà¨¬ ¯à¨¬¥à à¥è¥¨ï ¥®¤®à®¤®© ¯¥à¨®¤¨ç¥áª®© ¡¥áª®-¥ç®© á¨áâ¥¬ë.Ǒà¨¬¥à 2. Ǒãáâì § ¤   á«¥¤ãîé ï ¥®¤®à®¤ ï ¯¥à¨®¤¨ç¥áª ï£ ãáá®¢  á¨áâ¥¬ :
∞∑

p=0 (2j + 2p+ 1)!(2p)! xj+p = bj, j = 0,∞, b = onst > 0. (69)Ǒà®¢¥à¨¬ ¯¥à¨®¤¨ç®áâì á¨áâ¥¬ë (69). Ǒ®áª®«ìªã ª®íää¨æ¨¥âë ¤ -®© á¨áâ¥¬ë ¨¬¥îâ ¢¨¤ aj,j+p = (2j+2p+1)!(2p)! , â® aj,j = (2j + 1)!, á«¥¤®¢ -â¥«ì®, ç¨á«  �aj , ¢å®¤ïé¨¥ ¢ ä®à¬ã«ã (36), ®áâ ãâáï â ª¨¬¨ �¥, ª ª¨ ¤«ï ¯à¨¬¥à  1. Ǒ®íâ®¬ã ¯à®¨§¢¥¤¥¨¥ p−1∏
k=0 �aj+k à ¢®

p−1∏
k=0(2j + 2k + 2)(2j + 2k + 3) = (2j + 2p+ 1)!(2j + 1)! .© 2008 �¥¤®à®¢ �. �.



70 �¥¤®à®¢ �. �.� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢® á®®â®è¥¨¥
aj,j+p = (2j + 2p+ 1)!(2p)! = (2j + 1)!(2j + 2p+ 1)!(2p)!(2j + 1)!= 1(2p)! (2j + 1)! p−1∏

k=0(2j + 2k + 2)(2j + 2k + 3) = apaj,j

p−1∏
k=0 �aj+k,£¤¥

ap = 1(2p)! , aj,j = (2j + 1)!, p−1∏
k=0 �aj+k = (2j + 2p+ 1)!(2j + 1)! ,â¥¬ á ¬ë¬ ¯®ª §   ¯¥à¨®¤¨ç®áâì á¨áâ¥¬ë (69).�ç¥¢¨¤®, bj+p = bjbp, â. ¥. ¤«ï á¢®¡®¤ëå ç«¥®¢ á¨áâ¥¬ë (69)¢ë¯®«ï¥âáï á®®â®è¥¨¥ (50). �ç¨âë¢ ï, çâ® �bp = bp, à áá¬®âà¨¬àï¤

∞∑

p=0 ap
�bp = ∞∑

p=0 bp(2p)! = h(√b).�«¥¤®¢ â¥«ì®, ¨¬¥¥¬
B∗ = 1

∞∑
p=0 apbp

= 1h(√b) .�®£« á® â¥®à¥¬¥ 13 ç áâë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (69) á«ã�¨â ¢ë-à �¥¨¥
xi = biB

∗

ai,i
= bi(2i+ 1)! h(√b) , i = 0, 1, . . . . (70)Ǒà®¢¥à¨¬ ï¢«ï¥âáï «¨ ¢ëà �¥¨¥ (70) à¥è¥¨¥¬ á¨áâ¥¬ë (69). Ǒ®¤-áâ ¢«ïï (70) ¢ á¨áâ¥¬ã (69), ¯®«ãç¨¬

∞∑

p=0 (2j + 2p+ 1)!bj+p(2p)!(2j + 2p+ 1)! h(√b) = bj
∞∑

p=0 bp(2p)! h(√b) = bj , j = 0, 1, . . . ,â. ¥. ¤¥©áâ¢¨â¥«ì® ¢ëà �¥¨¥ (70) á«ã�¨â à¥è¥¨¥¬ á¨áâ¥¬ë (69).� á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 18 ¬¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£® ã§ª®¬ ¯®¨¬ -¨¨ ¤«ï ¡¥áª®¥ç®© á¨áâ¥¬ë (69) áå®¤¨âáï ª à¥è¥¨î (70).



� â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ 71�®£« á® ®¡é¥© â¥®à¨¨ «¨¥©ëå ãà ¢¥¨© ¤«ï  å®�¤¥¨ï ®¡-é¥£® à¥è¥¨ï ¥®¤®à®¤®© á¨áâ¥¬ë (69) ¥®¡å®¤¨¬®  ©â¨ ®¡é¥¥ à¥-è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë,  áá®æ¨¨à®¢ ®© á á¨áâ¥¬®© (69), â. ¥. á¨-áâ¥¬ë (69) á ã«¥¢ë¬¨ ¯à ¢ë¬¨ ç áâï¬¨.� á¨«ã â¥®à¥¬ 10 ¨ 11 ¥®¡å®¤¨¬®  ©â¨ ã«¨ å à ªâ¥à¨áâ¨ª¨ ¯¥-à¨®¤¨ç¥áª®© á¨áâ¥¬ë (69).�®áâ ¢¨¬ å à ªâ¥à¨áâ¨ªã f(x) á¨áâ¥¬ë (69)
f(x) = ∞∑

p=0(−1)papx
p = ∞∑

p=0(−1)p 1(2p)!xp. (71)� ©¤¥¬ ã«¨ 1
s å à ªâ¥à¨áâ¨ª¨ (71), â. ¥. à¥è ¥¬ ãà ¢¥¨¥

f(1/s) = ∞∑

p=0(−1)p 1(2p)!sp
= os(1/√s) = 0.�âáî¤  § ª«îç ¥¬, çâ® s ≡ sk = 4/π2(2k + 1)2, k = 0, ±1,±2, . . . .� á¨«ã â¥®à¥¬ë 10 «î¡®¥ äã¤ ¬¥â «ì®¥ à¥è¥¨¥ ¯à¨¢¥¤¥®©á¨áâ¥¬ë (69) ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨© ¢¨¤:

x
(k)
i = (−1)iπ2i(2k + 1)2ix0(2i+ 1)!22i

, i = 0, 1, 2, . . . , k = 0, 1, 2, 3, . . . . (72)�®£¤    ®á®¢ ¨¨ â¥®à¥¬ë 11 ¨ ä®à¬ã« (70) ¨ (72) ®¡é¥¥ à¥è¥¨¥¥®¤®à®¤®© á¨áâ¥¬ë (69) § ¯¨è¥âáï â ª:
xi = M∑

k=1 (−1)iπ2i(2k + 1)2iCk(2i+ 1)!22i
+ bi(2i+ 1)! h(√b) , i = 0, 1, 2, . . . , (73)£¤¥ Ck | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. �«ãç ©M =∞ âà¥¡ã¥â ¤®¯®«¨-â¥«ì®£® ¨áá«¥¤®¢ ¨ï.�â®á¨â¥«ì® à áá¬®âà¥®£® ¯à¨¬¥à  2 á¤¥« ¥¬ á«¥¤ãîé¥¥ áã-é¥áâ¢¥®¥ § ¬¥ç ¨¥.� ¬¥ç ¨¥ 14. �ãé¥áâ¢ãîé¨¬¨ ¬¥â®¤ ¬¨ ¨áá«¥¤®¢ ¨ï ¡¥áª®-¥çëå á¨áâ¥¬ ¥¢®§¬®�® à¥è¨âì á¨áâ¥¬ã ¯à¨¬¥à  2, å®âï ¡ë ¯®â®¬ã,çâ® ∞∑

p=0 |aj,j+p| = ∞∑

p=0 (2j + 2p+ 1)!(2p)! = ∞ ∀j = 0, 1, 2, . . . ,



72 �¥¤®à®¢ �. �.ªà®¬¥ â®£®, á¢®¡®¤ë¥ ç«¥ë bj = bj ¬®£ãâ ¡ëâì ¥ ®£à ¨ç¥ë ¢ á®-¢®ªã¯®áâ¨, áª �¥¬, ¯à¨ b > 1.� «¥¥ ¨áá«¥¤ã¥¬ ¯¥à¨®¤¨ç¥áª¨¥ ¡¥áª®¥çë¥ á¨áâ¥¬ë, å à ªâ¥à¨-áâ¨ª  ª®â®àëå ï¢«ï¥âáï ¬®£®ç«¥®¬ (¯®«¨®¬®¬) m-© áâ¥¯¥¨.� ¤ ®¬ á«ãç ¥ à áá¬ âà¨¢ ¥¬ ï ®¤®à®¤ ï ¯¥à¨®¤¨ç¥áª ï á¨-áâ¥¬  ¡ã¤¥â ¨¬¥âì ¢¨¤
m∑

p=0 aj,j+pxj+p = 0, j = 0,∞, m > 1, (74)£¤¥ ª®íää¨æ¨¥âë aj,j+p ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ ¯¥à¨®¤¨ç®áâ¨ (37),â. ¥. aj,j+p = apaj+p,j+p. �«¥¤®¢ â¥«ì®, å à ªâ¥à¨áâ¨ª  f(x) ¤ ®©á¨áâ¥¬ë (74) ¡ã¤¥â ¬®£®ç«¥®¬ m-£® ¯®àï¤ª 
f(x) = m∑

p=0(−1)papx
p. (75)� ª ¢¨¤¨¬, ª �¤®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (74) á®¤¥à�¨â â®«ìª® ª®-¥ç®¥ ç¨á«® ¥¨§¢¥áâëå,   å à ªâ¥à¨áâ¨ª  á¨áâ¥¬ë f(x) ï¢«ï¥âáïª®¥ç®© áã¬¬®© ¨ ¨¬¥® íâ¨ ®¡áâ®ïâ¥«ìáâ¢  ®¡ãá« ¢«¨¢ îâ ®â¤¥«ì-®¥ à ááá¬®âà¥¨¥ á¨áâ¥¬ â ª®£® ¢¨¤ .�§ ª®íää¨æ¨¥â®¢ ap ¯®«¨®¬  (75) ¬®�® â ª�¥ á®áâ ¢¨âì ¯®á«¥-¤®¢ â¥«ì®áâì ®¯à¥¤¥«¨â¥«¥© An(m) ¯®¤®¡® ¯®á«¥¤®¢ â¥«ì®áâ¨ (10),¯à¨ íâ®¬ ¯à¨ n 6 m ¯®á«¥¤®¢ â¥«ì®áâì ¡ã¤¥â â ª ï �¥, ª ª ¨ (10),  ¯à¨ n > m ¨¬¥¥¬ ¯®á«¥¤®¢ â¥«ì®áâì ®¯à¥¤¥«¨â¥«¥© n-£® ¯®àï¤ª :

An(m) = ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a1 1 0 . . . 0 0
a2 a1 1 . . . 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
am am−1 am−2 . . . 0 00 am am−1 . . . 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 0 0 . . . a1 10 0 0 . . . a2 a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (76)
�à®¬¥ â®£®, ¬®�® á®áâ ¢¨âì ¯®á«¥¤®¢ â¥«ì®áâì (9), ª®â®à ï ¤«ï



� â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ 73å à ªâ¥à¨áâ¨ª¨ (75) ¡ã¤¥â ¢ë£«¥¤¥âì á«¥¤ãîé¨¬ ®¡à §®¬:
sn(m) =  a1 + n∑

p=2 (−1)p−1ap

p−1∏
k=1 sn−k(m) , ¥á«¨ n 6 m,

a1 + m∑
p=2 (−1)p−1ap

p−1∏
k=1 sn−k(m) , ¥á«¨ n > m,£¤¥ s1 = a1, a0 = 1.� ¤ «ì¥©è¥¬  á ¡ã¤¥â ¨â¥à¥á®¢ âì ¯®¢¥¤¥¨¥ ¯®á«¥¤®¢ â¥«ì®-áâ¨ sn(m) ¯à¨ n→ ∞, ¯®íâ®¬ã ¤®áâ â®ç® à áá¬®âà¥âì ¢â®à®¥ á®®â®-è¥¨¥ ¢ ¯®á«¥¤¥¬ ¢ëà �¥¨¨:

sn(m) = a1 + m∑

p=2 (−1)p−1ap

p−1∏
k=1 sn−k(m) . (77)Ǒ®á«¥ â ª®£® ãâ®ç¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¥© sn(m) ¨ ®¯à¥¤¥«¨â¥-«¥© An(m) ¢ëè¥¨§«®�¥ ï â¥®à¨ï ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ ®áâ ¥âáï ¢á¨«¥ ¨ ¤«ï á¨áâ¥¬ (74). �¬¥áâ¥ á â¥¬ ¬®�® ãª § âì ¥ª®â®àë¥ à¥§ã«ì-â âë, ¯à¨áãé¨¥ â®«ìª® á¨áâ¥¬ ¬ â¨¯  (74).�¥®à¥¬  19. Ǒ¥à¨®¤¨ç¥áª ï ®¤®à®¤ ï ¡¥áª®¥ç ï á¨áâ¥¬  (74)¢á¥£¤  ¨¬¥¥â å®âï ¡ë ®¤® äã¤ ¬¥â «ì®¥ à¥è¥¨¥,   ¢ ®¡é¥¬ á«ãç ¥¬®�¥â ¨¬¥âì m äã¤ ¬¥â «ìëå à¥è¥¨©.�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ â®£®,çâ® ¯à¨ m > 1 å à ªâ¥à¨áâ¨ª  (75) ¨¬¥¥â å®âï ¡ë ®¤¨ ã«ì,   ¢ ®¡é¥¬á«ãç ¥ ¬®�¥â ¨¬¥âì m à §«¨çëå ã«¥©, á«¥¤®¢ â¥«ì®, ¢ á®®â¢¥âá¢¨¨á § ¬¥ç ¨¥¬ 5 á¨áâ¥¬  (74) ¨¬¥¥â á®®â¢¥âáâ¢ãîé¨¥ äã¤ ¬¥â «ìë¥à¥è¥¨ï.Ǒãáâì ®¤®à®¤ ï á¨áâ¥¬  (74) ï¢«ï¥âáï ¯à¨¢¥¤¥®© ¤«ï ¥ª®â®-à®© ¥®¤®à®¤®© ¡¥áª®¥ç®© á¨áâ¥¬ë.� ¬¥ç ¨¥ 15. �«ï â ª¨å ¥®¤®à®¤ëå ¡¥áª®¥çëå á¨áâ¥¬ ¢á¥¢ëè¥¯à¨¢¥¤¥ë¥ à¥§ã«ìâ âë ª á â¥«ì® ¥®¤®à®¤ëå á¨áâ¥¬ ®áâ -îâáï ¢¥àë¬¨.



74 �¥¤®à®¢ �. �.� ¬¥ç ¨¥ 16. �¥®¤®à®¤ ï ¡¥áª®¥ç ï á¨áâ¥¬ , ¤«ï ª®â®à®©á¨áâ¥¬  (74) ï¢«ï¥âáï ¯à¨¢¥¤¥®©, ¥ ¬®�¥â ¨¬¥âì ¥¤¨áâ¢¥®£® à¥-è¥¨ï.� á¨«ã ª®¥ç®áâ¨ áã¬¬ë ¢ à §«®�¥¨¨ å à ªâ¥à¨áâ¨ª¨ f(x) (75)¢ áâ¥¯¥®© àï¤ ¤«ï ¨áá«¥¤®¢ ¨ï áå®¤¨¬®áâ¨ ¬¥â®¤  à¥¤ãªæ¨¨ ¢ ¥£®è¨à®ª®¬ ¯®¨¬ ¨¨ ¤«ï á¨áâ¥¬ë (74) ¬®�® ¥ ¨á¯®«ì§®¢ âì ãá«®¢¨¥A, ª®â®à®¥ ¥®¡å®¤¨¬ë¬ ®¡à §®¬ ¨á¯®«ì§ã¥âáï, ª®£¤  å à ªâ¥à¨áâ¨ª 
f(x) ï¢«ï¥âáï àï¤®¬.Ǒà¥�¤¥ ¢á¥£® ¯à¥®¡à §ã¥¬ å à ªâ¥à¨áâ¨ªã (75) á«¥¤ãîé¨¬ ®¡à -§®¬:

f(x) = (−1)mam

m∑

p=0 (−1)m+pap

am
xp = (−1)mamϕ(x)= (−1)mam

m∑

p=0 apx
m−p,£¤¥ �ap = (−1)pam−p/am.�ç¥¢¨¤®, ã«¨ äãªæ¨© f(x) ¨ ϕ(x) á®¢¯ ¤ îâ. �á«¨ ç¥àâ®çª¨ ¤ ª®íää¨æ¨¥â ¬¨ ¢ à §«®�¥¨¨ äãªæ¨¨ ϕ(x) ®¯ãáâ¨âì, â® ¡ã¤¥¬¨¬¥âì

ϕ(x) = m∑

p=0 apx
m−p = a0xm + a1xm−1+ · · ·+ am−1x+ am, a0 = 1. (78)�á®, çâ® ¢ á«ãç ¥ àï¤  â ª®¥ ¯à¥®¡à §®¢ ¨¥ ¥®áãé¥áâ¢¨¬®. Ǒà¨¢ë¯®«¥¨¨ ãá«®¢¨ï A, ª ª ¯®ª § ® ¢ëè¥, ¯à®æ¥áá (77) áå®¤¨âáï ¤«ïª®íää¨æ¨¥â®¢ ¬®£®ç«¥  (75), ¥á«¨ ¥£® à áá¬®âà¥âì ª ª àï¤. �«ïª®íää¨æ¨¥â®¢ ¬®£®ç«¥  (78) áå®¤¨¬®áâì ¯à®æ¥áá  (77) ¨§ãç¥  ¢à ¡®â¥  ¢â®à  [3℄, ¯®íâ®¬ã ¯à¨¢¥¤¥¬ â®«ìª® ®á®¢ë¥ à¥§ã«ìâ âë ¡¥§¤®ª § â¥«ìáâ¢. �®ª § â¥«ìáâ¢    «®£¨çë ¤®ª § â¥«ìáâ¢ ¬ á®®â¢¥â-áâ¢ãîé¨å ãâ¢¥à�¤¥¨© à ¡®âë [3℄, ® á ãç¥â®¬ â®£®, çâ® ¢ ®¯à¥¤¥-«¨â¥«ïå (76) ¯®¤ ª®íää¨æ¨¥â ¬¨ ai ¯®¤à §ã¬¥¢ îâáï ª®íää¨æ¨¥âë(−1)iai.



� â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ 75�§ ¯®á«¥¤®¢ â¥«ì®áâ¨ {An(m)} ¬®�® á®áâ ¢¨âì ¯®á«¥¤®¢ â¥«ì-®áâì
sn(m) = An(m)

An−1(m) . (79)�¥®à¥¬  20. Ǒãáâì å à ªâ¥à¨áâ¨ª  (75) (â® �¥, çâ® ¨ (78)) ¨¬¥¥ââ®«ìª® ¢¥é¥áâ¢¥ë¥ ª®à¨, ¯à¨ç¥¬  ¨¡®«ìè¨© ¯® ¬®¤ã«î ª®à¥ì¥¤¨áâ¢¥ë©. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì (79) áå®¤¨âáï ¨ á¯à ¢¥¤«¨¢®à ¢¥áâ¢® lim
n→∞

�sn = λj0 , £¤¥ |λj0 | = max
j

|λj |, j ¯à®¡¥£ ¥â ¢á¥ ª®à¨.�«¥¤áâ¢¨¥ 13. �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì (79) à áå®¤¨âáï, â® å -à ªâ¥à¨áâ¨ª  (75) ¨¬¥¥â «¨¡® ª®¬¯«¥ªáë¥ ª®à¨, «¨¡® ¥áª®«ìª® ¢¥-é¥áâ¢¥ëå ª®à¥©, ¨¬¥îé¨å ¬ ªá¨¬ «ìë¥ ¬®¤ã«¨.�«¥¤áâ¢¨¥ 14. �á«¨ ¤«ï ¥ª®â®à®£® ä¨ªá¨à®¢ ®£® n = n0 ®¯à¥-¤¥«¨â¥«ì An0(m) à ¢¥ 0, â® å à ªâ¥à¨áâ¨ª  (75) ¨¬¥¥â «¨¡® ª®¬¯«¥ªá-ë¥ ª®à¨, «¨¡® ¥áª®«ìª® ¢¥é¥áâ¢¥ëå ª®à¥©, ¨¬¥îé¨å ¬ ªá¨¬ «ì-ë¥ ¬®¤ã«¨.�¥®à¥¬  21. Ǒãáâì å à ªâ¥à¨áâ¨ª  (75) ¨¬¥¥â ª®¬¯«¥ªáë¥ ª®à-¨. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì (79)1) áå®¤¨âáï, ¥á«¨ max
j
ρj < max

k
|λk| = |λk0 |, ¯à¨ç¥¬ λk0 ï¢«ï¥â-áï ¥¤¨áâ¢¥ë¬ ¢¥é¥áâ¢¥ë¬ ª®à¥¬, ¨¬¥îé¨¬ ¬ ªá¨¬ «ìë© ¬®-¤ã«ì,2) à áå®¤¨âáï, ¥á«¨ max

j
ρj > max

k
|λk| = |λk0 |, £¤¥ ρj | ¬®¤ã«ì

j-£® ª®¬¯«¥ªá®£® ª®àï, λk | ¢¥é¥áâ¢¥ë¥ ª®à¨, ¨¤¥ªáë j ¨ k¯à®¡¥£ îâ á®®â¢¥âáâ¢¥® ª®¬¯«¥ªáë¥ ¨ ¢¥é¥áâ¢¥ë¥ ª®à¨.�«¥¤áâ¢¨¥ 15. �á«¨ å à ªâ¥à¨áâ¨ª  (75) ¨¬¥¥â â®«ìª® ª®¬¯«¥á-ë¥ ª®à¨, â® ¯®á«¥¤®¢ â¥«ì®áâì (79) à áå®¤¨âáï.�¥®à¥¬  22. Ǒ®á«¥¤®¢ â¥«ì®áâì (79) ¬®�® ¯à¥®¡à §®¢ âì ª ¢¨-¤ã �sn(m) = An(m)
An−1(m) = sn(m) = −a1 − m∑

p=2 ap

p−1∏
k=1 sn−k(m) ,



76 �¥¤®à®¢ �. �.¥á«¨ n > m;�sn(m) = An(m)
An−1(m) = sn(m) = −a1 − n∑

p=2 ap

p−1∏
k=1 sn−k(m) ,¥á«¨ 6 m, £¤¥ s1 = −a1.�¥®à¥¬  23. �«ï ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë (74) á å à ªâ¥à¨áâ¨ª®©(75) ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ 20 ¨ 21 ¬¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£®è¨à®ª®¬ ¯®¨¬ ¨¨ áå®¤¨âáï.�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ â¥®-à¥¬ 22, 20 ¨ 21.�«¥¤áâ¢¨¥ 16. �á«¨ å à ªâ¥à¨áâ¨ª  (75) ¨¬¥¥â â®«ìª® ª®¬¯«¥á-ë¥ ª®à¨, â® ¬¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ ¯®¨¬ ¨¨ ¥ áå®¤¨âáï.� § ª«îç¥¨¥ à áá¬®âà¨¬ á ç «  ¯à¨¬¥àë ¯à¨¬¥¥¨ï ¯®á«¥¤®-¢ â¥«ì®áâ¨ (77) ¤«ï ª®ªà¥âëå ãà ¢¥¨©,  ¯à¨¬¥à, ¯à¨ m = 2,â. ¥. ¤«ï à¥è¥¨ï ¯®«¨®¬¨ «ì®£® ãà ¢¥¨ï ¢â®à®© áâ¥¯¥¨,   § â¥¬¥áª®«ìª® ¯à¨¬¥à®¢ à¥è¥¨ï ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ â¨¯  (74) á ¯®«¨-®¬¨ «ì®© å à ªâ¥à¨áâ¨ª®© (75).Ǒà¨¬¥à 3. Ǒãáâì § ¤  á«¥¤ãîé¨© ¯®«¨®¬ ¢â®à®© áâ¥¯¥¨(m = 2):

f(x) = 2− 7x+ 3x2 = 2(1− 72x+ 32x2) . (80)� ©â¨ ¬¨¨¬ «ìë© ¨ ¬ ªá¨¬ «ìë© ¯® ¬®¤ã«î ã«ì äãªæ¨¨ f(x).�¥è¥¨¥. � ¤ ®¬ á«ãç ¥ ¯à®æ¥áá (77) ¡ã¤¥â ¨¬¥âì ¢¨¤
sn = a1 − a2

sn−1 , s1 = a1. (81)� ç «  äãªæ¨î f(x) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ãà¥§ ë© àï¤.� íâ®¬ á«ãç ¥ a0 = 1, a1 = 7/2, a2 = 3/2 ¨
sn = 72 − 32sn−1 , s1 = 72 . (82)



� â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ 77�ëç¨á«¥¨ï ¯®  «£®à¨â¬ã (82) ã¡¥�¤ îâ  á, çâ® lim
n→∞

sn = 3. � ®á®¢ ¨¨ â¥®à¥¬ë 3 ç¨á«® x0 = 1/s = 1/3 ï¢«ï¥âáï ¬¨¨¬ «ìë¬ ¯®¬®¤ã«î ã«¥¬ äãªæ¨¨ f(x). �¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® ç¨á«® 1/3¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï ã«¥¬ äãªæ¨¨ f(x).�¥¯¥àì äãªæ¨î f(x) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ¬®£®ç«¥, § ¤ -ë© ¢ ¢¨¤¥
f(x) = 3x2 − 7x+ 2 = 3(x2 − 73x+ 23) .�®£¤  ¨¬¥¥¬ a0 = 1, a1 = 7/3, a2 = 2/3 ¨

sn = 73 − 23sn−1 , s1 = 73 . (83)�ëç¨á«¥¨ï ¯®  «£®à¨â¬ã (83) ã¡¥�¤ îâ  á, çâ® lim
n→∞

sn = 2. �  ®á-®¢ ¨¨ â¥®à¥¬ 22 ¨ 20 ç¨á«® s = 2 ï¢«ï¥âáï ¬ ªá¨¬ «ìë¬ ¯® ¬®¤ã«îã«¥¬ äãªæ¨¨ f(x). �ç¥¢¨¤®, ç¨á«® 2 ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï ã-«¥¬ äãªæ¨¨ f(x), ¡®«¥¥ â®£®, ç¨á«® 1/3 ï¢«ï¥âáï ¬¨¨¬ «ìë¬ ¯®¬®¤ã«î,   ç¨á«® 2 | ¬ ªá¨¬ «ìë¬ ¯® ¬®¤ã«î ã«ï¬¨ äãªæ¨¨ f(x).� ë© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¯à®æ¥áá (81) ¬®�¥â ¡ëâì ¨á¯®«ì-§®¢  ¤«ï äãªæ¨¨ f(x) ¤¢®ïª®: ¤«ï ¯®«ãç¥¨ï ¬¨¨¬ «ì®£® ¨ ¬ ª-á¨¬ «ì®£® ¯® ¬®¤ã«î ã«¥© äãªæ¨¨ f(x). Ǒà¨ íâ®¬ ¢ ¯¥à¢®¬ á«ãç ¥¢  «£®à¨â¬¥ (81) ª®íää¨æ¨¥âë à §«®�¥¨ï äãªæ¨¨ f(x) ¨á¯®«ì§ã-îâáï ¢ ¯àï¬®¬ ¯®àï¤ª¥,   ¢® ¢â®à®¬ á«ãç ¥ | ¢ ®¡à â®¬ ¯®àï¤ª¥,® ¢ ®¡®¨å á«ãç ïå á ãç¥â®¬ ¯à¨¢¥¤¥¨ï ¯¥à¢®£® ª®íää¨æ¨¥â  ª ¥¤¨-¨æ¥ (a0 = 1). � á¢ï§¨ á íâ¨¬ ¬®�® á¤¥« âì ®¤® § ¬¥ç ¨¥ ®â®-á¨â¥«ì® ¬¥â®¤  à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ ¯®¨¬ ¨¨, ª®£¤  ® ¯à¨-¬¥ï¥âáï ¤«ï à¥è¥¨ï ¯¥à¨®¤¨ç¥áª®© ¡¥áª®¥ç®© á¨áâ¥¬ë, ¨¬¥îé¥©å à ªâ¥à¨áâ¨ªã-¬®£®ç«¥. �á«¨ ¢  «£®à¨â¬¥ (81) ª®íää¨æ¨¥âë à §-«®�¥¨ï äãªæ¨¨ f(x) ¨á¯®«ì§ãîâáï ¢ ¯àï¬®¬ ¯®àï¤ª¥, â® á®®â¢¥â-áâ¢ãîé¨© ¬¥â®¤ à¥¤ãªæ¨¨ ¬®�®  §ë¢ âì ¯àï¬®© à¥¤ãªæ¨¥©,   ¥á«¨¢ ®¡à â®¬ ¯®àï¤ª¥, â® | ®¡à â®© à¥¤ãªæ¨¥©. �ç¥¢¨¤®, ¢ á«ãç ¥,ª®£¤  å à ªâ¥à¨áâ¨ª  f(x) ï¢«ï¥âáï áâ¥¯¥ë¬ àï¤®¬, ¢á¥£¤  ¨á¯®«ì-§ã¥âáï â®«ìª® ¯àï¬ ï à¥¤ãªæ¨ï.



78 �¥¤®à®¢ �. �.Ǒ®ª �¥¬ ¯à¨æ¨¯¨ «ìãî ¢®§¬®�®áâì ¯®«ãç¥¨ï â®ç®£® § ç¥-¨ï ã«ï ¬®£®ç«¥  f(x)  ¯®¬®éìî  «£®à¨â¬  (81)   ®á®¢¥ à¥è¥¨ïá«¥¤ãîé¥£® ¯à¨¬¥à .Ǒà¨¬¥à 4. Ǒãáâì § ¤  ¬®£®ç«¥ f(x) = x2 − x − 1. � ©â¨¬ ªá¨¬ «ìë© ¯® ¬®¤ã«î ã«ì äãªæ¨¨ f(x).�¥è¥¨¥. �á«¨ ¯®«®�¨âì A0 = A1 = 1, â® ¯®á«¥¤®¢ â¥«ì®áâì®¯à¥¤¥«¨â¥«¥© An ¡ã¤¥â å®à®è® ¨§¢¥áâ®© ¯®á«¥¤®¢ â¥«ì®áâìî �¨¡®- çç¨:
An = An−1 +An−2, (84)â. ¥. An = An(2) = Fn, £¤¥ Fn | ç¨á«  �¨¡® çç¨.Ǒ®á«¥¤®¢ â¥«ì® ¯®¤áâ ¢«ïï á®®â®è¥¨¥ (84) ¢ á¥¡ï, ¬®�® ¯®-ª § âì, çâ® [4℄

An = [(n−1)/2℄∑

k=0 Ck
n−1−kA1 + [(n−2)/2℄∑

k=0 Ck
n−2−kA0,£¤¥ [z℄ | æ¥« ï ç áâì z ¨ Ck

j | ¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥âë. Ǒ®-áª®«ìªã ¨§¢¥áâ® [5℄, çâ®[n/2℄∑

k=0 Ck
n−kx

k = 2−n−1(1 + 4x)−1/2[(1 +√1 + 4x)n+1 − (1−√1 + 4x)n+1℄,â®
An = (1 +√5)n − (1−√5)n2n

√5 + (1 +√5)n−1 − (1−√5)n−12n−1√5 .�«¥¤®¢ â¥«ì®,
sn = An

An−1 = (1 +√5)n2(1 +√5)n−1  1− (1−√51+√5)n + 21+√5 − 2(1−√5)n−1(1+√5)n1− ( 1−√51+√5)n−1 + 21+√5 − 2(1−√5)n−2(1+√5)n−1  ,â®£¤  lim
n→∞

sn = 1+√52 , â ª¨¬ ®¡à §®¬, ¯® â¥®à¥¬¥ 20 ¯®«ãç¨¬ â®ç®¥§ ç¥¨¥ ¬ ªá¨¬ «ì®£® ¯® ¬®¤ã«î ã«ï äãªæ¨¨ f(x).



� â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ 79�«ï ç¨á«¥®£® à¥è¥¨ï (81) ¤ ¥â
sn = 1 + 1

sn−1 , s1 = 1.� ª ¥âàã¤® ¢¨¤¥âì, ¯®á«¥¤¥¥ ¢ëà �¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© æ¥¯ãî¤à®¡ì,   sn ï¢«ï¥âáï ¯®¤å®¤ïé¥© ¤à®¡ìî [6℄.�¬¥áâ® § ¬¥â¨âì, çâ® ¤ ë© ¯à¨¬¥à à áá¬®âà¥ ¢ à ¡®â¥  ¢â®à [3℄, ®, ª á®� «¥¨î, â ¬ ¤®¯ãé¥  ®¯¨áª , å®âï ®    ®ª®ç â¥«ìë©à¥§ã«ìâ â ¥ ¢«¨ï¥â.Ǒ¥à¥©¤¥¬ ª ¯à¨¬¥à ¬ à¥è¥¨ï ¡¥áª®¥çëå ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬á ¯®«¨®¬¨ «ì®© å à ªâ¥à¨áâ¨ª®©m-© áâ¥¯¥¨. � ç «  ®áâ ®¢¨¬áï  á ¬®¬ ¯à®áâ¥©è¥¬ ¯à¨¬¥à¥, ª®£¤  m = 1.Ǒà¨¬¥à 5. Ǒãáâì § ¤   á«¥¤ãîé ï ¥®¤®à®¤ ï ¯¥à¨®¤¨ç¥áª ï£ ãáá®¢  á¨áâ¥¬ : 1∑
p=0 aj,j+pxj+p = bj, j = 0,∞, (85)£¤¥ aj,j+p = apaj+p,j+p, a0 = 1, a1 = a, a2 = a3 = · · · = 0, a = onst,

b = onst.�¥è¥¨¥. Ǒ®áª®«ìªã ¤«ï á¢®¡®¤ëå ç«¥®¢ bj á¨áâ¥¬ë (85) ¢ë-¯®«ï¥âáï á®®â®è¥¨¥ (50), â®   ®á®¢ ¨¨ â¥®à¥¬ë 13 ç áâ®¥ à¥-è¥¨¥ ¥®¤®à®¤®© á¨áâ¥¬ë (85) ¨¬¥¥â ¢¨¤
xi = biB∗

ai,i
, £¤¥ B∗ = 11 + ab

, 1 + ab 6= 0.�â®¡ë  ©â¨ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (85), ¥®¡å®¤¨¬® ®¯à¥¤¥«¨âìäã¤ ¬¥â «ìë¥ à¥è¥¨ï ¯à¨¢¥¤¥®© á¨áâ¥¬ë, ¥á«¨ ®¨ áãé¥áâ¢ã-îâ. �«ï íâ®£®  ©¤¥¬ ã«ì å à ªâ¥à¨áâ¨ª¨ f(x) = 1+ax á¨áâ¥¬ë (85).�âáî¤  ®¯à¥¤¥«¨¬ ¥¤¨áâ¢¥ë© ã«ì x0 äãªæ¨¨ f(x): x0 = −1/a,¨   ®á®¢ ¨¨ â¥®à¥¬ë 3 ¨¬¥¥¬ s = −a. Ǒ® â¥®à¥¬¥ 10 ¥¤¨áâ¢¥-®¥ äã¤ ¬¥â «ì®¥ à¥è¥¨¥ § ¯¨è¥âáï â ª: xi = (−1)i/ai,ia
i, â ª¨¬®¡à §®¬, ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 11 ®¡é¥¥ à¥è¥¨¥ ¯¥à¨®¤¨ç¥áª®©á¨áâ¥¬ë (85) ¬®�® ¢ë¯¨á âì ¢ ¢¨¤¥

xi = C
(−1)i
ai,iai

+ bi

ai,i(1 + ab) ∀ai,i 6= 0, 1 + ab 6= 0, i = 1, 2 . . . . (86)



80 �¥¤®à®¢ �. �.£¤¥ C | ¯à®¨§¢®«ì ï ª®áâ â .Ǒ®¤áâ ¢«ïï ¢ëà �¥¨¥ (86) ¢ «¥¢ãî ç áâì á¨áâ¥¬ë (85), «¥£ª® ã¡¥-¤¨âìáï, çâ® ®® ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï ¨áª®¬ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë.�ç¥¢¨¤®, ¬¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ ¯®¨¬ ¨¨ áå®¤¨âáï ¤«ïá¨áâ¥¬ë (85).� áá¬®âà¨¬ ¯à¨¬¥àë, ª®£¤  å à ªâ¥à¨áâ¨ª  ¯¥à¨®¤¨ç¥áª®© á¨áâ¥-¬ë ï¢«ï¥âáï ¬®£®ç«¥®¬ ¢â®à®© áâ¥¯¥¨, â. ¥. m = 2.Ǒà¨¬¥à 6. Ǒãáâì § ¤   ¯¥à¨®¤¨ç¥áª ï ®¤®à®¤ ï ¡¥áª®¥ç ïá¨áâ¥¬ , å à ªâ¥à¨áâ¨ª  ª®â®à®© ¥áâì äãªæ¨ï f(x) ¯à¨¬¥à  3. � ©â¨®¡é¥¥ à¥è¥¨¥ ¤ ®© á¨áâ¥¬ë.�¥è¥¨¥. �¤¥áì ¨áå®¤ ï á¨áâ¥¬  ¨¬¥¥â ¢¨¤2∑
p=0 aj,j+pxj+p = 0, j = 0,∞, (87)£¤¥

aj,j+p = apaj+p,j+p ∀aj,j 6= 0, a0 = 2, a1 = 7, a2 = 3, a3 = a4 = · · · = 0.�áå®¤ï ¨§ ¯à¨¬¥à  3, § ª«îç ¥¬, çâ® ã«ï¬¨ å à ªâ¥à¨áâ¨ª¨
f(x) = 2 − 7x + 3x2 ï¢«ïîâáï ç¨á«  1/3 ¨ 2, â®£¤  á®®â¢¥âáâ¢¥®¢¥«¨ç¨  s ¡ã¤¥â ¨¬¥âì ¤¢  § ç¥¨ï: s = 3 ¨ s = 1/2. �«¥¤®¢ â¥«ì®,  ®á®¢ ¨¨ â¥®à¥¬ë 10 ¡ã¤¥¬ ¨¬¥âì ¤¢  äã¤ ¬¥â «ìëå à¥è¥¨ï:

xi = (−1)i2ix0
ai,i

, yi = (−1)ix0
ai,i3i

.�á«¨ ¤®¯ãáâ¨âì, çâ® ª®íää¨æ¨¥âë aj,j ¢ á®¢®ªã¯®áâ¨ ®£à ¨-ç¥ë, â® ¯¥à¢®¥ äã¤ ¬¥â «ì®¥ à¥è¥¨¥ ¡ã¤¥â ¥®£à ¨ç¥ë¬,  ¢â®à®¥ | ®£à ¨ç¥ë¬.�  ®á®¢ ¨¨ â¥®à¥¬ë 11 ¨áª®¬®¥ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (87)¡ã¤¥â
xi = C0 (−1)i2i

ai,i
+ C1 (−1)i

ai,i3i
,£¤¥ C0 ¨ C1 | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥.



� â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ 81Ǒà¨¬¥à 7. Ǒãáâì § ¤   ¯¥à¨®¤¨ç¥áª ï ®¤®à®¤ ï ¡¥áª®¥ç ïá¨áâ¥¬ , å à ªâ¥à¨áâ¨ª  ª®â®à®© ¥áâì äãªæ¨ï f(x) = 13 − 4x + x2.� ©â¨ ®¡é¥¥ à¥è¥¨¥ ¤ ®© á¨áâ¥¬ë.�¥è¥¨¥. �¤¥áì ¨áå®¤ ï á¨áâ¥¬  â ª�¥ ¨¬¥¥â ¢¨¤ (87), ¯à¨ íâ®¬
a0 = 13, a1 = 4, a2 = 1, a3 = a4 = · · · = 0. �ã«ï¬¨ å à ªâ¥à¨áâ¨ª¨
f(x) = 13 − 4x + x2, ®ç¥¢¨¤®, ï¢«ïîâáï á®¯àï�¥ë¥ ª®¬¯«¥ªáë¥ç¨á«  2− 3i ¨ 2+3i. �®£¤  á®®â¢¥âáâ¢¥® ¢¥«¨ç¨  s ¡ã¤¥â ¨¬¥âì ¤¢ § ç¥¨ï: s = 1/(2− 3i ¨ s = 1/(2 + 3i). �«¥¤®¢ â¥«ì®,   ®á®¢ ¨¨â¥®à¥¬ë 10 ¡ã¤¥¬ ¨¬¥âì ¤¢  á®¯àï�¥®-ª®¬¯«¥ªáëå äã¤ ¬¥â «ì-ëå à¥è¥¨ï:

xk = (−1)k(2− 3i)k
ak,k

; x
(1)
k = (−1)k(2 + 3i)k

ak,k
, k > 0.�á«¨ ¤®¯ãáâ¨âì, çâ® ª®íää¨æ¨¥âë ak,k ¢ á®¢®ªã¯®áâ¨ ®£à ¨-ç¥ë, â®, ®ç¥¢¨¤®, ®¡  äã¤ ¬¥â «ìë¥ à¥è¥¨ï ¡ã¤ãâ ¥®£à ¨-ç¥ë¬¨. �  ®á®¢ ¨¨ â¥®à¥¬ë 11 ¨áª®¬®¥ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë¯à¨¬¥à  7 ¡ã¤¥â ¢ ¢¨¤¥

xk = C0 (−1)k(2− 3i)k
ak,k

+ C1 (−1)k(2 + 3i)k
ak,k

,£¤¥ C0 ¨ C1 | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥.� ¬¥â¨¬, çâ®, å®âï ª®íää¨æ¨¥âë «¨¥©®© á¨áâ¥¬ë ï¢«ïîâáï ¢¥-é¥áâ¢¥ë¬¨ ç¨á« ¬¨, à¥è¥¨ï á¨áâ¥¬ë ¬®£ãâ ¡ëâì ª®¬¯«¥ªáë¬¨,ªà®¬¥ â®£®,   ®á®¢ ¨¨ á«¥¤áâ¢¨ï 15 ®¡à â ï à¥¤ãªæ¨ï ¥ áå®¤¨âáï.Ǒ®á«¥ ¯à¨¢¥¤¥¨ï ¯¥à¢®£® ª®íää¨æ¨¥â  a0 ¤«ï å à ªâ¥à¨áâ¨ª¨ f(x)ª ¥¤¨¨æ¥ ®áâ «ìë¥ ª®íää¨æ¨¥âë ¯à¨¨¬ îâ § ç¥¨ï a1 = 4/13,
a2 = 1/13. �ëç¨á«ïï ¯®  «£®à¨â¬ã (81) ¤«ï íâ¨å ª®íää¨æ¨¥â®¢,¯®«ãç¨¬ s1 = 0, 31, s2 = 0, 06, s3 = −1, 02, s4 = 0, 38, s5 = 0, 11,
s6 = −0, 41, s7 = 0, 49, s8 = 0, 15, s9 = −0, 2 ¨ â. ¤. �â¨ ¢ëç¨á«¥¨ïã¡¥�¤ îâ  á, çâ® ¯àï¬ ï à¥¤ãªæ¨ï â®�¥ ¥ áå®¤¨âáï. � ª¨¬ ®¡à -§®¬, ¬¥â®¤ à¥¤ãªæ¨¨ ¢ ¥£® è¨à®ª®¬ ¯®¨¬ ¨¨ ¤«ï à¥è¥¨ï ¤ ®©¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë ¥ áå®¤¨âáï.� áá¬®âà¨¬ ¯à¨¬¥àë, ª®£¤  å à ªâ¥à¨áâ¨ª  ¯¥à¨®¤¨ç¥áª®© á¨áâ¥-¬ë ï¢«ï¥âáï ¬®£®ç«¥®¬ âà¥âì¥© áâ¥¯¥¨, â. ¥. m = 3.



82 �¥¤®à®¢ �. �.Ǒà¨¬¥à 8. Ǒãáâì § ¤   ¯¥à¨®¤¨ç¥áª ï ®¤®à®¤ ï ¡¥áª®¥ç ïá¨áâ¥¬ , å à ªâ¥à¨áâ¨ª  ª®â®à®© ¥áâì äãªæ¨ï f(x) = 3−3x+x2−x3.� ©â¨ ®¡é¥¥ à¥è¥¨¥ ¤ ®© á¨áâ¥¬ë.�¥è¥¨¥. �¤¥áì ¨áå®¤ ï á¨áâ¥¬  ¨¬¥¥â ¢¨¤3∑
p=0 aj,j+pxj+p = 0, j = 0,∞, (88)£¤¥ a0 = 3, a1 = 3, a2 = 1, a3 = 1, a4 = a5 = · · · = 0.�ã«ï¬¨ å à ªâ¥à¨áâ¨ª¨ f(x) = 3−3x+x2−x3, ®ç¥¢¨¤®, ï¢«ïîâáï®¤® ¢¥é¥áâ¢¥®¥ ç¨á«®, à ¢®¥ 1, ¨ ¤¢  á®¯àï�¥ëå ª®¬¯«¥ªáëåç¨á«  −

√3i ¨ √3i. �®£¤  á®®â¢¥âáâ¢¥® ¢¥«¨ç¨  s ¡ã¤¥â ¨¬¥âì âà¨§ ç¥¨ï: s = 1, s = −1/√3i ¨ s = 1/√3i. �«¥¤®¢ â¥«ì®,   ®á®-¢ ¨¨ â¥®à¥¬ë 10 ¡ã¤¥¬ ¨¬¥âì ®¤® ¢¥é¥áâ¢¥®¥ ¨ ¤¢  á®¯àï�¥®-ª®¬¯«¥ªáëå äã¤ ¬¥â «ìëå à¥è¥¨ï:
xk = (−1)kx0

ak,k
; x

(1)
k = (√3i)kx0

ak,k
; x

(2)
k = (−1)k(√3i)kx0

ak,k
, k > 0.�  ®á®¢ ¨¨ â¥®à¥¬ë 11 ¨áª®¬®¥ ®¡é¥¥ à¥è¥¨¥ ¯¥à¨®¤¨ç¥áª®©á¨áâ¥¬ë (88) ¡ã¤¥â

xk = C0 (−1)k
ak,k

+ C1 (√3i)k
ak,k

+ C2 (−1)k(√3i)k
ak,k

,£¤¥ C0, C1 ¨ C2 | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥.� ¤ ®¬ á«ãç ¥ ¯à®æ¥áá (77) ¡ã¤¥â ¨¬¥âì ¢¨¤
sn = a1 − a2

sn−1 + a3
sn−1sn−2 , n > 3, s1 = a1, (89)£¤¥ s2 ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ (81).Ǒ®á«¥ ¯à¨¢¥¤¥¨ï ¯¥à¢®£® ª®íää¨æ¨¥â  a0 å à ªâ¥à¨áâ¨ª¨ f(x)ª ¥¤¨¨æ¥ ®áâ «ìë¥ ª®íää¨æ¨¥âë ¯à¨¨¬ îâ § ç¥¨ï a1 = 1, a2 =1/3, a3 = 1/3. �ëç¨á«ïï ¯®  «£®à¨â¬ã (89) ¤«ï íâ¨å ª®íää¨æ¨¥-â®¢, ã¡¥�¤ ¥¬áï, çâ® ¯à®æ¥áá (89) áå®¤¨âáï, á«¥¤®¢ â¥«ì®, áå®¤¨âáï ¨¯àï¬ ï à¥¤ãªæ¨ï ¤«ï ¤ ®© á¨áâ¥¬ë. �ëç¨á«¥¨ï ¯®  «£®à¨â¬ã (89)



� â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ 83¤«ï ®¡à â®© à¥¤ãªæ¨¨ ã¡¥�¤ îâ  á, çâ® ®  ¥ áå®¤¨âáï. �â® «¥£ª®¯®¤â¢¥à�¤ ¥âáï ¨ â¥®à¥¬®© 21, â ª ª ª | ±
√3i| = √3 > 1.� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ¬®£®ç¨á«¥ë¥ ¯à¨¬¥àë ¯à¨¬¥¥¨ï¡¥áª®¥çëå á¨áâ¥¬, ¢ ç áâ®áâ¨ ¯¥à¨®¤¨ç¥áª¨å, ¤«ï à¥è¥¨ï ¯à¨-ª« ¤ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ®âà �¥ë ¢ à ¡®â¥  ¢â®à  [4℄,ªà®¬¥ â®£®, ¥®¡å®¤¨¬® ¯®¤ç¥àªãâì, çâ® ¯à¥¤«®�¥ ï â¥®à¨ï ¯¥à¨-®¤¨ç¥áª¨å ¡¥áª®¥çëå á¨áâ¥¬ § ç¨â¥«ì® ®¡®£ é ¥â ®¡éãî â¥®à¨î¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©.����������1. �¥¤®à®¢ �. �. � â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥-¨©. I // � â. § ¬¥âª¨ ���. 2007. �. 14, ¢ë¯. 2. �. 78{92.2. �¥¤®à®¢ �. �. � â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥-¨©. II // � â. § ¬¥âª¨ ���. 2008. �. 15, ¢ë¯. 1. �. 125{140.3. �¥¤®à®¢ �. �.� ®¢®¬ ¯®¤å®¤¥ ¨§ãç¥¨ï ¢¥é¥áâ¢¥ëå ª®à¥© ¯®«®¬¨ «ì®£®ãà ¢¥¨ï // � â. § ¬¥âª¨ ���. 2003. �. 10, ¢ë¯. 1. �. 105{113.4. �¥¤®à®¢ �. �. �à ¨çë© ¬¥â®¤ à¥è¥¨ï ¯à¨ª« ¤ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨. �®¢®á¨¡¨àáª: � ãª , 2000.5. Ǒàã¤¨ª®¢ �. Ǒ., �àëçª®¢ �. �., � à¨ç¥¢ �. �. �â¥£à «ë ¨ àï¤ë. �.: � ãª ,1981.6. �¨ç¨ �. �. �¥¯ë¥ ¤à®¡¨. �.: �¨§¬ â«¨â, 1961.£. �ªãâáª 21  ¯à¥«ï 2008 £.



��� 621.89:536.24������������ Ǒ������������Ǒ�������� ������� ��Ǒ�����Ǒ�������� � ����������Ǒ����Ǒ����� ������������ ������ ��������� ��Ǒ����������. �. � á¨«ì¥¢ , �. �. �®¤ ª®¢,�. Ǒ. �â à®áâ¨Ǒà¨ â¥¯«®¢®© ¤¨ £®áâ¨ª¥ âà¥¨ï ¢ ¯®¤¢¨�ëå á®¯àï�¥¨ïå, á¢ï-§ ®© á à¥è¥¨¥¬ ¬®£®¬¥àëå £à ¨çëå ®¡à âëå § ¤ ç â¥¯«®®¡-¬¥ , ®á®¡ãî  ªâã «ì®áâì ¨¬¥¥â ¯à®¡«¥¬  ¯à¥¤¥«ì®£® ã¯à®é¥¨ï¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© â¥¯«®¢®£® ¯à®æ¥áá  ¤«ï ã¤®¡áâ¢  à ¡®âë á¥© ¨ á¨�¥¨ï § âà â ¢ëç¨á«¨â¥«ì®£® ¢à¥¬¥¨ ¯à¨ ¨å ¨á¯®«ì§®¢ -¨¨. �¯à®é¥ë¥ ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ (��) ¨á¯®«ì§®¢ «¨áì  ¬¨¯à¨ â¥¯«®¢®© ¤¨ £®áâ¨ª¥ âà¥¨ï ¢ à ¤¨ «ìëå ¯®¤è¨¯¨ª å áª®«ì�¥-¨ï á ¢à é â¥«ìë¬ ¨ ¢®§¢à â®-¢à é â¥«ìë¬ ¤¢¨�¥¨¥¬ ¢ «  [1{3℄.Ǒà¨ ¢à é â¥«ì®¬ ¤¢¨�¥¨¨ ¢ «  ¯à¨¨¬ «®áì ¤®¯ãé¥¨¥ ®¡ ®¤®-à®¤®áâ¨ â¥¬¯¥à âãàë   ¥£® ¯®¢¥àå®áâ¨ ¢á«¥¤áâ¢¨¥ ¢ëá®ª®© áª®à®-áâ¨ ¢à é¥¨ï. � ¤ ç  ®¯à¥¤¥«¥¨ï § ç¥¨ï áª®à®áâ¨ ¢à é¥¨ï ¢ « ,¢ëè¥ ª®â®à®© à á¯à¥¤¥«¥¨¥ â¥¬¯¥à âãàë   ¯®¢¥àå®áâ¨ ¢ «  ¬®�®áç¨â âì ®¤®à®¤ë¬, âà¥¡ã¥â ®â¤¥«ì®£® ¨áá«¥¤®¢ ¨ï. � ¯®¤è¨¯¨-ª å áª®«ì�¥¨ï á ¢®§¢à â®-¢à é â¥«ìë¬ ¤¢¨�¥¨¥¬ ¢ «  ã¯à®é¥-ë¥ �� áâà®ïâáï ¯à¨ ¤®¯ãé¥¨ïå ® ¬ «®áâ¨  ¬¯«¨âã¤ë ¨ ¢ëá®ª®© ç -áâ®â¥ ª®«¥¡ ¨©. � â® �¥ ¢à¥¬ï ¥ ®¯à¥¤¥«¥ë «¨¬¨â¨àãîé¨¥ ãá«®¢¨ï¯à¨¬¥¨¬®áâ¨ â ª¨å ��. � á¢ï§¨ á íâ¨¬, ¢ ¤ ®© à ¡®â¥ ¯®áâ ¢«¥ á«¥¤ãîé ï æ¥«ì: à §à ¡®â âì ¬¥â®¤¨ª¨ ®¯à¥¤¥«¥¨ï ãá«®¢¨© ¯à¨¬¥¨-¬®áâ¨ ã¯à®é¥ëå ��   ®á®¢¥ ¬®¤¥«¨à®¢ ¨ï â¥¯«®¢ëå ¯à®æ¥áá®¢© 2008 � á¨«ì¥¢  �. �., �®¤ ª®¢ �. �., �â à®áâ¨ �. Ǒ.
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�¨á. 1. �å¥¬  ¯®¤è¨¯¨ª . 1 | ¢ «, 2 | ¢ª« ¤ëè, 3 | ®¡®©¬ .¢ ¯®¤è¨¯¨ª å áª®«ì�¥¨ï á ãç¥â®¬ ¤¢¨�¥¨ï ¢ « .� áá¬®âà¨¬ â¥¯«®¢ãî ¬®¤¥«ì, ¯à¨ïâãî ¢ à ¡®â¥ [4℄, ¢ ª®â®à®©ãç¨âë¢ ¥âáï ¢à é â¥«ì®¥ ¨«¨ ¢®§¢à â®-¢à é â¥«ì®¥ ¤¢¨�¥¨¥ ¢ -«  á ã£«®¢®© áª®à®áâìî 
(t). �å¥¬  ¯®¤è¨¯¨ª  áª®«ì�¥¨ï ¯à¥¤áâ ¢-«¥    à¨á. 1. �âã«ª , ¨§£®â®¢«¥ ï ¨§ ¯®«¨¬¥à®£® ª®¬¯®§¨æ¨®-®£® ¬ â¥à¨ « , �¥áâª® á®¥¤¨¥  á® áâ «ì®© ®¡®©¬®©.� á¯à¥¤¥«¥¨¥ â¥¬¯¥à âãàë T (r, ϕ, t) ¢ ¯®¤è¨¯¨ª¥ ®¯¨áë¢ ¥âáï¤¢ã¬¥àë¬ ãà ¢¥¨¥¬ â¥¯«®¯à®¢®¤®áâ¨ á à §àë¢ë¬¨ ª®íää¨æ¨¥-â ¬¨ C(T ), λ(T )   £à ¨æ¥ á®¯àï�¥¨ï ¢âã«ª¨ á ®¡®©¬®© ¯à¨ r = R3:
C(T )∂T

∂t
= 1
r

∂

∂r

(
rλ(T )∂T

∂r

)+ 1
r2 ∂

∂ϕ

(
λ(T )∂T

∂ϕ

)
,

R2 < r < R4, −π < ϕ < π, 0 < t 6 tm.

(1)�¥¬¯¥à âãà®¥ ¯®«¥ T (r, ϕ, t) ¢ ¯®¤è¨¯¨ª¥ á¢ï§ ® á à á¯à¥¤¥«¥¨¥¬



86 � á¨«ì¥¢  �. �., �®¤ ª®¢ �. �., �â à®áâ¨ �. Ǒ.â¥¬¯¥à âãàë U(r, ϕ, t) ¢ ¢ «¥, ®¯¨áë¢ ¥¬ë¬ ãà ¢¥¨¥¬
CB(U)∂U

∂t
= 1
r

∂

∂r

(
rλB(U)∂U

∂r

)+ 1
r2 ∂

∂ϕ

(
λB(U)∂U

∂ϕ

)+
(t)CB(U)∂U
∂ϕ

,0 < r < R1, −π < ϕ < π, 0 < t 6 tm. (2)�  á¢®¡®¤ëå ¯®¢¥àå®áâïå ¢ « , ¢âã«ª¨ ¨ ®¡®©¬ë § ¤ îâáï ãá«®¢¨ïª®¢¥ªâ¨¢®£® â¥¯«®®¡¬¥  á ª®íää¨æ¨¥â ¬¨ â¥¯«®®¡¬¥  α1, α2, α4
λB(U)∂U(r, ϕ, t)

∂r

∣∣∣∣
R1 = −α1(U(R1, ϕ, t)− Tcp), |ϕ| > ϕ0, (3)

λ(T )∂T (r, ϕ, t)
∂r

∣∣∣∣
R2 = α2(T (R2, ϕ, t)− Tcp), |ϕ| > ϕ0, (4)

λ(T )∂T (r, ϕ, t)
∂r

∣∣∣∣
R4 = −α4(T (R4, ϕ, t)− Tcp), −π < ϕ < π. (5)� æ¥âà¥ ¢ «  § ¤ ¥âáï ãá«®¢¨¥ ®£à ¨ç¥®áâ¨ â¥¯«®¢®£® ¯®â®ª :lim

r→0(rλB(U)∂U
∂r

) = 0. (6)� §®¥ ª®â ªâ  § ¯¨áë¢ îâáï ãá«®¢¨ï ¥¨¤¥ «ì®£® â¥¯«®¢®£® ª®-â ªâ  á ¨áâ®ç¨ª®¬ Q(ϕ, t):
λB(U)∂U(r, ϕ, t)

∂r

∣∣∣∣
R1 − λ(T )∂T (r, ϕ, t)

∂r

∣∣∣∣
R2 = Q(ϕ, t), |ϕ| 6 ϕ0, (7)

U(R1, ϕ, t)− T (R2, ϕ, t) = 0. (8)Ǒ® ®á¨ á¨¬¬¥âà¨¨ à áç¥â®© áå¥¬ë ¢ë¯®«ïîâáï ãá«®¢¨ï ¯¥à¨®¤¨ç®-áâ¨ ª ª ¤«ï ¯®¤è¨¯¨ª , â ª ¨ ¤«ï ¢ « :
λ(T )∂T

∂ϕ

∣∣∣∣
ϕ=−π

= λ(T )∂T
∂ϕ

∣∣∣∣
ϕ=π

, T (r,−π, t) = T (r, π, t), (9)
λB(U)∂U

∂ϕ

∣∣∣∣
ϕ=−π

= λB(U)∂U
∂ϕ

∣∣∣∣
ϕ=π

, U(r,−π, t) = U(r, π, t). (10)� ç «ìë¥ à á¯à¥¤¥«¥¨ï â¥¬¯¥à âãà ¢ í«¥¬¥â å ã§«  âà¥¨ï áç¨â -¥¬ à ¢ë¬¨ ¨ ®¤®à®¤ë¬¨:
T (r, ϕ, 0) = U(r, ϕ, 0) = T0. (11)



�áá«¥¤®¢ ¨¥ ¯à¨¬¥¨¬®áâ¨ ã¯à®é¥ëå ¬®¤¥«¥© 87� ¤ ç  (1){(11) à¥è ¥âáï ¬¥â®¤®¬ ª®¥çëå à §®áâ¥© á¢¥¤¥¨¥¬ª æ¥¯®çª¥ «®ª «ì®-®¤®¬¥àëå á ¨á¯®«ì§®¢ ¨¥¬ ¡¥§ãá«®¢® ãáâ®©ç¨-¢ëå à §®áâëå áå¥¬ [5, 6℄.Ǒà¥¤« £ ¥¬ãî ¬¥â®¤¨ªã ®¯à¥¤¥«¥¨ï ãá«®¢¨© ¯à¨¬¥¨¬®áâ¨ ã¯à®-é¥ëå �� ¨§«®�¨¬   ª®ªà¥âëå ¯à¨¬¥à å. �â¬¥â¨¬, çâ® ¢ë¡®àã¯à®é¥®© ¬®¤¥«¨ ¤¨ªâã¥âáï æ¥«ìî ¯à®¢®¤¨¬®£® ¨áá«¥¤®¢ ¨ï. �¤ ®¬ á«ãç ¥ à áá¬ âà¨¢ ¥âáï ¢®§¬®�®áâì ã¯à®é¥¨ï ¬®¤¥«¥© â¥¯-«®¢ëå ¯à®æ¥áá®¢ ¤«ï ¢®ááâ ®¢«¥¨ï ¬®é®áâ¨ âà¥¨ï ¢ ¤®áâ â®ç®è¨à®ª®¬ ¢à¥¬¥®¬ ¨â¥à¢ «¥. � áá¬®âà¨¬ ¯®¤è¨¯¨ª áª®«ì�¥¨ïá® á«¥¤ãîé¨¬¨ £¥®¬¥âà¨ç¥áª¨¬¨ à §¬¥à ¬¨: R1 = 0, 0125 ¬, R2 =0, 013 ¬, R3 = 0, 016 ¬, R4 = 0, 03 ¬, ϕ0 = 15◦. �âã«ª  ¢ ¯®¤è¨¯¨ª¥¢ë¯®«¥  ¨§  ¯®«¥®£® äâ®à®¯« áâ , ¤«ï ª®â®à®£® § ¢¨á¨¬®áâ¨â¥¯«®ä¨§¨ç¥áª¨å á¢®©áâ¢ ®â â¥¬¯¥à âãàë ¨¬¥îâ ¢¨¤
λ = 0, 7(T − 100)/150+ 0, 35 (�â/(¬ ·◦C)),

C = (6 · 10−3(T − 30) + 3) · 106 (��/(¬3 ·◦C)).� â¥à¨ «®¬ ¤«ï ¢ «  ¨ ®¡®©¬ë á«ã�¨â áâ «ì:
λB = 30, 5(T − 100)/150+ 55, 5 (�â/(¬ ·◦C)),

CB = (1, 2 · 10−3(T − 30) + 3, 7) · 106 (��/(¬3 ·◦C)).�®íää¨æ¨¥âë â¥¯«®®¡¬¥  ¡à «¨áì á«¥¤ãîé¨¬¨: α1 = α4 = 20, α2 =10 (�â/(¬2 ·◦C)).Ǒà®¢¥¤¥ë à áç¥âë ¥áâ æ¨® àëå â¥¬¯¥à âãàëå ¯®«¥© ¢ ¯®¤-è¨¯¨ª¥ á ãç¥â®¬ áª®à®áâ¨ áª®«ì�¥¨ï ¢ « , á®åà ïîé¥£® ¯®áâ®ï-ãî  ¡á®«îâãî ¢¥«¨ç¨ã ¢ à áç¥â®¬ ¨â¥à¢ «¥ ¢à¥¬¥¨. �¨á«¥ë¥à¥§ã«ìâ âë ¯®ª § «¨, çâ® ã¢¥«¨ç¥¨¥ áª®à®áâ¨ ¢à é â¥«ì®£® ¤¢¨�¥-¨ï ¢ «  ¯à¨¢®¤¨â ª ®¤®à®¤®¬ã à á¯à¥¤¥«¥¨î â¥¬¯¥à âãàë ¯® á¥-ç¥¨î ¢ «  ¯® ¨áâ¥ç¥¨¨ ¥ª®â®à®£® ¢à¥¬¥¨. � ªá¨¬ «ì®¥ § ç¥¨¥â¥¬¯¥à âãàë ¢ ¢ «¥ ¤®áâ¨£ ¥âáï   ¯®¢¥àå®áâ¨ âà¥¨ï. �® á® ¢à¥¬¥-¥¬ ¢á¥ ¬¥ìè¥ ®â«¨ç ¥âáï ®â ¬¨¨¬ «ì®£® § ç¥¨ï â¥¬¯¥à âãàë, ¨íâ® ®â«¨ç¨¥ ã¬¥ìè ¥âáï â¥¬ ¡ëáâà¥¥, ç¥¬ ¡®«ìè¥ áª®à®áâì ¢à é¥¨ï.



88 � á¨«ì¥¢  �. �., �®¤ ª®¢ �. �., �â à®áâ¨ �. Ǒ.

�¨á. 2. � á¯à¥¤¥«¥¨ï â¥¬¯¥à âãà ¯® ¯®¢¥àå®áâ¨ ¢ «  ¯à¨ à §«¨çëåáª®à®áâïå ¥£® ¢à é¥¨ï.� áç¥âë¥ § ¢¨á¨¬®áâ¨ â¥¬¯¥à âãà ¯®¢¥àå®áâ¨ ¢ « , ¯à¨¢¥¤¥ë¥  à¨á. 2, ¯®ª §ë¢ îâ ¤¨ ¬¨ªã áâà¥¬«¥¨ï ª ®¤®à®¤®áâ¨ â¥¬¯¥à âãàë¢ «  á ã¢¥«¨ç¥¨¥¬ áª®à®áâ¨ ¢à é¥¨ï.�  à¨á. 3. ¯à¨¢¥¤¥ë â¥¬¯¥à âãàë¥ ¯®«ï ¢ ¢ «¥ á ¯®¤è¨¯¨-ª®¬ áª®«ì�¥¨ï ¯à¨ áª®à®áâ¨ ¢à é¥¨ï ¢ «  
 = 5 à ¤/á ≈ 48®¡/¬¨¢ à §«¨çë¥ ¬®¬¥âë ¢à¥¬¥¨. Ǒà¨¢¥¤¥ ï áª®à®áâì ¢à é¥¨ï á®®â-¢¥âáâ¢ã¥â áª®à®áâ¨, ¢ëè¥ ª®â®à®© â¥¬¯¥à âãà  ¢ «  ¯® á¥ç¥¨î ¬®�¥âáç¨â âìáï ®¤®à®¤®©, ª ª ¯à¨¨¬ «®áì  ¬¨ à ¥¥,  ¯à¨¬¥à, ¢ à -¡®â¥ [7℄. Ǒà ¢®¬¥à®áâì à áá¬®âà¥¨ï ¢ «  ª ª ®¤®¬¥à®£® áâ¥à�ï¯®¤â¢¥à�¤ ¥âáï ¯à®¢¥¤¥ë¬¨ à áç¥â ¬¨. �¤ ª® ¯à¨ ¨á¯®«ì§®¢ ¨¨â ª®© ã¯à®é¥®© ¬®¤¥«¨ ¥®¡å®¤¨¬® ¯®¬¨âì, çâ® ®¤®à®¤®áâì â¥¬-¯¥à âãàë ¯®¢¥àå®áâ¨ ¢ «  ¤®áâ¨£ ¥âáï ¯à¨¬¥à® §  7 ¬¨ãâ, çâ® ¬®-�¥â ®âà §¨âìáï   â®ç®áâ¨ ¢®ááâ ®¢«¥¨ï äãªæ¨¨ ¬®¬¥â  âà¥¨ï¢ íâ®â ¯¥à¨®¤ ¢à¥¬¥¨.� «¥¥  ¬¨ ¯à¨¢®¤ïâáï à¥§ã«ìâ âë à áç¥â®¢ ¢ á«ãç ¥ ¢®§¢à â®-¢à é â¥«ì®£® (ª ç â¥«ì®£®) ¤¢¨�¥¨ï ¢ « . �¥â®¤¨ª  ®¯à¥¤¥«¥¨ïãá«®¢¨© ¯à¨¬¥¨¬®áâ¨ ã¯à®é¥ëå ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¢ íâ®¬
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�¨á. 3. �¥¬¯¥à âãàë¥ ¯®«ï ¢ ¢ «¥ á ¯®¤è¨¯¨ª®¬ áª®«ì�¥¨ï ¯à¨ ä¨ª-á¨à®¢ ®© áª®à®áâ¨ ¢à é¥¨ï ¢ «  ¢ à §«¨çë¥ ¬®¬¥âë ¢à¥¬¥¨.á«ãç ¥ â ª�¥ á¢®¤¨âáï ª ¯à®¢¥¤¥¨î ç¨á«¥ëå íªá¯¥à¨¬¥â®¢ ¨   -«¨§ã à¥§ã«ìâ â®¢ à áç¥â®¢ ¯à¨ à §«¨çëå ç áâ®â å ¨  ¬¯«¨âã¤ å ª®«¥-¡ ¨©. �®¯ãáâ¨¬, çâ® ¬¥â ««¨ç¥áª¨© ¢ « á®¢¥àè ¥â ¢®§¢à â®-¢à é -â¥«ìë¥ ¤¢¨�¥¨ï á ¥ª®â®à®© ç áâ®â®© f ¨ á ã£«®¢®©  ¬¯«¨âã¤®© β.�£«®¢ ï áª®à®áâì à ¢  
(t) = ±2βf . �ã¤¥¬ áç¨â âì, çâ® ã£®« ª®-â ªâ  ¢ «  á ¢âã«ª®© 2ϕ0 ¥ ¨§¬¥ï¥âáï ¯® ¢à¥¬¥¨. Ǒ®áª®«ìªã §® âà¥¨ï ¢ «  ¡®«ìè¥ §®ë âà¥¨ï ¢âã«ª¨, ¤«ï ¯à®¢¥àª¨ ¯à ¢®¬¥à®áâ¨¤®¯ãé¥¨ï ® ¥¯®¤¢¨�®áâ¨ ¢ «  ¥®¡å®¤¨¬® áà ¢¨âì à á¯à¥¤¥«¥¨ïâ¥¬¯¥à âãà   ¯®¢¥àå®áâ¨ ¢ « , ¯®«ãç¥ëå ¯® ¬®¤¥«¨ á ãç¥â®¬ ¤¢¨-�¥¨ï ¢ «  ¨ ¡¥§ ¥£®.Ǒà¨¢¥¤¥ë¥   à¨á. 4 ¨ 5 à áç¥âë¥ à á¯à¥¤¥«¥¨ï â¥¬¯¥à âãà¯® ¯®¢¥àå®áâ¨ ¢ «  ¯à¨ ¥£® ª ç â¥«ì®¬ ¤¢¨�¥¨¨ ¯®ª §ë¢ îâ, çâ®ã¬¥ìè¥¨¥  ¬¯«¨âã¤ë ¨ ã¢¥«¨ç¥¨¥ ç áâ®âë ª®«¥¡ ¨ï ¯à¨¢®¤ïâ ªã¬¥ìè¥¨î ¢«¨ï¨ï ª®¢¥ªâ¨¢®£® ç«¥  ¢ ãà ¢¥¨¨ (2). � ª ¢¨¤®¨§ à¨á. 5, ¯à¨  ¬¯«¨âã¤¥ 3 £à ¤ãá  ¨ ç áâ®â¥ 2 �æ à¥§ã«ìâ âë à áç¥â®¢á ãç¥â®¬ ª®¢¥ªâ¨¢®£® ç«¥  ¢ ãà ¢¥¨¨ (2) ¨ ¡¥§ ¥£® ãç¥â  ¯à ªâ¨ç¥-áª¨ ¥ ®â«¨ç îâáï. �«¥¤®¢ â¥«ì®, ¯à¨ ¤®áâ â®ç® ¬ «ëå  ¬¯«¨âã¤ å



90 � á¨«ì¥¢  �. �., �®¤ ª®¢ �. �., �â à®áâ¨ �. Ǒ.

�¨á. 4. � á¯à¥¤¥«¥¨ï â¥¬¯¥à âãà ¯® ¯®¢¥àå®áâ¨ ¢ «  ¯à¨ à §«¨çëå ¬¯«¨âã¤ å ¨ áª®à®áâïå ª ç¥¨ï.

�¨á. 5. � á¯à¥¤¥«¥¨ï â¥¬¯¥à âãà ¯® ¯®¢¥àå®áâ¨ ¢ «  ¯à¨ à §«¨çëå ¬¯«¨âã¤ å ¨ ¯à¨ ä¨ªá¨à®¢ ®© áª®à®áâ¨ ª ç¥¨ï.



�áá«¥¤®¢ ¨¥ ¯à¨¬¥¨¬®áâ¨ ã¯à®é¥ëå ¬®¤¥«¥© 91¨ ¢ëá®ª¨å ç áâ®â å ª ç¥¨ï ¬®�® ¢®á¯®«ì§®¢ âìáï ã¯à®é¥®© ¬®-¤¥«ìî â¥¯«®®¡¬¥  ¢ ¯®¤è¨¯¨ª¥ áª®«ì�¥¨ï, ¯à¨¨¬ ï ¤®¯ãé¥¨¥ ®¥¯®¤¢¨�®áâ¨ ¢ « , ª ª ¢ à ¡®â å [2, 4℄.� §à ¡®â ë¥ ¬¥â®¤¨ª¨ ¬®£ãâ ¡ëâì à¥ª®¬¥¤®¢ ë ¤«ï ®¯à¥¤¥-«¥¨ï à¥�¨¬®¢ íªá¯«ã â æ¨¨ ¯®¤è¨¯¨ª®¢ áª®«ì�¥¨ï ¨§ à §«¨çëå â¨äà¨ªæ¨®ëå ¬ â¥à¨ «®¢, ¯à¨ ª®â®àëå ¬®�® ¢®á¯®«ì§®¢ âìáïã¯à®é¥ë¬¨ �� ¤«ï ¯à®¢¥¤¥¨ï â¥¯«®¢®© ¤¨ £®áâ¨ª¨ âà¥¨ï.����������1. �â à®áâ¨ �. Ǒ., �®¤ ª®¢ �. �., �®¤ ª®¢ �. �. �®ááâ ®¢«¥¨¥ ¬®¬¥â  á¨«ëâà¥¨ï ¢ ¯®«¨¬¥à®¬ ¯®¤è¨¯¨ª¥ áª®«ì�¥¨ï ¯® § ¬¥àã â¥¬¯¥à âãàë // �à¥¨¥¨ ¨§®á. 2002. �. 23, ü 5. C. 498{508.2. �â à®áâ¨ �. Ǒ., �®¤ ª®¢ �. �., � á¨«ì¥¢  �. �. �¥¯«®¢ ï ¤¨ £®áâ¨ª  âà¥-¨ï ¢ á ¬®á¬ §ë¢ îé¨åáï à ¤¨ «ìëå ¯®¤è¨¯¨ª å áª®«ì�¥¨ï ¢®§¢à â®-¢à é â¥«ì®£® ¤¢¨�¥¨ï. �. 1. �«£®à¨â¬ ®¯à¥¤¥«¥¨ï äãªæ¨¨ ¬®é®áâ¨â¥¯«®¢ë¤¥«¥¨ï // �à¥¨¥ ¨ ¨§®á. 2007. �. 28, ü 4. �. 351{360.3. � á¨«ì¥¢  �. �. �«£®à¨â¬ ¢®ááâ ®¢«¥¨ï ¬®é®áâ¨ â¥¯«®¢ë¤¥«¥¨ï ¢ à ¤¨- «ìëå ¯®¤è¨¯¨ª å áª®«ì�¥¨ï ¢®§¢à â®-¢à é â¥«ì®£® ¤¢¨�¥¨ï á ¢ëá®-ª®© ç áâ®â®© // � â. § ¬¥âª¨ ���. 2007. �. 14, ¢ë¯. 2. �. 93{103.4. �â à®áâ¨ �. Ǒ., �®¤ ª®¢ �. �., � á¨«ì¥¢  �. �.Ǒ®áâà®¥¨¥  «£®à¨â¬  ¢®ááâ -®¢«¥¨ï ¯«®â®áâ¨ á®áà¥¤®â®ç¥®£® ¨áâ®ç¨ª  â¥¯«  ¢ ¤¢ã¬¥à®¬ ãà ¢¥¨¨â¥¯«®¯à®¢®¤®áâ¨ ¢ æ¨«¨¤à¨ç¥áª¨å ª®®à¤¨ â å // � â. § ¬¥âª¨ ���. 2007.�. 14, ¢ë¯. 1. �. 138{150.5. � ¬ àáª¨© �. �. �¥®à¨ï à §®áâëå áå¥¬. �.: � ãª , 1997.6. � ¬ àáª¨© �. �., � ¡¨é¥¢¨ç Ǒ. �. �ëç¨á«¨â¥«ì ï â¥¯«®¯¥à¥¤ ç . �.: �¤¨-â®à¨ « ����, 2003.7. �â à®áâ¨ �. Ǒ., �¨å®®¢ �. �., �®à®¢ �. �., �®¤ ª®¢ �. �. � áç¥â âà¨¡®â¥å-¨ç¥áª¨å ¯ à ¬¥âà®¢ ¢ ®¯®à å áª®«ì�¥¨ï. �ªãâáª: ��� �� ���, 1999.£. �ªãâáª 16  ¯à¥«ï 2008 £.



��� 519.63��������� ������� ������ �������� ��������� ������ � Ǒ������. �. �£®à®¢�¢¥¤¥¨¥. Ǒà¨ ¬®¤¥«¨à®¢ ¨¨ â¥ç¥¨© ¢ à¥ª å ¢á«¥¤áâ¢¨¥ â®-£®, çâ® à¥ª¨ ¨¬¥îâ ¥áâ¥áâ¢¥®¥ ¢ë¤¥«¥®¥  ¯à ¢«¥¨¥ (¢¤®«ì â¥ç¥-¨ï), ®¡ëç® ¨á¯®«ì§ã¥âáï ®¤®¬¥àë© ¯®¤å®¤, â ª ª ª ¯à®âï�¥®áâì¢¤®«ì à¥ª¨ áãé¥áâ¢¥® ¡®«ìè¥ è¨à¨ë. Ǒà¨ íâ®¬ ®¯¥à¨àãîâ á â ª¨-¬¨ ¢¥«¨ç¨ ¬¨, ª ª áà¥¤ïï ¯® á¥ç¥¨î £«ã¡¨  ¨ áà¥¤ïï ¯® á¥ç¥¨î¨ £«ã¡¨¥ áª®à®áâì. Ǒà¨ ¯®¬®é¨ ®¤®¬¥à®£® ¬®¤¥«¨à®¢ ¨ï ¬®�®¤®áâ â®ç® â®ç® à¥è âì ¬®�¥áâ¢® § ¤ ç, ¢ â®¬ ç¨á«¥ § ¤ ç¨ ® à á-¯à®áâà ¥¨¨ ¯ ¢®¤ª®¢®© ¢®«ë, ® à á¯à®áâà ¥¨¨ ¯à¨¬¥á¥© ¢¤®«ìàãá«  ¨ â. ¤. �® ¯à¨ ¬®¤¥«¨à®¢ ¨¨ ¤¢¨�¥¨ï à¥ª¨ ¯à¨ ¯ ¢®¤ª¥ á¢ëå®¤®¬ à¥ª¨   ¯®©¬ã, â. ¥. ¯à¨ § â®¯«¥¨¨ ®¡è¨àëå â¥àà¨â®à¨©á áãé¥áâ¢¥® ¬¥ìè¥© £«ã¡¨®©, ç¥¬ ®á®¢®¥ àãá«®, ¤«ï à áç¥â®¢§ ¤ ç ® § â®¯«¥¨¨ íâ¨å â¥àà¨â®à¨© áâ ®¢¨âáï ¡®«¥¥ ¯®¤å®¤ïé¨¬ ¬®-¤¥«¨à®¢ ¨¥ ã�¥ ¢ ¤¢ã¬¥à®¬ ¯à¨¡«¨�¥¨¨ ¢á«¥¤áâ¢¨¥ áãé¥áâ¢¥®©¥®¤®à®¤®áâ¨ â¥ç¥¨ï ¢®¤ë ¯® è¨à¨¥ à¥ª¨, â. ¥. ®¯¥à¨à®¢ âì «¨èìáà¥¤¨¬¨ ¯® è¨à¨¥ à¥ª¨ áâ ®¢¨âáï ¥¢®§¬®�®. �«ï ¬®¤¥«¨à®¢ -¨ï ¢ ¤¢ã¬¥à®¬ ¯à¨¡«¨�¥¨¨ ¬®�® ¨á¯®«ì§®¢ âì ¯« ®¢ë¥ ãà ¢¥-¨ï ¤¢¨�¥¨ï ¢®¤ë, ®¯¥à¨àãï ã�¥ áà¥¤¨¬¨ â®«ìª® ¯® £«ã¡¨¥ ¤¢ã¬ïª®¬¯®¥â ¬¨ áª®à®áâ¨ ¨ £«ã¡¨®©. � ª¨¥ ¯« ®¢ë¥ ãà ¢¥¨ï ¬®�®¯®«ãç¨âì ¯ãâ¥¬ ®áà¥¤¥¨ï ¯® ¢¥àâ¨ª «¨ âà¥å¬¥àëå ¥áâ æ¨® àëåãà ¢¥¨© ¤¢¨�¥¨ï ¢ï§ª®© ¥á�¨¬ ¥¬®© �¨¤ª®áâ¨ � ¢ì¥ | �â®ªá ¨«¨ �¥©®«ì¤á . � «¥¥, ¯à¥¤¯®« £ ï, çâ® £«ã¡¨ë ¢ ¯®â®ª¥ ¬ «ë ¯®áà ¢¥¨î á è¨à¨®© ¯®â®ª , ¯à®¨§¢®¤ïâ ã¯à®é¥¨ï ¨, ¤¥« ï â ª�¥¥é¥ ¥ª®â®àë¥ ¤®¯®«¨â¥«ìë¥ ¤®¯ãé¥¨ï ® å à ªâ¥à¥ â¥ç¥¨ï, ¢ãâ-© 2008 �£®à®¢ �. �.



�¨á«¥ë¥ à áç¥âë ¢ï§ª¨å â¥ç¥¨© 93à¥¨å ¬ áá®¢ëå á¨« å ¨ á¨« å, ¤¥©áâ¢ãîé¨å   ¯®â®ª á® áâ®à®ë ¤ ,¯à¨å®¤ïâ ª ®ª®ç â¥«ìë¬ ¯« ®¢ë¬ ãà ¢¥¨ï¬.1. Ǒ®áâ ®¢ª  ¬®¤¥«ì®© § ¤ ç¨. � áá¬ âà¨¢ ¥âáï § ¤ ç ® â¥ç¥¨¨ ¢®¤ë ¯® à¥ç®¬ã àãá«ã á ¯®©¬®©. Ǒàï¬®ã£®«ì ï ®¡« áâì
 : {(x, y) | 0 6 x 6 lx,−ly/2 6 y 6 ly/2} ¢ë¡à   â ª¨¬ ®¡à §®¬,çâ® ç áâì àãá«  à¥ª¨ à á¯®«®�¥  ¢ ¥© â ª, çâ® ¯à¨ «î¡®¬ à ááç¨-âë¢ ¥¬®¬ ãà®¢¥ ¢®¤  ¥ ¤®å®¤¨â ¤® ¢¥àå¥© ¨ ¨�¥© £à ¨æ íâ®©®¡« áâ¨. �¥®¡å®¤¨¬® ®¯à¥¤¥«ïâì £«ã¡¨ë ¨ áª®à®áâ¨ ¢ ª �¤®© â®çª¥®¡« áâ¨, ªã¤  ç¥à¥§ «¥¢ãî £à ¨æã ¢â¥ª ¥â ¢®¤  á § ¤ ®© £«ã¡¨®©¨ áª®à®áâìî. �¢¨�¥¨¥ ¢®¤ë ¯à®¨áå®¤¨â ¯®¤ ¢®§¤¥©áâ¢¨¥¬  ¯®à  ¯®-áâã¯ îé¥© ¢®¤ë ¨ á¨«ë âï�¥áâ¨ ¯à¨ á®¯à®â¨¢«¥¨¨ á¨« ¢ãâà¥¥£®âà¥¨ï ¨ âà¥¨ï ® ¤®, à¥«ì¥ä ª®â®à®£® ¢ãâà¨ ®¡« áâ¨ áç¨â ¥âáï § -¤ ë¬.2. �à ¢¥¨ï. �¢¨�¥¨¥ �¨¤ª®áâ¨ ¡ã¤¥¬ ®¯¨áë¢ âì ¢ ¤¢ã¬¥à-®¬ ¯à¨¡«¨�¥¨¨ ãà ¢¥¨ï¬¨ â¨¯  ý¬¥«ª®© ¢®¤ëþ:
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ g

∂(z + h)
∂x

= − λ2hu√u2 + v2 +A�u, (1)
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ g

∂(z + h)
∂y

= − λ2hv√u2 + v2 +A�v, (2)
∂h

∂t
+ ∂hu

∂x
+ ∂hv

∂y
= 0. (3)�¤¥áì h(x, y, t) | £«ã¡¨ , u(x, y, t), v(x, y, t) | áà¥¤¨¥ ¯® £«ã¡¨¥ ¢¥-«¨ç¨ë ª®¬¯®¥â áª®à®áâ¥©, z(x, y) | ãà®¢¥ì ¤ , A | íää¥ªâ¨¢-ë© ª®íää¨æ¨¥â ¢ï§ª®áâ¨ ¢®¤ë, g | ãáª®à¥¨¥ á¢®¡®¤®£® ¯ ¤¥¨ï,� | ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à � ¯« á , λ(x, y, t) | ª®íää¨æ¨¥â£¨¤à ¢«¨ç¥áª®£® âà¥¨ï, ª®â®àë© áç¨â ¥¬ á¢ï§ ë¬ á è¥à®å®¢ â®-áâìî ¤  n(x, y) ¨ ãà®¢¥¬ ¢®¤ë  ¨¡®«¥¥ ã¯®âà¥¡¨â¥«ì®© ¢ £¨¤à ¢-«¨ª¥ ä®à¬ã«®© � ¨£  [2℄, â. ¥. λ = 2gn2h−1/3.�«ï ¨å ¯®«ãç¥¨ï ¯à®¢®¤ïâ ®áà¥¤¥¨¥ ¯® ¢¥àâ¨ª «¨ âà¥å¬¥àëå¥áâ æ¨® àëå ãà ¢¥¨© ¤¢¨�¥¨ï ¢ï§ª®© ¥á�¨¬ ¥¬®© �¨¤ª®áâ¨� ¢ì¥ | �â®ªá  ¨«¨ �¥©®«ì¤á . � «¥¥, ¯à¥¤¯®« £ ï, çâ® £«ã¡¨ë ¢



94 �£®à®¢ �. �.¯®â®ª¥ ¬ «ë ¯® áà ¢¥¨î á è¨à¨®© ¯®â®ª , ¯à®¨§¢®¤ïâ ã¯à®é¥¨ï¨, ¤¥« ï â ª�¥ ¥é¥ ¥ª®â®àë¥ ¤®¯®«¨â¥«ìë¥ ¤®¯ãé¥¨ï ® å à ªâ¥à¥â¥ç¥¨ï, ¢ãâà¥¨å ¬ áá®¢ëå á¨« å ¨ á¨« å, ¤¥©áâ¢ãîé¨å   ¯®â®ªá® áâ®à®ë ¤ , ¯à¨å®¤ïâ ª ®ª®ç â¥«ìë¬ ¯« ®¢ë¬ ãà ¢¥¨ï¬.Ǒà¨ íâ®¬ ç áâ® âãà¡ã«¥â®¥ ¨ ¢ï§ª®¥ £®à¨§®â «ìë¥ ¢§ ¨¬®¤¥©-áâ¢¨ï ¢®¤ë ¢ ¯®â®ª¥ ¥ ãç¨âë¢ îâáï ®â¤¥«ìë¬¨ ç«¥ ¬¨ ¢ ãà ¢¥¨-ïå,   ¢ª«îç îâáï ¢ ç«¥, ®â¢¥ç îé¨© §  âà¥¨¥ ¢®¤ë ® ¤® àãá«  (á¬., ¯à¨¬¥à, [1℄). �® ¢á¥ �¥ ¢ ¥ª®â®àëå à ¡®â å £®à¨§®â «ìë¥ ¢§ ¨-¬®¤¥©áâ¢¨ï ãç¨âë¢ îâáï ®â¤¥«ì® ¢ á« £ ¥¬ëå á íää¥ªâ¨¢®© ¢ï§ª®-áâìî, £¤¥ ãç¨âë¢ ¥âáï ª ª ¬®«¥ªã«ïà ï ¢ï§ª®áâì, â ª ¨ ª®íää¨æ¨¥â£®à¨§®â «ì®£® âãà¡ã«¥â®£® ®¡¬¥  ª®«¨ç¥áâ¢®¬ ¤¢¨�¥¨ï. � ª®©¯®¤å®¤ ®¡ëç® ¨á¯®«ì§ã¥âáï ¤«ï à áç¥â®¢ â¥ç¥¨ï ¢ ®âªàëâëå ¢®¤®¥-¬ å, £¤¥ â¥ç¥¨¥ ¥ ¨¬¥¥â ¢ë¤¥«¥®£® ®á®¢®£®  ¯à ¢«¥¨ï [2℄, ®â ª�¥ ¢áâà¥ç ¥âáï ¨ ¢ ¬®¤¥«¨à®¢ ¨¨ â¥ç¥¨ï ¢ à¥çëå àãá« å. � [3℄®â¬¥ç ¥âáï, çâ® ¢ ¯®«ì§ã ¨á¯®«ì§®¢ ¨ï ãà ¢¥¨© â ª®£® ¢¨¤  ¤«ï®¯¨á ¨ï ¯«   â¥ç¥¨© ¢ï§ª®© ¨ ¬¥«ª®© ¢®¤ë ¥áâì ¢¥áª¨¥, å®âï ¨ ª®á-¢¥ë¥ ¤®¢®¤ë.� £¨¤à®«®£¨¨ ¨§¢¥áâ¥ ª¨¥¬ â¨ç¥áª¨© íää¥ªâ ¢§ ¨¬®¤¥©áâ¢¨ïàãá«®¢®£® ¨ ¯®©¬¥®£® ¯®â®ª®¢, ª®â®àë© ¢ëà � ¥âáï ¢ â®¬, çâ® ¯à¨¢ëå®¤¥ à¥ª¨   ¯®©¬ã áª®à®áâ¨ ¯®â®ª  ¢ àãá«¥ ã¬¥ìè îâáï ¯® áà ¢¥-¨î á® áª®à®áâï¬¨ ¯à¨ § ¯®«¥¨¨ àãá«  ¤® ¡à®¢®ª,   ¢®ááâ ®¢«¥¨¥¨áå®¤ëå § ç¥¨© ¯à®¨áå®¤¨â ¯®á«¥ § ¯®«¥¨ï ¯®©¬ë ¤® ¥ª®â®à®©£«ã¡¨ë (à¨á. 1, 2) [4℄. � ª®¥ â®à¬®§ïé¥¥ ¢«¨ï¨¥ ¯®©¬¥®£® ¯®â®ª   àãá«®¢®© ¬®�® ®¡êïá¨âì £®à¨§®â «ìë¬ ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¢®¤ë¢ ¯®â®ª¥ [5℄.Ǒ®íâ®¬ã ¨ ¯à¥¤áâ ¢«ï¥âáï æ¥«¥á®®¡à §ë¬ ¯à¨ ¬®¤¥«¨à®¢ ¨¨ ¢¤¢ã¬¥à®¬ ¯à¨¡«¨�¥¨¨ ®â¤¥«ì® ¢ë¤¥«¨âì ¢ ¯« ®¢ëå ãà ¢¥¨ïåç«¥ë á íää¥ªâ¨¢®© ¢ï§ª®áâìî.3. �à ¨çë¥ ¨  ç «ìë¥ ãá«®¢¨ï. �à ¨çë¥ ãá«®¢¨ï § -¯¨áë¢ ¥¬ ¢ á®®â¢¥âáâ¢¨¨ á ¢ëè¥áª § ë¬. �  «¥¢®© (¢å®¤®©) £à -
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�¨á. 1. Ǒà®ä¨«ì á¥ç¥¨ï, ãà®¢¥ì ¨ à á¯à¥¤¥«¥¨¥ ¯à®¤®«ì®© áª®à®áâ¨¢ á¥ç¥¨¨ ¯à¨ à §ëå § ç¥¨ïå íää¥ªâ¨¢®© ¢ï§ª®áâ¨ (¥áâ¥áâ¢¥®¥àãá«®).

�¨á. 2. Ǒà®ä¨«ì á¥ç¥¨ï, ãà®¢¥ì ¨ à á¯à¥¤¥«¥¨¥ ¯à®¤®«ì®© áª®à®áâ¨¢ á¥ç¥¨¨ (¯àï¬®ã£®«ì®¥ àãá«®).



96 �£®à®¢ �. �.¨æ¥ § ¤ îâáï áª®à®áâ¨ ¨ £«ã¡¨ë, â. ¥.
u(0, y, t) = u0(y, t), v(0, y, t) = v0(y, t),
h(0, y, t) = h0(y, t), −ly/2 6 y 6 ly/2. (4)�  ¢¥àå¥© ¨ ¨�¥© £à ¨æ å áç¨â ¥¬ áª®à®áâ¨ ¨ £«ã¡¨ë ã«¥¢ë¬¨,â ª ª ª à áç¥â ï ®¡« áâì ¢ë¡¨à ¥âáï â ª¨¬ ®¡à §®¬, çâ® ¤® ¢¥àå¥©¨ ¨�¥© £à ¨æ ¨ ¯à¨ ª ª®¬ à áç¥â®¬ à¥�¨¬¥ ¢®¤  ¨ª®£¤  ¥¤®å®¤¨â, â. ¥.

u(x,−ly/2, t) = 0, v(x,−ly/2, t) = 0, h(x,−ly/2, t) = 0, 0 6 x 6 lx,(5)
u(x, ly/2, t) = 0, v(x, ly/2, t) = 0, h(x, ly/2, t) = 0, 0 6 x 6 lx. (6)� ç «ìë¥ ãá«®¢¨ï ¢®§ì¬¥¬ ¢  ¨¡®«¥¥ ¥áâ¥áâ¢¥®¬ ¢¨¤¥:
u(x, y, 0) = u0(x, y), v(x, y, 0) = v0(x, y), h(x, y, 0) = h0(x, y), (7)£¤¥ (x, y) ∈ 
.� ¤ ë¥ äãªæ¨¨ u0(y, t), v0(y, t), h0(y, t), u0(x, y), v0(x, y), h0(x, y)á®£« á®¢ ë ¬¥�¤ã á®¡®©, ¨ u0(y, t), u0(x, y) > 0. Ǒ®« £ ¥¬ â ª�¥, çâ®¢ëç¨á«ï¥¬ ï £«ã¡¨  h(x, y) ¤®«�  ¡ëâì ¥®âà¨æ â¥«ì®©.� ª¨¬ ®¡à §®¬, ¢ ®¡« áâ¨ 
 à¥è ¥âáï § ¤ ç  (1){(7) ®â®á¨â¥«ì®

u(x, y, t), v(x, y, t) ¨ h(x, y, t) > 0 ¯à¨ § ¤ ëå A, n(x, y), z(x, y).4. �¯¯à®ªá¨¬ æ¨¨ ãà ¢¥¨© ¨  «£®à¨â¬ ¢ëç¨á«¥¨©.�¢¥¤¥¬ à ¢®¬¥àãî ¯àï¬®ã£®«ìãî á¥âªã ¤«ï £«ã¡¨:
ω = {(xj , yi) | xj = jh1, yi = ih2, i = 0, 1, 2, . . . , ny+1, j = 0, 1, 2, . . . , nx+1}.�¥âªã ¤«ï ¯¥à¢®© ª®¬¯®¥âë áª®à®áâ¨ ¯®«ãç¨¬ á¤¢¨£®¬ ω   h1/2¢¯à ¢®,   á¥âªã ¤«ï ¢â®à®© ª®¬¯®¥âë áª®à®áâ¨ | á¤¢¨£®¬ ω   h2/2¢¨§ ¨ ¤®¡ ¢«¥¨¥¬ ª ¥© ¥é¥ â®ç¥ª {(xj , yi) | xj = jh1, yi = ih2, i =
ny + 2, j = 0, 1, 2, . . . , nx + 1}.� áá¬®âà¨¬ á«¥¤ãîéãî à §®áâãî áå¥¬ã ¤«ï á¨áâ¥¬ë ãà ¢¥¨©(1){(3):

un+1 − un

τ
+�n1 (un, vn, hn)un+1 −A

(
un+1�xx + un+1�yy

)+Wn1 = 0, (8)
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vn+1 − vn

τ
+�n2 (un, vn, hn)vn+1 −A

(
vn+1�xx + vn+1�yy

)+Wn2 = 0, (9)
hn+1

i,j − hn
i,j

τ
+ 1
h1 (a+r (un+

i,j h
n
i,j−un+

i,j−1hn
i,j−1)+a−r (un−

i,j h
n
i,j+1−un−

i,j−1hn
i,j

))+ 1
h2 (b+r (vn+

i+1,jh
n
i,j − vn+

i,j h
n
i−1,j

)+ b−r
(
vn−

i+1,jh
n
i+1,j − vn−

i,j h
n
i,j

)) = 0. (10)�¤¥áì
Wn1 = g

(
hn

x + zx

)+ un+
i,j−1/2un�x + un−

i,j+1/2un
x + vn+

i,j+1/2un�y + vn−
i+1,j+1/2un

y ,

Wn2 = g
(
hn

y + zx

)+ un+
i−1/2,j−1vn�x + un−

i−1/2,jv
n
x + vn+

i−1/2,jv
n�y + vn−

i+1/2,jv
n
y ,�n1 = gN2

(
hn

i,j+1/2)4/3√(un
i,j

)2 + 〈vn
i,j

〉2
,�n2 = gN2

(
hn

i−1/2,j

)4/3√〈un
i,j

〉2 + (vn
i,j

)2
,

un+
i,j = 12(un

i,j + ∣∣un
i,j

∣∣), un−
i,j = 12(un

i,j −
∣∣un

i,j

∣∣),

vn+
i,j = 12(vn

i,j + ∣∣vn
i,j

∣∣), vn−
i,j = 12(vn

i,j −
∣∣vn

i,j

∣∣),

〈
un

i,j

〉 = un
i,j + un

i−1,j + un
i,j−1 + un

i−1,j−14 ,

〈
vn

i,j

〉 = vn
i,j + vn

i+1,j + vn
i,j+1 + vn

i+1,j+14 ,

a+r , a−r , b+r , b−r | à¥£ã«ïà¨§®¢ ë¥ ª®íää¨æ¨¥âë.�¯¯à®ªá¨¬ æ¨ï ãà ¢¥¨ï (3) ¯®«ãç¥  ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨[6℄ ¨§ æ¥âà «ì®-à §®áâ®© áå¥¬ë. Ǒà¨ a+r = a−r = b+r = b−r = 1¯®«ãç ¥âáï à §®áâ ï áå¥¬  á  ¯à ¢«¥ë¬¨ à §®áâï¬¨, ª®â®à ïãá«®¢® ¬®®â®  ¨ ¨¬¥¥â ¯¥à¢ë© ¯®àï¤®ª â®ç®áâ¨. �â  ¨ ¤àã£¨¥à §®áâë¥ áå¥¬ë ¯¥à¢®£® ¯®àï¤ª  â¥áâ¨à®¢ «¨áì   § ¤ ç å ® à áâ¥-ª ¨¨ ¢®¤ë ¯® ¯«®áª®© ¯®¢¥àå®áâ¨, â¥ç¥¨¨ ¢ ¯àï¬®ã£®«ì®¬ ª  «¥¨ â¥ç¥¨¨ ¢ ¯à¨§¬ â¨ç¥áª®¬ àãá«¥ ¯ à ¡®«®¨¤ «ì®£® á¥ç¥¨ï [7, 8℄.



98 �£®à®¢ �. �.�¥è¥¨ï íâ¨å § ¤ ç ®ª § «¨áì  ¨¡®«¥¥ çã¢áâ¢¨â¥«ìë ª  ¯¯à®ªá¨¬ -æ¨¨ ãà ¢¥¨ï (3),  ¨«ãçè¨¥ à¥§ã«ìâ âë ¨§ à áá¬®âà¥ëå ¯®ª § « ¯à¨¢¥¤¥ ï áå¥¬ . Ǒà¨ íâ®¬ ¨á¯®«ì§®¢ «¨áì ª ª ãª §  ï  ¯¯à®ª-á¨¬ æ¨ï á à §«¨çë¬¨ § ç¥¨ï¬¨ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ γ > 0.25,â ª ¨ à¥£ã«ïà¨§®¢ ë¥ áå¥¬ë, £¤¥ ¢ ª ç¥áâ¢¥ ¯à®¨§¢®¤ïé¥© ¡à «¨áìáå¥¬ë ¢â®à®£® ¯®àï¤ª  â®ç®áâ¨   à áè¨à¥®¬ è ¡«®¥,   â ª�¥ ¨åª®¬¡¨ æ¨¨ á à §«¨çë¬¨ ¢¥á ¬¨. �¥§ã«ìâ âë   íâ¨å áå¥¬ å ®â«¨ç -«¨áì ¥§ ç¨â¥«ì®, ¨ ¢ ¤ «ì¥©è¥¬ ¨á¯®«ì§®¢ « áì ãª §  ï áå¥¬ ¯à¨ ¬¨¨¬ «ì® ¢®§¬®�®¬ ¯ à ¬¥âà¥ à¥£ã«ïà¨§ æ¨¨ γ = 0.25.�®�® § ¬¥â¨âì, çâ® ª �¤®¥ ¨§ ãà ¢¥¨© (1), (2) ¨¬¥¥â ®á®¡¥-®áâì: ç«¥, ®¯¨áë¢ îé¨© âà¥¨¥ ¯®â®ª  ¢®¤ë ® ¤®, ¬®�¥â áâà¥¬¨âì-áï ª ¡¥áª®¥ç®áâ¨ ¯à¨ áâà¥¬«¥¨¨ ãà®¢ï ¢®¤ë ª ã«î, ¥á«¨ áª®à®áâì¢ íâ®© â®çª¥ ¥ã«¥¢ ï. �â® á®§¤ ¥â âàã¤®áâì ¯à¨ à áç¥â¥ áª®à®áâ¥©¢ â®çª å ®ª®«® ¯®¤¢¨�®© £à ¨æë �¨¤ª®© ç áâ¨ à áç¥â®© ®¡« áâ¨ ááãå®© ¥¥ ç áâìî. � ç áâ®áâ¨, ¢ ®ªà¥áâ®áâïå â®ç¥ª á®¯à¨ª®á®¢¥¨ï¢®¤ë á ¡¥à¥£®¬ ¯à¨ ¥ª®â®à®© ¥£® ªàãâ¨§¥ ¢ à áç¥â å ¢®§¨ª «¨ ¨á-ª �¥¨ï £®à¨§®â «ì®áâ¨ ãà®¢ï. �«ï ¯à¥®¤®«¥¨ï íâ®© âàã¤®áâ¨¯à¨ à áç¥â¥ áª®à®áâ¥© ¨á¯®«ì§®¢ «áï ¯®¤å®¤, ¯à¨¬¥¥ë© ¢ [9℄, ª®£¤ áãå ï ç áâì áç¨â ¥âáï ¨§ ç «ì® ¯®ªàëâ®© â®ª¨¬ á«®¥¬ ¢®¤ë â®«-é¨ë ε. �à®¬¥ â®£®, ¢ ®ªà¥áâ®áâïå â®ç¥ª, £¤¥ £«ã¡¨  ε, à áç¥âë¥ª®íää¨æ¨¥âë ¯®¤¡¨à «¨áì â ª, çâ®¡ë áª®à®áâì â ¬ ¡ë«  à ¢  0.�á«¥¤áâ¢¨¥ â®£®, çâ® ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï (1), (2) ¢â®-à®£® ¯®àï¤ª , ¯à¨ à¥è¥¨¨ à §®áâëå ãà ¢¥¨© ¥®¡å®¤¨¬® § ¤ âìáª®à®áâ¨   ¯à ¢®©, ¢ëå®¤®© ¤«ï ¯®â®ª  £à ¨æ¥. Ǒ®íâ®¬ã   ¯à ¢®©£à ¨æ¥ ¢¬¥áâ® ãà ¢¥¨© (1), (2)  ¯¯à®ªá¨¬¨àãîâáï ãà ¢¥¨ï, á®¤¥à-� é¨¥ â®«ìª® ª®¢¥ªâ¨¢ë¥ ç«¥ë. �¯¯à®ªá¨¬ æ¨¨ íâ¨å ãà ¢¥¨©¡¥àãâáï á®¢¯ ¤ îé¨¬¨ á  ¯¯à®ªá¨¬ æ¨ï¬¨ á®®â¢¥âáâ¢ãîé¨å ç áâ¥©ãà ¢¥¨© (1), (2):
un+1

i,nx+1 − un
i,nx+1

τ
+ un

i,nx+1/2vn�x + vn+
i,nx+1un1�y + vn−

i+1,nx+1un
y = 0, (11)

vn+1
i,nx+1 − vn

i,nx+1
τ

+un
i−1/2,nxv

n�x + vn+
i−1/2,nx+1vn�y + vn−

i+1/2,nx+1vn
y = 0. (12)
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�¨á. 3. �à¥¤ïï ¨ ¬ ªá¨¬ «ì ï ¯à®¤®«ì ï áª®à®áâ¨ ¢ § ¢¨á¨¬®áâ¨ ®âãà®¢ï (¥áâ¥áâ¢¥®¥ àãá«®).

�¨á. 4. �à¥¤ïï ¨ ¬ ªá¨¬ «ì ï ¯à®¤®«ì ï áª®à®áâ¨ ¢ § ¢¨á¨¬®áâ¨ ®âãà®¢ï (¯àï¬®ã£®«ì®¥ àãá«®).



100 �£®à®¢ �. �.�  ®áâ «ìëå £à ¨æ å § ¤ îâáï á¥â®çë¥ § ç¥¨ï áª®à®áâ¥© ¨£«ã¡¨ ¢ á®®â¢¥âáâ¢¨¨ á £à ¨çë¬¨ ãá«®¢¨ï¬¨ (4){(6).�«£®à¨â¬ ¯à®¢¥¤¥¨ï ¢ëç¨á«¥¨© ¡ë« á«¥¤ãîé¨¬. �  ª �¤®¬¢à¥¬¥®¬ è £¥ ¤¥« ¥¬ ¯®á«¥¤®¢ â¥«ì® â ª¨¥ ¤¥©áâ¢¨ï.1. �¥è ï à §®áâë¥ ãà ¢¥¨ï (11) ¯à¨ i = 1, 2, . . . , ny ¨ (12) ¯à¨
i = 1, 2, . . . , ny + 1,  å®¤¨¬ áª®à®áâ¨ un+1

i,nx+1, vn+1
i,nx+1.2. �§ à §®áâëå ãà ¢¥¨© (10)  å®¤¨¬ hn+1

i,j , i = 1, 2, . . . , ny,
j = 1, 2, . . . , nx + 1.3. �¥è ï ¯® ®â¤¥«ì®áâ¨ á¨áâ¥¬ë à §®áâëå ãà ¢¥¨© (8) ¨ (9), å®¤¨¬ un+1

i,j , i = 1, 2, . . . , ny, j = 1, 2, . . . , nx, vn+1
i,j , i = 1, 2, . . . , ny + 1,

j = 1, 2, . . . , nx. Ǒà¨ íâ®¬ ¨á¯®«ì§ãîâáï ¢ ª ç¥áâ¢¥ § ¤ ëå ã�¥ à á-áç¨â ë¥ § ç¥¨ï un+1
i,nx+1, vn+1

i,nx+1.� «¥¥ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã è £ã ¯® ¢à¥¬¥¨.?  ¢â®àã: �¤¥ ä®à¬ã«ë (4a), (5a),   ª®â®àë¥ ¥á«¨ ááë«ª¨? ?!� §®áâë¥ ãà ¢¥¨ï (11), (12) ¨ (10) à¥è îâáï ¢ ï¢®¬ ¢¨¤¥.�¨áâ¥¬ë à §®áâëå ãà ¢¥¨© (8), (9) ¨¬¥îâ ¯ïâ¨¤¨ £® «ìãî á¨¬-¬¥âà¨çãî ¬ âà¨æã á ¤¨ £® «ìë¬ ¯à¥®¡« ¤ ¨¥¬ ¨ à¥è îâáï ¯à¨¯®¬®é¨ áâ ¤ àâ®© ¯®¤¯à®£à ¬¬ë ¤«ï à¥è¥¨ï â ª¨å á¨áâ¥¬: ¬¥â®-¤®¬ ¯à¨¡«¨�¥®© ä ªâ®à¨§ æ¨¨ á®¯àï�¥ëå £à ¤¨¥â®¢.� ¨á¯®«ì§®¢ ¨¥¬ ¯à¨¢¥¤¥®£® §¤¥áì  «£®à¨â¬  à¥è «¨áì ¥ª®-â®àë¥ § ¤ ç¨ ® â¥ç¥¨¨ ¢®¤ë ¢ ¬®¤¥«ìëå àãá« å ª®ªà¥â®£® ¢¨¤ .5. � áç¥â ï § ¤ ç  ¨ ¯ à ¬¥âàë. Ǒà¥¤áâ ¢«¥ë¥ §¤¥áì à á-ç¥âë ¯à®¢®¤¨«¨áì ¤«ï § ¤ ç¨ ® â¥ç¥¨¨ ¢®¤ë ¢ àãá«¥ á ®¤®áâ®à®¥©¯®©¬®©. �à®¢¥ì ¤  § ¤ ¢ «áï ¯® ä®à¬ã«¥ z(x, y) = z0(y) − ix, £¤¥
z0(y) | § ¤  ï äãªæ¨ï, i = onst | ãª«® àãá« , ¯à¨ç¥¬ äãªæ¨ï
z0(y) § ¤ ¢ « áì â ª, çâ® ¯®¯¥à¥ç®¥ á¥ç¥¨¥ àãá«  ¯®«ãç «®áì â ª¨¬,çâ® ¨¬¥« áì ®á®¢ ï, ¡®«¥¥ £«ã¡®ª ï, ç áâì ¨ ¯à¨¬ëª îé ï ª ¥©,¡®«¥¥ ¬¥«ª ï, ® ¡®«¥¥ è¨à®ª ï ç áâì, | ¯®©¬ .� á¯à¥¤¥«¥¨¥ £«ã¡¨ ¢®¤ë   ¢å®¤¥ h0(y) § ¤ ¢ «®áì â ª, çâ®-¡ë ¯®¢¥àå®áâì ¢®¤ë ¢® ¢å®¤®¬ á¥ç¥¨¨ ¡ë«  £®à¨§®â «ì , â. ¥.
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�¨á. 5. Ǒà®ä¨«ì �¨¢®£® á¥ç¥¨ï à.�«ì¤  ã �¯ á-�«ì¤  (1948 £.) (¨§ [1℄).

�¨á. 6. �à¨¢ ï áà¥¤¨å ¨  ¨¡®«ìè¨å áª®à®áâ¥© ¢ ®á®¢®¬ àãá«¥ à. �«ì-¤  (¨§ [1℄) ã �¯ á-�«ì¤  (1948 £.).



102 �£®à®¢ �. �.
h0(y) + z0(y) = onst,   ¢å®¤ ï áª®à®áâì ¯®â®ª  ¡ë«   ¯à ¢«¥  ¯®®á¨X , â. ¥. ¯®¯¥à¥ç ï áª®à®áâì v0(y) = 0,   ¯à®¤®«ì ï áª®à®áâì § ¤ -¢ « áì á¢ï§ ®© á ¢å®¤®© £«ã¡¨®© ä®à¬ã«®© u0(y) = u0√h0(y)/h0,£¤¥ ¯®áâ®ïë¥ u0, h0 | ¬ ªá¨¬ «ìë¥ ¢å®¤ë¥ áª®à®áâì ¨ £«ã¡¨ .�å®¤ë¥ ¤ ë¥ ¢® ¢à¥¬¥¨ ¥ ¬¥ï«¨áì. �  ç «ìë© ¬®¬¥â ¢à¥-¬¥¨ £«ã¡¨ë § ¤ ¢ «¨áì â ª, çâ®¡ë ¯®¢¥àå®áâì ¢®¤ë ¡ë«  ¯«®áª ï¨  ª«®¥  á § ¤ ë¬ ãª«®®¬ i (ãª«®®¬ ¤ ) ª ®á¨ X ,   ¤¢¨�¥-¨¥ ¢®¤ë ¡ë«® ¯®áâã¯ â¥«ìë¬ ¨ à ¢®¬¥àë¬, â. ¥ h0(x, y) = h0(y),
u0(x, y) = u0(y), v0(x, y) = 0.� áç¥âë ¢¥«¨áì ¤«ï â¥ç¥¨ï ¢ àãá«¥, ¡«¨§ª®¬ ¢ á¥ç¥¨¨ ª ¥áâ¥-áâ¢¥®¬ã á ®¤®áâ®à®¥© ¯®©¬®© (á¬. à¨á. 3, 4),   â ª�¥ ¢ àãá«¥¯àï¬®ã£®«ì®£® á¥ç¥¨ï á ®¤®áâ®à®¥© ¯®©¬®© â®�¥ ¯àï¬®ã£®«ì®-£® á¥ç¥¨ï (á¬. à¨á. 5, 6).�«ï ¯¥à¢®£® àãá«  à áç¥â ï ®¡« áâì ¨¬¥¥â ¤«¨ã lx = 160 ¬,è¨à¨ã ly = 120 ¬. �ª«® àãá«  à ¢¥ 0.001. � ªá¨¬ «ì ï ¢å®¤- ï £«ã¡¨  h0 ¢ á¥à¨¨ à áç¥â®¢ ¬¥ï« áì ®â 2 ¬ ¤® 28 ¬ á è £®¬ ¢2 ¬. � ªá¨¬ «ì ï ¢å®¤ ï áª®à®áâì u0 § ¤ ¢ « áì á®®â¢¥âáâ¢¥®¬ ªá¨¬ «ì®© ¢å®¤®© £«ã¡¨¥ ¯® ä®à¬ã«¥ u0 = √

h0/10, â. ¥. á®®â-¢¥âáâ¢¥® ®â 0.45 ¬/ ¤® 1.67 ¬/á. � ç¥¨¥ è¥à®å®¢ â®áâ¨ N ¡à «®áìá®£« á® [3℄ à ¢ë¬ 0.02{0.03 ¤«ï ®á®¢®© ç áâ¨ àãá«  ¨ 75{150 ¤«ï¯®©¬ë. � ç¥¨¥ ¯ à ¬¥âà  A ¯®¤¡¨à «®áì â ª¨¬ ®¡à §®¬, çâ®¡ë à á-¯à¥¤¥«¥¨¥ áª®à®áâ¨ ¯® á¥ç¥¨î ¡ë«®  ¨¡®«¥¥ ¡«¨§ª® ª ¥áâ¥áâ¢¥®¬ã.�ª § «®áì, çâ® íâ® ¯à®¨áå®¤¨â ¯à¨ A, à ¢®¬ 0.2 ¬2/{1 ¬2/. �®«¨-ç¥áâ¢® è £®¢ ¯® ¢à¥¬¥¨ ¡à «®áì à §ë¬, ¬ ªá¨¬ «ì®¥ ª®«¨ç¥áâ¢®è £®¢ ®¯à¥¤¥«ï«®áì ¢à¥¬¥¥¬ ãáâ ®¢«¥¨ï. � ¯à¨¢¥¤¥ëå à áç¥â å¡ë«® à ááç¨â ® ¤® 40000 ¢à¥¬¥ëå è £®¢ ¯® 0.0025 á, è £ ¯® y ¡ë«2 ¬, ¯® x | 4 ¬.Ǒ à ¬¥âàë ¤«ï ¢â®à®£® àãá«  ¡à «¨áì â ª¨¬¨ �¥, ª ª ¢  âãà®©¬®¤¥«¨ ¢ [4℄.6. �¥§ã«ìâ âë à áç¥â®¢ ¨ ®¡áã�¤¥¨¥. �¥ª®â®àë¥ à¥§ã«ìâ -âë à áç¥â®¢ ¯®ª § ë   à¨á. 3, 5, 7, 8.�  à¨á. 3 ¯®ª § ® á¥ç¥¨¥ àãá«  (¯ãªâ¨à®¬), ãà®¢¥ì ¢®¤ë ¢
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�¨á. 7. � á¯à¥¤¥«¥¨¥ áà¥¤¨å   ¢¥àâ¨ª «ïå áª®à®áâ¥© ¯® è¨à¨¥ ¯®-â®ª  ¤«ï ¬®¤¥«ì®£® àãá«  (¨§ [1℄).

�¨á. 8. � ¢¨á¨¬®áâì áà¥¤¨å áª®à®áâ¥© ®â ãà®¢ï ¢®¤ë ¤«ï ¬®¤¥«ì®-£® àãá« . v1 ¨ v2 | ¢ ãá«®¢¨ïå ¢§ ¨¬®¤¥©áâ¢¨ï ¯®â®ª®¢; v′1 ¨ v′2 | ¢ãá«®¢¨ïå ®âáãâáâ¢¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ¯®â®ª®¢ (¨§ [1℄).



104 �£®à®¢ �. �.àãá«¥ ¨ à á¯à¥¤¥«¥¨¥ ¯à®¤®«ì®© áª®à®áâ¨ ¢ ¢ë¡à ®¬ á¥ç¥¨¨ ¯à¨à §ëå A ¤«ï ¯¥à¢®£® àãá« . �§ íâ®£® à¨áãª  ¢¨¤®, çâ® ¯à¨ ¡®«ìè¨å§ ç¥¨ïå íää¥ªâ¨¢®© ¢ï§ª®áâ¨ (A = 10¬2/, 5 ¬2/), ¥á¬®âàï  ¬¥ìèãî £«ã¡¨ã ¨ ¡®«ìèãî è¥à®å®¢ â®áâì ¯®©¬ë ¯® áà ¢¥¨î á®á®¢ë¬ àãá«®¬, ¢¥«¨ç¨  áª®à®áâ¨ § ¢¨á¨â ¡®«ìè¥ ®â à ááâ®ï¨ï¤® ¡¥à¥£®¢, ç¥¬ ®â £«ã¡¨ë, çâ® ¥ á®®â¢¥âáâ¢ã¥â ¤¥©áâ¢¨â¥«ì®áâ¨.� ¨¡®«¥¥ �¥ ¡«¨§ª®¥ ª à¥ «ì®¬ã (á¬. à¨á. 6) à á¯à¥¤¥«¥¨¥ áª®à®áâ¥©¯®«ãç ¥âáï ¯à¨ A = 1 ¬2/.� ª ¢¨¤® ¨§ à¨á. 7, ¤«ï ¯¥à¢®£® àãá«  ¯à¨ ¢á¥å ¢ë¡à ëå § -ç¥¨ïå íää¥ªâ¨¢®© ¢ï§ª®áâ¨ ¢¥«¨ç¨  ¬ ªá¨¬ «ì®© áª®à®áâ¨ ¢ ¢ë-¡à ®¬ á¥ç¥¨¨ ¬®®â®® § ¢¨á¨â ®â ãà®¢ï ¢ íâ®¬ á¥ç¥¨¨. �à¥¤-ïï �¥ áª®à®áâì ¯à¨ A = 1 ¬2/ ¬®®â®® § ¢¨á¨â ®â ãà®¢ï ¤® ¤®-áâ¨�¥¨ï ãà®¢ï ¯®©¬ë (h = 10 ¬),   ¯®á«¥ ç¥£®, ¤® h = 12 ¬, ¡®«ìè¨¬§ ç¥¨ï¬ ãà®¢ï á®®â¢¥âáâ¢ãîâ ã�¥ ¬¥ìè¨¥ § ç¥¨ï áà¥¤¥© áª®-à®áâ¨. � ç¨ ï á h = 12 ¬ ¡®«ìè¨¬ § ç¥¨ï¬ ãà®¢ï ®¯ïâì á®®â¢¥â-áâ¢ãîâ ¡®«ìè¨¥ § ç¥¨ï áà¥¤¥© áª®à®áâ¨, ¨ ¯à¨ ¤®áâ¨�¥¨¨ ¥ª®-â®à®£® ãà®¢ï § ¯®«¥¨ï ¯®©¬ë (h = 14 ¬) áà¥¤ïï áª®à®áâì ¢®¢ì¤®áâ¨£ ¥â á¢®¥£® § ç¥¨ï ¯à¨ h = 10 ¬.� ª¨¬ ®¡à §®¬, ª¨¥¬ â¨ç¥áª¨© íää¥ªâ â®à¬®�¥¨ï àãá«®¢®£®¯®â®ª  ¯®©¬¥ë¬ §¤¥áì ¯®«ãç ¥âáï ç áâ¨ç® ¨ â®«ìª® ¥á«¨ § ç¥¨¥ª®íää¨æ¨¥â  íää¥ªâ¨¢®© ¢ï§ª®áâ¨ ¢§ïâì â ª¨¬, ¯à¨ ª®â®à®¬ à á-¯à¥¤¥«¥¨¥ áª®à®áâ¥©  ¨¡®«¥¥ ¡«¨§ª® ª à¥ «ì®¬ã.�«ï ¢â®à®£® �¥ àãá«  (á¬. à¨á. 5, 8) ª¨¥¬ â¨ç¥áª¨© íää¥ªâ ¯à®-ï¢«ï¥âáï ¡®«¥¥ ¢ëà �¥®.Ǒà¥¤áâ ¢«ï¥âáï, çâ® ¢®§¬®�®áâì ¯®«ãç¥¨ï ¢ à áç¥â å íâ®£® íä-ä¥ªâ  ®¡ãá«®¢«¥  ¡®«¥¥ â®ª¨¬ ãç¥â®¬ ¢ ¢ë¡à ®© ¬®¤¥«¨ £®à¨§®-â «ì®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¢®¤ë ¢ ¯®â®ª¥ ¯ãâ¥¬ ®â¤¥«ì®£® ¢ë¤¥«¥¨ï¢ ãà ¢¥¨ïå (1){(2) á« £ ¥¬ëå á íää¥ªâ¨¢®© ¢ï§ª®áâìî, ¢ ª®â®àãî¢ª«îç¥ë ª ª ¬®«¥ªã«ïà ï ¢ï§ª®áâì, â ª ¨ ª®íää¨æ¨¥â âãà¡ã«¥â-®£® ®¡¬¥ . �à ¢¥¨ï â¨¯  (1){(3) ¯à¥¤« £ «¨áì ¤«ï ¬®¤¥«¨à®¢ ¨ï¤¢¨�¥¨ï ¢®¤ë ¢ àãá« å ¢ [3℄. Ǒà¨ íâ®¬ ®â¬¥ç «®áì, çâ® ¢ ¯®«ì§ãíâ¨å ãà ¢¥¨© ¥áâì ¢¥áª¨¥, å®âï ¨ ª®á¢¥ë¥ ¤®¢®¤ë. Ǒà¥¤áâ ¢«¥®¥



�¨á«¥ë¥ à áç¥âë ¢ï§ª¨å â¥ç¥¨© 105§¤¥áì ¨áá«¥¤®¢ ¨¥ á«ã�¨â ¤®¯®«¨â¥«ìë¬ ¤®¢®¤®¬ ¢ ¯®«ì§ã â ª®£®¯®¤å®¤ . �â¬¥â¨¬ â ª�¥, çâ® ¯à¨ à áç¥â å à¥ «ìëå àãá¥«  «¨ç¨¥ª¨¥¬ â¨ç¥áª®£® íää¥ªâ  ¬®�¥â ¡ëâì ®¯à¥¤¥«ïîé¨¬ ¢ ¯®¤¡®à¥ ª®íä-ä¨æ¨¥â  íää¥ªâ¨¢®© ¢ï§ª®áâ¨.����������1. �¥«¨ª®¢ �. �., � ©æ¥¢ �. �., �¨«¨â¥¥¢ �. �. �¨á«¥®¥ ¬®¤¥«¨à®¢ ¨¥ ª¨-¥¬ â¨ª¨ ¯®â®ª    ãç áâª¥ ¥à §¬ë¢ ¥¬®£® àãá«  // �®¤ë¥ à¥áãàáë. 2001.�. 28, ü 6. �. 701{710.2. �¥«¨ª®¢ �. �., �¥¬¥®¢ �. �. Ǒ®áâà®¥¨¥ ç¨á«¥ëå ¬¥â®¤®¢ à á¯ ¤  à §àë¢ ¤«ï à¥è¥¨ï ãà ¢¥¨© â¥®à¨¨ ¬¥«ª®© ¢®¤ë // �à. �-â  ®¡é¥© ä¨§¨ª¨ ���.1997. �. 53. �. 5{43.3. �« ¤ëè¥¢ �. �. �¨á«¥®¥ ¬®¤¥«¨à®¢ ¨¥ ¥ãáâ ®¢¨¢è¨åáï â¥ç¥¨© ¢ ®âªàë-âëå àãá« å // �®¤ë¥ à¥áãàáë. 1981. ü 3. �. 119{125.4. �¥«¥§ïª®¢ �. �. �¥ª®â®àë¥ £¨¤à®¤¨ ¬¨ç¥áª¨¥  á¯¥ªâë ¯à®¡«¥¬ë ¯à®¯ãáª-®© á¯®á®¡®áâ¨ àãá¥« à¥ª // �¨ ¬¨ª  ¨ â¥à¬¨ª  ¢®¤®åà ¨«¨é. �.: � ãª ,1984. �. 5{19.5. � àëè¨ª®¢ �. �., Ǒ®¯®¢ �. �. �¨ ¬¨ª  àãá«®¢ëå ¯®â®ª®¢ ¨ àãá«®¢ë¥ ¯à®-æ¥ááë. �.: �¨¤à®¬¥â¥®¨§¤ â, 1988.6. � ¬ àáª¨© �. �., � ¡¨é¥¢¨ç Ǒ. �. �¥«¨¥©ë¥ ¬®®â®ë¥ áå¥¬ë ¤«ï ãà ¢-¥¨ï ¯¥à¥®á  // �®ª«. �� ����. 1998. �. 361, ü 1. �. 21{23.7. � ¡¨é¥¢¨ç Ǒ. �., �£®à®¢ �. �. �¨á«¥®¥ à¥è¥¨¥ § ¤ ç¨ ® à áâ¥ª ¨¨ âï-�¥«®© ¢ï§ª®© �¨¤ª®áâ¨ ¯® ¯«®áª®© ¯®¢¥àå®áâ¨ // � â. § ¬¥âª¨ ���. 2003.�. 10, ¢ë¯. 1. �. 119{131.8. �£®à®¢ �. �.�¥áâ¨à®¢ ¨¥ à §®áâëå áå¥¬ ¤«ï ãà ¢¥¨© â¨¯  ý¬¥«ª®© ¢®¤ëþ¯à¨ ¯®¬®é¨ â®çëå à¥è¥¨© // �¥§. ¤®ª«. �á¥à®áá¨©áª®© èª®«ë-á¥¬¨ à áâã¤¥â®¢,  á¯¨à â®¢, ¬®«®¤ëå ãç¥ëå ¨ á¯¥æ¨ «¨áâ®¢ ý� â¥¬ â¨ç¥áª®¥ ¬®-¤¥«¨à®¢ ¨¥ à §¢¨â¨ï á¥¢¥àëå â¥àà¨â®à¨© ¢ ãá«®¢¨ïå àëª þ. �ªãâáª, 2004.�. 1. �. 25{26.9. �ã£à¨ �. �. �¢¨�¥¨¥ â®ª®£® á«®ï ¢ï§ª®© �¨¤ª®áâ¨ ¯® áãå®© ¯®¢¥àå®áâ¨// Ǒà¨ª«. ¬ â¥¬ â¨ª  ¨ â¥å. ä¨§¨ª . 1998. �. 39, ü 2. �. 47{51.£. �ªãâáª 14  ¯à¥«ï 2008 £.



��� 517. 946������ ����� � ��������������Ǒ�������� ������ ��������������Ǒ�Ǒ�������. �. �¥®®¢, �. �. �à®ä¨¬æ¥¢1. Ǒ®áâ ®¢ª  § ¤ ç¨. � áá¬ âà¨¢ ¥âáï á¨áâ¥¬  ¤¢ãå ¤¨ää¥-à¥æ¨ «ìëå ãà ¢¥¨©, ®¯¨áë¢ îé ï à §¢¨â¨¥ ¯®¯ã«ïæ¨¨ ®¤®¢à¥-¬¥®   ®åà ï¥¬®© â¥àà¨â®à¨¨ ¨ ¢¥ ¥¥:
{ _x = gx+ d1(y − x)− b,_y = ay + d2(x− y)− cy2. (1)�¤¥áì x ¨ y | ç¨á«¥®áâì ¥ª®â®à®© ¯®¯ã«ïæ¨¨ ¢¥ ®åà ï¥¬®© â¥à-à¨â®à¨¨ ¨ ¢ãâà¨ ¥¥; f(x) = b | äãªæ¨ï, ®¯¨áë¢ îé ï ¤®¡ëçã ¯®-¯ã«ïæ¨¨ ¢¥ ®åà ï¥¬®© â¥àà¨â®à¨¨; a ¨ g | ª®íää¨æ¨¥âë, à ¢-ë¥ à §®áâ¨ ª®íää¨æ¨¥â®¢ à®�¤ ¥¬®áâ¨ ¨ á¬¥àâ®áâ¨ ¯®¯ã«ïæ¨¨¢¥ ®åà ï¥¬®© â¥àà¨â®à¨¨ ¨ ¢ãâà¨ ¥¥; c | ª®íää¨æ¨¥â, ®¯¨áë¢ -îé¨© ª®ªãà¥æ¨î ¢ãâà¨ ¯®¯ã«ïæ¨¨   ®åà ï¥¬®© â¥àà¨â®à¨¨; d1¨ d2 | ª®íää¨æ¨¥âë, ®¯¨áë¢ îé¨¥ ¢«¨ï¨¥ ®¡¬¥  ¬¥�¤ã ®åà ï¥-¬®© â¥àà¨â®à¨¥© ¨ ®áâ «ì®© ç áâìî  à¥ «  ¯®¯ã«ïæ¨¨. �®íää¨æ¨¥â

g | «î¡®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®, ¢á¥ ®áâ «ìë¥ ª®íää¨æ¨¥âë ¥®â-à¨æ â¥«ìë, ¯à¨ç¥¬ a > g.Ǒà¨ a = g ®¯¨áë¢ ¥âáï à §¢¨â¨¥ ¯®¯ã«ïæ¨¨ ¯à¨  «¨ç¨¨ § ¯®¢¥¤-®© §®ë (§ ¯®¢¥¤¨ª,  æ¨® «ìë© ¯ àª ¨ â. ¯.), ¢ ª®â®à®© ¥ ¢¥¤¥âáï¯à®¬ëá¥« ¤ ®© ¯®¯ã«ïæ¨¨. Ǒà¨ g < 0 ¢ë¬¨à îé ï ¯®¯ã«ïæ¨ï ¢®á-áâ  ¢«¨¢ ¥âáï á ¯®¬®éìî ®åà ï¥¬®© â¥àà¨â®à¨¨. � ®¡é¥¬ á«ãç ¥¬®¤¥«ì ®¯¨áë¢ ¥â áãé¥áâ¢®¢ ¨¥ ¡ àì¥à  ®ªàã� îé¥© áà¥¤ë ¢ãâà¨¬¥â ¯®¯ã«ïæ¨¨, ª®£¤  ¢®§¬®�ë ¯¥à¥¬¥é¥¨ï ¬¥�¤ã áã¡¯®¯ã«ïæ¨ï¬¨,© 2008 �¥®®¢ �. �., �à®ä¨¬æ¥¢ �. �.



�á®¡ë¥ â®çª¨ ¨ ¡¨äãàª æ¨®ë¥ ¯ à ¬¥âàë 107¯à¨ç¥¬ ç áâì ¯®¯ã«ïæ¨¨  å®¤¨âáï ¢ ¬¥áâ¥, ¥ ¤®áâã¯®¬ ¤«ï ¤®¡ëç¨(ã¡¥�¨é¥).�®¤¥«ì ¥ ®â®á¨âáï ª ª« áá¨ç¥áª¨¬ ®¯¨á ¨ï¬ ¢§ ¨¬®¤¥©áâ¢¨©¯®¯ã«ïæ¨© [1, 2℄. �¨áâ¥¬  ãà ¢¥¨© á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥¨ï¥ ¯à¥¤áâ ¢«ï¥â ®á®¡®£® ¨â¥à¥á  ¨ ¨áá«¥¤ã¥âáï ª ª ¬®¤¥«ì à¥ «ì®-£® ¢®§¤¥©áâ¢¨ï   ¯®¯ã«ïæ¨î. � ¬®¤¥«¨ ãçâ¥ë ®á®¢ë¥ ä ªâ®àë,¢«¨ïîé¨¥   ¥¥ ç¨á«¥®áâì. �®íää¨æ¨¥â ®¡¬¥  ¢¢¥¤¥ ¢ [3℄ ¯à¨¨áá«¥¤®¢ ¨¨ ¢§ ¨¬®¤¥©áâ¢¨© å¨é¨ª  ¨ �¥àâ¢ë, ¯à¨ç¥¬ ¤«ï �¥àâ¢ëáãé¥áâ¢®¢ «® ã¡¥�¨é¥.�¥«ìî à ¡®âë ï¢«ï¥âáï ¨§ãç¥¨¥ ¢®§¬®�ëå à á¯®«®�¥¨© âà -¥ªâ®à¨© á¨áâ¥¬ë (1) ¯à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà®¢ á¨áâ¥¬ë ¨®¯à¥¤¥«¥¨¥  «¨ç¨ï ¢ á¨áâ¥¬¥ ¡¨äãàª æ¨©.�á®¢ë¬ ¬¥â®¤®¬ à¥è¥¨ï ¯®áâ ¢«¥®© § ¤ ç¨ ï¢«ï¥âáï ¨áá«¥-¤®¢ ¨¥ ãáâ®©ç¨¢®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨�¥¨î ®á®¡ëå â®ç¥ª á¨áâ¥¬ë[4{6℄.Ǒãáâì (x1, y1) | ®á®¡ ï â®çª  á¨áâ¥¬ë (1), «¥� é ï ¢ ¯¥à¢®© ç¥â-¢¥àâ¨: x1 > 0, y1 > 0. � áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî «¨¥©ãî á¨áâ¥-¬ã ¤«ï (1): { _x = (g − d1)x+ d1y,_y = d2x+ (a− d2 − 2cy1)y. (2)� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (2)
λ2 − (g − d1 + a− d2 − 2cy1)λ+ (g − d1)(a− d2 − 2cy1)− d1d2 = 0 (3)¨¬¥¥â ¤¨áªà¨¬¨ â
D = (g − d1 + a− d2 − 2cy1)2 − 4(g − d1)(a− d2 − 2cy1) + 4d1d2,

D = (g − d1 − a+ d2 + 2cy1)2 + 4d1d2 > 0. (4)�«¥¤®¢ â¥«ì®, ¢ á¨áâ¥¬¥ (1) ¥â ®á®¡ëå â®ç¥ª â¨¯  ä®ªãá  ¨ æ¥-âà . �à®¬¥ â®£®, ª®«¨ç¥áâ¢® ®á®¡ëå â®ç¥ª á¨áâ¥¬ë (1) ¬®�¥â à ¢ïâì-áï 0, 1, 2.2. �âáãâáâ¢¨¥ ¤®¡ëç¨. Ǒãáâì ¢ (1) b = 0. �â® ¯à¥¤¯®«®�¥¨¥ ¥¢«¨ï¥â   å à ªâ¥à à á¯®«®�¥¨ï âà ¥ªâ®à¨© á¨áâ¥¬ë, ª®â®à ï ¨¬¥¥â



108 �¥®®¢ �. �., �à®ä¨¬æ¥¢ �. �.¤¢¥ ®á®¡ë¥ â®çª¨ |  ç «® ª®®à¤¨ â ¨ ¢â®àãî á ª®®à¤¨ â ¬¨
x = d1y

d1 − g
, y = a

c
+ d2g
c(d1 − g) . (5)� áá¬®âà¨¬ âà¨ ¢®§¬®�ëå á«ãç ï.1. Ǒà¨ d1 − g = 0 ¨¬¥¥¬ â®«ìª® ®¤ã ®á®¡ãî â®çªã (0, 0) ¨ å à ª-â¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ «¨¥ à¨§®¢ ®© á¨áâ¥¬ë

λ2 − (a− d2)λ− d2g = 0.�£® ª®à¨ λ1,2 = 12 (a−d2±√(a− d2)2 + 4d2g) | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« à §ëå § ª®¢. �á®¡ ï â®çª  (0, 0) | á¥¤«®.2. Ǒà¨ d1 − g < 0 á¨áâ¥¬  ¨¬¥¥â ¢ ¯¥à¢®© ç¥â¢¥àâ¨ â®«ìª® ®á®¡ãîâ®çªã (0, 0), â¨¯ ª®â®à®© ®¯à¥¤¥«ï«áï § ª ¬¨ ª®à¥© å à ªâ¥à¨áâ¨ç¥-áª®£® ãà ¢¥¨ï
λ2 − [(g − d1) + (a− d2)℄λ+ (g − d1)(a− d2)− d1d2 = 0, (6)

λ1,2 = 12{(g − d1) + (a− d2)
±
√[(g − d1) + (a− d2)℄2 − 4(g − d1)(a− d2) + 4d1d2}. (7)�¨áªà¨¬¨ â å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï[(g − d1) + (a− d2)℄2 − 4(g − d1)(a− d2) + 4d1d2= [(g − d1)− (a− d2)℄2 + 4d1d2 > 0,á«¥¤®¢ â¥«ì®, ª®à¨ ãà ¢¥¨ï | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« . Ǒà¥®¡à §ã-¥¬ ¢ ¤¨áªà¨¬¨ â¥ ¢ëç¨â ¥¬®¥:(g − d1)(a− d2)− d1d2 = a(g − d1)− gd2.� § ¢¨á¨¬®áâ¨ ®â § ª  ¯®«ãç¥®£® ¢ëà �¥¨ï ¢®§¬®�ë á«¥¤ã-îé¨¥ ¢ à¨ âë.( ) a(d1 − g) + gd2 < 0. Ǒà¥®¡à §ãï ¯¥à¢® ç «ì®¥ ¥à ¢¥áâ¢® ª¢¨¤ã g(a − d2) > ad1, ¯®«ãç ¥¬ d2 − a < 0. � ª¨¬ ®¡à §®¬, (g − d1) +(a− d2) > 0. �à®¬¥ â®£®,

√[(g − d1) + (a− d2)℄2 − 4(g − d1)(a− d2) + 4d1d2 < (g − d1) + (a− d2).
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�¨á. 1. �á®¡ ï â®çª  (0; 0) | ¥ãáâ®©ç¨¢ë© ã§¥« (b = 0, c = 0, a = g = 6,
d1 = d2 = 1.5).�®£¤  ®¡  ª®àï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¯®«®�¨â¥«ìë ¨ ®á®-¡ ï â®çª  (0, 0) ï¢«ï¥âáï ¥ãáâ®©ç¨¢ë¬ ã§«®¬ (à¨á. 1).(¡) a(d1 − g) + gd2 > 0. �«¥¤®¢ â¥«ì®,

√[(g − d1) + (a− d2)℄2 − 4(g − d1)(a− d2) + 4d1d2
> (g − d1) + (a− d2). (8)�®£¤  ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¨¬¥îâ à §ë¥ § ª¨. � -ç «® ª®®à¤¨ â | á¥¤«® (à¨á. 2).(¢) a(d1 − g) + gd2 = 0. � íâ®¬ á«ãç ¥ ®á®¡ ï â®çª  (0, 0) ï¢«ï¥â-áï ¢ëà®�¤¥ë¬ ã§«®¬ (à¨á. 3), â ª ª ª ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®£®ãà ¢¥¨ï â ª¨¥: λ1 = 0, λ2 = (g − d1) + (a− d2) > 0.3. Ǒà¨ d1−g > 0 ¢ ¯¥à¢®© ç¥â¢¥àâ¨ áãé¥áâ¢ãîâ ¤¢¥ ®á®¡ë¥ â®çª¨.� ç «® ª®®à¤¨ â ï¢«ï¥âáï á¥¤«®¬, çâ® á«¥¤ã¥â ¨§ ¢ëà �¥¨© (6){(8).�® ¢â®à®© ®á®¡®© â®çª¥ ¨¬¥¥¬ ãáâ®©ç¨¢ë© ã§¥« (à¨á. 4).3. �á®¢®© á«ãç ©. Ǒãáâì â¥¯¥àì ¢á¥ ª®íää¨æ¨¥âë á¨áâ¥¬ë
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�¨á. 2. �á®¡ ï â®çª  (0; 0) | á¥¤«® (b = 0, c = 0, a = g = 2, d1 = d2 = 3).

�¨á. 3. �á®¡ ï â®çª  (0; 0) | ¢ëà®�¤¥ë© ã§¥« (b = 0, c = 0, a = g = 4,
d1 = d2 = 2).
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�¨á. 4. �á®¡ ï â®çª  (0; 0) | á¥¤«®; (0.7, 0.4) | ãáâ®©ç¨¢ë© ã§¥« (b = 0,
c = 2, a = g = 0.5, d1 = d2 = 3).¥ à ¢ë ã«î. Ǒà¨ b > 0 á¨áâ¥¬  (1) ¨¬¥¥â ®á®¡ë¥ â®çª¨ â¥å �¥ â¨¯®¢,çâ® ¨ ¢ á«ãç ¥, à áá¬®âà¥®¬ ¢ëè¥. �¤ ª® ®¨ ¬®£ãâ ¯¥à¥¬¥áâ¨âìáï¨§ ¯¥à¢®© ç¥â¢¥àâ¨. � áá¬®âà¨¬ ãà ¢¥¨ï ¤«ï  å®�¤¥¨ï ®á®¡ëåâ®ç¥ª: {

gx+ d1(y − x)− b = 0,
ay + d2(x− y)− cy2 = 0.�á®¡ë¥ â®çª¨ | íâ® â®çª¨ ¯¥à¥á¥ç¥¨ï ¯àï¬®©
x = d1y

d1 − g
− b

d1 − g
(9)¨ ¯ à ¡®«ë

x = c

d2 y2 + d2 − a

d2 y = c

d2 (y + d2 − a2c )2
− (d2 − a)24cd2 .� § ¢¨á¨¬®áâ¨ ®â § ª®¢ à §®áâ¥© d1 − g ¨ d2 − a ¨¬¥¥¬ á«¥¤ãîé¨¥á«ãç ¨.1. d1 − g = 0. �¨áâ¥¬  (1) ¨¬¥¥â ®á®¡ãî â®çªã á ª®®à¤¨ â ¬¨

x = b(d2 − a)
d1d2 + cb2

d21d2 , y = b

d1 .
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�¨á. 5.Ǒà¨ d2 − a > 0 ¨ ¯à¨ d2 − a < 0, b >
d1(a−d2)

c ®á®¡ ï â®çª  | á¥¤«®.Ǒà¨ d2 − a < 0, b < d1(a−d2)
c ®á®¡ëå â®ç¥ª ¥â.2. d1 − g < 0.(a) d2 − a < 0. �¥®¬¥âà¨ç¥áª¨ (à¨á. 5) ¯®«ãç ¥¬, çâ® ¯à¨
b 6

(a− d2)(d1 − g)2
cd1á¨áâ¥¬  (1) ¨¬¥¥â ®¤ã ®á®¡ãî â®çªã | ¥ãáâ®©ç¨¢ë© ã§¥«. Ǒà¨

b >
(a− d2)(d1 − g)2

cd1®á®¡ëå â®ç¥ª ¥â.(b) d2 − a > 0. �¨áâ¥¬  (1) ¨¬¥¥â ®¤ã ®á®¡ãî â®çªã | ¥ãáâ®©-ç¨¢ë© ã§¥« (à¨á. 6).3. d1 − g > 0.�«ï ®¯à¥¤¥«¥¨ï ª®®à¤¨ â ®á®¡ëå â®ç¥ª ¨¬¥¥¬ ãà ¢¥¨¥
y2 − ad1 + gd2 − ag

c(d1 − g) y + bd2
c(d1 − g) = 0, (10)ª®®à¤¨ â  x § ¤ ¥âáï ¢ëà �¥¨¥¬ (9). �¨áªà¨¬¨ â ãà ¢¥¨ï (10)à ¢¥ (ad1 + gd2 − ag)24c2(d1 − g)2 − bd2
c(d1 − g) ,
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�¨á. 6.®â ¥£® § ª  § ¢¨á¨â ª®«¨ç¥áâ¢® ®á®¡ëå â®ç¥ª. �à®¬¥ â®£®, íâ® ª®«¨-ç¥áâ¢® § ¢¨á¨â ®â § ç¥¨ï à §®áâ¨ d1y − b, ¢å®¤ïé¥© ¢ (9), ¯à¨ç¥¬¢¥«¨ç¨  y ®¯à¥¤¥«ï¥âáï ¨§ (10).�¢¥¤¥¬ ®¡®§ ç¥¨¥
D = (ad1 + gd2 − ag)24cd2(d1 − g) . (11)�á«¨ b > D, â® ã á¨áâ¥¬ë (1) ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ¥â ®á®¡ëå â®ç¥ª.�á«¨ b = D, â® ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ®¤  ®á®¡ ï â®çª  | á¥¤«® ¯à¨

d2 − a > 0 ¨ d2 − a < 0, (a− d2)(d1 − g) 6 d1d2 (à¨á. 7).�á«¨ d2 − a < 0, (a − d2)(d1 − g) > d1d2, â® ®á®¡ëå â®ç¥ª á¨áâ¥¬ ¥ ¨¬¥¥â.�á«¨ b < D, â® á¨áâ¥¬  ¨¬¥¥â:
• ¤¢¥ ®á®¡ë¥ â®çª¨ | á¥¤«® ¨ ãáâ®©ç¨¢ë© ã§¥« | ¢ á«¥¤ãîé¨åá«ãç ïå:

d2 − a > 0; (a− d2)(d1 − g) < d1d2, b >
d1(a− d2)

c
;(a− d2)(d1 − g) > d1d2, d1(a− d2)

c
< b <

d1(ad1 + gd2 − ag)2c(d1 − g) ;
• ®¤ã ®á®¡ãî â®çªã | ãáâ®©ç¨¢ë© ã§¥«, ¥á«¨(a− d2)(d1 − g) < d1d2, b <

d1(a− d2)
c

;
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�¨á. 7. �á®¡ ï â®çª  (0.3; 0.9) | á¥¤«®; (b = 2.6, c = 0, a = g = 2,
d1 = d2 = 3).(a− d2)(d1 − g) > d1d2, b 6

d1(a− d2)
c

;(a− d2)(d1 − g) = d1d2, b = d1(ad1 + gd2 − ag)2c(d1 − g) ;
• ¯à¨ d1(ad1+gd2−ag)2c(d1−g) < b ®á®¡ëå â®ç¥ª á¨áâ¥¬ë (1) ¢ ¯¥à¢®© ç¥â¢¥à-â¨ ¥â.4. � áâë¥ á«ãç ¨. �â®ç¨¬ ¨ ®¡®¡é¨¬ ¥ª®â®àë¥ à¥§ã«ìâ âëà ¡®â [7, 8℄. � áá¬®âà¨¬ á«ãç ©, ª®£¤  ç áâì  à¥ «  ®¡¨â ¨ï ¯®¯ã-«ïæ¨¨ áâ ®¢¨âáï ®åà ï¥¬®© â¥àà¨â®à¨¥©,  ¯à¨¬¥à ¯à¨ ®åà ¥ ¬¥áâ¥à¥áâ  àë¡ë. �®£¤  ¢ á¨áâ¥¬¥ (1) ¬®�® ¯à¨ïâì a = g ¨ d1 = d2. �§®á®¢®£® à áá¬®âà¥¨ï ¯®«ãç ¥¬:
• ¥á«¨ d − a = 0, â® á¨áâ¥¬  ¨¬¥¥â ®¤ã ®á®¡ãî â®çªã x = cb2

d3 ,
y = b

d | á¥¤«®;
• ¥á«¨ d− a < 0, â® á¨áâ¥¬  ¨¬¥¥â ®¤ã ®á®¡ãî â®çªã | ¥ãáâ®©-ç¨¢ë© ã§¥« | ¯à¨ b 6

(a−d)3
cd , ¯à¨ b > (a−d)3

cd ®á®¡ëå â®ç¥ª ¥â;
• ¥á«¨ d− a > 0, â® ¢ á¨áâ¥¬¥ ¥â ®á®¡ëå â®ç¥ª ¯à¨ b > D1;
• ®¤  ®á®¡ ï â®çª  | á¥¤«® | ¯à¨ b = D1;
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�¨á. 8. �á®¡ ï â®çª  (0.3; 0.9) | ãáâ®©ç¨¢ë© ã§¥«; (b = 0.6, c = 1, a = 1, 9,
g = −1, d = 1).
• ¤¢¥ ®á®¡ë¥ â®çª¨ | á¥¤«® ¨ ãáâ®©ç¨¢ë© ã§¥« | ¯à¨ b < D1.�¤¥áì D1 = a2(2d−a)24cd(d−a) ¯®«ãç ¥¬ ¨§ (11).�á«¨ ¢®ááâ  ¢«¨¢ ¥âáï ¢ë¬¨à îé ï ¯®¯ã«ïæ¨ï (g < 0), â® ¢®§-¬®�¥ â®«ìª® á«ãç © 3 ¯. 3 à áá¬®âà¥¨ï.� ª®¥æ, à áá¬®âà¨¬ ¢®§¬®�®áâì ¨áªãáâ¢¥®£® ¢®ááâ ®¢«¥¨ï¯®¯ã«ïæ¨¨, ª®£¤  ®¤  ¥¥ ç áâì ¯®¯®«ï¥âáï ¨§ ¤àã£®© ¡¥§ ®¡¬¥ . �¨-áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯à¨®¡à¥â ¥â ¢¨¤

{ _x = gx+ dy − b,_y = ay − dy − cy2. (12)�¬¥îâ ¬¥áâ® ¢á¥ ¯à¥¤¯®«®�¥¨ï, á¤¥« ë¥ ®â®á¨â¥«ì® ª®íää¨æ¨-¥â®¢ á¨áâ¥¬ë (1). � áá¬®âà¨¬ á«¥¤ãîé¨¥ á«ãç ¨.1. b = 0. �¨áâ¥¬  (12) ¨¬¥¥â ¤¢¥ ®á®¡ë¥ â®çª¨ |  ç «® ª®®à¤¨ â¨ â®çªã á ª®®à¤¨ â ¬¨
x = −dy

g
, y = a− d

c
.�ãé¥áâ¢ã¥â «¨èì ®¤  ®á®¡ ï â®çª  (0, 0): ¥ãáâ®©ç¨¢ë© ã§¥« ¯à¨ d−

a < 0, g > 0; á¥¤«®, ¥á«¨ d − a > 0, g > 0; ãáâ®©ç¨¢ë© ã§¥«, ¥á«¨
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d − a > 0, g < 0. Ǒà¨ g = a − d 6= 0 ¨¬¥¥¬ ¢ëà®�¤¥ë© ã§¥«. �á«¨
g = 0, â® áãé¥áâ¢ãîâ á®áâ®ï¨ï à ¢®¢¥á¨ï ¢¨¤  x = x0, y = 0. Ǒà¨
g > 0, a = d  ç «® ª®®à¤¨ â ï¢«ï¥âáï ®á®¡®© â®çª®© â¨¯  á¥¤«®-ã§¥«(¢ ¯¥à¢®© ç¥â¢¥àâ¨ ¢ë£«ï¤¨â ª ª á¥¤«®).�¢¥ ®á®¡ë¥ â®çª¨ | ãáâ®©ç¨¢ë© ã§¥« ¨ á¥¤«® | ¨¬¥îâ ¬¥áâ® ¯à¨¢ë¯®«¥¨¨ ãá«®¢¨© d− a < 0, g < 0.2. c = 0. Ǒà¨ g > 0 áãé¥áâ¢ã¥â ®¤  ®á®¡ ï â®çª  x = b

g , y = 0,®¡« ¤ îé ï á¢®©áâ¢ ¬¨ ®á®¡®© â®çª¨ (0, 0) ¨§ á«ãç ï 1. Ǒà¨ g < 0®á®¡ëå â®ç¥ª ¥â.3. �®£¤  b > 0, ¢ á¨áâ¥¬¥ ¬®�¥â ¨¬¥âìáï ¤¢¥ ®á®¡ë¥ â®çª¨: ¯¥à¢ ïá ª®®à¤¨ â ¬¨ x = b
g , y = 0 ¨ ¢â®à ï á ª®®à¤¨ â ¬¨
x = b

g
− dy

g
, y = a− d

c
.� ¯¥à¢®© ç¥â¢¥àâ¨ ¥â ®á®¡ëå â®ç¥ª ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨©

d− a < 0, g < 0, b > d(a−d)
c ¨«¨ d− a > 0, g < 0.�¤  ®á®¡ ï â®çª  «¥�¨â ¢ ¯¥à¢®© ç¥â¢¥àâ¨, ¥á«¨ d− a < 0, g < 0,

b 6
d(a−d)

c (¢â®à ï ®á®¡ ï â®çª  | ãáâ®©ç¨¢ë© ã§¥« (à¨á. 8)) ¨«¨
d − a < 0, g > 0, b < d(a−d)

c (¯¥à¢ ï ®á®¡ ï â®çª  | ¥ãáâ®©ç¨¢ë©ã§¥«), ¨«¨ d− a > 0, g > 0 (¯¥à¢ ï ®á®¡ ï â®çª  | á¥¤«®).�¢¥ ®á®¡ë¥ â®çª¨ | ¥ãáâ®©ç¨¢ë© ã§¥« ¨ á¥¤«® | ¨¬¥îâ ¬¥áâ®¯à¨ d− a < 0, g > 0, b >
d(a−d)

c .5. � ª«îç¥¨¥. Ǒ® à¥§ã«ìâ â ¬ ¯à®¢¥¤¥®£® ¨áá«¥¤®¢ ¨ï¬®�® á¤¥« âì á«¥¤ãîé¨¥ ¢ë¢®¤ë.1. � §¡¨¥¨¥ ¯®¯ã«ïæ¨¨   ¤¢¥ ç áâ¨ ¯à¨¢®¤¨â ª ã¢¥«¨ç¥¨î ¥®¯à¥-¤¥«¥®áâ¨ ¯à¨ ¯à®£®§¥ ¢®§¬®�®£® à §¢¨â¨ï ¢á¥© ¯®¯ã«ïæ¨¨. Ǒà¨®à£ ¨§ æ¨¨ ®åà ï¥¬®© â¥àà¨â®à¨¨ �¥« â¥«ì®, çâ®¡ë ®  ¯®«®-áâìî ¢ª«îç «  ¢ á¥¡ï  à¥ « ®¡¨â ¨ï ®åà ï¥¬®© ¯®¯ã«ïæ¨¨.2. � ¯®¬®éìî ®åà ï¥¬ëå â¥àà¨â®à¨© ¢®§¬®�® ã¢¥«¨ç¥¨¥ ®¡-é¥© ç¨á«¥®áâ¨ ¯®¯ã«ïæ¨¨. �¤ ª® áãé¥áâ¢ãîâ ¨ ¯à¥¤¥«ìë¥ á«ã-ç ¨, § ¢¨áïé¨¥ ®â  ç «ìëå ç¨á«¥®áâ¥© ¤¢ãå ç áâ¥© ¯®¯ã«ïæ¨©,ª®£¤  ¢®áâ ®¢«¥¨¥ ¥®åà ï¥¬®© ç áâ¨ ¯®¯ã«ïæ¨¨ ¥¢®§¬®�®.



�á®¡ë¥ â®çª¨ ¨ ¡¨äãàª æ¨®ë¥ ¯ à ¬¥âàë 1173. �«ï ®à£ ¨§ æ¨¨ ®åà ï¥¬ëå â¥àà¨â®à¨© ®á®¢®© ¯à¨ç¨®©¬®�®  §¢ âì ®âà¨æ â¥«ì®¥, ã«¥¢®¥ ¨«¨ ¬ «®¥ ¯®«®�¨â¥«ì®¥ § -ç¥¨ï ª®íää¨æ¨¥â  à®áâ  ¯®¯ã«ïæ¨¨ g.4. �á«¨ ¯à®¬ëá¥« ¥®åà ï¥¬®© ç áâ¨ ¯®¯ã«ïæ¨¨ ¢¥¤¥âáï ¯à®¯®à-æ¨® «ì® ¥¥ ç¨á«¥®áâ¨: f(x) = bx (á¬.,  ¯à¨¬¥à, [9℄), â® ç¨á«®¡¨äãàª æ¨®ëå ¯ à ¬¥âà®¢ ¢ á¨áâ¥¬¥ ã¬¥ìè ¥âáï.5. �¬¥ìè ¥âáï ¥®¯à¥¤¥«¥®áâì ¢ ¯à®£®§¥ ¨ ¯à¨ ¢®ááâ ®¢«¥¨¨¢ë¬¨à îé¥© ¯®¯ã«ïæ¨¨ (g < 0).6. �¨¤ë ä §®¢ëå ¯®àâà¥â®¢ âà ¥ªâ®à¨© á¨áâ¥¬ë (12) ¢ á«ãç ¥ ¨á-ªãááâ¢¥®£® ¢®ááâ ®¢«¥¨ï ¯®¯ã«ïæ¨¨ ¥ ¢á¥£¤  á®¢¯ ¤ îâ á ä §®-¢ë¬¨ ¯®àâà¥â ¬¨ á¨áâ¥¬ë (1).7. �®íää¨æ¨¥â ª®ªãà¥æ¨¨ c áãé¥áâ¢¥® ¬¥ìè¥ ª®íää¨æ¨¥-â  a.8. Ǒà¨ ®âáãâáâ¢¨¨ ª®ªãà¥æ¨¨ (c = 0) ã¢¥«¨ç¥¨¥ ª®íää¨æ¨¥â ¤®¡ëç¨ b ®â®¤¢¨£ ¥â ®á®¡ãî â®çªã ®â  ç «  ª®®à¤¨ â. � íâ®¬ á«ã-ç ¥ ã¢¥«¨ç¨¢ ¥âáï ¢®§¬®�®áâì ¢ë¬¨à ¨ï ¥®åà ï¥¬®© ç áâ¨ ¯®¯ã-«ïæ¨¨.9. � ®¡é¥¬ á«ãç ¥ (c 6= 0, b 6= 0) ã¢¥«¨ç¥¨¥ ª®íää¨æ¨¥â  ª®ªã-à¥æ¨¨ c ¯à¨¡«¨� ¥â ãáâ®©ç¨¢ë© ã§¥« ª  ç «ã ª®®à¤¨ â. �¥¬ á ¬ë¬ç¨á«¥®áâì ®¡¥¨å ç áâ¥© ¯®¯ã«ïæ¨¨ áâ ¡¨«¨§¨àã¥âáï   ¡®«¥¥ ¨§ª®¬ãà®¢¥.10. � á¨áâ¥¬ å (1) ¨ (12) ¢®§¬®�ë ®á®¡ë¥ â®çª¨ â¨¯  ¥ãáâ®©ç¨-¢ë© ã§¥«, ãáâ®©ç¨¢ë© ã§¥«, ¢ëà®�¤¥ë© ã§¥« ¨ á¥¤«®. Ǒà¨  «¨ç¨¨ ¢¯¥à¢®© ç¥â¢¥àâ¨ ¤¢ãå ®á®¡ëå â®ç¥ª ¯®«ãç ¥¬ á®ç¥â ¨¥ á¥¤«  ¨ ãáâ®©-ç¨¢®£® ã§«  ¤«ï á¨áâ¥¬ (1) ¨ (12),   â ª�¥ á¥¤«  ¨ ¥ãáâ®©ç¨¢®£® ã§« ¤«ï á¨áâ¥¬ë (12).11. � à áá¬ âà¨¢ ¥¬ëå á¨áâ¥¬ å ¥â ®á®¡ëå â®ç¥ª â¨¯  æ¥âà ¨ä®ªãá. �â® ®§ ç ¥â, çâ® ¢ ç¨á«¥®áâ¨ ¯®¯ã«ïæ¨© ¯¥à¨®¤¨ç¥áª¨¥ ª®-«¥¡ ¨ï ®âáãâáâ¢ãîâ. �¨á«¥®áâì ¯®¯ã«ïæ¨¨ «¨¡® ¢®§à áâ ¥â (ã¡ë-¢ ¥â), «¨¡® á® ¢à¥¬¥¥¬ áâ ¡¨«¨§¨àã¥âáï.12. Ǒà¨ b = 0 ¢¨¤ë ä §®¢ëå ¯®àâà¥â®¢ âà ¥ªâ®à¨© á¨áâ¥¬ë (1)§ ¢¨áïâ ®â § ª  ¡¨äãàª æ¨®®£® ¯ à ¬¥âà  a(d1 − g) + gd2. � á¢®î



118 �¥®®¢ �. �., �à®ä¨¬æ¥¢ �. �.®ç¥à¥¤ì, § ª ¯ à ¬¥âà  § ¢¨á¨â ®â § ª®¢ à §®áâ¥© d1 − g ¨ d2 − a.�á«¨ d1 − g > 0, â® ¢®§¬®�  áâ ¡¨«¨§ æ¨ï ç¨á«¥®áâ¥© ®¡¥¨å ç áâ¥©¯®¯ã«ïæ¨¨.13. Ǒà¨ b 6= 0 ª®«¨ç¥áâ¢® ®á®¡ëå â®ç¥ª ¢ (1) § ¢¨á¨â ®â ¢¥«¨ç¨ëª®íää¨æ¨¥â  b. �¨äãàª æ¨®ë© ¯ à ¬¥âà ¨¬¥¥â ¢¨¤ (a − d2)(d1 −
g)− d1d2 ¨ ®¯ïâì-â ª¨ § ¢¨á¨â ®â § ª®¢ à §®áâ¥© d1 − g ¨ d2 − a.14. � á¨áâ¥¬¥ (12) ¡¨äãàª æ¨®ë¬¨ ¯ à ¬¥âà ¬¨ ï¢«ïîâáï ¢¥-«¨ç¨ë g, d− a, b− d(a−d)

c .15. � ï § ç¥¨ï ª®íää¨æ¨¥â®¢ g, a, c, d1, d2, ¬®�® ¢ë¡à âìâ ª®¥ § ç¥¨¥ äãªæ¨¨ ¤®¡ëç¨ (¯ à ¬¥âà  b), çâ®¡ë ¯® ¨¬¥îé¨¬áïãá«®¢¨ï¬ ¤«ï b ®¯à¥¤¥«¨âì ¥®¡å®¤¨¬ë© á«ãç © ¤ «ì¥©è¥£® à §¢¨â¨ï¯®¯ã«ïæ¨¨.�¢â®àë ¢ëà � îâ £«ã¡®ªãî ¡« £®¤ à®áâì �. �. �®äà®®¢ã ¨�. Ǒ. �à¨£®àì¥¢ã §  æ¥ë¥ § ¬¥ç ¨ï, á¯®á®¡áâ¢®¢ ¢è¨¥ ã«ãçè¥¨îà ¡®âë. ����������1. �¨§¨ç¥ª® �. �. � â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¢ íª®«®£¨¨. �.; ��¥¢áª: �§¤-¢®���, 2002.2. �¥¤®à®¢ �. �., �¨«ì¬ ®¢ �. �. �ª®«®£¨ï. �.: �§¤-¢® ���, 1980.3. � á¨«ìç¥ª® �. �., �¥à¬¥«ìèâ¥© �. �. � ¢«¨ï¨¨ ¥¤®áâã¯ëå ¤«ï å¨é¨-ª  ãç áâª®¢   ¤¨ ¬¨ªã á¨áâ¥¬ë ýå¨é¨ª-�¥àâ¢ þ // � â¥¬ â¨ç¥áª®¥ ¬®¤¥-«¨à®¢ ¨¥ ¢ ¯à®¡«¥¬ å à æ¨® «ì®£® ¯à¨à®¤®¯®«ì§®¢ ¨ï: �¥§. ¤®ª«. XVIIèª®«ë-á¥¬¨ à . �®áâ®¢- -�®ã: �§¤-¢® ���, 1989. �. 59.4. �ï¯ã®¢ �. �. �¡é ï § ¤ ç  ®¡ ãáâ®©ç¨¢®áâ¨ ¤¢¨�¥¨ï. �.: �§¤-¢® ���, 1963.5. �¥¬¨¤®¢¨ç �. Ǒ. �¥ªæ¨¨ ¯® ¬ â¥¬ â¨ç¥áª®© â¥®à¨¨ ãáâ®©ç¨¢®áâ¨. �.: � ãª ,1967.6. �¡ëª®¢¥ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢ ¯à¨¬¥à å ¨ § ¤ ç å / �. Ǒ. �à¨-£®àì¥¢, �. �. Ǒ®«®¢¨ª¨, �. �. �®¬ ®¢ , �. �. �®äà®®¢, �. �. �à®ä¨¬æ¥¢.�.: �ã§®¢áª ï ª¨£ , 2006.7. �®ªâ®à®¢  �. �. � §¢¨â¨¥ ¯®¯ã«ïæ¨¨ ¯à¨  «¨ç¨¨ ®åà ï¥¬®© â¥àà¨â®à¨¨ //� â¥à¨ «ë�¥�¤ã à.  ãçëå çâ¥¨© ýǑà¨¬®àáª¨¥ §®à¨-2007þ. �« ¤¨¢®áâ®ª:�§¤-¢® �����, 2007. �ë¯. 1. �. 131{134.8. �®«áâ¨å¨ �. �., �à®ä¨¬æ¥¢ �. �. �ª®«®£¨ç¥áª¨© ¬¥¥¤�¬¥â. �®¢®á¨¡¨àáª:� ãª , 1998.9. �à®«ì¤ �. �. �¥®à¨ï ª â áâà®ä. �.: � ãª , 1990.£. �ªãâáª 9  ¯à¥«ï 2008 £.



��� 678.029.43������������� Ǒ����������������� �������� ����������Ǒ��������� ���� Ǒ�� ���������Ǒ��������∗)�. Ǒ. �â à®áâ¨, �. �. �¬¬®á®¢ �¢¥¤¥¨¥. �â ¯ ®á ¤ª¨ |  ¨¡®«¥¥ ¢ �ë© ¯à®æ¥áá ¯à¨ â¥¯«®-¢®© á¢ àª¥ ¢áâëª ¯®«¨íâ¨«¥®¢ëå âàã¡, ä®à¬¨àãîé¨© á¢ à®¥ á®¥¤¨-¥¨¥. Ǒà¨ ®á ¤ª¥ á¢ à¨¢ ¥¬ë¥ ¤¥â «¨ ®¯« ¢«¥ë¬¨ ¯®¢¥àå®áâï¬¨á¡«¨� îâáï ¯®¤ ¤ ¢«¥¨¥¬, á®§¤ ¢ ï ä¨§¨ç¥áª¨© ª®â ªâ. � à¥§ã«ìâ -â¥ á¡«¨�¥¨ï ®¯« ¢«¥ëå â®àæ®¢ ç áâì ®¯« ¢«¥®£® ¬ â¥à¨ «  ¢ë-â¥ª ¥â  àã�ã, ®¡à §ãï £à â (à¨á. 1). �¥«¨ç¨  ¤ ¢«¥¨ï ¨ áª®à®áâì®á ¤ª¨ ¯à¨ á¢ àª¥ ¤®«�ë ®¡¥á¯¥ç¨¢ âì ¯®«ë© ¯¥à¥®á ¨§ §®ë áâëª ¢ £à â ¢á¥å ¨£à¥¤¨¥â®¢ (£ §®¢ë¥ ¯à®á«®©ª¨, ®ª¨á«¥ë¥ á«®¨), ¯à¥-¯ïâáâ¢ãîé¨å ¢§ ¨¬®¤¥©áâ¢¨î ¬ ªà®¬®«¥ªã«   ¯®¢¥àå®áâïå á¢ à¨¢ -¥¬ëå ¤¥â «¥© ¨ ¯®«ãç¥¨î ¢ëá®ª®ª ç¥áâ¢¥®£® á¢ à®£® á®¥¤¨¥¨ï.�  ¢à¥¬ï ¢ë¤¥à�ª¨ ¯®¤ ¤ ¢«¥¨¥¬ ®á ¤ª¨ ¢ áâëª¥ ¯à®¨áå®¤ïâ á«®�-ë¥ ¯à®æ¥ááë ®¡à §®¢ ¨ï  ¤¬®«¥ªã«ïàëå áâàãªâãà, å à ªâ¥à ª®-â®àëå ¢ § ç¨â¥«ì®© áâ¥¯¥¨ ®¯à¥¤¥«ï¥â ä¨§¨ª®-¬¥å ¨ç¥áª¨¥ á¢®©-áâ¢  á¢ à®£® á®¥¤¨¥¨ï. Ǒ® ¬¥à¥ ®å« �¤¥¨ï à á¯« ¢  ¯ à ««¥«ì®®à¨¥â¨à®¢ ë¥ á¥£¬¥âë ¬ ªà®¬®«¥ªã«ïàëå æ¥¯¥© ®¡ê¥¤¨ïîâáï ¢ áá®æ¨ æ¨¨, ®¡à §ãï ªà¨áâ ««¨ç¥áª¨¥ ®¡« áâ¨. �áâ ¢è ïáï ç áâì ¬ ª-à®¬®«¥ªã« ¢å®¤¨â ¢ á®áâ ¢  ¬®àä®© ä §ë. �¤®¢à¥¬¥® ¢ è¢¥  -à áâ îâ ®áâ â®çë¥ â¥¬¯¥à âãàë¥  ¯àï�¥¨ï, ¢ë§¢ ë¥ ãá ¤ª®©
∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥-â «ìëå ¨áá«¥¤®¢ ¨© (ª®¤ ¯à®¥ªâ  06{08{96000) ¨ �®¤  á®¤¥©áâ¢¨ï ®â¥ç¥-áâ¢¥®©  ãª¥.© 2008 �â à®áâ¨ �. Ǒ., �¬¬®á®¢  �. �.
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�¨á. 1. �â¥ª  âàã¡ë   íâ ¯¥ ®á ¤ª¨ (à §à¥§): 1 | £à â; 2 | ®¡« áâìãå®¤ïé ï ¢ £à â.¬ â¥à¨ « .�â¥à¢ « ªà¨áâ ««¨§ æ¨¨ | â¥¬¯¥à âãà ï ®¡« áâì ¬¥�¤ã â®ç-ª ¬¨ ¯« ¢«¥¨ï ¨ â¥¬¯¥à âãà®© áâ¥ª«®¢ ¨ï. �«ï ¯®«¨íâ¨«¥  ®¯â¨-¬ «ì®© â¥¬¯¥à âãà®© ªà¨áâ ««¨§ æ¨¨ ï¢«ï¥âáï ¨â¥à¢ « 125{80◦C.�â áâ¥¯¥¨ ªà¨áâ ««¨ç®áâ¨ ¨ à §¬¥à®¢  ¤¬®«¥ªã«ïàëå ®¡à §®¢ -¨© § ¢¨á¨â ¯« áâ¨ç®áâì Ǒ� âàã¡. � á¢®î ®ç¥à¥¤ì, áâ¥¯¥ì ªà¨áâ «-«¨ç®áâ¨ ¯®«¨¬¥à  § ¢¨á¨â ®â à¥�¨¬  ®å« �¤¥¨ï. �á«¨ áª®à®áâì®å« �¤¥¨ï ¡®«ìè ï, â® æ¥âà®¢ ªà¨áâ ««¨§ æ¨¨ ®¡à §ã¥âáï ¬®£® ¨¨å à®áâ ¯à®¨áå®¤¨â ¬¥¤«¥®, ¯à¨ íâ®¬ ®¡à §ã¥âáï ¬¥«ª®ªà¨áâ ««¨-ç¥áª ï áâàãªâãà , ®¡ãá« ¢«¨¢ îé ï ¯« áâ¨ç®áâì ¯®«¨íâ¨«¥ . Ǒà¨¬¥¤«¥®¬ ®å« �¤¥¨¨ à á¯« ¢ ä®à¬¨àã¥âáï ªàã¯®ªà¨áâ ««¨ç¥áª ïáâàãªâãà  ¬ â¥à¨ « ,  «¨ç¨¥ ª®â®à®© ã¢¥«¨ç¨¢ ¥â áª«®®áâì ¯®«¨-íâ¨«¥  ª åàã¯ª®¬ã à §àãè¥¨î.Ǒà®¢¥¤¥¨¥ íâ ¯  ®á ¤ª¨ ¯à¨ â¥¬¯¥à âãà¥ ®ªàã� îé¥£® ¢®§¤ãå (��) ¨�¥ à¥£« ¬¥â¨àã¥¬®© áª®à®áâì ®å« �¤¥¨ï á¢ à®£® á®¥¤¨¥-¨ï ¢®§à áâ ¥â. �«¨èª®¬ ¡ëáâà®¥ ®å« �¤¥¨¥ ¢ë§ë¢ ¥â ¢ §®¥ á¢ àª¨§ ç¨â¥«ìë¥ ¢ãâà¥¨¥  ¯àï�¥¨ï, ª®â®àë¥ ¥ ãá¯¥¢ îâ á£« �¨-¢ âìáï ¤® â®£®, ª ª ª è¢ ¬ ¯à¨ª« ¤ë¢ ¥âáï ¤®¯®«¨â¥«ìë¥ ¬®â �-ë¥  £àã§ª¨ [1℄. � ª�¥ ¯à¨ á«¨èª®¬ ¡ëáâà®¬ ®å« �¤¥¨¨ ¯à®æ¥ááªà¨áâ ««¨§ æ¨¨ ¬®�¥â ®¡®à¢ âìáï   ¯à®¬¥�ãâ®ç®© áâ ¤¨¨, â®£¤ ª ª ¯à¨ ä®à¬¨à®¢ ¨¨ áâàãªâãàë ¢ ãá«®¢¨ïå ¬¥¤«¥®£® ®å« �¤¥¨ï



�®¤¥«¨à®¢ ¨¥ ¯à®æ¥áá  ®å« �¤¥¨ï 121à §àãè¨¢è¨¥áï æ¥âàë ªà¨áâ ««¨§ æ¨¨ ãá¯¥¢ îâ ¢®ááâ  ¢«¨¢ âìáï[2℄. Ǒ®íâ®¬ã à¥£ã«¨à®¢ ¨¥ áª®à®áâ¨ ®å« �¤¥¨ï ¯à¨ â¥¬¯¥à âãà å�� ï¢«ï¥âáï  ªâã «ì®© ¯à®¡«¥¬®©. Ǒà¨ íâ®¬ ¥®¡å®¤¨¬® ¨áá«¥¤®-¢ âì â¥¬¯¥à âãà®¥ ¯®«¥ ¢ âàã¡¥ ¯à¨ ®á ¤ª¥. � ¨¡®«¥¥ ¯®«®¥ ¨áá«¥-¤®¢ ¨¥ ¬®�® ¯à®¢¥áâ¨ á ¯®¬®éìî ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ïâ¥¯«®¢®£® ¯à®æ¥áá .� â¥¬ â¨ç¥áª ï ¬®¤¥«ì. �¥áâ æ¨® à®¥ â¥¬¯¥à âãà®¥ ¯®«¥¢ á¢ à®¬ á®¥¤¨¥¨¨ ¯à¨ ®¯« ¢«¥¨¨ ¯®«ãç ¥âáï à¥è¥¨¥¬ ¬¥â®¤®¬ª®¥çëå à §®áâ¥© ¤¢ã¬¥à®© § ¤ ç¨ �â¥ä   ¢ æ¨«¨¤à¨ç¥áª¨å ª®-®à¤¨ â å. Ǒ®áâ ®¢ª  § ¤ ç¨ ¨ ¬¥â®¤ à¥è¥¨ï ¯à¨¢¥¤¥ë ¢ à ¡®â¥[3℄. Ǒà¥¥¡à¥£ ï ¯à®¤®«�¨â¥«ì®áâìî â¥å®«®£¨ç¥áª®© ¯ ã§ë ¨ ¢à¥-¬¥¥¬, § âà ç¨¢ ¥¬ë¬   â¥ç¥¨¥ à á¯« ¢  ¯à¨ ®á ¤ª¥, âàã¡ã áç¨â ¥¬ãª®à®ç¥®©   ¢¥«¨ç¨ã ®á ¤ª¨. �«ï ã¯à®é¥¨ï à áç¥â®¢ ¯à¨¨¬ -¥âáï ¤®¯ãé¥¨¥, çâ® ¯®¯¥à¥ç®¥ á¥ç¥¨¥ ®¡à §ãîé¥£®áï £à â  ¨¬¥¥â¯àï¬®ã£®«ìãî ä®à¬ã, ¯à¨ íâ®¬ âàã¡  ãª®à ç¨¢ ¥âáï (á¬. à¨á. 1).Ǒ®áª®«ìªã ¯à¨ ®¡à §®¢ ¨¨ £à â  ¢ëâ¥ª îé¨© à á¯« ¢ á¬¥è¨¢ ¥âáï,à á¯à¥¤¥«¥¨¥ â¥¬¯¥à âãàë ¢ £à â¥ ¡ã¤¥¬ ¯®« £ âì à ¢®¬¥à® à á-¯à¥¤¥«¥ë¬. �áà¥¤¥ãî â¥¬¯¥à âãàã ¢ £à â¥ ®¯à¥¤¥«ï«¨ ¨§ á®®â-®è¥¨ï
Tr = 2π

V

ξ∫0 r2∫
r1 r · T (r, z) drdz, (1)£¤¥ V | ®¡ê¥¬ à á¯« ¢ , ¢ëâ¥ª îé¥£® ¢ £à â. �  ç «¥ ¯à®æ¥áá ®áâë¢ ¨ï ®áâ ¢è ïáï ç áâì âàã¡ë ¨¬¥¥â à á¯à¥¤¥«¥¨¥ â¥¬¯¥à âãàë,¯®«ãç¥®¥ ¢ ª®æ¥ íâ ¯  ®¯« ¢«¥¨ï.�«ï à áá¬ âà¨¢ ¥¬®© âàã¡ë à ááç¨â ®, çâ® ¢¥«¨ç¨  ¨§¬¥¥¨ï¤«¨ë á®áâ ¢«ï¥â 2,6 ¬¬, íâ® â ª�¥ ¯®¤â¢¥à�¤¥® íªá¯¥à¨¬¥â ¬¨ ¯®á¢ àª¥ Ǒ� âàã¡ ¢ ®à¬ «ìëå ãá«®¢¨ïå. �«ï ¢¥«¨ç¨ë ®á ¤ª¨ 2,6 ¬¬¯®¯¥à¥ç®¥ á¥ç¥¨¥ ¡à «®áì ¢ ä®à¬¥ ª¢ ¤à â  á® áâ®à® ¬¨ 3 ¬¬. � -ç «® ª®®à¤¨ â ¯® ¤«¨¥ âàã¡ë z á¬¥é «®áì   ¢¥«¨ç¨ã ®á ¤ª¨ ¨áâ ¢¨«®áì   ¬¥áâ¥ áâëª  âàã¡.



122 �â à®áâ¨ �. Ǒ., �¬¬®á®¢  �. �.�¥á¬®âàï   â®, çâ® ¢ à áç¥â å ¯à¥¥¡à¥£ ¥âáï ¯à®¤®«�¨â¥«ì®áâìâ¥å®«®£¨ç¥áª®© ¯ ã§ë, ¯à¥¤¯®« £ ¥âáï, çâ® ¯à¨ ®â¤¥«¥¨¨  £à¥¢ -â¥«ì®£® ¨áâàã¬¥â  ®â á¢ à¨¢ ¥¬ëå âàã¡ ¨ á¬ëª ¨¨ ®¯« ¢«¥ëå¤¥â «¥© â¥¬¯¥à âãà  ¢®§¤ãå  ¢ãâà¨ âàã¡ë áâ ®¢¨âáï à ¢®© â¥¬¯¥-à âãà¥ ®ªàã� îé¥£® ¢®§¤ãå  ¨ ¢®¢ì ¯®¢ëè ¥âáï §  áç¥â â¥¯«®®â¤ ç¨®â  £à¥â®© ç áâ¨ âàã¡ë   áâ ¤¨¨ ®å« �¤¥¨ï. Ǒà¨ íâ®¬ ¯®áâ ®¢-ª  § ¤ ç¨   «®£¨ç  íâ ¯ã ®¯« ¢«¥¨ï, ® ãá«®¢¨¥   ®¤®¬ â®àæ¥§ ¬¥ï¥âáï ãá«®¢¨¥¬ ®âáãâáâ¢¨ï â¥¯«®¢®£® ¯®â®ª  (ãá«®¢¨¥ á¨¬¬¥âà¨¨â¥¬¯¥à âãà®£® ¯®«ï) ¢ à¥�¨¬¥ ®å« �¤¥¨ï:
∂T

∂z

∣∣∣
z=0 = 0. (2)�  á¢®¡®¤®© ¯®¢¥àå®áâ¨ £à â  § ¤ ¥âáï ãá«®¢¨¥¬ ª®¢¥ªâ¨¢®£® â¥¯-«®®¡¬¥  á ®ªàã� îé¥© áà¥¤®©.� ¤ ç  à¥è « áì ç¨á«¥® ¬¥â®¤®¬ á£« �¨¢ ¨ï ª®íää¨æ¨¥â®¢[4℄. �«£®à¨â¬ áª¢®§®£® áç¥â  áâà®¨«áï á ¨á¯®«ì§®¢ ¨¥¬ ç¨áâ® ¥ï¢-ëå ®¤®à®¤ëå áå¥¬. Ǒ®«ãç îé¨¥áï ¯à¨ íâ®¬ ¥«¨¥©ë¥ âà¥åâ®-ç¥çë¥ ãà ¢¥¨ï à¥è «¨áì ¬¥â®¤®¬ ¨â¥à æ¨©, à¥è¥¨ï   ª �¤®©¨â¥à æ¨¨  å®¤¨«¨áì ¬¥â®¤®¬ ¯à®£®ª¨.�«ï à áç¥â  ¨á¯®«ì§®¢ «¨áì á«¥¤ãîé¨¥ ¤ ë¥: r1 = 0, 0257; r2 =0, 0315¬; l = 0, 1¬; λ1 = 0, 46; λ2 = 0, 24; λ3 = 0, 0338�â/(¬·�);

ρ1 = 950; ρ2 = 800; ρ3 = 1, 2ª£/¬3; c1 = 2000; c2 = 2400; c3 =1007��/(ª£·�); T� = 111◦�, á®®â¢¥âáâ¢ãîé ï â¥¬¯¥à âãà¥ ªà¨áâ «-«¨§ æ¨¨ ¯®«¨íâ¨«¥ ; L = 157ª��/ª£ [5℄; � = 10◦C.�¥§ã«ìâ âë à áç¥â®¢. �«ï   «¨§  ¢«¨ï¨ï £à â    ¨§¬¥¥¨¥â¥¬¯¥à âãàë á¢ à®£® á®¥¤¨¥¨ï ¬®¤¥«¨à®¢ «®áì â ª�¥ ®å« �¤¥¨¥âàã¡ë ¡¥§ £à â , ® á ãç¥â®¬ ¢¥«¨ç¨ë ®á ¤ª¨. �  à¨á. 2 ¯à¥¤áâ ¢«¥ëå à ªâ¥àë¥ ªà¨¢ë¥ ¨§¬¥¥¨ï â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨ ¢ ®¤®© â®ç-ª¥, ¨««îáâà¨àãîé¥¥ áãé¥áâ¢¥®¥ ¢«¨ï¨¥ £à â    ¤¨ ¬¨ªã â¥¬¯¥-à âãà®£® ¯®«ï áâ¥ª¨ âàã¡ë. �  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ ¯®ï¢«¥¨¥£à â  ¯à¨¢®¤¨â ª ¯®¢ëè¥¨î â¥¬¯¥à âãàë. � â¥¬ á«¥¤ã¥â á¨�¥¨¥â¥¬¯¥à âãàë. �ª®à®áâì ®å« �¤¥¨ï ¨¬¥¥â ¤¢  ¯¨ª  (à¨á. 3), á®®â¢¥â-áâ¢ãîé¨¥ ¢à¥¬¥®¬ã § ¯ §¤ë¢ ¨î â¥¯«®¢®£® ¢®§¤¥©áâ¢¨ï £à â   



�®¤¥«¨à®¢ ¨¥ ¯à®æ¥áá  ®å« �¤¥¨ï 123

�¨á. 2. �§¬¥¥¨¥ â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨ ¢ â®çª¥ (r = 0, 0315; z =0, 001) ¯à¨ ®å« �¤¥¨¨ á ãç¥â®¬ £à â  ¨ ¡¥§ ¥£®: 1 | á ãç¥â®¬ £à â ;2 | ¡¥§ ãç¥â  £à â . �¥¬¯¥à âãà  �� à ¢  −40◦C.

�¨á. 3. �§¬¥¥¨¥ áª®à®áâ¨ ®å« �¤¥¨ï ¯® ¢à¥¬¥¨ ¢ â®çª¥ (r = 0, 0315;
z = 0, 001) ¯à¨ ®å« �¤¥¨¨ á ãç¥â®¬ £à â  ¨ ¡¥§ ¥£®: 1 | á ãç¥â®¬£à â ; 2 | ¡¥§ ãç¥â  £à â . �¥¬¯¥à âãà  �� à ¢  −40◦C.¢¥è¥© ¨   ¢ãâà¥¥© ¯®¢¥àå®áâïå âàã¡ë. Ǒà¨¬¥à® ç¥à¥§ 45 á¥-ªã¤ áª®à®áâì ®å« �¤¥¨ï ¢ à áá¬ âà¨¢ ¥¬®© â®çª¥, ¯®«ãç¥ ï ¯®¬®¤¥«¨ á ãç¥â®¬ £à â , ¯à¥¢ëè ¥â áª®à®áâì ®å« �¤¥¨ï ¯® ¬®¤¥«¨ ¡¥§ãç¥â  £à â . � ¤ «ì¥©è¥¬ ªà¨¢ë¥  á¨¬¯â®â¨ç¥áª¨ áå®¤ïâáï, çâ® á¢¨-¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® â¥¯«®¢®¥ ¢«¨ï¨¥ £à â  á® ¢à¥¬¥¥¬ ®á« ¡¥¢ ¥â.
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�¨á. 4. �§¬¥¥¨¥ â¥¬¯¥à âãàë ¢®§¤ãå  ¢ãâà¨ âàã¡ë ¯® ¢à¥¬¥¨ ¢ â®çª¥(r = 0, 0038; z = 0, 001) ¯à¨ à §«¨ç®© â¥¬¯¥à âãà¥ ��: 1 | 20◦C; 2 |
−15◦C; 3 | −40◦C.�¤ ª® ®® § ç¨¬® ¢ ¯¥à¨®¤ ¢à¥¬¥¨ ®å« �¤¥¨ï, à¥£« ¬¥â¨àã¥¬®£®®à¬ â¨¢ë¬¨ ¤®ªã¬¥â ¬¨. � ª¨¬ ®¡à §®¬, ¥®¡å®¤¨¬® ¯à¨ ¢ë¡®à¥à¥�¨¬®¢ á¢ àª¨ ãç¨âë¢ âì ¢ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ â¥¯«®¢®£® ¯à®-æ¥áá  ¢®§¤¥©áâ¢¨¥ £à â    ¤¨ ¬¨ªã â¥¬¯¥à âãà®£® ¯®«ï.�áá«¥¤ã¥¬ ¤¨ ¬¨ªã â¥¬¯¥à âãà®£® ¯®«ï ¢ á¢ à®¬ á®¥¤¨¥¨¨âàã¡ ¢ ¯¥à¨®¤ ®å« �¤¥¨ï ¯à¨ ¯à¥¤¯®«®�¥¨¨, çâ® ¯à¨ â¥¬¯¥à âãà¥�� ¢ ¤®¯ãáâ¨¬®¬ ¤«ï á¢ àª¨ ¤¨ ¯ §®¥ [−15, 45℄◦C   ¢¥è¨å ¯®¢¥àå-®áâïå âàã¡ë á £à â®¬ ¯à®¨áå®¤¨â ª®¢¥ªâ¨¢ë© â¥¯«®®¡¬¥,   ¯à¨â¥¬¯¥à âãà å �� ¨�¥ ¤®¯ãáâ¨¬ëå íâ¨ ¯®¢¥àå®áâ¨ ¨¤¥ «ì® â¥¯«®-¨§®«¨à®¢ ë.�  à¨á. 4 ¯à¥¤áâ ¢«¥ë ¯®«ãç¥ë¥ à áç¥â®¬ § ¢¨á¨¬®áâ¨ â¥¬¯¥-à âãàë ¢®§¤ãå  ¢ãâà¨ âàã¡ë ®â ¢à¥¬¥¨ ¯à¨ à §«¨çëå â¥¬¯¥à âãà å®ªàã� îé¥© áà¥¤ë.� ª¨¥ § ¢¨á¨¬®áâ¨ á®åà ïîâáï ¨ ¢ â®çª å   à ááâ®ï¨¨ ¤® 2 á¬®â áâëª . � áç¥âë ¯®ª §ë¢ îâ, çâ® ¯à¨ ®å« �¤¥¨¨ á¢ à®£® á®¥¤¨-¥¨ï ¢ ãá«®¢¨ïå ¨§ª¨å â¥¬¯¥à âãà �� â¥¬¯¥à âãà  ¢®§¤ãå  ¢ãâà¨âàã¡ë ¢ â¥ç¥¨¥ ¯¥à¢ëå á¥ªã¤ ¤®áâ¨£ ¥â ¬ ªá¨¬ã¬ , § â¥¬ ¯®áâ¥¯¥®á¨� ¥âáï ¨ §  ¢à¥¬ï ®å« �¤¥¨ï ¨§¬¥ï¥âáï ¢ ¤¨ ¯ §®¥ ¤®¯ãáâ¨¬ëå
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�¨á. 5. �§¬¥¥¨¥ â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨ ¢ â®çª¥ (r = 0, 0315; z =0, 001) ¯à¨ à §«¨ç®© â¥¬¯¥à âãà¥ ��: 1 | 20; 2 | −15; 3{4 | −40◦Cá ¨¤¥ «ì®© ¨§®«ïæ¨¥©   ¢á¥© ¤«¨¥ âàã¡ë ¨ ¨¤¥ «ì®© ¨§®«ïæ¨¥©  ãç áâª¥ âàã¡ë á®®â¢¥âáâ¢¥®.â¥¬¯¥à âãà ��. �â® á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® ¯à¨ ¥áâ¥áâ¢¥® ¨§ª¨åâ¥¬¯¥à âãà å �� ª®¢¥ªâ¨¢ë© â¥¯«®®¡¬¥ ¢ãâà¥¥© ¯®¢¥àå®áâ¨âàã¡ë ¢ ®ªà¥áâ®áâ¨ áâëª  ¡ã¤¥â ¯à®¨áå®¤¨âì á ¢®§¤ãå®¬ á ¤®¯ãáâ¨-¬®© ¤«ï á¢ àª¨ â¥¬¯¥à âãà®©.�¤¥ «ì ï â¥¯«®¨§®«ïæ¨ï ¢¥è¥© ¯®¢¥àå®áâ¨ âàã¡ë ¯à¨ á¢ à-ª¥ ¢ ãá«®¢¨ïå â¥¬¯¥à âãà �� ¨�¥ ®à¬ â¨¢ëå á¨� ¥â áª®à®áâì®å« �¤¥¨ï á¢ à®£® á®¥¤¨¥¨ï (à¨á. 5) ¢ ¯¥à¨®¤ ¢à¥¬¥¨ ®â 30 ¤®90 á¥ªã¤ á ¬®¬¥â  ¯à¨�¨¬  âàã¡. Ǒà¨ íâ®¬ â¥¬¯¥à âãà  ¬¥ï¥âáï¢ ¤¨ ¯ §®¥ ®â 100 ¤® 80◦C, ¢ ª®â®à®¬ ¨â¥á¨¢® ¯à®¨áå®¤¨â ä §®-¢ë© ¯¥à¥å®¤ ¢ ¯®«¨íâ¨«¥¥, ¢á«¥¤áâ¢¨¥ ç¥£® ¬®�¥â áä®à¬¨à®¢ âìáïªàã¯®ªà¨áâ ««¨ç¥áª ï áâàãªâãà , ã¢¥«¨ç¨¢ îé ï áª«®®áâì ¯®«¨-íâ¨«¥  ª åàã¯ª®¬ã à §àãè¥¨î [1℄. �¤ ª® ¯à¨ ®âáãâáâ¢¨¨ â¥¯«®-¨§®«ïæ¨¨ ¢¥è¥© ¯®¢¥àå®áâ¨ ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å �� áª®à®áâì®å« �¤¥¨ï ã¢¥«¨ç¨¢ ¥âáï ¨ ¯à®æ¥áá ªà¨áâ ««¨§ æ¨¨ ¬®�¥â ®¡®à¢ âì-áï   ¯à®¬¥�ãâ®ç®© áâ ¤¨¨, â®£¤  ª ª ¯à¨ ä®à¬¨à®¢ ¨¨ áâàãªâãàë¢ ãá«®¢¨ïå ¬¥¤«¥®£® ®å« �¤¥¨ï à §àãè¨¢è¨¥áï æ¥âàë ªà¨áâ «-«¨§ æ¨¨ ãá¯¥¢ îâ ¢®ááâ  ¢«¨¢ âìáï [2℄. Ǒ®íâ®¬ã áãé¥áâ¢ã¥â ¯à®¬¥-
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�¨á. 6. �å¥¬  â¥¯«®¨§®«ïæ¨®®© ª ¬¥àë: 1 | ¯®«¨íâ¨«¥®¢ ï âàã¡ ;2 | â¥¯«®¨§®«ïæ¨® ï ª ¬¥à ; L | ¤«¨ ; h | ¢ëá®â .�ãâ®ç®¥ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ®å« �¤¥¨¥ á¢ à®£® á®¥¤¨¥¨ï ¡ã-¤¥â ¯à®â¥ª âì, ª ª ¯à¨ ¤®¯ãáâ¨¬ëå â¥¬¯¥à âãà å ��. � ª®¥ ãá«®¢¨¥¬®�¥â ¡ëâì á®§¤ ® ç áâ¨ç®© â¥¯«®¨§®«ïæ¨¥© ¢¥è¨å ¯®¢¥àå®áâ¥©âàã¡.� áç¥âë ¯®ª §ë¢ îâ, çâ® å à ªâ¥à § ¢¨á¨¬®áâ¨ â¥¬¯¥à âãàë ®â¢à¥¬¥¨ ¢ âàã¡¥ ¯à ªâ¨ç¥áª¨ ¥ ¬¥ï¥âáï, ¥á«¨ ãá«®¢¨¥ ¨¤¥ «ì®© â¥¯-«®¨§®«ïæ¨¨ ®áâ ¢¨âì â®«ìª® ¢ ¡®«¥¥  £à¥â®© ç áâ¨ âàã¡ë,   ¢ ®áâ «ì-®© ç áâ¨ | § ¤ âì ãá«®¢¨¥ ª®¢¥ªâ¨¢®£® â¥¯«®®¡¬¥ . � ¯à¨¬¥à,¥á«¨ ¨¤¥ «ì® â¥¯«®¨§®«¨à®¢   ç áâì âàã¡ë ¤«¨®© 2 á¬ ®â á¢ à®£®á®¥¤¨¥¨ï, â® ¯®«ãç¥ë¥ ¯à¨ íâ®¬ ªà¨¢ë¥ ¨§¬¥¥¨ï â¥¬¯¥à âãàë¯® ¢à¥¬¥¨ á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ ªà¨¢ë¬¨ ¯à¨ â¥¯«®¨§®«ï-æ¨¨ ¢á¥© ¢¥è¥© ¯®¢¥àå®áâ¨ âàã¡ë (à¨á. 5).�«¥¤®¢ â¥«ì®, à¥£ã«¨à®¢ ¨¥ áª®à®áâ¨ ®å« �¤¥¨ï ¢ ®¡« áâ¨áâàãªâãàëå ¨§¬¥¥¨© ¬®�® ®áãé¥áâ¢¨âì â¥¯«®¨§®«ïæ¨¥© ãç áâª âàã¡ ®ª®«® á¢ à®£® è¢ . � íâ¨å æ¥«ïå ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âìæ¨«¨¤à¨ç¥áªãî â¥¯«®¨§®«ïæ¨®ãî ª ¬¥àã, áå¥¬  ª®â®à®© ¯à¥¤áâ ¢-«¥    à¨á. 6. � §¬¥àë ª ¬¥àë ®¯à¥¤¥«ïîâáï   ®á®¢¥ â¥®à¥â¨ç¥-áª®£® ¬®¤¥«¨à®¢ ¨ï ¯à®æ¥áá  ®áâë¢ ¨ï á¢ à®£® á®¥¤¨¥¨ï á â¥¯-«®¨§®«ïæ¨®®© ª ¬¥à®© ¨§ ãá«®¢¨ï ®¡¥á¯¥ç¥¨ï ¤®¯ãáâ¨¬®© áª®à®áâ¨®å« �¤¥¨ï.�¥®à¥â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ¨¥ ¯à®æ¥áá  ®å« �¤¥¨ï á¢ à®£® á®-



�®¤¥«¨à®¢ ¨¥ ¯à®æ¥áá  ®å« �¤¥¨ï 127¥¤¨¥¨ï ¯à¨  «¨ç¨¨ â¥¯«®¨§®«ïæ¨®®© ª ¬¥àë ¯à®¢®¤¨«®áì à¥è¥-¨¥¬ § ¤ ç¨ �â¥ä  . Ǒà¨ íâ®¬ ¯à¨ïâ® ¤®¯ãé¥¨¥ ® ¤®áâ â®ç®¡ëáâà®¬ (¢ ¯à¥¤¥« å à áç¥â®£® è £  ¯® ¢à¥¬¥¨) ãáâ ®¢«¥¨¨ ®¤-®à®¤®© â¥¬¯¥à âãàë ¢®§¤ãå  ¢ãâà¨ ª ¬¥àë. Ǒãáâì â¥¬¯¥à âãà ¢®§¤ãå  ¢ ª ¬¥à¥ ¢ â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨ ¨§¢¥áâ . �  á«¥¤ãîé¥¬¢à¥¬¥®¬ è £¥ â¥¬¯¥à âãà  ¢®§¤ãå  ¢ ª ¬¥à¥ Tkam(t) ®¯à¥¤¥«ï¥âáï  ®á®¢¥ â¥¯«®¢®£® ¡ « á  á ãç¥â®¬ ª®¢¥ªâ¨¢®© â¥¯«®¯¥à¥¤ ç¨ á ¯®-¢¥àå®áâ¨ âàã¡ë ¨ £à â  ¢ ª ¬¥àã,  ¯®«¥ãî ¢®§¤ãå®¬ á ¨§¢¥áâ®©â¥¬¯¥à âãà®© �Tkam(t):
Q = α

∫� (T |� − �Tkam(t))τ d�, (3)£¤¥ Q| ª®«¨ç¥áâ¢® â¥¯«®âë; � | ¢¥èïï ¯®¢¥àå®áâì âàã¡ë ¨ £à â ,®£à ¨ç¥ ï ª ¬¥à®©; α | ª®íää¨æ¨¥â â¥¯«®®â¤ ç¨ á ¢¥è¥© ¯®-¢¥àå®áâ¨ âàã¡ë ¨ £à â . �  áç¥â â¥¯«®âë Q ¯®¢ëè ¥âáï â¥¬¯¥à âãà ¢ ª ¬¥à¥, ª®â®àãî ®¯à¥¤¥«ï¥¬ ¨§ á®®â®è¥¨ï
Q = c3ρ3Vkam(Tkam − �Tkam(t)), (4)£¤¥ Vkam | ®¡ê¥¬ ª ¬¥àë.�áà¥¤¥ ï â¥¬¯¥à âãà  ¢ ª ¬¥à¥, ¯®«ãç¥ ï ¢ à¥§ã«ìâ â¥ à á-ç¥â , § ¢¨á¨â ®â £¥®¬¥âà¨ç¥áª¨å à §¬¥à®¢ â¥¯«®¨§®«ïæ¨®®© ª ¬¥àë.� áç¥âë ¯®ª §ë¢ îâ, çâ® ã¢¥«¨ç¥¨¥ ¤«¨ë ª ¬¥àë ¯à¨ ä¨ªá¨à®¢ -®© ¢ëá®â¥ á¯®á®¡áâ¢ã¥â á¨�¥¨î â¥¬¯¥à âãàë ¢ ª ¬¥à¥, çâ® á®®â-¢¥âáâ¢ã¥â ä¨§¨ç¥áª®¬ã ¯à¥¤áâ ¢«¥¨î. Ǒà¨ íâ®¬ ã¢¥«¨ç¨¢ ¥âáï ¥â®«ìª® ®¡ê¥¬ ª ¬¥àë, ® ¨ ¯®¢¥àå®áâì âàã¡ë á ¡®«¥¥ ¨§ª®© â¥¬¯¥-à âãà®©, çâ® ¯à¨¢®¤¨â ª á¨�¥¨î â¥¬¯¥à âãàë ¢ â¥¯«®¨§®«ïæ¨®®©ª ¬¥à¥. �¤ ª® ã¢¥«¨ç¥¨¥ ¢ëá®âë (à ¤¨ãá ) ª ¬¥àë ¯à¨ ä¨ªá¨à®¢ -®© ¤«¨¥ â ª�¥ á¯®á®¡áâ¢ã¥â á¨�¥¨î â¥¬¯¥à âãàë ¢®§¤ãå  ¢ãâà¨ª ¬¥àë, ® ¥ áâ®«ì § ç¨â¥«ì®. Ǒ®íâ®¬ã, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥¢®§¬®�®áâ¨ ¨§£®â®¢«¥¨ï ¨ ¯à ªâ¨ç¥áª®¥ ¨á¯®«ì§®¢ ¨¥ â¥¯«®¨§®«ï-æ¨®®© ª ¬¥àë, ®¤¨ ¨§ £¥®¬¥âà¨ç¥áª¨å à §¬¥à®¢,  ¯à¨¬¥à ¢ëá®âã,¬®�® § ä¨ªá¨à®¢ âì ¨, ¢ àì¨àãï ¤«¨ã ª ¬¥àë, ®¯à¥¤¥«¨âì à §¬¥à
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�¨á. 7. �§¬¥¥¨¥ â¥¬¯¥à âãàë ¢®§¤ãå  ¢ â¥¯«®¨§®«ïæ¨®®© ª ¬¥à¥ ¢¯¥à¨®¤ ®å« �¤¥¨ï á¢ à®£® á®¥¤¨¥¨ï ¯à¨ à §«¨çëå â¥¬¯¥à âãà å��: 1 | −20; 2 | −30; 3 | −40◦C.ª ¬¥àë, ®¡¥á¯¥ç¨¢ îé¨© ¤®¯ãáâ¨¬ãî áª®à®áâì ®å« �¤¥¨ï á¢ à®£®á®¥¤¨¥¨ï. Ǒà¨ ¢ëá®â¥ ª ¬¥àë, à ¢®© 0,02 ¬,  ©¤¥  ¯®«ã¤«¨ ª ¬¥àë L/2, à ¢ ï 0,02 ¬ ¨ ®¡¥á¯¥ç¨¢ îé ï ¤®¯ãáâ¨¬ãî áª®à®áâì®å« �¤¥¨ï ¢ ¨â¥à¢ «¥ ¨§ª¨å â¥¬¯¥à âãà �� (−45,−15)◦C.�  à¨á. 7 ¯à¥¤áâ ¢«¥ë à áç¥âë¥ ¨§¬¥¥¨ï â¥¬¯¥à âãàë ¢ â¥¯-«®¨§®«ïæ¨®®© ª ¬¥à¥ ¯® ¢à¥¬¥¨ ¯à¨ ®å« �¤¥¨¨ á¢ à®£® á®¥¤¨¥-¨ï ¯à¨ à §«¨çëå â¥¬¯¥à âãà å ��. �¥¬¯¥à âãà  ¢®§¤ãå  ¢ ª ¬¥à¥¤®áâ â®ç® ¡ëáâà® áâ ®¢¨âáï ¯®«®�¨â¥«ì®© ¨ ã¤¥à�¨¢ ¥âáï â ª®¢®©¢ â¥ç¥¨¥ ¯¥à¨®¤  ®å« �¤¥¨ï. �¥§ ç¨â¥«ì®¥ ¯®¢ëè¥¨¥ â¥¬¯¥à -âãàë ¢®§¤ãå  ¢ ª ¬¥à¥ ¢ ¯à®¬¥�ãâª¥ ¢à¥¬¥¨ ®â 30 ¤® 60 á¥ªã¤, ª ª¡ã¤¥â ¯®ª § ® ¨�¥, ¥ ¢«¨ï¥â   áª®à®áâì ®å« �¤¥¨ï á¢ à®£® á®-¥¤¨¥¨ï.� à ªâ¥àë¥ § ¢¨á¨¬®áâ¨ â¥¬¯¥à âãàë ®â ¢à¥¬¥¨ ¯à¨ ®å« �¤¥-¨¨ á¢ à®£® á®¥¤¨¥¨ï ¢ â¥¯«®¨§®«ïæ¨®®© ª ¬¥à¥ ¯à¨ à §«¨çëåâ¥¬¯¥à âãà å �� ¯à¨¢¥¤¥ë   à¨á. 8. �«ï áà ¢¥¨ï ¯®ª § ë ¯®«ã-ç¥ë¥ à áç¥â ¬¨ ¯à¥¤¥«ìë¥ ªà¨¢ë¥ ¨§¬¥¥¨ï â¥¬¯¥à âãà ¯® ¢à¥-¬¥¨ ¯à¨ â¥¬¯¥à âãà å �� −15 ¨ 45◦C ¯à¨ ®å« �¤¥¨¨ á®¥¤¨¥¨ï¢ ¥áâ¥áâ¢¥ëå ãá«®¢¨ïå,   â ª�¥ ¨§¬¥¥¨¥ â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨
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�¨á. 8. �§¬¥¥¨¥ â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨ ¢ â®çª¥ (0, 0315; 0, 001) ¯à¨à §«¨çëå â¥¬¯¥à âãà å �� ¡¥§ (1{3) ¨ á ¨á¯®«ì§®¢ ¨¥¬ â¥¯«®¨§®«ï-æ¨®®© ª ¬¥àë (4{6): 1 | 45; 2 | −15; 3 | −40; 4 | −20; 5 | −30;6 | −40◦C.

�¨á. 9. �§¬¥¥¨¥ â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨ ¢ â®çª¥ (0, 0315; 0, 001)¯à¨ à §«¨çëå â¥¬¯¥à âãà å �� ¡¥§ (1{3) ¨ á ¨á¯®«ì§®¢ ¨¥¬(4{6) â¥¯«®¨§®«ïæ¨®®© ª ¬¥àë à §¬¥à®¬ L = 3 á¬, h = 2 á¬:1 | 45; 2 | −15; 3 | −40; 4 | −50; 5 | −55; 6 | −60◦C.¯à¨ â¥¬¯¥à âãà¥ �� −40◦C ¯à¨ ¥áâ¥áâ¢¥®¬ ®å« �¤¥¨¨. � ¢¨á¨¬®-áâ¨ â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨ ¯à¨ ®å« �¤¥¨¨ á®¥¤¨¥¨ï ¢ â¥¯«®¨§®-



130 �â à®áâ¨ �. Ǒ., �¬¬®á®¢  �. �.«ïæ¨®®© ª ¬¥à¥ «¥� â ¬¥�¤ã ¯à¥¤¥«ìë¬¨ ªà¨¢ë¬¨.�à®¬¥ â®£®, ª �¤®© § ¢¨á¨¬®áâ¨ â¥¬¯¥à âãàë ®â ¢à¥¬¥¨, ¯®«ã-ç¥®© ¯à¨ ®å« �¤¥¨¨ á¢ à®£® á®¥¤¨¥¨ï ¢ ª ¬¥à¥, á®®â¢¥âáâ¢ã¥â§ ¢¨á¨¬®áâì, ¯®«ãç îé ïáï ¯à¨ ¥áâ¥áâ¢¥®¬ ®å« �¤¥¨¨ á®¥¤¨¥¨ï¯à¨ ¥ª®â®à®© â¥¬¯¥à âãà¥ �� ¨§ ¤®¯ãáâ¨¬®£® ¨â¥à¢ « . � áç¥â ¬¨ãáâ ®¢«¥®, çâ® ®å« �¤¥¨¥ ®ª®«®è®¢®© §®ë á®¥¤¨¥¨ï ¢ â¥¯«®-¨§®«ïæ¨®®© ª ¬¥à¥,  ¯à¨¬¥à, ¯à¨ â¥¬¯¥à âãà¥ ��−40◦C ¯à®â¥ª ¥ââ ª �¥, ª ª ¨ ¯à¨ ¥áâ¥áâ¢¥®¬ ®å« �¤¥¨¨ ¯à¨ â¥¬¯¥à âãà¥ �� 0◦C.�á¯®«ì§®¢ ¨¥ ª ¬¥àë á  ©¤¥ë¬¨ à §¬¥à ¬¨ ¯®§¢®«ï¥â ãáâà -¨âì § ¬¥¤«¥¨¥ áª®à®áâ¨ ®áâë¢ ¨ï á¢ à®£® á®¥¤¨¥¨ï ¢ ®¡« áâ¨áâàãªâãàëå ¨§¬¥¥¨©, å à ªâ¥à®¥ ¤«ï ¨¤¥ «ì®© â¥¯«®¨§®«ïæ¨¨¢¥è¥© ¯®¢¥àå®áâ¨ âàã¡ë. �«¥¤®¢ â¥«ì®, ¢ ®ªà¥áâ®áâ¨ á¢ à®-£® è¢  ¡ã¤¥â áä®à¬¨à®¢   â ª ï �¥ áâàãªâãà  ¬ â¥à¨ « , çâ® ¨ ¯à¨á¢ àª¥ ¯à¨ ¤®¯ãáâ¨¬ëå â¥¬¯¥à âãà å ��.�¤ ª® ¯à¨ â¥¬¯¥à âãà å �� −50◦C ¨ ¨�¥  ©¤¥ë¥ à §¬¥àëâ¥¯«®¨§®«ïæ¨®®© ª ¬¥àë ¥ ¯®§¢®«ïîâ ¤®¡¨âìáï ¥®¡å®¤¨¬®© áª®-à®áâ¨ ®å« �¤¥¨ï. Ǒ®íâ®¬ã ¯à¥¤« £ ¥âáï ã¬¥ìè¨âì ¤«¨ã ª ¬¥àë.� áç¥â ¬¨  ©¤¥  ¯®«ã¤«¨  ª ¬¥àë, à ¢ ï L/2 = 1, 5 á¬, ¯à¨ ª®â®-à®© ¤®áâ¨£ ¥âáï ¥®¡å®¤¨¬ ï áª®à®áâì ®å« �¤¥¨ï.�  à¨á. 9 ¯à¥¤áâ ¢«¥® ¨§¬¥¥¨¥ â¥¬¯¥à âãàë ¯® ¢à¥¬¥¨ á ¨á-¯®«ì§®¢ ¨¥¬ â¥¯«®¨§®«ïæ¨®®© ª ¬¥àë à §¬¥à ¬¨ L = 3 á¬, h =2 á¬. � áç¥âë ¯®ª §ë¢ îâ, çâ® à §¬¥àë ¤ ®© ª ¬¥àë ®¡¥á¯¥ç¨-¢ îâ ¤®¯ãáâ¨¬ãî áª®à®áâì ®áâë¢ ¨ï ¯à¨ â¥¬¯¥à âãà å �� ®â −45¤® −60◦C. �â¬¥â¨¬, çâ® ¨á¯®«ì§®¢ ¨¥ ª ¬¥àë á ¤ ë¬¨ à §¬¥à -¬¨ ¤«ï ®å« �¤¥¨ï á¢ à®£® á®¥¤¨¥¨ï ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà ��(−45,−15)◦C ¯à¨¢®¤¨â ª çà¥§¬¥à®¬ã á¨�¥¨î áª®à®áâ¨ ®å« �¤¥¨ï¢ ¯¥à¨®¤ ¢à¥¬¥¨ ®â 30 ¤® 90 á¥ªã¤ á ¬®¬¥â  ¯à¨� â¨ï âàã¡, ª ª ¢á«ãç ¥ ¨¤¥ «ì®© â¥¯«®¨§®«ïæ¨¨.� ª«îç¥¨¥. Ǒà¥¤«®�¥  ¬¥â®¤¨ª  à áç¥â  ¥áâ æ¨® à®£® â¥¬-¯¥à âãà®£® ¯®«ï áâ¥ª¨ ¯à¨ á¢ àª¥ ¯®«¨¬¥àëå âàã¡ á ãç¥â®¬ â¥¯«®-¢®£® ¢®§¤¥©áâ¢¨ï £à â  ¨ ä®à¬®¨§¬¥¥¨ï   íâ ¯¥ ®å« �¤¥¨ï. �¯¥à-¢ë¥ ¯à¥¤«®�¥  ¨ â¥®à¥â¨ç¥áª¨ ®¡®á®¢   ¬¥â®¤¨ª  ®¯à¥¤¥«¥¨ï à §-
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�®â æ¨¨ 133��� 517.946�������� ������ �Ǒ��������� ������������ Ǒ���������� ���������� ��������� ���������� ��������. �. �. �®� ®¢.| � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.�áá«¥¤ã¥âáï à §à¥è¨¬®áâì ®¡à â®© § ¤ ç¨  å®�¤¥¨ï à¥è¥¨ï u(t) ¨ ª®íä-ä¨æ¨¥â  q(x) ¢ ¥«¨¥©®¬ ¯ à ¡®«¨ç¥áª®¬ ãà ¢¥¨¨
ut −

∂

∂x
F (ux) + q(x)u = f(x, t).�áâ  ¢«¨¢ îâáï â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥£ã«ïàëå à¥è¥¨©.�¨¡«¨®£à. 8.��� 517.956�������� �������� ������ ��� ��Ǒ���������������������� � ����������� Ǒ����� ������ �Ǒ��������������. �. �. � ä¨ã««®¢ . | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.�áá«¥¤ã¥âáï à §à¥è¨¬®áâì «¨¥©®© ®¡à â®© § ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª®£®ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  á ¥¨§¢¥áâ®© ¯à ¢®© ç áâìî (¥¨§¢¥áâë¬ ¢¥è¨¬¢®§¤¥©áâ¢¨¥¬), á®¤¥à� é¥© ¥áª®«ìª® ¥¨§¢¥áâëå ª®¬¯®¥â. � ª ç¥áâ¢¥ ãá«®¢¨©¯¥à¥®¯à¥¤¥«¥¨ï ¯à¥¤« £ îâáï ãá«®¢¨ï �®è¨   á¥ç¥¨¨ t = onst. �®ª §ë¢ ¥âáïáãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥£ã«ïàëå à¥è¥¨©. �¨¡«¨®£à. 19.��� 512.6:519.61� ������ ����������� ������ �������� �����������������������. III. �. �. �¥¤®à®¢. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.� ®á®¢®¬ á  «£¥¡à ¨ç¥áª¨å ¯®§¨æ¨© á¤¥«   ¯®¯ëâª  ¯®áâà®¥¨ï â¥®à¨¨¤«ï â ª  §ë¢ ¥¬ëå ¯¥à¨®¤¨ç¥áª¨å ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨åãà ¢¥¨©, ¢ ®â«¨ç¨¥ ®â à¥£ã«ïàëå, ¢¯®«¥ à¥£ã«ïàëå ¨ ®à¬ «ìëå á¨áâ¥¬. � ®á®¢¥ ¯à¥¤« £ ¥¬®© â¥®à¨¨ à áá¬®âà¥ë ¯à¨¬¥àë § ¬ªãâ®£® à¥è¥¨ï ¥ª®â®àëå¯¥à¨®¤¨ç¥áª¨å ¡¥áª®¥çëå á¨áâ¥¬. �¨¡«¨®£à. 6.��� 621.89:536.24������������ Ǒ����������� �Ǒ�������� ���������Ǒ����� Ǒ�������� � ���������� Ǒ����Ǒ��������������� �� ������ ��������� ��Ǒ���������.�. �. � á¨«ì¥¢ , �. �. �®¤ ª®¢, �. Ǒ. �â à®áâ¨. | � â. § ¬¥âª¨ ���, 2008,â. 15, ¢ë¯. 2.Ǒà¥¤«®�¥ë à áç¥âë¥ ¬¥â®¤¨ª¨ ¤«ï ®¯à¥¤¥«¥¨ï íªá¯«ã â æ¨®ëå ¯ à -¬¥âà®¢ ¯®¤è¨¯¨ª®¢ áª®«ì�¥¨ï á ¢à é â¥«ìë¬ ¨ ¢®§¢à â®-¢à é â¥«ìë¬ ¤¢¨-�¥¨¥¬ ¢ « , ¤®¯ãáª îé¨å ¨á¯®«ì§®¢ ¨¥ ã¯à®é¥ëå ¬ â¥¬ â¨ç¥áª¨å â¥¯«®¢ëå¬®¤¥«¥© ¤«ï â¥¯«®¢®© ¤¨ £®áâ¨ª¨ âà¥¨ï. �«. 5, ¡¨¡«¨®£à. 7.



134 �®â æ¨¨��� 519.63��������� ������� ������ ������� � ��������� ������ �Ǒ�����. �. �. �£®à®¢. | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.Ǒà¨¢¥¤¥ë á¥à¨¨ à áç¥â®¢ â¥ç¥¨© ¢ ¬®¤¥«ìëå àãá« å á ¯®©¬®© ¯à¨ ¯®¬®é¨¯« ®¢ëå ãà ¢¥¨© ¤¢¨�¥¨ï ¢®¤ë ¢ àãá« å, ¢ ª®â®àëå ¢ë¤¥«¥ë ®â¤¥«ì® ç«¥ë,ãç¨âë¢ îé¨¥ £¨¤à ¢«¨ç¥áª®¥ âà¥¨¥ ¢®¤ë ®¡ ¤® àãá« , ¨ ç«¥ë, ãç¨âë¢ îé¨¥íää¥ªâ¨¢ãî ¢ï§ª®áâì ¢®¤ë. �§ á¥à¨¨ à áç¥â®¢ ¯à¨ à §«¨ç®¬  ¯®«¥¨¨ àãá« ¯®«ãç îâáï ªà¨¢ë¥ § ¢¨á¨¬®áâ¨ ¬ ªá¨¬ «ì®© ¨ áà¥¤¥© áª®à®áâ¥© ¢ ¯®¯¥à¥ç®¬á¥ç¥¨ïå ®â £«ã¡¨ë. Ǒ®«ãç¥ë¥ à áç¥âë¥ ªà¨¢ë¥ áà ¢¨¢ îâáï á ¨§¢¥áâë¬¨íªá¯¥à¨¬¥â «ìë¬¨ ¨  âãà «ìë¬¨ ¤ ë¬¨. �«. 8, ¡¨¡«¨®£à. 9.��� 517. 946������ ����� � �������������� Ǒ�������� �������������������� Ǒ�Ǒ������. �. �. �¥®®¢, �. �. �à®ä¨¬æ¥¢. | � â.§ ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.Ǒ®áâà®¥  ¬®¤¥«ì à §¢¨â¨ï ¯®¯ã«ïæ¨¨ ¯à¨  «¨ç¨¨ ®åà ï¥¬®© â¥àà¨â®à¨¨¢ ¢¨¤¥ á¨áâ¥¬ë ¤¢ãå ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �áá«¥¤®¢ ë®á®¡ë¥ â®çª¨ á¨áâ¥¬ë,  ©¤¥ë ¥¥ ¡¨äãàª æ¨®ë¥ ¯ à ¬¥âàë. �«. 8, ¡¨¡«¨®£à. 9.��� 678.029.43������������� Ǒ������� ���������� ������������������ Ǒ��������� ���� Ǒ�� ������ ���Ǒ��������.�. Ǒ. �â à®áâ¨, �. �. �¬¬®á®¢ . | � â. § ¬¥âª¨ ���, 2008, â. 15, ¢ë¯. 2.�  ®á®¢¥ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï à §à ¡®â   ¬ â¥¬ â¨ç¥áª ï ¬®-¤¥«ì â¥¯«®¢®£® ¯à®æ¥áá    íâ ¯¥ ®á ¤ª¨, ãç¨âë¢ îé ï ä®à¬®¨§¬¥¥¨¥ âàã¡ë ¨®¡à §®¢ ¨¥ £à â    ¤¨ ¬¨ªã â¥¬¯¥à âãà®£® ¯®«ï á¢ à®£® á®¥¤¨¥¨ï. Ǒà¨¢®-¤ïâáï à¥§ã«ìâ âë à áç¥â  áª®à®áâ¨ ®å« �¤¥¨ï ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å ®ªàã� -îé¥£® ¢®§¤ãå . Ǒà¥¤« £ ¥âáï ¨á¯®«ì§®¢ ¨¥ â¥¯«®¨§®«ïæ¨®®© ª ¬¥àë   íâ ¯¥®á ¤ª¨. � §à ¡®â   ¬¥â®¤¨ª  ¢ë¡®à  £¥®¬¥âà¨ç¥áª¨å ¯ à ¬¥âà®¢ â¥¯«®¨§®«ïæ¨-®®© ª ¬¥àë   ®á®¢¥ à áç¥â®¢ â¥¯«®¢®£® à¥�¨¬ . �«. 9, ¡¨¡«¨®£à. 5.



�������� �������!� ¯ã¡«¨ª æ¨¨ ¢ ý� â¥¬ â¨ç¥áª¨å § ¬¥âª å ���þ ¯à¨¨¬ îâáï®à¨£¨ «ìë¥ áâ âì¨, á®¤¥à� é¨¥ ®¢ë¥ à¥§ã«ìâ âë ¢ ®¡« áâ¨ ¬ â¥-¬ â¨ª¨ ¨ ¥¥ ¯à¨«®�¥¨©. �â âì¨, à ¥¥ ®¯ã¡«¨ª®¢ ë¥,   â ª�¥ ¯à¨-ïâë¥ ª ®¯ã¡«¨ª®¢ ¨î ¢ ¤àã£¨å �ãà « å, à¥¤ª®««¥£¨¥© ¥ à áá¬ â-à¨¢ îâáï.� à¥¤ ªæ¨î ¯à¥¤áâ ¢«ï¥âáï àãª®¯¨áì ¢ ¤¢ãå íª§¥¬¯«ïà å ®¡ê¥-¬®¬ ¥ ¡®«¥¥ 1  ¢â®àáª®£® «¨áâ , ®ä®à¬«¥ ï á®£« á® áâ ¤ àâë¬âà¥¡®¢ ¨ï¬ ª  ¢â®àáª¨¬ ®à¨£¨ « ¬. � àãª®¯¨á¨ ¤®«�ë ¡ëâì ¯à¨-«®�¥ë ¤¢  íª§¥¬¯«ïà   ®â æ¨¨, á¯¨á®ª ª«îç¥¢ëå á«®¢   ¤¢ãåï§ëª å (àãááª®¬ ¨  £«¨©áª®¬), è¨äà ���. �¥¯®¨à®¢ ¨¥ àãª®¯¨á¨à¥¤ ªæ¨¥© ¥ ®áãé¥áâ¢«ï¥âáï. �¢â®àë ®¡ï§ ë ãª § âì ¬¥áâ® à ¡®-âë, ¤®«�®áâì ¨ ª®â ªâãî ¨ä®à¬ æ¨î   ¤¢ãå ï§ëª å. � á«ãç ¥¢®§¢à é¥¨ï áâ âì¨ ¤«ï ¯¥à¥à ¡®âª¨ ãª §ë¢ îâáï ¤¢¥ ¤ âë ¯®áâã¯«¥-¨ï | ¯¥à¢® ç «ì ï ¤ â  ¨ ¤ â  ¯®«ãç¥¨ï à¥¤ ªæ¨¥© ®ª®ç â¥«ì-®£® â¥ªáâ .�á®¢ë¥ âà¥¡®¢ ¨ï ª ®ä®à¬«¥¨î àãª®¯¨á¨:1. �¥ªáâ áâ âì¨ ¤®«�¥ ¡ëâì  ¯¥ç â  ç¥à¥§ 2 ¨â¥à¢ «    ®¤®©áâ®à®¥ «¨áâ  ¡¥«®© ¯¨áç¥© ¡ã¬ £¨ ä®à¬ â®¬ 210× 300 ¬¬.2. �¨áãª¨ ¨ á«®�ë¥ ¤¨ £à ¬¬ë ¢ë¯®«ïîâáï   ®â¤¥«ìëå «¨-áâ å á ãª § ¨¥¬   ®¡®à®â¥ ä ¬¨«¨¨  ¢â®à ,  §¢ ¨ï áâ âì¨ ¨ ®¬¥à à¨áãª ; ¨å ¬¥áâ® ¢ â¥ªáâ¥ ãª §ë¢ ¥âáï   ¯®«ïå áâ âì¨.3. �®à¬ã«ë ¨ ¬ â¥¬ â¨ç¥áª¨¥ ®¡®§ ç¥¨ï ¤®«�ë ¡ëâì ¢¯¨á ëç¥à®© ¯ áâ®© ¨«¨ ç¥à¨« ¬¨ ç¥à®£® æ¢¥â  ®âç¥â«¨¢®, ¥¤¨®®¡à §®.4. Ǒà®ã¬¥à®¢ ë¥ ä®à¬ã«ë à á¯®« £ îâáï ¢ ®â¤¥«ì®© áâà®ª¥.�®¬¥à ä®à¬ã«ë áâ ¢¨âáï ã ¯à ¢®£® ªà ï «¨áâ .5. Ǒà®¢®¤¨âáï ¤®¯®«¨â¥«ì ï à §¬¥âª  ä®à¬ã«.



136 �¨¬ ¨î ¯®¤¯¨áç¨ª®¢6. � àãª®¯¨áïå, ¯®¤£®â®¢«¥ëå á ¯®¬®éìî â¥ªáâ®¢ëå à¥¤ ªâ®à®¢â¨¯  Word, ¤®«�ë ¡ëâì à §¬¥ç¥ë £à¥ç¥áª¨¥, £®â¨ç¥áª¨¥, « â¨áª¨¥àãª®¯¨áë¥ ¡ãª¢ë, ãª § ® ¨á¯®«ì§®¢ ¨¥ ¡ãª¢ ¯àï¬®£®  ç¥àâ ¨ï,  â ª�¥ ¯à®¢¥¤¥  à §¬¥âª  ¨¤¥ªá®¢.7. �  ¢â®àáª¨å ®à¨£¨ « å, ¯®¤£®â®¢«¥ëå á ¨á¯®«ì§®¢ ¨¥¬  -¡®àëå á¨áâ¥¬ â¨¯  TEX ¨ ¢ë¤ ëå   « §¥à®¬ ¯à¨â¥à¥, à §¬¥âª ä®à¬ã« ¥ ¯à®¢®¤¨âáï, ®¤ ª®   ¯®«ïå ¯®ïáïîâáï ¡ãª¢ë £®â¨ç¥áª®£® «ä ¢¨â .Ǒ« â  á  á¯¨à â®¢ §  ¯ã¡«¨ª æ¨î àãª®¯¨á¥© ¥ ¢§¨¬ ¥âáï.�¯¨á®ª «¨â¥à âãàë   ¤¢ãå ï§ëª å ¯¥ç â ¥âáï ¢ ª®æ¥ â¥ªáâ   ®â¤¥«ì®¬ «¨áâ¥. �áë«ª¨   «¨â¥à âãàã ¢ â¥ªáâ¥ ã¬¥àãîâáï ¢ ¯®àï¤-ª¥ ¨å ¯®ï¢«¥¨ï ¨ ¤ îâáï ¢ ª¢ ¤à âëå áª®¡ª å. �áë«ª¨   ¥®¯ã¡«¨-ª®¢ ë¥ à ¡®âë ¥ ¤®¯ãáª îâáï. �ä®à¬«¥¨¥ «¨â¥à âãàë ¤®«�® á®-®â¢¥âáâ¢®¢ âì âà¥¡®¢ ¨ï¬ áâ ¤ àâ®¢ (¯à¨¬¥àë ¡¨¡«¨®£à ä¨ç¥áª¨å®¯¨á ¨© á¬. ¢ ¯®á«¥¤¨å ®¬¥à å �ãà « ).�ãª®¯¨á¨, ®ä®à¬«¥ë¥ ¥ ¯® áâ ¤ àâ ¬ ¨«¨ ¯à¥¢ëè îé¨¥ ãª -§ ë© ¢ëè¥ ®¡ê¥¬, ¢®§¢à é îâáï.
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