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��� 517.95� ������������ ������� ������� �������������������������������� ����������� ��������� ������� ������������������� ��Ǒ��. �. �¡¤à å¬ ®¢Ǒãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¯à®áâà áâ¢  Rn á £« ¤ª®© (¤«ï¯à®áâ®âë | ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬®©) £à ¨æ¥© �, Q | ¥áâìæ¨«¨¤à 
 × (0, T ) ª®¥ç®© ¢ëá®âë T , S = � × (0, T ), aij(x), bij(x),
bi(x), i, j = 1, . . . , n, a0(x), b0(x), αk(x), k = 1, . . . , n, α0(x), N(x, y),
f(x, y, t) | § ¤ ë¥ ¯à¨ x ∈ 
, y ∈ 
, t ∈ [0, T ℄ äãªæ¨¨, A, B, ℓ¨ L | ®¯¥à â®àë, ¤¥©áâ¢¨¥ ª®â®àëå   äãªæ¨¨ v(x, t) ®¯à¥¤¥«ï¥âáïà ¢¥áâ¢ ¬¨

Av = ∂

∂xi
(aij(x)vxj ) + a0(x)v,

Bv = bij(x)vxixj + bi(x)vxi + b0(x)v,
ℓv = αk(x)vxk

+ α0(x)v − ∫
 N(x, y)v(y, t) dy,
Lv = Avtt −Bv(§¤¥áì ¨ ¤ «¥¥ ¯® ¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬ ¢¥¤¥âáï áã¬¬¨à®¢ ¨¥ ¢¯à¥¤¥« å ®â 1 ¤® n).�à ¥¢ ï § ¤ ç :  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨-¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
Lu = f(x, t) (1)© 2011 �¡¤à å¬ ®¢ �. �.



4 �¡¤à å¬ ®¢ �. �.¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï
ℓu|S = 0, (2)

u(x, 0) = u(x, T ) = 0, x ∈ 
. (3)�à ¥¢ ï § ¤ ç  (1){(3) ®â®á¨âáï ª ª« ááã § ¤ ç á ¥«®ª «ìë¬£à ¨çë¬ ãá«®¢¨¥¬. Ǒ®¤®¡ë¥ § ¤ ç¨  ªâ¨¢® ¨§ãç îâáï ¢ ¯®á«¥¤-¥¥ ¢à¥¬ï; ¤®áâ â®ç® ¯®«®¥ ¯à¥¤áâ ¢«¥¨¥ ® á®áâ®ï¨¨ ¤¥« ¢ ¤ ®©¯à®¡«¥¬ â¨ª¥ ¬®�®  ©â¨ ¢ ¬®®£à ä¨ïå [1, 2℄. �à®¬¥ ãª § ëå ¬®-®£à ä¨© ®â¬¥â¨¬ áâ âì¨ [3{8℄ ª ª ¡«¨§ª¨¥ ¯® ¯®áâ ®¢ª¥ ¨ ¬¥â®¤ ¬¨áá«¥¤®¢ ¨©. �¬¥áâ¥ á â¥¬ § ¬¥â¨¬, çâ® à áá¬ âà¨¢ ¥¬ ï  ¢â®à®¬§ ¤ ç  á £à ¨çë¬ ãá«®¢¨¥¬ (2), á®ç¥â îé¨¬ ¢ á¥¡¥ ãá«®¢¨ï § ¤ -ç¨ á ýª®á®©þ ¯à®¨§¢®¤®© ¨ § ¤ ç¨ á ¨â¥£à «ì®© á¢ï§ìî £à ¨çëå§ ç¥¨© à¥è¥¨ï á® § ç¥¨ï¬¨ ¥£® �¥ ¢ãâà¨ ®¡« áâ¨, ¤«ï ãà ¢¥-¨© (1) à ¥¥ ¥ ¨§ãç « áì.�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ ® à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ (1){(3) ¬ ¯® ¤®¡ïâáï ¯à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï ® à §à¥è¨¬®áâ¨ ¨ á¢®©-áâ¢ å à¥è¥¨© ¤«ï ®¤®£® ª« áá  ¨â¥£à®¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-¨© ¯¥à¢®£® ¯®àï¤ª .�¡®§ ç¨¬
N0 = max
 (∫
 N2(x, y) dy) 12 mes 12 
.� «¥¥, ç¥à¥§ ν = ν(x) = (ν1, . . . , νn) ¡ã¤¥¬ ®¡®§ ç âì ¢¥ªâ®à ¢ãâà¥-¥© ®à¬ «¨ ª � ¢ â¥ªãé¥© â®çª¥ x.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

αk(x) ∈ C2(
), k = 1, . . . , n,
α0(x) ∈ C2(
), N(x, y) ∈ C2(
× 
); (4)
α0(x) − 12αk

xk
(x) −N0 > �α0 > 0, x ∈ 
; (5)

[
α0(x) − 12αk

xk
(x)]|ξ|2 + αk

xi
(x)ξkξi�α1|ξ|2,�α1 > 0, x ∈ 
, ξ ∈ R

n; (6)
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[
α0(x)− 12αk

xk
(x)] n∑

i,j=1 ξ2ij + αk
xi
(x)ξkjξij + αk

xj
(x)ξkiξij > �α2 n∑

i,j=1 ξ2ij ,(7)�α2 > 0, x ∈ 
, ξij ∈ R, i, j = 1, . . . , n;
αk(x)νk 6 0, x ∈ �. (8)�®£¤  ¤«ï «î¡®© äãªæ¨¨ v(x) ¨§ ¯à®áâà áâ¢  W 22 (
) ãà ¢¥¨¥

ℓu = v¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¯à¨ ¤«¥� é¥¥W 22 (
), ¯à¨ç¥¬ ¤«ï íâ®£®à¥è¥¨ï ¡ã¤ãâ ¢ë¯®«ïâìáï ®æ¥ª¨
‖u‖L2(
) 6 m0‖v‖L2(
), ‖u‖W 12 (
) 6 m1‖v‖W 12 (
),

‖u‖W 22 (
) 6 m2‖v‖W 22 (
) (9)á ¯®áâ®ïë¬¨ m0, m1 ¨ m2, ®¯à¥¤¥«ïîé¨¬¨áï «¨èì äãªæ¨ï¬¨
N(x, y), αk(x), k = 1, . . . , n, α0(x),   â ª�¥ ®¡« áâìî 
.�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à¨¢¥¤¥® ¢ [9℄.�¥à¥¬áï ª ªà ¥¢®© § ¤ ç¥ (1){(3).�¯à¥¤¥«¨¬ ¥®¡å®¤¨¬ë¥ ¯à®áâà áâ¢ . �¬¥®, ¯ãáâì V0 | ¯à®-áâà áâ¢® L2(0, T ;W 22 (
) ∩ ◦

W 12(
)),
V1 = {v(x, t) : v(x, t) ∈ V0, vt(x, t) ∈ V0, vtt(x, t) ∈ V0}á ®à¬®© ‖v‖V1 = ‖v‖V0 + ‖vt‖V0 + ‖vtt‖V0 .Ǒãáâì ª®íää¨æ¨¥âë ®¯¥à â®à®¢ A, B ¨ ℓ  áâ®«ìª® £« ¤ª¨¥,  -áª®«ìª® íâ® ¥®¡å®¤¨¬® (¡®«¥¥ â®çë¥ ãá«®¢¨ï ¡ã¤ãâ ¤ ë ¨�¥). �¯à¥-¤¥«¨¬ ®¯¥à â®àë A1 ¨ B1:

A1u = ℓAu−Aℓu, B1u = ℓBu−Bℓu.�ç¥¢¨¤®, çâ® A1 ¨ B1 ï¢«ïîâáï ¨â¥£à®¤¨ää¥à¥æ¨ «ìë¬¨ ®¯¥-à â®à ¬¨ á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¥ ¢ëè¥ ¢â®à®£® ¯®àï¤ª . �«ïíâ¨å ®¯¥à â®à®¢   äãªæ¨ïå v(x, t) ¨§ ¯à®áâà áâ¢  V1 ¨¬¥îâ ¬¥áâ®¥à ¢¥áâ¢ 
‖A1v‖2L2(Q) 6 a1‖v‖2L2(0,T ;W 22 (
)), (10)
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‖B1v‖2L2(Q) 6 b1‖v‖2L2(0,T ;W 22 (
)) (11)á ¥ª®â®àë¬¨ ç¨á« ¬¨ a1 ¨ b1, ®¯à¥¤¥«ïîé¨¬¨áï «¨èì äãªæ¨ï¬¨

aij(x), bij(x), bi(x), αk(x), i, j, k = 1, . . . , n, a0(x), b0(x), α0(x) ¨ N(x, y).� «¥¥, ¥á«¨ ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1, â® ¥à ¢¥áâ¢  (10) ¨(11) ¬®�® ¯à®¤®«�¨âì:
‖A1v‖2L2(Q) 6 a1‖v‖2L2(0,T ;W 22 (
)) 6 a1m2‖ℓv‖2L2(0,T ;W 22 (
)), (12)
‖B1v‖2L2(Q) 6 b1‖v‖2L2(0,T ;W 22 (
)) 6 b1m2‖ℓv‖2L2(0,T ;W 22 (
)). (13)Ǒãáâì ®¯¥à â®à A í««¨¯â¨ç¥ ¢ 
. � áá¬®âà¨¬ § ¤ çã:  ©â¨äãªæ¨î w(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï

Awtt = F (x, t) (14)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï
w(x, t)|S = 0, w(x, 0) = w(x, T ) = 0, x ∈ 
. (15)�ç¥¢¨¤®, çâ® ¥á«¨ ¤®¯®«¨â¥«ì® ¢ë¯®«ï¥âáï ãá«®¢¨¥

a0(x) 6 0,â® ¯à¨ ¯à¨ ¤«¥�®áâ¨ äãªæ¨¨ F (x, t) ¯à®áâà áâ¢ã L2(Q) ¨ ¯à¨ã�®© £« ¤ª®áâ¨ ª®íää¨æ¨¥â®¢ aij(x) ¨ a0(x) § ¤ ç  (14), (15) ¡ã¤¥âà §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V1. �®«¥¥ â®£®, ¤«ï à¥è¥¨© § ¤ ç¨ (14),(15) ¯à¨ ¢ë¯®«¥¨¨ ¢ëè¥ãª § ëå ãá«®¢¨© á¯à ¢¥¤«¨¢  ®æ¥ª 
‖w‖2V1 6 k0‖F‖2L2(Q), (16)¢ ª®â®à®© k0 ®¯à¥¤¥«ï¥âáï «¨èì äãªæ¨ï¬¨ aij(x), i, j = 1, . . . , n,

a0(x),   â ª�¥ ®¡« áâìî 
.� ¬¥â¨¬ â ª�¥, çâ® ¤«ï ®¯¥à â®à  B ¯à¨ ¢ë¯®«¥¨¨ á®®â¢¥âáâ¢ã-îé¨å ãá«®¢¨© £« ¤ª®áâ¨ ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®
‖Bv‖L2(Q) 6 b0‖v‖L2(0,T ;W 22 (
)). (17)�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï (4){(8),   â ª�¥ ãá«®¢¨ï

aij(x) ∈ C2(
), bij(x) ∈ C2(
), i, j = 1, . . . , n,
a0(x) ∈ C(Q), b0(x) ∈ C(
); (18)
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aij(x)ξiξj > a0|ξ|2, a0 > 0, x ∈ 
, ξ ∈ R

n; (19)
a0(x) 6 0 ¯à¨ x ∈ 
; (20)
k0[(a1 + b1)m2 + b0℄ < 1. (21)�®£¤  ¤«ï «î¡®© äãªæ¨¨ f(x, t) â ª®©, çâ® f(x, t) ∈ L2(Q), ℓf(x, t) ∈

L2(Q) ªà ¥¢ ï § ¤ ç  (1){(3), ¨¬¥¥â à¥è¥¨¥ u(x, t) â ª®¥, çâ® u(x, t) ∈
V1, ℓu(x, t) ∈ V1.�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ¤«ï ªà âª®áâ¨ ç¥à¥§W ¬®�¥áâ¢®äãªæ¨©

W = {v(x, t) : v(x, t) ∈ V1, ℓv(x, t) ∈ V1}.Ǒãáâì g(x, t) | äãªæ¨ï ¨§ ¯à®áâà áâ¢  L2(Q). � áá¬®âà¨¬ ¢á¯®-¬®£ â¥«ìãî ªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
A(ℓu)tt −Bℓu+A1utt −B1u = g(x, t) (22)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3). �®ª �¥¬, çâ®íâ  § ¤ ç  ¨¬¥¥â à¥è¥¨¥ u(x, t) â ª®¥, çâ® u(x, t) ∈W . �®á¯®«ì§ã¥¬áï¬¥â®¤®¬ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã.Ǒãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥-¨ï
A(ℓu)tt + λ[A1utt −Bℓu−B1u℄ = g(x, t) (22λ)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3). Ǒà¨ λ = 0 íâ ªà ¥¢ ï § ¤ ç , ª ª ã�¥ £®¢®à¨«®áì ¢ëè¥, ¨¬¥¥â à¥è¥¨¥ w = ℓu, ¯à¨- ¤«¥� é¥¥ ¯à®áâà áâ¢ã V1 (ãâ®ç¨¬ «¨èì, çâ® ã�ë¥ ¤«ï ¨áª®-¬®© à §à¥è¨¬®áâ¨ ãá«®¢¨ï á®¤¥à� âáï ¢ ãá«®¢¨ïå (18){(20)). � «¥¥,á®£« á® â¥®à¥¬¥ 1 ¯® äãªæ¨¨ w(x, t) ¬®�® ®¯à¥¤¥«¨âì äãªæ¨î

u(x, t), ¨ íâ  äãªæ¨ï ¢á«¥¤áâ¢¨¥ ¢ë¯®«¥¨ï ãá«®¢¨© (4){(8) â ª�¥¡ã¤¥â ¯à¨ ¤«¥� âì ¯à®áâà áâ¢ã V1. �«¥¤®¢ â¥«ì®, ªà ¥¢ ï § ¤ -ç  (220), (2), (3) ¨¬¥¥â à¥è¥¨¥ u(x, t), ¯à¨ ¤«¥� é¥¥ W . �â®¡ëâ¥¯¥àì ¤®ª § âì, çâ® ¢á¥ § ¤ ç¨ (22λ), (2), (3) à §à¥è¨¬ë ¢ ª« áá¥ W ,



8 �¡¤à å¬ ®¢ �. �.á®£« á® â¥®à¥¬¥ ® ¬¥â®¤¥ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã [10℄ ¤®áâ â®ç-® ¯®ª § âì, çâ® ¤«ï ¢á¥¢®§¬®�ëå à¥è¥¨© íâ®© § ¤ ç¨ ¨¬¥¥â ¬¥áâ®à ¢®¬¥à ï ¯® λ ®æ¥ª 
‖u‖V1 + ‖ℓu‖V1 6 K0 (23)á ¯®áâ®ï®©K0, ®¯à¥¤¥«ïîé¥©áï «¨èì äãªæ¨ï¬¨ aij(x), bij(x), bi(x),

αk(x), i, j, k = 1, . . . , n, a0(x), b0(x), N(x, y) ¨ g(x, t),   â ª�¥ ®¡« -áâìî 
.Ǒ®«®�¨¬
F (x, t) = g(x, t)− λ[A1utt −Bℓu−B1u℄, w(x, t) = ℓu(x, t).�æ¥ª¨ (16), (12), (13) ¨ (17) ¤ îâ ¥à ¢¥áâ¢®

‖w‖V1 6 k0‖g‖L2(Q) + (k0a1m2 + k0b0 + k0b1m2)‖w‖V1 .�§ íâ®£® ¥à ¢¥áâ¢  ¨ ¨§ ãá«®¢¨ï (20) ¢ëâ¥ª ¥â âà¥¡ã¥¬ ï ®æ¥ª  (23).� ª £®¢®à¨«®áì ¢ëè¥, ¨§ ®æ¥ª¨ (23) á«¥¤ã¥â à §à¥è¨¬®áâì ¢ ¯à®-áâà áâ¢¥ V1 ¢á¥å § ¤ ç (22λ), (2), (3) ¯à¨ λ ∈ [0, 1℄; ¢ ç áâ®áâ¨,¯®«ãç ¥¬, çâ® ¨ § ¤ ç  (21), (2), (3) ¡ã¤¥â à §à¥è¨¬  ¢ ¯à®áâà -áâ¢¥ V1. � áá¬®âà¨¬ íâã § ¤ çã ¤«ï á¯¥æ¨ «ì®© äãªæ¨¨ g(x, t):
g(x, t) = ℓf(x, t). �à ¢¥¨¥ (21) ¤«ï â ª®© äãªæ¨¨ f(x, t) ¬®�®§ ¯¨á âì ¢ ¢¨¤¥

ℓ(Autt −Bu− f(x, t)) = 0.�âáî¤  ¨ ¨§ ãá«®¢¨© â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ¤«ï äãªæ¨¨ u(x, t) ¢ë-¯®«ï¥âáï ãà ¢¥¨¥ (1). Ǒ®áª®«ìªã ¤«ï äãªæ¨¨ u(x, t) ¢ë¯®«ïîâáïãá«®¢¨ï (2) ¨ (3) ¨ ®  ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã V1, â® u(x, t) ¡ã¤¥â¯à¥¤áâ ¢«ïâì á®¡®© ¨áª®¬®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (1){(3).�¥®à¥¬  ¤®ª §  .Ǒà¨¢¥¤¥¬ ¥é¥ ®¤¨ ¢ à¨ â â¥®à¥¬ë ® à §à¥è¨¬®áâ¨ ãà ¢¥¨ï
ℓu = v ¨ â¥¬ á ¬ë¬ ªà ¥¢®© § ¤ ç¨ (1){(3).�¡®§ ç¨¬

ℓ0 = αk(x) ∂

∂xk
+ α0.



� à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ 9Ǒãáâì N0(x, y) | à¥è¥¨¥ ãà ¢¥¨ï
ℓ0N0(x, y) = N(x, y) (24)(¯¥à¥¬¥ ï y §¤¥áì ï¢«ï¥âáï ¯ à ¬¥âà®¬). �ç¥¢¨¤®, çâ® ¯à¨ ¢ë¯®«-¥¨¨ ãá«®¢¨© (4), (6){(8),   â ª�¥ ãá«®¢¨ï

α0(x) − 12αk
xx(x) > �α0 > 0, x ∈ 
, (5′)ãà ¢¥¨¥ (24) à §à¥è¨¬®.�¥®à¥¬  1′. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï (4), (5′), (6){(8), ¨ ¯ãáâì¨â¥£à «ìë© ®¯¥à â®à G, ¤¥©áâ¢¨¥ ª®â®à®£®   äãªæ¨ïå ϕ(x) ®¯à¥-¤¥«ï¥âáï à ¢¥áâ¢®¬(Gϕ)(x) = ϕ(x) − ∫
 N0(x, y)ϕ(y) dy,¥¯à¥àë¢® ®¡à â¨¬ ª ª ®¯¥à â®à ¨§ L2(
) ¢ L2(
), ¯à¨ íâ®¬ ¤«ï ¢á¥åäãªæ¨© ¨§ L2(
) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

γ1‖ϕ‖L2(
) 6 ‖Gϕ‖L2(
) 6 γ2‖ϕ‖L2(
), 0 < γ1 6 γ2 < +∞.�®£¤  ¤«ï «î¡®© äãªæ¨¨ v(x) ¨§ ¯à®áâà áâ¢  W 22 (
) ãà ¢¥¨¥
ℓu = v¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¯à¨ ¤«¥� é¥¥ ¯à®áâà áâ¢ã W 22 (
),¯à¨ç¥¬ ¤«ï íâ®£® à¥è¥¨ï ¡ã¤ãâ ¢ë¯®«ïâìáï ®æ¥ª¨ (9).�®ª § â¥«ìáâ¢®. Ǒãáâì w(x) ¥áâì à¥è¥¨¥ ãà ¢¥¨ï
ℓ0w = v.�¯à¥¤¥«¨¬ äãªæ¨î u(x) ª ª à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï �à¥¤-£®«ì¬  ¢â®à®£® à®¤ 

u(x)− ∫
 N0(x, y)u(y) = w(x).�ç¥¢¨¤®, çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë äãªæ¨ï u(x) ª®à-à¥ªâ® ®¯à¥¤¥«¥  ¨ ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã W 22 (
). �â  äãªæ¨ï¨ ¡ã¤¥â ¨áª®¬ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï ℓu = v.�¥®à¥¬  ¤®ª §  .



10 �¡¤à å¬ ®¢ �. �.�¥®à¥¬  2′. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë (1′),   â ª�¥ãá«®¢¨ï (18){(21). �®£¤  ¤«ï «î¡®© äãªæ¨¨ f(x, t) â ª®©, çâ® f(x, t) ∈
L2(Q), ℓf(x, t) ∈ L2(Q), ªà ¥¢ ï § ¤ ç  (1){(3) ¨¬¥¥â à¥è¥¨¥ u(x, t)â ª®¥, çâ® u(x, t) ∈ V1, ℓu(x, t) ∈ V1.�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï ¢¯®«¥   «®£¨ç® ¤®ª -§ â¥«ìáâ¢ã â¥®à¥¬ë 2, «¨èì ¢¬¥áâ® â¥®à¥¬ë 1 ¨á¯®«ì§ã¥âáï â¥®à¥¬  1′.� ¬¥ç ¨¥. �á«®¢¨¥ (21) â¥®à¥¬ 2 ¨ 2′ ¬®�® ®á« ¡¨âì, ¥á«¨¯®âà¥¡®¢ âì, çâ®¡ë ®¯¥à â®à B ¡ë« í««¨¯â¨ç¥áª¨¬.����������1. Skubahevskii A. L. Ellipti funtional di�erential equations and appliations. Boston,MA: Birkh�auser, 1997.2. � åãè¥¢ �. �. � ¤ ç¨ á® á¬¥é¥¨¥¬ ¤«ï ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå.�.: � ãª , 2006.3. Ǒã«ìª¨  �. �. �¥«®ª «ì ï § ¤ ç  á ¨â¥£à «ìë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï //�¨ää¥à¥æ. ãà ¢¥¨ï. 2004. �. 40, ü 7.�. 887{892.4. �®� ®¢ �. �., Ǒã«ìª¨  �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç á ¥«®ª «ìë¬£à ¨çë¬ ãá«®¢¨¥¬ ¤«ï ¬®£®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© // �¨ää¥-à¥æ. ãà ¢¥¨ï. 2006. �. 42, ü 9. �. 1166{1179.5. Ǒã«ìª¨  �. �. � ç «ì®-ªà ¥¢ ï § ¤ ç  á ¥«®ª «ìë¬ £à ¨çë¬ ãá«®¢¨-¥¬ ¤«ï ¬®£®¬¥à®£® £¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï // �¨ää¥à¥æ. ãà ¢¥¨ï.2008. �. 44, ü 8. �. 1084{1089.6. �®� ®¢ �. �., Ǒã«ìª¨  �. �. � à §à¥è¨¬®áâ¨ ¥ª®â®àëå £à ¨çëå § -¤ ç á® á¬¥é¥¨¥¬ ¤«ï «¨¥©ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© // � â. �ãà.(� § åáâ ). 2009. �. 9, ü 2. �. 78{92.7. �¡¤à å¬ ®¢ �. �., �®� ®¢ �. �. � ¤ ç  á ¥«®ª «ìë¬ £à ¨çë¬ ãá«®¢¨¥¬¤«ï ®¤®£® ª« áá  ãà ¢¥¨© ¥ç¥â®£® ¯®àï¤ª  // �§¢. ¢ã§®¢. � â¥¬ â¨ª .2007. ü 5. C. 3{12.8. �¡¤à å¬ ®¢ �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ á ¨â¥£à «ìë¬ £à ¨ç-ë¬ ãá«®¢¨¥¬ ¢â®à®£® à®¤  ¤«ï ãà ¢¥¨© ¥ç¥â®£® ¯®àï¤ª  // � â. § ¬¥âª¨.2010. �. 88, ¢ë¯. 2. �. 163{172.9. �¡¤à å¬ ®¢ �. �., �®� ®¢ �. �. � ¤ ç  á ª®á®© ¯à®¨§¢®¤®© ¤«ï (2m+ 1)-¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© // � â. § ¬¥âª¨ ���. 2008. �. 15, ¢ë¯. 1. �. 3{11.10. �à¥®£¨ �. �. �ãªæ¨® «ìë©   «¨§. �.: � ãª , 1980.£. �ä  1  ¢£ãáâ  2011 £.



��� 517.956�������������� ��������� ��������� ����������������Ǒ����-Ǒ������������������������. �. �«¤ è¥¢�à ¥¢ë¥ § ¤ ç¨ ¤«ï £¨¯¥à¡®«®-¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©   ¯«®á-ª®áâ¨ å®à®è® ¨§ãç¥ë [1℄. � áª®«ìª®  ¬ ¨§¢¥áâ®, ¨å ¬®£®¬¥àë¥ ®«®£¨ ¨áá«¥¤®¢ ë ¬ «® [2℄.1. Ǒ®áâ ®¢ª  § ¤ ç¨ ¨ à¥§ã«ìâ âǑãáâì 
αβ | æ¨«¨¤à¨ç¥áª ï ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ 
Em+1 â®ç¥ª (x1, . . . , xm, t), ®£à ¨ç¥ ï æ¨«¨¤à®¬ � = {(x, t) : |x| =1}, ¯«®áª®áâï¬¨ t = α > 0 ¨ t = β < 0, £¤¥ |x| | ¤«¨  ¢¥ªâ®à 
x = (x1, . . . , xm).�¡®§ ç¨¬ ç¥à¥§ 
α ¨ 
β ç áâ¨ ®¡« áâ¨ 
αβ ,   ç¥à¥§ �α, �β |ç áâ¨ ¯®¢¥àå®áâ¨ �, «¥� é¨¥ ¢ ¯®«ã¯à®áâà áâ¢ å t > 0 ¨ t < 0;
σα | ¢¥àå¥¥,   σβ | ¨�¥¥ ®á®¢ ¨ï ®¡« áâ¨ 
αβ .Ǒãáâì ¤ «¥¥ S | ®¡é ï ç áâì £à ¨æ ®¡« áâ¥© 
α , 
β , ¯à¥¤áâ ¢-«ïîé ï á®¡®© ¬®�¥áâ¢® {t = 0, 0 < |x| < 1} ¢ Em.� ®¡« áâ¨ 
αβ à áá¬®âà¨¬ á¬¥è ®¥ í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ãà ¢¥¨¥ 0 = { �xu+ utt, t > 0,�xu− ut, t < 0, (1)£¤¥ �x | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥ë¬ x1, . . . , xm, m > 2.� ¤ «ì¥©è¥¬ ã¤®¡® ¯¥à¥©â¨ ®â ¤¥ª àâ®¢ëå ª®®à¤¨ â x1, . . . , xm,
t ª áä¥à¨ç¥áª¨¬ r, θ1, . . . , θm−1, t, r > 0, 0 6 θ1 < 2π, 0 6 θi 6 π,
i = 2, 3, . . . ,m− 1, θ = (θ1, . . . , θm−1).© 2011 �«¤ è¥¢ �. �.



12 �«¤ è¥¢ �. �.� ª ç¥áâ¢¥ ¬®£®¬¥à®© á¬¥è ®© § ¤ ç¨ à áá¬®âà¨¬ á«¥¤ãî-éãî.� ¤ ç  1. � ©â¨ à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ 
αβ ¯à¨ t 6= 0¨§ ª« áá  C(
αβ) ∩C2(
α ∪ 
β), ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬
u|σα = ϕ(r, θ), u|�α = ψ1(t, θ), u|�β

= ψ2(t, θ). (2)Ǒãáâì {Y k
n,m(θ)} | á¨áâ¥¬  «¨¥©® ¥§ ¢¨á¨¬ëå áä¥à¨ç¥áª¨åäãªæ¨© ¯®àï¤ª  n, 1 6 k 6 kn, (m−2)!n!kn = (n+m−3)!(2n+m−2),

W l2(S), l = 0, 1, . . . , | ¯à®áâà áâ¢  �®¡®«¥¢ .�¬¥¥â ¬¥áâ® [3℄�¥¬¬  1. Ǒãáâì f(r, θ) ∈ W l2(S). �á«¨ l > m− 1, â® àï¤
f(r, θ) = ∞∑

n=0 kn∑

k=1 fk
n(r)Y k

n,m(θ), (3)  â ª�¥ àï¤ë, ¯®«ãç¥ë¥ ¨§ ¥£® ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯®àï¤ª  p 6

l −m+ 1, áå®¤ïâáï  ¡á®«îâ® ¨ à ¢®¬¥à®.�¥¬¬  2. �«ï â®£® çâ®¡ë f(r, θ) ∈ W l2(S), ¥®¡å®¤¨¬® ¨ ¤®áâ -â®ç®, çâ®¡ë ª®íää¨æ¨¥âë àï¤  (4) ã¤®¢«¥â¢®àï«¨ ¥à ¢¥áâ¢ ¬
∣∣f10 (r)∣∣ 6 c1, ∞∑

n=1 kn∑

k=1n2l
∣∣fk

n(r)∣∣2 6 c2, c1, c2 = onst .�¥à¥§ ϕk
n(r), ψk1n(t), ψk2n(t) ®¡®§ ç¨¬ ª®íää¨æ¨¥âë à §«®�¥¨ïàï¤  (3) äãªæ¨© ϕ(r, θ), ψ1(t, θ), ψ2(t, θ) á®®â¢¥âáâ¢¥®.�¥®à¥¬  1. �¤®à®¤ ï § ¤ ç , á®®â¢¥âáâ¢ãîé ï § ¤ ç¥ 1, ¨¬¥¥â¡¥áª®¥ç®¥ ¬®�¥áâ¢® ¥âà¨¢¨ «ìëå à¥è¥¨©.�¥®à¥¬  2. �á«¨ ϕ(r, θ) ∈ W l2(S), ψ1(t, θ) ∈ W l2(�α), ψ2(t, θ) ∈

W l2(�β), l > 3m2 , â® § ¤ ç  1 à §à¥è¨¬  ¥®¤®§ ç®.



�¥ª®àà¥ªâ®áâì á¬¥è ®© § ¤ ç¨ 132. �®ª § â¥«ìáâ¢® â¥®à¥¬� áä¥à¨ç¥áª¨å ª®®à¤¨ â å ãà ¢¥¨¥ (1) ¢ ®¡« áâ¨ 
α ¨¬¥¥â ¢¨¤
urr + m− 1

r
ur −

1
r2 δu+ utt = 0, (4)

δ ≡ −
m−1∑

j=1 1
gj sinm−j−1 θj

∂

∂θj

(sinm−j−1 θj
∂

∂θj

)
,

g1 = 1, gj = (sin θ1 · · · sin θj−1)2, j > 1.�§¢¥áâ® [3℄, çâ® á¯¥ªâà ®¯¥à â®à  δ á®áâ®¨â ¨§ á®¡áâ¢¥ëå ç¨á¥«
λn = n(n+m− 2), n = 0, 1, . . . , ª �¤®¬ã ¨§ ª®â®àëå á®®â¢¥âáâ¢ã¥â kn®àâ®®à¬¨à®¢ ëå á®¡áâ¢¥ëå äãªæ¨© Y k

n,m(θ).�¥è¥¨¥ § ¤ ç¨ 1 ¢ ®¡« áâ¨ 
α ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
u(r, θ, t) = ∞∑

n=0 kn∑

k=1 �uk
n(r, t)Y k

n,m(θ), (5)£¤¥ �uk
n(r, t) | äãªæ¨¨, ¯®¤«¥� é¨¥ ®¯à¥¤¥«¥¨î.Ǒ®¤áâ ¢«ïï (5) ¢ (4) ¨ ¨á¯®«ì§ãï ®àâ®£® «ì®áâì áä¥à¨ç¥áª¨åäãªæ¨© Y k

n,m(θ) [3℄, ¨¬¥¥¬�uk
nrr + m− 1

r
�uk

nr + �uk
ntt −

λn

r2 �uk
n = 0, k = 1, kn, n = 0, 1, . . . , (6)¯à¨ íâ®¬ ªà ¥¢®¥ ãá«®¢¨¥ (2) á ãç¥â®¬ «¥¬¬ë 1 § ¯¨è¥âáï ¢ ¢¨¤¥�uk

n(r, α) = ϕk
n(r), �uk

n1, t = ψk1n(t), k = 1, kn, n = 0, 1, . . . . (7)Ǒà®¨§¢¥¤ï ¢ (6), (7) § ¬¥ã �υk
n(r, t) = �uk

n(r, t)− ψk1n(t), ¯®«ãç¨¬�υk
nrr + m− 1

r
�υk

nr −
�λn

r2 �υk
n + �υk

ntt = �fk
n(r, t), (8)�υk

n(r, α) = ϕk
n(r), �υk

n(1, t) = 0, k = 1, kn, n = 0, 1, . . . , (9)�fk
n(r, t) = −ψk1ntt + λn

r2 ψk1n, ϕk
n(r) = ϕk

n(r) − ψk1n(α).



14 �«¤ è¥¢ �. �.� ¯®¬®éìî § ¬¥ë �υk
n(r, t) = r

(1−m)2 υk
n(r, t) § ¤ çã (8), (9) ¯à¨¢¥¤¥¬ª á«¥¤ãîé¥©:

L1υk
n ≡ υk

nrr + υk
ntt + �λn

r2 υk
n = fk

n(r, t), (10)
υk

n(r, α) = ϕ̃k
n(r), υk

n(1, t) = 0, k = 1, kn, n = 0, 1, . . . , (11)�λn = (m− 1)(3−m)− 4λn4 , fk
n(r, t) = r

(m−1)2 �fk
n(r, t),

ϕ̃k2n(r) = r
(m−1)2 ϕk2n(r).�¥è¥¨¥ § ¤ ç¨ (10), (11) ¨é¥¬ ¢ ¢¨¤¥

υk
n(r, t) = υk1n(r, t) + υk2n(r, t), (12)£¤¥ υk1n(r, t) | à¥è¥¨¥ § ¤ ç¨

L1υk1n = fk
n(r, t), (13)

υk1n(r, α) = 0, υk1n(1, t) = 0, (14)  υk2n(r, t) | à¥è¥¨¥ § ¤ ç¨
L1υk2n = 0, (15)

υk2n(r, α) = ϕ̃k
n(r), υk2n(1, t) = 0. (16)�¥è¥¨¥ ¢ëè¥ãª § ëå § ¤ ç ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

υk
n(r, t) = ∞∑

s=1Rs(r)Ts(t), (17)¯à¨ íâ®¬ ¯ãáâì
fk

n(r, t) = ∞∑

s=1 ak
ns(t)Rs(r), ϕ̃k

n(r) = ∞∑

s=1 bknsRs(r). (18)Ǒ®¤áâ ¢«ïï (17) ¢ (13) ¨ (14), á ãç¥â®¬ (18) ¯®«ãç¨¬
Rsrr + �λn

r2 Rs + µRs = 0, 0 < r < 1, (19)
Rs(1) = 0, |Rs(0)| <∞, (20)



�¥ª®àà¥ªâ®áâì á¬¥è ®© § ¤ ç¨ 15
Tstt − µTs(t) = ak

ns(t), 0 < t < α, (21)
Ts(α) = 0. (22)�£à ¨ç¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (19), (20) ï¢«ï¥âáï [4℄

Rs(r) = √
rJν(µs,nr), (23)£¤¥ ν = n + (m−2)2 , µ = µs,n | ã«¨ äãªæ¨© �¥áá¥«ï ¯¥à¢®£® à®¤ 

Jν(z), µ = µ2s,n.�¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (21) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ [4℄
Ts,n(t) = c1s hµs,nt+ c2s shµs,nt+ hµs,nt

µs,n

t∫0 ak
ns(ξ) shµs,nξ dξ

− shµs,nt

µs,n

t∫0 ak
ns(ξ) hµs,nξ dξ,£¤¥ c1s, c2s | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. �ç¨âë¢ ï ãá«®¢¨¥ (22), ¡ã¤¥¬¨¬¥âì

Ts,n(t) = c2s(shµs,nt− (thµs,nα) hµs,nt)+ hµs,nt

µs,n




t∫0 ak
ns(ξ) shµs,nξ dξ −

α∫0 ak
ns(ξ) shµs,nξ dξ


+ (thµs,nα) hµs,nt

µs,n

α∫0 ak
ns(ξ) hµs,nξ dξ −

shµs,nt

µs,n

t∫0 ak
ns(ξ) hµs,nξ dξ.(24)Ǒ®¤áâ ¢«ïï (23) ¢ (18), ¤«ï 0 < r < 1 ¯®«ãç¨¬

r−
12 fk

n(r, t) = ∞∑

s=1 ak
ns(t)Jν(µs,nr), r−

12 ϕ̃k
n(r) = ∞∑

s=1 bknsJν(µs,nr). (25)�ï¤ë (25) | à §«®�¥¨ï ¢ àï¤ë �ãàì¥ | �¥áá¥«ï [5℄, ¥á«¨
ak

ns(t) = 2[Jν+1(µs,n)℄−2 1∫0 √ξfk
n(ξ, t)Jν(µs,nξ) dξ,

bns = 2[Jν+1(µs,n)℄−2 1∫0 √ξϕ̃k
n(ξ)Jν(µs,nξ) dξ, (26)



16 �«¤ è¥¢ �. �.£¤¥ µs,n, s = 1, 2, . . . , | ¯®«®�¨â¥«ìë¥ ã«¨ äãªæ¨© �¥áá¥«ï Jν(z),à á¯®«®�¥ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï ¨å ¢¥«¨ç¨ë.�§ (23), (24) ¯®«ãç¨¬ à¥è¥¨¥ § ¤ ç¨ (13), (14) ¢ ¢¨¤¥
υk1n(r, t) = ∞∑

s=1√rTs,n(t)Jν(µs,nr), (27)£¤¥ ak
ns(t) ®¯à¥¤¥«ï¥âáï ¨§ (26).� «¥¥, ¯®¤áâ ¢«ïï (17) ¢ (15) ¨ (16), á ãç¥â®¬ (18) ¯®«ãç ¥¬

Tstt − µ2s,nTs = 0, 0 < t < α, (28)
Ts(α) = bkns. (29)�¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (28) ¨¬¥¥â ¢¨¤

Ts,n(t) = c′1s hµs,nt+ c′2s shµs,nt. (30)�ç¨âë¢ ï ãá«®¢¨¥ (29), ¯®«ãç¨¬
Ts,n(t) = c′2s[shµs,nt− (thµs,nα) hµs,nt℄ + bkns(hµs,nt)/ hµs,nα. (31)�§ (23), (30), (31) ¯à¨å®¤¨¬ ª à¥è¥¨î § ¤ ç¨ (15), (16)

υk2n(r, t) = ∞∑

s=1√rTs,n(t)Jν(µs,nr), (32)£¤¥ bkns ®¯à¥¤¥«ï¥âáï ¨§ (26).� ª¨¬ ®¡à §®¬, à¥è¥¨¥¬ § ¤ ç¨ (1), (2) ¢ ®¡« áâ¨ 
α ï¢«ï¥âáïäãªæ¨ï
u(r, θ, t) = ∞∑

n=0 kn∑

k=1{ψk1n(t) + r
(1−m)2 [

υk1n(r, t) + υk2n(r, t)]}Y k
n,m(θ), (33)£¤¥ υk1n(r, t), υk2n(r, t) ®¯à¥¤¥«ïîâáï ¨§ (27) ¨ (32).�§ (24), (31), (33) ¯à¨ t→ +0 ¨¬¥¥¬

u(r, θ, 0) = τ(r, θ) = ∞∑

n=0 kn∑

k=1 τk
n (r)Y k

n,m(θ),
τk
n (r) = ψk1n(0) + ∞∑

s=1 r (2−m)2 [
− c2s thµs,nα+ thµs,nα

µs,n

α∫0 ak
ns(ξ) hµs,nξ dξ

− c′2s thµs,nα+ bknshµs,nα

]
J

ν+ (m−2)2 (µs,nr). (34)



�¥ª®àà¥ªâ®áâì á¬¥è ®© § ¤ ç¨ 17� ª¨¬ ®¡à §®¬, ¬ë ¯à¨è«¨ ¢ ®¡« áâ¨ 
β ª ¯¥à¢®© ªà ¥¢®© § ¤ ç¥¤«ï ãà ¢¥¨ï
urr + m− 1

r
ur −

1
r2 δu− ut = 0 (35)á ãá«®¢¨ï¬¨

u|S = τ(r, θ), u|�β
= ψ2(t, θ). (36)�¥è¥¨¥ § ¤ ç¨ (35), (36) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ (5). Ǒ®¤áâ ¢«ïï (5)¢ (35), ¨¬¥¥¬�uk

nrr + m− 1
r

�uk
nr − �uk

nt −
λn

r2 �uk
n = 0, k = 1, kn, n = 0, 1, . . . , (37)¯à¨ íâ®¬ ªà ¥¢®¥ ãá«®¢¨¥ (36) § ¯¨è¥âáï ¢ ¢¨¤¥

uk
n(r, 0) = τk

n , uk
n(1, t) = ψk2n(t), k = 1, kn, n = 0, 1, . . . . (38)Ǒà®¨§¢¥¤ï ¢ (37), (38) § ¬¥ã ωk

n(r, t) = �uk
n(r, t)− ψk2n(t), ¯®«ãç¨¬

ωk
nrr −

m− 1
r

ωk
nr −

�λn

r2 ωk
n − ωk

nt = �gk
n(r, t), (39)

ωk
n(r, 0) = �τk

n (r), ωk
n(1, t) = 0, k = 1, kn, n = 0, 1, . . . , (40)�gk

n(r, t) = ψk2nt + λn

r2 ψk2n, �τk
n (r) = τk

n(r) − ψk2n(0).Ǒà®¨§¢¥¤ï § ¬¥ã ωk
n(r, t) = r

1−m2 ωk
n(r, t) ¯à¨¢¥¤¥¬ § ¤ çã (39),(40) ª á«¥¤ãîé¥©:

L2ωk
n ≡ ωk

nrr − ωk
nt + �λn

r2 ωk
n = gk

n(r, t), (41)
ωk

n(r, 0) = ~τk
n (r), ωk

n(1, t) = 0, k = 1, kn, n = 0, 1, . . . , (42)
gk

n(r, t) = r
(m−1)2 �gk

n(r, t), ~τk
n (r) = r

(m−1)2 �τk
n (r).�¥è¥¨¥ § ¤ ç¨ (41), (42) ¨é¥¬ ¢ ¢¨¤¥

ωk
n(r, t) = ωk1n(r, t) + ωk2n(r, t) (43)£¤¥ ωk1n(r, t) | à¥è¥¨¥ § ¤ ç¨

L2ωk1n = gk
n(r, t), (44)



18 �«¤ è¥¢ �. �.
ωk1n(r, 0) = 0, ωk1n(1, t) = 0, (45)  ωk2n(r, t) | à¥è¥¨¥ § ¤ ç¨

L2ωk2n = 0, (46)
ωk2n(r, 0) = τ̃k

n (r), ωk1n(1, t) = 0, (47)�¥è¥¨¥ ¢ëè¥ãª § ëå § ¤ ç ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
ωk

n(r, t) = ∞∑

s=1Rs(r)Vs(t), (17′)¯à¨ íâ®¬ ¯ãáâì
gk

n(r, t) = ∞∑

s=1 dk
ns(t)Rs(r), ~τk

n(r) = ∞∑

s=1 ek
nsRs(r). (48)Ǒ®¤áâ ¢«ïï (17′) ¢ (44), (45), á ãç¥â®¬ (48) ¯®«ãç¨¬ § ¤ çã (19),(20), à¥è¥¨¥ ª®â®à®© ¨¬¥¥â ¢¨¤ (23), ¨ ãà ¢¥¨¥

Vst + µ2s,nVs = −dk
ns(t), (49)á ãá«®¢¨¥¬

Vs(0) = 0. (50)�¥è¥¨¥¬ § ¤ ç¨ (49), (50) ï¢«ï¥âáï [4℄
Vs,n(t) = −

t∫0 dk
ns(ξ) exp [− µ2s,n(t− ξ)] dξ. (51)Ǒ®¤áâ ¢«ïï (23) ¢ (48), ¯®«ãç¨¬

dk
ns(t) = 2[Jν+1(µs,n)℄−2 1∫0 √ξgk

n(ξ, t)Jν(µs,nξ) dξ,
ek

ns = 2[Jν+1(µs,n)℄−2 1∫0 √
ξ�τk

n (ξ)Jν(µs,nξ) dξ, 0 < r < 1. (52)



�¥ª®àà¥ªâ®áâì á¬¥è ®© § ¤ ç¨ 19� ª¨¬ ®¡à §®¬, ¨§ (17′), (23), (51) á«¥¤ã¥â, çâ® à¥è¥¨¥¬ § ¤ ç¨(44), (45) ï¢«ï¥âáï äãªæ¨ï
ωk1n(r, t) = −

∞∑

s=1√r t∫0 dk
ns(ξ) exp [− µ2s,n(t− ξ)] Jν(µs,nr), (53)£¤¥ dk

ns ®¯à¥¤¥«ïîâáï ¨§ (52).� «¥¥, ¯®¤áâ ¢«ïï (17′) ¢ (46), (47), ¯à¨å®¤¨¬ ª ãà ¢¥¨î
Vst + µ2s,nVs = 0á ãá«®¢¨¥¬ Vs(0) = ek

ns, à¥è¥¨¥¬ ª®â®à®£® ï¢«ï¥âáï
Vs,n(t) = ek

ns exp (− µ2s,nt
)
. (54)�§ (17′), (23), (54) ¯®«ãç¨¬

ωk2n(r, t) = ∞∑

s=1√rek
nsJν(µs,nr) exp (− µ2s,nt

)
, (55)£¤¥ ek

ns  å®¤¨âáï ¨§ (52).� ª¨¬ ®¡à §®¬, à¥è¥¨¥¬ § ¤ ç¨ (1) ¢ ®¡« áâ¨ 
α ¨ 
β ï¢«ï¥âáïäãªæ¨ï
u(r, θ, t) =  ∞∑

n=0 kn∑
k=1 {ψk1n(t) + r

(1−m)2 [
υk1n(r, t) + υk2n(r, t)]}Y k

n,m(θ), t > 0,
∞∑

n=0 kn∑
k=1 {ψk2n(t) + r

(1−m)2 [
ωk1n(r, t) + ωk2n(r, t)]}Y k

n,m(θ), t < 0,(56)£¤¥ υk1n(r, t), υk2n(r, t) ®¯à¥¤¥«ïîâáï ¨§ (27), (32),   ωk1n(r, t), ωk2n(r, t) |¨§ (53), (55).�§ (24), (31), (34), (51), (53), (56) á«¥¤ã¥â, çâ® ®¤®à®¤ ï § ¤ ç ,



20 �«¤ è¥¢ �. �.á®®â¢¥âáâ¢ãîé ï § ¤ ç¥ 1, ¨¬¥¥â ¥âà¨¢¨ «ìë¥ à¥è¥¨ï ¢¨¤ 




u(r, θ, t) = ∞∑
n=1 kn∑

k=1 ∞∑
s=1 r (2−m)2 (c2s + c′2s)[shµs,nt− (thµs,nα) hµs,nt℄

×J
n+ (m−2)2 (µs,nr)Y k

n,m(θ), t > 0,
u(r, θ, t) = −

∞∑
n=1 kn∑

k=1 ∞∑
s=1 r (2−m)2 (c2s + c′2s)(thµs,nα)( exp (− µ2s,nt

))

×J
n+ (m−2)2 (µs,nr)Y k

n,m(θ), t < 0. (57)�ç¨âë¢ ï ä®à¬ã«ã 2J ′
ν(z) = Jν−1(z)− Jν+1(z) (á¬. [5℄), ®æ¥ª¨ ¨§[3, 6℄, á®®â®è¥¨ï Jν(z) =√ 2

πz os (z− π2 ν− π4 )+ o( 1
z3/2 ), ν > 0, |kn| 6

c1nm−2, ∣∣ ∂q

∂θq
j
Y k

n,m(θ)∣∣ 6 c2nm2 −1+q, j = 1,m− 1, q = 0, 1, . . . ,   â ª�¥®£à ¨ç¥¨ï   § ¤ ë¥ äãªæ¨¨ ϕ(r, θ), ψ1(t, θ), ψ2(t, θ),   «®£¨ç®[7℄ ¬®�® ¯®ª § âì, çâ® ¯®«ãç¥ë¥ ¥®¤®§ çë¥ à¥è¥¨ï (56), (57)¯à¨ ¤«¥� â ¨áª®¬®¬ã ª« ááã C(
αβ) ∩ C2(
α ∪ 
β).�¥®à¥¬ë ¤®ª § ë. ����������1. �¨ª¥à  �. � ¥¤¨®© â¥®à¨¨ ªà ¥¢ëå § ¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢-¥¨© ¢â®à®£® ¯®àï¤ª : // � â¥¬ â¨ª . 1963. �. 7, ü6. C. 99{121.2. �à £®¢ �. �. �à ¥¢ë¥ § ¤ ç¨ ¤«ï ¥ª« áá¨ç¥áª¨å ãà ¢¥¨© ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨. �®¢®á¨¡¨àáª: ���, 1983.3. �¨å«¨ �. �. �®£®¬¥àë¥ á¨£ã«ïàë¥ ¨â¥£à «ë ¨ ¨â¥£à «ìë¥ ãà ¢¥¨ï.�.: �¨§¬ â£¨§, 1962.4. � ¬ª¥ �. �¯à ¢®ç¨ª ¯® ®¡ëª®¢¥ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬. �.:� ãª , 1965.5. �¥©â¬¥ �., �à¤¥©¨ �. �ëáè¨¥ âà áæ¥¤¥âë¥ äãªæ¨¨. �.: � ãª , 1974.�. 2.6. �¨å®®¢ �. �., � ¬ àáª¨© �. �. �à ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª ,1977.7. �«¤ è¥¢ �. �. �à ¥¢ë¥ § ¤ ç¨ ¤«ï ¬®£®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨å ¨ á¬¥è ëåãà ¢¥¨©. �«¬ âë: �ë«ë¬, 1994.£. �ªâ®¡¥ (� § åáâ ) 25 ¨î«ï 2011 £.



��� 517.956.4���������� ������������������� ��������� �Ǒ��������-������������������������� ���������� ��Ǒ�∗)�. �. �â¨¯¨�¢¥¤¥¨¥� ¡®â  ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î ªà ¥¢ëå § ¤ ç ¤«ï ®¯¥à â®à®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢¨¤ 
Au ≡ But − Lu = f(x, t), (1)£¤¥ B, L | «¨¥©ë¥ ®¯¥à â®àë, ®¯à¥¤¥«¥ë¥ ¢ ¤ ®¬ £¨«ì¡¥àâ®-¢®¬ ¯à®áâà áâ¢¥ E, ¯à¨ç¥¬ ®¯¥à â®à B á ¬®á®¯àï�¥. � ª ç¥áâ¢¥ªà ¥¢ëå ãá«®¢¨© ¢®§ì¬¥¬

P+u(0) = u0, P−u(T ) = uT , (2)£¤¥ P+, P− | á¯¥ªâà «ìë¥ ¯à®¥ªâ®àë ®¯¥à â®à  B, ®â¢¥ç îé¨¥ ¯®-«®�¨â¥«ì®© ¨ ®âà¨æ â¥«ì®© ç áâï¬ á¯¥ªâà . �ë ¥ ¯à¥¤¯®« £ ¥¬,çâ® ®¯¥à â®à B ®¡à â¨¬; ¢ ç áâ®áâ¨, ® ¬®�¥â ¨¬¥âì ¥ã«¥¢®¥ ï¤à®.� á«ãç ¥, ¥á«¨ ®¯¥à â®àë L,B ¥ § ¢¨áïâ ®â ¯ à ¬¥âà  t ¨ á¯¥ªâà ¯ãçª 
L+ λB á®¤¥à�¨âáï ¢ ®¤®© ¨§ ¯®«ã¯«®áª®áâ¥© ¢¨¤  Reλ < a, Reλ > a¨«¨ ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï D(B) ⊂ D(L), â ª¨¥ ãà ¢¥¨ï ®¡ëç-®  §ë¢ îâ ãà ¢¥¨ï¬¨ â¨¯  �®¡®«¥¢  [1, 2℄. �¥®à¨ï ¯®«ã£àã¯¯ ¤«ï

∗) � ¡®â  ¢ë¯®«¥  ¢ à ¬ª å à¥ «¨§ æ¨¨ ��Ǒ ý� ãçë¥ ¨  ãç®-¯¥¤ £®£¨ç¥-áª¨¥ ª ¤àë ¨®¢ æ¨®®© �®áá¨¨þ   2009{2013 ££. ¯® ¬¥à®¯à¨ïâ¨î 1.3.1¨ ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï ¨  ãª¨ �®áá¨©áª®©�¥¤¥à æ¨¨ (ª®¤ ¯à®¥ªâ  ü 02.740.11.0609).© 2011 �â¨¯¨ �. �.



22 �â¨¯¨ �. �.ãà ¢¥¨ï ¢¨¤  (1) á®¡®«¥¢áª®£® â¨¯  ¢ á«ãç ¥ ¥®¡à â¨¬®£® ®¯¥à â®à 
B ¨¬¥¥âáï,  ¯à¨¬¥à, ¢ [3℄. �®è«¥¬áï â ª�¥   ª¨£ã [4℄, £¤¥ ¬®�® ©â¨ ¯®¤à®¡ãî ¡¨¡«¨®£à ä¨î ¨ àï¤ à¥§ã«ìâ â®¢. �«ï ãà ¢¥¨©â¨¯  �®¡®«¥¢  ª®àà¥ªâ  ®¡ëç ï § ¤ ç  �®è¨ ¨«¨ § ¤ ç , ¡«¨§ª ïª ¥©. � ï á¨âã æ¨ï, ª ª ¬ë ã¢¨¤¨¬, ¢ á«ãç ¥, ¥á«¨ ãà ¢¥¨¥ ¥ï¢«ï¥âáï ãà ¢¥¨¥¬ â¨¯  �®¡®«¥¢  (ª ª ¯à ¢¨«®, íâ® ®§ ç ¥â, çâ®á¯¥ªâà ®¯¥à â®à  B á®¤¥à�¨â ®¤®¢à¥¬¥® ¡¥áª®¥çë¥ ¯®¤¬®�¥-áâ¢  ¯®«®�¨â¥«ì®© ¨ ®âà¨æ â¥«ì®© ¯®«ã®á¥©). Ǒ®¤®¡ë¥ ãà ¢¥¨ï¢®§¨ª îâ ¢® ¬®£¨å ®¡« áâïå ä¨§¨ª¨, ¢ £¥®¬¥âà¨¨, ¯®¯ã«ïæ¨®®©£¥¥â¨ª¥ ¨ ¥ª®â®àëå ¤àã£¨å ®¡« áâïå. � á«ãç ¥, ¥á«¨ ®¯¥à â®à L á -¬®á®¯àï�¥, ãà ¢¥¨¥ (1) à áá¬ âà¨¢ ¥âáï ¢ [5, 6℄. � ç áâ®áâ¨, ¢ [5℄¬®�®  ©â¨ àï¤ ¯à¨¬¥à®¢, ¢®§¨ª îé¨å ¢ ¯à¨«®�¥¨ïå. �¯¥à â®à
L  §ë¢ ¥âáï � â®-á¥ªâ®à¨ «ìë¬ (á¬. ®¯à¥¤¥«¥¨¥ ¢ [7℄), ¥á«¨

|(Lu, v)| 6 c‖u‖H1‖v‖H1 ∀u ∈ D(L),£¤¥ ‖u‖2H1 = Re(−(Lu, u)+‖u‖2). �¡®¡é¥¨¥   á«ãç © ¤¨áá¨¯ â¨¢®£®®¯¥à â®à , ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î � â®-á¥ªâ®à¨ «ì®áâ¨, ¨¬¥¥âáï¢ à ¡®â å �. �. Ǒïâª®¢  ¨ �. �. �¡ è¥¥¢®© [8℄. �à ¥¢ë¥ § ¤ ç¨ ¤«ïãà ¢¥¨ï (1) ¯à¨  è¨å ¯à¥¤¯®«®�¥¨ïå   ®¯¥à â®àë L,B ¢ á«ã-ç ¥, ¥á«¨ ãá«®¢¨¥ � â®-á¥ªâ®à¨ «ì®áâ¨ ¥ ¢ë¯®«¥®, ¯®-¢¨¤¨¬®¬ã,¥ à áá¬ âà¨¢ «¨áì. �¤ ª® ¢ ª« áá ãà ¢¥¨ï (1) ¢å®¤ïâ ¬®£¨¥ ¢ �-ë¥ ª« ááë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå,  -¯à¨¬¥à, ¢ ª ç¥áâ¢¥ ®¯¥à â®à  L ¬®�® ¡à âì ®¯¥à â®àë ¥ç¥â®£® ¯®-àï¤ª  ¨«¨ ®¯¥à â®àë á® á¯¥ªâà®¬, ¤®áâ â®ç® ¡«¨§ª® à á¯®«®�¥ë¬ª ¬¨¬®© ®á¨.� § 1 ¬ë ¯à¨¢®¤¨¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à�¤¥¨ï ¨ä®à¬ã«¨àã¥¬ â¥®à¥¬ã áãé¥áâ¢®¢ ¨ï à¥è¥¨ï. � § 2 ¯à¨¢®¤¨âáï ¤®-ª § â¥«ìáâ¢® â¥®à¥¬ë.
§ 1. �á¯®¬®£ â¥«ìë¥ ãâ¢¥à�¤¥¨ï�®à¬ã ¨ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ E ®¡®§ ç ¥¬ ç¥à¥§ ‖ · ‖ ¨ (·, ·).Ǒãáâì ¢«®�¥¨¥ H1 ⊂ E ¯«®â®. �¥à¥§ H ′1 ®¡®§ ç ¥¬ ¥£ â¨¢®¥



�¡®¡é¥ ï à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ 23¯à®áâà áâ¢®, ¯®áâà®¥®¥ ª ª ¯®¯®«¥¨¥ E ¯® ®à¬¥
‖u‖H′1 = sup

v∈H1,v 6=0 |(u, v)|/‖v‖H1 .�á«¨ X , Y | £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ , â® ¯®¤ L(X,Y ) ¯®¨¬ ¥¬¯à®áâà áâ¢® «¨¥©ëå ¥¯à¥àë¢ëå ®â®¡à �¥¨©, ®¯à¥¤¥«¥ëå  
X á® § ç¥¨ï¬¨ ¢ Y . �á«¨ X = Y , â® ¯¨è¥¬ L(X) ¢¬¥áâ® L(X,X).� §®¢¥¬ ®¯¥à â®à L : E → E ¤¨áá¨¯ â¨¢ë¬ (à ¢®¬¥à® ¤¨áá¨-¯ â¨¢ë¬), ¥á«¨ −Re(Lu, u) > 0 (−Re(Lu, u) > δ‖u‖2, δ > 0) ¤«ï ¢á¥å
u ∈ D(L). �¤¥áì D(L) | ®¡« áâì ®¯à¥¤¥«¥¨ï ®¯¥à â®à  L. �¯¥à -â®à L  §ë¢ ¥âáï ¬ ªá¨¬ «ìë¬ ¤¨áá¨¯ â¨¢ë¬, ¥á«¨ ® á®¢¯ ¤ ¥â á«î¡ë¬ á¢®¨¬ ¤¨áá¨¯ â¨¢ë¬ à áè¨à¥¨¥¬.�¥à¥§ ρ(L), σ(L) ®¡®§ ç ¥¬ à¥§®«ì¢¥â®¥ ¬®�¥áâ¢® ¨ á¯¥ªâà®¯¥à â®à  L. �á®¢ë¥ ¯à¥¤¯®«®�¥¨ï ®¡ ®¯¥à â®à å L, B á®áâ®ïâ¢ á«¥¤ãîé¥¬.I. L | ¬ ªá¨¬ «ì® ¤¨áá¨¯ â¨¢ë© ®¯¥à â®à ¨  ©¤¥âáï £¨«ì¡¥à-â®¢® ¯à®áâà áâ¢® F1, ¯«®â® ¢«®�¥®¥ ¢ E, â ª ï, çâ® D(L∗) ⊂ F1 ⊂
E ¨ áãé¥áâ¢ã¥â ¯®áâ®ï ï δ0 > 0 â ª®¥, çâ® Re(−L∗u, u) > δ0‖u‖2F1¤«ï ¢á¥å u ∈ D(L∗), £¤¥ L∗ | á®¯àï�¥ë© ®¯¥à â®à.�§ ãá«®¢¨ï I ¢ëâ¥ª ¥â, çâ® ®¯¥à â®à L∗ â ª�¥ ¬ ªá¨¬ «ìë© ¤¨á-á¨¯ â¨¢ë© ®¯¥à â®à ¨ 0 ∈ ρ(L) ∩ ρ(L∗) [7, ¯à¥¤«®�¥¨¥ C.7.2℄, ¡®«¥¥â®£®, {Reλ > 0} ⊂ ρ(L) ∩ ρ(L∗).II. �¯¥à â®à B á ¬®á®¯àï�¥ ¢ E ¨ F1 ⊂ D(|B|1/2) ¯«®â®.�¥¬¬  1. Ǒà¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï II ®¯¥à â®à B ®¯à¥¤¥«ï¥â¥¯à¥àë¢®¥ ®â®¡à �¥¨¥ ¯à®áâà áâ¢  F1 ¢ F ′1, £¤¥ F ′1 | ¥£ â¨¢®¥¯à®áâà áâ¢®, ¯®áâà®¥®¥ ¯® ¯ à¥ F1, E.�®ª § â¥«ìáâ¢®. �¯¥à â®à B : D(|B|) → E (¢ D(|B|) ¢¢®¤¨¬®à¬ã £à ä¨ª ), ¡ã¤ãç¨ ®¯à¥¤¥«¥ë¬   D(|B|), ¤®¯ãáª ¥â ¯à®¤®«-�¥¨¥ ¤® ¥¯à¥àë¢®£® ®â®¡à �¥¨ï ¨§ D(|B|1/2) ¢ (D(|B|1/2))′. �¥©-



24 �â¨¯¨ �. �.áâ¢¨â¥«ì®,
‖Bu‖(D(|B|1/2))′ = sup

v∈D(|B|1/2) |(Bu, v)|
‖v‖D(|B|1/2)= sup

v∈D(|B|1/2) |(|B|1/2u, |B|1/2v)|
‖v‖D(|B|1/2) 6 sup

v∈D(|B|1/2) ‖|B|1/2u‖ · ‖|B|1/2v‖
‖v‖D(|B|1/2)
6 ‖|B|1/2u‖, (3)¨«¨

‖Bu‖(D(|B|1/2))′ 6 ‖|B|1/2u‖. (4)�¬¥¥¬ ¥áâ¥áâ¢¥®¥ ¢«®�¥¨¥
F1 ⊂ D(|B|1/2) ⊂ E ⊂ (D(|B|1/2))′ ⊂ F ′1 (5)(¤¢®©áâ¢¥®¥ ª E ®â®�¤¥áâ¢«ï¥âáï á E).� ª¨¬ ®¡à §®¬, ®¯¥à â®à B, ®¯à¥¤¥«¥ë©  D(|B|1/2), ®¯à¥¤¥«¥¨   ¯à®áâà áâ¢¥ F1 ¨ ¨¬¥¥¬
‖Bu‖F ′1 6 c‖u‖(D(|B|1/2))′ 6 c1‖u‖F1 . (6)�¥¬¬  2. Ǒãáâì ¢ë¯®«¥® ãá«®¢¨¥ I. �®£¤  D(L) ¯«®â® ¢«®�¥¢ F1 ¨ ®¯¥à â®àë L−1, (L∗)−1 ¤®¯ãáª îâ ¯à®¤®«�¥¨¥ ¤® ®â®¡à �¥¨©ª« áá  L(F ′1, F1).�®ª § â¥«ìáâ¢®. �¬¥¥¬Re(−L∗u, u) > δ0‖u‖2F1 , (7)

|Re(−L∗u, u)| 6 |(L∗u, u)| 6 ‖L∗u‖F ′1‖u‖F1 ∀u ∈ D(L∗). (8)�á¯®«ì§ãï íâ® ¥à ¢¥áâ¢® ¢ «¥¢®© ç áâ¨ (3) ¨ á®ªà é ï   ‖u‖F1 ,¯®«ãç¨¬
‖L∗u‖F ′1 > δ0‖u‖F1 .Ǒ®áª®«ìªã 0 ∈ ρ(L∗) [7℄, ¥à ¢¥áâ¢® ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥

‖v‖F ′1 > δ0‖(L∗)−1v‖F1 ∀v ∈ E. (9)



�¡®¡é¥ ï à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ 25Ǒ®áª®«ìªã F1 ¯«®â® ¢«®�¥® ¢ E, â® E ¯«®â® ¢«®�¥® ¢ F ′1, â. ¥.
F1 ⊂ E ⊂ F ′1, ¨ ¨§ (9) ¢ëâ¥ª ¥â, çâ® (L∗)−1 ¤®¯ãáª ¥â ¯à®¤®«�¥¨¥ ¤®®¯¥à â®à  ª« áá  L(F ′1, F1). �¬¥¥¬(L−1u, u) = (u, (L∗)−1v) ∀u, v ∈ E. (10)� «¥¥, ¤«ï «î¡®£® u ∈ E ¨¬¥¥¬
‖L−1u‖F1 = sup

v∈E

|(L−1u, v)|
‖v‖F ′1 = sup

v∈E

|(u, (L∗)−1v)|
‖v‖F ′1

6 sup
v∈E

‖u‖F ′1‖(L∗)−1v)‖F1
‖v‖F ′1 6 sup

v∈H

‖u‖F ′1
δ0 ‖v‖F ′1

‖v‖F ′1 , (11)®âªã¤  ¯®«ãç¨¬ ®æ¥ªã
‖L−1u‖F1 6

‖u‖F ′1
δ0 . (12)�§ (12) á«¥¤ã¥â, çâ® L−1 ¤®¯ãáª ¥â ¯à®¤®«�¥¨¥ ¤® ®¯¥à â®à ª« áá  L(F ′1, F1).� áá¬®âà¨¬ à ¢¥áâ¢®(L−1u, u) = (u, (L∗)−1v) ∀u, v ∈ E. (13)�¬¥¥¬

|(u, (L∗)−1v)| 6 ‖(L∗)−1v‖F1‖u‖F ′1 6 c‖v‖F ′1‖u‖F ′1 . (14)�á«¨ u ä¨ªá¨à®¢  , â® ¢ëà �¥¨¥ (u, (L∗)−1v) ¥áâì  â¨«¨¥©ë©¥¯à¥àë¢ë© äãªæ¨® «  ¤ F ′1 (¯® v).�ãé¥áâ¢ã¥â g ∈ F1 â ª®©, çâ®(u, (L∗)−1v) = (g, v) = (L−1u, v) ∀u, v ∈ E.� ª¨¬ ®¡à §®¬, g = L−1u, ¨, § ç¨â, L−1u ∈ F1 ¤«ï ¢á¥å u ∈ E. �®§ì-¬¥¬ ψ ∈ D(L). �®£¤  u = Lψ ∈ E ¨ ψ = L−1u.�§ ¤®ª § ®£® ¯®«ãç¨¬ ψ ∈ F1. � ª¨¬ ®¡à §®¬, D(L) ⊂ F1.Ǒà¥¤¯®«®�¨¬  ¯à®â¨¢, çâ® D(L) ¥ ¯«®â® ¢ F1. �®£¤  áãé¥áâ¢ã¥â
v ∈ F ′1, v 6= 0, â ª®©, çâ®(L−1u, v) = 0 ∀u ∈ E.



26 �â¨¯¨ �. �.Ǒà¥¤¥«ìë¬ ¯¥à¥å®¤®¬ ¯®«ãç¨¬, çâ® à ¢¥áâ¢®(u, (L∗)−1v) = (L−1u, v)á¯à ¢¥¤«¨¢® ¨ ¤«ï v ∈ F ′1, u ∈ E. Ǒ®áª®«ìªã H ¯«®â® ¢«®�¥® ¢
F ′1 ¨ (u, (L∗)−1v) = 0, â® (L∗)−1v = 0. �âáî¤  á«¥¤ã¥â, çâ® v = 0;¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, D(L) ¯«®â® ¢«®�¥® ¢ F1. �¥¬¬  1¤®ª §  .�¡®§ ç¨¬ ç¥à¥§ F2 ª« áá äãªæ¨© u ∈ F1 â ª¨å, çâ® u ¯à¥¤áâ -¢¨¬® ¢ ¢¨¤¥ u = L−1v, £¤¥ v ∈ F ′1, ¨

‖u‖F2 = ‖L−1v‖F1 + ‖v‖F ′1 = ‖u‖F1 + ‖Lu‖F ′1 .�®£¤  D(L) ⊂ F2 ⊂ F1.Ǒãáâì V | ª®¬¯«¥ªá®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ B1, B2 | ª®¬-¯«¥ªáë¥ ¡  å®¢ë ¯à®áâà áâ¢ . Ǒãáâì Mh (h = 1, 2) | «¨¥©ë¥®â®¡à �¥¨ï ¨§ V ¢ ¯à®áâà áâ¢® Bh.� áá¬®âà¨¬ á«¥¤ãîé¨© ¢®¯à®á. �¥ªâ®à ϕ ∈ B∗1 § ¤ , âà¥¡ã¥âáï ©â¨ ψ ∈ B∗2 â ª®©, çâ®
〈ϕ,M1v〉 = 〈ψ,M2v〉 (15)¤«ï «î¡®£® v ∈ V , £¤¥ 〈·, ·〉 ®¡®§ ç îâ ®â®è¥¨ï ¤¢®©áâ¢¥®áâ¨ ¬¥�-¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ¯à®áâà áâ¢ ¬¨.�¥®à¥¬  A (¯à¨æ¨¯ áãé¥áâ¢®¢ ¨ï) [9℄. �¥®¡å®¤¨¬ë¬ ¨ ¤®-áâ â®çë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï § ¤ ç¨ (15) ¤«ï «î¡®£®

ϕ ∈ B∗1 ï¢«ï¥âáï â®, çâ®  ©¤¥âáï k > 0, ¤«ï ª®â®à®£®
‖M1v‖ 6 k‖M2v‖ ∀v ∈ V.�¯à¥¤¥«¨¬ ¯à®áâà áâ¢® H ª ª ¯®¯®«¥¨¥ D(|B|1/2) ¯® ®à¬¥

‖|B|1/2v‖ = ‖u‖H .Ǒ® ®¯à¥¤¥«¥¨î |B|1/2 ∈ L(H,E).�¡®§ ç¨¬ H1 = {v ∈ L2(0, T ;D(L∗)), vt ∈ L2(0, T ;F1)}.



�¡®¡é¥ ï à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ 27�¯à¥¤¥«¥¨¥ 1. �ãªæ¨ï u ∈ L2(0, T ;F1)  §ë¢ ¥âáï ®¡®¡é¥-ë¬ à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (1), (2), ¥á«¨  ©¤ãâáï ~u0, ~uT ∈ H â ª¨¥,çâ® P−~u0 = ~u0, P+~uT = ~uT ¨ ¢ë¯®«¥® à ¢¥áâ¢®
T∫0 (−(Bu, vt)− (u, L∗v))dt + (BuT , v(T ))− (Bu0, v(0))+ (B~uT , v(T ))− (B~u0, v(0)) = T∫0 (f, v) dt (16)¤«ï «î¡®£® v ∈ L2(0, T ;D(L∗)), vt ∈ L2(0, T ;F1).�á«¨ u | ®¡®¡é¥®¥ à¥è¥¨¥ § ¤ ç¨ (1), (2) ¢ á¬ëá«¥ ®¯à¥¤¥«¥-¨ï 1, â® u ï¢«ï¥âáï ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1), (2) ¢ á¬ëá«¥á«¥¤ãîé¥£®, ¡®«¥¥ ¥áâ¥áâ¢¥®£®, ®¯à¥¤¥«¥¨ï.�¯à¥¤¥«¥¨¥ 2. �ãªæ¨ï u ∈ L2(0, T ;F1)  §ë¢ ¥âáï ®¡®¡é¥-ë¬ à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (1), (2), ¥á«¨ ¢ë¯®«¥® à ¢¥áâ¢®
T∫0 (−(Bu, vt)− (u, L∗v))dt + (BP−uT , v(T ))− (BP+u0, v(0))= T∫0 (f, v) dt (17)¤«ï «î¡®£® v ∈ L2(0, T ;D(L∗)), vt ∈ L2(0, T ;F1), ¨ P+v(T ) = 0, P−v(0)= 0.Ǒà¨¢¥¤¥¬ ¥ª®â®àë¥ á«¥¤áâ¢¨ï, ¢ëâ¥ª îé¨¥ ¨§ ®¯à¥¤¥«¥¨ï ®¡®¡-é¥®£® à¥è¥¨ï. Ǒãáâì H2 = D(L∗). �®£¤  ¥á«¨ u ∈ L2(0, T ;F1), â®¢ëà �¥¨¥ Lu ¨¬¥¥â á¬ëá« ¨ ï¢«ï¥âáï í«¥¬¥â®¬ L2(0, T ;H ′2).�á«¨ v ∈ C∞0 (0, T ;H2), â® à ¢¥áâ¢® (16) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥
T∫0 (−Bu, vt) dt = T∫0 (Lu, v) dt+ T∫0 (f, v) dt ∀v ∈ C∞0 (0, T ;H2). (18)�¬¥¥¬ Lu + f ∈ L2(0, T ;H ′2). �âáî¤  ¨ ¨§ ®¯à¥¤¥«¥¨ï ®¡®¡é¥®©¯à®¨§¢®¤®© ¢ëâ¥ª ¥â, çâ® äãªæ¨ï Bu ¯à¨ ¤«¥�¨â L2(0, T ;F ′1) (¯®«¥¬¬¥ 1) ¨ ¨¬¥¥â ®¡®¡é¥ãî ¯à®¨§¢®¤ãî (Bu)t ∈ L2(0, T ;H ′2).



28 �â¨¯¨ �. �.Ǒ®áª®«ìªã F ′1 ⊂ H ′2, ¨¬¥¥¬ Bu ∈ C([0, T ℄;H ′2) ¯®á«¥, ¬®�¥â ¡ëâì,¨§¬¥¥¨ï   ¬®�¥áâ¢¥ ¬¥àë ã«ì. �§ (18) ¢ëâ¥ª ¥â, çâ® á¯à ¢¥¤«¨¢®à ¢¥áâ¢® But − Lu = f ¢ ¯à®áâà áâ¢¥ L2(0, T ;H ′2).�¥¯¥àì à áá¬®âà¨¬ äãªæ¨¨ v ∈ C∞([0, T ℄;H2) ¢ (16). �â¥£à¨àãï¯® ç áâï¬ ¨ ¨á¯®«ì§ãï à ¢¥áâ¢® But − Lu = f , ¯®«ãç¨¬(B(u(T )− uT − ~uT ), v(T ))− (B(u(0)− u0 − ~uT ), v(0)) = 0.Ǒ®áª®«ìªã äãªæ¨¨ v(T ), v(0) ¬®£ãâ ¡ëâì ¯à®¨§¢®«ìë¬¨, ®âáî¤  § -ª«îç ¥¬, çâ®
Bu(T ) = B(uT + ~uT ), Bu(0) = B(u0 + ~u0).� ¢¥áâ¢® ¨¬¥¥â ¬¥áâ® ¢ H ′2, ¯®áª®«ìªã Bu ∈ C([0, T ℄;H ′2).�âáî¤  ¢ëâ¥ª ¥â, çâ® á«¥¤ë Bu(0), Bu(T ) áãé¥áâ¢ãîâ, ¯à¨ ¤«¥-� â (D(|B|1/2))′

B̈P−u(T ) = BuT , BP+u(0) = Bu0.�¥®à¥¬ . Ǒãáâì ¢ë¯®«¥ë ãá«®¢¨ï I, II. �®£¤  ¤«ï «î¡ëå f ∈
L2(0, T ;F ′1), u0, uT ∈ H áãé¥áâ¢ã¥â ®¡®¡é¥®¥ à¥è¥¨¥ u ∈ L2(0, T ;F1)ªà ¥¢®© § ¤ ç¨ (1), (2) ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1.

§ 2. �®ª § â¥«ìáâ¢® ®á®¢®£® à¥§ã«ìâ â �®ª § â¥«ìáâ¢® â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï à¥è¥¨ï. Ǒãáâì
~u = (u, ~u0, ~uT ) ∈ F1 × H × H ¨ ~f = (f, u0, uT ) ∈ L2(0, T ;F ′1) ×H × H .�¡®§ ç¨¬ Mv = −Bvt − L∗v. � «¥¥, ®¯à¥¤¥«¨¬ S : H1 → F ′1 ×H ×Hâ ª®©, çâ® Sv = (Mv,P−v(0), P+v(T )), ¨ S0 : H1 → L2(0, T ;F1)×H×Hâ ª®©, çâ® S0v = (v, P+v(0), P−v(T )).� áá¬®âà¨¬ ¢®¯à®á ®  å®�¤¥¨¨ äãªæ¨© u(x) ∈ L2(0, T ;F1),~u0, ~uT ∈ H : P−~u0 = ~u0, P+~uT = ~uT , â ª¨å, çâ® [~u, Sv℄ = [~f, S0v℄ ¤«ï¢á¥å v ∈ H1, £¤¥[~u, Sv℄ = T∫0 (u,Mv)dt+ (~u0, P−v(0))H + (~uT , P

+v(T ))H , (19)



�¡®¡é¥ ï à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ 29[~f, S0v℄ = T∫0 (f, v) dt+ (uT , P
−v(T ))H + (u0, P+v(0))H . (20)�¤¥áì (u, v)H = (|B|u, v).�®§ì¬¥¬ ~u = (v, v(0), v(T )). �®£¤ Re[~u, Sv℄= Re T∫0 (u,Mv)dt+ (Bu(T ), P+v(T ))− (Bu(0), P−v(0))= Re−

T∫0 (Bu, vt) dt− T∫0 (u, L∗v) dt+ (Bu(T ), P+v(T ))− (Bu(0), P−v(0)). (21)Ǒ®¤áâ ¢¨¢ ~u = (v, v(0), v(T )) ¢ (21), ¯®«ãç¨¬Re[~u, Sv℄ = Re−
T∫0 (Bv, vt) dt

−
T∫0 (v, L∗v) dt+ (Bv(T ), P+v(T ))− (Bv(0), P−v(0))= T∫0 − ∂

∂t
Re (Bv, v)2 dt−

T∫0 Re(v, L∗v) dt+ (Bv(T ), P+v(T ))
− (Bv(0), P−v(0)) = −12(Bv(T ), v(T )) + 12(Bv(0), v(0))+ (Bv(T ), P+v(T ))− (Bv(0), P−v(0)) + T∫0 −Re(v, L∗v) dt= − (BP+v(T ), P+v(T ))2 − (BP−v(T ), P−v(T ))2 + (BP+v(0), P+v(0))2+ (BP−v(0), P−v(0))2 + (BP+v(T ), P+v(T ))− (BP−v(0), P−v(0))



30 �â¨¯¨ �. �.+ T∫0 −Re(v, L∗v) dt = 12(|B|1/2v(T ), |B|1/2v(T ))+ 12(|B|1/2v(0), |B|1/2v(0)) + T∫0 −Re(v, L∗v) dt. (22)�âáî¤ Re[~u, Sv℄ = 12‖|B|1/2v(T )‖2 + 12‖|B|1/2v(0)‖2 + T∫0 −Re(v, L∗v) dt
>
12‖|B|1/2v(T )‖2 + 12‖|B|1/2v(0)‖2 + δ‖v‖2L2(0,T ;F1)= 12‖v(T )‖2H + 12‖v(0)‖2H + δ‖v‖2L2(0,T ;F1). (23)�¬¥¥¬Re[~u, Sv℄ 6 (‖v(T )‖2H + ‖v(0)‖2H + ‖v‖2L2(0,T ;F1))1/2

× (‖v(T )‖2H + ‖v(0)‖2H + ‖Mv‖2L2(0,T ;F ′1))1/2. (24)�á¯®«ì§ãï íâ® ¥à ¢¥áâ¢® ¢ «¥¢®© ç áâ¨ (23) ¨ ¯à®¨§¢®¤ï á®ªà -é¥¨¥, ¯®«ãç¨¬ ¥à ¢¥áâ¢®
δ0(‖v(T )‖2H + ‖v(0)‖2H + ‖v‖2L2(0,T ;F1))1/2

6 2(‖v(T )‖2H + ‖v(0)‖2H + ‖Mv‖2L2(0,T ;F ′1))1/2
, (25)¨«¨

‖S0v‖L2(0,T ;F1)×H×H 6 c‖Sv‖L2(0,T ;F ′1)×H×H . (26)�â ª, ¢ á¨«ã â¥®à¥¬ë A áãé¥áâ¢ã¥â ®¡®¡é¥®¥ à¥è¥¨¥ § ¤ ç¨(1), (2) ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1. �¥®à¥¬  ¤®ª §  .����������1. Barbu V., Favini A. Periodi solutions for degenerate di�erential equations // Rend.Inst. Mat. Univ. Trieste. 1996. V. 28. P. 29{57.2. �ãâª á �. �. � ¤ ç  �®è¨ ¤«ï ãà ¢¥¨ï Ax′(t) +Bx(t) = f(t) // �¨ää¥à¥æ.ãà ¢¥¨ï. 1975. �. 11, ü11. �. 1996{2010.
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��� 517.929.4����Ǒ���������� ������������������� ������������������������ ���������� ��Ǒ���������� ����������Ǒ�� ���������� �������������∗)�. �. �®¤®¯ìï®¢, �. �. �¥¬¨¤¥ª®1. �¢¥¤¥¨¥�  áâ®ïé¥© à ¡®â¥ à áá¬ âà¨¢ îâáï á¨áâ¥¬ë «¨¥©ëå ¤¨ää¥-à¥æ¨ «ìëå ãà ¢¥¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬
d

dt
x(t) = Ax(t) +Bx(t− τ), t > τ, (1)£¤¥ A, B| ¯®áâ®ïë¥ ¬ âà¨æë à §¬¥à  n×n â ª¨¥, çâ® ã«¥¢®¥ à¥è¥-¨¥ (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¯à¨ «î¡®¬ ¯ à ¬¥âà¥ § ¯ §¤ë¢ ¨ï

τ > 0. � ¤ ç  ®¡ ãáâ®©ç¨¢®áâ¨ à¥è¥¨© á¨áâ¥¬ ¢¨¤  (1) å®à®è® ¨§ã-ç¥  (á¬.,  ¯à¨¬¥à, [1{3℄). � ç áâ®áâ¨, ãáâ ®¢«¥ë ãá«®¢¨ï   ¬ â-à¨æë A, B, ¯à¨ ª®â®àëå ¨¬¥¥â ¬¥áâ®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâìã«¥¢®£® à¥è¥¨ï. �¤¨¬ ¨§ á ¬ëå ¯®¯ã«ïàëå ªà¨â¥à¨¥¢ ï¢«ï¥âáïá¯¥ªâà «ìë© ªà¨â¥à¨©  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨, ª®â®àë© ä®à-¬ã«¨àã¥âáï ¢ â¥à¬¨ å ¯à¨ ¤«¥�®áâ¨ ª®à¥© ª¢ §¨¬®£®ç«¥ det(A+ e−τλB − λI) = 0«¥¢®© ¯®«ã¯«®áª®áâ¨ C− = {λ ∈ C : Reλ < 0}. �¤ ª® á«¥¤ã¥â § ¬¥-â¨âì, çâ®   ¯à ªâ¨ª¥ ¯à®¢¥àª  íâ®£® ªà¨â¥à¨ï ¬®�¥â ®ª § âìáï ®ç¥ì
∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à�ª¥ ¯®¤¤¥à�ª¥ ��Ǒ ý� ãçë¥ ¨  ãç®-¯¥¤ -£®£¨ç¥áª¨¥ ª ¤àë ¨®¢ æ¨®®© �®áá¨¨þ   2009{2013 ££. (£®á. ª®âà ªâü 16.740.11.0127),   â ª�¥ �� ��� (¨â¥£à æ¨®ë© ¯à®¥ªâ ü 85).© 2011 �®¤®¯ìï®¢ �. �., �¥¬¨¤¥ª® �. �.



�á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì à¥è¥¨© 33á«®�®© § ¤ ç¥©, ¯®áª®«ìªã ¤«ï ®¯à¥¤¥«¥¨ï ª®à¥© ã�® ¯à¨¬¥ïâì¯à¨¡«¨�¥ë¥ ¬¥â®¤ë,   ª ª ¨§¢¥áâ®, ¤ �¥ ¢ á«ãç ¥ B = 0 § ¤ ç   -å®�¤¥¨ï ª®à¥© â ª®£® ãà ¢¥¨ï ï¢«ï¥âáï ¯«®å® ®¡ãá«®¢«¥®© (á¬., ¯à¨¬¥à, [4℄).�é¥ ®¤  ¨â¥à¥á ï ®á®¡¥®áâì ¯à¨ ¨§ãç¥¨¨ ãáâ®©ç¨¢®áâ¨ à¥-è¥¨© á¨áâ¥¬ ¢¨¤  (1) ¬®�¥â ¯®ï¢¨âìáï ¢ á«ãç ïå, ª®£¤  â ª¨¥ á¨áâ¥¬ë¢®§¨ª îâ ¯à¨ ¬®¤¥«¨à®¢ ¨¨ à¥ «ìëå ¯à®æ¥áá®¢. � íâ¨å á«ãç ïåí«¥¬¥âë ¬ âà¨æ A ¨ B § ç áâãî ®¯à¥¤¥«ïîâáï ¥â®ç®. � ¯à¨¬¥à,®¨ ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¢ à¥§ã«ìâ â¥ ¥ª®â®àëå ¯à¨¡«¨�¥¨© £à®-¬®§¤ª¨å ¢ëà �¥¨© ¨«¨ ¨§¬¥à¥¨©, ª®â®àë¥ ¯à®¢®¤ïâáï á ¥¡®«ìè¨¬¨¯®£à¥è®áâï¬¨, ¨«¨ ª ª¨å-«¨¡® ç¨á«¥ëå à áç¥â®¢   ���. �®íä-ä¨æ¨¥âë ¬®£ãâ â ª�¥ ®¯à¥¤¥«ïâìáï £¨¯®â¥â¨ç¥áª¨ ¯à¨ ®âáãâáâ¢¨¨¯®«®© ¨ä®à¬ æ¨¨ ® ¬®¤¥«¨àã¥¬®¬ ¯à®æ¥áá¥. Ǒ®íâ®¬ã ¯à¨ ¨áá«¥¤®-¢ ¨¨ ¯à¨ª« ¤ëå § ¤ ç, ¨§ãç¨¢ ¢®¯à®á ®¡ ãáâ®©ç¨¢®áâ¨ ã«¥¢®£® à¥-è¥¨ï á¨áâ¥¬ë (1), ®ç¥ì ¢ �® ®¯à¥¤¥«¨âì £à ¨æë ¤«ï ¢®§¬ãé¥¨©�A, �B ¬ âà¨çëå ª®íää¨æ¨¥â®¢ ¨áå®¤®© á¨áâ¥¬ë, ¯à¨ ª®â®àëåã«¥¢®¥ à¥è¥¨¥ ¢®§¬ãé¥®© á¨áâ¥¬ë
d

dt
y(t) = (A+�A)y(t) + (B +�B)y(t− τ), t > τ, (2)¡ã¤¥â â ª�¥  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. �¥«ì  áâ®ïé¥© à ¡®âë |¯®«ãç¥¨¥ ãá«®¢¨©   ¬ âà¨æë ¢®§¬ãé¥¨© �A, �B, ¯à¨ ª®â®àëå £ -à â¨àã¥âáï  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ã«¥¢®£® à¥è¥¨ï á¨áâ¥¬ë(2) ¯à¨ «î¡®¬ ¯ à ¬¥âà¥ § ¯ §¤ë¢ ¨ï τ > 0.�«¨§ª¨¥ ¢®¯à®áë à áá¬ âà¨¢ «¨áì ¢ à ¡®â å [5{7℄.2. �á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì à¥è¥¨©á¨áâ¥¬ á ¢®§¬ãé¥¨¥¬� áá¬®âà¨¬  ç «ìãî § ¤ çã ¤«ï á¨áâ¥¬ë (1)





d
dtx(t) = Ax(t) +Bx(t− τ), t > τ,

x(t) = ϕ(t) ¯à¨ t ∈ [0, τ ℄,
x(t) ∈ C[0,∞) ∩ C1(τ,∞), (3)



34 �®¤®¯ìï®¢ �. �., �¥¬¨¤¥ª® �. �.£¤¥ ϕ(t) ∈ C[0, τ ℄ | § ¤  ï ¢¥ªâ®à-äãªæ¨ï. �§¢¥áâ®, çâ® à¥è¥-¨¥  ç «ì®© § ¤ ç¨ (3) áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®. � á«¥¤ãîé¥©â¥®à¥¬¥ [8℄ ¯à¨¢®¤ïâáï ¤®áâ â®çë¥ ãá«®¢¨ï   ¬ âà¨æë A ¨ B, ¯à¨ª®â®àëå ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¤«ï«î¡®£® τ > 0, ¯à¨ íâ®¬ ãáâ  ¢«¨¢ ¥âáï ®æ¥ª  à¥è¥¨ï § ¤ ç¨ (3),å à ªâ¥à¨§ãîé ï ã¡ë¢ ¨¥ à¥è¥¨ï ¯à¨ t → ∞ á íªá¯®¥æ¨ «ì®©áª®à®áâìî.�¥®à¥¬  1. Ǒà¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ãîâ ¬ âà¨æë H , K(s) ∈
C1[0, τ ℄ â ª¨¥, çâ®

H = H∗ > 0, K(s) = K∗(s) > 0, d

ds
K(s) < 0, s ∈ [0, τ ℄, (4)¯à¨ íâ®¬ á®áâ ¢ ï ¬ âà¨æ 

C = −
(
HA+A∗H +K(0) HB

B∗H −K(τ)) (5)¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ . Ǒãáâì c1 > 0 | ¬¨¨¬ «ì®¥ á®¡áâ¢¥®¥§ ç¥¨¥ ¬ âà¨æë C ¨ k > 0 | ¬ ªá¨¬ «ì®¥ ç¨á«® â ª®¥, çâ®
d

ds
K(s) + kK(s) 6 0, s ∈ [0, τ ℄.�®£¤  ã«¥¢®¥ à¥è¥¨¥ ãà ¢¥¨ï (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¨ ¤«ïà¥è¥¨ï  ç «ì®© § ¤ ç¨ (3) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

〈Hx(t), x(t)〉 + t∫

t−τ

〈K(t− s)x(s), x(s)〉 ds
6 exp(− γ(t− τ)

‖H‖

)
〈Hϕ(τ), ϕ(τ)〉 + τ∫0 〈K(τ − s)ϕ(s), ϕ(s)〉ds , t > τ,(6)£¤¥ γ = min{c1, k‖H‖}.�â¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à®¢¥¤¥® á ¨á¯®«ì-§®¢ ¨¥¬ ¬®¤¨ä¨æ¨à®¢ ®£® äãªæ¨® «  �ï¯ã®¢  | �à á®¢áª®£®á«¥¤ãîé¥£® ¢¨¤ :

V (t, x) = 〈Hx(t), x(t)〉 + t∫

t−τ

〈K(t− s)x(s), x(s)〉 ds.



�á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì à¥è¥¨© 35� áá¬®âà¨¬ â¥¯¥àì á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ¢®§-¬ãé¥ë¬¨ ª®íää¨æ¨¥â ¬¨ (2). � á«¥¤ãîé¥© â¥®à¥¬¥ ãª § ë ¤®-áâ â®çë¥ ãá«®¢¨ï   ¬ âà¨æë ¢®§¬ãé¥¨© �A ¨ �B, ¯à¨ ª®â®àëåã«¥¢®¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬.�¥®à¥¬  2. Ǒà¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ãîâ ¬ âà¨æë H ¨ K(s) ∈
C1[0, τ ℄, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (4), ¨ ¬ âà¨æ 

R = HA+A∗H +K(0) +HBK−1(τ)B∗H (7)®âà¨æ â¥«ì® ®¯à¥¤¥«¥ . �¡®§ ç¨¬ ç¥à¥§ λmax(R) ¬ ªá¨¬ «ì®¥á®¡áâ¢¥®¥ ç¨á«® ¬ âà¨æë R. �®£¤  ¥á«¨ ¬ âà¨æë ¢®§¬ãé¥¨© �A ¨�B ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬
〈[H�A+ (�A)∗H ℄ v, v〉 6 r1|λmax(R)|‖v‖2, (8)

〈[H�BK−1(τ)B∗H +HBK−1(τ)(�B)∗H ℄v, v〉+ 〈K−1(τ)(�B)∗Hv, (�B)∗Hv〉 6 r2|λmax(R)|‖v‖2, (9)
rj > 0, r1 + r2 < 1, v ∈ R

n,â® ã«¥¢®¥ à¥è¥¨¥ ¢®§¬ãé¥®© á¨áâ¥¬ë (2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-ç¨¢®.�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© â¥®à¥¬ë á«¥¤ã¥â, çâ® ã«¥¢®¥ à¥-è¥¨¥ ¥¢®§¬ãé¥®© á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. �¥©-áâ¢¨â¥«ì®, à áá¬®âà¨¬ ¬ âà¨æã C ¢¨¤  (5). �¥¯®áà¥¤áâ¢¥®© ¯à®-¢¥àª®© ã¡¥�¤ ¥¬áï, çâ® ¢ë¯®«¥® à ¢¥áâ¢®
(
I D∗0 I

)
C

(
I 0
D I

) = (−R 00 K(τ)) , (10)£¤¥ D = K−1(τ)B∗H . �âáî¤ 
〈
C

(
I 0
D I

)
w,

(
I 0
D I

)
w

〉 = 〈(−R 00 K(τ))w,w〉 , w ∈ R
2n.Ǒ®íâ®¬ã ãç¨âë¢ ï ãá«®¢¨ï K(τ) > 0 ¨ R < 0, ¯®«ãç ¥¬ ¯®«®�¨â¥«ì-ãî ®¯à¥¤¥«¥®áâì ¬ âà¨æë C. �«¥¤®¢ â¥«ì®, ¢ á¨«ã â¥®à¥¬ë 1ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.



36 �®¤®¯ìï®¢ �. �., �¥¬¨¤¥ª® �. �.Ǒ®   «®£¨¨ á ¬ âà¨æ¥© (7) ¢¢¥¤¥¬ ¬ âà¨æã
R̃ = H(A+�A)+(A+�A)∗H+K(0)+H(B+�B)K−1(τ)(B+�B)∗H.�á®, çâ®
R̃ = HA+H�A+A∗H + (�A)∗H +K(0) +HBK−1(τ)B∗H+H�BK−1(τ)B∗H +H�BK−1(τ)(�B)∗H +HBK−1(τ)(�B)∗H= R+H�A+ (�A)∗H +H�BK−1(τ)B∗H+HBK−1(τ)(�B)∗H +H�BK−1(τ)(�B)∗H.Ǒ®ª �¥¬, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  v ∈ Rn \ {0} ¨¬¥¥â ¬¥áâ® ¥à -¢¥áâ¢®

〈R̃v, v〉 < 0. (11)�¥©áâ¢¨â¥«ì®, ¨§ ®¯à¥¤¥«¥¨ï ¬ âà¨æë R̃ ¨¬¥¥¬
〈R̃v, v〉 = 〈Rv, v〉+ 〈[H�A+ (�A)∗H ℄v, v〉+ 〈[H�BK−1(τ)B∗H +HBK−1(τ)(�B)∗H ℄v, v〉+ 〈K−1(τ)(�B)∗Hv, (�B)∗Hv〉.�á¯®«ì§ãï ãá«®¢¨ï (8), (9),   â ª�¥ ¥à ¢¥áâ¢®

〈Rv, v〉 6 λmax(R)‖v‖2, v ∈ R
n,¯®«ãç ¥¬

〈R̃v, v〉 6 (1− r1 − r2)λmax(R)‖v‖2.Ǒ®áª®«ìªã r1 + r2 < 1, ®âáî¤  á«¥¤ã¥â (11).�¢¥¤¥¬ â¥¯¥àì ¬ âà¨æã ~c, ï¢«ïîéãîáï   «®£®¬ ¬ âà¨æë (5), á«¥-¤ãîé¨¬ ®¡à §®¬:~c = −
(
H(A+�A) + (A+�A)∗H +K(0) H(B +�B)(B +�B)∗H −K(τ) )

. (12)Ǒãáâì D̃ = K−1(τ)(B +�B)∗H. Ǒ®   «®£¨¨ á à ¢¥áâ¢®¬ (10) ¨¬¥¥¬
(
I D̃∗0 I

) ~c( I 0
D̃ I

) = (−R̃ 00 K(τ)) .



�á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì à¥è¥¨© 37� ª ª ªK(τ) > 0, ¢ á¨«ã (11) ®âáî¤  ¯®«ãç ¥¬ ¯®«®�¨â¥«ìãî ®¯à¥¤¥-«¥®áâì ¬ âà¨æë ~c. �«¥¤®¢ â¥«ì®, ¢ á¨«ã â¥®à¥¬ë 1 ã«¥¢®¥ à¥è¥¨¥¢®§¬ãé¥®© á¨áâ¥¬ë ãà ¢¥¨© (2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.�¥®à¥¬  ¤®ª §  .Ǒà¨¢¥¤¥¬ ¥é¥ ®¤ã â¥®à¥¬ã, ¢ ª®â®à®© ¯®«ãç¥ë çãâì ¡®«¥¥ £àã-¡ë¥, ® «¥£ª® ¯à®¢¥àï¥¬ë¥ ãá«®¢¨ï   ¬ âà¨æë ¢®§¬ãé¥¨© �A ¨ �B,¯à¨ ª®â®àëå ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (2) ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-ç¨¢ë¬.�¥®à¥¬  3. Ǒà¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ãîâ ¬ âà¨æë H ¨ K(s) ∈
C1[0, τ ℄, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (4), ¨ ¬ âà¨æ  (7) ®âà¨æ â¥«ì®®¯à¥¤¥«¥ . �®£¤  ¥á«¨ ¬ âà¨æë ¢®§¬ãé¥¨ï �A ¨ �B ã¤®¢«¥â¢®àïîâãá«®¢¨ï¬

‖�A‖ 6 r1 |λmax(R)|2‖H‖ , (13)
‖�B‖ 6

√
‖B‖2 + r2|λmax(R)|

‖H‖2‖K−1(τ)‖ − ‖B‖, (14)£¤¥ rj > 0, r1 + r2 < 1, â® ã«¥¢®¥ à¥è¥¨¥ ¢®§¬ãé¥®© á¨áâ¥¬ë (2) á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.�®ª § â¥«ìáâ¢®. Ǒ¥à¥¯¨è¥¬ ãá«®¢¨¥ (13) á«¥¤ãîé¨¬ ®¡à §®¬:2‖�A‖‖H‖ 6 r1|λmax(R)|.�ç¨âë¢ ï íâ® ¥à ¢¥áâ¢®, ¤«ï «î¡®£® ¢¥ªâ®à  v ∈ Rn, ®ç¥¢¨¤®, ¨¬¥-¥¬
〈H�Av, v〉 + 〈(�A)∗Hv, v〉

6 ‖H‖‖�A‖‖v‖2 + ‖(�A)∗‖‖H‖‖v‖2 6 r1|λmax(R)|‖v‖2.�«¥¤®¢ â¥«ì®, ¬ âà¨æ  ¢®§¬ãé¥¨ï �A ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (8)¨§ â¥®à¥¬ë 2.



38 �®¤®¯ìï®¢ �. �., �¥¬¨¤¥ª® �. �.� áá¬®âà¨¬ ãá«®¢¨¥   ¬ âà¨æã ¢®§¬ãé¥¨ï �B. � «®£¨ç®¯à¥¤ë¤ãé¥¬ã, ãç¨âë¢ ï, çâ® ‖(�B)∗‖ = ‖�B‖, ‖B∗‖ = ‖B‖, ¤«ï «î-¡®£® ¢¥ªâ®à  v ∈ Rn ¨¬¥¥¬
〈[H�BK−1(τ)B∗H +HBK−1(τ)(�B)∗H ℄v, v〉+ 〈K−1(τ)(�B)∗Hv, (�B)∗Hv〉

6 [2‖�B‖‖B‖+ ‖�B‖2℄‖K−1(τ)‖‖H‖2‖v‖2.�¥âàã¤® ¯®ª § âì, çâ® ¨§ ãá«®¢¨ï (14) ¢ëâ¥ª ¥â ¥à ¢¥áâ¢®
[2‖�B‖‖B‖+ ‖�B‖2] ‖K−1(τ)‖‖H‖2 − r2|λmax(R)| 6 0.�âáî¤ 

〈[H�BK−1(τ)B∗H +HBK−1(τ)(�B)∗H ℄v, v〉+ 〈K−1(τ)(�B)∗Hv, (�B)∗Hv〉 6 r2|λmax(R)|‖v‖2.�«¥¤®¢ â¥«ì®, ¬ âà¨æ  ¢®§¬ãé¥¨ï �B ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (9)¨§ â¥®à¥¬ë 2.�â ª, ¤«ï ¬ âà¨æ ¢®§¬ãé¥¨ï �A ¨ �B ¢ë¯®«¥ë ¢á¥ ãá«®-¢¨ï â¥®à¥¬ë 2. Ǒ®íâ®¬ã ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (2)  á¨¬¯â®â¨ç¥áª¨ãáâ®©ç¨¢®.�¥®à¥¬  ¤®ª §  . 3. �æ¥ª¨ à¥è¥¨©�á¯®«ì§ãï ¯®«ãç¥ë¥ à¥§ã«ìâ âë ¨ à ááã�¤ ï, ª ª ¢ [8, 9℄, ¬®�®¯®«ãç¨âì ®æ¥ª¨ à¥è¥¨© á¨áâ¥¬ë (2)   ¢á¥© ¯®«ã®á¨ {t > τ}. �«ïíâ®£® à áá¬®âà¨¬  ç «ìãî § ¤ çã ¤«ï ¢®§¬ãé¥®© á¨áâ¥¬ë (2):




d
dty(t) = (A+�A)y(t) + (B +�B)y(t− τ), t > τ,

y(t) = ϕ(t) ¯à¨ t ∈ [0, τ ℄,
y(t) ∈ C[0,∞) ∩C1(τ,∞). (15)�¥®à¥¬  4. Ǒà¥¤¯®«®�¨¬, çâ® ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 2.Ǒãáâì ~c1 > 0| ¬¨¨¬ «ì®¥ á®¡áâ¢¥®¥ § ç¥¨¥ ¬ âà¨æë ~c, ®¯à¥¤¥-«¥®© ¢ (12), ¨ k > 0 | ¬ ªá¨¬ «ì®¥ ç¨á«® â ª®¥, çâ®

d

ds
K(s) + kK(s) 6 0, s ∈ [0, τ ℄.



�á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì à¥è¥¨© 39�®£¤  ¤«ï à¥è¥¨ï  ç «ì®© § ¤ ç¨ (15) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
〈Hy(t), y(t)〉+ t∫

t−τ

〈K(t− s)y(s), y(s)〉 ds
6 exp(− ~γ(t− τ)

‖H‖

)
〈Hϕ(τ), ϕ(τ)〉 + τ∫0 〈K(τ − s)ϕ(s), ϕ(s)〉ds , t > τ,(16)£¤¥ ~γ = min{~c1, k‖H‖}.�®ª § â¥«ìáâ¢®. Ǒãáâì y(t) | à¥è¥¨¥  ç «ì®© § ¤ ç¨ (15).� áá¬®âà¨¬ ¬®¤¨ä¨æ¨à®¢ ë© äãªæ¨® « �ï¯ã®¢  | �à á®¢áª®-£®

Ṽ (t, y) = 〈Hy(t), y(t)〉+ t∫

t−τ

〈K(t− s)y(s), y(s)〉 ds, (17)¢¢¥¤¥ë© ¢ à ¡®â¥ [8℄. �¨ää¥à¥æ¨àãï ¥£® ¨ ¨á¯®«ì§ãï ¬ âà¨æã (12),¥âàã¤® ¯®«ãç¨âì á«¥¤ãîé¥¥ â®�¤¥áâ¢®:
d

dt
Ṽ (t, y) +〈~c( y(t)

y(t− τ)),( y(t)
y(t− τ))〉

−
t∫

t−τ

〈
d

dt
K(t− s)y(s), y(s)〉 ds ≡ 0.Ǒ® ¤®ª § ®¬ã ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¬ âà¨æ  ~c ¯®«®�¨â¥«ì® ®¯à¥-¤¥«¥ , ¯®íâ®¬ã ~c1 > 0. �«¥¤®¢ â¥«ì®, ¯®   «®£¨¨ á [8, 9℄ ¯®«ãç ¥¬¥à ¢¥áâ¢®

d

dt
Ṽ (t, y) + ~c1

‖H‖〈Hy(t), y(t)〉+ k

t∫

t−τ

〈K(t− s)y(s), y(s)〉 ds 6 0.�âáî¤ , ãç¨âë¢ ï ®¯à¥¤¥«¥¨¥ äãªæ¨® «  (17), ¨¬¥¥¬
d

dt
Ṽ (t, y) + ~γ

‖H‖ Ṽ (t, y) 6 0, t > τ.



40 �®¤®¯ìï®¢ �. �., �¥¬¨¤¥ª® �. �.�â «® ¡ëâì,
Ṽ (t, y) 6 exp(− ~γ(t− τ)

‖H‖

)
Ṽ (τ, ϕ), t > τ,  íâ® ¥à ¢¥áâ¢® á®¢¯ ¤ ¥â á (16). �¥®à¥¬  ¤®ª §  .�«¥¤áâ¢¨¥. Ǒà¥¤¯®«®�¨¬, çâ® ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë. �®-£¤  ¤«ï à¥è¥¨ï  ç «ì®© § ¤ ç¨ (15) ¨¬¥¥â ¬¥áâ® ®æ¥ª 

‖y(t)‖ 6 exp(− ~γ(t− τ)2‖H‖

)√
‖H−1‖Ṽ (τ, ϕ), t > τ.�®ª § â¥«ìáâ¢® ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ¥à ¢¥áâ¢  (16).� ¬¥ç ¨¥. � «®£¨çë¥ à¥§ã«ìâ âë ¬®�® ¯®«ãç¨âì ¤«ï á¨-áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¥©âà «ì®£® â¨¯ 

d

dt
(y(t) + (D+�D)y(t− τ)) = (A+�A)y(t) + (B+�B)y(t− τ), t > τ,����������1. �à á®¢áª¨© �. �. �¥ª®â®àë¥ § ¤ ç¨ â¥®à¨¨ ãáâ®©ç¨¢®áâ¨ ¤¢¨�¥¨ï. �.: �¨§-¬ â£¨§, 1959.2. �«ìá£®«ìæ �. �., �®àª¨ �. �. �¢¥¤¥¨¥ ¢ â¥®à¨î ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-¨© á ®âª«®ïîé¨¬áï  à£ã¬¥â®¬. �.: � ãª , 1971.3. �®à¥¥¢áª¨© �. �. �áâ®©ç¨¢®áâì ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ ¯à¨ á«ãç ©ëå ¢®§¬ãé¥-¨ïå ¯ à ¬¥âà®¢. �«£¥¡à ¨ç¥áª¨¥ ªà¨â¥à¨¨. �¨¥¢: � ãª. �ã¬ª , 1989.4. �¨«ª¨á® ��. �«£¥¡à ¨ç¥áª ï ¯à®¡«¥¬  á®¡áâ¢¥ëå § ç¥¨©. �.: � ãª ,1970.5. Khusainov D. Ya. Investigation of interval stability of linear systems of neutral typeof Lyapunov funtion method // J. Appl. Math. Stohasti Anal. 2002. V. 15, N 1.P. 71{81.6. Kharitonov V. L. Lyapunov{Krasovskii funtionals for salar time delay equations// Syst. Control Lett. 2004. V. 51, N 3. P. 133{149.7. Gu K., Kharitonov V. L., Chen J. Stability of time-delay systems. Control engineering.Boston, MA: Birkh�auser, 2003.8. �¥¬¨¤¥ª® �. �., � â¢¥¥¢  �. �. �á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  à¥è¥¨© ¤¨ää¥-à¥æ¨ «ìëå ãà ¢¥¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬ // �¥áâ. ���. �¥à.� â¥¬ â¨ª , ¬¥å ¨ª , ¨ä®à¬ â¨ª . 2005. �. 5, ¢ë¯. 3. �. 20{28.9. �¥¬¨¤¥ª® �. �., � â¢¥¥¢  �. �. �áâ®©ç¨¢®áâì à¥è¥¨© ¤¨ää¥à¥æ¨ «ìëåãà ¢¥¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬ ¨ ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥â ¬¨ ¢«¨¥©ëå ç«¥ å // �¨¡. ¬ â. �ãà. 2007. �. 48, ü 5. �. 1025{1040.£. �®¢®á¨¡¨àáª 1  ¢£ãáâ  2011 £.



��� 517.95������������ ����� ������������� Ǒ�������������� ���������� ���������� ��Ǒ����������������∗)�. �. �£®à®¢, �. �. �ä¨¬®¢ Ǒ à ¡®«¨ç¥áª¨¥ ãà ¢¥¨ï á ¬¥ïîé¨¬áï  ¯à ¢«¥¨¥¬ ¢à¥¬¥¨¢å®¤ïâ ¢ ª« áá í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©. �â¬¥â¨¬, çâ®í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨¬ ãà ¢¥¨ï¬ ¯®á¢ïé¥  ®¡è¨à ï «¨â¥à -âãà  [1{7℄. � à ¡®â å [5, 6℄ ãáâ ®¢«¥®, çâ® ¯à¨ ®¯à¥¤¥«¥ëå ãá«®-¢¨ïå   ª®íää¨æ¨¥âë í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï ¥¤¨-áâ¢¥®¥ ®¡®¡é¥®¥ à¥è¥¨¥ ¯¥à¢®© (âà¥âì¥©) ªà ¥¢®© § ¤ ç¨ ¬®�® ©â¨ ª ª ¯à¥¤¥« ¯à¨¡«¨�¥ëå à¥è¥¨©, ¢ëç¨á«ï¥¬ëå ¯® ¬¥â®¤ã� «�¥àª¨  [8℄.� ¤ ®© à ¡®â¥ ¢ ®â«¨ç¨¥ ®â à ¡®â [5, 6℄ ¡ §¨áë¥ äãªæ¨¨ áâà®-ïâáï ï¢ë¬ ®¡à §®¬ ¨ ¯à¨¡«¨�¥ë¥ à¥è¥¨ï áå®¤ïâáï ª £« ¤ª®¬ãà¥è¥¨î ¨áå®¤®© ªà ¥¢®© § ¤ ç¨ ¤«ï ®¤®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢-¥¨ï á ¬¥ïîé¨¬áï  ¯à ¢«¥¨¥¬ ¢à¥¬¥¨.Ǒãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ Rn á £à ¨æ¥© S ª« áá  C2,
t = 
× {t} ¤«ï 0 6 t 6 T , ST = S × (0, T ).� æ¨«¨¤à¨ç¥áª®© ®¡« áâ¨ Q = 
 × (0, T ) à áá¬®âà¨¬ ãà ¢¥¨¥¯ à ¡®«¨ç¥áª®£® â¨¯ 
Lu ≡ k(x, t)ut −�u+ c(x, t)u = f(x, t). (1)Ǒà¥¤¯®«®�¨¬, çâ® ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¤®áâ â®ç® £« ¤-

∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï ¨ ãª¨ �®áá¨©áª®© �¥¤¥à æ¨¨ (ª®¤ ¯à®¥ªâ  ü 02.740.11.0609.)© 2011 �£®à®¢ �. �., �ä¨¬®¢  �. �.



42 �£®à®¢ �. �., �ä¨¬®¢  �. �.ª¨¥ ¢ Q, ¨ ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ¬®�¥áâ¢ :
S±0 = {(x, 0) : k(x, 0) ≶ 0, x ∈ 
} S±

T = {(x, T ) : k(x, T ) ≶ 0, x ∈ 
}.�à ¥¢ ï § ¤ ç . � ©â¨ à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ Q â -ª®¥, çâ®
u|

S
+0 = 0, (2)

u|
S

−

T
= 0. (3)�â¬¥â¨¬, çâ® ªà ¥¢ ï § ¤ ç  (1){(3) ï¢«ï¥âáï ®¡®¡é¥¨¥¬ ¨§¢¥áâ-®© § ¤ ç¨ �. �¥¢à¥ [3, 4℄.�¥à¥§ CL ®¡®§ ç¨¬ ª« áá £« ¤ª¨å ¢ Q äãªæ¨©, ã¤®¢«¥â¢®àïî-é¨å ªà ¥¢ë¬ ãá«®¢¨ï¬ (2), (3). Ǒãáâì Wm,s2 (Q) |  ¨§®âà®¯®¥ ¯à®-áâà áâ¢® �®¡®«¥¢  á ®à¬®©

‖u‖2m,s = ∫
Q

[ ∑

|α|6m

(Dαu)2 + (Ds
tu
)2]

dQ,¯à¨ç¥¬ (u, v) = ∫Q uv dQ ¤«ï äãªæ¨© u, v ¨§ L2(Q), ‖u‖2 = (u, u).�¥¬¬  1. Ǒãáâì ¢ë¯®«¥® ãá«®¢¨¥
c− 12kt > 0, (x, t) ∈ Q.�®£¤  ¤«ï «î¡®© äãªæ¨¨ u(x, t) ∈ CL ¨¬¥¥â ¬¥áâ® ®æ¥ª 

C1‖u‖21,0 6 (Lu, u), C1 > 0.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢ëà �¥¨¥ (Lu, u) ¤«ï u ∈ CL.Ǒ®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© (2), (3)¯®«ãç¨¬(Lu, u) = ∫
Q

[
n∑

i=1 u2xi
+(c− 12kt

)
u2] dQ+ 12 ∫

S+
T

ku2 dx− 12 ∫
S−0 ku2 dx.�âáî¤ , ¨á¯®«ì§ãï ¥à ¢¥áâ¢® Ǒã ª à¥ | �à¨¤à¨åá 

∫

Q

u2 dQ 6 C2
 ∫
Q

n∑

i=1 u2xi
dQ,



�â æ¨® àë© ¬¥â®¤ � «�¥àª¨  43¯®«ãç ¥¬ ãâ¢¥à�¤¥¨¥ «¥¬¬ë.�áî¤ã ¨�¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯à ¢ ï ç áâì ãà ¢¥¨ï (1)¯à¨ ¤«¥�¨â W 0,12 (Q).Ǒà¨ k(x, 0) > 0, k(x, T ) 6 0 ¢ ª ç¥áâ¢¥ ¡ §¨áëå äãªæ¨© ¡¥à¥¬äãªæ¨¨ ϕk(x, t), ª®â®àë¥ ï¢«ïîâáï à¥è¥¨¥¬ á¯¥ªâà «ì®© § ¤ ç¨
−�̃ϕk = λkϕk, k = 1, 2, . . . , (4)

ϕk|ST = 0, (5)
ϕk|t=0 = 0, ϕk|t=T = 0, (6)£¤¥ �̃u = utt + �u. Ǒà¨ íâ®¬ äãªæ¨¨ ϕk(x, t) ®àâ®®à¬¨à®¢ ë ¢

L2(Q) ¨ ®¡à §ãîâ ¡ §¨á ¢ ¥¬,   â ª�¥ ¢ë¯®«¥ë ãá«®¢¨ï f(x, 0) = 0¨ f(x, T ) = 0.Ǒà¨ k(x, 0) > 0, k(x, T ) > 0 ªà ¥¢ë¥ ãá«®¢¨ï (6) ¨¬¥îâ ¢¨¤
ϕk|t=0 = 0, ϕkt |t=T = 0,  â ª�¥ ¢ë¯®«¥® ãá«®¢¨¥ f(x, 0) = 0.Ǒà¨ k(x, 0) 6 0, k(x, T ) > 0 ¢ ª ç¥áâ¢¥ ªà ¥¢ëå ãá«®¢¨© (6) ¡¥àãâáïãá«®¢¨ï
ϕkt|t=0 = 0, ϕkt|t=T = 0.Ǒà¨ k(x, 0) 6 0, k(x, T ) 6 0 ªà ¥¢ë¥ ãá«®¢¨ï (6) ¨¬¥îâ ¢¨¤
ϕkt|t=0 = 0, ϕk|t=T = 0,ªà®¬¥ â®£®, ¢ë¯®«¥® ãá«®¢¨¥ f(x, T ) = 0.Ǒà¨¡«¨�¥ë¥ à¥è¥¨ï uN (x, t) ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ (1){(3) ¡ã-¤¥¬ ¨áª âì ¢ ¢¨¤¥
uN (x, t) = N∑

k=1 cNk ϕk(x, t),¢ ª®â®à®¬ cNk ®¯à¥¤¥«ïîâáï á¨áâ¥¬®©N «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-¥¨© (LuN , ϕl) = (f, ϕl), l = 1, N. (7)



44 �£®à®¢ �. �., �ä¨¬®¢  �. �.�¥¬¬  2. Ǒãáâì ¢ë¯®«¥® ãá«®¢¨¥ «¥¬¬ë 1. �®£¤  á¨áâ¥¬  (7)®¤®§ ç® ®¯à¥¤¥«ï¥â ¯à¨¡«¨�¥ë¥ à¥è¥¨ï uN .�®ª § â¥«ìáâ¢®. Ǒãáâì cNk | à¥è¥¨ï ®¤®à®¤®© á¨áâ¥¬ë (7).�®£¤ , ã¬®� ï ª �¤®¥ ãà ¢¥¨¥   á¢®¥ cNl ¨ áª« ¤ë¢ ï ¯® l ®â 1 ¤®
N , ¯®«ãç ¥¬ á®®â®è¥¨¥ (LuN , uN) = 0,¨§ ª®â®à®£® ¢ á¨«ã «¥¬¬ë 1 ¨¬¥¥¬0 = ‖uN‖2 = N∑

k=1(cNk )2,â. ¥. cNk = 0 ¯à¨ k = 1, N . �«¥¤®¢ â¥«ì®, á¨áâ¥¬  (7) ®¤®§ ç®à §à¥è¨¬ , ¨¡® ¤«ï ¥¥ ¨¬¥¥â ¬¥áâ® â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨. �¥¬¬ ¤®ª §  .�¥®à¥¬  1. Ǒãáâì ¢ë¯®«¥ë ãá«®¢¨ï
c− 12kt > 0, c+ 12kt > δ > 0, f ∈ W 0,12 (Q)¨ ¨¬¥¥â ¬¥áâ® ®¤¨ ¨§ á«¥¤ãîé¨å á«ãç ¥¢:

k(x, 0) > 0, k(x, T ) 6 0, f(x, 0) = 0, f(x, T ) = 0,¨«¨ k(x, 0) > 0, k(x, T ) > 0, f(x, 0) = 0,¨«¨ k(x, 0) 6 0, k(x, T ) > 0,¨«¨ k(x, 0) 6 0, k(x, T ) 6 0, f(x, T ) = 0.�®£¤  ªà ¥¢ ï § ¤ ç  (1){(3) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u(x, t)¨§ W 2,12 (Q).�®ª § â¥«ìáâ¢®. � ç «  ¤«ï ¯à¨¡«¨�¥ëå à¥è¥¨© uN(x, t)¯®«ãç¨¬ ®æ¥ª¨, ¥ § ¢¨áïé¨¥ ®â N . �¥©áâ¢¨â¥«ì®, ¨§ ãà ¢¥¨© (7)¥âàã¤® ¯®«ãç¨âì á®®â®è¥¨¥(LuN , uN) = (f, uN ),¨§ ª®â®à®£® ¢ á¨«ã «¥¬¬ë 1 ¨¬¥¥¬ ®æ¥ªã
‖uN‖1,0 6 C2‖f‖, C2 > 0. (8)



�â æ¨® àë© ¬¥â®¤ � «�¥àª¨  45�¬®�¨¬ ª �¤®¥ ãà ¢¥¨¥ ¨§ (7)   á¢®¥ áN
l λl, ¯à®áã¬¬¨àã¥¬ ¯® l ®â1 ¤® N . � à¥§ã«ìâ â¥ ¯à¨¤¥¬ ª à ¢¥áâ¢ã

−(LuN , �̃uN) = −(f, �̃uN ). (9)� áá¬®âà¨¬ á«ãç ©
k(x, 0) > 0, k(x, T ) 6 0, f(x, 0) = 0, f(x, T ) = 0.Ǒ®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© ¤«ï

uN ¨§ (9) ¯®«ãç¨¬
∫

Q

[(
c+ 12kt

)
v2t + n∑

i=1 v2txi
+ (�v)2 + vt

n∑

i=1 kxivxi+ k

n∑

i=1 vtxivxi
+ ctvtv − cv�v] dQ+ 12 ∫
0 kv2t dx

− 12 ∫
T

kv2t dx = ∫
Q

[ftvt − f�v℄ dQ, (10)£¤¥ v = uN . � á¨«ã ãá«®¢¨© â¥®à¥¬ë, ¥à ¢¥áâ¢  �®è¨ ¨ ®æ¥ª¨ (8)¨§ á®®â®è¥¨ï (10) ¡ã¤¥¬ ¨¬¥âì
∫

Q

[(uN
t )2 + n∑

i=1(uN
txi
)2 + (�uN )2] dQ

6 C3(‖f‖2 + ‖ft‖2), C3 > 0. (11)�« £®¤ àï ®æ¥ª ¬ (8), (11) ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ {uN} ¬®�®¨§¢«¥çì ¯®¤¯®á«¥¤®¢ â¥«ì®áâì {uNk}, á« ¡® áå®¤ïéãîáï ¢ W 2,12 (Q) ª¥ª®â®à®© äãªæ¨¨ u(x, t) ¨§ W 2,12 (Q) ∩ ◦
W 1,02 (Q). Ǒà¨ ä¨ªá¨à®¢ ®¬

ϕl ¢ (7) ¬®�® ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯® ¢ë¡à ®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨
{uNk}. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à ¢¥áâ¢®(Lu, ϕl) = (f, ϕl), l = 1, 2, . . . .� á¨«ã â®£®, çâ® {ϕl} ®¡à §ãîâ ¡ §¨á ¢ L2(Q), ¨§ ¯®á«¥¤¥£® à ¢¥-áâ¢  á«¥¤ã¥â, çâ® ãà ¢¥¨¥ (1) ¢ë¯®«ï¥âáï ¤«ï ¯®çâ¨ ¢á¥å (x, t) ∈ Q



46 �£®à®¢ �. �., �ä¨¬®¢  �. �.¨ ªà ¥¢ë¥ ãá«®¢¨ï (2), (3) ã¤®¢«¥â¢®àïîâáï ¢ áà¥¤¥¬. �áâ «ìë¥ âà¨á«ãç ï à áá¬ âà¨¢ îâáï   «®£¨çë¬ ®¡à §®¬. �¤¨áâ¢¥®áâì à¥-è¥¨ï ªà ¥¢®© § ¤ ç¨ (1){(3) ¨§ W 2,12 (Q) ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§«¥¬¬ë 1. �¥®à¥¬  ¤®ª §  .�¥®à¥¬  2. Ǒãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤  £ «�¥à-ª¨áª¨¥ ¯à¨¡«¨�¥¨ï uN(x, t) ¯à¨ N → ∞ á« ¡® áå®¤ïâáï ¢ W 2,12 (Q) ¨áå®¤ïâáï ¢ ®à¬¥ L2(Q) ª à¥è¥¨î ªà ¥¢®© § ¤ ç¨ (1){(3) ¨§ W 2,12 (Q).�®ª § â¥«ìáâ¢®. � ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¯®ª § ®, çâ® áã-é¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì®áâì uNk , á« ¡® áå®¤ïé ïáï ¢ W 2,12 (Q) ª
u(x, t) | à¥è¥¨î ªà ¥¢®© § ¤ ç¨ (1){(3) ¨§W 2,12 (Q). �ë¡¨à ï ¨§ {uN}«î¡ãî ¤àã£ãî ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, á« ¡® áå®¤ïéãîáï ª ¥ª®â®à®©äãªæ¨¨ v(x, t) ¨§ W 2,12 (Q), ¯®«ãç¨¬ v(x, t) ≡ u(x, t), â ª ª ª à¥è¥¨¥ªà ¥¢®© § ¤ ç¨ (1){(3) ¨§ W 2,12 (Q) ¥¤¨áâ¢¥®. �â® ®§ ç ¥â, çâ® ¯®-á«¥¤®¢ â¥«ì®áâì {uN} ¨¬¥¥â ¥¤¨áâ¢¥ãî ¯à¥¤¥«ìãî â®çªã u(x, t).�âáî¤  ¢ á¨«ã á« ¡®© ª®¬¯ ªâ®áâ¨ {uN} ¢W 2,12 (Q) ¯®«ãç ¥¬, çâ® ¢áï¯®á«¥¤®¢ â¥«ì®áâì {uN} á« ¡® áå®¤¨âáï ª u(x, t) ¢ W 2,12 (Q). �â®à®¥ãâ¢¥à�¤¥¨¥ ¨§ â¥®à¥¬ë 2 á«¥¤ã¥â ¨§ ¢¯®«¥ ¥¯à¥àë¢®£® ¢«®�¥¨ï¯à®áâà áâ¢  W 1,12 (Q) ¢ L2(Q). �¥®à¥¬  ¤®ª §  .����������1. �¨ª¥à  �. � ¥¤¨®© â¥®à¨¨ ªà ¥¢ëå § ¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢-¥¨© // � â¥¬ â¨ª . 1963. �. 7, ü 6. C. 99{121.2. �«¥©¨ª �. �., � ¤ª¥¢¨ç �. �. �à ¢¥¨ï ¢â®à®£® ¯®àï¤ª  á ¥®âà¨æ â¥«ì®©å à ªâ¥à¨áâ¨ç¥áª®© ä®à¬®© // � â¥¬ â¨ç¥áª¨©   «¨§. �.: ������, 1971.C. 7{252. (�â®£¨  ãª¨).3. �¥àá¥®¢ �. �. Ǒ à ¡®«¨ç¥áª¨¥ ãà ¢¥¨ï á ¬¥ïîé¨¬áï  ¯à ¢«¥¨¥¬ ¢à¥¬¥-¨. �®¢®á¨¡¨àáª: � ãª , 1985.4. �£®à®¢ �. �., �¥¤®à®¢ �. �. �¥ª« áá¨ç¥áª¨¥ ãà ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨¢ëá®ª®£® ¯®àï¤ª . �®¢®á¨¡¨àáª: �§¤-¢® �� �� ���, 1995.5. �£®à®¢ �. �., �â¥¯ ®¢  Ǒ. �. � ¬¥â®¤¥ � «�¥àª¨  ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥á-ª¨å ãà ¢¥¨© // � â. § ¬¥âª¨ ���. 2008. �. 15, ¢ë¯. 2. C. 19{26.6. �£®à®¢ �. �. Ǒà¨¬¥¥¨¥ ¬¥â®¤  � «�¥àª¨  ª âà¥âì¥© ªà ¥¢®© § ¤ ç¥ ¤«ï í««¨¯-â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï // � â. § ¬¥âª¨ ���. 2009. �. 16, ¢ë¯. 1.C. 22{27.7. � åãè¥¢ �. �. � ¤ ç¨ á® á¬¥é¥¨¥¬ ¤«ï ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå.�.: � ãª , 2006.8. � ¤ë�¥áª ï �. �. �à ¥¢ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1973.£. �ªãâáª 6 ¨îï 2011 £.



��� 518.9� ��������� Ǒ������� � ������������ ���������� � �������. �. �£®à®¢, �. Ǒ. � ©£®à®¤®¢Ǒà¨ ¯à¨ïâ¨¨ à¥è¥¨© ¢ ã¯à ¢«¥ç¥áª®© ¤¥ïâ¥«ì®áâ¨ ç áâ® ¢áâà¥-ç îâáï § ¤ ç¨, ª®â®àë¥ á¢®¤ïâáï ª ¬®£®ªà¨â¥à¨ «ìë¬ § ¤ ç ¬ ¢ë-¡®à  ®¤®£® ¨«¨ ¥áª®«ìª¨å í«¥¬¥â®¢ (à¥è¥¨© ¨«¨ ®¡ê¥ªâ®¢) ¨§ ¥ª®-â®à®£® ¬®�¥áâ¢  ¨«¨ ª ¬®£®ªà¨â¥à¨ «ìë¬ § ¤ ç ¬ á®àâ¨à®¢ª¨ [1, 2℄.� «¨ç¨¥ à §«¨çëå, ¥á®¢¯ ¤ îé¨å, ¯®à®© ¤ �¥ ¯à®â¨¢®à¥ç é¨å ¤àã£¤àã£ã, ªà¨â¥à¨¥¢ ¤¥« îâ à¥è¥¨¥ â ª®£® à®¤  § ¤ ç ¤®áâ â®ç® á«®�-ë¬. �«ï ¨å ¨áá«¥¤®¢ ¨ï ¨á¯®«ì§ãîâáï ¨ â¥®à¥â¨ª®-¨£à®¢ë¥ ¬¥â®¤ë[3℄. Ǒà¨ à¥è¥¨¨ â ª¨å § ¤ ç ¢ ¤ ®© à ¡®â¥ ¯à¥¤« £ îâáï á«¥¤ãî-é¨¥ ¯®¤å®¤ë, à §à ¡®â ë¥ ¢ [4{6℄.�®àâ¨à®¢ª  í«¥¬¥â®¢ ¯® ¬®£¨¬ ªà¨â¥à¨ï¬. Ǒãáâì ¨¬¥îâ-áïm (m ∈ N) ®¡ê¥ªâ®¢ ¨ n (n ∈ N) ªà¨â¥à¨¥¢, ¯® ª®â®àë¬ ®æ¥¨¢ îâáïíâ¨ ®¡ê¥ªâë. �¡®§ ç¨¬ ¬®�¥áâ¢® ¢á¥å ®¡ê¥ªâ®¢ ç¥à¥§ M ,   ¬®�¥-áâ¢® ¢á¥å ªà¨â¥à¨¥¢ | ç¥à¥§ N ⇋ {b1, b2, . . . , bn}.� áá¬®âà¨¬ § ¤ çã á®àâ¨à®¢ª¨ ®¡ê¥ªâ®¢ ¨§M ¯® ¥ª®â®à®¬ã ¯à¨-æ¨¯ã, ®á®¢ ®¬ã   ¨á¯®«ì§®¢ ¨¨ ªà¨â¥à¨¥¢ ¨§ N.Ǒãáâì ¨¬¥¥¬ ç¨á«  aij , ï¢«ïîé¨¥áï ®æ¥ª®© i-£® ®¡ê¥ªâ  ¯® ªà¨-â¥à¨î j (i = 1,m, j = 1, n). �®£¤  ¬®�® à áá¬®âà¥âì ¬ âà¨çãî ¨£àã[3℄ á ¬ âà¨æ¥© A = {aij}, £¤¥ ®¡ê¥ªâë ¨§ M ¨â¥à¯à¥â¨àãîâáï ª ªáâà â¥£¨¨ ¯¥à¢®£® ¨£à®ª ,   ªà¨â¥à¨¨ ¨§ N | ª ª áâà â¥£¨¨ ¢â®à®£®¨£à®ª . Ǒ¥à¢ë© ¨£à®ª áâà¥¬¨âáï ¬ ªá¨¬¨§¨à®¢ âì á¢®© ¢ë¨£àëè,  ¢â®à®© | ¬¨¨¬¨§¨à®¢ âì.© 2011 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ.



48 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ.�¯¨è¥¬  «£®à¨â¬ à §¡¨¥¨ï ¬®�¥áâ¢  ®¡ê¥ªâ®¢   ª« ááë íª¢¨-¢ «¥â®áâ¨, â. ¥. ¢¢¥¤¥¬ ®â®è¥¨¥ ¯®àï¤ª    ¬®�¥áâ¢¥ M .�¥è ï ¬ âà¨çãî ¨£àã á ¬ âà¨æ¥© A0 ⇋ A,  ©¤¥¬ ®¯â¨¬ «ìãîáâà â¥£¨î u0 = (
u01, u02, . . . , u0m) ¯¥à¢®£® ¨£à®ª . �á«¨ u0i > 0 (i =1,m), â® ¯®«ãç ¥¬ ¨áª®¬®¥ à §¡¨¥¨¥   ª« ááë íª¢¨¢ «¥â®áâ¨, £¤¥®¡ê¥ªâë á ®¤¨ ª®¢ë¬¨ ¢¥á ¬¨ ¢ ¢¥ªâ®à¥ u0 ¨â¥à¯à¥â¨àãîâáï ª ªí«¥¬¥âë ®¤®£® ª« áá  íª¢¨¢ «¥â®áâ¨.�á«¨ �¥ ¢ u0 ¨¬¥îâáï ã«¥¢ë¥ ª®¬¯®¥âë, â® í«¥¬¥âë á ¥ã-«¥¢ë¬¨ ¢¥á ¬¨ ®¡à §ãîâ ¯¥à¢ãî £àã¯¯ã G0, ¢ ª®â®à®© ®¡ê¥ªâë ã¯®àï-¤®ç¨¢ îâáï ¯® ¢¥á ¬, ª ª ®¯¨á ® ¢ëè¥.�áª«îç ï ¨§ ¬ âà¨æë A0 áâà®ª¨, á®®â¢¥âáâ¢ãîé¨¥ ®¡ê¥ªâ ¬ ¨§

G0, ¯®«ãç¨¬ ¬ âà¨æã A1 à §¬¥à  m1 × n, 0 6 m1 < m.�¯¨á ë© á¯®á®¡ ¯®«ãç¥¨ï £àã¯¯ë G0 ¨ ¬ âà¨æë A1,, ¯®«ãç¥-®© ¨§ ¬ âà¨æë A0, ¨áª«îç¥¨¥¬ áâà®ª, á®®â¢¥âáâ¢ãîé¨å ®¡ê¥ªâ ¬ ¨§
G0,  §®¢¥¬ A-à¥¤ãæ¨à®¢ ¨¥¬ ¨£àë á ¬ âà¨æ¥© A0.� ª¨¬ ®¡à §®¬, à¥è ï A-à¥¤ãæ¨à®¢ ãî ¨£àã á ¬ âà¨æ¥©A1, ¯®-«ãç¨¬ ¥ª®â®àãî £àã¯¯ã ®¡ê¥ªâ®¢ G1 ¨ ¬ âà¨æã A2 à §¬¥à  m2 × n,0 6 m2 < m1, ¯®«ãç¥ãî ¨áª«îç¥¨¥¬ ¨§ ¬ âà¨æë A1 áâà®ª, á®®â-¢¥âáâ¢ãîé¨å ®¡ê¥ªâ ¬ ¨§ G1.�¥®à¥¬  1. �ãé¥áâ¢ã¥â k ∈ N â ª®¥, çâ®, ¯à¨¬¥ïï ¯®á«¥¤®¢ -â¥«ì® A-à¥¤ãæ¨à®¢ ¨¥ ª ¬ âà¨æ ¬ A0, A1, . . . , Ak−1, ¯®«ãç¨¬ ¬®-�¥áâ¢  £àã¯¯ ®¡ê¥ªâ®¢ G0, G1, . . . , Gk, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ãá«®¢¨ï¬:1) k⋃

i=0Gi =M ;2) ∀i, j ∈ {1, 2, . . . , k}, i 6= j, Gi ∩Gj = ∅.PEC-§ ¤ ç¨. �¥ª®â®àë¥ § ¤ ç¨ ¢ë¡®à  ¨ ¯à¨ïâ¨ï à¥è¥¨© á¢®-¤ïâáï ª ®¤®© ¨«¨ ¥áª®«ìª¨¬ § ¤ ç ¬ ¢ë¡®à  ®¤®© ¨§ ¤¢ãå ¢®§¬®�-®áâ¥©: ý¯®áâã¯¨âì â ª¨¬ ®¡à §®¬þ ¨«¨ ý¥ ¤¥« âì íâ®£®þ. � ª®£® à®¤ § ¤ ç¨ ¡ã¤¥¬  §ë¢ âì § ¤ ç ¬¨ ý§  ¨ ¯à®â¨¢þ ¨«¨ PEC-§ ¤ ç ¬¨ (®â« â¨áª®£® ýpro et ontraþ). �«ï ª �¤®© PEC-§ ¤ ç¨ à áá¬ âà¨¢ îâ-áï ®¯à¥¤¥«¥ë¥  ¡®àë  à£ã¬¥â®¢ (¤®¢®¤®¢) ¢ ¯®«ì§ã â®© ¨«¨ ¨®©



� ¥ª®â®àëå ¯®¤å®¤ å ª à¥è¥¨î § ¤ ç á®àâ¨à®¢ª¨ ¨ ¢ë¡®à  49¢®§¬®�®áâ¨.PEC-§ ¤ ç  ®¯à¥¤¥«ï¥âáï ª ª á®¢®ªã¯®áâì ¬®�¥áâ¢ P , C ¨ ¬ â-à¨æë A, £¤¥
P ⇋ {p1, . . . , pn}, n ∈ N, (1)¥áâì ¬®�¥áâ¢®  à£ã¬¥â®¢ ý§ þ,
C ⇋ {c1, . . . , cm}, m ∈ N, (2)¥áâì ¬®�¥áâ¢®  à£ã¬¥â®¢ ý¯à®â¨¢þ,

A = {aij} ∈ [0; 1℄, i = 1, n, j = 1, m, (3)¥áâì n×m-¬ âà¨æ , á®áâ®ïé ï ¨§ í«¥¬¥â®¢ aij , ï¢«ïîé¨åáï íªá¯¥àâ-ë¬¨ ®æ¥ª ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj. � ª¨¬ ®¡à §®¬, ¯à¥¤¯®« -£ ¥âáï, çâ® ª �¤ë©  à£ã¬¥â ý§ þ pi ¨§ P áà ¢¨¢ ¥âáï á ª �¤ë¬ à£ã¬¥â®¬ ý¯à®â¨¢þ cj ¨§ C, ¨ ¬¥â®¤®¬ íªá¯¥àâëå ®æ¥®ª [1℄ (¨«¨ª ª¨¬-«¨¡® ¤àã£¨¬ á¯®á®¡®¬) ¯®«ãç îâáï ç¨á«  aij , ª®â®àë¥ ¬ë ¨  -§¢ «¨ íªá¯¥àâë¬¨ ®æ¥ª ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj. �¥¬ ¡®«ìè¥§ ç¥¨¥ aij , â¥¬ ¡®«¥¥ § ç¨¬ ¨ ã¡¥¤¨â¥«¥  à£ã¬¥â ý§ þ pi ¯® áà ¢-¥¨î á  à£ã¬¥â®¬ ý¯à®â¨¢þ cj . � ®¡®à®â, ç¥¬ ¬¥ìè¥ § ç¥¨¥ aij ,â¥¬ ¡®«¥¥ § ç¨¬ ¨ ã¡¥¤¨â¥«¥  à£ã¬¥â ý¯à®â¨¢þ cj ¯® áà ¢¥¨î á à£ã¬¥â®¬ ý§ þ pi.Ǒãáâì Â | ¬®�¥áâ¢® ¢á¥å n × m-¬ âà¨æ á í«¥¬¥â ¬¨ ¨§ [0; 1℄(n,m ∈ N). �®£¤  «î¡ ï PEC-§ ¤ ç  á ¬®�¥áâ¢ ¬¨ P (1) ¨ C (2)®¯à¥¤¥«ï¥â ¥ª®â®àãî n×m-¬ âà¨æã ¨§ Â, ¨,  ®¡®à®â, «î¡ ï n×m-¬ âà¨æ  A ¨§ Â ®¯à¥¤¥«ï¥â PEC-§ ¤ çã á ¬®�¥áâ¢®¬ P (1), ¬®�¥-áâ¢®¬ C (2), íªá¯¥àâë¬¨ ®æ¥ª ¬¨ aij (3) ¢§ ¨¬®¤¥©áâ¢¨ï pi ¨ cj .Ǒãáâì A | n × m-¬ âà¨æ  ¨§ Â. �¢â®à ¬¨ à ¥¥ ¡ë«® ¯®ª § -®, çâ® ¤«ï ¢ëç¨á«¥¨ï à¥è¥¨ï ¯®à®�¤ ¥¬®© ¥î PEC-§ ¤ ç¨ (â. ¥.®¯à¥¤¥«¥¨ï ¨â¥£à «ì®© íªá¯¥àâ®© ®æ¥ª¨) ¤®áâ â®ç®  ©â¨ æ¥ãá®®â¢¥âáâ¢ãîé¥© ¬ âà¨ç®© ¨£àë [3℄. Ǒ®íâ®¬ã, à áá¬ âà¨¢ ï PEC-§ ¤ çã (1){(3), ã¬¥áâ® £®¢®à¨âì ®¡ ¨£à®ª å á ¬®�¥áâ¢ ¬¨ áâà â¥£¨©( à£ã¬¥â®¢, ¤®¢®¤®¢) P ¨ C, £¤¥ ¯¥à¢ë© (¢â®à®©) ¨£à®ª ï¢«ï¥âáï ¬ ª-á¨¬¨§¨àãîé¨¬ (¬¨¨¬¨§¨àãîé¨¬).



50 �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ.�®£®ªà¨â¥à¨ «ì ï § ¤ ç  ¢ë¡®à  ¨§ ¤¢ãå ®¡ê¥ªâ®¢.Ǒãáâì ¨¬¥îâáï ¤¢  ®¤®â¨¯ëå ®¡ê¥ªâ  ¨ n à §«¨çëå ªà¨â¥à¨¥¢, ¯®ª®â®àë¬ áà ¢¨¢ îâáï íâ¨ ®¡ê¥ªâë (n ∈ N). �¡ëç® ¯à¨ à¥è¥¨¨¬®£®ªà¨â¥à¨ «ìëå § ¤ ç áà ¢¥¨ï ¤¢ãå ®¡ê¥ªâ®¢ íªá¯¥àâë ®æ¥¨-¢ îâ ¨å ®â¤¥«ì® ¯® ª �¤®¬ã ªà¨â¥à¨î, ®¯à¥¤¥«ïîâ ¢¥á®¢ë¥ ª®íää¨-æ¨¥âë, § â¥¬ ª ª¨¬-«¨¡® á¯®á®¡®¬ ¯®«ãç îâ ¨â¥£à¨à®¢ ë© ¯®ª -§ â¥«ì | ç¨á«®, á ª®â®àë¬ ã�¥ ¬®�® à ¡®â âì. �¤¥áì ¬ë ¢¢®¤¨¬ ¢à áá¬®âà¥¨¥ áà ¢¨â¥«ìë¥ ®æ¥ª¨ ®¡ê¥ªâ®¢ ¯® à §ë¬ ªà¨â¥à¨ï¬,  ¥ â®«ìª® ¯® ®¤¨ ª®¢ë¬, çâ® ¨ ¯®§¢®«ï¥â ¯à¨¬¥¨âì  ¯¯ à â  -â £®¨áâ¨ç¥áª¨å ¨£à, £¤¥ ¬ âà¨æ  ¨£àë A ⇋ {aij ∈ R1 | i, j = 1, n}¥áâì ¬ âà¨æ  íªá¯¥àâëå ®æ¥®ª aij ∈ R1, å à ªâ¥à¨§ãîé¨¥ § ç¨-¬®áâì ¯¥à¢®£® ®¡ê¥ªâ  ¯® ªà¨â¥à¨î i ¢ áà ¢¥¨¨ á® ¢â®àë¬ ®¡ê¥ªâ®¬¯® ªà¨â¥à¨î j. �à ¢¥¨¥ ¯à®¨§¢®¤¨âáï £àã¯¯®© á¯¥æ¨ «¨áâ®¢ ¯ãâ¥¬¢ëáâ ¢«¥¨ï íªá¯¥àâëå ®æ¥®ª ¯® á«¥¤ãîé¥© áå¥¬¥. �¯à¥¤¥«ïîâáïç¨á«  aij ∈ R1, å à ªâ¥à¨§ãîé¨¥ § ç¨¬®áâì ¯¥à¢®£® ®¡ê¥ªâ  ¯® ªà¨-â¥à¨î i ¢ áà ¢¥¨¨ á® ¢â®àë¬ ®¡ê¥ªâ®¬ ¯® ªà¨â¥à¨î j, £¤¥ i, j = 1, n.�®£¤  ¨¬¥¥¬ n× n-¬ âà¨æã íªá¯¥àâëå ®æ¥®ª
A ⇋ {aij ∈ R1 | i, j = 1, n} (4)á í«¥¬¥â ¬¨, ¨¬¥îé¨¬¨ á«¥¤ãîé¨© á¬ëá«. �á«¨ aij = 0, â® § ç¨-¬®áâ¨ ¯¥à¢®£® ®¡ê¥ªâ  ¯® ªà¨â¥à¨î i ¨ ¢â®à®£® ®¡ê¥ªâ  ¯® ªà¨â¥à¨î

j á®¢¯ ¤ îâ. �á«¨ aij > 0 (aij < 0), â® § ç¨¬®áâì ¯¥à¢®£® ®¡ê¥ªâ  ¯®ªà¨â¥à¨î i ¢ áà ¢¥¨¨ á® § ç¨¬®áâìî ¢â®à®£® ®¡ê¥ªâ  ¯® ªà¨â¥à¨î
j ¡®«ìè¥ (¬¥ìè¥)   ¢¥«¨ç¨ã |aij |. ¢â®à ¬: ï ã¡à « ¨¬¥¢è¨©áï   íâ®¬ ¬¥áâ¥  ¡§ æ, ¨¡® ¥£® ¯¥à-¢ ï ¯®«®¢¨  ¤®á«®¢® ¯®¢â®àï¥â â¥ªáâ ¯à¥¤ë¤ãé¥£®  ¡§ æ ,   ¢â®à ïá«¨èª®¬ âà¨¢¨ «ì .�¥®à¥¬  2. Ǒãáâì ¨¬¥¥¬ § ¤ çã ¢ë¡®à  ¯® n § ¤ ë¬ ªà¨â¥à¨-ï¬ ¨§ ¤¢ãå ®¤®â¨¯ëå ®¡ê¥ªâ®¢ ¨ n×n-¬ âà¨æã A íªá¯¥àâëå ®æ¥®ª,í«¥¬¥âë ª®â®à®© ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬,  « £ ¥¬ë¬   ç¨á«  aij(1), n ∈ N. � áá¬®âà¨¬ ¬ âà¨çãî ¨£àã á n × n-¬ âà¨æ¥© A ¨ æ¥®©
V , £¤¥ ¯¥à¢ë© ¨£à®ª ï¢«ï¥âáï ¬ ªá¨¬¨§¨àãîé¨¬,   ¢â®à®© | ¬¨¨-



� ¥ª®â®àëå ¯®¤å®¤ å ª à¥è¥¨î § ¤ ç á®àâ¨à®¢ª¨ ¨ ¢ë¡®à  51¬¨§¨àãîé¨¬. �®£¤  ¯¥à¢ë© ®¡ê¥ªâ ¯à¥¤¯®çâ¨â¥«ì¥¥ ¢â®à®£®, ¥á«¨
V > 0; ¢â®à®© ®¡ê¥ªâ ¯à¥¤¯®çâ¨â¥«ì¥¥ ¯¥à¢®£®, ¥á«¨ V < 0; ®¡ê¥ªâëà ¢®§ çë, ¥á«¨ V = 0. ����������1. �¥âæ¥«ì �. �. �áá«¥¤®¢ ¨¥ ®¯¥à æ¨©. � ¤ ç¨, ¯à¨æ¨¯ë, ¬¥â®¤®«®£¨ï. �.:� ãª , 1988.2. �ª« ¤ �. �«¥¬¥âë ¬ â¥¬ â¨ç¥áª®© íª®®¬¨ª¨. �.: �¨à, 1983.3. �®à®¡ì¥¢ �. �. �á®¢ë â¥®à¨¨ ¨£à. �¥áª® «¨æ¨®ë¥ ¨£àë. �.: � ãª , 1984.4. �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ. �¡ ®¤®© § ¤ ç¥ à á¯à¥¤¥«¥¨ï á �¥à¥¡ì¥¢ª ¬¨// � â. § ¬¥âª¨ ���. 2006. �. 13., ¢ë¯. 1. �. 67{71.5. �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ., �¥áâ¨ª®¢ �. �. �®¤¥«¨à®¢ ¨¥ PEC-§ ¤ ç á¯®¬®éìî â¥®à¨¨ ¨£à // � â. § ¬¥âª¨ ���. 2007. �. 14., ¢ë¯. 2. �. 8{12.6. �£®à®¢ �. �., � ©£®à®¤®¢ �. Ǒ. �¡ ®¤®¬ â¥®à¥â¨ª®-¨£à®¢®¬ ¬¥â®¤¥ à¥è¥¨ï¬®£®ªà¨â¥à¨ «ì®© § ¤ ç¨ ¢ë¡®à  ¨§ ¤¢ãå ®¡ê¥ªâ®¢ // � â. § ¬¥âª¨ ���.2009. �. 16., ¢ë¯. 2. �. 7{10.£. �ªãâáª 9 ¨îï 2011 £.



��� 519.172.22-�������� 4-����������������Ǒ������ ������ � ���������� ����� 22∗)�. �. �¢ ®¢ 1. �¢¥¤¥¨¥Ǒ®¤ £à ä®¬ ¬ë ¯®¨¬ ¥¬ ¥®à¨¥â¨à®¢ ë© £à ä ¡¥§ ¯¥â¥«ì ¨ªà âëå à¥¡¥à. �¥à¥§ V (G), E(G), F (G), �(G) ¨ g(G) ®¡®§ ç¨¬ ¬®-�¥áâ¢  ¢¥àè¨, à¥¡¥à, £à ¥©, ¬ ªá¨¬ «ìãî áâ¥¯¥ì ¨ ®¡å¢ â (¬¨¨-¬ «ìãî ¤«¨ã æ¨ª« ) £à ä  G á®®â¢¥âáâ¢¥® (¡ã¤¥¬ ®¯ãáª âì  à£ã-¬¥â ¢áïª¨© à §, ª®£¤  £à ä ïá¥ ¨§ ª®â¥ªáâ .)�¥àè¨ ï à áªà áª  ¯«®áª®£® £à ä   §ë¢ ¥âáï k-æ¨ª«®¢®©, ¥á-«¨ «î¡ë¥ ¤¢¥ à §«¨çë¥ ¢¥àè¨ë, «¥� é¨¥ ¢ £à ¨æ¥ £à ¨ à §¬¥à ¥ ¡®«¥¥ k, à áªà è¥ë ¢ à §ë¥ æ¢¥â . �â® ¯®ïâ¨¥ ¢¢¥¤¥® �à¥ ¨Ǒ« ¬¬¥à®¬ [1℄. Ǒãáâì σk |  ¨¬¥ìè¥¥ ç¨á«® æ¢¥â®¢, ¤®áâ â®ç®¥ ¤«ï
k-æ¨ª«®¢®© à áªà áª¨ ¢á¥å ¯«®áª¨å £à ä®¢. �®£« á® â¥®à¥¬¥ ® 4-åªà áª å (�¯¯¥«ì ¨ � ª¥ [2℄), ¨¬¥¥¬ σ3 6 4,   ¨§ à¥§ã«ìâ â®¢ �. �. �®-à®¤¨  [3, 4℄ | σ4 6 6. �à®¬¥ â®£®, �. �. �®à®¤¨, � ¤¥àá ¨ � ® [5℄¤®ª § «¨, çâ® σ5 6 8.�à «, � ¤ à è ¨ �ªà¥ª®¢áª¨ [6℄ ¯à¥¤«®�¨«¨ á«¥¤ãîé¥¥ ãá¨«¥-¨¥ 5-æ¨ª«®¢®© à áªà áª¨. �¥àè¨ ï à áªà áª  ¯«®áª®£® £à ä   -§ë¢ ¥âáï 2-£à ¥¢®©, ¥á«¨ «î¡ë¥ ¤¢¥ à §«¨çë¥ ¢¥àè¨ë, á®¥¤¨¥ë¥¢ ®¡å®¤¥ £à ¨æë ®¤®© ¨ â®© �¥ £à ¨ ¯ãâ¥¬ ¤«¨ë ¥ ¡®«¥¥ ¤¢ , à á-ªà è¥ë ¢ à §ë¥ æ¢¥â . �¥à¥§ ϕ2 ®¡®§ ç¨¬  ¨¬¥ìè¥¥ ç¨á«® æ¢¥-

∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥-â «ìëå ¨áá«¥¤®¢ ¨© (ª®¤ë ¯à®¥ªâ®¢ 09{01{00244 ¨ 08{01{00673).© 2011 �¢ ®¢  �. �.



2-�à ¥¢ ï 4-à áªà è¨¢ ¥¬®áâì ¯«®áª¨å £à ä®¢ 53â®¢, ¤®áâ â®ç®¥ ¤«ï 2-£à ¥¢®© à áªà áª¨ § ¤ ®£® £à ä . � ç áâ-®áâ¨, ¢ [6℄ ¤®ª § ®, çâ® ª �¤ë© ¯«®áª¨© £à ä ¨¬¥¥¥â ϕ2 6 8, ®âªã¤ á«¥¤ã¥â, çâ® σ5 6 8, ¯®áª®«ìªã ª �¤ ï 2-£à ¥¢ ï à áªà áª , ®ç¥¢¨¤®,ï¢«ï¥âáï 5-æ¨ª«®¢®©. �¡é ï £à ¨æ  8 ¢ [6℄ ¡ë«  ã«ãçè¥  �®â áì¥-à®¬ ¨ � á¯® [7℄ ¤«ï ¯«®áª¨å £à ä®¢ á ¤®áâ â®ç® ¡®«ìè¨¬ ®¡å¢ â®¬:
ϕ2 6 7, ¥á«¨ g > 8, ϕ2 6 6, ¥á«¨ g > 10 ¨ ϕ2 6 5, ¥á«¨ g > 14. � ¬¥â¨¬,çâ® ϕ2(K1,3) = 4,   g(K1,3) = ∞. � â® �¥ ¢à¥¬ï ϕ2(C5) = 5,   g(C5) = 5.�¥«ìî ¤ ®© áâ âì¨ ï¢«ï¥âáï�¥®à¥¬  1. � �¤ë© ¯«®áª¨© £à ä G á ®¡å¢ â®¬ ¥ ¬¥¥¥ 22 ¨¬¥-¥â ϕ2(G) 6 4.� ¤àã£®© áâ®à®ë, 2-£à ¥¢ ï à áªà áª  á¢ï§   á 2-¤¨áâ æ¨®-®© à áªà áª®©. � áªà áª  £à ä G  §ë¢ ¥âáï 2-¤¨áâ æ¨®®©, ¥á«¨«î¡ë¥ ¤¢¥ ¢¥àè¨ë   à ááâ®ï¨¨ ¥ ¡®«¥¥ ¤¢  ¤àã£ ®â ¤àã£  à áªà -è¥ë ¢ à §«¨çë¥ æ¢¥â . �¨¨¬ «ì®¥ ç¨á«® æ¢¥â®¢ ¢ 2-¤¨áâ æ¨®-ëå à áªà áª å £à ä  G ®¡®§ ç ¥âáï ç¥à¥§ χ2(G).� 1977 £. �¥£¥à [8℄ (á¬. â ª�¥ ª¨£ã �¥á¥  ¨ �®äâ  [9℄) ¯à¥¤¯®-«®�¨«, çâ® ¤«ï «î¡®£® ¯«®áª®£® £à ä : χ2 6 7, ¥á«¨ � = 3; χ2 6 �+5,¥á«¨ 4 6 � 6 7; ¨ χ2 6 ⌊ 3�2 ⌋+ 1 ¢ ¯à®â¨¢®¬ á«ãç ¥.�ë«¨ ¯®«ãç¥ë á«¥¤ãîé¨¥ ¢¥àå¨¥ ®æ¥ª¨: ⌊ 9�5 ⌋+2 ¯à¨ � > 749�£ àá®®¬ ¨ �®«¤®àá®®¬ [10, 11℄ ¨ ⌈ 9�5 ⌉ + 1 ¯à¨ � > 47 �. �. �®-à®¤¨ë¬, �. �àãá¬®©, �. �. �«¥¡®¢ë¬ ¨ �. � -�¥-�®©¢¥«®¬ [12, 13℄.� ¨«ãçè¨¥ ¨§ ¨§¢¥áâëå ¢¥àå¨å ®æ¥®ª ¯à¨ ¡®«ìè¨å � ¯à¨ ¤«¥� â�®«®î ¨ � « ¢ â¨¯ãàã [14, 15℄: ⌈ 5�3 ⌉+ 78 ¯à¨ ¢á¥å � ¨ ⌈ 5�3 ⌉+ 25 ¯à¨� > 241.�. �. �®à®¤¨ë¬ ¨ ¤à. [16, 17℄ ¡ë«¨ ¯®«ãç¥ë ¤®áâ â®çë¥ ãá«®-¢¨ï (¢ â¥à¬¨ å g ¨ �) â®£®, çâ® 2-¤¨áâ æ¨®®¥ åà®¬ â¨ç¥áª®¥ ç¨á«®¯«®áª®£® £à ä  ¤®áâ¨£ ¥â âà¨¢¨ «ì®© ¨�¥© £à ¨æë �+1. � ç áâ-®áâ¨, ãáâ ®¢«¥®, çâ® ¬¨¨¬ «ì®¥ g â ª®¥, çâ® χ2 = �+ 1, ¥á«¨ �¤®áâ â®ç® ¢¥«¨ª® (¢ § ¢¨á¨¬®áâ¨ ®â g), à ¢® 7.�¥®à¥¬  2. �á«¨ G | ¯«®áª¨© £à ä, â® χ2(G) = �+1 ¢ ª �¤®¬¨§ á«ãç ¥¢ (i{viii):



54 �¢ ®¢  �. �.(i) � = 3, g > 24;(ii) � = 4, g > 15;(iii) � = 5, g > 13;(iv) � = 6, g > 12;(v) � > 7, g > 11;(vi) � > 9, g = 10;(vii) � > 15, g > 8;(viii) � > 30, g = 7.�ãé¥áâ¢ãîâ ¯«®áª¨¥ £à äë á g 6 6 â ª¨¥, çâ® χ2 = � + 2 ¤«ï¯à®¨§¢®«ì® ¡®«ìè¨å �.�. �. �®à®¤¨, �. �. �¢ ®¢  ¨ �. �. �¥ãáâà®¥¢  [18, 19℄ ¤®ª § «¨,çâ® χ2 = �+1 ¯à¨ ¢á¥å � > 31 ¤«ï ¯«®áª¨å £à ä®¢ ®¡å¢ â  6 ¯à¨ ¤®-¯®«¨â¥«ì®¬ ãá«®¢¨¨, çâ® ª �¤®¥ à¥¡à® ¨æ¨¤¥â® ¢¥àè¨¥ áâ¥¯¥¨2. �¢®à� ª, �à «, �¨¥¤«ë ¨ �ªà¥ª®¢áª¨ [20℄ ¤®ª § «¨, çâ® ª �¤ë©¯«®áª¨© £à ä á � > 8821 ¨ g > 6 ¨¬¥¥â χ2 6 � + 2. �. �. �®à®¤¨-ë¬ ¨ �. �. �¢ ®¢®© ¢ [21, 22℄ ãá«®¢¨¥   � ¡ë«® ®á« ¡«¥® ¤® 18.�. �. �¢ ®¢  [23℄ ã«ãçè¨«  â¥®à¥¬ã 2 ¤«ï � > 5 á«¥¤ãîé¨¬ ®¡à §®¬.�¥®à¥¬  3. �á«¨ G | ¯«®áª¨© £à ä, â® χ2(G) = �+1 ¢ ª �¤®¬¨§ á«ãç ¥¢ (i{iv):(i) � > 16, g = 7;(ii) � > 10, 8 6 g 6 9;(iii) � > 6, 10 6 g 6 11;(iv) � = 5, g > 12.�®«ìè®¥ ª®«¨ç¥áâ¢® ¨áá«¥¤®¢ ¨© ¯®á¢ïé¥® à áªà áª¥ £à ä®¢ á� = 3 ( §ë¢ ¥¬ëå áã¡ªã¡¨ç¥áª¨¬¨). �«ï â ª¨å £à ä®¢ �¥£¥à [8℄¤®ª § «, çâ® χ2 6 8 (çâ® â ª�¥ á«¥¤ã¥â ¨§ ϕ2 6 8 [6℄). � ª�¥ ¤«ïáã¡ªã¡¨ç¥áª¨å ¯«®áª¨å £à ä®¢ �¢®à� ª, �ªà¥ª®¢áª¨ ¨ � æ¥à [24℄¤®ª § «¨, çâ® χ2 = 4, ¥á«¨ g > 24 (â. ¥. ®¨ ¥§ ¢¨á¨¬® ¯®«ãç¨«¨ ¯. (i)â¥®à¥¬ë 2) ¨ χ2 6 5, ¥á«¨ g > 14. �â®à®© ¨§ íâ¨å à¥§ã«ìâ â®¢ ¡ë«â ª�¥ ¯®«ãç¥ �®â áì¥à®¬ ¨ � á¯® [7℄, çâ® ¡ë«® ã«ãçè¥® �. �. �¢ -



2-�à ¥¢ ï 4-à áªà è¨¢ ¥¬®áâì ¯«®áª¨å £à ä®¢ 55®¢®© ¨ �. �. �®«®¢ì¥¢®© [25℄ ¨ � ¢¥â®¬ [26℄ ¤® g > 13. �. �. �®à®¤¨¨ �. �. �¢ ®¢  [28℄ ¤®ª § «¨, çâ® χ2 = 4, ¥á«¨ g > 22.� ¬¥â¨¬, çâ® ¤«ï áã¡ªã¡¨ç¥áª¨å £à ä®¢ «î¡ ï 2-£à ¥¢ ï à á-ªà áª  ï¢«ï¥âáï 2-¤¨áâ æ¨®®©, ¯®íâ®¬ã â¥®à¥¬  1 ®¡®¡é ¥â à¥§ã«ì-â â ¨§ [28℄. �§ ã¯®¬ïãâëå ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë 1 ä ªâ®¢á«¥¤ã¥â, çâ® â¥®à¥¬  1 ¥ã«ãçè ¥¬  ¢ â®¬ á¬ëá«¥, çâ® ¢ ¥© ¬¥ìè¥ç¥¬ ç¥âëàì¬ï æ¢¥â ¬¨ ¥ ®¡®©â¨áì,   ®£à ¨ç¥¨¥   ®¡å¢ â ®â¡à®á¨âì¥«ì§ï. 2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1Ǒãáâì G | ª®âà¯à¨¬¥à ª â¥®à¥¬¥ 1 á  ¨¬¥ìè¨¬ ç¨á«®¬ ¢¥à-è¨. �ç¥¢¨¤®, G á¢ï§ë©. �á«¨ ¡ë G ¡ë« ¥á¢ï§ë¬, â® ¬ë ¡ë®â¤¥«ì® ¯®ªà á¨«¨ ª �¤ãî ª®¬¯®¥âã á¢ï§®áâ¨, ¯®áª®«ìªã ¨ª -ª¨¥ ¤¢¥ ¢¥àè¨ë, ¯à¨ ¤«¥� é¨¥ à §ë¬ ª®¬¯®¥â ¬ á¢ï§®áâ¨ ¨¨æ¨¤¥âë¥ ¢¥è¥© £à ¨, ¥ á®¥¤¨ïîâáï ¢ £à ¨æ¥ ¢¥è¥© £à -¨ ¯ãâ¥¬ ¤«¨ë ¥ ¡®«¥¥ 2. �à®¬¥ â®£®, G ¥ ¨¬¥¥â ¢¨áïç¨å ¢¥àè¨.�¥©áâ¢¨â¥«ì®, ¥á«¨ u | ¢¨áïç ï ¢¥àè¨ , â® ¬ë «¥£ª® ¯à®¤®«�¨¬à áªà áªã £à ä  G − u   ¢¥àè¨ã u, ¯®áª®«ìªã u ¢ G á®¥¤¨ï¥âáï¯ãâ¥¬ ¤«¨ë 6 2 ¥ ¡®«¥¥ ç¥¬ á âà¥¬ï ¢¥àè¨ ¬¨.�®à¬ã«ã �©«¥à  |V | − |E| + |F | = 2 ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥ (20|E| −22|V |) + (2|E| − 22|F |) = −44. �âáî¤ 
∑

v∈V

(10d(v)− 22) +∑
f∈F

(r(f)− 22) = −44, (1)£¤¥ d(v) | áâ¥¯¥ì ¢¥àè¨ë v,   r(f) | à £ £à ¨ f . � àï¤ µ(v)ª �¤®© ¢¥àè¨ë v ∈ V (G) ¯®«®�¨¬ à ¢ë¬ 10d(v)− 22,   § àï¤ µ(f)ª �¤®© £à ¨ f ∈ F (G) | à ¢ë¬ r(f)− 22. Ǒ®áª®«ìªã § àï¤ ª �¤®©£à ¨ ¥®âà¨æ â¥«¥, ¨§ (1) á«¥¤ã¥â, çâ®
∑

v∈V

(10d(v)− 22) < 0. (2)� ¬¥â¨¬, çâ® § àï¤ 2-¢¥àè¨ë à ¢¥ −2, § àï¤ 3-¢¥àè¨ë à ¢¥8 ¨ â. ¤. � ç «  ®¯¨è¥¬ áâàãªâãàë¥ á¢®©áâ¢  £à ä  G,   § â¥¬,



56 �¢ ®¢  �. �.®á®¢ë¢ ïáì   ¨å, ¯¥à¥à á¯à¥¤¥«¨¬ § àï¤ë, á®åà ïï ¨å áã¬¬ã â ª,çâ® ¢á¥ ®¢ë¥ § àï¤ë µ∗(v) ®ª �ãâáï ¥®âà¨æ â¥«ìë¬¨ (çâ® ¯à®â¨-¢®à¥ç¨â (2)).2.1. �âàãªâãàë¥ á¢®©áâ¢  ¬¨¨¬ «ì®£® ª®âà¯à¨¬¥à .Ǒ®¤ k-æ¥¯ìî ¬ë ¯®¨¬ ¥¬ æ¥¯ì, á®áâ®ïéãî ¨§ ¢ â®ç®áâ¨ k ¢¥àè¨áâ¥¯¥¨ 2. �¥à¥§ (k, l,m) ®¡®§ ç¨¬ ¢¥àè¨ã áâ¥¯¥¨ 3, ¨æ¨¤¥âãî
> k-æ¥¯¨, > l-æ¥¯¨ ¨ > m-æ¥¯¨.Ǒ àã ¢¥àè¨ (k, l,m) ¨ (m,n, p), á®¥¤¨¥ëåm-æ¥¯ìî, ¡ã¤¥¬ ®¡®-§ ç âì ç¥à¥§ (klm−mnp). � «®£¨ç®, ç¥à¥§ (klm−mnp− prs) ®¡®-§ ç¨¬ âà®©ªã ¢¥àè¨ (k, l,m), (m,n, p) ¨ (p, r, s), £¤¥ (m,n, p)-¢¥àè¨ á®¥¤¨¥  m-æ¥¯ìî ¨ p-æ¥¯ìî á (k, l,m)-¢¥àè¨®© ¨ (p, r, s)-¢¥àè¨®©á®®â¢¥âáâ¢¥®.�¥¬¬ë 1{4 ¤®ª § ë ¤«ï 2-¤¨áâ æ¨®®© à áªà áª¨, ® á¯à ¢¥¤-«¨¢ë â ª�¥ ¨ ¤«ï 2-£à ¥¢®©, ¯®áª®«ìªã ¢ 2-¤¨áâ æ¨®®© à áªà áª¥«î¡ë¥ ¤¢¥ ¢¥àè¨ë,  å®¤ïé¨¥áï   à ááâ®ï¨¨ ¤¢  ¤àã£ ®â ¤àã£ ,¤®«�ë ¡ëâì à áªà è¥ë ¢ à §ë¥ æ¢¥â ,   ¢ 2-£à ¥¢®© à áªà áª¥¢¥àè¨ë   à ááâ®ï¨¨ ¤¢  ªà áïâáï à §«¨ç®, â®«ìª® ¥á«¨ ®¨ á®-¥¤¨¥ë ¯ãâ¥¬ ¤«¨ë ¥ ¡®«¥¥ 2 ¢ £à ¨æ¥ ®¤®© ¨ â®© �¥ £à ¨. �¥¬-¬  5 ® (5, 5, 5, 4)-¢¥àè¨¥, ¤®ª §  ï ¨�¥, á¯à ¢¥¤«¨¢  â®«ìª® ¤«ï 2-£à ¥¢®© 4-à áªà áª¨ (¤«ï 2-¤¨áâ æ¨®®© à áªà áª¨ 4-¢¥àè¨ë âà¥-¡ã¥âáï ¥ ¬¥¥¥ 5 æ¢¥â®¢).�¥¬¬  1. � G ¥â(a) > 6-æ¥¯¥© [16, 24℄,(b) (1, 4, 5)-¢¥àè¨ [16, 24℄,() (2, 3, 4)-¢¥àè¨ [24℄ (à¨á. 1).�¥¬¬  2 [27℄. � G ¥â (3, 3, 3)-¢¥àè¨ (à¨á. 2).�¥¬¬  3 [28℄. � G ¥â á«¥¤ãîé¨å ¯ à ¢¥àè¨:(a) (332− 224),(b) (422− 224),() (331− 134),
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�¨á. 1. �®ä¨£ãà æ¨¨ ¢ «¥¬¬¥ 1.
�¨á. 2. �®ä¨£ãà æ¨¨ ¢ «¥¬¬¥ 2.(d) (421− 134),(e) (512− 224),(f) (420− 045),(g) (330− 045) (à¨á. 3).�¥¬¬  4 [28℄. � G ¥â á«¥¤ãîé¨å âà®¥ª ¢¥àè¨:(a) (550− 041− 133),(b) (431− 141− 133),() (422− 241− 133),(d) (550− 050− 055) (à¨á. 4).� §®¢¥¬ (5, 5, 5, 4)-¢¥àè¨®© ¢¥àè¨ã áâ¥¯¥¨ 4, ¨æ¨¤¥âãîâà¥¬ 5-æ¥¯ï¬ ¨ ¥é¥ ®¤®© > 4-æ¥¯¨.�¥¬¬  5. � G ¥â (5, 5, 5, 4)-¢¥àè¨.�®ª § â¥«ìáâ¢®. Ǒãáâì u | (5, 5, 5, 4)-¢¥àè¨ , ¨æ¨¤¥â ïæ¥¯ï¬ uu1u2u3u4, uu′1u′2u′3u′4u′5, uu′′1u′′2u′′3u′′4u′′5 ¨ uu′′′1 u′′′2 u′′′3 u′′′4 u′′′5 (à¨á. 5).� áá¬®âà¨¬ 2-£à ¥¢ãî à áªà áªã £à ä  G− u ¨ ®¡¥áæ¢¥â¨¬ ¢¥àè¨ë



58 �¢ ®¢  �. �.

�¨á. 3. �®ä¨£ãà æ¨¨ ¢ «¥¬¬¥ 3.
u1, u2, u3, u′1, u′2, u′3, u′4, u′′1 , u′′2 , u′′3 , u′′4 , u′′′1 , u′′′2 , u′′′3 , u′′′4 ,   § â¥¬ ¯à®-¤®«�¨¬ à áªà áªã   u ¨ ®¡¥áæ¢¥ç¥ë¥ ¢¥àè¨ë. �â¬¥â¨¬, çâ®  ¢¥àè¨ å u3, u′4, u′′4 , u′′′4 ¨¬¥¥âáï ¯® ¤¢  ¤®¯ãáâ¨¬ëå æ¢¥â ,   ¢¥àè¨- å u2, u′3, u′′3 , u′′′3 | ¯® âà¨ ¤®¯ãáâ¨¬ëå æ¢¥â ,     ¢á¥å ®áâ «ìëå®¡¥áæ¢¥ç¥ëå ¢¥àè¨ å ¤®¯ãáâ¨¬ë ¢á¥ ç¥âëà¥ æ¢¥â .� «¥¥ ç¥à¥§ ϕ(v) ¡ã¤¥¬ ®¡®§ ç âì æ¢¥â ¢¥àè¨ë v,   ç¥à¥§ L(v) |¬®�¥áâ¢® æ¢¥â®¢, ¤®¯ãáâ¨¬ëå   ¢¥àè¨¥ v, ¢ ç áâ¨ç®© 2-£à ¥¢®©à áªà áª¥ ϕ £à ä  G.Ǒ®«®�¨¬ ϕ(u′3) /∈ L(u′4), ϕ(u′′3 ) /∈ L(u′′4) ¨ ϕ(u′′′3 ) /∈ L(u′′′4 ). �®£¤ ¢¥àè¨ë u′4, u′2, u′′4 , u′′2 , u′′′4 ¨ u′′′2 ¬®�® ¯®ªà á¨âì ¢ ¯®á«¥¤îî ®ç¥-à¥¤ì ¢ ãª § ®¬ ¯®àï¤ª¥,     ¢¥àè¨ å u′1, u′′1 ¨ u′′′1 ®áâ ¥âáï ¯® âà¨¤®¯ãáâ¨¬ëå æ¢¥â .Ǒ®áª®«ìªã «î¡ë¥ ¤¢¥ âà®©ª¨ æ¢¥â®¢ (¨§ ç¥âëà¥å ¢®§¬®�ëå) ¨¬¥-îâ ¤¢  ®¡é¨å æ¢¥â ,   ¢¥àè¨ë u′1 ¨ u′′′1 (  â ª�¥ u1 ¨ u′′1) ¥ «¥-� â ¢ £à ¨æ¥ ®¤®© ¨ â®© �¥ £à ¨   à ááâ®ï¨¨ ¬¥ìè¥¬ 2 ¢¢¨¤ã
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�¨á. 4. �®ä¨£ãà æ¨¨ ¢ «¥¬¬¥ 4.

�¨á. 5. �®ä¨£ãà æ¨ï ¢ «¥¬¬¥ 5.®£à ¨ç¥¨ï   ®¡å¢ â £à ä , â® ¯®«®�¨¬ ϕ(u′1) = ϕ(u′′′1 ),   § â¥¬
ϕ(u1) = ϕ(u′′1 ). �¥¯¥àì ¯®ªà á¨¬ ¢¥àè¨ë u3, u2 ¨ u ¢ íâ®¬ ¯®àï¤ª¥.



60 �¢ ®¢  �. �.2.2. Ǒ¥à¥à á¯à¥¤¥«¥¨¥ § àï¤®¢. �á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ ¯à -¢¨«  ¯¥à¥à á¯à¥¤¥«¥¨ï § àï¤®¢:R1. � �¤ ï 2-¢¥àè¨  ¯®«ãç ¥â § àï¤ 1 ®â ª �¤®£® ¨§ ª®æ®¢¨æ¨¤¥â®© ¥© k-æ¥¯¨.R2. � �¤ ï (5,5,0)-¢¥àè¨  ¯®«ãç ¥â § àï¤ 2 ®â á¬¥�®© > 3-¢¥àè¨ë.R3. � �¤ ï (5,4,0)-¢¥àè¨  ¯®«ãç ¥â § àï¤ 1 ®â á¬¥�®© > 3-¢¥àè¨ë.R4. � �¤ ï (4,4,1)-¢¥àè¨  ¨ (5,3,1)-¢¥àè¨  ¯®«ãç ¥â § àï¤ 1®â ¤àã£®£® ª®æ  ¨æ¨¤¥â®© ¥© 1-æ¥¯¨.R5. � �¤ ï (5,2,2)-¢¥àè¨  ¯®«ãç ¥â § àï¤ 12 ®â ¤àã£®£® ª®æ ª �¤®© ¨æ¨¤¥â®© ¥© 2-æ¥¯¨.� ¬¥â¨¬, çâ® ª �¤ ï 3-¢¥àè¨  ®â¤ ¥â § àï¤ k ¢¤®«ì ª �¤®© ¨-æ¨¤¥â®© k-æ¥¯¨ ¯® ¯à ¢¨«ã R1,   ¯à ¢¨«  R2{R5 ª®àà¥ªâë ¡« £®-¤ àï «¥¬¬¥ 3(b, , g).Ǒà®¢¥à¨¬, çâ® µ∗(v) > 0 ¤«ï ª �¤®© v ∈ V (G), çâ® ¯à®â¨¢®à¥ç¨â(2) ¨ § ¢¥àè ¥â  è¥ ¤®ª § â¥«ìáâ¢®.�á«¨ d(v) = 2, â® µ∗(v) = −2 + 2 = 0 ¯® R1.Ǒãáâì d(v) = 3. � ¯®¬¨¬, çâ® µ(v) = 8. � ¬¥â¨¬, çâ® ¯®á«¥ ¯à¨-¬¥¥¨ï ¯à ¢¨«  R1 § àï¤ ª �¤®© (5,5,0)-¢¥àè¨ë áâ ®¢¨âáï à ¢ë¬
−2, ª �¤ ï ¨§ ¢¥àè¨ (5,4,0), (5,3,1), (4,4,1) ¨ (5,2,2) ¨¬¥¥â § àï¤ −1,  § àï¤ë ¢á¥å ®áâ «ìëå 3-¢¥àè¨ ¥®âà¨æ â¥«ìë ¡« £®¤ àï «¥¬¬ ¬ 1¨ 2. �ç¥¢¨¤®, ¢á¥ ¢ëè¥¯¥à¥ç¨á«¥ë¥ ¢¥àè¨ë ¯®á«¥ ¯à¨¬¥¥¨ï ¯à -¢¨« R2{R5 ¨¬¥îâ § àï¤ à ¢ë© µ∗(v) = 0. �áâ ¥âáï ¯à®¢¥à¨âì, çâ®§ àï¤ë ¢á¥å ®áâ «ìëå 3-¢¥àè¨ â ª�¥ ¥®âà¨æ â¥«ìë.�á«¨ v ¨æ¨¤¥â  ¤¢ã¬ 0-æ¥¯ï¬, â® µ∗(v) > 8− 2× 2− 4 = 8− 2−1− 5 = 0 ¯® R1{R3 ¨ «¥¬¬¥ 4(d).Ǒãáâì v ¨æ¨¤¥â  ®¤®© 0-æ¥¯¨ ¨ ®¤®© 1-æ¥¯¨. �¥¯¥àì v ¬®�¥â®â¤ ¢ âì § àï¤ ¥ ¡®«¥¥ 2 á¢®¥© á¬¥�®© 3-¢¥àè¨¥ ¯® ¯à ¢¨« ¬ R2,



2-�à ¥¢ ï 4-à áªà è¨¢ ¥¬®áâì ¯«®áª¨å £à ä®¢ 61R3. �á«¨ v ãç áâ¢ã¥â ¢ R2, â® µ∗(v) > 8 − 2 − 6 = 0 ¯® «¥¬¬¥ 4(a) ¨¯à ¢¨« ¬ R1, R4. �á«¨ �¥ v ¥ ãç áâ¢ã¥â ¢ R2, â. ¥. ¢¤®«ì 0-æ¥¯¨ ®â vãå®¤¨â ¥ ¡®«¥¥ 1, â® µ∗(v) > 8 − 1 − 5 − 2 = 0 á®£« á® R1, R3, R4 ¨R5. Ǒãáâì v ¨æ¨¤¥â  ®¤®© 0-æ¥¯¨, 2-æ¥¯¨ ¨ ¥ ¨æ¨¤¥â  1-æ¥¯¨;â®£¤  µ∗(v) > 8− 7 12 > 0 ¯® «¥¬¬¥ 3(f) ¨ ¯à ¢¨« ¬ R1, R2, R3 ¨ R5.Ǒãáâì â¥¯¥àì v ¨æ¨¤¥â  ¤¢ã¬ 1-æ¥¯ï¬, ® ¥ ¨æ¨¤¥â  0-æ¥¯¨;â®£¤  v «¨¡® ¤¢ �¤ë ®â¤ ¥â § àï¤ 1 ¯® R4 ¨ ¨æ¨¤¥â  6 4-æ¥¯¨, «¨¡®
v ¨æ¨¤¥â  5-æ¥¯¨ ¨ â®£¤  ãç áâ¢ã¥â ¢ ¯à ¢¨«¥ R4 ¥ ¡®«¥¥ ®¤®£®à §  ¯® «¥¬¬¥ 4(b). �âáî¤  á«¥¤ã¥â, çâ® µ∗(v) > 0.Ǒà¥¤¯®«®�¨¬, çâ® v ¨æ¨¤¥â  ®¤®© 1-æ¥¯¨, 2-æ¥¯¨ ¨ ¥ ¨æ¨-¤¥â  0-æ¥¯¨. �¥¯¥àì v «¨¡® ãç áâ¢ã¥â ¨ ¢ R4, ¨ ¢ R5 ¨ ¨æ¨¤¥â 
6 3-æ¥¯¨, «¨¡® v ¨æ¨¤¥â  4-æ¥¯¨ ¨ ãç áâ¢ã¥â â®«ìª® ¢ ®¤®¬ ¨§¯à ¢¨« R4 ¨ R5 ¡« £®¤ àï «¥¬¬¥ 4(), ¨«¨ �¥ ®  ¨æ¨¤¥â  5-æ¥¯¨¨ ¥ ãç áâ¢ã¥â ¢ ¯à ¢¨« å R4, R5 ¯® «¥¬¬¥ 3(d, e). �âáî¤  µ∗(v) > 0.Ǒãáâì â¥¯¥àì v ¨æ¨¤¥â  ¤¢ã¬ 2-æ¥¯ï¬ ¨ ¥ ¨æ¨¤¥â  ¨ 0-æ¥¯¨, ¨ 1-æ¥¯¨. �á«¨ ¯à¨ íâ®¬ v ¨æ¨¤¥â  4-æ¥¯¨, â® ®  ¥ ãç áâ-¢ã¥â ¢ R5 ¡« £®¤ àï «¥¬¬¥ 3(b), § ç¨â, µ∗(v) > 8−2−2−4 = 0 ¯® R1.� ç¥ µ∗(v) > 8− 2− 2− 3− 2× 12 = 0 ¯® R1 ¨ R5.�áâ ¥âáï ¯à¥¤¯®«®�¨âì, çâ® v ¨æ¨¤¥â  3-æ¥¯¨. � íâ®¬ á«ãç ¥¤¢¥ ¤àã£¨¥ ¨æ¨¤¥âë¥ v æ¥¯¨ ¢¬¥áâ¥ ã®áïâ ®â v ¥ ¡®«¥¥ 5 ¥¤¨¨æ§ àï¤ . �¥©áâ¢¨â¥«ì®, v ¥ ¬®�¥â ¨ ®¤®¢à¥¬¥® ãç áâ¢®¢ âì ¢R2 ¨ ¡ëâì ¨æ¨¤¥â®© > 4-æ¥¯¨, ¨ ãç áâ¢®¢ âì ¢ R3 ¨«¨ R2 ¨ ¡ëâì¨æ¨¤¥â®© 5-æ¥¯¨ á®£« á® «¥¬¬¥ 3(g). �®ç® â ª �¥ v ¥ ¬®�¥â®â¤ ¢ âì § àï¤ 1 ¯® R4 ¨ ¡ëâì ¨æ¨¤¥â®© 4- ¨«¨ 5-æ¥¯¨ ¡« £®¤ àï«¥¬¬¥ 3(). � ª®¥æ, v ¥ ¬®�¥â ãç áâ¢®¢ âì ¢ R5 ¨ ¯à¨ íâ®¬ ¡ëâì¨æ¨¤¥â®© ¤àã£®© > 3-æ¥¯¨ ¯® «¥¬¬¥ 3(a).�á«¨ d(v) = 4, â® µ(v) = 18 ¨ ¯® ¯à ¢¨« ¬ R1{R5 ¢¥àè¨  v ®â¤ ¥â¥ ¡®«¥¥ 3× 5 + 3 = 2× 5 + 2× 4, ¯®áª®«ìªã ¯® «¥¬¬¥ 5 ¢¥àè¨  v ¥¬®�¥â ¨¬¥âì   ¨æ¨¤¥âëå ¥© æ¥¯ïå ¡®«¥¥ 18 ¢¥àè¨ áâ¥¯¥¨ 2,  ¢¤®«ì 3-æ¥¯¨ ãå®¤¨â ¥ ¡®«¥¥ âà¥å ¥¤¨¨æ § àï¤ , ®âªã¤  µ∗(v) > 0.�â ª, ¯®á«¥ ¯à¨¬¥¥¨ï ¯à ¢¨« R1{R5 § àï¤ë ¢á¥å 3- ¨ 4-¢¥àè¨



62 �¢ ®¢  �. �.¥®âà¨æ â¥«ìë. �áâ ¥âáï § ¬¥â¨âì, çâ® ª �¤ ï > 5-¢¥àè¨  v ¨¬¥¥â
µ∗(v) > 10d(v)− 22− 5d(v) = 5d(v)− 22 > 0, ¯®áª®«ìªã v ®â¤ ¥â § àï¤¥ ¡®«¥¥ 5 ¢¤®«ì ª �¤®£® ¨æ¨¤¥â®£® à¥¡à .�¥¬ á ¬ë¬ µ∗(v) > 0 ¤«ï ª �¤®© v ∈ V , çâ® ¯à®â¨¢®à¥ç¨â (2) ¨§ ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.�¢â®à ¢ëà � ¥â ¡« £®¤ à®áâì �. �. �®à®¤¨ã §  âé â¥«ìãî¯à®¢¥àªã ¤®ª § â¥«ìáâ¢  ¨ ¯®«¥§ë¥ § ¬¥ç ¨ï.����������1. Ore O., Plummer M. D. Cyli oloration of plane graphs. 1969 Reent Progress inCombinatoris (Pro. Third Waterloo Conf. on Combinatoris, 1968). New York:Aad. Press, 1969. P. 287{293.2. Appel K., Haken W. Every planar map is four olorable // J. Rereational Math.1976/77. V. 9, N 3. P. 161{169.3. �®à®¤¨ �. �. �¥è¥¨¥ § ¤ ç �¨£¥«ï ® ¢¥àè¨®-£à ¥¢®© à áªà áª¥ ¯«®áª¨å£à ä®¢ ¨ ® à áªà áª¥ 1-¯«  àëå £à ä®¢ // �¨áªà¥â.   «¨§. 1984. ü 41.�. 12{26.4. Borodin O. V. New proof of Six Color Theorem // J. Graph Theory. 1995. V. 19,P. 507{521.5. Borodin O. V., Sanders D., Zhao Y. On yli olorings and their generalizations //Disrete Math. 1999. V. 203. P. 23{40.6. Kr�al D., Madaras T., �Skrekovski R. Cyli, diagonal and faial olorings // Eur. J.Comb. 2005. V. 26, N 3{4. P. 473{490.7. Montassier M., Raspaud A. A note on 2-faial oloring of plane graphs // Inf.Proess. Lett. 2006. V. 98, N 6. P. 235{241.8. Wegner G. Graphs with given diameter and a oloring problem. Tehnial Report,University of Dortmund, Germany. 1977.9. Jensen T., Toft B. Graph oloring problems. New York: John Wiley & Sons, In.1995. (Wiley-Intersiene Series in Disrete Math. and Optimization.)10. Agnarsson G., Halldorsson M.M.Coloring powers of planar graphs // Pro. SODA'00,SIAM press. 2000. P. 654{662.11. Agnarsson G., Halldorsson M. M. Coloring powers of planar graphs // SIAM J.Disrete Math. 2003. V. 16, N 4. P. 651{662.12. �®à®¤¨ �. �., �àãá¬  �., �«¥¡®¢ �. �., � -�¥-�®©¢¥« �. �âà®¥¨¥ ¯«®á-ª¨å âà¨ £ã«ïæ¨© ¢ â¥à¬¨ å ¯ãçª®¢ ¨ §¢¥§¤ // �¨áªp¥â.   «¨§ ¨ ¨áá«¥¤.®¯¥p æ¨©. 2001. �. 8, ü 2. �. 15{39.13. �®à®¤¨ �. �., �àãá¬  �., �«¥¡®¢ �. �., � -�¥-�®©¢¥« �. �¨¨¬ «ì ïáâ¥¯¥ì ¨ åà®¬ â¨ç¥áª®¥ ç¨á«® ª¢ ¤à â  ¯«®áª®£® £à ä  // �¨áªà¥â.   «¨§ ¨¨áá«¥¤. ®¯¥à æ¨©. 2001. �. 8, ü 4. C. 9{33.14. Molloy M., Salavatipour M. R. Frequeny hannel assignment on planar networks //Mohring, R. H., Raman, R. (Eds.) Berlin: Springer-Verl., 2002. P. 736{747. (Let.Notes Comput. Si., V. 2461.)
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��� 517.946� ������������ �������������������� � ��������� � ������������ �������� Ǒ������������� ���������∗)�. �. �®� ®¢�¢ï§ì ¬¥�¤ã ¥«®ª «ìë¬¨ ªà ¥¢ë¬¨ § ¤ ç ¬¨ ¤«ï ¤¨ää¥à¥æ¨- «ìëå ãà ¢¥¨© ¨ ®¡à âë¬¨ ª®íää¨æ¨¥âë¬¨ § ¤ ç ¬¨ å®à®è®¨§¢¥áâ  | ¯à¨¬¥àë ¬®�®  ©â¨ ¢ ¬®®£à ä¨¨ [1℄, ¢ áâ âìïå [2, 3℄ ¨¢ àï¤¥ ¤àã£¨å à ¡®â.�§ãç ¥¬ãî ¢  áâ®ïé¥© à ¡®â¥ ¥«®ª «ìãî § ¤ çã ¬®�® ¯à¥¤-áâ ¢¨âì ª ª ¬®£®¬¥à®¥ ®¡®¡é¥¨¥ ¥ª®â®àëå ¥«®ª «ìëå ªà ¥¢ëå§ ¤ ç á £à ¨çë¬ ãá«®¢¨¥¬ �. �. � ¬ àáª®£® [4℄, à ¥¥ ¤®áâ â®ç®å®à®è® ¨§ãç¥ëå ¢ ®¤®¬¥à®¬ á«ãç ¥ [5{11℄.�¡à â ï § ¤ ç , ¯® áãâ¨ ¯®à®�¤¥ ï ¨§ãç ¥¬®© ¥«®ª «ì®© § -¤ ç¥©, ¡ã¤¥â «¨¥©®© ®¡à â®© § ¤ ç¥© á ¥¨§¢¥áâë¬ ¢¥è¨¬ ¢®§-¤¥©áâ¢¨¥¬, ®¯à¥¤¥«ïîé¨¬áï ¢à¥¬¥®© ¯¥à¥¬¥®©. Ǒ®¤®¡ë¥ ®¡à â-ë¥ § ¤ ç¨ à ¥¥ ¨§ãç «¨áì, ® ¯à¨ ¨ëå ãá«®¢¨ïå ¯¥à¥®¯à¥¤¥«¥¨ï(á¬. [12{16℄). 1. Ǒ®áâ ®¢ª  § ¤ çǑãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¯à®áâà áâ¢  R
n á £« ¤ª®© (¤«ï¯à®áâ®âë ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬®©) £à ¨æ¥© �, Q | æ¨«¨¤à

∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨á-á«¥¤®¢ ¨© (ª®¤ ¯à®¥ªâ  09{01{00422 ) ¨ �¥¤¥à «ì®© æ¥«¥¢®© ¯à®£à ¬¬ëý� ãçë¥ ¨  ãç®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨®¢ æ¨®®© �®áá¨¨þ (£®á. ª®-âà ªâ ü 16.740.11.0127).© 2011 �®� ®¢ �. �.
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 × (0, T ) ª®¥ç®© ¢ëá®âë T , S = � × (0, T ) | ¡®ª®¢ ï £à ¨æ  Q.� «¥¥, ¯ãáâì c(x, t), K(x, y, t), K0(x), f(x, t) ¨ h(x, t) áãâì § ¤ ë¥ ¯à¨
x ∈ 
, y ∈ 
, t ∈ [0, T ℄ äãªæ¨¨.�¥«®ª «ì ï ªà ¥¢ ï § ¤ ç . � ©â¨ äãªæ¨î u(x, t), ï¢«ïî-éãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï

ut −�u+ c(x, t)u = f(x, t) (1)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï
u(x, 0) = 0, x ∈ 
, (2)

∂u(x, t)
∂νx

= ∫� K(x, y, t)u(y, t) dsy, (x, t) ∈ S (3)(νx = (ν1(x), . . . , νn(x)) | ¢¥ªâ®à ¢ãâà¥¥© ®à¬ «¨ ª � ¢ â¥ªãé¥©â®çª¥ x ∈ �).�¡à â ï § ¤ ç . � ©â¨ äãªæ¨¨ u(x, t) ¨ q(t), á¢ï§ ë¥ ¢æ¨«¨¤à¥ Q ãà ¢¥¨¥¬
ut −�u+ c(x, t)u = f(x, t) + q(t)h(x, t), (4)¯à¨ ¢ë¯®«¥¨¨ ¤«ï äãªæ¨¨ u(x, t) ãá«®¢¨ï (2),   â ª�¥ ãá«®¢¨©

∂u(x, t)
∂νx

= 0, (x, t) ∈ S, (5)
∫� K0(x)u(x, t) dsx = 0, t ∈ (0, T ). (6)�â®ç¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®© ®¡à â®© § ¤ ç¥ ãá«®¢¨ï (2) ¨ (5)¯à¥¤áâ ¢«ïîâ á®¡®© ãá«®¢¨ï ¯àï¬®© § ¤ ç¨| ¨¬¥®, ®¡ëç®© ¢â®à®© ç «ì®-ªà ¥¢®© § ¤ ç¨, ãá«®¢¨¥ �¥ (6) ¥áâì ãá«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥¨ï¨â¥£à «ì®£® £à ¨ç®£® ¢¨¤ . � ¥¥ ®¡à âë¥ § ¤ ç¨ á ¯®¤®¡ë¬ãá«®¢¨¥¬ ¯¥à¥®¯à¥¤¥«¥¨ï ¥ ¨§ãç «¨áì.



66 �®� ®¢ �. �.2. � §à¥è¨¬®áâì ¥«®ª «ì®© ªà ¥¢®© § ¤ ç¨�¡®§ ç¨¬ ç¥à¥§ V1 ¬®�¥áâ¢®
V1 = {v(x, t) : v(x, t) ∈ W 2,12 (Q), vt(x, t) ∈ L2(0, T ;W 22 (
))}.�ç¥¢¨¤®, çâ® ®® ¯à¥¤áâ ¢«ï¥â á®¡®© ¡  å®¢® ¯à®áâà áâ¢® á ®à¬®©

‖v‖V1 = ‖v‖W 2,12 (Q) + ‖vt‖L2(0,T ;W 22 (
)).� «¥¥, ¯ãáâì K1(x, y, t) | äãªæ¨ï â ª ï, çâ®
∂K1(x, y, t)

∂νx
= K(x, y, t) ¯à¨ (x, t) ∈ S.�¯à¥¤¥«¨¬ ®¯¥à â®à Bλ, λ ∈ [0, 1℄:(Bλv)(x, t) = v(x, t)− λ

∫� K1(x, y, t)v(y, t) dsy .�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
c(x, t) ∈ C1(Q), c(x, t) > c0 > 0, ct(x, t) 6 0 ¯à¨ (x, t) ∈ Q; (7)

K1(x, y, t) ∈ C3(
× 
× [0, T ℄); (8)¤«ï ¢á¥å λ ∈ [0, 1℄ ¨ t ∈ [0, T ℄ ®¯¥à â®à Bλ ¥¯à¥àë¢® ®¡à â¨¬ ª ª ®¯¥-à â®à ¨§ L2(�) ¢ L2(�) ¨ ¤«ï «î¡®© äãªæ¨¨ v(x) ¨§ L2(�) à ¢®¬¥à®¯® λ ∈ [0, 1℄ ¨ t ∈ [0, T ℄ ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 
k1‖v‖L2(�) 6 ‖Bλv‖L2(�) 6 k2‖v‖L2(�), 0 < k1 < k2 < +∞; (9)

n∑

i=1 xiνi 6 −m0 < 0 ¯à¨ x ∈ �. (10)�®£¤  ¤«ï «î¡®© äãªæ¨¨ f(x, t) â ª®©, çâ® f(x, t) ∈ L2(Q), ft(x, t) ∈
L2(Q) ¥«®ª «ì ï § ¤ ç  (1){(3) ¨¬¥¥â à¥è¥¨¥ u(x, t) â ª®¥, çâ®
u(x, t) ∈ W 2,12 (Q) ∩ L∞

(0, T ;W 22 (
)), ut(x, t) ∈ L2(S).



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå ¥«®ª «ìëå § ¤ ç 67�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¬¥â®¤ ¬¨ à¥£ã«ïà¨§ æ¨¨ ¨ ¯à®-¤®«�¥¨ï ¯® ¯ à ¬¥âàã.Ǒãáâì ε | ¯®«®�¨â¥«ì®¥ ç¨á«®. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥-¨ï
ut −�u+ c(x, t)u − ε�ut = f(x, t) (1ε)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3). Ǒ®ª �¥¬, çâ®¤  ï § ¤ ç  ¯à¨ ä¨ªá¨à®¢ ®¬ ε ¨ ¯à¨ ¯à¨ ¤«¥�®áâ¨ äãªæ¨¨

f(x, t) ¯à®áâà áâ¢ã L2(Q) à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V1. �®á¯®«ì§ã-¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã.Ǒãáâì λ ∈ [0, 1℄. � áá¬®âà¨¬ ¥é¥ ®¤ã ¢á¯®¬®£ â¥«ìãî § ¤ çã: ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥-¨ï (1ε) ¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨¥ (2),   â ª�¥ ãá«®¢¨¥
∂u(x, t)
∂νx

= λ

∫� K(x, y, t)u(y, t) dsy, (x, t) ∈ S. (3λ)� ª ®¡ëç® ¤¥« ¥âáï ¯à¨ ¯à¨¬¥¥¨¨ ¬¥â®¤  ¯à®¤®«�¥¨ï ¯® ¯ -à ¬¥âàã, ®¡®§ ç¨¬ ç¥à¥§ � ¬®�¥áâ¢® â¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄,¤«ï ª®â®àëå ªà ¥¢ ï § ¤ ç  (1ε), (2), (3λ) à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥
V1 ¯à¨ ä¨ªá¨à®¢ ®¬ ε ¤«ï «î¡®© äãªæ¨¨ f(x, t) ¨§ L2(Q). �á«¨®ª �¥âáï, çâ® íâ® ¬®�¥áâ¢® ¥¯ãáâ®, ®âªàëâ® ¨ § ¬ªãâ®   ®âà¥§ª¥[0, 1℄, â® ®® ¡ã¤¥â á®¢¯ ¤ âì á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄ (á¬. [17℄).�®â ä ªâ, çâ® � ¥¯ãáâ®, á«¥¤ã¥â ¨§ ¯à¨ ¤«¥�®áâ¨ ¥¬ã ç¨á« 0 (á¬. [1, 18℄). � «¥¥, ®âªàëâ®áâì ¨ § ¬ªãâ®áâì � ãáâ  ¢«¨¢ ¥âáï á¯®¬®éìî à ¢®¬¥à®© ¯® λ  ¯à¨®à®© ®æ¥ª¨

‖u‖V1 6 M0 (11)¢á¥¢®§¬®�ëå à¥è¥¨© ªà ¥¢ëå § ¤ ç (1ε), (2), (3λ). Ǒ®ª �¥¬ ¥¥  -«¨ç¨¥.
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t∫0 ∫
 (uτ −�u+ cu− ε�uτ )(µ n∑

i=1 xiuxiτ + µuτ −�uτ

)
dxdτ= t∫0 ∫
 f

(
µ

n∑

i=1 xiuxiτ + µuτ −�uτ

)
dxdτ,ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (1ε); ¢ íâ®¬ â®�¤¥áâ¢¥ µ| ¯®«®�¨-â¥«ì®¥ ç¨á«®, ¢¥«¨ç¨  ª®â®à®£® ¡ã¤¥â ãâ®ç¥  ¨�¥. �â¥£à¨àãï¯® ç áâï¬, ¥âàã¤® ¤ ®¥ â®�¤¥áâ¢® ¯à¥®¡à §®¢ âì ª ¢¨¤ã

− µ2 t∫0 ∫� (
n∑

i=1 xiνi

)
u2τ (x, τ) dsxdτ + 12 ∫
 [�u(x, t)℄2 dx+ 12 n∑

i=1 ∫
 [µ+ c(x, t)℄u2xi
(x, t) dx + µ2 ∫
 c(x, t)u2(x, t) dx+ µ2 t∫0 ∫
 u2τ dxdτ + (1 + εµ) n∑

i=1 t∫0 ∫
 u2xiτ dxdτ −
12 n∑

i=1 t∫0 ∫
 cτu
2
xi
dxdτ

− µ2 t∫0 ∫
 cτu
2 dxdτ + ε

t∫0 ∫
 (�uτ )2 dxdτ= t∫0 ∫
 f

(
µ

n∑

i=1 xiuxiτ + µuτ −�uτ

)
dxdτ+ µ

t∫0 ∫
 (
n∑

i=1 xiuxiτ

)�u dxdτ − µ

t∫0 ∫
 (
n∑

i=1 xiuxiτ

)
cu dxdτ

−
n∑

i=1 t∫0 ∫
 cxiuxiτu dxdτ + εµ

t∫0 ∫
 (
n∑

i=1 xiuxiτ

)�uτ dxdτ

− λµ

t∫0 ∫� uτ (x, τ)(∫� K(x, y, τ)u(y, τ) dsy

)
dsxdτ
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− λ(1 + εµ) t∫0 ∫� uτ (x, τ)(∫� K(x, y, τ)uτ (y, τ) dsy

)
dsxdτ

− λ(1 + εµ) t∫0 ∫� uτ (x, τ)(∫� Kτ (x, y, τ)u(y, τ) dsy

)
dsxdτ

− λ

t∫0 ∫� c(x, τ)u(x, τ)( ∫� K(x, y, τ)uτ (y, τ) dsy

)
dsxdτ

− λ

t∫0 ∫� c(x, τ)u(x, τ)( ∫� Kτ (x, y, τ)u(y, τ) dsy

)
dsxdτ. (12)�«¥¤áâ¢¨¥¬ ãá«®¢¨© (7) ¨ (8),   â ª�¥ ¥à ¢¥áâ¢ �£  ¨ ��¥«ì¤¥à ï¢«ï¥âáï ¥à ¢¥áâ¢®

µm02 t∫0 ∫� u2τ (x, τ) dsxdτ + 12 ∫
 [�u(x, t)℄2 dx+ µ+ c02 n∑

i=1 ∫
 u2xi
(x, t) dx+ µc02 ∫
 u2(x, t) dx + µ2 t∫0 ∫
 u2τ dxdτ + n∑

i=1 t∫0 ∫
 u2xiτ dxdτ+ ε

t∫0 ∫
 (�uτ )2 dxdτ 6 δ




n∑

i=1 t∫0 ∫
 u2xiτ dxdτ + t∫0 ∫
 u2τ dxdτ+ ε

t∫0 ∫
 (�uτ )2 dxdτ + εµ2C1 n∑

i=1 t∫0 ∫
 u2xiτ dxdτ+ C2 t∫0 ∫
 [u2 + (�u)2℄ dxdτ + (C3 + C4) ∫
Q

f2 dxdτ+ [δ + (1 + εµ)N1℄ t∫0 ∫� u2τ (x, τ) dsxdτ +N2 t∫0 ∫� u2(x, τ) dsxdτ,¢ ª®â®à®¬ δ | ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®, ç¨á«® C1 ®¯à¥¤¥-«ï¥âáï ç¨á«®¬ δ ¨ ®¡« áâìî Q, ç¨á«® C2 ®¯à¥¤¥«ï¥âáï ç¨á«®¬ δ, ®¡-



70 �®� ®¢ �. �.« áâìî Q, äãªæ¨¥© c(x, t) ¨ ç¨á«®¬ µ, ç¨á«® C3 ®¯à¥¤¥«ï¥âáï ç¨á«®¬
δ, ®¡« áâìî Q ¨ ç¨á«®¬ µ, ç¨á«® C4 ®¯à¥¤¥«ï¥âáï ç¨á« ¬¨ δ ¨ ε, ç¨á-«® N1 ®¯à¥¤¥«ï¥âáï ç¨á«®¬ a0, ç¨á«® N2 ®¯à¥¤¥«ï¥âáï ç¨á« ¬¨ δ, µ ¨
a0, äãªæ¨¥© c(x, t),   â ª�¥ ®¡« áâìî Q. � ä¨ªá¨àã¥¬ µ â ª, çâ®¡ë¢ë¯®«ï«®áì à ¢¥áâ¢®

µm02 = 2N1. (13)� ¬¥â¨¬ ¤ «¥¥ á«¥¤ãîé¥¥. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®�® áç¨â âì,çâ® ¤«ï ε ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® ε < ε0 á ¯à®¨§¢®«ìë¬ ä¨ªá¨à®¢ -ë¬ ε0. �ª § ®¥ ε0 ¢ë¡¥à¥¬ ¨§ ç «ì® â ª¨¬, çâ®¡ë ¢ë¯®«ï«®áìmax(ε0µ2C1, ε0µN1) < 1 (14)(á ¢ë¡à ë¬ à ¥¥ µ). �ç¨â ï â¥¯¥àì ε ¬¥ìè¨¬ ε0, ¢ë¡¨à ¥¬ ¤ -«¥¥ δ ¬ «ë¬ ¨, ä¨ªá¨àãï, ¯®«ãç ¥¬, çâ® ¯à¨ ¢ë¯®«¥¨¨ (13) ¨ (14)á«¥¤áâ¢¨¥¬ (12) ¡ã¤¥â ¥à ¢¥áâ¢®
t∫0 ∫� u2τ (x, τ) dsxdτ + ∫
 {[�u(x, t)℄2 + n∑

i=1 u2xi
(x, t) + u2(x, t)} dx+ n∑

i=1 t∫0 ∫
 u2xiτ dxdτ + ε

t∫0 ∫
 (�uτ )2 dxdτ
6 N3 t∫0 ∫
 [(�u)2 + u2℄ dxdτ + t∫0 ∫� u2(x, τ) dsxdτ



+N4 ∫

Q

f2 dxdτ,(15)¢ ª®â®à®¬ N3 ®¯à¥¤¥«ï¥âáï äãªæ¨¥© c(x, t), ç¨á«®¬ a0,   â ª�¥ ®¡« -áâìî Q,   ç¨á«® N4 ®¯à¥¤¥«ï¥âáï «¨èì ¯ à ¬¥âà®¬ ε. �á¯®«ì§ãï ¤ «¥¥¯à¥¤áâ ¢«¥¨¥
u(x, τ) = τ∫0 uξ(x, ξ) dξ¨ ¯à¨¬¥ïï «¥¬¬ã �à®ã®«« , ¨§ (15) ¯®«ãç ¥¬, çâ® ¤«ï ¢á¥¢®§¬®�-ëå à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (1ε), (2), (3λ) ¤¥©áâ¢¨â¥«ì® ¢ë¯®«ï¥âáïà ¢®¬¥à ï ¯® λ  ¯à¨®à ï ®æ¥ª  (11).



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå ¥«®ª «ìëå § ¤ ç 71Ǒ®ª �¥¬, çâ® ¨§ (11) á«¥¤ã¥â § ¬ªãâ®áâì ¬®�¥áâ¢  �. Ǒãáâì
{λm} | ¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« ¨§ � â ª ï, çâ® λm → λ0 ¯à¨ m →
∞, {um(x, t)} | ¯®á«¥¤®¢ â¥«ì®áâì á®®â¢¥âáâ¢ãîé¨å à¥è¥¨© ªà -¥¢ëå § ¤ ç (1ε), (2), (3λm). Ǒ®«®�¨¬ wmk(x, t) = um(x, t) − uk(x, t).�¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

wmkt −�wmk + c(x, t)wmk − ε�wmkt = 0, (x, t) ∈ Q,

wmk(x, 0) = 0, x ∈ 
,
∂wmk

∂νx
(x, t) = λm

∫� K(x, y, t)wmk(y, t) dsy+ (λm − λk) ∫� K(x, y, t)uk(y, t) dsy, (x, t) ∈ S.Ǒ®¢â®àïï â¥¯¥àì ¤«ï á¥¬¥©áâ¢  äãªæ¨© {wmk(x, t)} ¤®ª § â¥«ìáâ¢®®æ¥ª¨ (11) ¨ ãç¨âë¢ ï, çâ® ¨¬¥¥â ¬¥áâ® à ¢®¬¥à ï ¯® m ®æ¥ª ¢ ¯à®áâà áâ¢¥ V1 ¨ ¢ ¯à®áâà áâ¢¥ L2(S) ¤«ï á¥¬¥©áâ¢  {um(x, t)},¯®«ãç ¥¬, çâ® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
‖wmk‖V1 6 M1|λm − λk|á ¯®áâ®ï®©M1, ®¯à¥¤¥«ïîé¥©áï «¨èì äãªæ¨ï¬¨ c(x, t), ç¨á«®¬ a0,®¡« áâìî Q ¨ ç¨á«®¬ ε. �§ íâ®£® ¥à ¢¥áâ¢  á«¥¤ã¥â, çâ® á¥¬¥©áâ¢®

{um(x, t)} äã¤ ¬¥â «ì® ¢ ¯à®áâà áâ¢¥ V1. Ǒ®áª®«ìªã V1 ¡  å®¢®,¨§ äã¤ ¬¥â «ì®áâ¨ á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ äãªæ¨¨ u(x, t) â ª®©,çâ® um(x, t) → u(x, t) ¢ V1. �ç¥¢¨¤®, çâ® u(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ªà ¥¢®© § ¤ ç¨ (1ε), (2), (3λ0). �â® ¨ ®§ ç ¥â, çâ® λ0 ¯à¨ ¤«¥�¨â �¨, ¤ «¥¥, | çâ® ¬®�¥áâ¢® � § ¬ªãâ®.Ǒ®ª �¥¬ â¥¯¥àì, çâ® ®æ¥ª  (11) ¤ ¥â ¨ ®âªàëâ®áâì ¬®�¥áâ¢  �.Ǒãáâì λ0 | â®çª  ¬®�¥áâ¢  �, λ = λ0+λ̃. �®�¥áâ¢® � ¡ã¤¥â ®â-ªàëâë¬, ¥á«¨ λ ¯à¨ ¬ «ëå |λ̃| â ª�¥ ¡ã¤¥â ¯à¨ ¤«¥� âì �. Ǒ®ª �¥¬,çâ® íâ® ¤¥©áâ¢¨â¥«ì® â ª.Ǒãáâì v(x, t) | äãªæ¨ï ¨§ ¯à®áâà áâ¢  V1. � áá¬®âà¨¬ ªà ¥¢ãî§ ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬



72 �®� ®¢ �. �.ãà ¢¥¨ï (1ε) ¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ï¥âáï ãá«®¢¨¥ (2),   â ª�¥ãá«®¢¨¥
∂u(x, t)
∂νx

= λ0 ∫� K(x, y, t)u(y, t) dsy+λ̃∫� K(x, y, t)v(y, t) dsy, (x, t) ∈ S.(3λ,v)�¯à¥¤¥«¨¬ äãªæ¨î ψ(x, t) ª ª à¥è¥¨¥ ãà ¢¥¨ï
ψ(x, t) = λ0 ∫� K1(x, y, t)ψ(y, t) dsy + λ̃

∫� K1(x, y, t)v(y, t) dsy. (16)�á«¥¤áâ¢¨¥ ãá«®¢¨ï (9) ¨ ¯à¨ ¤«¥�®áâ¨ äãªæ¨¨ v(x, t) ¯à®áâà -áâ¢ã V1 äãªæ¨ï ψ(x, t) ®¯à¥¤¥«¥  ª®àà¥ªâ®; ¡®«¥¥ â®£®, ¤«ï äãª-æ¨¨ ψ(x, t) ¡ã¤ãâ ¢ë¯®«ïâìáï ¢ª«îç¥¨ï ψ(x, t) ∈ L2(Q), ψt(x, t) ∈
L2(Q), �ψ(x, t) ∈ L2(Q) ¨ �ψt(x, t) ∈ L2(Q). � ªà ¥¢®© § ¤ ç¥ (1ε),(2), (3λ,v) ¯¥à¥©¤¥¬ ®â äãªæ¨¨ u(x, t) ª w(x, t), ¯®«®�¨¢ w(x, t) =
u(x, t)−ψ(x, t). �ç¥¢¨¤®, çâ® ¤«ï äãªæ¨¨ w(x, t) ¢ë¯®«ïîâáï ãá«®-¢¨ï (2) ¨ (3λ0). � «¥¥, ¤«ï w(x, t) ¢ë¯®«ï¥âáï ãà ¢¥¨¥

wt −�w + cw − ε�wt = f − ψt +�v − cψ + ε�ψt. (1′ε)Ǒ®áª®«ìªã ¢ íâ®¬ ãà ¢¥¨¨ ¯à ¢ ï ç áâì ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã
L2(Q), á®£« á® ®¯à¥¤¥«¥¨î ¬®�¥áâ¢  � ªà ¥¢ ï § ¤ ç  (1′ε), (2),(3λ0) ¡ã¤¥â à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V1. � §à¥è¨¬®áâì íâ®© § ¤ ç¨®§ ç ¥â, çâ® ®  ¯®à®�¤ ¥â ®¯¥à â®à �, ¯¥à¥¢®¤ïé¨© ¯à®áâà áâ¢®
V1 ¢ á¥¡ï: �(v) = u. �á¯®«ì§ãï â¥å¨ªã ¤®ª § â¥«ìáâ¢  ®æ¥ª¨ (11),¥âàã¤® ãáâ ®¢¨âì, çâ® ¤«ï «î¡ëå ¤¢ãå äãªæ¨© v1(x, t) ¨ v2(x, t) ¨§¯à®áâà áâ¢  V1 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

‖�(v1)− �(v2)‖V1 6 M2|λ̃|‖v1 − v2‖V1á ¯®áâ®ï®© M2, ®¯à¥¤¥«ïîé¥©áï «¨èì äãªæ¨¥© c(x, t), ®¡« áâìî
 ¨ ç¨á« ¬¨ a0, a1 ¨ ε. �â® ¥à ¢¥áâ¢® ®§ ç ¥â, çâ® ¯à¨ ¢ë¯®«-¥¨¨ ãá«®¢¨ï M2|λ̃| < 1 ®¯¥à â®à � ¡ã¤¥â á�¨¬ îé¨¬. �® â®£¤ íâ®â ®¯¥à â®à ¡ã¤¥â ¨¬¥âì ¢ ¯à®áâà áâ¢¥ V1 ¥¯®¤¢¨�ãî â®çªã. �â ¥¯®¤¢¨� ï â®çª  u(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (1ε), (2),



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå ¥«®ª «ìëå § ¤ ç 73(3λ), ¯à¨ ¤«¥� é¨¬ ¯à®áâà áâ¢ã V1. � íâ® ¨ ®§ ç ¥â, çâ® ç¨á«® λ¯à¨ ¤«¥�¨â ¬®�¥áâ¢ã �, ¨ â¥¬ á ¬ë¬ | çâ® ¬®�¥áâ¢® � ®âªàëâ®.�â ª, ¬®�¥áâ¢® � ¥¯ãáâ®, ®âªàëâ® ¨ § ¬ªãâ®. �® â®£¤  ªà ¥-¢ ï § ¤ ç  (1ε), (2), (3) ¡ã¤¥â à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V1 ¯à¨ ¢á¥åä¨ªá¨à®¢ ëå ç¨á« å ε, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (14).�àã£¨¬¨ á«®¢ ¬¨, ¯à¨ ε < ε0 ®¯à¥¤¥«¥® á¥¬¥©áâ¢® äãªæ¨© {uε(x, t)},ï¢«ïîé¨åáï à¥è¥¨ï¬¨ íâ®© § ¤ ç¨. Ǒ®ª �¥¬, çâ® ¯à¨ ¢ë¯®«¥¨¨¤®¯®«¨â¥«ì®£® ãá«®¢¨ï
ft(x, t) ∈ L2(Q)¤«ï íâ®£® á¥¬¥©áâ¢  ¡ã¤¥â ¨¬¥âì ¬¥áâ® ®æ¥ª  (11) á ¯®áâ®ï®© ¢ ¯à -¢®© ç áâ¨, ¥ § ¢¨áïé¥© ®â ε.�®¢ì à áá¬®âà¨¬ à ¢¥áâ¢® (12) (¯à¨ λ = 1), ® â¥¯¥àì ¢ á« £ ¥-¬®¬, á®¤¥à� é¥¬ ¯à®¨§¢¥¤¥¨¥ f ·�uτ , ¢ë¯®«¨¬ ¨â¥£à¨à®¢ ¨¥ ¯®ç áâï¬ ¯® ¯¥à¥¬¥®© τ . �á¯®«ì§ãï ¤ «¥¥ ãá«®¢¨ï (7) ¨ (8), ¥à ¢¥-áâ¢  ��¥«ì¤¥à  ¨ �£ , ¯®¤¡¨à ï ç¨á«® µ á ¯®¬®éìî à ¢¥áâ¢  (13),áç¨â ï, çâ® ç¨á«® ε0  áâ®«ìª® ¬ «®, çâ® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (14)¨,  ª®¥æ, ¯à¨¬¥ïï «¥¬¬ã �à®ã®«« , ¯®«ãç ¥¬, çâ® ¤«ï à¥è¥¨©ªà ¥¢®© § ¤ ç¨ (1ε), (2), (3) ¨¬¥¥â ¬¥áâ® ®æ¥ª  (11), ® â¥¯¥àì ¯®áâ®-ï ï ¢ ¯à ¢®© ç áâ¨ ¥ § ¢¨á¨â ®â ε.Ǒ®«ãç¥®© ®æ¥ª¨ ã�¥ ¢¯®«¥ ¤®áâ â®ç® ¤«ï ®à£ ¨§ æ¨¨ ¯à¥-¤¥«ì®£® ¯¥à¥å®¤ . �¥©áâ¢¨â¥«ì®, ¢ë¡¥à¥¬ ¯®á«¥¤®¢ â¥«ì®áâì {εm}â ªãî, çâ® εm > 0, εm → 0 ¯à¨ m → ∞. �«ï ¯®á«¥¤®¢ â¥«ì®áâ¨

{um(x, t)} à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (1εm), (2), (3) ¢ë¯®«ï¥âáï à ¢®-¬¥à ï ¯® m  ¯à¨® ï ®æ¥ª  (11). �§ íâ®© ®æ¥ª¨, á¢®©áâ¢  à¥ä«¥ª-á¨¢®áâ¨ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  ¨ â¥®à¥¬ ¢«®�¥¨ï [19, 20℄ á«¥¤ã¥â,çâ® áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâì {mk}  âãà «ìëå ç¨á¥« ¨ äãª-æ¨ï u(x, t) ¨§ W 2,12 (Q) â ª¨¥, çâ® umk
(x, t) → u(x, t) á« ¡® ¢ W 2,1(Q),

εmk
�umkt → 0 á« ¡® ¢ L2(Q), umk

(x, t) → u(x, t), umkt(x, t) → ut(x, t)á« ¡® ¢ L2(S). �§ íâ¨å áå®¤¨¬®áâ¥© ¨ ¢ëâ¥ª ¥â, çâ® ¯à¥¤¥«ì ï äãª-æ¨ï u(x, t) ¡ã¤¥â à¥è¥¨¥¬ ¥«®ª «ì®© ªà ¥¢®© § ¤ ç¨ (1){(4), ¯à¨- ¤«¥� é¨¬ âà¥¡ã¥¬®¬ã ª« ááã.�¥®à¥¬  ¤®ª §  .



74 �®� ®¢ �. �.3. � §à¥è¨¬®áâì ®¡à â®© § ¤ ç¨�ë¯®«¨¬ ¥ª®â®àë¥ ¯à¥¤¢ à¨â¥«ìë¥ ¯®áâà®¥¨ï.Ǒ®«®�¨¬
ϕ(t) = ∫� K0(x)f(x, t) dsx, h0(t) = ∫� K0(x)h(x, t) dsx.Ǒãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥

h0(t) 6= 0 ¯à¨ t ∈ [0, T ℄. (17)�¬®�¨¬ ãà ¢¥¨¥ (4)   äãªæ¨î K(x), ¯à®¨â¥£à¨àã¥¬ ¯® � ¨ ¨§¯®«ãç¥®£® à ¢¥áâ¢  ¢ëç¨á«¨¬ äãªæ¨î q(t):
q(t) = 1

h0(t){∫� K0(x)[c(x, t)u(x, t) −�u(x, t)℄ dsx − ϕ(t)}. (18)�¢¥¤¥¬ ¥é¥ ®¡®§ ç¥¨ï:
h1(x, t) = h(x, t)

h0(t) , f1(x, t) = f(x, t)− h1(x, t)ϕ(t).� áá¬®âà¨¬ ãà ¢¥¨¥, ¯®«ãç¥®¥ ¨§ (4) ¯®¤áâ ®¢ª®© ¢ ¥£® ¢ëç¨á-«¥®© äãªæ¨¨ q(t):
ut−�u+ c(x, t)u = f1(x, t)+h1(x, t) ∫� K0(y)[c(y, t)u(y, t)−�u(y, t)℄ dsy.(4′)Ǒà¨¬¥¨¬ ª íâ®¬ã ãà ¢¥¨î ®¯¥à â®à �−c(x, t). Ǒ®«ãç¨¬ ãà ¢¥¨¥
vt −�v + c(x, t)v + ct(x, t)u = g(x, t)− h2(x, t) ∫� K0(y)v(y, t) dsy , (4′′)¢ ª®â®à®¬ v(x, t), h2(x, t) ¨ g(x, t) áãâì äãªæ¨¨

v(x, t) = �u(x, t)− c(x, t)u(x, t),
g(x, t) = �f1(x, t)− c(x, t)f1(x, t), h2(x, t) = �h1(x, t) − c(x, t)h1(x, t).



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå ¥«®ª «ìëå § ¤ ç 75� «¥¥, ¯ãáâì ¤«ï ¯à®áâ®âë ¢ë¯®«ï¥âáï ãá«®¢¨¥
∂f1(x, t)
∂νx

= 0 ¯à¨ (x, t) ∈ S. (19)�¡®§ ç¨¬
N(x, y, t) = ∂h1(x, t)

∂νx
K0(y), x ∈ �, y ∈ �, t ∈ (0, T ).�®£¤  ¨§ ãà ¢¥¨ï (4′) á«¥¤ã¥â, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥

∂v(x, t)
∂νx

∣∣∣∣
S

= ∫� N(x, y, t)v(y, t) dsy . (20)� áá¬®âà¨¬ § ¤ çã:  ©â¨ äãªæ¨î v(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥
Q à¥è¥¨¥¬ ãà ¢¥¨ï (4′′), ¢ ª®â®à®¬ äãªæ¨ï u(x, t) á¢ï§   á v(x, t)ãà ¢¥¨¥¬ �u− c(x, t)u = v(x, t) (21)¨ ¯à¨ íâ®¬ ¤«ï v(x, t) ¨ u(x, t) ¢ë¯®«ïîâáï ãá«®¢¨ï (2), (5) ¨ (20). �â § ¤ ç  ¯®¤®¡  ¥«®ª «ì®© § ¤ ç¥ (1){(3), ¨ ¨áá«¥¤®¢ ¨¥ ¥¥ à §à¥-è¨¬®áâ¨ ¯à®¢®¤¨âáï ¢¯®«¥   «®£¨ç® ¨áá«¥¤®¢ ¨î à §à¥è¨¬®áâ¨¢ëè¥ §¢ ®© § ¤ ç¨. �¬¥®, ¢®¢ì ¯à¨¬¥ïîâáï ¬¥â®¤ë à¥£ã«ï-à¨§ ææ¨¨ ¨ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã á â¥¬ «¨èì ¨áª«îç¥¨¥¬, çâ®¯à¨ ä¨ªá¨à®¢ ®¬ ε ¨ ¯à¨ λ ∈ [0, 1℄ à áá¬ âà¨¢ ¥âáï á¥¬¥©áâ¢® § ¤ ç
vt −�v + á¬− ε�vt = g(x, t)− λ

[
ct(x, t)u + h1(x, t) ∫� K0(y)v(y, t) dsy

]
,

v(x, 0) = 0,
∂v(x, t)
∂νx

= λ

∫� N(x, y, t)v(y, t) dsy, (x, t) ∈ S,�u− c(x, t)u = v(x, t),
∂u(x, t)
∂νx

= 0, (x, t) ∈ S.� §à¥è¨¬®áâì íâ¨å § ¤ ç ¯à¨ ä¨ªá¨à®¢ ®¬ ε, ¤ «¥¥ ®áãé¥áâ¢«¥¨¥¯à¥¤¥«ì®£® ¯¥à¥å®¤  ¨ â¥¬ á ¬ë¬ ¤®ª § â¥«ìáâ¢® à §à¥è¨¬®áâ¨ ªà -¥¢®© § ¤ ç¨ (4′′), (21), (2), (5), (20) ¯à®¢®¤¨âáï á ¯®¬®éìî  ¯à¨®àëå



76 �®� ®¢ �. �.®æ¥®ª, ¯®«ãç ¥¬ëå ¬¥â®¤®¬ ¤®ª § â¥«ìáâ¢  á®®â¢¥âáâ¢ãîé¨å ®æ¥®ªâ¥®à¥¬ë 1. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï   äãªæ¨¨ c(x, t), K0(y), h2(x, t) ¨
g(x, t) «¥£ª® ãª §ë¢ îâáï.�ë¯®«¨¬ â¥¯¥àì ®¡à âë¥ ¯à¥®¡à §®¢ ¨ï. �¡®§ ç¨¬
w(x, t) = ut(x, t)−�u(x, t) + c(x, t)u(x, t)− f1(x, t)

− h1(x, t) ∫� K0(y)[c(y, t)u(y, t)−�u(y, t)℄ dsy.�ç¥¢¨¤®, çâ® ¢ë¯®«ïîâáï à ¢¥áâ¢ [�− c(x, t)℄w = 0, ∂w(x, t)
∂νx

= 0 ¯à¨ (x, t) ∈ S.Ǒ®áª®«ìªã ¯à¥¤¯®« £ ¥âáï, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥
c(x, t) > c0 > 0 ¯à¨ (x, t) ∈ Qâ¥®à¥¬ë 1, ¨§ íâ¨å à ¢¥áâ¢ á«¥¤ã¥â, çâ®
w(x, t) ≡ 0 ¯à¨ (x, t) ∈ Q.�àã£¨¬¨ á«®¢ ¬¨, ¤«ï ®¯à¥¤¥«¥®© ¯® à¥è¥¨î v(x, t) § ¤ ç¨ (4′′),(21), (2), (5), (20) u(x, t) ¢ë¯®«ï¥âáï ãà ¢¥¨¥ (4′). �¯à¥¤¥«¨¬ äãª-æ¨î q(t) à ¢¥áâ¢®¬ (18). �ç¥¢¨¤® â¥¯¥àì, çâ® äãªæ¨¨ u(x, t) ¨ q(t)á¢ï§ ë ¢ æ¨«¨¤à¥ Q ãà ¢¥¨¥¬ (4).�¬®�¨¬ ãà ¢¥¨¥ (4)   äãªæ¨îK0(x) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® �.�ç¨âë¢ ï ¯à¥¤áâ ¢«¥¨¥ (18) äãªæ¨¨ q(t), ¯®«ãç¨¬, çâ® ¢ë¯®«ï¥âáïà ¢¥áâ¢®
∂

∂t

(∫� K0(x)u(x, t) dsx

) = 0.�§ íâ®£® à ¢¥áâ¢  ¨ ãá«®¢¨ï (2) á«¥¤ã¥â, çâ® ¤«ï äãªæ¨¨ u(x, t) ¢ë-¯®«ï¥âáï ãá«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥¨ï (6). �àã£¨¬¨ á«®¢ ¬¨, ¯®«®áâìî¯®ª § ®, çâ® äãªæ¨¨ u(x, t) ¨ q(t), ®¯à¥¤¥«¥ë¥ ¯® à¥è¥¨î ªà ¥-¢®© § ¤ ç¨ (4′′), (21), (2), (5), (20) ¤ îâ à¥è¥¨¥ ®¡à â®© § ¤ ç¨ (4),(2), (5), (6).



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå ¥«®ª «ìëå § ¤ ç 77�ä®à¬ã«¨àã¥¬ ¤®ª § ®¥ ¢ â®ç®¬ ¢¨¤¥.Ǒãáâì N1(x, y, t) | äãªæ¨ï â ª ï, çâ®
∂N1(x, y, t)

∂νx
= N(x, y, t) ¯à¨ (x, t) ∈ S.�¯à¥¤¥«¨¬ ®¯¥à â®à Bλ, λ ∈ [0, 1℄:(Bλv)(x, t) = v(x, t)− λ

∫� N1(x, y, t)v(y, t) dsy .�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï (17) ¨ (19), äãªæ¨¨
c(x, t), h(x, t), f(x, t), K0(x) ¨ ®¡« áâì 
 ¯ãáâì ¡ã¤ãâ â ª¨¬¨, çâ® ¢ë-¯®«ïîâáï ãá«®¢¨ï (7){ (10) â¥®à¥¬ë 1, ¨,  ª®¥æ, ¯ãáâì ¢ë¯®«ï-îâáï ¢ª«îç¥¨ï g(x, t) ∈ L2(Q), gt(x, t) ∈ L2(Q). �®£¤  ®¡à â ï § -¤ ç  (4), (2), (5), (6) ¨¬¥¥â à¥è¥¨¥ (u(x, t), q(t)) â ª®¥, çâ® u(x, t) ∈
W 2,12 (Q) ∩ L∞

(0, T ;W 22 (
)), ut(x, t) ∈ L2(S), q(t) ∈ L∞([0, T ℄).�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë á«¥¤ã¥â ¨§ ¢ëè¥¯à¨¢¥¤¥ëå à á-áã�¤¥¨©.� ¬¥ç ¨¥. �  á ¬®¬ ¤¥«¥, äãªæ¨ï u(x, t) ®¡« ¤ ¥â ¡®«ìè¥©£« ¤ª®áâìî | íâ® á«¥¤ã¥â ¨§ à ¢¥áâ¢  (21) ¨ ¨§ á¢®©áâ¢ £« ¤ª®áâ¨äãªæ¨¨ v(x, t). ����������1. Kozhanov A. I. Composite type equations and inverse problems. Utreht: VSP,1999.2. � åãè¥¢ �. �.� £àã�¥ë¥ ãà ¢¥¨ï ¨ ¨å ¯à¨¬¥¥¨ï // �¨ää¥à¥æ. ãà ¢-¥¨ï. 1983. �. 19, ü 1. �. 86{94.3. �®� ®¢ �. �. �¥«¨¥©ë¥  £àã�¥ë¥ ãà ¢¥¨ï ¨ ®¡à âë¥ § ¤ ç¨ //�ãà. ¢ëç¨á«. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨. 2004. �. 44, ü 4. �. 694{716.4. � ¬ àáª¨© �. �. � ¥ª®â®àëå ¯à®¡«¥¬ å â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-¨© // �¨ää¥à¥æ. ãà ¢¥¨ï. 1980. �. 16, ü 11. �. 1925{1935.5. � �¥â¨ç �. � ª« áá¨ç¥áª®© à §à¥è¨¬®áâ¨ á¬¥è ®© § ¤ ç¨ ¤«ï ®¤®¬¥à®£®£¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  // �¨ää¥à¥æ. ãà ¢¥¨ï. 2006.�. 42, ü 8. �. 1072{1077.6. La�zeti N. On lassial solutions of mixed boundary problems for one-dimensionalparaboli equation of seond order // Publ. Inst. Math., Nouv. S�er. 2000. V. 67.P. 53{75.



78 �®� ®¢ �. �.7. �®� ®¢ �. �. �¡ ®¤®© ¥«®ª «ì®© ªà ¥¢®© § ¤ ç¥ á ¯¥à¥¬¥ë¬¨ ª®íää¨-æ¨¥â ¬¨ ¤«ï ãà ¢¥¨© â¥¯«®¯à®¢®¤®áâ¨ ¨ �««¥à  // �¨ää¥à¥æ. ãà ¢¥-¨ï. 2004. �. 40, ü 6. �. 769{774.8. �®� ®¢ �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ á ¥«®ª «ìë¬ £à ¨çë¬ãá«®¢¨¥¬ ¤«ï «¨¥©ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© // �¥áâ. � ¬ àáª®£® £®á.â¥å. ã-â . �¥à. �¨§¨ª®-¬ â¥¬ â¨ç.  ãª¨. 2004. ü 30. �. 63{69.9. �®� ®¢ �. �. � à §à¥è¨¬®áâ¨ ¥ª®â®àëå ¯à®áâà áâ¢¥® ¥«®ª «ìëå ªà -¥¢ëå § ¤ ç ¤«ï «¨¥©ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© // �¥áâ. � ¬��. �áâ¥-áâ¢¥® ãç ï á¥à¨ï. 2008. ü 3(62). �. 165{174.10. �®� ®¢ �. �.� à §à¥è¨¬®áâ¨ ¥ª®â®àëå ¯à®áâà áâ¢¥® ¥«®ª «ìëå ªà ¥-¢ëå § ¤ ç ¤«ï «¨¥©ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª  // �®ª«.���. 2009. �. 427, ü 6. �. 747{749.11. �®� ®¢ �. �. � à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç á ¥«®ª «ìë¬ ãá«®¢¨¥¬ �¨-æ ¤§¥ | � ¬ àáª®£® ¤«ï «¨¥©ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© // �®ª«. ���.2010. �. 432, ü 6. �. 738{740.12. Prillepko A. I., Orlovsky D. G., Vasin I. A. Methods for solving inverse problemsin mathematial physis. New York: Marel Dekker, 1999.13. Ǒà¨«¥¯ª® �. �., �ª ç¥ª® �. �. �¢®©áâ¢  à¥è¥¨© ¯ à ¡®«¨ç¥áª®£® ãà ¢¥-¨ï ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï ®¡à â®© § ¤ ç¨ ®¡ ¨áâ®ç¨ª¥ á ¨â¥£à «ìë¬¯¥à¥®¯à¥¤¥«¥¨¥¬ // �ãà. ¢ëç¨á«. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨. 2003. �. 43,ü 4. �. 564{572.14. �¢ ç®¢ �. �. �¥ª®â®àë¥ ®¡à âë¥ § ¤ ç¨ ¤«ï ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨á ¥«®ª «ìë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ // �ªà. ¬ â. �ãà. 1993. �. 45, ü 8.�. 1066{1071.15. Ivanhov M. Inverse problems for equations of paraboli type. Lviv: VNTL Publ.,2003. (Math. Stud. Monogr. Ser.; Vol. 10.)16. �®� ®¢ �. �. � ¤ ç  ®¯à¥¤¥«¥¨ï à¥è¥¨ï ¨ ¯à ¢®© ç áâ¨ á¯¥æ¨ «ì®£® ¢¨¤ ¢ ¯ à ¡®«¨ç¥áª®¬ ãà ¢¥¨¨ // �¡à âë¥ § ¤ ç¨ ¨ ¨ä®à¬ æ¨®ë¥ â¥å®«®-£¨¨. �£®àáª¨© ¨-â ¨ä®à¬ æ¨®ëå â¥å®«®£¨©. 2002. �. 1, ü 3. �. 13{41.17. �à¥®£¨ �. �. �ãªæ¨® «ìë©   «¨§. �.: � ãª , 1980.18. �ªã¡®¢ �. �. �¨¥©ë¥ ¤¨ää¥à¥æ¨ «ì®-®¯¥à â®àë¥ ãà ¢¥¨ï ¨ ¨å ¯à¨-«®�¥¨ï. � ªã: �«¬, 1985.19. �®¡®«¥¢ �. �. �¥ª®â®àë¥ ¯à¨«®�¥¨ï äãªæ¨® «ì®£®   «¨§  ¢ ¬ â¥¬ â¨-ç¥áª®© ä¨§¨ª¥. �.: � ãª , 1988.20. � ¤ë�¥áª ï �. �., �à «ìæ¥¢  �. �. �¨¥©ë¥ ¨ ª¢ §¨«¨¥©ë¥ ãà ¢¥¨ïí««¨¯â¨ç¥áª®£® â¨¯ . �.: � ãª , 1973.£. �®¢®á¨¡¨àáª 15  ¢£ãáâ  2011 £.



��� 517.946� ������������ ����������������� �������� �������� ������Ǒ����������������������∗)�. �. �®è¥«¥¢ � ¡®â  ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î à §à¥è¨¬®áâ¨ «¨¥©ëå ®¡à â-ëå § ¤ ç  å®�¤¥¨ï ¢¬¥áâ¥ á à¥è¥¨¥¬ ã«ìâà ¯ à ¡®«¨ç¥áª®£® ãà ¢-¥¨ï ¥¨§¢¥áâ®£® ¢¥è¥£® ¢®§¤¥©áâ¢¨ï á¯¥æ¨ «ì®£® ¢¨¤ . �«¥¤ã¥â®â¬¥â¨âì, çâ® ª ª «¨¥©ë¥, â ª ¨ ¥«¨¥©ë¥ ®¡à âë¥ § ¤ ç¨  -å®�¤¥¨ï ¢¬¥áâ¥ á à¥è¥¨¥¬ ¥¨§¢¥áâ®£® ¢¥è¥£® ¢®§¤¥©áâ¢¨ï ¨«¨�¥ ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ ¤®áâ â®ç® å®à®è® ¨§ãç¥ë ¤«ï ¯ à -¡®«¨ç¥áª¨å ãà ¢¥¨© (á¬.,  ¯à¨¬¥à, ¬®®£à ä¨¨ [1{5℄ ¨ ¨¬¥îéãîáï¢ ¨å ¡¨¡«¨®£à ä¨î). � â® �¥ ¢à¥¬ï ®¡à âë¥ § ¤ ç¨ ¤«ï ã«ìâà ¯ -à ¡®«¨ç¥áª¨å ãà ¢¥¨© à ¥¥ ¥ ¨§ãç «¨áì.Ǒãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¯à®áâà áâ¢  Rn á £« ¤ª®© (¤«ï¯à®áâ®âë, ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬®©) £à ¨æ¥© �, t | ç¨á«® ¨§¨â¥à¢ «  (0, T ), 0 < T < +∞, a | ç¨á«® ¨§ ¨â¥à¢ «  (0, A), 0 < A <+∞, Q | æ¨«¨¤à 
× (0, T )× (0, A). � «¥¥, ¯ãáâì c(x, t, a), f(x, t, a),
h(x, t, a), hk(x, t, a), k = 1, . . . ,m, N(x, t, a) áãâì § ¤ ë¥ ¯à¨ x ∈ 
,
t ∈ [0, T ℄, a ∈ [0, A℄ äãªæ¨¨, t1, t2, . . . , tm | § ¤ ë¥ ç¨á«  â ª¨¥, çâ®0 < t1 < · · · < tm 6 T .�¡à â ï § ¤ ç  I.� ©â¨ äãªæ¨¨ u(x, t, a), q1(x, a), . . . , qm(x, a),

∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥-â «ìëå ¨áá«¥¤®¢ ¨© (ª®¤ ¯à®¥ªâ  09{01{00422 ).© 2011 �®è¥«¥¢  �. �.



80 �®è¥«¥¢  �. �.á¢ï§ ë¥ ¢ æ¨«¨¤à¥ Q ãà ¢¥¨¥¬
Lu ≡ ut + ua −�u+ c(x, t, a)u = f(x, t, a) + m∑

k=1 hk(x, t, a)qk(x, a) (1)(� | ®¯¥à â®à � ¯« á  ¯® ¯¥à¥¬¥ë¬ x1, . . . , xn), ¯à¨ ¢ë¯®«¥¨¨¤«ï äãªæ¨¨ u(x, t, a) ãá«®¢¨©
u(x, 0, a) = 0, x ∈ 
, a ∈ (0, A), (2)
u(x, t, 0) = 0, x ∈ 
, t ∈ (0, T ), (3)
u(x, t, a)|x∈∂
, t∈(0,T ), a∈(0,A) = 0, (4)

u(x, tk, a) = 0, k = 1, . . . ,m, x ∈ 
, a ∈ (0, A). (5)�¡à â ï § ¤ ç  II. � ©â¨ äãªæ¨¨ u(x, t, a), q(x, a), á¢ï§ ë¥¢ æ¨«¨¤à¥ Q ãà ¢¥¨¥¬
Lu = f(x, t) + h(x, t, a)q(x, a), (1′)¯à¨ ¢ë¯®«¥¨¨ ¤«ï äãªæ¨¨ u(x, t, a) ãá«®¢¨© (2){(4),   â ª�¥ ãá«®-¢¨ï

T∫0 N(x, t, a)u(x, t, a) dt = 0, x ∈ 
, a ∈ (0, A). (6)� ®¡à âëå § ¤ ç å I ¨ II ãá«®¢¨ï (2){(4) áãâì ãá«®¢¨ï ®¡ëç®©¯¥à¢®©  ç «ì®-ªà ¥¢®© § ¤ ç¨ ¤«ï ã«ìâà ¯ à ¡®«¨ç¥áª¨å ãà ¢¥-¨©, á®®â®è¥¨ï (5), (6) áãâì ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï   ¢à¥¬¥ëåá«®ïå ¨ ¨â¥£à «ì®£® ¯¥à¥®¯à¥¤¥«¥¨ï;  «¨ç¨¥ íâ¨å ãá«®¢¨© ®¡ã-á« ¢«¨¢ ¥âáï  «¨ç¨¥¬ ¤®¯®«¨â¥«ìëå ¥¨§¢¥áâëå äãªæ¨© q1(x, a),
. . . , qm(x, a) ¨«¨ �¥ q(x, a).Ǒà®¢¥¤¥¬ ¥ª®â®àë¥ ä®à¬ «ìë¥ (¯®ª ) ¯®áâà®¥¨ï, ª á îé¨¥áï¢ ç «¥ ®¡à â®© § ¤ ç¨ I.



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå «¨¥©ëå ®¡à âëå § ¤ ç 81�¡®§ ç¨¬ ¤«ï ªà âª®áâ¨ ç¥à¥§ G ®¡« áâì 
 × (0, A). � ãà ¢¥-¨¨ (1) ¯®«®�¨¬ ¯®á«¥¤®¢ â¥«ì® t = t1, t = t2, . . . ,t = tm. Ǒ®«ã-ç¨¬ á«¥¤ãîéãî  «£¥¡à ¨ç¥áªãî ®â®á¨â¥«ì® äãªæ¨© q1(x, a), . . . ,
qm(x, a) á¨áâ¥¬ã:




q1(x, a)h1(x, t1, a) + · · ·+ qm(x, a)hm(x, t1, a) = ut(x, t1, a)−f(x, t1, a),...
q1(x, a)h1(x, tm, a)+ . . .+qm(x, a)hm(x, tm, a)=ut(x, tm, a)−f(x, tm, a).�¡®§ ç¨¬ ç¥à¥§ d(x, a) ®¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë. �ç¨â ï ¢ë¯®«-¥ë¬ ãá«®¢¨¥

|d(x, a)| > d0 > 0 ¯à¨ (x, a) ∈ G, (7)¢ëà §¨¬ äãªæ¨¨ qk(x, a):
qk(x, a) = αk(x, a) + m∑

l=1 βkl(x, a)ul(x, tl, a), k = 1, . . . ,m.Ǒ®¤áâ ¢¨¬  ©¤¥ë¥ ¯à¥¤áâ ¢«¥¨ï ¢ ãà ¢¥¨¥ (1):
ut + ua −�u + c(x, t, a)u = f(x, t, a)+ m∑

k=1 hk(x, t, a)[ m∑

l=1αk(x, a) + m∑

l=1 βkl(x, a)ut(x, tl, a)]= m∑

k=1 hk(x, t, a)αk(x, a) + m∑

k=1 hk(x, t, a) m∑

l=1 βkl(x, a)ut(x, tl, a).�¢¥¤¥¬ ®¡®§ ç¥¨ï:
f1(x, t, a) = f(x, t, a) + m∑

k=1hk(x, t, a)αk(x, a),
γl(x, t, a) = m∑

k=1 hk(x, t, a)βkl(x, a), l = 1, . . . ,m,á ãç¥â®¬ ª®â®àëå ãà ¢¥¨¥ (1) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã
ut + ua −�u+ c(x, t, a)u = f1(x, t, a) + m∑

l=1 γl(x, t, a)ul(x, tl, a). (1′′)



82 �®è¥«¥¢  �. �.�à ¢¥¨¥ (1′′) ï¢«ï¥âáï â ª  §ë¢ ¥¬ë¬ ý £àã�¥ë¬þ [6, 7℄ãà ¢¥¨¥¬; à §à¥è¨¬®áâì ¥£® ¡ã¤¥â ¨áá«¥¤®¢   á ¯®¬®éìî ¯¥à¥å®¤ ª ¯à®¤¨ää¥à¥æ¨à®¢ ®¬ã ¯® t ãà ¢¥¨î (á¬. [8, 9℄).�¯à¥¤¥«¨¬ ¯à®áâà áâ¢®
V = {v(x, t, a) : v(x, t, a) ∈ L2(Q), vt(x, t, a) ∈ L2(Q),

va(x, t, a) ∈ L2(Q), vxi(x, t, a) ∈ L2(Q),
vxixj (x, t, a) ∈ L2(Q), i, j = 1, . . . , n}.�®à¬ã ¢ íâ®¬ ¯à®áâà áâ¢¥ ®¯à¥¤¥«¨¬ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬:

‖v‖V = (∫
Q

(
v2 + v2t + v2a + n∑

i=1 v2xi
+ n∑

i,j=1 v2xixj

)
dxdtda

) 12
.Ǒ®«®�¨¬ v(x, t, a) = ut(x, t, a). �¢¥¤¥¬ ¥é¥ ®¡®§ ç¥¨ï:

g(x, t, a) = f1t(x, t, a), ϕ(x, a) = f1(x, 0, a),
ψl(x, a) = γl(x, 0, a), ~γl(x, t, a) = γlt(x, t, a), l = 1, . . . ,m.�«ï äãªæ¨¨ v(x, t, a) ¡ã¤ãâ ¢ë¯®«ïâìáï ãà ¢¥¨¥

vt + va −�v + c(x, t, a)v + ct(x, t, a)u = g(x, t, a) + m∑

l=1 ~γl(x, t, a)v(x, tl, a),
u(x, t, a) = t∫0 v(x, τ, a) dτ, (8)¨ ãá«®¢¨ï:

v(x, 0, a) = ϕ(x, a) + m∑

l=1 ψl(x, a)v(x, tl, a), u(x, 0, a) = 0, x ∈ G, (9)
v(x, t, 0) = 0, x ∈ 
, t ∈ [0, T ℄, (10)
v(x, t, a)|x∈∂
, t∈[0,T ℄, a∈(0,A) = 0 (11)(ãá«®¢¨¥ (9) ¢ë¢®¤¨âáï, ¥á«¨ ¢ (1′′) ¯®«®�¨âì t = 0). �¬¥® á ¯®¬®-éìî à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (8){(11) ¡ã¤¥â ¯®áâà®¥® à¥è¥¨¥ ¨áå®¤-®© ®¡à â®© § ¤ ç¨ I.



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå «¨¥©ëå ®¡à âëå § ¤ ç 83�à ¥¢ ï § ¤ ç  (8){(11) ï¢«ï¥âáï ¯®-¯à¥�¥¬ã § ¤ ç¥© ¤«ï ý -£àã�¥®£®þ ãà ¢¥¨ï, ® ¯à¨ íâ®¬ ®  â ª�¥ ¥«®ª «ì  ¯® ®¤®©¨§ ¢à¥¬¥ëå ¯¥à¥¬¥ëå. � ¥¥ ¯®¤®¡ë¥ ¥«®ª «ìë¥ § ¤ ç¨ ¤«ïý £àã�¥ëåþ ã«ìâà ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¥ à áá¬ âà¨¢ «¨áì,¯®íâ®¬ã áä®à¬ã«¨àã¥¬ ¨ ¤®ª �¥¬ ¥®¡å®¤¨¬ãî ¤«ï ¨áá«¥¤®¢ ¨ï ®¡-à â®© § ¤ ç¨ â¥®à¥¬ã ® ¥¥ à §à¥è¨¬®áâ¨.Ǒ®«®�¨¬ bl,1 = max(x,a)∈G
|ψl(x, a)|, l = 1, . . . ,m, b0,1 = max

l=1,...,m
bl, bl,2 =max

Q
|~γ(x, t, a)|, l = 1, . . . ,m, b0,2 = max06l6m

bl,2.�«ï äãªæ¨© v(x, t, a) ¨§ ¯à®áâà áâ¢  V â ª¨å, çâ® v = 0 ¯à¨
x ∈ ∂
, t ∈ [0, T ℄, a ∈ (0, A), ¢ë¯®«ïîâáï ¨§¢¥áâë¥ ¥à ¢¥áâ¢ 

t∫0 ∫
 A∫0 v2 dxdτda 6 b0 n∑

i=1 t∫0 ∫
 A∫0 v2xi
dxdτda, (∗)

n∑

i,j=1 t∫0 ∫
 v2xixj
dxdτda 6 k1 t∫0 ∫

G

(�v)2 dxdτda+k2 t∫0 ∫G v2 dxdτda, (∗∗)ç¨á«  b0, k1, k2 ¢ íâ¨å ¥à ¢¥áâ¢ å ®¯à¥¤¥«ïîâáï «¨èì ®¡« áâìî 
.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
ϕ(x, a) ∈ ◦

W
12(G),

ψl(x, a) ∈ ◦
W

1
∞(G), ~γl(x, t, a) ∈ ◦

W
1
∞(Q), l = 1, . . . ,m,

c(x, t, a) ∈ C2(Q), c(x, t, a) > c0 > 0, ct(x, t, a) > 0,
ctt(x, t, a) 6 0 ¯à¨ (x, t, a) ∈ Q,

(
b20,1m+ b20,2T

c0 )
m < 1,

g(x, t, a) ∈ L2(Q), ga(x, t, a) ∈ L2(Q).�®£¤  ªà ¥¢ ï § ¤ ç  (8){(11) ¨¬¥¥â à¥è¥¨¥ u(x, t, a) â ª®¥, çâ®
u(x, t, a) ∈ V , ut(x, t, a) ∈ V .



84 �®è¥«¥¢  �. �.�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨ ¨ ¬¥-â®¤®¬ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã.Ǒãáâì ε | ¯®«®�¨â¥«ì®¥ ç¨á«®. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ©â¨ äãªæ¨î v(x, t, a), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢-¥¨ï
vt + va − εvaa −�v + c(x, t, a)v + ct(x, t, a)u= g(x, t, a) + m∑

l=1 ~γl(x, t, a)v(x, t, a) (8ε)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (9){(11),   â ª�¥ ãá«®¢¨¥
va(x, t, A) = 0, x ∈ 
, t ∈ [0, T ℄. (12)�¯à¥¤¥«¨¬ ¯à®áâà áâ¢®

V1 = {v(x, t, a) : v(x, t, a) ∈ L2(Q), vt(x, t, a) ∈ L2(Q),
va(x, t, a) ∈ L2(Q), vaa(x, t, a) ∈ L2(Q), vxi(x, t, a) ∈ L2(Q),

vxixj (x, t, a) ∈ L2(Q), i, j = 1, . . . , n};®à¬ã ¢ íâ®¬ ¯à®áâà áâ¢¥ ®¯à¥¤¥«¨¬ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬:
‖v‖V1 = (∫

Q

(
v2 + v2t + v2a + v2aa + n∑

i=1 v2xi
+ n∑

i,j=1 v2xixj

)
dxdtda

) 12
.� «¥¥, ¯ãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ á¥¬¥©áâ¢®ªà ¥¢ëå § ¤ ç:  ©â¨ äãªæ¨î v(x, t, a), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Qà¥è¥¨¥¬ ãà ¢¥¨ï

vt + va − εvaa −�v + c(x, t, a)v = g(x, t, a)+ λ

[
m∑

l=1 ~γl(x, t, a)v(x, tl, a)− ct(x, t, a)u] (8ε,λ)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ï¥âáï ãá«®¢¨¥
v(x, 0, a) = ϕ(x, a) + λ

m∑

l=1 ψl(x, a)v(x, tl, a), x ∈ G, (9λ)



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå «¨¥©ëå ®¡à âëå § ¤ ç 85  â ª�¥ ãá«®¢¨ï (10){(12).Ǒà¨ λ = 0 ªà ¥¢ ï § ¤ ç  (8ε,0), (90), (10){(12) à §à¥è¨¬  ¢ ¯à®-áâà áâ¢¥ V1 (á¬. [10℄). �®£« á® â¥®à¥¬¥ ® ¬¥â®¤¥ ¯à®¤®«�¥¨ï ¯®¯ à ¬¥âàã [11℄ ¤«ï à §à¥è¨¬®áâ¨ ¢á¥å § ¤ ç (8ε,λ), (9λ), (10), (11) ¯à¨ä¨ªá¨à®¢ ®¬ ε ¤®áâ â®ç®, çâ®¡ë ¯à¨ ¯à¨ ¤«¥�®áâ¨ äãªæ¨¨
g(x, t, a) ¯à®áâà áâ¢ã L2(Q) ¨¬¥«  ¬¥áâ® à ¢®¬¥à ï ¯® λ  ¯à¨®à- ï ®æ¥ª 

‖v‖V1 6 K.�áâ ®¢¨¬ ¥¥  «¨ç¨¥. � áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 ∫

G

(vt + va − εvaa −�v + cv)v dxdτda= t∫0 ∫G (
g + λ

[
m∑

l=1 ~γl(x, τ, a)v(x, tl, a)− cτ (x, τ, a)u])v dxdτda,ª®â®à®¥ ¥âàã¤® ¨â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬ ¯à¥®¡à §®¢ âì ª ¢¨¤ã12 ∫
G

v2(x, t, a) dxda+ 12 t∫0 ∫
 v2(x, τ, A) dxdτ + ε

t∫0 ∫G v2a dxdτda+ n∑

i=1 t∫0 ∫G v2xi
dxdτda + t∫0 ∫G cv2 dxdτda + λ2 ∫

G

ct(x, t, a)u2(x, t, a) dxda
− λ2 t∫0 ∫G cττu

2 dxdτda = 12 ∫
G

v2(x, 0, a) dxda+ t∫0 ∫G gv dxdτda + λ

m∑

i=1 t∫0 ∫

G

~γl(x, τ, a)v(x, τ, a) dxdτda. (13)� ¬¥â¨¬, çâ® ¢á«¥¤áâ¢¨¥ ãá«®¢¨© â¥®à¥¬ë ¢á¥ á« £ ¥¬ë¥ ¢ «¥¢®©ç áâ¨ à ¢¥áâ¢  (13) ¥®âà¨æ â¥«ìë. � «¥¥, ¤«ï ¯¥à¢®£® á« £ ¥¬®£®



86 �®è¥«¥¢  �. �.¯à ¢®© ç áâ¨ (13) ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥
∫

G

v2(x, 0, a) dxda = ∫
G

[
ϕ(x, a) + λ

m∑

l=1 ψl(x, a)v(x, tl, a)]2 dxda.�á«¨ ®¡®§ ç¨âì
B = m∑

l=1 ψl(x, a)v(x, tl, a),¢®á¯®«ì§®¢ âìáï ¤ «¥¥ ¥à ¢¥áâ¢®¬ �£  ¨ í«¥¬¥â àë¬ ç¨á«®¢ë¬¥à ¢¥áâ¢®¬ (a1 + · · ·+ am)2 6 m
(
a21 + · · ·+ a2m),â® ¥âàã¤® ®æ¥¨âì ¢¥«¨ç¨ã ∫

G

v2(x, 0, a) dxda:
∫

G

v2(x, 0, a) dxda 6 (1 + δ2)b20,1m n∑

i=1 ∫G v2(x, tl, a) dxda+(1 + 1
δ2)∫

G

ϕ2(x, a) dxda,£¤¥ δ | ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®.�«ï ¢â®à®£® á« £ ¥¬®£® ¯à ¢®© ç áâ¨ (13) ¨¬¥îâ ¬¥áâ® ¥à ¢¥-áâ¢ 
t∫0 ∫

G

gv dxdτda 6

t∫0 ∫G |g||v| dxdτda 6
δ212 t∫0 ∫G v2 dxdτda+ 12δ21 t∫0 ∫

G

g2 dxdτda,
δ1 §¤¥áì ¢®¢ì ¥áâì ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®.�æ¥¨¬ ¯®á«¥¤¥¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ (13):
λ

m∑

l=1 t∫0 ∫G ~γl(x, τ, a)v(x, tl, a)v(x, τ, a) dxdτda
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6

m∑

l=1 t∫0 ∫G |~γl(x, τ, a)v(x, tl, a)||v(x, τ, a)| dxdτda
6
δ222 t∫0 ∫G v2 dxdτda + b20,2T2δ22 m∑

l=1 t∫0 ∫

G

v2(x, tl, a) dxda.�ã¬¬¨àãï, ¯®«ãç ¥¬ ¥à ¢¥áâ¢®12 ∫
G

v2(x, t, a) dxda+ 12 t∫0 ∫
 v2(x, τ, A) dx dτ + ε

t∫0 ∫G v2a dxdτda+ n∑

i=1 t∫0 ∫G v2xi
dxdτda + c0 t∫0 ∫G v2 dxdτda

6
12(1 + δ2)b20,1m m∑

l=1 ∫G v2(x, tl, a) dxda+ b20,2T2δ22 m∑

l=1 ∫G v2(x, tl, a)dxda+ δ212 t∫0 ∫

G

v2 dxdτda + δ222 t∫0 ∫

G

v2 dxdτda+ 12 (1 + 1
δ2)∫

G

ϕ2(x, a) dxda + 12δ21 ∫
G

g2 dxdτda.� ä¨ªá¨àã¥¬ δ1 ¨ δ2: δ1 =√ c02 , δ2 = √
c0. Ǒ®«ãç¨¬12 ∫

G

v2(x, t, a) dxda+ 12 t∫0 ∫

G

v2(x, τ, A) dx dτ + ε

t∫0 ∫G v2a dxdτda+ n∑

i=1 t∫0 ∫

G

v2xi
dxdτda + c04 t∫0 ∫

G

v2 dxdτ
6
12 [(1 + δ2)b20,1m+ b20,2T

c0 ]
m∑

l=1 ∫G v2(x, tl, a) dxda+ 12 (1 + 1
δ2)∫

G

ϕ2(x, a) dxda + 1
c0 ∫

G

g2 dxdτda. (14)



88 �®è¥«¥¢  �. �.Ǒ®«®�¨¬ �(t) = ∫
G

v2(x, t, a) dxda.�«¥¤áâ¢¨¥¬ (14) ï¢«ï¥âáï ¥à ¢¥áâ¢®max06t6T
�(t) 6

[(1 + δ2)b20,1m+ b20,2T
c0 ]

m max06t6T
�(t)+(1 + 1

δ2)∫
G

ϕ2(x, a) dxda + 1
c0 ∫

G

g2 dxdτda.�§ íâ®£® ¥à ¢¥áâ¢  ¨ ãá«®¢¨© â¥®à¥¬ë ¯à¨ ¢ë¡®à¥ ç¨á«  δ ¬ «ë¬¢ëâ¥ª ¥â, çâ® ¨¬¥¥â ¬¥áâ® ¯¥à¢ ï  ¯à¨®à ï ®æ¥ª ∫

G

v2(x, t, a) dxda 6 K1, (15)¢ ª®â®à®© t ∈ [0, T ℄, ç¨á«® K1 ®¯à¥¤¥«ï¥âáï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.�¥à¥¬áï â¥¯¥àì ª ¥à ¢¥áâ¢ã (14). �á«¥¤áâ¢¨¥ (15) ¯à ¢ ï ç áâì¢ ¥¬ ª®¥ç . � ç¨â, ª®¥ç®© ¡ã¤¥â ¨ ¥£® «¥¢ ï ç áâì. Ǒ®«ãç ¥¬,çâ® ¤«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (8ε,λ), (9λ), (10){(12) ¢ë¯®«ï¥âáï¢â®à ï  ¯à¨®à ï ®æ¥ª :
t∫0 ∫
 v2(x, τ, A) dxdτ + ε

t∫0 ∫G v2a dxdτda + n∑

i=1 t∫0 ∫G v2xi
dxdτda+ t∫0 ∫G v2 dxdτda 6 K2, (16)¢ ª®â®à®© t ∈ [0, T ℄, ç¨á«® K2 ®¯à¥¤¥«ï¥âáï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.� áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫

G

(vt + va − εvaa −�v + cv)(−�v) dxdτda= t∫0 ∫

G

(
g + λ

[
m∑

l=1 ~γl(x, τ, a)v(x, tl, a)− cτ (x, τ, a)u])(−�v) dxdτda,



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå «¨¥©ëå ®¡à âëå § ¤ ç 89®â ª®â®à®£® ¥âàã¤® ¯¥à¥©â¨ ª ¥à ¢¥áâ¢ã
−

t∫0 ∫G vτ�v dxdτda+ t∫0 ∫G (�v)2 dxdτda+ 12 n∑

i=1 t∫0 ∫
 v2xi
(x, τ, A) dx dτ+ ε

n∑

i=1 t∫0 ∫
 v2xia dxdτda 6
(m+ 3)δ22 t∫0 ∫G (�v)2 dxdτda+ 12δ2 maxQ

c2(x, t, τ) t∫0 ∫G v2 dxdτda + 12δ2 t∫0 ∫G g2 dxdτda+ c22δ2 t∫0 ∫G u2 dxdτda + b20,2T2δ2 m∑

l=1 ∫G v2(x, tl, a) dxda.�ë¡¥à¥¬ δ: (m+3)δ22 = 12 . �®£¤ 12 n∑

i=1 ∫G v2xi
(x, t, a) dxda − 12 n∑

i=1 ∫G v2xi
(x, 0, a) dxda+ 12 t∫0 ∫G (�v)2 dxdτda + 12 n∑

i=1 t∫0 ∫
 v2xi
(x, τ, A) dx dτ+ ε

n∑

i=1 t∫0 ∫G v2xia dxdτda 6 µ1 t∫0 ∫

G

v2 dxdτda + µ2 t∫0 ∫G g2 dxdτda+ µ3 t∫0 ∫

G

u2 dxdτda + µ4 m∑

l=1 t∫0 ∫G v2(x, tl, a) dxda 6 M.�á¯®«ì§ãï ãá«®¢¨¥ (9λ) ¤«ï ¯à¥¤áâ ¢«¥¨ï äãªæ¨¨ vxi(x, 0, a), á®-®¡à �¥¨ï, ¯à¨¢¥¤è¨¥ ª (15),   â ª�¥ ¥à ¢¥áâ¢® (16), ¥âàã¤® ¯®-«ãç¨âì âà¥âìî ®æ¥ªã:
n∑

i=1 ∫G v2xi
(x, t, a) dxda 6 K3, (17)
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t∫0 ∫

G

(�v)2 dxdτda + n∑

i=1 t∫0 ∫
 v2xi
(x, τ, A) dxdτ+ ε

n∑

i=1 t∫0 ∫G v2xia dxdτda 6 K4, (18)£¤¥ t ∈ [0, T ℄, ç¨á«  K3, K4 ®¯à¥¤¥«ïîâáï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.�á«¨ ¢®á¯®«ì§®¢ âìáï ¥à ¢¥áâ¢ ¬¨ (∗) ¨ (∗∗), ¥âàã¤® ¯®«ãç¨âì¯ïâãî  ¯à¨®àãî ®æ¥ªã:
n∑

i,j=1 t∫0 ∫G v2xixj
dxdτda + ε

n∑

i=1 t∫0 ∫G A∫0 v2a dxdτda 6 K5, (19)¢ ª®â®à®© t ∈ [0, T ℄, ç¨á«® K5 ®¯à¥¤¥«ï¥âáï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.�«ï ¯®«ãç¥¨ï á«¥¤ãîé¥©  ¯à¨®à®© ®æ¥ª¨ à áá¬®âà¨¬ à ¢¥-áâ¢®
t∫0 ∫

G

(vt + va − εvaa −�v + cv)vτ dxdτda= t∫0 ∫

G

(
g + λ

[
m∑

l=1 ~γl(x, τ, a)v(x, tl, a)− cτ (x, τ, a)u])vτ dxdτda,ª®â®à®¥ ¯à¥®¡à §ã¥âáï ª ¢¨¤ã
t∫0 ∫

G

v2τ dxdτda + ε2 ∫
G

v2a(x, t, a) dxda = ε2 ∫
G

v2a(x, 0, a) dxda+ t∫0 ∫G gvτ dxdτda + λ

t∫0 ∫

G

m∑

l=1 ~γl(x, τ, a)v(x, tl, a)vτ dxdτda
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− λ

t∫0 ∫G cτ (x, τ, a)vτ dxdτda −
t∫0 ∫

G

vavτ dxdτda+ t∫0 ∫

G

�vvτ dxdτda −
t∫0 ∫

G

cvvτ dxdτda.�æ¥¨¢ ï ¯¥à¢®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ ¤ ®£® ¥à ¢¥áâ¢  á ¯®-¬®éìî ãá«®¢¨ï (9λ), ¥à ¢¥áâ¢  �£  ¨ ®æ¥®ª (16){(19), ¯®«ãç ¥¬,çâ® ¤«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (8ε,λ), (9λ), (10){(12) ¢ë¯®«ï¥âáïè¥áâ ï  ¯à¨®à ï ®æ¥ª 
t∫0 ∫

G

v2τ dxdτda 6 K6, (20)¢ ª®â®à®© t ∈ [0, T ℄, ç¨á«® K6 ®¯à¥¤¥«ï¥âáï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.� áá¬®âà¨¬ á«¥¤ãîé¥¥ à ¢¥áâ¢®:
t∫0 ∫

G

(vt + va − εvaa −�v + cv)(−εvaa) dxdτda= t∫0 ∫

G

(
g+λ[ m∑

l=1 ~γl(x, τ, a)v(x, tl, a)− cτ (x, τ, a)u])(−εvaa) dxdτda.�á¯®«ì§ãï ãá«®¢¨¥ (9λ), ¨ ¥à ¢¥áâ¢  (16) ¨ (17), ¯à¨å®¤¨¬ ª ®æ¥ª¥
ε2 t∫0 ∫G v2aa dxdτda 6 K7, (21)¢ ª®â®à®© t ∈ [0, T ℄, ç¨á«® K7 ®¯à¥¤¥«ï¥âáï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.�§ ®æ¥®ª (15){(21) ¢ëâ¥ª ¥â âà¥¡ã¥¬ ï ®æ¥ª 

‖v‖V1 6 K,



92 �®è¥«¥¢  �. �.¨, ª ª ã�¥ £®¢®à¨«®áì ¢ëè¥, à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (8ε,λ), (9λ),(10){(12) ¯à¨ ä¨ªá¨à®¢ ®¬ ε ¨ ¯à¨ ¢á¥å λ ¨§ ®âà¥§ª  [0, 1℄.�â®¡ë § ¢¥àè¨âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë, ¥®¡å®¤¨¬® ãáâ ®¢¨âì «¨ç¨¥ ¤®¯®«¨â¥«ìëå  ¯à¨®àëå ®æ¥®ª.� áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 ∫

G

(vt + va − εvaa −�v + cv)(−vaa) dxdτda= t∫0 ∫

G

(
g + m∑

l=1 ~γl(x, τ, a)v(x, tl, a)− cτ (x, τ, a)u)(−vaa) dxdτda.�â¥£à¨àãï ¯® ç áâï¬ ¢ íâ®¬ à ¢¥áâ¢¥ ª ª á«¥¢ , â ª ¨ á¯à ¢ ,¨á¯®«ì§ãï ãá«®¢¨¥ (9λ) ¨ ®æ¥ª¨ (15) ¨ (16), ¯®«ãç ¥¬, çâ® ¤«ï à¥è¥¨©ªà ¥¢®© § ¤ ç¨ (8ε,λ), (91), (10){(12) ¡ã¤¥â ¢ë¯®«ïâìáï ®æ¥ª 
m∑

l=1 ∫G v2a(x, tl, a) dxda+ ε

t∫0 ∫

G

v2aa dxdτda+ n∑

l=1 t∫0 ∫G v2xla
dxdτda + t∫0 ∫G v2a dxdτda 6 N1, (22)¢ ª®â®à®© t ∈ [0, T ℄, ç¨á«® N1 ®¯à¥¤¥«ï¥âáï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.�æ¥ª 

t∫0 ∫G v2τ dxdτda + n∑

i,j=1 t∫0 ∫

G

v2xixj
dxdτda 6 N2, (23)â¥¯¥àì ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¨§ ¥à ¢¥áâ¢ (15), (16) ¨ (22) (á¬.¤®ª § â¥«ìáâ¢® (19) ¨ (20)).�æ¥®ª (15), (16), (22) ¨ (23) ã�¥ ¤®áâ â®ç® ¤«ï ¢ë¡®à  ¯®á«¥-¤®¢ â¥«ì®áâ¥© {εm} ¨ {um(x, t, a)} â ª¨å, çâ® um(x, t, a) → u(x, t, a),

vm(x, t, a) → v(x, t, a) á« ¡® ¢ ¯à®áâà áâ¢¥ V (vm(x, t, a) = umt(x, t, a),



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå «¨¥©ëå ®¡à âëå § ¤ ç 93
v(x, t, a) = ut(x, t, a)), εmvmaa(x, t, a) → 0 á« ¡® ¢ ¯à®áâà áâ¢¥ L2(Q)¯à¨ m → ∞. �«ï ¯à¥¤¥«ì®© äãªæ¨¨ u(x, t, a) ¡ã¤ãâ ¢ë¯®«ïâìáïãà ¢¥¨¥ (8) ¨ ãá«®¢¨ï (9){(11).�¥®à¥¬  ¤®ª §  .�¥à¥¬áï ª ®¡à â®© § ¤ ç¥.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ (7), ¨ ¯ãáâì äãªæ¨¨
c(x, t, a), f(x, t, a), hk(x, t, a), k = 1, . . . ,m, â ª®¢ë, çâ® ¤«ï ®¯à¥¤¥«¥-ëå ¯® ¨¬ äãªæ¨© g(x, t, a), ϕ(x, a), ψl(x, a), ~γl(x, t, a), l = 1, . . . ,m,¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1. �®£¤  ®¡à â ï § ¤ ç  (1){(5) ¨¬¥-¥â à¥è¥¨¥ u(x, t, a), q1(x, a), . . . , qm(x, a) â ª®¥, çâ® u(x, t, a) ∈ V ,
ut(x, t, a) ∈ V , ql(x, a) ∈ L2(G), l = 1, . . . ,m.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã (8){(11). �®£« á-® â¥®à¥¬¥ 1 íâ  § ¤ ç  ¨¬¥¥â à¥è¥¨¥ u(x, t, a) â ª®¥, çâ® u(x, t, a) ∈ V ,
ut(x, t, a) ∈ V .�¯à¥¤¥«¨¬ äãªæ¨¨ qk(x, a):

qk(x, a) = αk(x, a) + m∑

l=1 βkl(x, a)ut(x, tl, a), k = 1, . . . ,m.�ç¥¢¨¤®, çâ® íâ¨ äãªæ¨¨ á¢ï§ ë á u(x, t, a) ãà ¢¥¨¥¬ (1). �ë-¯®«¥¨¥ ¤«ï äãªæ¨¨ u(x, t, a) ãá«®¢¨© ¯¥à¥®¯à¥¤¥«¥¨ï (5) ¯®ª §ë-¢ ¥âáï ¯®«®áâìî   «®£¨ç® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ® ¢ à ¡®â¥ [9℄.�ë¯®«¥¨¥ ãá«®¢¨© (2){(4) ®ç¥¢¨¤®.�¥®à¥¬  ¤®ª §  .�¡à â¨¬áï â¥¯¥àì ª ®¡à â®© § ¤ ç¥ II. �®¢ì ¢ë¯®«¨¬ ¥ª®â®-àë¥ ä®à¬ «ìë¥ ¯®áâà®¥¨ï.Ǒ®«®�¨¬
m0(x, a) = T∫0 N(x, t, a)h(x, t, a) dt,

N0(x, t, a) = 1
m0(x, a) [c(x, t, a)N(x, t, a) −Nt(x, t, a)−

−Na(x, t, a) + �N(x, t, a)℄,
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Ni(x, t, a) = 2Nxi(x, t, a)

m0(x, a) , i = 1, . . . , n,
m1(x, a) = N(x, T, a)

m0(x, a) , F (x, a) = 1
m0(x, a) T∫0 N(x, t, a)f(x, t, a) dt,

F1(x, t, a) = f(x, t, a)− F (x, a)h(x, t, a), m(x, t, a) = m1(x, a)h(x, t, a),
M0(x, t, τ, a) = h(x, t, a)·M0(x, τ, a), Mi(x, t, τ, a) = h(x, t, a)·Ni(x, τ, a).�¬®�¨¬ ãà ¢¥¨¥ (1′)   äãªæ¨î N(x, t, a) ¨ ¯à®¨â¥£à¨àã¥¬ ¯®¯¥à¥¬¥®© t ®â 0 ¤® T . Ǒà¥¤¯®« £ ï, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥

m0(x, a) 6= 0 ¯à¨ (x, a) ∈ G, (24)¢ëç¨á«¨¬ ¨§ ¯®«ãç¥®£® à ¢¥áâ¢  äãªæ¨î q(x, a):
q(x, a) = m1(x, a)u(x, T, a) + T∫0 N0(x, t, a)u(x, t, a) dt+ n∑

i=1 T∫0 Ni(x, t, a)uxi(x, t, a) dt− F (x, a).Ǒ®¤áâ ¢¨¬ q(x, a) ¢ ãà ¢¥¨¥ (1′):
ut + ua −�u + c(x, t, a)u = F1(x, t, a) +m(x, t, a)u(x, T, a)+ T∫0 M0(x, t, τ, a)u(x, τ, a) dτ + n∑

i=1 T∫0 Mi(x, t, τ, a)uxi(x, τ, a) dτ. (25)� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t, a), ï¢«ïîéãî-áï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï (25) ¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«-ïîâáï ãá«®¢¨ï (2){(4). �¬¥® á ¯®¬®éìî à¥è¥¨ï ¤ ®© ªà ¥¢®©§ ¤ ç¨ (25), (2){(4) ¡ã¤¥â ¯®áâà®¥® à¥è¥¨¥ ®¡à â®© § ¤ ç¨ II.�à ¥¢ ï § ¤ ç  (25), (2){(4) ï¢«ï¥âáï § ¤ ç¥© ¤«ï ý £àã�¥®-£®þ ã«ìâà ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï. � ¥¥ ¯®¤®¡ë¥ § ¤ ç¨ ¥ ¨§ã-ç «¨áì. Ǒ®íâ®¬ã áä®à¬ã«¨àã¥¬ ¨ ¤®ª �¥¬ ¥®¡å®¤¨¬ãî ¤«ï ¨áá«¥¤®-¢ ¨ï ®¡à â®© § ¤ ç¨ â¥®à¥¬ã ® à §à¥è¨¬®áâ¨ § ¤ ç¨ (25), (2){(4).



� à §à¥è¨¬®áâ¨ ¥ª®â®àëå «¨¥©ëå ®¡à âëå § ¤ ç 95Ǒ®«®�¨¬
m0 = max

Q
|m(x, t, a)|, m1 = max

Q

T∫0 M20 (x, t, τ, a) dτ,
m2 = max16i6n

max
Q

T∫0 M2
i (x, t, τ, a) dτ.�¥®à¥¬  3. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

c(x, t, a) ∈ C1(Q), m(x, t, a) ∈W 1
∞(Q),

M0(x, t, ·, a) ∈ L∞(Q;L2([0, T ℄)), M0a(x, t, ·, a) ∈ L2(Q;L2([0, T ℄)),
Mi(x, t, ·, a) ∈ L∞(Q;L2([0, T ℄)), Mia(x, t, ·, a) ∈ L2(Q;L2([0, T ℄)),

i = 1, . . . , n;
c(x, t, a) > c0 > 0 ¯à¨ (x, t, a) ∈ Q;2c0 − (m20 +m1 +m2)T > 1;

F1(x, t, a) ∈ L2(Q), F1a(x, t, a) ∈ L2(Q).�®£¤  ªà ¥¢ ï § ¤ ç  (25), (2){(4) ¨¬¥¥â à¥è¥¨¥ u(x, t, a) â ª®¥, çâ®
u(x, t, a) ∈ V .�®ª § â¥«ìáâ¢®. �®¢ì ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨¨ ¬¥â®¤®¬ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã.Ǒãáâì ε > 0. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t, a),ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
ut + ua − εuaa −�u+ c(x, t, a)u = F1(x, t, a) +m(x, t, a)u(x, T, a)+ T∫0 M0(x, t, τ, a)u(x, τ, a) dτ + n∑

i=1 T∫0 Mi(x, t, τ, a)uxi(x, τ, a) dτ (25ε)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2){(4),   â ª�¥ ãá«®-¢¨¥ (12). � §à¥è¨¬®áâì íâ®© § ¤ ç¨ ¡ã¤¥â ãáâ ®¢«¥  á ¯®¬®éìî¬¥â®¤  ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã.



96 �®è¥«¥¢  �. �.Ǒãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ § ¤ çã:  ©â¨äãªæ¨î u(x, t, a), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
ut+ua−εuaa−�u+ c(x, t, a)u = F1(x, t, a)+λ[ T∫0 m(x, t, a)u(x, T, a) dt+ T∫0 M0(x, t, τ, a)u(x, τ, a) dτ + n∑

i=1 T∫0 Mi(x, t, τ, a)uxi(x, τ, a) dτ](25ε,λ)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2){(4), (12). Ǒ®ª �¥¬,çâ® íâ  § ¤ ç  ¯à¨ ä¨ªá¨à®¢ ®¬ ε à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V1 ¯à¨¢á¥å λ ¨§ ®âà¥§ª  [0, 1℄.� ª ãª § ® ¢ëè¥, ªà ¥¢ ï § ¤ ç  (25ε,λ), (2){(4), (12) ¡ã¤¥â à §-à¥è¨¬  ¢ ¯à®áâà áâ¢¥ V1, ¥á«¨ ¯à¨ ¢ë¯®«¥¨¨ ¢ª«îç¥¨ï F1(x, t, a) ∈
L2(Q) ¡ã¤¥â à §à¥è¨¬  ¢ íâ®¬ �¥ ¯à®áâà áâ¢¥ § ¤ ç  (25ε,0), (2){(4),(12), ¨ ¥á«¨ ¯à¨ ¢ë¯®«¥¨¨ â®£® �¥ ¢ª«îç¥¨ï ¢ë¯®«ï¥âáï à ¢®-¬¥à ï ¯® λ  ¯à¨®à ï ®æ¥ª 

‖u‖V1 6 R (26)á ¯®áâ®ï®© R, ®¯à¥¤¥«ïîé¥©áï «¨èì ç¨á«®¬ ε ¨ ¨áå®¤ë¬¨ ¤ ë¬¨§ ¤ ç¨.� §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (25ε,0), (2){(4), (12) ¢ ¯à®áâà áâ¢¥
V1 ¯à¨ ä¨ªá¨à®¢ ®¬ ε ¨§¢¥áâ  (á¬. [10℄).� «¨ç¨¥ ®æ¥ª¨ (26) ãáâ  ¢«¨¢ ¥âáï á ¯®¬®éìî â¥å¨ª¨,   «®-£¨ç®© â®©, ª®â®à ï ¡ë«  ¨á¯®«ì§®¢   ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1,á áãé¥áâ¢¥ë¬ ¨á¯®«ì§®¢ ¨¥¬ ¥à ¢¥áâ¢  �£  ¨ ãá«®¢¨ï ¬ «®áâ¨.� ááã�¤¥¨ï, ¯à®¢¥¤¥ë¥ ¢ëè¥, ¤ îâ à §à¥è¨¬®áâì ªà ¥¢®© § -¤ ç¨ (25ε), (2){(4), (12) ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ ε, ® ¯à¨ íâ®¬ ç¨á«®
R ¢ ®æ¥ª¥ (26) ¡ã¤¥â ¢¥áâ¨ á¥¡ï ª ª ε−1, çâ® ¥ ¯®§¢®«¨â ®à£ ¨§®¢ âì¯à¥¤¥«ìë© ¯¥à¥å®¤. �«ï ¯®«ãç¥¨ï ®æ¥ª¨, à ¢®¬¥à®© ¯® ε, ¤®áâ -â®ç® ¤®¯®«¨â¥«ì® ¯à®  «¨§¨à®¢ âì à ¢¥áâ¢®

−
∫

Q

[ut + ua − εuaa −�u+ c(x, t, a)u℄uaa dxdtda
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∫

Q

F1(x, t, a)uaa dxdtda−
∫

Q

m(x, t, a)u(x, T, a)uaa dxdtda+ ∫
Q




T∫0 M0(x, t, τ, a)u(x, τ, a) dτ uaa dxdtda+ n∑

i=1 ∫Q 


T∫0 Mi(x, t, τ, a)uxi(x, τ, a) dτ uaa dxdtda¨ ¯à¨ íâ®¬ ¯à®¨â¥£à¨à®¢ âì ¯® ç áâï¬ ª ª á«¥¢  ¢ ¤ ®¬ à ¢¥áâ¢¥,â ª ¨ á¯à ¢  (á¬. ¤®ª § â¥«ìáâ¢® ®æ¥ª¨ (22)).�®¡áâ¢¥® ¯à®æ¥¤ãà  ¯à¥¤¥«ì®£® ¯¥à¥å®¤  ®áãé¥áâ¢«ï¥âáï áâ -¤ àâë¬ ®¡à §®¬. Ǒà¥¤¥«ì ï äãªæ¨ï ¡ã¤¥â ¯à¨ ¤«¥� âì ¯à®áâà -áâ¢ã V ¨ ï¢«ïâìáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (25), (2){(4).�¥®à¥¬  ¤®ª §  .�¥à¥¬áï ª ®¡à â®© § ¤ ç¥ II.�¥®à¥¬  4. Ǒãáâì äãªæ¨¨ c(x, t, a), N(x, t, a), f(x, t, a), h(x, t, a)â ª®¢ë, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥ (24), ¤«ï äãªæ¨© c(x, t, a), m(x, t, a),
M0(x, t, τ, a),Mi(x, t, τ, a), i = 1, . . . , n, ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 3¨, ªà®¬¥ â®£®, ¢ë¯®«ïîâáï ¢ª«îç¥¨ï m1(x, a) ∈ L2(G), N0(x, t, a) ∈
L2(Q), Ni(x, t, a) ∈ L2(Q). �®£¤  ®¡à â ï § ¤ ç  II ¨¬¥¥â à¥è¥¨¥
{u(x, t, a), q(x, a)} â ª®¥, çâ® u(x, t, a) ∈ V , q(x, a) ∈ L2(G).�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã (25), (2){(4). �®-£« á® â¥®à¥¬¥ 3 íâ  § ¤ ç  ¨¬¥¥â à¥è¥¨¥ u(x, t, a) â ª®¥, çâ® u(x, t, a)
∈ V . �¯à¥¤¥«¨¬ äãªæ¨î q(x, a):
q(x, a) = m1(x, a)u(x, T, a) + T∫0 N0(x, t, a)u(x, t, a) dt+ n∑

i=1 T∫0 Ni(x, t, a)uxi(x, t, a) dt− F (x, a).



98 �®è¥«¥¢  �. �.�ç¥¢¨¤®, çâ® äãªæ¨¨ u(x, t, a) ¨ q(x, a) á¢ï§ ë ãà ¢¥¨¥¬ (1′). �ë-¯®«¥¨¥ ¤«ï äãªæ¨¨ u(x, t, a) ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï (6) ¯®ª §ë-¢ ¥âáï   «®£¨ç® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ® ¢ à ¡®â¥ [12℄.�¥®à¥¬  ¤®ª §  .� ¬¥ç ¨¥. �® ¢á¥å á«ãç ïå ¨¬¥¥â ¬¥áâ® ¥¤¨áâ¢¥®áâì à¥è¥-¨© | ª ª ¤«ï ªà ¥¢ëå § ¤ ç ¤«ï ý £àã�¥ëåþ ã«ìâà ¯ à ¡®«¨ç¥-áª¨å ãà ¢¥¨©, â ª ¨ ¤«ï ®¡à âëå § ¤ ç.����������1. Prilepko A. I., Orlovsky D. C., Vasin I. A. Methods for solving inverse problems inmathematial physis. New York: Dekker, 1999.2. Kozhanov A. I. Composite type equations and inverse problems. Utreht: VSP,1999.3. Belov Yu. Ya. Inverse problems for partial di�erential equations. Utreht: VSP,2002.4. Ivanhov M. Inverse problems for equations of paraboli type. Lviv: VNTL Publ.,2003. (Math. Stud. Monogr. Ser.; Vol. 10.)5. Isakov V. Inverse problems for partial di�erential equations. New York: SpringerSi., 2006. (Appl. Math. Si., V. 127.)6. � åãè¥¢ �. �. �à ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ¡¨®«®£¨¨. �.: �ëáè. èª., 1995.7. ��¥ «¨¥¢ �. �. � â¥®à¨¨ «¨¥©ëå ªà ¥¢ëå § ¤ ç ¤«ï  £àã�¥ëå ¤¨ää¥-à¥æ¨ «ìëå ãà ¢¥¨©. �«¬ âë: �-â â¥®à¥â¨ç¥áª®© ¨ ¯à¨ª« ¤®© ¬ â¥¬ -â¨ª¨, 1995.8. �®� ®¢ �. �. �¥«¨¥©ë¥  £àã�¥ë¥ ãà ¢¥¨ï ¨ ®¡à âë¥ § ¤ ç¨ //�ãà. ¢ëç¨á«. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨. 2004. �. 44, ü 4. �. 694{716.9. �®� ®¢ �. �. Ǒ à ¡®«¨ç¥áª¨¥ ãà ¢¥¨ï á ¥¨§¢¥áâë¬ ª®íää¨æ¨¥â®¬ ¯®-£«®é¥¨ï // �®ª«. ���. 2006. �. 409, ü 6. �. 740{743.10. � ¤ë�¥áª ï �. �., �®«®¨ª®¢ �. �., �à «ìæ¥¢  �. �. �¨¥©ë¥ ¨ ª¢ §¨«¨-¥©ë¥ ãà ¢¥¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ . �.: � ãª , 1973.11. �à¥®£¨ �. �. �ãªæ¨® «ìë©   «¨§. �.: � ãª , 1980.12. �®� ®¢ �. �. �¡ ®¤®¬ ¥«¨¥©®¬ ¯ à ¡®«¨ç¥áª®¬ ãà ¢¥¨¨ ¨ á¢ï§ ®©á ¨¬ ®¡à â®© § ¤ ç¥ // � â. § ¬¥âª¨. 2004. �. 76, ¢ë¯. 2. �. 840{853.£. ��®-� å «¨áª 25 ¨î«ï 2011 £.



��� 539.311�Ǒ��������� �Ǒ�������� ������������������ � ������ � �����������Ǒ����� Ǒ������� ���������� �������� ��Ǒ����������� ��������. Ǒ. � § à¥¢�¢¥¤¥¨¥� ¬ â¥¬ â¨ç¥áª®© â¥®à¨¨ âà¥é¨ ª« áá¨ç¥áª¨© ¯®¤å®¤ å à ªâ¥-à¨§ã¥âáï «¨¥©ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ [1{6℄. Ǒà¨ íâ®¬   ªà¨¢®©,á®®â¢¥âáâ¢ãîé¥© âà¥é¨¥, § ¤ îâáï ãá«®¢¨ï ¢ ¢¨¤¥ à ¢¥áâ¢. �  áâ®-ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï àï¤ à¥§ã«ìâ â®¢ [7{9℄, ¯®á¢ïé¥ëå § ¤ ç ¬ â¥®-à¨¨ âà¥é¨, ¢ ª®â®àëå ªà ¥¢ë¥ ãá«®¢¨ï ¨¬¥îâ ¢¨¤ á¨áâ¥¬ë à ¢¥áâ¢ ¨¥à ¢¥áâ¢. �â¨ ãá«®¢¨ï  « £ îâáï   ªà¨¢®©, á®®â¢¥âáâ¢ãîé¥© âà¥-é¨¥, ¨ ¨¬¥îâ ïáãî ä¨§¨ç¥áªãî ¨â¥à¯à¥â æ¨î. � à ¡®â å [10{13℄¨áá«¥¤ãîâáï ªà ¥¢ë¥ § ¤ ç¨ á ãá«®¢¨ï¬¨ â¨¯  ¥à ¢¥áâ¢, ®¯¨áë¢ î-é¨¥ à ¢®¢¥á¨¥ ¯« áâ¨ ¨ ®¡®«®ç¥ª ¬®¤¥«¨ �¨àå£®ä  | �ï¢ .� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¢ à¨ æ¨® ï § ¤ ç  ® à ¢®¢¥-á¨¨ ã¯àã£®© ¨§®âà®¯®© ¯« áâ¨ë ¬®¤¥«¨ �¨¬®è¥ª® (á¬.,  ¯à¨¬¥à,[14℄), á®¤¥à� é¥© âà¥é¨ã. Ǒà¨ íâ®¬   ªà¨¢®©, ®¯¨áë¢ îé¥© âà¥é¨-ã, § ¤ ® ¥«¨¥©®¥ ãá«®¢¨¥ ¢ ¢¨¤¥ ¥à ¢¥áâ¢ . �®ª § ®, çâ® à¥-è¥¨¥ ¢ à¨ æ¨®®© § ¤ ç¨ ã¤®¢«¥â¢®àï¥â  ¯à¨®àë¬ ®æ¥ª ¬, § ¢¨-áïé¨¬ â®«ìª® ®â äãªæ¨¨ § ¤ ëå ¢¥è¨å  £àã§®ª ¨ ®¡« áâ¨, á®®â-¢¥âáâ¢ãîé¥© ¯« áâ¨¥. �« £®¤ àï íâ¨¬ à¥§ã«ìâ â ¬ ¤®ª §   â¥®à¥¬ ® áãé¥áâ¢®¢ ¨¨ à¥è¥¨ï ¢ § ¤ ç¥ ®¡ ®¯â¨¬ «ì®¬ ã¯à ¢«¥¨¨ ¢¥è-¨¬¨  £àã§ª ¬¨ á äãªæ¨® «®¬ ª ç¥áâ¢ , å à ªâ¥à¨§ãîé¨¬ ¤¥ä®à-¬ æ¨¨. �áâ ®¢«¥  à §à¥è¨¬®áâì § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï© 2011 � § à¥¢ �. Ǒ.



100 � § à¥¢ �. Ǒ.á äãªæ¨® «®¬ ª ç¥áâ¢ , ®¯¨áë¢ îé¨¬ à áªàëâ¨¥ âà¥é¨ë. � §-«¨çë¥ § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¬®�®  ©â¨ ¢ [7, 8, 15{18℄.
§1. � ¤ ç  ® à ¢®¢¥á¨¨ ¯« áâ¨ë �¨¬®è¥ª®,á®¤¥à� é¥© âà¥é¨ãǑãáâì 
 ⊂ R2 | ®£à ¨ç¥ ï ®¡« áâì á £« ¤ª®© £à ¨æ¥© �(à¨á. 1), �c ⊂ 
, 
c = 
 \ �c, �c = {(x, y) | y = g(x), 0 < x < 1},

g(x) | ¤®áâ â®ç® £« ¤ª ï äãªæ¨ï, �c ∩ � = ∅.
�¨á. 1.�®à¬ «ì ª ªà¨¢®© ª �c ®¡®§ ç¨¬ ç¥à¥§ ν. �ç¨â ¥¬, çâ® áà¥¤¨- ï ¯®¢¥àå®áâì ¯« áâ¨ë á®¢¯ ¤ ¥â á ®¡« áâìî 
c. �«ï ¯à®áâ®âëâ®«é¨ã ¯« áâ¨ë áç¨â ¥¬ ¯®áâ®ï®© ¨ à ¢®© 2. Ǒà¥¤¯®«®�¨¬, çâ®¯« áâ¨  á®¤¥à�¨â áª¢®§ãî ¢¥àâ¨ª «ìãî âà¥é¨ã, ª®â®à ï ®¯¨áë-¢ ¥âáï ¢ áà¥¤¨®© ¯«®áª®áâ¨ ªà¨¢®© �c. �â® ®§ ç ¥â, çâ® ¯®¢¥àå-®áâì âà¥é¨ë ¬®�® § ¤ âì ¢ ¢¨¤¥ (x, y) ∈ �c, −1 6 z 6 1, £¤¥

|z| | à ááâ®ï¨¥ ¤® áà¥¤¨®© ¯®¢¥àå®áâ¨ ¯« áâ¨ë. �¡®§ ç¨¬ ç¥-à¥§ χ = χ(x, y) = (W,w) ¢¥ªâ®à ¯¥à¥¬¥é¥¨© â®ç¥ª áà¥¤¨®© ¯®¢¥àå-®áâ¨, £¤¥W = (w1, w2) ¨ w| £®à¨§®â «ìë¥ ¨ ¢¥àâ¨ª «ìë¥ ¯¥à¥¬¥-é¥¨ï á®®â¢¥âáâ¢¥®. �£«ë ¯®¢®à®â  ®à¬ «ìëå á¥ç¥¨© ®¡®§ ç¨¬ç¥à¥§ φ = φ(x, y) = (φ1, φ2). Cç¨â ¥¬ ®¤¨ ¨§ ¡¥à¥£®¢ à §à¥§  ¯®«®�¨-â¥«ìë¬,   ¤àã£®© ®âà¨æ â¥«ìë¬ | ¢ á®®â¢¥âáâ¢¨¨ á  ¯à ¢«¥¨¥¬
ν. � á«ãç ¥, ª®£¤  á«¥¤ äãªæ¨¨ v ¡¥à¥âáï   ¯®«®�¨â¥«ì®¬ ¡¥à¥-£ã, ¯à¨¬¥ï¥¬ ®¡®§ ç¥¨¥ v+,   «®£¨ç® ¤«ï ®âà¨æ â¥«ì®£® ¡¥à¥£ .�ª ç®ª äãªæ¨¨   �c ®¡®§ ç¨¬ ç¥à¥§ [v℄ = v+ − v−.



�¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢¥è¨¬¨  £àã§ª ¬¨ 101�¢¥¤¥¬ â¥§®àë α(φ) = {αij(φ)}, ε(W ) = {εij(W )}, i, j = 1, 2, ®¯¨-áë¢ îé¨¥ ¤¥ä®à¬ æ¨î ¯« áâ¨ë [14℄:
αij(φ) = 12(φ,ij +φ,ji ), εij(W ) = 12(w,ij +w,ji ), i, j = 1, 2,

(
v,i = ∂v

∂xi

)
, x1 = x, x2 = y.�¥§®à ¬®¬¥â®¢ mij , i, j = 1, 2, ¢¢¥¤¥¬ ¯® ä®à¬ã« ¬:

m11(φ) = D(α11(φ) + κα22(φ)), m22(φ) = D(α22(φ) + κα11(φ)),
m12(φ) = m21(φ) = D(1− κ)α12(φ).� «®£¨ç® ®¯à¥¤¥«¨¬ â¥§®à ãá¨«¨© σij , i, j = 1, 2:

σ11(W ) = G(ε11(W ) + κε22(W )), σ22(W ) = G(ε22(W ) + κε11(W )),
σ12(W ) = σ21(W ) = G(1− κ)ε12(W ), κ = onst, 0 < κ <

12 .� ¬¥â¨¬, çâ® á®£« á® [14℄ ¬ â¥à¨ «ìë¥ ¯ à ¬¥âàë G,D ¤«ï ®¤®-à®¤®© ¨§®âà®¯®© ¯« áâ¨ë ¯®áâ®ïë. �®§ì¬¥¬ § ç¥¨¥ íâ¨å ¬®-�¨â¥«¥© à ¢ë¬¨ 1 | ¤ ®¥ ¯à¥¤¯®«®�¥¨¥ ã¯à®é ¥â ¥ª®â®àë¥  «-£¥¡à ¨ç¥áª¨¥ ¤¥©áâ¢¨ï, á®åà ïï ¯à¨ íâ®¬ ¢á¥ ª ç¥áâ¢¥ë¥ á¢®©áâ¢ ¬®¤¥«¨ (¯®áª®«ìªã ¬ë ¥ ¢ àì¨àã¥¬ ãª § ë¥ ¬ â¥à¨ «ìë¥ ¯ à -¬¥âàë).Ǒãáâì ¯®¤¯à®áâà áâ¢® H1,0(
c) ¯à®áâà áâ¢  �®¡®«¥¢  H1(
c)á®áâ®¨â ¨§ äãªæ¨©, ®¡à é îé¨åáï ¢ ã«ì   �. Ǒãáâì
H(
c) = H1,0(
c)5 á ®à¬®© ‖ · ‖c = ‖ · ‖H(
c).�¢¥¤¥¬ â ª�¥ ¯à®áâà áâ¢® ¢ ®¡« áâ¨ ¡¥§ à §à¥§ : H(
) = H10 (
)5.� ãç¥â®¬ § ¯¨á ëå ¢ëè¥ ¢ëà �¥¨© ¤«ï ¯à®¨§¢®«ìëå ξ̂ = (Ŵ , ŵ, φ̂)

∈ H(
c), �ξ = ( �W, �w, �φ) ∈ H(
c) ®¯à¥¤¥«¨¬ á«¥¤ãîéãî ¡¨«¨¥©ãîä®à¬ã:
Bc(ξ̂, �ξ) = 〈mij(φ̂), αij(�φ)〉c + 〈σij(Ŵ ), εij( �W )〉c + 〈(ŵ,i +φ̂i), ( �w,i +�φi)〉c,(1)



102 � § à¥¢ �. Ǒ.§¤¥áì ¨ ¤ «¥¥ áª®¡ª ¬¨ 〈·, ·〉c ®¡®§ ç ¥âáï áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢
L2(
c), ¯® ¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬ ¯à¥¤¯®« £ ¥âáï áã¬¬¨à®¢ ¨¥.�ãªæ¨® « ¯®â¥æ¨ «ì®© í¥à£¨¨ ¤¥ä®à¬¨à®¢ ®© ¯« áâ¨ë,§ ¨¬ îé¥© ®¡« áâì 
c, ®¯¨áë¢ ¥¬®© ¯¥à¥¬¥é¥¨ï¬¨ χ = (W,w) ¨ã£« ¬¨ ¯®¢®à®â  ®à¬ «ìëå á¥ç¥¨© φ, ¢¢¥¤¥¬ á ¯®¬®éìî ¡¨«¨¥©®©ä®à¬ë (1): �(ξ) = 12Bc(ξ, ξ)− 〈f, χ〉c, ξ = (W,w, φ), (2)¢¥ªâ®à f = (f1, f2, f3) ∈ L2(
)3 ®¯¨áë¢ ¥â ¢®§¤¥©áâ¢¨¥   ¯« áâ¨ã¢¥è¨å  £àã§®ª [14℄. �  ¢¥è¥© £à ¨æ¥ § ¤ ¤¨¬ ªà ¥¢ë¥ ãá«®¢¨ï,®¯¨áë¢ îé¨¥ �¥áâª®¥ § é¥¬«¥¨¥:

w = 0, φ =W = 0   �, (3)£¤¥ 0 = (0, 0).�ë¢¥¤¥¬ â¥¯¥àì ãá«®¢¨¥ ¥¯à®¨ª ¨ï   ¢ãâà¥¥© £à ¨æ¥ �c.Ǒ®áª®«ìªã £®à¨§®â «ìë¥ ¯¥à¥¬¥é¥¨ï ¢ § ¢¨á¨¬®áâ¨ ®â z ¤«ï ¬®¤¥-«¨ �¨¬®è¥ª® ¢ëà � îâáï á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨ [14℄:
wi(z) = wi + zφi, i = 1, 2, |z| 6 1,ã¬®� ï áª ç®ª ¢¥ªâ®à  ¯¥à¥¬¥é¥¨© áª «ïà®   ®à¬ «ì ª ¯®¢¥àå-®áâ¨ ¢¥àâ¨ª «ì®© âà¥é¨ë á ª®®à¤¨ â ¬¨ (ν1, ν2, 0), ¨¬¥¥¬([w1(z)℄, [w2(z)℄, [w℄) · (ν1, ν2, 0) = [W (z)℄ · ν = [Wν ℄ + z[φν ℄ > 0   �c,£¤¥ ç¥à¥§ Wν , φν ®¡®§ ç¥ë áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï Wν = Wν =

wiνi, φν = φν = φiνi. Ǒ®¤áâ ¢¨¢ ¢ ¤ ®¬ ¥à ¢¥áâ¢¥ z = 1 ¨ z = −1,¯®«ãç¨¬ ãá«®¢¨¥ ¢§ ¨¬®£® ¥¯à®¨ª ¨ï ¯à®â¨¢®¯®«®�ëå ¡¥à¥£®¢âà¥é¨ë: [Wν ℄ > |[φν ℄|   �c. (4)� áá¬®âà¨¬ ¬®�¥áâ¢® ¤®¯ãáâ¨¬ëå äãªæ¨©
K = {ξ = (W,w, φ) ∈ H(
c) | ξ ã¤®¢«¥â¢®àï¥â (4)}.



�¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢¥è¨¬¨  £àã§ª ¬¨ 103� ¤ çã ® à ¢®¢¥á¨¨ ¯« áâ¨ë ¬®�® áä®à¬ã«¨à®¢ âì ¢ ¢¨¤¥ § ¤ -ç¨ ¬¨¨¬¨§ æ¨¨ äãªæ¨® «  í¥à£¨¨ �(ξ)   ¬®�¥áâ¢¥ ¤®¯ãáâ¨¬ëåäãªæ¨© K: min
ξ∈K

�(ξ). (5)
§ 2. �ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï� íâ®¬ ¯ à £à ä¥ ¯®ª �¥¬, çâ® ¤«ï § ¤ ç¨ (5) ¢ë¯®«ïîâáï ãá«®-¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ¥¤¨áâ¢¥ãî à §à¥è¨¬®áâì. � ¨¬¥®, ãáâ ®-¢¨¬ ª®íàæ¨â¨¢®áâì, á« ¡ãî ¯®«ã¥¯à¥àë¢®áâì ¨ ¢ë¯ãª«®áâì äãª-æ¨® «  í¥à£¨¨ (2), ¢ë¯ãª«®áâì ¨ § ¬ªãâ®áâì ¬®�¥áâ¢  K.�ë¯¨è¥¬ á ç «  äãªæ¨® « í¥à£¨¨ ¤«ï ξ = (W,w, φ), χ =(W,w) ¢ à §¢¥àãâ®¬ ¢¨¤¥:�(ξ) = 12{〈mij(φ), αij(φ)〉c + 〈σij(W ), εij(W )〉c+ 〈(w,i +φi), (w,i +φi)〉c} − 〈f, χ〉c, (6)�®íàæ¨â¨¢®áâì á«¥¤ã¥â ¨§ á«¥¤ãîé¥© ®æ¥ª¨ § ç¥¨© äãªæ¨® « í¥à£¨¨: �(ξ) = 12Bc(ξ, ξ) − 〈f, χ〉c > M‖ξ‖2c − ‖f‖L2(
c)3‖ξ‖c (7)

∀ξ = (W,w, φ) ∈ H(
c),£¤¥ ¯®áâ®ï ï M > 0 ¥ § ¢¨á¨â ®â ξ. �«ï â®£® çâ®¡ë ã¡¥¤¨âìáï ¢á¯à ¢¥¤«¨¢®áâ¨ á®®â®è¥¨ï (7), ¢ë¯¨è¥¬ ¥à ¢¥áâ¢® �®è¨:2|〈φi, w,i 〉c| 6 ǫ〈φi, φi〉c + 1
ǫ
〈w,i , w,i 〉c = ǫ‖φ‖2L2(
c)2 + 1

ǫ
‖∇w‖2L2(
c)2¤«ï «î¡®£® ǫ > 0. �«¥¤®¢ â¥«ì®, ¤«ï ã¤¢®¥®£® âà¥âì¥£® á« £ ¥¬®£®¢ ¯à ¢®© ç áâ¨ ¢ëà �¥¨ï (6) ¨¬¥¥â ¬¥áâ® ®æ¥ª 

‖φ‖2L2(
c)2 + ‖∇w‖2L2(
c)2 − ǫ‖φ‖2L2(
c)2 − 1
ǫ
‖∇w‖2L2(
c)2= (1− ǫ)‖φ‖2L2(
c)2 + (1− 1

ǫ

)
‖∇w‖2L2(
c)2 6 〈(w,i +φi), (w,i +φi)〉c.(8)



104 � § à¥¢ �. Ǒ.�ë¯¨è¥¬ â¥¯¥àì ¥à ¢¥áâ¢  �®à  [19℄, ª®â®àë¥ ¯®§¢®«ïîâ ®æ¥¨âì¯¥à¢ë¥ ¤¢  á« £ ¥¬ëå ¢ (6):
〈mij(φ), αij(φ)〉c > C‖φ‖2H1(
c)2 ,
〈σij(W ), εij(W )〉c > C‖W‖2H1(
c)2 . (9)�¬¥¥â ¬¥áâ® â ª�¥ ®¡®¡é¥®¥ ¥à ¢¥áâ¢® Ǒã ª à¥

‖∇w‖L2(
c)2 > Q‖w‖H1(
c). (10)Ǒ®áâ®ïë¥ C > 0, Q > 0 ¢ (9) ¨ (10) ¥ § ¢¨áïâ ®â ¯®¤ëâ¥£à «ìëåäãªæ¨©.� ª¨¬ ®¡à §®¬, ¨§ (8), (9) ¨¬¥¥¬
〈mij(φ), αij(φ)〉c + 〈σij(W ), εij(W )〉c + 〈(w,i +φi), (w,i +φi)〉c

> C‖φ‖2H1(
c)2+C‖W‖2H1(
c)2+(1−ǫ)‖φ‖2L2(
c)2+(1− 1
ǫ

)
‖∇w‖2L2(
c)2 ,(11)£¤¥ ǫ > 0 ¯à®¨§¢®«ì®.Ǒ®«®�¨¬ ¢ (11) ǫ = 1 + C2 , ¯à¨¬¥¨¬ (10) ¨ ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬

〈mij(φ), αij(φ)〉c + 〈σij(W ), εij(W )〉c + 〈(w,i +φi), (w,i +φi)〉c
>
C2 ‖φ‖2H1(
c)2 + C‖W‖2H1(
c)2 + Q · C(2 + C)‖w‖2H1(
c).Ǒ®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢¬¥áâ¥ á ®ç¥¢¨¤®© ®æ¥ª®©

〈f, χ〉c 6 ‖f‖L2(
c)3(‖W‖2H1(
c)2 + ‖w‖2H1(
c))1/2 6 ‖f‖L2(
c)3‖ξ‖c¯®§¢®«ïîâ ãâ¢¥à�¤ âì á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  (7).�ãªæ¨® « í¥à£¨¨ ¤¨ää¥à¥æ¨àã¥¬, â. ¥. ¤«ï ¥£® ®¯à¥¤¥«¥ ¯à®¨§¢®¤ ï �′
ξ ¤«ï ¢á¥å ξ ∈ H(
c). �« ¡ ï ¯®«ã¥¯à¥àë¢®áâì ¨¢ë¯ãª«®áâì äãªæ¨® «  á«¥¤ãîâ ¨§ á¯à ¢¥¤«¨¢®áâ¨ ¥à ¢¥áâ¢ (�′

ξ1 −�′
ξ0)(ξ1 − ξ0) > 0 ∀ξ1, ξ0 ∈ H(
c).�®ª �¥¬ ¢ë¯ãª«®áâì ¨ § ¬ªãâ®áâì ¬®�¥áâ¢  K. Ǒãáâì ξ1 ¨

ξ2 ¯à¨ ¤«¥� â ¬®�¥áâ¢ã K. �ç¥¢¨¤®, çâ® ¢ë¯ãª« ï ª®¬¡¨ æ¨ï
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tξ1+(1−t)ξ2, t ∈ (0, 1), ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã H(
c). �à®¬¥ â®£®,¥âàã¤® ¢¨¤¥âì, çâ® ¢ë¯®«¥ë á«¥¤ãîé¨¥ á®®â®è¥¨ï:[(tW1 + (1− t)W2)ν℄ = t[W1ν℄ + (1− t)[W2ν℄

> t|[φ1ν℄|+ (1− t)|[φ2ν℄| > |t[φ1ν℄|+ (1− t)[φ2ν℄| ∀t ∈ (0, 1).� ª¨¬ ®¡à §®¬, ¬®�¥áâ¢® K ¢ë¯ãª«®. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì-®áâì ξn â ªãî, çâ® ξn ∈ K, n = 1, 2, . . . . ¨ ξn → ξ0 á¨«ì® ¢ H(
c)¯à¨ n→ ∞. � á¨«ã â¥®à¥¬ ¢«®�¥¨ï [Wnν℄ → [W 0ν℄ á¨«ì® ¢ L2(�c).�ë¡¨à ï ¯à¨ ¥®¡å®¤¨¬®áâ¨ ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, ¬®�® ¯à¥¤¯®« -£ âì, çâ® [Wnν℄ → [W 0ν℄ ¯. ¢.   �c. � «®£¨ç® ¤«ï φ ¯®«ãç¨¬[φnν℄ → [φ0ν℄ ¯. ¢.   �c. �â® ®§ ç ¥â, çâ®[W 0ν℄ > |[φ0ν℄| ¯. ¢.   �c.� ç¨â, ¬®�¥áâ¢® § ¬ªãâ®.�ë¯ãª«®áâì ¨ § ¬ªãâ®áâì ¬®�¥áâ¢ K ¢¬¥áâ¥ á ãáâ ®¢«¥ë¬¨á¢®©áâ¢ ¬¨ äãªæ¨® «  í¥à£¨¨ £ à â¨àãîâ áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨-áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ (5) (á¬.,  ¯à¨¬¥à, [20℄). �¡®§ ç¨¬ à¥è¥-¨¥ § ¤ ç¨ (5) ç¥à¥§ ξ = (W,w, φ).Ǒ®áª®«ìªã ¬®�¥áâ¢® K, ®¯à¥¤¥«ï¥¬®¥ ¥à ¢¥áâ¢®¬ (4), ¢ë¯ãª-«®, § ¤ ç  (5) ¢ ®¡®§ ç¥¨ïå ~ξ = �ξ− ξ, £¤¥ �ξ | ¯à®¨§¢®«ì ï ¯à®¡ ïäãªæ¨ï ¨§ K, íª¢¨¢ «¥â  ¢ à¨ æ¨®®¬ã ¥à ¢¥áâ¢ã
〈mij(φ), αij(~φ)〉c + 〈σij(W ), εij(W̃ )〉c+ 〈(w,i +φi), ( ~w,i +~φi)〉c − 〈f, ~χ〉c > 0. (12)Ǒ®¤áâ ¢«ïï ¢ ¯®á«¥¤¥¥ ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢® á ç «  ~ξ = (ξ +�ξ) − ξ = �ξ,   § â¥¬ ~ξ = (ξ − �ξ) − ξ = −�ξ á ¯à®¡®© äãªæ¨¥© �ξ, ª �-¤ ï á®áâ ¢«ïîé ï ª®â®à®© ¯à¨ ¤«¥�¨â C∞0 (
c) (¤ «¥¥ ¤«ï ªà âª®áâ¨¡ã¤¥¬ ¯à¨¬¥ïâì ®¡®§ ç¥¨ï ¢¨¤  �ξ ∈ C∞0 (
c)), ¯®«ãç¨¬ à ¢¥áâ¢®

〈mij(φ), αij(�φ)〉c + 〈σij(W ), εij(W )〉c + 〈(w,i +φi), ( �w,i +�φi)〉c = 〈f, �χ〉c.(13)



106 � § à¥¢ �. Ǒ.�ç¨âë¢ ï ¥§ ¢¨á¨¬®áâì ¬¥�¤ã ä¨¨âë¬¨ ¡¥áª®¥ç® ¤¨ää¥à¥æ¨-àã¥¬ë¬¨ äãªæ¨ï¬¨ �w1, �w2, �w, �φ1, �φ2, ¨§¢«¥ç¥¬ ¨§ (13) á®®â®è¥¨ï
〈mij(φ), αij(�φ)〉c + 〈(w,i +φi), �φi〉c = 0 ∀�φ ∈ C∞0 (
c), i = 1, 2,

〈σij(W ), εij(W )〉c = 〈fi, �wi〉c ∀W ∈ C∞0 (
c), i = 1, 2,
〈(w,i +φi), �w,i 〉c = 〈f3, �w〉c ∀ �w ∈ C∞0 (
c).� ¬¥â¨¢, çâ® ¨¬¥îâ ¬¥áâ® ¯à¥¤áâ ¢«¥¨ï

〈mij(φ), αij(�φ)〉c = 〈mij(φ), �φ,ij 〉c, 〈σij(W ), εij(W )〉c = 〈σij(W ), �w,ij 〉c,¨§ ¯à¥¤ë¤ãé¨å âà¥å ¨â¥£à «ìëå à ¢¥áâ¢ § ª«îç ¥¬, çâ® ¢ ®¡« áâ¨
c ¢ á¬ëá«¥ à á¯à¥¤¥«¥¨© ¢ë¯®«¥ë ãà ¢¥¨ï à ¢®¢¥á¨ï:
mij,j(φ) − (w,i +φi) = 0, i = 1, 2, (14)

σij,j(W ) = −fi, i = 1, 2, (15)
φ,ii +�w = −f3. (16)� ª ¨§¢¥áâ® [21℄, ¥á«¨ à¥è¥¨¥ ξ = (W,w, φ) ¢ à¨ æ¨®®© § ¤ ç¨ (5)¤®áâ â®ç® £« ¤ª®¥, â® ®® â ª�¥ ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨,á®áâ®ïé¥© ¨§ ãà ¢¥¨© (14){(16) ¨ á«¥¤ãîé¨å ªà ¥¢ëå ãá«®¢¨©  ¢¥è¥© £à ¨æ¥ �:

W = φ = 0, w = 0,  ¢ãâà¥¥© £à ¨æ¥ �c:[Wν ℄ > |[φν ℄|, [σν(W )℄ = [mν(φ)℄ = 0, στ (W ) = 0, mτ (φ) = 0,
∂w

∂ν
+ φν = 0, σν(W )[Wν ℄ +mν(φ)[φν ℄ = 0,
−σν(W ) > |mν(φ)|, σν(W ) 6 0.�¥«¨ç¨ë σν(W ), στ (W ), mν(φ), mτ (φ) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨:

σν(W )=σij(W )νjνi, στ (W )=(στ1(W ), στ2(W )),
στi(W )=σij(W )νj − σν(W )νi, i = 1, 2,

mν(φ) = mij(φ)νjνi, mτ (φ) = (mτ1(φ),mτ2(φ)),
mτi(φ) = mij(φ)νj −mν(φ)νi, i = 1, 2,
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§ 3. �¯à¨®àë¥ ®æ¥ª¨� íâ®¬ ¯ à £à ä¥ ¯®«ãç¨¬ ¥ª®â®àë¥ ®æ¥ª¨ ¤«ï à¥è¥¨© ¢ à á-á¬ âà¨¢ ¥¬ëå ¯à®áâà áâ¢ å, ¢ëâ¥ª îé¨¥ ¨§ ¢ à¨ æ¨®®© ¯®áâ ®¢-ª¨ § ¤ ç¨ (5).Ǒãáâì, ¯®-¯à¥�¥¬ã, ξ = (W,w, φ) | à¥è¥¨¥ ¢ à¨ æ¨®®© § ¤ -ç¨ (5). Ǒ®«®�¨¢ ¢ ¢ à¨ æ¨®®¬ ¥à ¢¥áâ¢¥ (12) ~ξ = ξ − 2ξ = −ξ,  § â¥¬ ~ξ = ξ − 0 = ξ, ¢ ¨â®£¥ ¯®«ãç¨¬

〈mij(φ), αij(φ)〉c + 〈σij(W ), εij(W )〉c + 〈(w,i +φi), (w,i +φi)〉c = 〈f, χ〉c.(17)Ǒà¨¨¬ ï ¢® ¢¨¬ ¨¥ ¥à ¢¥áâ¢® (11), ¨§ (17) ¨¬¥¥¬
C2 ‖φ‖2H1(
c)2 + C‖W‖2H1(
c)2 +( C2 + C

)
Q‖w‖2H1(
c) 6 〈f, χ〉c. (18)Ǒ®«®�¨¢ r = min {C2 , C·Q2+C

}, ¨§ (18) ¢ë¢¥¤¥¬
‖ξ‖2c 6

1
r
‖f‖L2(
c)3(‖W‖2H1(
c)2 + ‖w‖2H1(
c))1/2

6
1
r
‖f‖L2(
c)3‖ξ‖c.� ª¨¬ ®¡à §®¬,

‖ξ‖c 6
1
r
‖f‖L2(
c)3 . (19)Ǒ®«ãç¨¬ ¥é¥ ®¤® ¥à ¢¥áâ¢®, á¢ï§ë¢ îé¥¥ ®à¬ë ‖w‖H1(
c) ¨

‖φ‖L2(
c)2 . �«ï íâ®£® ãáâ ®¢¨¬ á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¥£® â®�¤¥-áâ¢ :
〈(w,i +φi), w,i 〉c = 〈f3, w〉c. (20)� á ¬®¬ ¤¥«¥, ¯®¤áâ ¢¨¢ ¢ ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢® (12) ¯à®¡ãîäãªæ¨î �ξ = (W, 2w, φ), ¯®«ãç¨¬
〈(w,i +φi), w,i 〉c > 〈f3, w〉c.Ǒ®¤áâ ¢¨¢ â¥¯¥àì ¤àã£ãî ¯à®¡ãî äãªæ¨î �ξ = (W, 0, φ) ¢ (12), ¢ë-¢¥¤¥¬ à ¢¥áâ¢® (20). �æ¥¨¬ á¨§ã «¥¢ãî ç áâì à ¢¥áâ¢  (20). Ǒ®-áª®«ìªã

|〈φi, w,i 〉c| 6
ǫ2 〈φi, φi〉c + 12ǫ 〈w,i , w,i 〉c = ǫ2‖φ‖2L2(
c)2 + 12ǫ‖∇w‖2L2(
c)2
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‖∇w‖2L2(
c)2 − ǫ2‖φ‖2L2(
c)2 − 12ǫ‖∇w‖2L2(
c)2= (−ǫ)2 ‖φ‖2L2(
c)2 +(1− 12ǫ)‖∇w‖2L2(
c)2 6 〈(w,i +φi), w,i 〉c.�«¥¤®¢ â¥«ì®, ¨§ (20) ¢ë¢¥¤¥¬(−ǫ)2 ‖φ‖2L2(
c)2 +(1− 12ǫ)‖∇w‖2L2(
c)2 6 ‖f3‖L2(
c)‖w‖L2(
c).�§ï¢ ¢ ¯à¥¤ë¤ãé¥¬ ¥à ¢¥áâ¢¥ ǫ = 1 ¨ ¨á¯®«ì§ãï ¥à ¢¥áâ¢® (10),¨¬¥¥¬

Q‖w‖2H1(
c) 6 2‖f3‖L2(
c)‖w‖L2(
c) + ‖φ‖2L2(
c)2 . (21)� ª¨¬ ®¡à §®¬, ¤«ï à¥è¥¨ï ξ = (W,w, φ) ¢ à¨ æ¨®®© § ¤ ç¨ (5)¢ë¯®«¥ë  ¯à¨®àë¥ ®æ¥ª¨ (19), (21).� ¬¥â¨¬, çâ® á®£« á® ä¨§¨ç¥áª®¬ã á¬ëá«ã § ¤ ç¨ äãªæ¨¨ φ =(φ1, φ2) § ¤ îâ ã£«ë ¯®¢®à®â  ®à¬ «ìëå á¥ç¥¨©, á«¥¤®¢ â¥«ì®,
−π2 6 φi 6 π2 , i = 1, 2, ¢ á®®â¢¥âáâ¢¨¨ á £¨¯®â¥§ ¬¨ ¬®¤¥«¨. �â® ®§ -ç ¥â, ¢ á¢®î ®ç¥à¥¤ì, çâ® ª¢ ¤à â ®à¬ë ‖φ‖2L2(
c)2 ¢ ¯à ¢®© ç áâ¨ (21)¬®�® ®æ¥¨âì á¢¥àåã á ¯®¬®éìî § ç¥¨ï π22 mes(
c).

§ 4. �¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢¥è¨¬¨ £àã§ª ¬¨Ǒãáâì F ⊂ L2(
c)3 | ®£à ¨ç¥®¥, § ¬ªãâ®¥ ¨ ¢ë¯ãª«®¥ ¬®-�¥áâ¢®. � ª ¤®ª § ® ¢ëè¥, ¤«ï ª �¤®£® f ∈ F áãé¥áâ¢ã¥â à¥è¥¨¥
ξ ≡ ξf § ¤ ç¨ (5). � áá¬®âà¨¬ äãªæ¨® « ª ç¥áâ¢ 

J(f) = ‖ξf − ξ⋆‖L2(
c)5 ,£¤¥ ξ⋆ ∈ L2(
)5 | § ¤  ï äãªæ¨ï.� ¤ çã ®¡ ®¯â¨¬ «ì®¬ ã¯à ¢«¥¨¨ áä®à¬ã«¨àã¥¬ á«¥¤ãîé¨¬ ®¡-à §®¬: inf
f∈F

J(f). (22)� ä¨§¨ç¥áª®© â®çª¨ §à¥¨ï ¢ § ¤ ç¥ (22) ¨éãâáï ¢¥è¨¥ á¨«ë f =(f1, f2, f3), ¤®áâ ¢«ïîé¨¥ à¥è¥¨¥ á ¬¨¨¬ «ìë¬ ®âª«®¥¨¥¬ ®â § -¤ ëå ¤¥ä®à¬ æ¨© ξ⋆ = (W⋆, w⋆, φ⋆).



�¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢¥è¨¬¨  £àã§ª ¬¨ 109�¥®à¥¬  1. Ǒãáâì ¢ë¯®«¥ë ¯à¥¤ë¤ãé¨¥ ¯à¥¤¯®«®�¥¨ï. �®-£¤  áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨ (22).�®ª § â¥«ìáâ¢®. Ǒãáâì fn ∈ F | ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ -â¥«ì®áâì. �¥à¥§ ξn ®¡®§ ç¨¬ á®®â¢¥âáâ¢ãîé¨¥ fn à¥è¥¨ï § ¤ ç¨(5) ¯à¨ n = 1, 2, . . . . Ǒ®áª®«ìªã ¬®�¥áâ¢® F ®£à ¨ç¥®, ¯®á«¥¤®¢ -â¥«ì®áâì fn â ª�¥ ®£à ¨ç¥  ¢ L2(
c)3. �®£¤  ¢ á¨«ã ¥à ¢¥áâ¢ (19) ¨¬¥¥â ¬¥áâ® ®æ¥ª  ‖ξn‖c 6 c, à ¢®¬¥à ï ¯® n. �ë¡¨à ï ¯à¨¥®¡å®¤¨¬®áâ¨ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨, ¬®�® áç¨â âì, çâ®
ξn → ξ0 á« ¡® ¢ H(
c), ξn → ξ0 á¨«ì® ¢ L2(
c)5,

fn → f á« ¡® ¢ L2(
c)3¯à¨ n → ∞. �áâ ®¢«¥ë¥ áå®¤¨¬®áâ¨ ¯®§¢®«ïîâ ¯¥à¥©â¨ ª ¯à¥¤¥«ã¯à¨ n → ∞ ¢ á«¥¤ãîé¥¬ ¢ à¨ æ¨®®¬ ¥à ¢¥áâ¢¥, ¯®«ãç îé¥¬áï¯à®áâ®© § ¬¥®© ξn ≡ ξ ¨§ á®®â®è¥¨ï (12):
〈mij(φn), αij(~φ)〉c + 〈σij(Wn), εij(W̃ )〉c+ 〈(wn,i +φi

n), ( ~w,i +~φi)〉c − 〈fn, ~χ〉c > 0, (23)£¤¥ ~ξ = �ξ− ξn, �ξ ∈ K. � ¨â®£¥ á« ¡ ï ¯®«ã¥¯à¥àë¢®áâì äãªæ¨® « í¥à£¨¨ ¯®§¢®«ï¥â ¢ë¢¥áâ¨ á®®â®è¥¨¥
〈mij(φ0), αij(~φ)〉c + 〈σij(W0), εij(W̃ )〉c+ 〈(w0,i +φi0), ( ~w,i +~φi)〉c − 〈f, ~χ〉c > 0, (24)£¤¥ ~ξ = �ξ − ξ0, �ξ ∈ K. �¯à ¢¥¤«¨¢®áâì ¯®«ãç¥®£® ¢ à¨ æ¨®®£®¥à ¢¥áâ¢  (24) ®§ ç ¥â, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® ξ0 = ξf . �«¥¤®-¢ â¥«ì®, inf�f∈F

J( �f) = lim inf
n→∞

J(fn) > J(f) > inf�f∈F
J( �f).� ª¨¬ ®¡à §®¬, äãªæ¨ï f ¤®áâ ¢«ï¥â à¥è¥¨¥ ¤«ï § ¤ ç¨ ®¯â¨¬ «ì-®£® ã¯à ¢«¥¨ï (22). �¥®à¥¬  ¤®ª §  .
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§ 5. � ¤ ç  ® âà¥é¨¥ á ¬¨¨¬ «ìë¬à áªàëâ¨¥¬Ǒà¨¬¥¬ ¤«ï ã¤®¡áâ¢  ®¡®§ ç¥¨ï ¤«ï ®¢ëå ¬ â¥¬ â¨ç¥áª¨å ®¡ê-¥ªâ®¢,   «®£¨çë¥ ¯à¥¤ë¤ãé¨¬. Ǒãáâì, ª ª ¨ ¢ëè¥, F ⊂ L2(
c)3 |®£à ¨ç¥®¥, § ¬ªãâ®¥ ¨ ¢ë¯ãª«®¥ ¬®�¥áâ¢®. �®¢  ®¡®§ ç¨¬ ¤«ï¯à®¨§¢®«ì®£® f ∈ F à¥è¥¨¥ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ (5) ç¥à¥§ ξ ≡ ξf .� áá¬®âà¨¬ ¤àã£®© äãªæ¨® « ª ç¥áâ¢ , å à ªâ¥à¨§ãîé¨© à áªàë-â¨¥ âà¥é¨ë [22℄:

Y (f) = ∫�c

|[ξf ℄| d�c.� ¤ çã ®¡ ®¯â¨¬ «ìëå ¢¥è¨å  £àã§ª å, ¤®áâ ¢«ïîé¨å ¬¨¨¬ «ì-®¥ à áªàëâ¨¥ âà¥é¨ë, áä®à¬ã«¨àã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:inf
f∈F

Y (f). (25)�¥®à¥¬  2. Ǒãáâì ¢ë¯®«¥ë ¯à¥¤ë¤ãé¨¥ ¯à¥¤¯®«®�¥¨ï. �®-£¤  áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨ (25).�®ª § â¥«ìáâ¢®. Ǒãáâì fn ∈ F | ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ -â¥«ì®áâì ¤«ï äãªæ¨® «  Y ( �f). �®åà ¨¬ ®¡®§ ç¥¨¥ ξn ¤«ï à¥-è¥¨ï § ¤ ç¨ (5), á®®â¢¥âáâ¢ãîé¥£® fn ¯à¨ n = 1, 2, . . . . Ǒ® ãá«®¢¨îâ¥®à¥¬ë, ®ç¥¢¨¤®, ¯®á«¥¤®¢ â¥«ì®áâì fn ®£à ¨ç¥  ¢ L2(
c)3. �®-£¤  ¢ á¨«ã ¥à ¢¥áâ¢  (19) ¨¬¥¥â ¬¥áâ® ®æ¥ª  ‖ξn‖c 6 c, à ¢®¬¥à ï¯® n. �ë¡¨à ï ¯à¨ ¥®¡å®¤¨¬®áâ¨ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨, ¬®�® áç¨-â âì, çâ®
ξn → ξ0 á« ¡® ¢ H(
c), ξn → ξ0 á¨«ì® ¢ L2(
c)5,
ξ±n → ξ±0 á¨«ì® ¢ L2(�c)5, fn → f á« ¡® ¢ L2(
c)3,¯à¨ n → ∞. �áâ ®¢«¥ë¥ áå®¤¨¬®áâ¨ ¯®§¢®«ïîâ ¯¥à¥©â¨ ª ¯à¥¤¥«ã¯à¨ n → ∞ ¢ ¢ à¨ æ¨®®¬ ¥à ¢¥áâ¢¥ (23). Ǒà¨¨¬ ï ¢® ¢¨¬ ¨¥á« ¡ãî ¯®«ã¥¯à¥àë¢®áâì äãªæ¨® «  í¥à£¨¨, ¯®«ãç¨¬ ¯à¥¤¥«ì®¥á®®â®è¥¨¥

〈mij(φ0), αij(~φ)〉c + 〈σij(W0), εij(W̃ )〉c+ 〈(w0,i +φi0), ( ~w,i +~φi)〉c − 〈f, ~χ〉c > 0,



�¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ ¢¥è¨¬¨  £àã§ª ¬¨ 111£¤¥ ~ξ = �ξ − ξ0, �ξ ∈ K.� ª¨¬ ®¡à §®¬, ¯®á«¥¤¥¥ ¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢® ¤®áâ ¢«ï¥âà ¢¥áâ¢® ξ0 = ξf . �«¥¤®¢ â¥«ì®,inf�f∈F
Y ( �f) = lim inf

n→∞
Y (fn) > Y (f) > inf�f∈F
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��� 517.946������� ������ � ����������������������� ������������ ������Ǒ����������������������∗)�. �. �ãª¨ �à ¥¢ë¥ § ¤ ç¨ á ¨â¥£à «ìë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¤«ï ¯ -à ¡®«¨ç¥áª¨å ¨ £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ¢¥áì¬   ªâ¨¢® ¨áá«¥¤ã-îâáï ¢ ¯®á«¥¤¥¥ ¢à¥¬ï (á¬.,  ¯à¨¬¥à, [1{8℄). � â® �¥ ¢à¥¬ï à ¡®â,¯®á¢ïé¥ëå à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç á £à ¨çë¬¨ ãá«®¢¨ï¬¨¨â¥£à «ì®£® ¢¨¤  ¤«ï ã«ìâà ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©, ¯à ªâ¨ç¥-áª¨ ¥â, ¬®�® ®â¬¥â¨âì «¨èì à ¡®âë [1, 2℄, ¢ ª®â®àëå à áá¬ âà¨¢ -«¨áì ªà ¥¢ë¥ § ¤ ç¨ ¢ ¨ëå, ¥�¥«¨ ¢  áâ®ïé¥© à ¡®â¥, ¯®áâ ®¢ª å.1. Ǒ®áâ ®¢ª  § ¤ çǑãáâì 
 | ¨â¥à¢ « (0,1) ®á¨ Ox, Q = 
 × (0, T1) × (0, T2), 0 <
T1 < +∞, 0 < T2 < +∞. � «¥¥, ¯ãáâì c(x, t, τ), f(x, t, τ), K1(x, t, τ),
K2(x, t, τ) | § ¤ ë¥ äãªæ¨¨, ®¯à¥¤¥«¥ë¥ ¯à¨ x ∈ 
, t ∈ [0, T1℄,
τ ∈ [0, T2℄.�à ¥¢ ï § ¤ ç  I. � ©â¨ äãªæ¨î u(x, t, τ), ï¢«ïîéãîáï ¢ ¯ -à ««¥«¥¯¨¯¥¤¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï

ut + uτ − uxx + c(x, t, τ)u = f(x, t, τ) (1.1)
∗) � ¡®â  ¢ë¯®«¥  ¢ à ¬ª å à¥ «¨§ æ¨¨ ��Ǒ ý� ãçë¥ ¨  ãç®-¯¥¤ £®£¨ç¥-áª¨¥ ª ¤àë ¨®¢ æ¨®®© �®áá¨¨þ   2009{2013 ££. ¯® ¬¥à®¯à¨ïâ¨î 1.3.1¨ ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï ¨  ãª¨ �®áá¨©áª®©�¥¤¥à æ¨¨ (ª®¤ ¯à®¥ªâ  ü 02.740.11.0609).© 2011 �ãª¨  �. �.



114 �ãª¨  �. �.¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï
u(x, 0, τ) = 0, x ∈ 
, τ ∈ (0, T2), (1.2)
u(x, t, 0) = 0, x ∈ 
, t ∈ (0, T1), (1.3)

u(0, t, τ) = 1∫0 K1(x, t, τ)u(x, t, τ) dx,
u(1, t, τ) = 1∫0 K2(x, t, τ)u(x, t, τ) dx, t ∈ (0, T1), τ ∈ (0, T2). (1.4)�à ¥¢ ï § ¤ ç  II. � ©â¨ äãªæ¨î u(x, t, τ), ï¢«ïîéãîáï ¢ ¯ -à ««¥«¥¯¨¯¥¤¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï (1.1) ¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë-¯®«ïîâáï ãá«®¢¨ï (1.2), (1.3),   â ª�¥ ãá«®¢¨ï

ux(0, t, τ) = 1∫0 K1(x, t, τ)u(x, t, τ) dx,
ux(1, t, τ) = 1∫0 K2(x, t, τ)u(x, t, τ) dx, t ∈ (0, T1), τ ∈ (0, T2). (1.5)�à ¥¢ ï § ¤ ç  III. � ©â¨ äãªæ¨î u(x, t, τ), ï¢«ïîéãîáï ¢¯ à ««¥«¥¯¨¯¥¤¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï (1.1) ¨ â ªãî, çâ® ¤«ï ¥¥¢ë¯®«ïîâáï ãá«®¢¨ï (1.2), (1.3),   â ª�¥ ãá«®¢¨ï

u(0, t, τ) = 1∫0 K1(x, t, τ)u(x, t, τ) dx,
ux(1, t, τ) = 1∫0 K2(x, t, τ)u(x, t, τ) dx, t ∈ (0, T1), τ ∈ (0, T2). (1.6)2. � §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ I�¡®§ ç¨¬ ¤«ï ªà âª®áâ¨ V0 = W 2,1,12,x,t,τ(Q), V1 = W 2,2,12,x,t,τ (Q); ®à-¬ë ¢ ¯à®áâà áâ¢ å V0, V1 áãâì áâ ¤ àâë¥ ®à¬ë ¢  ¨§®âà®¯®¬á®¡®«¥¢áª®¬ ¯à®áâà áâ¢¥.



�à ¥¢ë¥ § ¤ ç¨ 115Ǒà¥�¤¥ ç¥¬ ¤®ª §ë¢ âì à §à¥è¨¬®áâì § ¤ ç¨ I, § ¬¥â¨¬, çâ® ¤«ïäãªæ¨© v(x, t, τ) ¨§ ¯à®áâà áâ¢  V1 ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¥à ¢¥-áâ¢ :
τ∫0 T1∫0 v2(0, t, ξ) dtdξ 6 δ

τ∫0 T1∫0 1∫0 v2x(x, t, τ) dxdtdξ+C1(δ) τ∫0 T1∫0 1∫0 v2(x, t, τ) dxdtdξ,
τ∫0 T1∫0 v2(1, t, τ) dtdξ 6 δ

τ∫0 T1∫0 1∫0 v2x(x, t, τ) dxdtdξ+C1(δ) τ∫0 T1∫0 1∫0 v2(x, t, τ) dxdtdξ,
(2.1)

¢ ª®â®àëå δ | ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®, ç¨á«® C ¢ëç¨á«ï-¥âáï ¢¯®«¥ ®¯à¥¤¥«¥ë¬ ®¡à §®¬ ç¥à¥§ δ.Ǒà®¢¥¤¥¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ¯®áâà®¥¨ï. Ǒãáâì Biu |¨â¥£à «ìë¥ ®¯¥à â®àë, ¤¥©áâ¢¨¥ ª®â®àëå ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢ ¬¨(Biu)(t, τ) = 1∫0 Ki(y, t, τ)u(y, t, τ) dy, i = 1, 2,£¤¥
w(x, t, τ) = u(x, t, τ)− (1− x)(B1u)(t, τ)− x(B2u)(t, τ). (2.2)�¬®� ï (2.2) ¯®®ç¥à¥¤®   Ki(x, t, τ), i = 1, 2, ¨ ¨â¥£à¨àãï¯® x ¢ ¯à¥¤¥« å ®â 0 ¤® 1, ¯®«ãç¨¬ á¨áâ¥¬ã ®â®á¨â¥«ì® (B1u)(t, τ),(B2u)(t, τ):


1− 1∫0 (1− x)K1(x, t, τ) dx(B1u)(t, τ)

−
1∫0 xK1(x, t, τ) dx(B2u)(t, τ) = (B1w)(t, τ),
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−

1∫0 (1− x)K2(x, t, τ) dx(B1u)(t, τ)+ 1− 1∫0 xK2(x, t, τ) dx(B2u)(t, τ) = (B2w)(t, τ).�¡®§ ç¨¬ ç¥à¥§ �1(t, τ) ®¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë. �á«¨ ® ¥à ¢¥ ã«î ¯à¨ (t, τ) ∈ [0, T1℄× [0, T2℄, â® ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ (B1u)(t, τ) = a1(t, τ)(B1w)(t, τ) + a2(t, τ)(B2w)(t, τ),(B2u)(t, τ) = b1(t, τ)(B1w)(t, τ) + b2(t, τ)(B2w)(t, τ),£¤¥ äãªæ¨¨ ai(t, τ), bi(t, τ) ¢ëç¨á«ïîâáï ¢¯®«¥ ®¯à¥¤¥«¥ë¬ ®¡à -§®¬ ç¥à¥§ Ki(x, t, τ), i = 1, 2.�§ íâ¨å à ¢¥áâ¢ ¨ ¨§ (2.2) á«¥¤ã¥â, çâ® äãªæ¨ï u(x, t, τ) ¨¬¥¥â¯à¥¤áâ ¢«¥¨¥ ç¥à¥§ äãªæ¨î w(x, t, τ):
u(x, t, τ) = w(x, t, τ) +A11(x, t, τ)(B1w)(t, τ)+A21(x, t, τ)(B2w)(t, τ). (2.3)�¯à¥¤¥«¨¬ ®¯¥à â®àë B ¨ L:(Bu)(x, t, τ) = u(x, t, τ)− (1− x)(B1u)(t, τ)− x(B2u)(t, τ),

Lu = ut + uτ − uxx + c(x, t, τ)u.�¯à¥¤¥«¨¬ äãªæ¨î�(x, t, τ, u) = 1∫0 [−(1− x)K1(y, t, τ) − xK2(y, t, τ)℄uyy(y, t, τ) dy+ 1∫0 [−(1−x)K1t(y, t, τ)−xK2t(y, t, τ)− (1−x)K1τ (y, t, τ)−xK2τ (y, t, τ)+ (c(x, t, τ) − c(y, t, τ))(−(1− x)K1(y, t, τ) − xK2(y, t, τ))℄u(y, t, τ) dy.



�à ¥¢ë¥ § ¤ ç¨ 117Ǒà®¤®«� ï �(x, t, τ, u) á ¯®¬®éìî (2.3), ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥¨¥:�(x, t, τ, u) = �1(x, t, τ, w)= 1∫0 N11(x, y, t, τ)wyy(y, t, τ) dy + 1∫0 N21(x, y, t, τ)w(y, t, τ) dy,¢ ª®â®à®¬ Ni1(x, y, t, τ) ¥áâì äãªæ¨¨, ¢ëç¨á«ï¥¬ë¥ ç¥à¥§ äãªæ¨¨
c(x, t, τ), Ki(x, t, τ), i = 1, 2.�â¥£à¨àãï ¯® ç áâï¬, ¯à¥®¡à §ã¥¬ äãªæ¨î �1(x, t, τ, w) ª ¢¨¤ã�1(x, t, τ, w) = �̃1(x, t, τ, w)= −

1∫0 N11y(x, y, t, τ)wy(y, t, τ) dy + 1∫0 N21(x, y, t, τ)w(y, t, τ) dy+N11(x, 1, t, τ)wy(1, t, τ)−N11(x, 0, t, τ)wy(0, t, τ).�á¯®«ì§ãï ¥à ¢¥áâ¢® ��¥«ì¤¥à , ¥âàã¤® ¯®«ãç¨âì ®æ¥ªã
τ∫0 T1∫0 1∫0 �̃21 dxdtdξ

6 N01 τ∫0 T1∫0 1∫0 w2
x(x, t, ξ) dxdtdξ + τ∫0 T1∫0 1∫0 w2(x, t, ξ) dxdtdξ+ τ∫0 T1∫0 w2

x(1, t, ξ) dtdξ + τ∫0 T1∫0 w2
x(0, t, ξ) dtdξ, (2.4)¢ ª®â®à®© ¯®áâ®ï ïN01 ®¯à¥¤¥«ï¥âáï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ),

i = 1, 2.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
c(x, t, τ) ∈ C1(Q), Ki(x, t, τ) ∈ C2(Q), i = 1, 2; (2.5)�1(t, τ) 6= 0 ∀t ∈ [0, T1℄, ∀τ ∈ [0, T2℄; (2.6)

f(x, t, τ) ∈ L2(Q), fτ (x, t, τ) ∈ L2(Q). (2.7)�®£¤  ªà ¥¢ ï § ¤ ç  I ¨¬¥¥â à¥è¥¨¥ u(x, t, τ), ¯à¨ ¤«¥� é¥¥ ¯à®-áâà áâ¢ã V0.



118 �ãª¨  �. �.�®ª § â¥«ìáâ¢®. Ǒãáâì g(x, t, τ) | § ¤  ï äãªæ¨ï â ª ï,çâ® g(x, t, τ) ∈ L2(Q), gτ (x, t, τ) ∈ L2(Q). � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãîªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î w(x, t, τ), ï¢«ïîéãîáï ¢ ¯ à ««¥«¥-¯¨¯¥¤¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
wt + wτ − wxx + c(x, t, τ)w = g(x, t, τ) + �̃1(x, t, τ, w) (2.8)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï

w(x, 0, τ) = 0, x ∈ 
, τ ∈ (0, T2),
w(x, t, 0) = 0, x ∈ 
, t ∈ (0, T1),

w(0, t, τ) = w(1, t, τ) = 0, t ∈ (0, T1), τ ∈ (0, T2). (2.9)� §à¥è¨¬®áâì à áá¬ âà¨¢ ¥¬®© ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢¥¨ï (2.8)¤®ª �¥¬, ¨á¯®«ì§ãï ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¨ ¬¥â®¤ ¯à®¤®«�¥¨ï ¯® ¯ -à ¬¥âàã.Ǒãáâì ε|ä¨ªá¨à®¢ ®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®. � áá¬®âà¨¬ ªà -¥¢ãî § ¤ çã á ¯ à ¬¥âà®¬ ε:  ©â¨ äãªæ¨î w(x, t, τ), ï¢«ïîéãîáï ¢¯ à ««¥«¥¯¨¯¥¤¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
−εwtt + wt + wτ − wxx + c(x, t, τ)w = g(x, t, τ) + �̃1(x, t, τ, w) (2.8ε)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï

w(x, 0, τ) = wt(x, T1, τ) = 0, x ∈ 
, τ ∈ (0, T2),
w(x, t, 0) = 0, x ∈ 
, t ∈ (0, T1),

w(0, t, τ) = w(1, t, τ) = 0, t ∈ (0, T1), τ ∈ (0, T2). (2.9∗)Ǒãáâì λ | ç¨á«® ¨§ ®âà¥§ª  [0, 1℄. � áá¬®âà¨¬ á¥¬¥©áâ¢® ªà ¥¢ëå§ ¤ ç:  ©â¨ äãªæ¨î w(x, t, τ), ï¢«ïîéãîáï ¢ ¯ à ««¥«¥¯¨¯¥¤¥ Qà¥è¥¨¥¬ ãà ¢¥¨ï
−εwtt + wt + wτ − wxx + c(x, t, τ)w = g(x, t, τ) + λ�̃1(x, t, τ, w) (2.8ε,λ)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2.9∗).� §à¥è¨¬®áâì à áá¬ âà¨¢ ¥¬®© ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢¥¨ï(2.8ε,λ) ¤®ª �¥¬ á ¯®¬®éìî â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥¨ï ¯® ¯ à -¬¥âàã [9℄.



�à ¥¢ë¥ § ¤ ç¨ 119�¡®§ ç¨¬ ç¥à¥§ � ¬®�¥áâ¢® ¢á¥å ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄, ¤«ïª®â®àëå ªà ¥¢ ï § ¤ ç  (2.8ε,λ), (2.9∗) ¨¬¥¥â à¥è¥¨¥ w(x, t, τ) â -ª®¥, çâ® w(x, t, τ) ∈ V1, wτ (x, t, τ) ∈ V1 ¯à¨ ¢ë¯®«¥¨¨ ¢á¥å ãá«®-¢¨© â¥®à¥¬ë 1, ä¨ªá¨à®¢ ®¬ ε ¨ «î¡®© äãªæ¨¨ g(x, t, τ) â ª®©, çâ®
g(x, t, τ) ∈ L2(Q), gτ (x, t, τ) ∈ L2(Q). �á«¨ ¬ë ¯®ª �¥¬, çâ® ¬®�¥áâ¢®� ¥¯ãáâ®, ®âªàëâ® ¨ § ¬ªãâ®, â® ®®, ª ª ¨§¢¥áâ® (á¬. [9℄), ¡ã¤¥âá®¢¯ ¤ âì á® ¢á¥¬ ®âà¥§ª®¬ [0, 1℄.� ¬¥â¨¬, çâ® ¨§ ãà ¢¥¨ï (2.8ε,λ) ¢ëâ¥ª ¥â ¯à¨ ¤«¥�®áâì äãª-æ¨¨ wτ (x, t, 0) ¯à®áâà áâ¢ã L2(
× [0, T1℄).�à ¥¢ ï § ¤ ç  (2.8ε,0), (2.9∗) ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï (2.5) ¨ ¢á¨«ã ¯à¨ ¤«¥�®áâ¨ g(x, t, τ) ¨ gτ (x, t, τ) ¯à®áâà áâ¢ã L2(Q) ¨¬¥¥âà¥è¥¨¥ w(x, t, τ) â ª®¥, çâ® w(x, t, τ) ∈ V1, wτ (x, t, τ) ∈ V1 (á¬. [10, 11℄).�§ íâ®£® á«¥¤ã¥â, çâ® ç¨á«® 0 ¯à¨ ¤«¥�¨â � ¨ â¥¬ á ¬ë¬ ¬®�¥áâ¢®� ¥¯ãáâ®.�âªàëâ®áâì ¨ § ¬ªãâ®áâì ¬®�¥áâ¢  � ¤®ª §ë¢ ¥âáï á ¯®¬®éìî ¯à¨®àëå ®æ¥®ª. �áâ ®¢¨¬ ¨å  «¨ç¨¥.� áá¬®âà¨¬ à ¢¥áâ¢®

τ∫0 T1∫0 1∫0 [−εwtt + wt + wξ − wxx + c(x, t, ξ)w℄(w − wxx) dxdtdξ= τ∫0 T1∫0 1∫0 [g(x, t, ξ) + λ�̃1(x, t, ξ, w)℄(w − wxx) dxdtdξ.�â¥£à¨àãï ¯® ç áâï¬, ¨á¯®«ì§ãï ãª § ë¥ ¢ëè¥ £à ¨çë¥ ¨ ç «ìë¥ ãá«®¢¨ï ¤«ï äãªæ¨¨ w(x, t, τ), ¥à ¢¥áâ¢® �£  ¨ ¥à -¢¥áâ¢  (2.4), (2.1), ¯®«ãç¨¬ ¥à ¢¥áâ¢®
τ∫0 T1∫0 1∫0 [εw2

xt + w2
xx + εw2

t + w2
x

]
dxdtdξ+ T1∫0 1∫0 [w2(x, t, τ) + w2

x(x, t, τ)] dxdt



120 �ãª¨  �. �.+ τ∫0 1∫0 [w2(x, T1, ξ) + w2
x(x, T1, ξ)] dxdξ

6 Ñ01 τ∫0 T1∫0 1∫0 g2(x, t, ξ) dxdtdξ+ τ∫0 T1∫0 1∫0 w2
x dxdtdξ+ τ∫0 T1∫0 1∫0 w2 dxdtdξ+ δ τ∫0 T1∫0 1∫0 w2

xx dxdtdξ + C(δ) τ∫0 T1∫0 1∫0 w2
x dxdtdξ





.� «¥¥, ¯®¤¡¨à ï ç¨á«® δ ¬ «ë¬ ¨ ¯à¨¬¥ïï ¥à ¢¥áâ¢® �à®ã®«-« , ¥âàã¤® ¯®«ãç¨âì ®æ¥ªã

τ∫0 T1∫0 1∫0 [εw2
xt + w2

xx

]
dxdtdξ+ T1∫0 1∫0 [w2(x, t, τ) + w2

x(x, t, τ)] dxdt 6 M1 (2.10)á ¯®áâ®ï®© M1, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ), i =1, 2, ¨ g(x, t, τ).� ¬¥â¨¬, çâ® ¨§ (2.10) ¨ (2.4) á«¥¤ã¥â ®æ¥ª 
τ∫0 T1∫0 1∫0 �̃21 dxdtdξ 6 M2 (2.11)á ¯®áâ®ï®© M2, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ), i =1, 2. �  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ à ¢¥áâ¢®

τ∫0 T1∫0 1∫0 [−εwttξ + wtξ + wξξ − wxxξ+ c(x, t, ξ)wξ + cξ(x, t, ξ)w℄(wξ − wxxξ) dxdtdξ= τ∫0 T1∫0 1∫0 [gξ(x, t, ξ) + λ�̃1ξ(x, t, ξ, w)℄(wξ − wxxξ) dxdtdξ.



�à ¥¢ë¥ § ¤ ç¨ 121�®¢ì ¨â¥£à¨àãï ¯® ç áâï¬, ¨á¯®«ì§ãï ãª § ë¥ ¢ëè¥ £à ¨ç-ë¥ ¨  ç «ìë¥ ãá«®¢¨ï ¤«ï äãªæ¨¨ w(x, t, τ), ®â ¤ ®£® à ¢¥áâ¢ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã:
τ∫0 T1∫0 1∫0 [εw2

xtξ + w2
xxξ + εw2

tξ + w2
xξ + c(x, t, ξ)w2

ξ

]
dxdtdξ+ 32 T1∫0 1∫0 [w2

τ (x, t, τ) + w2
xτ (x, t, τ)] dxdt

− 32 T1∫0 1∫0 [w2
τ (x, t, 0) + w2

xτ (x, t, 0)] dxdt+ 12 τ∫0 1∫0 [w2
ξ (x, T1, ξ) + w2

xξ(x, T1, ξ)] dxdξ= τ∫0 T1∫0 1∫0 [−cξ(x, t, ξ)wwξ + gξ(x, t, ξ)wξ+ �̃1ξ(x, t, ξ, w)wξ + c(x, t, ξ)wξwxxξ + cξ(x, t, ξ)wwxxξ

− gξ(x, t, ξ)wxxξ − �̃1ξ(x, t, ξ, w)wxxξ ℄ dxdtdξ.Ǒ®¢â®àïï ¤¥©áâ¢¨ï, ¯à®¤¥« ë¥   ¯à¥¤ë¤ãé¥¬ è £¥, ¯à¨å®¤¨¬ª ®æ¥ª¥
τ∫0 T1∫0 1∫0 [εw2

xtξ + w2
xxξ

]
dxdtdξ+ T1∫0 1∫0 [w2

τ (x, t, τ) + w2
xτ (x, t, τ)] dxdt 6 M3 (2.12)á ¯®áâ®ï®© M3, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ), i =1, 2, ¨ g(x, t, τ).
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τ∫0 T1∫0 1∫0 �̃21ξ dxdtdξ 6 M4 (2.13)á ¯®áâ®ï®© M4, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ), i =1, 2. � «¨§¨àãï à ¢¥áâ¢®

τ∫0 T1∫0 1∫0 [−εwttξ + wtξ + wξξ − wxxξ+ c(x, t, ξ)wξ + cξ(x, t, ξ)w℄wξξ dxdtdξ= τ∫0 T1∫0 1∫0 [gξ(x, t, ξ) + λ�̃1ξ(x, t, ξ, w)℄wξξ dxdtdξ¨ ¨á¯®«ì§ãï ¥à ¢¥áâ¢  (2.10), (2.12), ¯®«ãç¨¬ ®æ¥ªã
τ∫0 T1∫0 1∫0 w2

ξξ dxdtdξ 6 M5 (2.14)á ¯®áâ®ï®© M5, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ), i =1, 2, ¨ g(x, t, τ).� áá¬ âà¨¢ ï à ¢¥áâ¢®
− ε

τ∫0 T1∫0 1∫0 [−εwttξ + wtξ + wξξ − wxxξ+ c(x, t, ξ)wξ + cξ(x, t, ξ)w℄wttξ dxdtdξ= −ε
τ∫0 T1∫0 1∫0 [gξ(x, t, ξ) + λ�̃1ξ(x, t, ξ, w)℄wttξ dxdtdξ¨ ¨á¯®«ì§ãï ¤®ª § ë¥ ®æ¥ª¨, ¯®«ãç ¥¬, çâ® ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥-¤ã¥â ®æ¥ª 

ε2 τ∫0 T1∫0 1∫0 w2
ttξ dxdtdξ 6 M6 (2.15)



�à ¥¢ë¥ § ¤ ç¨ 123á ¯®áâ®ï®© M6, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ), i =1, 2, ¨ g(x, t, τ).�§ (2.15) ¢ëâ¥ª ¥â ®æ¥ª 
ε2 τ∫0 T1∫0 1∫0 w2

tt dxdtdξ 6 M7 (2.16)á ¯®áâ®ï®© M7, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t, τ), Ki(x, t, τ), i =1, 2, ¨ g(x, t, τ).�á¥ ®æ¥ª¨ (2.10){(2.16) ¤ îâ ®ç¥¢¨¤ãî  ¯à¨®àãî ®æ¥ªã
‖w‖V1 + ‖wτ‖V1 6 M0. (2.17)� ª ã�¥ £®¢®à¨«®áì ¢ëè¥, íâ®© ®æ¥ª¨ ¤®áâ â®ç® ¤«ï ¯à¨¬¥¥-¨ï â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã. �«¥¤®¢ â¥«ì®, ¯à¨¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 1 ªà ¥¢ ï § ¤ ç  (2.8ε,λ), (2.9∗) ¨¬¥¥â à¥-è¥¨¥ w(x, t, τ), ¯à¨ ¤«¥� é¥¥ ¯à®áâà áâ¢ã V1, ¯à¨ ¢á¥å § ç¥¨ïå

λ, ¢ â®¬ ç¨á«¥ ¨ ¯à¨ λ = 1.�¯à¨®à®© ®æ¥ª¨ (2.17) â ª�¥ ¢¯®«¥ ¤®áâ â®ç® ¨ ¤«ï ¯¥à¥å®¤ ¢ á¥¬¥©áâ¢¥ à¥è¥¨© § ¤ ç¨ (2.8ε), (2.9∗) ª ¯à¥¤¥«ã ¯à¨ ε → 0, ¯à¥-¤¥«ì ï äãªæ¨ï w(x, t, τ) ¡ã¤¥â à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (2.8), (2.9),¯à¨ ¤«¥� é¨¬ ¯à®áâà áâ¢ã V1.�¯à¥¤¥«¨¬ â¥¯¥àì äãªæ¨î u(x, t, τ) á ¯®¬®éìî (2.3). C¯à ¢¥¤-«¨¢® à ¢¥áâ¢®
BLu = (Lw)(x, t, τ) − �̃1(x, t, τ, w) = g(x, t, τ). (2.18)�ë¡¥à¥¬ g(x, t, τ) á¯¥æ¨ «ìë¬ ®¡à §®¬: g(x, t, τ) = (Bf)(x, t, τ). �«¥-¤®¢ â¥«ì®, äãªæ¨ï u(x, t, τ) ¥áâì âà¥¡ã¥¬®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ -ç¨ I. Ǒà¨ ¤«¥�®áâì u(x, t, τ) ¯à®áâà áâ¢ã V0 ®ç¥¢¨¤ .�¥®à¥¬  1 ¤®ª §  .3. � §à¥è¨¬®áâì ªà ¥¢ëå § ¤ ç II ¨ III�®¢ì ¯à®¢¥¤¥¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ¯®áâà®¥¨ï. Ǒãáâì

Biu áãâì ¨â¥£à «ìë¥ ®¯¥à â®àë, ®¯à¥¤¥«¥ë¥ ¢ ¯. 2, w(x, t, τ) |
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w(x, t, τ) = u(x, t, τ)− (x− x22 )(B1u)(t, τ)− x22 (B2u)(t, τ). (3.1)�¬®� ï (3.1) ¯®®ç¥à¥¤®   Ki(x, t, τ), i = 1, 2, ¨ ¨â¥£à¨àãï¯® x ¢ ¯à¥¤¥« å ®â 0 ¤® 1, ¯®«ãç¨¬ á¨áâ¥¬ã ®â®á¨â¥«ì® (B1u)(t, τ),(B2u)(t, τ):

1− 1∫0 (x− x22 )K1(x, t, τ) dx(B1u)(t, τ)

−
1∫0 x22 K1(x, t, τ) dx(B2u)(t, τ) = (B1w)(t, τ),

−
1∫0 (x− x22 )K2(x, t, τ) dx(B1u)(t, τ)+ 1− 1∫0 x22 K2(x, t, τ) dx(B2u)(t, τ) = (B2w)(t, τ).�¡®§ ç¨¬ ç¥à¥§ �2(t, τ) ®¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë. �á«¨ ® ¥à ¢¥ ã«î ¯à¨ (t, τ) ∈ [0, T1℄× [0, T2℄, â® ¢®¢ì ¬®�® ¢ëà §¨âì äãª-æ¨¨ (Biu)(t, τ) ç¥à¥§ äãªæ¨¨ (Biw)(t, τ), i = 1, 2. �®¢  äãªæ¨ï

u(x, t, τ) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ ç¥à¥§ äãªæ¨î w(x, t, τ):
u(x, t, τ) = w(x, t, τ) +A12(x, t, τ)(B1w)(t, τ) +A22(x, t, τ)(B2w)(t, τ).(3.2)�¯à¥¤¥«¨¬ ®¯¥à â®à B:(Bu)(x, t, τ) = u(x, t, τ)− (x− x22 )(B1u)(t, τ)− x22 (B2u)(t, τ).�¯à¥¤¥«¨¬ äãªæ¨î�(x, t, τ, u) = 1∫0 [−(x− x22 )K1(y, t, τ)− x22 K2(y, t, τ)]uyy(y, t, τ) dy



�à ¥¢ë¥ § ¤ ç¨ 125+ 1∫0 [−(x− x22 )K1t(y, t, τ)− x22 K2t(y, t, τ)
−
(
x− x22 )K1τ (y, t, τ)− x22 K2τ (y, t, τ)+(c(x, t, τ)−c(y, t, τ))(−(x−x22 )K1(y, t, τ)−x22 K2(y, t, τ))]u(y, t, τ) dy.Ǒà®¤®«� ï äãªæ¨î �(x, t, τ, u) á ¯®¬®éìî (3.2), ¯®«ãç¨¬ ¯à¥¤-áâ ¢«¥¨¥:�(x, t, τ, u) = �2(x, t, τ, w)= 1∫0 N12(x, y, t, τ)wyy(y, t, τ) dy + 1∫0 N22(x, y, t, τ)w(y, t, τ) dy,¢ ª®â®à®¬ Ni2(x, y, t, τ) áãâì äãªæ¨¨, ¢ëç¨á«ï¥¬ë¥ ç¥à¥§ äãªæ¨¨

c(x, t, τ), Ki(x, t, τ), i = 1, 2.�â¥£à¨àãï ¯® ç áâï¬, ¯à¥®¡à §ã¥¬ äãªæ¨î �2(x, t, τ, w) ª ¢¨¤ã�1(x, t, τ, w) = �̃2(x, t, τ, w)= −
1∫0 N12y(x, y, t, τ)wy(y, t, τ) dy + 1∫0 N22(x, y, t, τ)w(y, t, τ) dy.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
c(x, t, τ) ∈ C1(Q), Ki(x, t, τ) ∈ C2(Q), i = 1, 2;�2(t, τ) 6= 0 ∀t ∈ [0, T1℄, ∀τ ∈ [0, T2℄;

f(x, t, τ) ∈ L2(Q), fτ (x, t, τ) ∈ L2(Q).�®£¤  ªà ¥¢ ï § ¤ ç  II ¨¬¥¥â à¥è¥¨¥ u(x, t, τ), ¯à¨ ¤«¥� é¥¥ ¯à®-áâà áâ¢ã V0.�  ï â¥®à¥¬  ¤®ª §ë¢ ¥âáï ¯®«®áâìî   «®£¨ç® ¤®ª § â¥«ì-áâ¢ã â¥®à¥¬ë 1. �¬¥®, ¢®¢ì à áá¬ âà¨¢ ¥¬ ¢á¯®¬®£ â¥«ìãî ªà ¥-¢ãî § ¤ çã:  ©â¨ äãªæ¨î w(x, t, τ), ï¢«ïîéãîáï ¢ ¯ à ««¥«¥¯¨¯¥¤¥
Q à¥è¥¨¥¬ ãà ¢¥¨ï

wt + wτ − wxx + c(x, t, τ)w = g(x, t, τ) + �̃2(x, t, τ, w)



126 �ãª¨  �. �.¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï
w(x, 0, τ) = 0, x ∈ 
, τ ∈ (0, T2),
w(x, t, 0) = 0, x ∈ 
, t ∈ (0, T1),

wx(0, t, τ) = wx(1, t, τ) = 0, t ∈ (0, T1), τ ∈ (0, T2).�á¯®«ì§ãï ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨, ¬¥â®¤ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã ¨ ¯à¨®àë¥ ®æ¥ª¨, ãáâ  ¢«¨¢ ¥¬ ¥¥ à §à¥è¨¬®áâì. �ë¡¨à ï äãª-æ¨î g(x, t, τ) á¯¥æ¨ «ìë¬ ®¡à §®¬ ¨ ¯¥à¥å®¤ï ª ãà ¢¥¨î ¢¨¤  (2.18),¯®«ãç ¥¬ âà¥¡ã¥¬®¥ à¥è¥¨¥.�«ï ¤®ª § â¥«ìáâ¢  ªà ¥¢®© § ¤ ç¨ III ¢®¢ì ¯à®¢¥¤¥¬ ¥ª®â®àë¥¢á¯®¬®£ â¥«ìë¥ ¯®áâà®¥¨ï. Ǒãáâì Biu | ¨â¥£à «ìë¥ ®¯¥à â®àë,®¯à¥¤¥«¥ë¥ ¢ ¯. 2, w(x, t, τ) | äãªæ¨ï
w(x, t, τ) = u(x, t, τ)− (B1u)(t, τ)− x(B2u)(t, τ). (3.3)�¡®§ ç¨¬ ç¥à¥§ �3(t, τ) ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë ®â®á¨â¥«ì®(B1u)(t, τ), (B2u)(t, τ), ¯®«ãç¥®© ¨§ (3.3) ã¬®�¥¨¥¬ ¯®®ç¥à¥¤®  

Ki(x, t, τ), i = 1, 2, ¨ ¨â¥£à¨à®¢ ¨¥¬ ¯® x ¢ ¯à¥¤¥« å ®â 0 ¤® 1.�¥®à¥¬  3. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
c(x, t, τ) ∈ C1(Q), Ki(x, t, τ) ∈ C2(Q), i = 1, 2;�3(t, τ) 6= 0 ∀t ∈ [0, T1℄, ∀τ ∈ [0, T2℄;

f(x, t, τ) ∈ L2(Q), fτ (x, t, τ) ∈ L2(Q).�®£¤  ªà ¥¢ ï § ¤ ç  III ¨¬¥¥â à¥è¥¨¥ u(x, t, τ), ¯à¨ ¤«¥� é¥¥ ¯à®-áâà áâ¢ã V0.�  ï â¥®à¥¬  ¤®ª §ë¢ ¥âáï ¯®«®áâìî   «®£¨ç® ¤®ª § â¥«ì-áâ¢ã â¥®à¥¬ë 1.
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��� 517.946���������� �������� ��������� ����������� ��Ǒ��������������������� � ������������Ǒ����Ǒ����������∗)�. �. Ǒ ¢«®¢Ǒãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¯à®áâà áâ¢  Rn (
 ⊂ Rn) á£« ¤ª®© £à ¨æ¥© �, � = ∂
, S = � × (0, T ); Q | æ¨«¨¤à 
 × (0, T ).� «¥¥, ¯ãáâì a(x, t), K(x, t), f(x, t), ψ(t), u0(x), u1(x) | § ¤ ë¥ äãª-æ¨¨, ®¯à¥¤¥«¥ë¥ ¯à¨ x ∈ 
, t ∈ [0, T ℄.�¡à â ï § ¤ ç  I. � ©â¨ äãªæ¨¨ u(x, t) ¨ q(t), á¢ï§ ë¥ ¢ Qãà ¢¥¨¥¬
utt − a(x, t)�u + q(t)ut = f(x, t), (1)¯à¨ ¢ë¯®«¥¨¨ ¤«ï äãªæ¨¨ u(x, t)  ç «ìëå ãá«®¢¨©

u|t=0 = u0(x), ut|t=0 = u1(x), x ∈ 
, (2)£à ¨ç®£® ãá«®¢¨ï
u|S = 0, (3)  â ª�¥ á ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï

∫
 K(x, t)u(x, t) dx = ψ(t). (4)�¡à â ï § ¤ ç  II. � ©â¨ äãªæ¨¨ u(x, t) ¨ q(t), á¢ï§ ë¥ ¢
Q ãà ¢¥¨¥¬

utt −�u+ λ(t)ut + q(t)u = f(x, t), (5)
∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ £à â  �¨¨áâ¥àáâ¢  ®¡à §®¢ -¨ï ¨  ãª¨ �®áá¨©áª®© �¥¤¥à æ¨¨ ü 02.740.11.0609.© 2011 Ǒ ¢«®¢ �. �.



�¥«¨¥©ë¥ ®¡à âë¥ § ¤ ç¨ 129¯à¨ ¢ë¯®«¥¨¨ ¤«ï äãªæ¨¨ u(x, t) ãá«®¢¨© (2){(4).� ¨§ãç ¥¬ëå ®¡à âëå § ¤ ç å I, II ãá«®¢¨ï (2), (3) áãâì ãá«®-¢¨ï ®¡ëç®© ¯¥à¢®©  ç «ì®-ªà ¥¢®© § ¤ ç¨, ãá«®¢¨¥ (4) ¥áâì ãá«®-¢¨¥ ¯¥à¥®¯à¥¤¥«¥¨ï;  «¨ç¨¥ íâ®£® ãá«®¢¨ï ®¡êïáï¥âáï â¥¬, çâ® ¯®-¬¨¬® ¥¨§¢¥áâ®£® à¥è¥¨ï u(x, t) âà¥¡ã¥âáï  ©â¨ â ª�¥ ¥¨§¢¥áâãîäãªæ¨î q(t). Ǒ®¤®¡ë¥ ®¡à âë¥ § ¤ ç¨ à ¥¥ ¨§ãç «¨áì ¢ à ¡®â å�. �. � «¨â®¢  [1{3℄, ® «¨èì ¢ ®¤®¬¥à®¬ á«ãç ¥. � ¬¥â¨¬ á«¥¤ãî-é¥¥. �¥â®¤, ¯à¨¬¥ï¥¬ë© ¢  áâ®ïé¥© à ¡®â¥, ¡«¨§®ª ª ¬¥â®¤ã à ¡®â[1{3℄, ® ¢¬¥áâ¥ á â¥¬ ¨¬¥¥â ¨ ®â«¨ç¨¥. �¥¬ á ¬ë¬ ¯®«ãç¥ë¥ ¨�¥â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¡ã¤ãâ ®¢ë¬¨ ¨ ¤«ï á«ãç ï n = 1.Ǒ®«®�¨¬
C1 = max[0,T ℄(∫
 K2

tt(x, t) dx) 12
, C2 = max[0,T ℄(∫
 K2

t (x, t) dx) 12
,

C3 = max[0,T ℄(∫
 K2(x, t)a2(x, t) dx) 12
.� «¥¥, ¯ãáâì c0 | ç¨á«® â ª®¥, çâ® ¤«ï «î¡®© äãªæ¨¨ v(x, t) ¨§¯à®áâà áâ¢  ◦

W 12(
) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
∫
 v2(x, t) dx 6 c0 n∑

i=1 ∫
 v2xi
(x, t) dx, (∗)

c0 ®¯à¥¤¥«ï¥âáï ®¡« áâìî 
 (á¬. [4℄).Ǒà®¤®«�¨¬ ®¡®§ ç¥¨ï:
f0(t) = ∫
 K(x, t)f(x, t) dx, α(t) = f0(t)− ψ′′(t);

N0 = t∫0 ∫
 f2(x, τ) dxdτ + n∑

i=1 ∫
 a(x, 0)u20 xi
(x) dx + ∫
 u21(x) dx;

a0 = min
Q

a(x, t), �α = min[0,T ℄α(t), k0 = min[0,T ℄ψ′(t);
a1 = max

i=1,...,n
max

Q
|axi(x, t)|, b0 = min(1, a0), A0 = max

Q
(a2(x, t));
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N1 = N0

b0 exp(1 + a1
b0 T

);
N2 = n∑

i=1 ∫
 u21xi
(x) dx + ∫
 a(x, 0)[�u0(x)℄2 dx+ 1

ε

T∫0 ∫
 f2(x, t) dxdt (ε > 0);
K0 = T∫0 ∫
 f2t (x, t) dxdt + 2

a0 max[0,T ℄ ∫
 f2(x, t) dx+ 2∣∣∣∣∫
 f(x, 0)�u0(x) dx∣∣∣∣+ n∑

i=1 ∫
 u21xi
(x) dx + ∫
 a(x, 0)[�u0(x)℄2 dx;

K1 = 1
b0 exp(1 + a0

b0 T

)
, B1 = K0 exp(2T

a0 ), B2 = B1T +K0;
M1 = C3B 121 + 2C2N 121 + C1(c0N1) 12 ;

M2 = C2(c0N1) 12 , A1 = 1
k0 −M2 max[0,T ℄ |α(t)|;

K2 = 3(1 + A0T
ε a0 +(A1 + M1

k0 −M2)TK1);
N3 = 3A0N2T + 12A21N1 + 3 T∫0 ∫
 f2(x, t) dxdτ + ε

n∑

i=1 ∫
 u21xi
dx;

N4 = 12C21c0(k0 −M2)2N1, N5 = 48C22(k0 −M2)2N1, N6 = 3C23(k0 −M2)2N1.�¯à¥¤¥«¨¬ ã�®¥ ¨�¥ ¯à®áâà áâ¢®:
V = {v(x, t) : v(x, t) ∈ W 22 (Q) ∩ L2(0, T ; ◦

W 12(
)),
vt(x, t) ∈ L2(0, T ;W 22 (
) ∩ ◦

W 12(
))}.



�¥«¨¥©ë¥ ®¡à âë¥ § ¤ ç¨ 131�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
a(x, t) ∈ C1(Q), K(x, t) ∈ C2(Q), ψ(t) ∈ C2([0, T ℄);

a0 > 0, �α > 0, k0 > 0, at(x, t) 6 0, 0 < M2 < k0, �α > M1,∫
 K(x, 0)u0(x) dx = ψ(0),
∫
 K(x, 0)u1(x) dx + ∫
 Kt(x, 0)u0(x) dx = ψ′(0).�®£¤  ¤«ï «î¡®© äãªæ¨¨ f(x, t) â ª®©, çâ® f(x, t) ∈ L2(Q), ft(x, t) ∈

L2(Q), ¨ ¤«ï «î¡ëå äãªæ¨© u0(x) ¨ u1(x) â ª¨å, çâ® u0(x) ∈W 22 (Q)∩
◦
W 12(Q), u1(x) ∈ ◦

W 12(Q), ®¡à â ï § ¤ ç  I ¨¬¥¥â à¥è¥¨¥ {u(x, t), q(t)}â ª®¥, çâ® u(x, t) ∈W 22 (Q), q(t) ∈ L2([0, T ℄).�®ª § â¥«ìáâ¢®. � ç «¥ ¢ë¯®«¨¬ ¢á¯®¬®£ â¥«ìë¥ ¯®áâà®¥-¨ï. �¬®�¨¬ ãà ¢¥¨¥ (1)   äãªæ¨î K(x, t) ¨ ¯à®¨â¥£à¨àã¥¬ ¯®®¡« áâ¨ 
. Ǒ®«ãç¨¬
ψ′′(t)− 2 ∫
 Kt(x, t)ut(x, t) dx −

∫
 Ktt(x, t)u(x, t) dx
−
∫
 a(x, t)�u dx + q(t)[ψ′(t)− ∫
 Kt(x, t)u(x, t) dx] = f0(t).�âáî¤ 

q(t) = α(t) + ϕ1(t, u)
ψ′(t)− ϕ2(t, u) ,

ϕ1(t, u) = ∫
 K(x, t)a(x, t)�u(x, t) dx+ 2 ∫
 Kt(x, t)ut(x, t) dx + ∫
 Ktt(x, t)u(x, t) dx,
ϕ2(t, u) = ∫
 Kt(x, t)u(x, t) dx.



132 Ǒ ¢«®¢ �. �.� áá¬®âà¨¬ ®¢ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
utt − a(x, t)�u + q(t, u)ut = f(x, t) (6)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3).�«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ ¤ ®© § ¤ ç¨ ¢®á¯®«ì§ã¥¬áï¬¥â®¤ ¬¨ à¥£ã«ïà¨§ æ¨¨, áà¥§®ª ¨ ¥¯®¤¢¨�®© â®çª¨.�¯à¥¤¥«¨¬ áà¥§ îé¨¥ äãªæ¨¨ G1(ξ) ¨ G2(ξ):
G1(ξ) =  ξ, ¥á«¨ |ξ| 6 M1,

M1, ¥á«¨ ξ > M1,
−M1, ¥á«¨ ξ < −M1;

G2(ξ) =  ξ, ¥á«¨ |ξ| 6 M2,
M2, ¥á«¨ ξ > M2,
−M2, ¥á«¨ ξ < −M2.� ¯®¬®éìî äãªæ¨© G1(ξ) ¨ G2(ξ) ¯® § ¤ ®© äãªæ¨¨ v(x, t) ®¯à¥-¤¥«¨¬ äãªæ¨î ~q(t, v):~q(t, v) = α(t) +G1(ϕ1(t, v))
ψ′(t)−G2(ϕ2(t, v)) .� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï

utt − a(x, t)�u − ~q(t, u)ut − ε�ut = f(x, t) (6ε)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3).Ǒãáâì v(x, t) | § ¤  ï äãªæ¨ï ¨§ ¯à®áâà áâ¢  V .� áá¬®âà¨¬ «¨¥©ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãî-áï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
utt − a(x, t)�u + ~q(t, v)ut − ε�ut = f(x, t) (6ε,v)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3).Ǒ®áª®«ìªã äãªæ¨ï ~q(t, v) ®£à ¨ç¥ , ¯®«ãç ¥¬, çâ® ªà ¥¢ ï § -¤ ç  (6ε,v) (2), (3) ¯®à®�¤ ¥â ®¯¥à â®à �, ¯¥à¥¢®¤ïé¨© ¯à®áâà áâ¢® V



�¥«¨¥©ë¥ ®¡à âë¥ § ¤ ç¨ 133¢ á¥¡ï: �(v) = u [5, 6℄. Ǒ®ª �¥¬, çâ® ®¯¥à â®à � ¨¬¥¥â ¢ ¯à®áâà áâ¢¥
V ¥¯®¤¢¨�ãî â®çªã. �®á¯®«ì§ã¥¬áï â¥®à¥¬®© � ã¤¥à .� áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫
 (uττ − a�u+ ~q(τ, v)uτ − ε�uτ )uτ dxdτ = t∫0 ∫
 fuτ dxdτ, (7)ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (6ε,v). �â íâ®£® à ¢¥áâ¢  ¥âàã¤®¯¥à¥©â¨ ª ¥à ¢¥áâ¢ã12 ∫
 u2t (x, t) dx + 12 n∑

i=1 ∫
 u2xi
(x, t) dx + ε

n∑

i=1 t∫0 ∫
 u2xiτ (x, t) dxdτ+ t∫0 ∫
 ~q(τ, v)u2τ (x, t) dxdτ 6
12 t∫0 ∫
 u2τ (x, t) dxdτ + 12 t∫0 ∫
 f2(x, t) dxdτ+ 12 n∑

i=1 ∫
 a(x, 0)u20xi
(x) dx + 12 ∫
 u21(x) dx+ a12 n∑

i=1 t∫0 ∫
 u2xi
(x, τ) dxdτ + a12 t∫0 ∫
 u2τ (x, t) dxdτ. (8)�ç¨âë¢ ï, çâ® ¯® ¯®áâà®¥¨î äãªæ¨ï ~q(t, v) ¥®âà¨æ â¥«ì , ¯®«ã-ç ¥¬ ¥à ¢¥áâ¢®

∫
 u2t (x, t) dx + n∑

i=1 ∫
 u2xi
(x, t) dx

6
(1 + a1)
b0 n∑

i=1 t∫0 ∫
 (u2t (x, t) + u2xi
(x, t)) dxdτ + N0

b0 .�á¯®«ì§ãï ¤ «¥¥ «¥¬¬ã �à®ã®«« , ¯à¨å®¤¨¬ ª ®æ¥ª¥
∫
 u2t (x, t) dx + n∑

i=1 ∫
 u2xi
(x, t) dx 6 N1. (9)
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−

t∫0 ∫
 (uττ −a�u+~q(τ, v)uτ −ε�uτ)�uτ dxdτ = −
t∫0 ∫
 f(x, τ)�uτ dxdτ,(10)â ª�¥ ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (6ε,v). �â¥£à¨àãï á«¥¢  ¯®ç áâï¬ ¨ ¯à¨¬¥ïï ¥à ¢¥áâ¢® �£ , ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© ®æ¥ª¥:

n∑

i=1 ∫
 u2xit(x, t) dx + a0 ∫
 [�u(x, t)℄2 dx+ ε

t∫0 ∫
 [�uτ (x, t)℄2 dxdτ 6 N2. (11)�¥¯¥àì à áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 ∫
 (uττ − a�u+ ~q(τ, v)uτ − ε�uτ )uττ dxdτ = t∫0 ∫
 f uττ dxdτ. (12)�¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :
−

t∫0 ∫
 a(x, τ)�u(x, t) · uττ(x, t) dxdτ 6
δ22 t∫0 ∫
 u2ττ (x, t) dxdτ+max(a2(x, t))2δ2 t∫0 ∫
 (�u(x, t))2 dxdτ 6

δ22 t∫0 ∫
 u2ττ(x, t) dxdτ+ A02δ2N2T,
t∫0 ∫
 ~q(τ, v)uτ (x, t)uττ (x, t) dxdτ 6

δ22 t∫0 ∫
 u2ττ (x, t) dxdτ+ 12δ2 t∫0 ~q2(τ, v)(∫
 u2τ (x, τ) dx) dτ
6
δ22 t∫0 ∫
 u2ττ (x, τ) dxdτ + N12δ2 t∫0 ~q2(τ, v) dτ.
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|~q| 6

1
k0 −M2 [max[0,T ℄ |α(t)|+ C1(∫
 v2(x, t) dx) 12+ 2C2(∫
 v2t (x, t) dx) 12 + C3(∫
 [�v(x, t)℄2 dx) 12 ]

. (13)�âáî¤ ~q2(t, v) 6 4A21 + 4C21c0(k0 −M2)2 n∑

i=1 ∫
 v2xi
(x, t) dx+ 16C22(k0 −M2)2 ∫
 v2t (x, t) dx + C23(k0 −M2)2 ∫
 [�v(x, t)℄2 dx.� ä¨ªá¨àã¥¬ δ: δ2 = 12 . �®£¤ 

t∫0 ∫
 u2ττ 6 N3 +N4 n∑

i=1 t∫0 ∫
 v2xi
(x, t) dxdτ+N5 t∫0 ∫
 v2τ (x, t) dxdτ +N6 t∫0 ∫
 [�v(x, t)℄2 dxdτ. (14)Ǒãáâì

W = v(x, t) : t∫0 ∫
 v2tt(x, t) dxdτ 6 R1,max06t6T

(
n∑

i=1 ∫
 v2xi
(x, t) dx) 6 R2, max06t6T

(∫
 v2t (x, t) dx) 6 R3,max06t6T

(∫
 [v(x, t)℄2 dx) 6 R4, T∫0 ∫
 (�vt)2 dx 6 R5 .Ǒ®ª �¥¬, çâ® ªà ¥¢ ï § ¤ ç  (6ε,v), (2), (3) ¯à¨ ¯®¤å®¤ïé¥¬ ¢ë¡®à¥ç¨á¥« R1{R5 ¯¥à¥¢®¤¨â ¬®�¥áâ¢® W ¢ á¥¡ï.



136 Ǒ ¢«®¢ �. �.� ¬¥â¨¬, çâ® ¢á«¥¤áâ¢¨¥ ®æ¥®ª (9), (11) ¢â®à®¥, âà¥âì¥, ç¥â¢¥àâ®¥¨ ¯ïâ®¥ ¥à ¢¥áâ¢  ¨§ ®¯à¥¤¥«¥¨ï ¬®�¥áâ¢  W ¡ã¤ãâ ¢ë¯®«ïâìáï¤«ï à¥è¥¨ï u(x, t) ªà ¥¢®© § ¤ ç¨ (6ε,v), (2), (3), ¥á«¨ R1 = N3 +
TN4N1 + TN5N1 + TN6N2, R2 = N1, R3 = N1, R4 = N2, R5 = N2

ε .�«ï äãªæ¨¨ utt ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
t∫0 ∫
 u2ττ dxdτ 6 R1.�â® á«¥¤ã¥â ¨§ (14). Ǒà¨ â ª®¬ ¢ë¡®à¥ ç¨á¥« R1{R5 ®¯¥à â®à � ¡ã¤¥â¯¥à¥¢®¤¨âì W ¢ á¥¡ï.�®ª �¥¬, çâ® ®¯¥à â®à � ¥¯à¥àë¢¥. Ǒãáâì ¯®á«¥¤®¢ â¥«ì®áâì

{vm(x, t)} áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ V ª äãªæ¨¨ v(x, t). Ǒ®«®�¨¬ um =�vm, u = �(v), wm(x, t) = um(x, t)−u(x, t), F (x, t) = [~q(t, v)− ~q(t, vm)℄ut.�ãªæ¨¨ wm(x, t) ¯à¥¤áâ ¢«ïîâ á®¡®© à¥è¥¨ï ªà ¥¢®© § ¤ ç¨
wmtt − a�wm − ε�wmt + ~q(t, vm)wmt = F (x, t),

wm(x, 0) = 0, wmt(x, 0) = 0,
wm(x, t)|S = 0.�«ï äãªæ¨© wm(x, t) ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 

∫
 w2
mt(x, t) dx + n∑

i=1 ∫
 w2
mxi

(x, t) dx+ ε
n∑

i=1 t∫0 ∫
 w2
mxiτ (x, t) dxdτ 6 K1 t∫0 ∫
 F 2(x, t) dxdτ,

n∑

i=1 ∫
 w2
mxit(x, t) dx + a0 ∫
 [�wm(x, t)℄2 dx+ ε

t∫0 ∫
 (�wmτ (x, t))2 dxdτ 6
1
ε

t∫0 ∫
 F 2(x, t) dxdτ,
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t∫0 ∫
 w2

mττ (x, t) dxdτ 6 K2 t∫0 ∫
 F 2(x, t) dxdτ.� «¥¥,
t∫0 ∫
 F 2(x, t) dxdτ = t∫0 ∫
 [~q(τ, v)− ~q(τ, vm)℄2u2τ (x, t) dxdτ= t∫0 [~q(τ, v)− ~q(τ, vm)℄2 ∫
 u2τ (x, t) dxdτ 6 N1 t∫0 [~q(τ, v)− ~q(τ, vm)℄2dτ.�¬¥¥â ¬¥áâ® à ¢¥áâ¢®~q(τ, v)− ~q(τ, vm) = 1(ψ′(τ) −G2(ϕ2(τ, v)))(ψ′(τ)−G2(ϕ2(τ, vm)))

× [α(τ)[G2(ϕ2(τ, v))−G2(ϕ2(τ, vm))℄− ψ′(τ)[G1(ϕ1(τ, v))
−G1(ϕ1(τ, vm))℄−G1(ϕ1(τ, v))G2(ϕ2(τ, vm))+G1(ϕ1(τ, vm))G2(ϕ2(τ, v))℄.�¥à ¢¥áâ¢® ψ′(t)−G2(ξ) > k0−M2 > 0, ®£à ¨ç¥®áâì äãªæ¨©

α(t), ψ′(t), G1(ϕ1(τ, v)), G2(ϕ2(τ, v)) ¨ «¨¯è¨æ¥¢®áâì äãªæ¨© G1(ξ),
G2(ξ) ¯®§¢®«ïîâ ¯®«ãç¨âì ¥à ¢¥áâ¢®

|~q(τ, v)− ~q(τ, vm)|2 6 M3(|ϕ1(τ, vm − v)|2 + |ϕ2(τ, vm − v)|2)á ¯®áâ®ï®© M3, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ M1 ¨ M2. �âáî¤ 
∫
 w2

mt(x, t) dx + n∑

i=1 ∫
 w2
mxi

(x, t) dx + a0 ∫
 [�wm(x, t)℄2 dx+ n∑

i=1 ∫
 w2
mxit(x, t) dx+ t∫0 ∫
 w2

mττ (x, t) dxdτ + ε t∫0 ∫
 (�wmτ )2(x, t) dxdτ
6 K3 t∫0 (∫
 [�vm(x, τ) −�v(x, τ)℄2 dx+ ∫
 [vmτ (x, τ) − vτ (x, τ)℄2 dx+ ∫
 [vm(x, τ) − v(x, τ)℄2 dx)dτ, (15)



138 Ǒ ¢«®¢ �. �.£¤¥ K3 ®¯à¥¤¥«ï¥âáï ç¨á« ¬¨ N1, K1, K2, ε,   â ª�¥ äãªæ¨ï¬¨ α(t)¨ ψ(t).Ǒ®áª®«ìªã ¢ ¥à ¢¥áâ¢¥ (15) ¯à ¢ ï ç áâì ¯à¨ m→ ∞ áå®¤¨âáï ªã«î (¢ á¨«ã áå®¤¨¬®áâ¨ vm(x, t) ª v(x, t) ¢ V ), â® ¨ «¥¢ ï ç áâì ¡ã¤¥âáå®¤¨âìáï ª ã«î. �â® ¨ ®§ ç ¥â, çâ® um(x, t) → u(x, t) ¯à¨ m→ ∞ ¢¯à®áâà áâ¢¥ V ¨ çâ® ®¯¥à â®à � ¥¯à¥àë¢¥.�®ª �¥¬ â¥¯¥àì, çâ® ®¯¥à â®à � ª®¬¯ ªâ¥ ¢ ¯à®áâà áâ¢¥ V .Ǒãáâì {vm(x, t)} | ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© ¨§¯à®áâà áâ¢  V , {um(x, t)} | ¯®á«¥¤®¢ â¥«ì®áâì ®¡à §®¢ äãªæ¨©
um(x, t) ¯à¨ ¤¥©áâ¢¨¨ ®¯¥à â®à  �. Ǒ®á«¥¤®¢ â¥«ì®áâì {um(x, t)} â ª-�¥ ¡ã¤¥â ®£à ¨ç¥  ¢ ¯à®áâà áâ¢¥ V . �§ ®£à ¨ç¥®áâ¨ ¢ ¯à®áâà -áâ¢¥ V ¯®á«¥¤®¢ â¥«ì®áâ¥© {vm(x, t)} ¨ {um(x, t)},   â ª�¥ ¨§ â¥®à¥¬® ¢¯®«¥ ¥¯à¥àë¢®áâ¨ ¢«®�¥¨© W 22 (Q) → W 12 (Q), W 12 (Q) → L2(�)[4, 7℄ ¨ ® ¢®§¬®�®áâ¨ ¢ë¡®à  ¨§ á¨«ì® áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®-áâ¨ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨, áå®¤ïé¥©áï ¯®çâ¨ ¢áî¤ã (á¬. [4℄), ¢ëâ¥-ª ¥â, çâ® áãé¥áâ¢ãîâ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ {vmk

(x, t)} ¨ {umk
(x, t)},  â ª�¥ äãªæ¨¨ v(x, t) ¨ u(x, t) â ª¨¥, çâ® ¯à¨ k → ∞ ¨¬¥îâ ¬¥-áâ® áå®¤¨¬®áâ¨ vmk

(x, t) → v(x, t), umk
→ u(x, t) á« ¡® ¢ ¯à®áâà áâ¢¥

W 22 (Q), vmk
(x, t) → v(x, t), vmkt(x, t) → vt(x, t), vmxi(x, t) → vxi(x, t)¯®çâ¨ ¢áî¤ã ¢ Q. �ª § ë¥ áå®¤¨¬®áâ¨ ¨ ¯à¥¤áâ ¢«¥¨¥

ϕ1(t, vm) = −
n∑

i=1 ∫
 (K(x, t)a(x, t))xivmxi(x, t) dx
−

n∑

i=1 T∫0 ∫
 K(x, t)a(x, t)vmxi(x, t) dxdτ+ n∑

i=1 ∫
 K(x, 0)a(x, 0)v0mxi(x) dx+ 2 ∫
 Kt(x, t)vmt(x, t) dx + ∫
 Ktt(x, t)vm(x, t) dx®§ ç îâ, çâ® ¯®çâ¨ ¢áî¤ã   ®âà¥§ª¥ [0, T ℄ ¨¬¥îâ ¬¥áâ® áå®¤¨¬®-áâ¨ ϕ1(t, vmk
) → ϕ1(t, v), ϕ2(t, vmk

) → ϕ2(t, v). Ǒ®«®�¨¬ wk(x, t) =
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umk

(x, t) − u(x, t). Ǒ®áª®«ìªã ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ {wk(x, t)} ¢ë-¯®«ï¥âáï ®æ¥ª  (15), íâ  ¯®á«¥¤®¢ â¥«ì®áâì ¡ã¤¥â áå®¤¨âìáï ¢ ¯à®-áâà áâ¢¥ V ª â®�¤¥áâ¢¥® ã«¥¢®© äãªæ¨¨. �«¥¤®¢ â¥«ì®, ¤«ï¢áïª®© ®£à ¨ç¥®© ¢ ¯à®áâà áâ¢¥ V ¯®á«¥¤®¢ â¥«ì®áâ¨ {vm(x, t)}¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ {�(vm(x, t))} ¬®�® ¨§¢«¥çì áå®¤ïéãîáï ¢ V¯®¤¯®á«¥¤®¢ â¥«ì®áâì. �â® ¨ ®§ ç ¥â, çâ® ®¯¥à â®à � ª®¬¯ ªâ¥ ¢¯à®áâà áâ¢¥ V .�â ª, ¤«ï ®¯¥à â®à  � ¢ë¯®«ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë � ã¤¥-à . �®£« á® íâ®© â¥®à¥¬¥ áãé¥áâ¢ã¥â äãªæ¨ï u(x, t), ¯à¨ ¤«¥� -é ï W ¨ ï¢«ïîé ïáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (6ε), (2), (3).�áâ ®¢¨¬, çâ® ¤«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (6ε), (2), (3) ¨¬¥îâ¬¥áâ®  ¯à¨®àë¥ ®æ¥ª¨, à ¢®¬¥àë¥ ¯® ¯ à ¬¥âàã ε.Ǒãáâì â¥¯¥àì äãªæ¨ï f(x, t) â ª®¢ , çâ® f(x, t) ∈ L2(Q), ft(x, t) ∈
L2(Q). �«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (6ε) (2), (3) á®åà ï¥âáï ®æ¥ª (9). � «¥¥, ¥á«¨ ¢ à ¢¥áâ¢¥ (10) ¢ë¯®«¨âì ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬ª ª á«¥¢ , â ª ¨ á¯à ¢ ,   § â¥¬ ¢ ¯à ¢®© ç áâ¨ ¯à¨¬¥¨âì ¥à ¢¥áâ¢®�£ , â® ¯®«ãç¨¬ ¥à ¢¥áâ¢®

n∑

i=1 ∫
 u2xit(x, t) dx + a0 ∫
 [�u(x, t)℄2 dx+ ε

t∫0 ∫
 (�uτ (x, t))2 dxdτ + t∫0 ∫
 ~q(τ, u)( n∑

i=1 u2xiτ (x, t)) dxdτ
6

t∫0 ∫
 (�u(x, t))2 dxdτ + T∫0 ∫
 f2t (x, t) dxdt+ δ2 ∫
 [�u(x, t)℄2 dx+ 1
δ2 ∫
 f2(x, t) dx+ ∣∣∣∣2 ∫
 f(x, 0)�u0(x) dx∣∣∣∣+ n∑

i=1 ∫
 u21xi
(x) dx + ∫
 a(x, 0)[�u0(x)℄2 dx,¢ ª®â®à®¬ δ ¥áâì ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®.Ǒ®«®�¨¬ δ2 = a02 . Ǒà¨¬¥ïï ¤ «¥¥ «¥¬¬ã �à®ã®«« , ¯®«ãç ¥¬
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 [�u(x, t)℄2 dx 6 B1. (16)�§ (16) á«¥¤ã¥â, çâ® ¢ë¯®«ï¥âáï à ¢®¬¥à ï ¯® ε ®æ¥ª 
n∑

i=1 ∫
 u2xit(x, t) dx + ε

∫
 [�uτ (x, t)℄2 dxdτ 6 B2. (17)�§ ®æ¥®ª (9) ¨ (16) ¢ëâ¥ª ¥â, çâ® ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 
|ϕ1(τ, u)| 6 M1, (18)
|ϕ2(τ, u)| 6 M2. (19)�¥à ¢¥áâ¢  (18), (19) ¨ ãá«®¢¨ï â¥®à¥¬ë 1 ®§ ç îâ, çâ® ¤«ï à¥è¥¨©

u(x, t) ªà ¥¢®© § ¤ ç¨ (6ε), (2), (3) ¢ë¯®«ïîâáï à ¢¥áâ¢ 
G1(ϕ1(t, u)) = ϕ1(t, u), G2(ϕ2(t, u)) = ϕ2(t, u).� áá¬®âà¨¬ à ¢¥áâ¢® (12). �á¯®«ì§ãï ¥à ¢¥áâ¢®�£  ¨ ®æ¥ª¨(9), (17), ¯®«ãç¨¬

t∫0 ∫
 u2ττ 6 B3 (20)á ¯®áâ®ï®© B3, ®¯à¥¤¥«ïîé¥©áï ç¨á« ¬¨ B1, B2, M2, N1 ¨ äãªæ¨-ï¬¨ K(x, t) ¨ f(x, t).�â ª, ¤®ª § ®, çâ® ªà ¥¢ ï § ¤ ç  (6ε), (2), (3) ¨¬¥¥â à¥è¥¨¥
uε(x, t) â ª®¥, çâ® ¤«ï á¥¬¥©áâ¢  äãªæ¨© {uε(x, t)} ¢ë¯®«ïîâáï à ¢-®¬¥àë¥ ¯® ε  ¯à¨®àë¥ ®æ¥ª¨ (9), (17), (20). �§ ¤ ëå ®æ¥®ª,  â ª�¥ ¨§ â¥®à¥¬ ® ¢¯®«¥ ¥¯à¥àë¢®áâ¨ ¢«®�¥¨© W 22 (Q) → W 12 (Q),
W 12 (Q) → L2(�) ¨ ® ¢®§¬®�®áâ¨ ¢ë¡®à  ¨§ á¨«ì® áå®¤ïé¥©áï ¯®-á«¥¤®¢ â¥«ì®áâ¨ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨, áå®¤ïé¥©áï ¯®çâ¨ ¢áî¤ã,  â ª�¥ ¨§ á¢®©áâ¢  à¥ä«¥ªá¨¢®áâ¨ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  [8℄ ¢ëâ¥-ª ¥â, çâ® áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâ¨ {εm} ¯®«®�¨â¥«ìëå ç¨á¥«¨ äãªæ¨ï u(x, t) â ª¨¥, çâ® ¯à¨m→ ∞ ¨¬¥îâ ¬¥áâ® áå®¤¨¬®áâ¨ εm →0, uεm(x, t) → u(x, t) á« ¡® ¢ ¯à®áâà áâ¢¥ W 22 (Q), uεm(x, t) → u(x, t),
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uεm

t (x, t) → ut(x, t) ¯®çâ¨ ¢áî¤ã ¢ Q, εm�, uεm
t (x, t) → 0 á« ¡® ¢ ¯à®-áâà áâ¢¥ L2(Q). �§ ãª § ëå áå®¤¨¬®áâ¥© á«¥¤ã¥â, çâ® ¯®çâ¨ ¢áî¤ã  ®âà¥§ª¥ [0, T ℄ ¤«ï ¯à¥¤¥«ì®© äãªæ¨¨ u(x, t) ¡ã¤¥â ¢ë¯®«ïâìáïãà ¢¥¨¥ (6). Ǒ®áª®«ìªã ¯à ¢ ï ç áâì ¢ ãà ¢¥¨¨ (6) ¯à¨ ¤«¥�¨â¯à®áâà áâ¢ã L2(Q), ¯®«ãç ¥¬, çâ® äãªæ¨ï utt(x, t) â ª�¥ ¡ã¤¥â ¯à¨- ¤«¥� âì ¯à®áâà áâ¢ã L2(Q). �® â®£¤  äãªæ¨ï u(x, t) ¡ã¤¥â ¯à¨- ¤«¥� âì ¯à®áâà áâ¢ã V .�â ª, ¤®ª § ®, çâ® ªà ¥¢ ï § ¤ ç  (6), (2), (3) ¨¬¥¥â à¥è¥¨¥

u(x, t), ¯à¨ ¤«¥� é¥¥ ¯à®áâà áâ¢ã V . Ǒ®ª �¥¬, çâ® íâ® à¥è¥¨¥ ¨äãªæ¨ï q(t), ®¯à¥¤¥«¥ ï à ¢¥áâ¢®¬ q(t) = q(t, u), ¤ ¤ãâ ¨áª®¬®¥à¥è¥¨¥ ®¡à â®© § ¤ ç¨ I.�¬®�¨¬ ãà ¢¥¨¥ (6)   äãªæ¨î K(x, t) ¨ ¯à®¨â¥£à¨àã¥¬ ¯®
. Ǒ®«ãç¨¬ à ¢¥áâ¢®
∂2
∂t2(∫
 K(x, t)u(x, t) dx) − 2 ∫
 Kt(x, t)ut(x, t) dx

−
∫
 Ktt(x, t)u(x, t) dx −

∫
 K(x, t)a(x, t)�u(x, t) dx+ q(t)( ∂

∂t

(∫
 K(x, t)u(x, t) dx) −
∫
 Kt(x, t)u(x, t) dx) = f0(t).� «¥¥,

ψ′′(t)− ϕ1(t, u) + q(t, u)(ψ′(t)− ϕ2(t, u)) = f0(t).�ëç¨â ï ¨§ ®¤®£® ¨§ íâ¨å à ¢¥áâ¢ ¤àã£®¥, ¯®«ãç¨¬
∂2
∂t2(∫
 K(x, t)u(x, t) dx − ψ(t))+ q(t) ∂

∂ t

(∫
 K(x, t)u(x, t) dx− ψ(t)) = 0. (21)�¡®§ ç¨¬
ν(t) = ∫
 K(x, t)u(x, t) dx − ψ(t).



142 Ǒ ¢«®¢ �. �.�«¥¤áâ¢¨¥¬ à ¢¥áâ¢  (21) ï¢«ï¥âáï à ¢¥áâ¢®12 [ν′2(t)− ν′2(0)℄ + t∫0 q(τ)ν′2(τ) dτ = 0. (22)�§ ãá«®¢¨© á®£« á®¢ ¨ï â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ν(0) = ν′(0) = 0.Ǒ®áª®«ìªã äãªæ¨ï q(t) ¥®âà¨æ â¥«ì , à ¢¥áâ¢® (22) ®§ ç ¥â, çâ®äãªæ¨ï ν′(t) â®�¤¥áâ¢¥® ã«¥¢ ï. �®£¤  ¨ á ¬  äãªæ¨ï ν(t) â®�-¤¥áâ¢¥® ã«¥¢ ï.�®�¤¥áâ¢¥®¥ à ¢¥áâ¢® äãªæ¨¨ ν(t) ã«¥¢®© äãªæ¨¨ ®§ ç ¥â,çâ® ¤«ï à¥è¥¨ï u(x, t) ªà ¥¢®© § ¤ ç¨ (6), (2), (3) ¡ã¤¥â ¢ë¯®«ïâìáïãá«®¢¨¥ (4). �¬¥áâ¥ á ¯à¨ ¤«¥�®áâìî äãªæ¨© u(x, t) ¨ q(t) âà¥¡ã-¥¬ë¬ ª« áá ¬ ¢á¥ íâ® ¨ ®§ ç ¥â, çâ® äãªæ¨ï ¤ ¥â ¨áª®¬®¥ à¥è¥¨¥®¡à â®© § ¤ ç¨ I.�¥®à¥¬  1 ¤®ª §  .Ǒ¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ¨î à §à¥è¨¬®áâ¨ ®¡à â®© § ¤ ç¨ II. Ǒ®-«®�¨¬
k1 = min[0,T ℄ψ(t), α1(t) = α(t)

ψ(t) , �α1 = min[0,T ℄α1(t);
M4 = min{2λ0, 2�α1

c0 + 3}, λ1 = max[0,T ℄ λ(t);
A3 = (1 + 12λ0 −M4) t∫0 ∫
 f2(x, τ) dxdτ+ 2 t∫0 ∫
 f2τ (x, τ) dxdτ + 2(2c0 + 1) vraimax[0,T ℄ [∫
 f2(x, t) dx]+ 2∣∣∣∣∫
 f(x, 0)�u0(x) dx∣∣∣∣ + ∫
 u21(x) dx + n∑

i=1 ∫
 u20xi
(x) dx+ ∫
 α1(0)u20(x) dx + 2∣∣∣∣∫
 u1(x)�u0(x) dx∣∣∣∣+ n∑

i=1 ∫
 λ(0)u20 xi
(x) dx + (ε0 + 1) ∫
 [�u0(x)℄2 dx
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i=1 ∫
 u21xi
(x) dx + α1(0) n∑

i=1 ∫
 u20xi
(x) dx(§¤¥áì ε0 > 0 | ¯®«®�¨â¥«ì®¥ ç¨á«®, à®«ì ª®â®à®£® ®¡êïá¥  ¨�¥),

A4 = c0A32 + λ0 + �α1(c0 + 1) , A5 = 2c0A3, A6 = 2(2c0 + 1)A3,
A7 = 1

k1 [(λ1C3 + C1)A 124 + 2C2A 125 + C3A 126 ].�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
K(x, t) ∈ C2(Q), ψ(t) ∈ C2([0, T ℄); k1 > 0, �α1 > 0, λ(t)− 1 > λ0 > 0,

α′1(t) 6 0, λ′(t) 6 0 ¯à¨ t ∈ [0, T ℄,
A7 6 M4; ∫
 K(x, 0)u0(x) dx = ψ(0);

∫
 K(x, 0)u1(x) dx + ∫
 Kt(x, 0)u0(x) dx = ψ′(0).�®£¤  ¤«ï «î¡®© äãªæ¨¨ f(x, t) â ª®©, çâ® f(x, t) ∈ L2(Q), ft(x, t) ∈
L2(Q), ¨ ¤«ï «î¡ëå äãªæ¨© u0(x) ¨ u1(x) â ª¨å, çâ® u0(x) ∈W 22 (Q)∩◦
W 12(Q), u1(x) ∈ ◦

W 12(Q), ®¡à â ï § ¤ ç  II ¨¬¥¥â à¥è¥¨¥ {u(x, t), q(t)}â ª®¥, çâ® u(x, t) ∈W 22 (Q), q(t) ∈ L2([0, T ℄).�®ª § â¥«ìáâ¢®. �¬®�¨¬ ãà ¢¥¨¥ 5   äãªæ¨î K(x, t) ¨¯à®¨â¥£à¨àã¥¬ ¯® ®¡« áâ¨ 
. Ǒ®«ãç¨¬
ψ′′(t)− 2 ∫
 Kt(x, t)ut(x, t) dx −

∫
 Ktt(x, t)u(x, t) dx
−
∫
 K(x, t)�u dx+ λ(t) ∫
 K(x, t)ut(x, t) dx+ q(t)ψ(t) = f0(t).�âáî¤ 

q(t) = α(t) + ϕ̃1(t, u)
ψ(t) = α1(t) + ϕ3(t, u),
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ϕ̃1(t, u) = ∫
 K(x, t)�u(x, t) dx + 2 ∫
 Kt(x, t)ut(x, t) dx+ ∫
 Ktt(x, t)u(x, t) dx − λ(t) ∫
 K(x, t)ut(x, t) dx,

ϕ3(t, u) = ϕ̃1(t, u)
ψ(t) .� áá¬®âà¨¬ ®¢ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï

utt −�u+ λ(t)ut + [α1(t)− ϕ3(t, u)℄u = f(x, t) (23)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3).�«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ ¤ ®© § ¤ ç¨ ¢®¢ì ¢®á¯®«ì-§ã¥¬áï ¬¥â®¤ ¬¨ à¥£ã«ïà¨§ æ¨¨, áà¥§®ª ¨ ¥¯®¤¢¨�®© â®çª¨.�¯à¥¤¥«¨¬ áà¥§ îéãî äãªæ¨î G3(ξ):
G3(ξ) =  ξ, ¥á«¨ |ξ| 6 M4,

M4, ¥á«¨ ξ > M4,
−M4, ¥á«¨ ξ < −M4.� ¯®¬®éìîG3(ξ) ¯® § ¤ ®© äãªæ¨¨ v(x, t) ®¯à¥¤¥«¨¬ äãªæ¨î~q1(t, v): ~q1(t, v) = α1(t)−G3(ϕ3(t, v)).Ǒãáâì ε | ¯®«®�¨â¥«ì®¥ ç¨á«®. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã: ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥-¨ï

utt −�u+ λ(t)ut + [α1(t)−G(ϕ3(t, u))℄u− ε�ut = f(x, t) (23ε)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3).Ǒãáâì v(x, t) | § ¤  ï äãªæ¨ï ¨§ ¯à®áâà áâ¢  V .� áá¬®âà¨¬ «¨¥©ãî § ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãî-áï ¢ æ¨«¨¤à¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï
utt −�u+ λ(t)ut + [α1(t)−G3(ϕ3(t, v))℄u − ε�ut = f(x, t) (23ε,v)



�¥«¨¥©ë¥ ®¡à âë¥ § ¤ ç¨ 145¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2) ¨ (3).Ǒ®áª®«ìªã äãªæ¨ï ~q1(t, v) ®£à ¨ç¥ , ¯®«ãç ¥¬, çâ® ªà ¥¢ ï § -¤ ç  (23ε,v), (2), (3) ¯à¨ ä¨ªá¨à®¢ ®¬ ε ¯®à®�¤ ¥â ®¯¥à â®à �, ¯¥à¥-¢®¤ïé¨© ¯à®áâà áâ¢® V ¢ á¥¡ï: �(v) = u [5, 6℄. Ǒ®ª �¥¬, çâ® ®¯¥à â®à� ¨¬¥¥â ¢ ¯à®áâà áâ¢¥ V ¥¯®¤¢¨�ãî â®çªã. �®¢ì ¢®á¯®«ì§ã¥¬áïâ¥®à¥¬®© � ã¤¥à .� áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 ∫
 (uττ −�u+ λ(τ)uτ + [α1(τ)−G3(ϕ3(τ, v))℄u − ε�uτ )

× (uτ −�u−�uτ ) dx dτ = t∫0 ∫
 f(uτ −�u−�uτ ) dxdτ, (24)ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (24ε,v).�â íâ®£® à ¢¥áâ¢  á ¯®¬®éìî ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¨ ¥à -¢¥áâ¢  �£  ¥âàã¤® ¯¥à¥©â¨ ª á«¥¤ãîé¥¬ã ¥à ¢¥áâ¢ã:12 ∫
 u2t (x, t) dx + 1 + λ(t) + α1(t)2 n∑

i=1 ∫
 u2xi
(x, t) dx+ t∫0 ∫
 λ(τ)u2τ (x, τ) dxdτ + α1(t)2 ∫
 u2(x, t) dx

− 12 t∫0 ∫
 α′(τ)u2(x, τ) dxdτ + n∑

i=1 t∫0 ∫
 (ε+ λ(τ) − 1)u2xiτ (x, τ) dxdτ+ t∫0 ∫
 [�u(x, τ)℄2 dxdτ + ε+ 12 ∫
 [�u(x, t)℄2 dx
− 12 n∑

i=1 t∫0 ∫
 λ′(τ)u2xi
(x, τ) dxdτ+ n∑

i=1 t∫0 ∫
 [α1(τ) +G3(ϕ3(τ, v))℄u2xi
(x, τ) dxdτ
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− 12 n∑

i=1 ∫
 α′1(τ)u2xi
(x, τ) dxdτ + ε

t∫0 ∫
 [�uτ (x, τ)℄2 dxdτ+ 12 n∑

i=1 ∫
 u2xit(x, t) dx 6
M4(c0 + 1)2 n∑

i=1 t∫0 ∫
 u2xi
(x, τ) dxdτ+ M4 + δ212 t∫0 ∫
 u2τ (x, τ) dxdτ + M42 n∑

i=1 t∫0 ∫
 u2xiτ (x, τ) dxdτ+ δ222 t∫0 ∫
 [�u(x, τ)℄2 dxdτ + δ232 t∫0 ∫
 [�uτ (x, τ)℄2 dxdτ+ 12( 1
δ21 + 1

δ22 + 1
δ23) t∫0 ∫
 f2(x, τ) dxdτ + δ242 ∫
 u2t (x, t) dx+ 12δ24 ∫
 [�u(x, t)℄2 dx+ 12 ∫
 u21(x) dx + 12 n∑

i=1 ∫
 u20xi
(x) dx+ 12 ∫
 α1(0)u20(x) dx + ∣∣∣∣∫
 u1(x)�u0(x) dx∣∣∣∣ + 12 n∑

i=1 ∫
 λ(0)u20xi
(x) dx+ ε+ 12 ∫
 [�u0(x)℄2 dx+ 12 n∑

i=1 ∫
 u21xi
(x) dx + α1(0)2 n∑

i=1 ∫
 u20xi
(x) dx,

δ1{δ4 ¢ ª®â®à®¬ | ¯à®¨§¢®«ìë¥ ¯®«®�¨â¥«ìë¥ ç¨á« . � «¥¥, ¨á-¯®«ì§ãï ãá«®¢¨ï â¥®à¥¬ë 2, ¯®«ãç¨¬12(1− δ24 + 1
c0)∫
 u2t (x, t) dx + 2 + λ0 + �α1(c0 + 1)2 n∑

i=1 ∫
 u2xi
(x, t) dx+(λ0 + 1− M4 + δ212 ) t∫0 ∫
 u2τ (x, τ) dxdτ+(ε+ λ0 − M42 ) n∑

i=1 t∫0 ∫
 u2xiτ (x, τ) dxdτ
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 [�u(x, τ)℄2 dxdτ + 12(ε+ 1− 1
δ24)∫
 [�u(x, t)℄2 dx+ n∑

i=1 t∫0 ∫
 [�α1 +G3(ϕ3(τ, v)) − M4(c0 + 1)2 ]
u2xi

(x, τ) dxdτ+(ε− δ232 ) t∫0 ∫
 [�uτ (x, τ)℄2 dxdτ
6
12( 1

δ21 + 1
δ22 + 1

δ23) t∫0 ∫
 f2(x, τ) dxdτ + 12 ∫
 u21(x) dx+ 12 n∑

i=1 ∫
 u20xi
(x) dx + 12 ∫
 α1(0)u20(x) dx + ∣∣∣∣∫
 u1(x)�u0(x) dx∣∣∣∣+ 12 n∑

i=1 ∫
 λ(0)u20xi
(x) dx + ε+ 12 ∫
 [�u0(x)℄2 dx+ 12 n∑

i=1 ∫
 u21xi
(x) dx + α1(0)2 n∑

i=1 ∫
 u20xi
(x) dx.� ä¨ªá¨àã¥¬ δi: δ21 = 2λ0 −M4, δ2 = 1, δ23 = ε, δ24 = 2c0+12c0 . Ǒ®«ãç¨¬®æ¥ªã12c0 ∫
 u2t (x, t) dx + (2 + λ0 + �α1(c0 + 1)) n∑

i=1 ∫
 u2xi
(x, t) dx+ 2 t∫0 ∫
 u2τ (x, τ) dxdτ + (2ε+ 2λ0 −M4) n∑

i=1 t∫0 ∫
 u2xiτ (x, τ) dxdτ+ t∫0 ∫
 [�u(x, τ)℄2 dxdτ + ε(2c0 + 1) + 12c0 + 1 ∫
 [�u(x, t)℄2 dx+ n∑

i=1 t∫0 ∫
 [2�α1 +M4(1− c0)℄u2xi
(x, τ) dxdτ



148 Ǒ ¢«®¢ �. �.+ ε

t∫0 ∫
 [�uτ (x, τ)℄2 dxdτ 6 C4, (25)¢ ª®â®à®© ç¨á«® C4 ®¯à¥¤¥«ï¥âáï äãªæ¨ï¬¨ f(x, t), u0(x), u1(x), λ(t),  â ª�¥ ç¨á« ¬¨ T ¨ ε.� áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 ∫
 (uττ −�u+ λ(τ)uτ + [α1(τ) +G3(ϕ3(τ, v))℄u

− ε�uτ )uττ dxdτ = t∫0 ∫
 fuττ dx dτ. (26)�á¯®«ì§ãï ¥à ¢¥áâ¢® �£  ¨ ®æ¥ªã (25), ¥âàã¤® ¨§ íâ®£® à ¢¥-áâ¢  ¢ë¢¥áâ¨ ®æ¥ªã
t∫0 ∫
 u2ττ dxdτ 6 C5. (27)�æ¥ª¨ (25) ¨ (27) ¤ îâ  ¯à¨®àãî ®æ¥ªã à¥è¥¨© ªà ¥¢®© § -¤ ç¨ (23ε), (2), (3) ¢ ¯à®áâà áâ¢¥ V :

‖u‖V 6 C6; (28)¢ ®æ¥ª å (27) ¨ (28) ç¨á«  C5 ¨ C6 ¢®¢ì ®¯à¥¤¥«ïîâáï äãªæ¨ï¬¨
f(x, t), u0(x), u1(x), λ(t),   â ª�¥ ç¨á« ¬¨ T ¨ ε.�§ íâ®© ®æ¥ª¨ á«¥¤ã¥â, çâ® ®¯¥à â®à � ¯¥à¥¢®¤¨â è à à ¤¨ãá  C6¯à®áâà áâ¢  V ¢ á¥¡ï. �¥¯à¥àë¢®áâì ¨ ª®¬¯ ªâ®áâì ¯à¨ ä¨ªá¨à®-¢ ®¬ ε ¯®ª §ë¢ ¥âáï â ª �¥, ª ª íâ® ¤¥« «®áì ¯à¨ ¤®ª § â¥«ìáâ¢¥â¥®à¥¬ë 1.�â ª, ¤«ï ®¯¥à â®à  � ¢ë¯®«ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë � ã¤¥-à . �®£« á® íâ®© â¥®à¥¬¥ áãé¥áâ¢ã¥â äãªæ¨ï u(x, t), ¯à¨ ¤«¥� -é ï ¯à®áâà áâ¢ã V ¨ ï¢«ïîé ïáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (23ε),(2), (3).�áâ ®¢¨¬, çâ® ¤«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (23ε), (2), (3) ¨¬¥îâ¬¥áâ®  ¯à¨®àë¥ ®æ¥ª¨, à ¢®¬¥àë¥ ¯® ¯ à ¬¥âàã ε.



�¥«¨¥©ë¥ ®¡à âë¥ § ¤ ç¨ 149Ǒãáâì â¥¯¥àì äãªæ¨ï f(x, t) â ª®¢ , çâ® f(x, t) ∈ L2(Q), ft(x, t) ∈
L2(Q). � «¥¥, ¥á«¨ ¢ à ¢¥áâ¢¥ (24) ¤®¯®«¨â¥«ì® ¢ë¯®«¨âì ¨â¥-£à¨à®¢ ¨¥ ¯® ç áâï¬ ¢ á« £ ¥¬®¬ ¯à ¢®© ç áâ¨, á®¤¥à� é¥¬ ¯à®¨§-¢¥¤¥¨¥ f�uτ , â® ¯®«ãç¨¬ ¥à ¢¥áâ¢®12 ∫
 u2t (x, t) dx + 1 + λ(t) + α1(t)2 n∑

i=1 ∫
 u2xi
(x, t) dx+ t∫0 ∫
 λ(τ)u2τ (x, τ) dxdτ + α1(t)2 ∫
 u2(x, t) dx

− 12 t∫0 ∫
 α′(τ)u2(x, τ) dxdτ + n∑

i=1 t∫0 ∫
 (ε+ λ(τ) − 1)u2xiτ (x, τ) dxdτ+ t∫0 ∫
 [�u(x, τ)℄2 dxdτ + ε+ 12 ∫
 [�u(x, t)℄2 dx
− 12 n∑

i=1 t∫0 ∫
 λ′(τ)u2xi
(x, τ) dxdτ+ n∑

i=1 t∫0 ∫
 [α1(τ) +G3(ϕ3(τ, v))℄u2xi
(x, τ) dxdτ

− 12 n∑

i=1 ∫
 α′1(τ)u2xi
(x, τ) dxdτ+ ε

t∫0 ∫
 [�uτ (x, τ)℄2 dxdτ + 12 n∑

i=1 ∫
 u2xit(x, t) dx
6
M4(c0 + 1)2 n∑

i=1 t∫0 ∫
 u2xi
(x, τ) dxdτ + M4 + δ212 t∫0 ∫
 u2τ (x, τ) dxdτ+ M42 n∑

i=1 t∫0 ∫
 u2xiτ (x, τ) dxdτ + δ22 + δ262 t∫0 ∫
 [�u(x, τ)℄2 dxdτ



150 Ǒ ¢«®¢ �. �.+ δ242 ∫
 u2t (x, t) dx +( 12δ24 + δ252 )∫
 [�u(x, t)℄2 dx+( 12δ22 + 12δ21) t∫0 ∫
 f2(x, τ) dxdτ+ 12δ25 ∫
 f2(x, t) dx + 12δ26 t∫0 ∫
 f2τ (x, τ) dxdτ+ ∣∣∣∣∫
 f(x, 0)�u0 dx∣∣∣∣+ 12 ∫
 u21(x) dx + 12 n∑

i=1 ∫
 u20xi
(x) dx+ 12 ∫
 α1(0)u20(x) dx + ∣∣∣∣∫
 u1(x)�u0(x) dx∣∣∣∣+ 12 n∑

i=1 ∫
 λ(0)u20xi
(x) dx + ε+ 12 ∫
 [�u0(x)℄2 dx+ 12 n∑

i=1 ∫
 u21xi
(x) dx + α1(0)2 n∑

i=1 ∫
 u20xi
(x) dx,¢ ª®â®à®¬ δi | ¯à®¨§¢®«ìë¥ ¯®«®�¨â¥«ìë¥ ç¨á« . �á¯®«ì§ãï ãá«®-¢¨ï â¥®à¥¬ë 2, ¯¥à¥å®¤¨¬ ª ¥à ¢¥áâ¢ã

(1 + 1
c0 − δ24)∫
 u2t (x, t) dx+ (2 + λ0 + �α1(c0 + 1)) n∑

i=1 ∫
 u2xi
(x, t) dx+ (2λ0 + 2−M4 − δ21) t∫0 ∫
 u2τ (x, τ) dxdτ+ (2ε+ 2λ0 −M4) n∑

i=1 t∫0 ∫
 u2xiτ (x, τ) dxdτ+ (2− δ22 − δ25) t∫0 ∫
 [�u(x, τ)℄2 dxdτ +(ε+1− 1
δ24 − δ26)∫
 [�u(x, t)℄2 dx



�¥«¨¥©ë¥ ®¡à âë¥ § ¤ ç¨ 151+ (2�α1 + 2M4 −M4(c0 + 1)) n∑

i=1 t∫0 ∫
 u2xi
(x, τ) dxdτ+ 2ε t∫0 ∫
 [�uτ (x, τ)℄2 dxdτ 6

( 1
δ22 + 1

δ21) t∫0 ∫
 f2(x, τ) dxdτ+ 1
δ25 t∫0 ∫
 f2τ (x, τ) dxdτ + 1

δ26 vraimax[0,T ℄ ∫
 f2(x, t) dx + 2∣∣∣∣∫
 f(x, 0)�u0 dx∣∣∣∣+ ∫
 u21(x) dx + n∑

i=1 ∫
 u20xi
(x) dx+ ∫
 α1(0)u20(x) dx + 2∣∣∣∣∫
 u1(x)�u0(x) dx∣∣∣∣+ n∑

i=1 ∫
 λ(0)u20xi
(x) dx + (ε+ 1) ∫
 [�u0(x)℄2 dx+ n∑

i=1 ∫
 u21xi
(x) dx + α1(0) n∑

i=1 ∫
 u20xi
(x) dx,Ǒ®«®�¨¬ δ21 = 2λ0 −M4, δ2 = 1, δ24 = 2c0+12c0 , δ25 = 12 , δ26 = 12(2c0+1) .Ǒãáâì ç¨á«® ε  áâ®«ìª® ¬ «®, çâ® ε < ε0 (¯®áª®«ìªã ¢ ¤ «ì¥©è¥¬¡ã¤¥â ®áãé¥áâ¢«ïâìáï ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¯à¨ ε → 0, íâ® ¢®§¬®�®).Ǒ®«ãç¨¬12c0 ∫
 u2t (x, t) dx + (2 + λ0 + �α1(c0 + 1)) n∑

i=1 ∫
 u2xi
(x, t) dx+ 2 t∫0 ∫
 u2τ (x, τ) dxdτ + (2ε+ 2λ0 −M4) n∑

i=1 t∫0 ∫
 u2xiτ (x, τ) dxdτ+ 12 t∫0 ∫
 [�u(x, τ)℄2 dxdτ +(ε+ 12(2c0 + 1))∫
 [�u(x, t)℄2 dx



152 Ǒ ¢«®¢ �. �.+ (2�α1 − 2M4 −M4(c0 + 1)) n∑

i=1 t∫0 ∫
 u2xi
(x, τ) dxdτ+ 2ε t∫0 ∫
 [�uτ (x, τ)℄2 dxdτ 6 A3. (29)� «¥¥, ¢®¢ì à áá¬®âà¨¬ à ¢¥áâ¢® (26). �á¯®«ì§ãï ¥à ¢¥áâ¢®�£  ¨ ®æ¥ªã (29), ¯®«ãç¨¬ ®æ¥ªã

t∫0 ∫
 u2ττ 6 C7 (30)á ¯®áâ®ï®© C7, ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ f(x, t), u0(x), u1(x), λ(t),  â ª�¥ ç¨á«®¬ T .�§ ®æ¥®ª (29) ¨ (30) á«¥¤ã¥â, çâ® á¥¬¥©áâ¢® à¥è¥¨© {uε(x, t)}§ ¤ ç¨ (23ε), (2), (3) á®¤¥à�¨â ¯®á«¥¤®¢ â¥«ì®áâì {uεm(x, t)}, áå®¤ï-éãîáï ª à¥è¥¨î u(x, t) ãà ¢¥¨ï
utt −�u + λ(t)ut + [α1(t)−G3(ϕ3(t, u))℄u = f(x, t), (31)¯à¨ íâ®¬ ¤«ï äãªæ¨¨ u(x, t) ¡ã¤ãâ ¢ë¯®«ïâìáï ãá«®¢¨ï (2), (3) (¤®-ª §ë¢ ¥âáï íâ® â ª �¥, ª ª ¤¥« «®áì ¢ â¥®à¥¬¥ 1). Ǒ®ª �¥¬, çâ® á¯®¬®éìî ¯à¥¤¥«ì®© äãªæ¨¨ ¬®�® ¯®áâà®¨âì à¥è¥¨¥ ®¡à â®© § -¤ ç¨ II.�«ï äãªæ¨¨ ϕ3(t, u) ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

ϕ3(t, u)| 6
1
k1 [(λ1C3 + C1)(∫
 u2(x, t) dx) 12+ 2C2(∫
 u2t (x, t) dx) 12 + C3(∫
 [�u(x, t)℄2 dx) 12 ]

.� «¥¥, á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  (ï¢«ïîé¨¥áï á«¥¤áâ¢¨¥¬ ®æ¥ª¨ (29))
∫
 u2(x, t) dx 6 c0 n∑

i=1 ∫
 u2xi
(x, t) dx 6 A4.
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∫
 u2t (x, t) dx 6 A5, ∫
 [�u(x, t)℄2 dx 6 A6.Ǒ®íâ®¬ã |ϕ3(t, u)| 6 A7. Ǒ®«ãç¥®¥ ¥à ¢¥áâ¢® ¨ ãá«®¢¨¥ A7 6 M4â¥®à¥¬ë 2 ®§ ç îâ, çâ® ¢ë¯®«ï¥âáï à ¢¥áâ¢®

G3(ϕ3(t, u)) = ϕ3(t, u).�âáî¤  á«¥¤ã¥â, çâ®  ©¤¥ ï äãªæ¨ï u(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ § -¤ ç¨ (23), (2), (3).�¯à¥¤¥«¨¬ q(t):
q(t) = α1(t)− ϕ3(t, u).�ãªæ¨¨ u(x, t) ¨ q(t) ¤ ¤ãâ à¥è¥¨¥ ¨áª®¬®© ®¡à â®© § ¤ ç¨(¢ë¯®«¥¨¥ ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï (4) ¯®ª §ë¢ ¥âáï â ª �¥, ª ªíâ® ¤¥« «®áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1).�¥®à¥¬  2 ¤®ª §  . ����������1. � «¨â®¢ �. �., �®� ®¢ �. �.�¡à âë¥ § ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©:á«ãç © ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢, § ¢¨áïé¨å ®â ¢à¥¬¥¨ // �¥áâ. ���. �¥à.� â¥¬ â¨ª , ¬¥å ¨ª , ¨ä®à¬ â¨ª . 2006. �. 6, ¢ë¯. 1. �. 3{18.2. � «¨â®¢ �. �. � à §à¥è¨¬®áâ¨ ¤¢ãå ®¡à âëå § ¤ ç ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢-¥¨© // �à. �â¥à«¨â ¬ ªáª®£® ä¨«¨ «  �ª ¤¥¬¨¨  ãª �¥á¯ã¡«¨ª¨ � èª®à-â®áâ . �¥à. �¨§¨ª®-¬ â¥¬ â¨ç¥áª¨¥ ¨ â¥å¨ç¥áª¨¥  ãª¨ / �â¢. à¥¤. �. �. � -¡¨â®¢. �ä : �¨«¥¬, 2006. �ë¯. 3. �. 64{73.3. � «¨â®¢ �. �. �¡à âë¥ § ¤ ç¨ ¤«ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©: �¢â®à¥ä. ¤¨á.

. . . ª ¤. ä¨§.-¬ â.  ãª. �â¥à«¨â ¬ ª: �§¤-¢® �â¥à«¨â ¬ ªáª®© £®á. ¯¥¤. ª ¤¥¬¨¨, 2009.4. � ¤ë�¥áª ï �. �., �à «ìæ¥¢  �. �. �¨¥©ë¥ ¨ ª¢ §¨«¨¥©ë¥ ãà ¢¥¨ïí««¨¯â¨ç¥áª®£® â¨¯ . �.: � ãª , 1973.5. �ªã¡®¢ �. �. �¨¥©ë¥ ¤¨ää¥à¥æ¨ «ì®-®¯¥à â®àë¥ ãà ¢¥¨ï ¨ ¨å ¯à¨«®-�¥¨ï. � ªã: �«¬., 1985.6. Kozhanov A. I. Composite type equations and inverse problems. Utreht: VSP, 1999.7. �®¡®«¥¢ �. �. �¥ª®â®àë¥ ¯à¨¬¥¥¨ï äãªæ¨® «ì®£®   «¨§  ¢ ¬ â¥¬ â¨ç¥-áª®© ä¨§¨ª¥. �.: � ãª , 1988.8. �à¥®£¨ �. �. �ãªæ¨® «ìë©   «¨§. �.: � ãª , 1980.£. �ªãâáª 1  ¢£ãáâ  2011 £.



��� 517.946� ������������ Ǒ����� ��������������� ��� Ǒ���������������������� �� ������ �������������Ǒ� ��������. �. Ǒ¥âàãèª®, �. �. � ¯¨æë Ǒãáâì Q| ®£à ¨ç¥ ï ®¡« áâì ¢ Rn, à á¯®«®�¥ ï ¢ ¯®«ã¯à®-áâà áâ¢¥ xn > 0. � áâì £à ¨æë �0 ®¡« áâ¨ «¥�¨â ¢ £¨¯¥à¯«®áª®áâ¨
xn = 0, ®áâ «ìãî ç áâì £à ¨æë ®¡®§ ç¨¬ ç¥à¥§ �1: �1 = ∂Q∩{xn >0}, �0 ∪ �1 = ∂Q. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® £à ¨æ  ∂Q ®¡« áâ¨ Q| (n − 1)-¬¥à ï § ¬ªãâ ï ¯®¢¥àå®áâì ¡¥§ ªà ï ª« áá  C2. �®£¤ áãé¥áâ¢ã¥â áâ®«ì ¬ «®¥ ç¨á«® δ0 > 0, çâ® ¤«ï ¢á¥å δ ∈ (0, δ0℄ ¯®¤¬®-�¥áâ¢® Qδ = Q ∩ {min

y∈∂Q
|x− y| > δ} ï¢«ï¥âáï ®¡« áâìî á £à ¨æ¥© ∂Qδª« áá  C2. Ǒà¨ ¯à®¨§¢®«ì®¬ δ ∈ (0, δ0℄ ¤«ï «î¡®© x0 ∈ ∂Q áãé¥áâ¢ã-¥â ¥¤¨áâ¢¥ ï â®çª  xδ ¯®¢¥àå®áâ¨ ∂Qδ, ®âáâ®ïé ï ®â â®çª¨ x0  à ááâ®ï¨¥, à ¢®¥ δ:
xδ = xδ(x0) = x0 − δν(x0), (1)£¤¥ ν(x0) = (ν1, ν2, . . . , νn) | ¢¥ªâ®à ¢¥è¥© ¯® ®â®è¥¨î ª ®¡« áâ¨

Q ¥¤¨¨ç®© ®à¬ «¨ ª ∂Q ¢ â®çª¥ x0.�¡®§ ç¨¬ ç¥à¥§ r(x) à ááâ®ï¨¥ ®â â®çª¨ x ∈ Q ¤® £à ¨æë ∂Q:
r(x) = min

y∈∂Q
|x− y|. (2)�¡®§ ç¨¬ ç¥à¥§ QT æ¨«¨¤à Q× (0, T ).� áá¬®âà¨¬ ¢ QT «¨¥©®¥ ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥ ¢â®à®£® ¯®-àï¤ª :

∂u

∂t
−
(

n−1∑
i,j=1(aijuxi)xj + xm

n uxnxn

)+ n∑

i=1 aiuxi + au = f (3)© 2011 Ǒ¥âàãèª® �. �., � ¯¨æë  �. �.



� à §à¥è¨¬®áâ¨ ¯¥à¢®© á¬¥è ®© § ¤ ç¨ 155á ª®íää¨æ¨¥â ¬¨ aij = aij ∈ C1(Q), i, j = 1, 2, . . . , n − 1, ai ∈ C1(Q),
i = 1, 2, . . . , n, a ∈ C(Q) ¨ ¯®áâ®ï®© m, 0 < m < 1.�ã¤¥¬ ¯à¥¤¯®« £ âì ãà ¢¥¨¥ (3) ¯ à ¡®«¨ç¥áª¨¬, â. ¥. ¤«ï ¢á¥åâ®ç¥ª (x, t) ∈ Qδ × (0, T ) áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï γδ > 0, çâ® ¤«ï¢á¥å ξ ∈ Rn �(x, t, ξ) = n−1∑

i,j=1 aijξiξj + xm
n ξ

2
n > γδ|ξ|2. (4)�  £à ¨æ¥ ∂Q× (0, T ) ãà ¢¥¨¥ (3) ¢ëà®�¤ ¥âáï.�ã¤¥¬ â ª�¥ ¯à¥¤¯®« £ âì, çâ® áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï γ0,çâ® ¤«ï «î¡®£® δ ∈ (0, δ0℄ ¨ ¤«ï ¢á¥å x0 ∈ �, t ∈ (0, T )

n−1∑
i,j=1 aijνi(x0)νj(x0)

xm
n

+ ν2n(x0) > γ0. (5)Ǒãáâì p | ¥ª®â®à®¥ ç¨á«®, p > 1. �¢¥¤¥¬ á«¥¤ãîé¨¥ äãªæ¨®- «ìë¥ ¯à®áâà áâ¢ : Lp

(
Q, r(x)/xm

n

) | ¬®�¥áâ¢® ¨§¬¥à¨¬ëå ¢ Qäãªæ¨© u0(x), ¤«ï ª®â®àëå
‖u0‖p

Lp(Q,r(x)/xm
n ) = ∫

Q

|u0(x)|p r(x)
xm

n

dx <∞,

Lp,1,m | ¡  å®¢® ¯à®áâà áâ¢®, ¯®«ãç¥®¥ ¯®¯®«¥¨¥¬ ¬®�¥áâ¢ 
C∞(QT ) ¯® ®à¬¥
‖f‖Lp,1,m(QT ) = ‖f‖Lp(Qδ0×(0,T ))+ δ0∫0 µ

∥∥∥∥
f

xm
n

∥∥∥∥
Lp(∂Qµ×(0,T )) dµ+ δ0∫0 [ ∫

Qµ

|f(x, µ)|p
xm

n

r(x)dx]1/p

dµ.�ãªæ¨î f(x, t), áâ®ïéãî ¢ ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (3), ¡ã¤¥¬ ¯à¥¤-¯®« £ âì ¯à¨ ¤«¥� é¥© ¯à®áâà áâ¢ã Lp,lo(QT ) ∩ Lp,1,m(QT ).�¯à¥¤¥«¥¨¥. Ǒà¨ ¤«¥� é ïW 1,0
p,lo(QT ) äãªæ¨ï u(x, t)  §ë-¢ ¥âáï ®¡®¡é¥ë¬ ¨§ W 1,0

p,lo(QT ) à¥è¥¨¥¬ ãà ¢¥¨ï (3), ¥á«¨ ® 
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∫

QT

[
− uηt + n−1∑

i,j=1 aijuxiηxj + uxn

(
xm

n η
)

xn
+ n∑

i=1 aiuxiη + auη

]
dxdt= ∫

QT

fη dxdt (6)¤«ï ¢á¥å ä¨¨âëå ¢ QT äãªæ¨© η(x, t) ∈ H1
q (QT ) ( 1p + 1

q = 1).Ǒãáâì ρ(x) | äãªæ¨ï, ®¡« ¤ îé ï á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
ρ(x) = r(x), x ∈ Q/Qδ0 , ρ(x) ∈ C2(Q)¨ áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï γ1 > 0, çâ® ¤«ï ¢á¥å x ∈ Q

γ1r(x) 6 ρ(x) 6 γ−11 r(x).� ª ª ª ãà ¢¥¨¥ (3) ¯ à ¡®«¨ç® ¯à¨ (x, t) ∈ Qδ × (0, T ), á¯à -¢¥¤«¨¢  á«¥¤ãîé ï�¥¬¬  1. Ǒãáâì u(x, t)|®¡®¡é¥®¥ à¥è¥¨¥ ¨§W 1,0
p,lo(QT ) ãà ¢-¥¨ï (3) á ¯à ¢®© ç áâìî f ¨§ Lp,lo(QT ). �®£¤  ¤«ï «î¡ëå δ ∈ (0, δ0℄,

β ∈ (0, δ0℄ ¨ ¤«ï «î¡®£® T ′ á¯à ¢¥¤«¨¢® à ¢¥áâ¢®1
p

∫

Qδ

|u(x, T ′)|p ρ(x)− δ

xm
n

dx− 1
p

∫

Qδ

|u(x, β)|p ρ− δ

xm
n

dx+ (p− 1) T ′∫

β

∫

Qδ

[
n−1∑
i,j=1 aijuxiuxj |u|p−2 ρ(x) − δ

xm
n

+ u2xn
|u|p−2(ρ(x)− δ)] dxdt+ T ′∫

β

∫

Qδ

n∑

i=1 aiuxi |u|p−1 ρ(x)− δ

xm
n

dxdt

− 1
p

T ′∫

β

∫

∂Qδ

(
n−1∑
i,j=1(aij

ρxiρxj

xm
n

+ ρ2xn

))
|u|p dsdt

− 1
p

T ′∫

β

∫

Qδ

n−1∑
i,j=1 (aijρxi)xj

xm
n

|u|p dxdt+ T ′∫

β

∫

Qδ

a|u|p ρ(x) − δ

xm
n

|u|p dxdt



� à §à¥è¨¬®áâ¨ ¯¥à¢®© á¬¥è ®© § ¤ ç¨ 157= T ′∫

β

∫

Qδ

f |u|p−1 sgnu(ρ− δ) dxdt.�®ª § â¥«ìáâ¢® «¥¬¬ë 1 á ¥ª®â®àë¬¨ ¨§¬¥¥¨ï¬¨ ¯®¢â®àï-¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë 1 ¨§ [1℄, ¯®íâ®¬ã ¯à¨¢®¤¨âì ¥£® ¥ ¡ã¤¥¬.Ǒãáâì T ′ ∈ (T/2, T ) ¨ δ ∈ (0, δ0℄. �¢¥¤¥¬ ®¡®§ ç¥¨ï:
Nδ,β = T ′∫

β

∫

Qδ

(
n−1∑
i,j=1 aij

uxiuxj

xm
n

+ u2xn

)
|u|p−2(ρ− δ) dxdt+ ∫

Qδ

|u(x, T ′)|p ρ− δ

xm
n

dx¨
Mδ,β = T ′∫

β

∫

∂Qδ

|u|p dsdt+ ∫

∂Qδ

|u(x, β)|p ρ− δ

xm
n

dx.� ¬¥â¨¬, çâ® ¢ á¨«ã á¢®©áâ¢ äãªæ¨¨ ρ(x), ¯à¨ ¤«¥�®áâ¨ ∂Qª« ááã C2 ¨ ¥à ¢¥áâ¢  (5) áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï γ2 > 0, çâ®
γ2 6

n−1∑
i,j=1 aij

ρxiρxj

xm
n

+ ρ2xn

∣∣∣∣(x,t)∈∂Q×(0,T )6 γ−12¤«ï ¢á¥å x ∈ ∂Q× (0, T ).�«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :
T ′∫

β

∫

∂Qδ

|u|p dsdt+ ∫
Qδ

|u(x, β)|p ρ− δ

xm
n

dx

6 C1 T ′∫

β

∫

Qδ

|f | |u|p−1 ρ− δ

xm
n

dxdt+Nδ,β(u) + T ′∫

β

∫

Qδ

|u|p
xm

n

dxdt (7)¨
Nδ,ρ(u) + T ′∫

β

∫

Qδ

u2 ρ− δ

xm
n

dxdt 6 C2  T ′∫

β

∫

Qδ

|f | |u|p−1 ρ− δ

xm
n

dxdt
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β

∫

∂Qδ

|u|p dsdt+ ∫
Qδ

|u(x, β)|p ρ− δ

xm
n

dx+ T ′∫

β

∫

Qδ

|u|p
xm

n

dxdt


¨ â¥¬ á ¬ë¬ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ «¥¬¬ë.�¥¬¬  2. Ǒãáâì u(x, t) | ®¡®¡é¥®¥ ¨§ W 1,0

p,lo(QT ) à¥è¥¨¥ãà ¢¥¨ï (3). �®£¤  ¤«ï «î¡ëå δ ∈ (0, δ0℄, β ∈ (0, δ0℄, T ′ ∈ (T/2, T )á¯à ¢¥¤«¨¢  ®æ¥ª 
Mµ,β(u) + T ′∫

β

∫

Qδ

|u|p ρ(x)− δ

xm
n

dxdt 6 C
[
‖f‖p

Lp,1,m(QT ) +Nδ,β(u)]. (8)�¥¬¬  3. Ǒãáâì u(x, t) | ®¡®¡é¥®¥ ¨§ W 1,0
p,lo(QT ) à¥è¥¨¥ãà ¢¥¨ï (3). �®£¤  ¤«ï «î¡ëå δ ∈ (0, δ0℄, β ∈ (0, δ0℄, T ′ ∈ (T/2, T )á¯à ¢¥¤«¨¢  ®æ¥ª 

Nδ,β(u) + T ′∫

β

∫

Qδ

|u|p ρ(x) − δ

xm
n

dxdt

6 C11[‖f‖p
Lp,1,m(QT ) + ‖u‖Lp(∂Qδ×(R,T ′)) + ‖u(x, β)‖p

Lp(Q,ρ/xm
n )]. (9)�«ï «î¡®© äãªæ¨¨ u(x, t) ∈W 1,0

p,lo(QT ) äãªæ¨ï
M(δ) = T ′∫

δ

∫

∂Qδ

|u|p dsdt+ ∫
Qδ

|u(x, δ)|p dx¥¯à¥àë¢  ¯® δ ∈ (0, δ0).�ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï u(x, t) ¯à¨ ¤«¥�¨â ª« ááã Hp, ¥á-«¨ äãªæ¨ï M(δ) ®£à ¨ç¥    (0, δ0), â. ¥.sup0<δ<δ0M(δ) <∞.�¥®à¥¬  1. �«ï â®£® çâ®¡ë ®¡®¡é¥®¥ ¨§ W 1,0
p,lo(QT ) à¥è¥¨¥ãà ¢¥¨ï (3) á f ∈ Lp,lo(QT ) ∩ Lp,1,m(QT ) ¯à¨ ¤«¥� «® ª« ááã Hp¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë äãªæ¨ï(

n−1∑
i,j=1 aij

uxiuxj

xm
n

+ u2xn

)
|u|p−2r(x)



� à §à¥è¨¬®áâ¨ ¯¥à¢®© á¬¥è ®© § ¤ ç¨ 159¡ë«  ¨â¥£à¨àã¥¬  ¯® QT ′ , â. ¥.
T∫0 ∫Q (

n−1∑
i,j=1 aij

uxiuxj

xm
n

+ u2xn

)
|u|p−2r(x) dxdt <∞. (10)�®ª § â¥«ìáâ¢® ¥®¡å®¤¨¬®áâ¨ á«¥¤ã¥â ¨§ «¥¬¬ë 3. �®áâ â®ç-®áâì á«¥¤ã¥â ¨§ «¥¬¬ë 2. �¥®à¥¬  ¤®ª §  .�ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï u(x, t) ∈ W 1,0

p,lo(QT ) ¯à¨¨¬ ¥â £à -¨ç®¥ § ç¥¨¥
u|∂Q×(0,T ) = ϕ, ϕ ∈ Lp(∂Q× (0, T )), (11)¢ á¬ëá«¥ Lp, ¥á«¨ ¤«ï «î¡®£® T ′ ∈ (T/2, T )lim

δ→+0 T ′∫

δ

∫

∂Q

|u(xδ(x), t) − ϕ(x, t)|p dsdt = 0. (12)�ã¤¥¬ â ª�¥ £®¢®à¨âì, çâ® äãªæ¨ï u(x, t) ∈W 1,0
p,lo(QT ) ¯à¨¨¬ -¥â  ç «ì®¥ § ç¥¨¥

u|t=0 = u0(x), ∫

Q

|u0(x)|p r(x)
xm

n

dx <∞, (13)¢ á¬ëá«¥ Lp á ¢¥á®¬ r(x)
xm

n
, ¥á«¨lim

δ→0 ∫
Qδ

|u(x, δ)− u0(x)|p r(x)
xm

n

dx = 0. (14)�¯à¥¤¥«¥¨¥. �ãªæ¨ï u(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ ¨§ W 1,0
p,lo(QT )§ ¤ ç¨ (3), (11), (13) (ϕ ∈ Lp(∂Q × (0, T )), u0(x) ∈ Lp

( r(x)
xm

n
, Q
)
, f ∈

Lp,lo(QT ) ∩ Lp,1,m(QT )), ¥á«¨ ®  ¯à¨ ¤«¥�¨â W 1,0
p,lo(QT ), ï¢«ï¥âáï®¡®¡é¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (3), ã¤®¢«¥â¢®àï¥â £à ¨ç®¬ã ãá«®-¢¨î (11) ¢ á¬ëá«¥ à ¢¥áâ¢  (12) ¨  ç «ì®¬ã ãá«®¢¨î (13) ¢ á¬ëá«¥à ¢¥áâ¢  (14).�¥®à¥¬  2. Ǒà¨ «î¡ëå äãªæ¨ïå ϕ(x, t) ∈ Lp(∂Q× (0, T )), u0(x)

∈ Lp

( r(x)
xm

n
, Q
) ¨ «î¡®© äãªæ¨¨ f ∈ Lp,lo(QT )∩Lp,1,m(QT ) ¯¥à¢ ï á¬¥-è  ï § ¤ ç  (3), (11), (13) ¨¬¥¥â ®¡®¡é¥®¥ à¥è¥¨¥ ¨§ W 1,0

p,lo(QT ),



160 Ǒ¥âàãèª® �. �., � ¯¨æë  �. �.íâ® à¥è¥¨¥ ¥¤¨áâ¢¥®, ¨ ¤«ï ¥£® á¯à ¢¥¤«¨¢  ®æ¥ª 
T∫0 ∫

Q

|∇′u|2|u|p−2 r(x)
xm

n

+ u2xn
|u|p−2r(x) dx+ sup

T ′∈(T/2,T ) max06δ6δ0  T ′∫

δ

∫

∂Qδ

|u|p dsdt+ ∫
Qδ

|u(x, δ)|p(ρ− δ)dx+ T∫0 ∫

Q

|u|p r(x)
xm

n

dxdt 6 C13[‖f‖p
Lp,1,m(QT )+ ‖ϕ‖Lp(∂Q×(0,T )) + ‖u0‖p

Lp(r(x)/xm
n ,Q)], (15)¢ ª®â®à®¬ ¯®áâ®ï ï �13 § ¢¨á¨â â®«ìª® ®â ª®íää¨æ¨¥â®¢ ãà ¢¥-¨ï.�®ª § â¥«ìáâ¢®. Ǒãáâì u(x, t) | ®¡®¡é¥®¥ ¨§ W 1,0
p,lo(QT ) à¥-è¥¨¥ § ¤ ç¨ (3), (11), (13). � á¨«ã (12) ¨ (14) u(x, t) ∈ Hp. �«¥¤®¢ -â¥«ì®, ¯® â¥®à¥¬¥ 1 äãªæ¨ï (|∇′u|2 ρ(x)

xm
n
+ u2xn

r(x))|u|p−2 ¨â¥£à¨àã¥-¬  ¯® QT ¨   ®á®¢ ¨¨ â¥®à¥¬ë �¥¡¥£  ¯à¨ δ → 0
T∫

δ

∫

Qδ

(
|∇′u|2 ρ− δ

xm
n

+ u2xn
(ρ− δ))|u|p−2 dxdt
→

T∫0 ∫Q (
|∇′u|2 ρ(x)

xm
n

+ u2xn
ρ(x))|u|p−2 dxdt.� ª ª ª ¨§ ¯à¨ ¤«¥�®áâ¨ u(x, t) ª« ááã Hp ¢ëâ¥ª ¥â, çâ®

T∫0 ∫Q |u|p r(x)
xm

n

dxdt <∞,¨¬¥¥¬
T∫

δ

∫

Qδ

|u|pρ− δ

xm
n

dxdt →
T∫0 ∫

Q

|u|p ρ(x)
xm

n

dxdt¯à¨ δ → +0.



� à §à¥è¨¬®áâ¨ ¯¥à¢®© á¬¥è ®© § ¤ ç¨ 161�«¥¤®¢ â¥«ì®, ¢ ¥à ¢¥áâ¢ å «¥¬¬ 2 ¨ 3 ¬®�® ¯¥à¥©â¨ ª ¯à¥-¤¥«ã ¯à¨ δ → +0, β = δ → +0. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¥à ¢¥áâ¢®
T∫0 ∫

Q

(
|∇′u|2 ρ(x)

xm
n

+ u2xn
ρ(x)) dxdt + sup

T ′∈(T/2,T ) max
δ∈(0,δ0)M(δ)

6 C19[‖f‖p
Lp,1,m(QT ) + ‖ϕ‖p

Lp(∂Q×(0,T )) + ‖u0‖p
Lp(Q,r/xm

n )],¨§ ª®â®à®£® á«¥¤ã¥â ®æ¥ª  (15).Ǒ¥à¥©¤¥¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã áãé¥áâ¢®¢ ¨ï à¥è¥¨ï. �®§ì-¬¥¬ ¯à®¨§¢®«ìë¥ äãªæ¨¨ ϕ ∈ Lp(∂Q × (0, T )), u0(x) ∈ Lp

(
Q, r(x)

xm
n

) ¨
f(x, t) ∈ Lp,lo(QT ) ∩ Lp,1,m(QT ). Ǒãáâì {ϕm} | ¥ª®â®à ï ¯®á«¥¤®¢ -â¥«ì®áâì äãªæ¨© ¨§ C2(∂Q × [0, T ℄), áå®¤ïé ïáï ¢ Lp(∂Q × [0, T ℄) ªäãªæ¨¨ ϕ(x, t):

‖ϕm − ϕ‖Lp(∂Q×(0,T )) → 0 ¯à¨ m→ ∞, (16)  {u0m} | ¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© ¨§ C2(Q), áå®¤ï-é ïáï ¢ Lp

(
Q, r(x)

xm
n

) ª äãªæ¨¨ u0(x): ‖u0m − u0‖Lp(Q,r/xm
n ) → 0 ¯à¨

m → ∞, ¨ ¯ãáâì {fm} | ¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© ¨§
C1(QT ), áå®¤ïé ïáï ¢ Lp,1,m(QT ) ª f(x, t): ‖fm− −f‖Lp,1,m(QT ) → 0¯à¨ m→ ∞.�¡®§ ç¨¬ ç¥à¥§ um(x, t) à¥è¥¨¥ ¨§ W 2,1

p (QT ) § ¤ ç¨ (3), (11),(13) á äãªæ¨ï¬¨ ϕm, u0m, fm.� ª ª ª à¥è¥¨¥ ¨§ W 2,1
p,lo(QT ) ï¢«ï¥âáï â ª�¥ à¥è¥¨¥¬ ¨§

W 1,0
p,lo(QT ), ¤«ï um(x, t) á¯à ¢¥¤«¨¢  ®æ¥ª  (15). �«¥¤®¢ â¥«ì®, ¯®-á«¥¤®¢ â¥«ì®áâì {um} áå®¤¨âáï ª ¥ª®â®à®© äãªæ¨¨ u(x, t) ¢ ¡  -å®¢®¬ ¯à®áâà áâ¢¥ B á ®à¬®©
‖u‖p = T∫0 ∫

Q

(
|∇′u|2 r(x)

xm
n

+ u2xn
r(x)) |u|p−2 dxdt+ T∫0 ∫

Q

|u|p r(x)
xm

n

dxdt+ sup
T ′∈(T/2,T ) max0<δ<δ0  T ′∫

δ

∫

∂Qδ

|u|p dsdt+ ∫
Qδ

|u(x, δ)|ρ− δ

xm
n

dx


 ,â. ¥. ‖u− um‖B → 0 ¯à¨ m→ ∞.Ǒ®ª �¥¬, çâ® u(x, t) ï¢«ï¥âáï ®¡®¡é¥ë¬ ¨§ W 1,0

p,lo(QT ) à¥è¥¨-¥¬ § ¤ ç¨ (3), (11), (13).



162 Ǒ¥âàãèª® �. �., � ¯¨æë  �. �.�¥©áâ¢¨â¥«ì®, ¯ãáâì 1 < p < 2. � á¨«ã ¥à ¢¥áâ¢ 
T∫0 ∫

Q′

|∇u|p dx 6 C(Q′) T∫0 ∫Q |∇′u|2 r(x)
xm

n

+ u2xn
r(x) |u|p−2 dxdt+ T ′∫0 ∫

Q

|u|p r(x)
xm

n

dxdt,á¯à ¢¥¤«¨¢®£® ¤«ï «î¡®© Q′, áâà®£® ¢«®�¥®© ¢ Q, ¯®«ãç ¥¬, çâ®¯®á«¥¤®¢ â¥«ì®áâì {um(x, t)} áå®¤¨âáï ª äãªæ¨¨ u(x, t) ¢ W 1,0
p,lo(QT )¨, á«¥¤®¢ â¥«ì®, äãªæ¨ï u(x, t) ï¢«ï¥âáï ®¡®¡é¥ë¬ ¨§ W 1,0
p,lo(QT )à¥è¥¨¥¬ ãà ¢¥¨ï (3).Ǒãáâì p > 2. �§ á®®â®è¥¨ï ‖u− um‖B → 0 ¯à¨ m→ ∞ á«¥¤ã¥â,çâ® ¤«ï «î¡®© Q′, áâà®£® ¢«®�¥®© ¢ Q, ¯®á«¥¤®¢ â¥«ì®áâì {um}áå®¤¨âáï ¢ W 1,02 (Q′ × (0, T ′)) ª äãªæ¨¨ u(x, t), â. ¥. u(x, t) ï¢«ï¥âáï®¡®¡é¥ë¬ à¥è¥¨¥¬ ¨§ W 1,02 (Q′ × (0, T ′)), ¨ ¢ á¨«ã ¯à¨ ¤«¥�®áâ¨

f(x, t) ¯à®áâà áâ¢ã Lp,lo(QT ) äãªæ¨ï u(xt) ï¢«ï¥âáï ®¡®¡é¥ë¬ ¨§
W 1,0

p,lo(QT ) à¥è¥¨¥¬ ãà ¢¥¨ï (3).�ë¯®«¥¨¥ á®®â®è¥¨© (12) ¨ (14) ®ç¥¢¨¤®. �¥®à¥¬  2 ¤®ª § - . ����������1. Ǒ¥âàãèª® �. �. � £à ¨çëå ¨  ç «ìëå § ç¥¨ïå ¢ Lp, p > 1, à¥è¥¨©¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© // � â. ¡. 125 (167), ü 4. �. 489{521.2. Ǒ¥âàãèª® �. �. � £à ¨çëå § ç¥¨ïå ¢ëà®�¤ îé¨åáï   £à ¨æ¥ ®¡« áâ¨í««¨¯â¨ç¥áª¨å ãà ¢¥¨© // � â. ¡. 136 (178), ü 2. �. 241{259.3. Fihera G. On a uni�ed theory of boundary value problems for ellipti-paraboliequations of seond order // Boundary Problems. Di�erent. Equations. Madison:Univ. Wisonsin Press, 1960. P. 97{120.4. �«¥©¨ª �. �., � ¤ª¥¢¨ç �. �. �à ¢¥¨ï ¢â®à®£® ¯®àï¤ª  á ¥®âà¨æ â¥«ì®©å à ªâ¥à¨áâ¨ç¥áª®© ä®à¬®© // � â¥¬ â¨ç¥áª¨©   «¨§, 1969. �.: ������,1971. �. 7{252. (�â®£¨  ãª¨.)5. � ¤ë�¥áª ï �. �., �®«®¨ª®¢ �. �., �à «ìæ¥¢  �. �. �¨¥©ë¥ ¨ ª¢ §¨«¨-¥©ë¥ ãà ¢¥¨ï ¯ à ¡®«¨ç¥áª®£® â¨¯ . �.: � ãª , 1967.£. �®áª¢  1  ¢£ãáâ  2011 £.



��� 517.946�������� �������� ��������� ����Ǒ����-Ǒ�����������������������∗)�. �. Ǒà®ª®¯ì¥¢�¥«ìî  áâ®ïé¥© à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢ ¨¥ à §à¥è¨¬®áâ¨¥ª®â®àëå «¨¥©ëå ®¡à âëå § ¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£®ãà ¢¥¨ï. Ǒ®¤ ®¡à â®© § ¤ ç¥© §¤¥áì ¯®¨¬ ¥âáï § ¤ ç , ¢ ª®â®à®©¢¬¥áâ¥ á à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¥¨§¢¥áâë¬ ï¢«ï-¥âáï â®â ¨«¨ ¨®© ª®íää¨æ¨¥â á ¬®£® ãà ¢¥¨ï ¨«¨(¨) á¢®¡®¤ë©ç«¥ ãà ¢¥¨ï (¢¥è¥¥ ¢®§¤¥©áâ¢¨¥). Ǒ®¤®¡ë¥ ®¡à âë¥ § ¤ ç¨ ¤®-áâ â®ç® å®à®è® ¨§ãç¥ë ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© [1{8℄, ® ¥¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©.Ǒ¥à¥©¤¥¬ ª á®¤¥à� â¥«ì®© ç áâ¨ à ¡®âë.Ǒãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¯à®áâà áâ¢  Rn á £« ¤ª®© £à -¨æ¥© �, S = � × (0, T ), Q | æ¨«¨¤à 
 × (0, T ), 0 < T < +∞,
t1, . . . , tm | § ¤ ë¥ â®çª¨ ¨§ ®âà¥§ª  [0, T ℄ â ª¨¥, çâ® 0 < t1 < · · · <
tm 6 T , aij(x), i, j = 1, . . . , n, a(x), f(x, t), hk(x, t), k = 0, . . . ,m, γ(t) |§ ¤ ë¥ äãªæ¨¨, ®¯à¥¤¥«¥ë¥ ¯à¨ x ∈ 
, t ∈ [0, T ℄ á®®â¢¥âáâ¢¥®.� à ¡®â¥ à áá¬ âà¨¢ ¥âáï ãà ¢¥¨¥ í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£®â¨¯ :

ut −
n∑

i,j=1 ∂

∂xi
(aij(x)uxj ) + a(x)u = f(x, t) + m∑

k=1 qk(x)hk(x, t), (1)
∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥   «¨â¨ç¥áª®© ¢¥¤®¬áâ¢¥®©æ¥«¥¢®© ¯à®£à ¬¬ë ý� §¢¨â¨¥  ãç®£® ¯®â¥æ¨ «  ¢ëáè¥© èª®«ë (2009{2011££.)þ, à¥£. ®¬¥à ¯à®¥ªâ  2.1.1/13607, ¨ £à â  �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï ¨ ãª¨ �®áá¨©áª®© �¥¤¥à æ¨¨, ü 02 740.11.0609.© 2011 Ǒà®ª®¯ì¥¢ �. �.
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n∑

i,j=1 aij(x)ξiξj > 0, ξ = (ξ1, . . . , ξn) ∈ R
n.�¡à â ï § ¤ ç  I. � ©â¨ äãªæ¨¨ u(x, t), qk(x), k = 1,m, á¢ï-§ ë¥ ¢ æ¨«¨¤à¥ Q ãà ¢¥¨¥¬ (1) ¨ â ª¨¥, çâ® ¤«ï u(x, t) ¢ë¯®«ï-îâáï  ç «ìë¥ ¨ £à ¨çë¥ ãá«®¢¨ï:

u(x, 0) = 0, x ∈ 
; u|S = 0, (2)  â ª�¥ ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï:
u(x, tj) = 0, j = 1,m. (3)�¡à â ï § ¤ ç  II. � ©â¨ äãªæ¨¨ u(x, t) ¨ q(x), á¢ï§ ë¥ ¢æ¨«¨¤à¥ Q ãà ¢¥¨¥¬

ut −
n∑

i,j=1 ∂

∂xi
(aij(x)uxj ) + a(x)u = f(x, t) + q(x)h(x, t), (1′)â ª¨¥, çâ® ¤«ï u(x, t) ¢ë¯®«ïîâáï  ç «ìë¥ ¨ £à ¨çë¥ ãá«®¢¨ï(2),   â ª�¥ ãá«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥¨ï:
T∫0 γ(t)u(x, t) dt = 0, x ∈ 
. (3′)�¢¥¤¥¬ ¯à®áâà áâ¢® V | § ¬ëª ¨¥ ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥-¬ëå ¢ Q äãªæ¨© v(x, t) â ª¨å, çâ® v(x, t)|S = 0, ¯® ®à¬¥

‖v‖V = [∫
Q

v2t (x, t) dxdt + ∫
Q

n∑

i,j=1 aijvxivxj dxdt + ∫
Q

v2(x, t) dxdt] 12
.�¢¥¤¥¬ ¯®ïâ¨¥ ®¡®¡é¥®£® à¥è¥¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ¤«ïäãªæ¨© u(x, t) ∈ V , qk(x) ∈ L2(
), k = 1,m.�¯à¥¤¥«¥¨¥. �ãªæ¨¨ u(x, t) ∈ V , qk(x) ∈ L2(
), k = 1,m, §ë¢ îâáï ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){(3), ¥á«¨

∫

Q

(
utη + n∑

i,j=1 aijuxiηxj + auη

)
dxdt = ∫

Q

(
fη + m∑

k=1 qkhkη

)
dxdt



�¨¥© ï ®¡à â ï § ¤ ç  165¤«ï «î¡®© η ∈ C∞(Q), η|S = 0.�¢¥¤¥¬ ¥ª®â®àë¥ ¥®¡å®¤¨¬ë¥ ®¡®§ ç¥¨ï. �«ï ¯à®áâ®âë à á-á¬®âà¨¬ á«ãç © m = 2 (á«ãç © m > 2 ®â«¨ç ¥âáï ®â á«ãç ï m = 2«¨èì ¡®«¥¥ £à®¬®§¤ª¨¬¨ ¢ëª« ¤ª ¬¨). �¡®§ ç¨¬
H(x) = (h1(x, t1) h2(x, t1)

h1(x, t2) h2(x, t2)) ,
k1(x, t) = 1detH [h1t(x, t)h2(x, t2)− h2t(x, t)h1(x, t2)℄,
k2(x, t) = − 1detH [h1t(x, t)h2(x, t1)− h2t(x, t)h1(x, t1)℄,

α1(x) = −h1(x, 0)h2(x, t2) + h2(x, 0)h1(x, t2),
α2(x) = h1(x, 0)h2(x, t1)− h2(x, 0)h1(x, t1),

α0(x) = α1(x)f(x, t1) + α2(x)f(x, t2) + f(x, 0),
α = max

x∈
, i=1,2 |αi(x)|, β = max
x∈
, i=1,2; j=1,n

|αixj (x)|,
M0 = max

Q,i=1,2 |ki(x, t)|, �a = max
x∈
,k=1,2[ n∑

i,j=1 aij(x)αkxi (x)αkxj (x)],
ν = (ν1, . . . , νn) | ¢¥ªâ®à ¢ãâà¥¥© ®à¬ «¨ ª £à ¨æ¥ �.�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

h1(x, t), h2(x, t) ∈ C2(Q), a(x) ∈ C1(
),
aij(x) ∈ C2(
), i, j = 1, . . . , n,0 < a0 6 a(x) 6 a1, n∑

i,j=1 aij(x)νiνj > 0, x ∈ �; (4)detH(x) 6= 0, x ∈ 
; (5)
α2 + M20T

a0 6
14 , α2 < 16 , α0|� = 0; (6)

f(x, t), ft(x, t) ∈ L2(Q), f(x, t1), f(x, t2), f(x, 0) ∈W 22 (
). (7)�®£¤  áãé¥áâ¢ã¥â ®¡®¡é¥®¥ à¥è¥¨¥ u(x, t), q1(x), q2(x) § ¤ ç¨ (1){(3) â ª®¥, çâ® ut(x, t) ∈ V , q1(x), q2(x) ∈ L2(
).
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ut(x, t1) = f(x, t1) + 2∑
i=1 qk(x)hk(x, t1),

ut(x, t2) = f(x, t2) + 2∑
i=1 qk(x)hk(x, t2).�âáî¤  (¢á«¥¤áâ¢¨¥ ãá«®¢¨ï (5))

q1(x) = q10(x) + q11(x)ut(x, t1) + q12(x)ut(x, t2),
q2(x) = q20(x) + q21(x)ut(x, t1) + q22(x)ut(x, t2),£¤¥

q10(x) = 1detH [−f(x, t1)h2(x, t2) + f(x, t2)h2(x, t1)℄,
q11(x) = h2(x, t2)detH , q12(x) = −h2(x, t1)detH ,

q20(x) = 1detH [f(x, t1)h1(x, t2)− f(x, t2)h1(x, t1)℄,
q21(x) = −h1(x, t2)detH , q22(x) = h1(x, t1)detH .�¡®§ ç¨¬ w = ut. Ǒà®¤¨ää¥à¥æ¨à®¢ ¢ ¯® ¯¥à¥¬¥®© t ãà ¢¥-¨¥ (1), ¯®«ãç¨¬

wt−
n∑

i,j=1 ∂

∂xi
(aij(x)wxj )+a(x)w = ft(x, t)+h1t(x, t)q1(x)+h2t(x, t)q2(x).�¬¥¥â ¬¥áâ® à ¢¥áâ¢®
w(x, 0) = α1(x)w(x, t1) + α2(x)w(x, t2) + α0(x).�¡®§ ç¨¬

w0(x) = α0(x)1− α1(x) − α2(x) .



�¨¥© ï ®¡à â ï § ¤ ç  167�®£¤  ¤«ï äãªæ¨¨ v(x, t) = w(x, t) − w0(x) ¢ë¯®«ï¥âáï à ¢¥áâ¢®
v(x, 0) = α1(x)v(x, t1) + α2(x)v(x, t2),   â ª�¥ ãà ¢¥¨¥
vt(x, t) − n∑

i,j=1 ∂

∂xi
(aij(x)vxj ) + a(x)v(x, t)= ~f(x, t) + k1(x, t)v(x, t1) + k2(x, t)v(x, t2),£¤¥ ~f(x, t) = ft(x, t)+q10(x)h1t(x, t)+q20(x)h2t(x, t)+ n∑

i,j=1 ∂
∂xi

(aij �w0xj (x))
− a(x) �w0(x).�®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨. Ǒãáâì Lε | ®¯¥à â®à,¤¥©áâ¢¨¥ ª®â®à®£® ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬

Lεv = Lv − ε�v, ε > 0. (8)� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî § ¤ çã:  ©â¨ äãªæ¨î v(x, t), ï¢«ïî-éãîáï à¥è¥¨¥¬ ãà ¢¥¨ï
Lεv = ~f(x, t) + k1(x, t)v(x, t1) + k2(x, t)v(x, t2) (9)¨ ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

v(x, 0) = α1(x)v(x, t1) + α2(x)v(x, t2), x ∈ 
; v(x, t)|S = 0. (10)Ǒà¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë ¢á¯®¬®£ â¥«ì ï § ¤ ç  à §à¥-è¨¬  ¯à¨ ä¨ªá¨à®¢ ®¬ ε ¢ ¯à®áâà áâ¢¥ W 2,12 (Q) (á¬. [4, 5℄). Ǒ®ª -�¥¬, çâ® ¤«ï íâ¨å à¥è¥¨© ¨¬¥îâ ¬¥áâ® à ¢®¬¥àë¥ ¯® ε  ¯à¨®àë¥®æ¥ª¨.� ¬ ¯® ¤®¡¨âáï á«¥¤ãîé¥¥�â¢¥à�¤¥¨¥. �«ï ¥®âà¨æ â¥«ì®©   ®âà¥§ª¥ [0, T ℄ äãªæ¨¨
g(t) ¨ ¥®âà¨æ â¥«ìëå ç¨á¥« α1, . . . , αm, β â ª¨å, çâ® m∑

k=1αk < 1, ¨§¥à ¢¥áâ¢ 
g(t) 6

m∑

k=1αkg(tk) + β, 0 < t1 < t2 < · · · < tm 6 T, t ∈ [0, T ℄, (11)
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g(t) 6

β1− m∑
k=1αk

. (12)� áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 ∫
 Lεv·v dxdτ = t∫0 ∫
 [ ~f(x, τ) + k1(x, τ)v(x, t1) + k2(x, τ)v(x, t2)℄v dxdτ,£¤¥ t | ¯à®¨§¢®«ì®¥ ç¨á«® ¨§ ®âà¥§ª  [0, T ℄.�â¥£à¨àãï, ¯®«ãç¨¬12 ∫
 v2(x, τ) dx∣∣∣∣t0 + t∫0 ∫
 n∑

i,j=1 aijvxivxj dxdτ + t∫0 ∫
 a(x)v2(x, τ) dxdτ+ ε

t∫0 ∫
 n∑

i=1 v2xi
(x, τ) dxdτ = t∫0 ∫
 ~f(x, τ) dxdτ+ t∫0 ∫
 [k1(x, t)v(x, t1) + k2(x, t)v(x, t2)℄ dxdτ.�¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®12 ∫
 v2(x, 0) dx 6 α2 ∫
 v2(x, t1) dx+ α2 ∫
 v2(x, t2) dx.�á¯®«ì§ãï ¥£®, ãá«®¢¨¥ (4) ¨ ¥à ¢¥áâ¢® �£ , ¯®«ãç¨¬12 ∫
 v2(x, t) dx+ t∫0 ∫
 n∑

i,j=1 aijvxivxj dxdτ+(a0 − δ202 − δ212 − δ222 ) t∫0 ∫
 v2(x, τ) dxdτ + ε

t∫0 ∫
 n∑

i=1 v2xi
(x, τ) dxdτ

6
12δ20 t∫0 ∫
 ~f(x, τ) dxdτ + 2∑

k=1(α2 + M20T2δ2k )∫
 v2(x, tk) dx. (13)
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a0, δ1 = δ2 = √

a02 . �®£¤  ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï
α2 + 2M20T

a0 < 14 ¯®«ãç¨¬, çâ® ¥à ¢¥áâ¢® (13) ¥áâì ¥à ¢¥áâ¢® â¨¯ (11). �æ¥ª  (12) ¯à¨¢®¤¨â ª ®æ¥ª¥
∫
 v2(x, t)dx + t∫0 ∫
 n∑

i,j=1 aijvxivxj dxdτ + t∫0 ∫
 v2(x, τ) dxdτ+ ε

t∫0 ∫
 n∑

i=1 v2xi
(x, τ) dxdτ 6 M1 T∫0 ∫
 ~f2(x, t) dxdt, (14)£¤¥ t ∈ [0, T ℄, ¯®áâ®ï ï M1 § ¢¨á¨â «¨èì ®â ç¨á¥« a0, α,M0.�  á«¥¤ãîé¥¬ è £¥ à áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 ∫
 Lεv·vτ dxdτ = t∫0 ∫
 [ ~f(x, τ) + k1(x, τ)v(x, t1)+ k2(x, τ)v(x, t2)℄vτ dxdτ.�â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï ¥à ¢¥áâ¢® �£ , ¯®«ãç¨¬
t∫0 ∫
 v2τ dxdτ + 12 ∫
 n∑

i,j=1 aijvxivxj dx

∣∣∣∣
t0 + 12 ∫
 a(x)v2(x, τ) dx∣∣∣∣t0+ ε2 ∫
 n∑

i=1 v2xi
(x, τ) dx∣∣∣∣t0 6

δ202 t∫0 ∫
 v2τ dxdτ + 12δ20 t∫0 ∫
 ~f2(x, τ) dxdτ+ δ212 t∫0 ∫
 v2τ dxdτ + M20 t12δ21 ∫
 v2(x, t1) dx + δ222 t∫0 ∫
 v2τ dxdτ+ M20 t22δ22 ∫
 v2(x, t2) dx.�¬¥¥¬
vxi(x, 0) = α1xi(x)v(x, t1) + α1(x)vxi(x, t1)+ α2xi(x)v(x, t2) + α2(x)vxi (x, t2),
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v2xi

(x, 0) = α21xi
(x)v2(x, t1) + α22xi

(x)v2(x, t2) + α21(x)v2xi
(x, t1)+ α22(x)v2xi

(x, t2) + 2α1xi(x)α1(x)v(x, t1)vxi(x, t1)+ 2α1xi(x)α2xi(x)v(x, t1)v(x, t2) + 2α1xi(x)α2(x)v(x, t1)vxi(x, t2)+ 2α1(x)α2xi(x)vxi(x, t1)v(x, t2) + 2α1(x)α2(x)vxi(x, t1)vxi(x, t2)+ 2α2xi(x)α2(x)v(x, t2)vxi(x, t2).�¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :12 ∫
 a(x)v2(x, 0) dx 6 a1α2 ∫
 v2(x, t1) dx + a1α2 ∫
 v2(x, t2) dx,12 ∫
 n∑

i,j=1 aijvxi(x, 0)vxj (x, 0) dx
6 α2(δ232 + δ262 + 32)∫
 n∑

i,j=1 aijvxi(x, t1)vxj (x, t1) dx+ α2(δ242 + δ252 + 32)∫
 n∑

i,j=1 aijvxi(x, t2)vxj (x, t2) dx+M2(�a, δ3, δ4, δ5, δ6) ∫
 2∑
k=1 v2(x, tk) dx,

ε2 ∫
 n∑

i=1 v2xi
(x, 0) dx 6

ε2[α2(2 + δ27 + δ29) ∫
 n∑

i=1 v2xi
(x, t1) dx+ α2(2 + δ28 + δ210) ∫
 n∑

i=1 v2xi
(x, t2) dx]+M3(β, δ7, δ8, δ9, δ10, ε) ∫
 2∑

k=1 v2(x, tk) dx.
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(1− δ20 + δ21 + δ222 ) t∫0 ∫
 v2τ dxdτ + 12 ∫
 n∑

i,j=1 aijvxi(x, t)vxj (x, t) dx+ 12 ∫
 a(x)v2(x, t) dx + ε2 ∫
 n∑

i=1 v2xi
(x, t) dx

6 α2(δ232 + δ262 + 32)∫
 n∑

i,j=1 aijvxi(x, t1)vxj (x, t1) dx+ α2(δ242 + δ252 + 32)∫
 n∑

i,j=1 aijvxi(x, t2)vxj (x, t2) dx+ ε2[α2(2 + δ27 + δ29) ∫
 n∑

i=1 v2xi
(x, t1) dx+ α2(2 + δ28 + δ210) ∫
 n∑

i=1 v2xi
(x, t2) dx] +B.�á«¥¤áâ¢¨¥ ®æ¥ª¨ (12) ¤«ï ¬ «ëå δi ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï6α2 < 1 ¯®«ãç¨¬ ®£à ¨ç¥®áâì ¢¥«¨ç¨ë ∫
 n∑

i,j=1 aijvxi(x, t)vxj (x, t) dx,  ¯à¨ 4α2 < 1 | ®£à ¨ç¥®áâì ∫
 n∑
i=1 v2xi

(x, t) dx. �âáî¤ 
t∫0 ∫
 v2τ dxdτ + ∫
 n∑

i,j=1 aijvxi(x, t)vxj (x, t) dx+ ε

∫
 n∑

i=1 v2xi
(x, t) dx 6 M4 T∫0 ∫
 ~f2(x, t) dxdt. (15)�ã¬¬¨àãï ®æ¥ª¨ (14), (15), ¯®«ãç ¥¬, çâ® ¤«ï à¥è¥¨©  è¥© § ¤ ç¨
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t∫0 ∫
 v2 dxdτ + t∫0 ∫
 v2τ dxdτ + ε

t∫0 ∫
 n∑

i=1 v2xi
dxdτ+ t∫0 ∫
 n∑

i,j=1 aijvxivxj dxdτ 6 M5‖ ~f‖2L2(Q), (16)£¤¥ M5 § ¢¨á¨â ®â a0, a1, �a, α, β,M0.�§ (16) á«¥¤ã¥â   «®£¨ç®¥ á®®â®è¥¨¥ ¤«ï w(x, t):
t∫0 ∫
 w2 dxdτ + t∫0 ∫
 w2

τ dxdτ + ε

t∫0 ∫
 n∑

i=1 w2
xi
dxdτ+ t∫0 ∫
 n∑

i,j=1 aijwxiwxj dxdτ 6 M6. (17)Ǒ®áª®«ìªã   á ¬®¬ ¤¥«¥ äãªæ¨ï w(x, t) ®¯à¥¤¥«ï¥âáï â ª�¥ ¯ à -¬¥âà®¬ ε, ¨§ á¥¬¥©áâ¢  {wε(x, t)} ¬®�® ¯®«ãç¨âì á¥¬¥©áâ¢® äãªæ¨©
{uε(x, t)} á ¯®¬®éìî à ¢¥áâ¢

uεt(x, t) = wε(x, t), uε(x, 0) = 0.� «¥¥, ¨¬¥¥¬
t∫0 ∫
 u2ε dxdτ + t∫0 ∫
 u2ετ dxdτ + ε

t∫0 ∫
 n∑

i=1 u2εxi
dxdτ+ t∫0 ∫
 n∑

i,j=1 aijuεxiuεxj dxdτ 6 M7. (18)
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t∫0 ∫
 u2ε dxdτ + t∫0 ∫
 u2ετ dxdτ + t∫0 ∫
 u2εττ dxdτ+ ε

t∫0 ∫
 n∑

i=1 u2εxi
dxdτ + ε

t∫0 ∫
 n∑

i=1 u2εxiτ dxdτ+ t∫0 ∫
 n∑

i,j=1 aijuεxiuεxj dxdτ + t∫0 ∫
 n∑

i,j=1 aijuεxiτuεxjτ dxdτ 6 M8. (19)�â¥£à¨àãï ¢á¯®¬®£ â¥«ì®¥ ãà ¢¥¨¥ ®â 0 ¤® t ¨ ãç¨âë¢ ï ãá«®¢¨¥
uε(x, 0) = 0, ¯®«ãç¨¬
uεt(x, t)− ε�uε(x, t) − n∑

i,j=1 ∂

∂xi
(aij(x)uεxj (x, t))+ a(x)uε(x, t)− f(x, t)− h1(x, t)q1ε(x) − h2(x, t)q2ε(x)= uεt(x, 0)− f(x, 0)− h1(x, 0)q1ε(x)− h2(x, 0)q2ε(x), (20)£¤¥

q1ε(x) = q10(x) + q11(x)uεt(x, t1) + q12(x)uεt(x, t2),
q2ε(x) = q20(x) + q21(x)uεt(x, t1) + q22(x)uεt(x, t2).Ǒà ¢ ï ç áâì (20) à ¢ 

uεt(x, 0)− f(x, 0)− h1(x, 0)q1ε(x)− h2(x, 0)q2ε(x)= wε(x, 0)− f(x, 0)− h1(x, 0)q1ε(x) − h2(x, 0)q2ε(x)= α1(x)wε(x, t1) + α2(x)wε(x, t2) + α0(x)
− f(x, 0)− h1(x, 0)q1ε(x) − h2(x, 0)q2ε(x) = 0. (21)�âáî¤ 

uεt − ε�uε −
n∑

i,j=1 ∂

∂xi
(aij(x)uεxj ) + a(x)uε= f(x, t) + h1(x, t)q1ε(x) + h2(x, t)q2ε(x). (22)



174 Ǒà®ª®¯ì¥¢ �. �.Ǒ®¤áâ ¢«ïï t = t1 ¨ t = t2 ¢ (22), ¯®«ãç¨¬ ãà ¢¥¨ï
−ε�uε −

n∑

i,j=1 ∂

∂xi
(aij(x)uεxj (x, t1)) + a(x)uε(x, t1) = 0,

−ε�uε −
n∑

i,j=1 ∂

∂xi
(aij(x)uεxj (x, t2)) + a(x)uε(x, t2) = 0,ª®â®àë¥ ï¢«ïîâáï í««¨¯â¨ç¥áª¨¬¨. � á¨«ã â®£®, çâ® a(x) > a0 > 0¨ uε(x, t1) = uε(x, t2) = 0 ¯à¨ x ∈ �, ¯®«ãç ¥¬, çâ® uε(x, ti) = 0 ¯à¨

x ∈ 
, i = 1, 2.�¬®� ¥¬ (22)   ¯à®¡ãî äãªæ¨î η(x, t) ¨ ¨â¥£à¨àã¥¬ ¯® Q:
∫

Q

(
uεtη + ε

n∑

i=1 uεxiηxi + n∑

i,j=1 aijuεxiηxj + auεη

)
dxdt= ∫

Q

(
fη + 2∑

k=1 qεkhkη

)
dxdt.�§ ®æ¥ª¨ (19) á«¥¤ã¥â, çâ® ¬®�® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨

{εm} ¨ {um(x, t)} â ª¨¥, çâ® ¯à¨ m→ ∞

εm → 0,
um(x, t) → u(x, t), umt(x, t) → ut(x, t),
aijumxi(x, t) → aijuxi(x, t) á« ¡® ¢ L2(Q),

umt(x, tk) → ut(x, tk), k = 1, 2, á« ¡® ¢ L2(
),
εmumxi(x, t) → 0 á« ¡® ¢ L2(Q).� ¯à¥¤¥«¥ ¯®«ãç¨¬ ã�®¥  ¬ ®¡®¡é¥®¥ à¥è¥¨¥.�¥®à¥¬  1 ¤®ª §  .Ǒ¥à¥©¤¥¬ ª ®¡à â®© § ¤ ç¥ II.�¢¥¤¥¬ ®¡®§ ç¥¨ï:

f0(x) = T∫0 γ(t)f(x, t) dt, h0(x) = T∫0 γ(t)h(x, t) dt, γ0 = T∫0 (γ′(t))2 dt,
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h1(x, t) = h(x, t)

h0(x) , H = max
Q

h21(x, t), a0 = min
 a(x),
k = HT (1 + a0)

a0 , ϕ(x, v) = γ(T )v(x, T )− T∫0 γ′(t)v(x, t) dt,£¤¥ v(x, t) | § ¤  ï äãªæ¨ï.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
h(x, t) ∈ C1(
), a(x) ∈ C1(
), aij(x) ∈ C2(
), i, j = 1, . . . , n,

a0 > 0, n∑

i,j=1 aij(x)νiνj > 0, x ∈ �; (23)
a0 + 1− 4kγ2(T ) > 0, a0 − 4kγ0 > 0; (24)

f(x, t) ∈ L2(Q). (25)�®£¤  áãé¥áâ¢ã¥â ®¡®¡é¥®¥ à¥è¥¨¥ u(x, t) ∈ V , q(x) ∈ L2(
) § ¤ ç¨(1′), (2), (3′).�®ª § â¥«ìáâ¢®. �¬®�¨¬ (1′)   γ(t) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® ®â-à¥§ªã [0, T ℄. Ǒ®á«¥ ¥á«®�ëå ¢ëª« ¤®ª ¬®�¥¬ ¢ëç¨á«¨âì q(x):
q(x) = 1

h0(x) γ(T )u(x, T )− T∫0 γ′(t)u(x, t) dt− f0(x)= 1
h0(x)ϕ(x, u)− f0(x)

h0(x) .Ǒ®¤áâ ¢¨¢ ¢ëà �¥¨¥ ¤«ï q(x) ¢ ãà ¢¥¨¥ (1′), ¯®«ãç¨¬
ut(x, t)− n∑

i,j=1 ∂

∂xi
(aij(x)uxj (x, t)) + a(x)u(x, t) = ~f(x, t) + h1(x, t)ϕ(x, u),£¤¥ ~f(x, t) = f(x, t)− h1(x)f0(x).�®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à¥£ã«ïà¨§ æ¨¨, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥© § ¤ -ç¥. Ǒãáâì ε | ¯®«®�¨â¥«ì®¥ ç¨á«®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî§ ¤ çã:  ©â¨ äãªæ¨î u(x, t), ï¢«ïîéãîáï à¥è¥¨¥¬ ãà ¢¥¨ï

Lεu = ~f(x, t) + h1(x, t)ϕ(x, u)
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u(x, 0) = 0, x ∈ 
; u(x, t)|S = 0.Ǒà¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë ¢á¯®¬®£ â¥«ì ï § ¤ ç  à §à¥è¨¬ ¯à¨ ä¨ªá¨à®¢ ®¬ ε ¢ ¯à®áâà áâ¢¥ W 2,12 (Q) (á¬. [4, 5℄). Ǒ®ª �¥¬,çâ® ¤«ï íâ¨å à¥è¥¨© ¨¬¥îâ ¬¥áâ® à ¢®¬¥àë¥ ¯® ε  ¯à¨®àë¥ ®æ¥-ª¨. � áá¬®âà¨¬ à ¢¥áâ¢®

T∫0 ∫
 Lεu·u dxdτ = T∫0 ∫
 [ ~f(x, t) + h1(x, t)ϕ(x, u)℄u dxdτ. (26)�â¥£à¨àãï, ¯®«ãç¨¬12 ∫
 u2(x, t) dx∣∣∣∣T0 + T∫0 ∫
 n∑

i,j=1 aijuxiuxj dxdt+ T∫0 ∫
 a(x)u2(x, t) dxdt+ ε

T∫0 ∫
 n∑

i=1 u2xi
(x, t) dxdt = T∫0 ∫
 ~f(x, t)u(x, t) dxdt+ T∫0 ∫
 h1(x, t)ϕ(x, u)u(x, t) dxdt.�á¯®«ì§ãï ¥à ¢¥áâ¢®�£ ,  ç «ì®¥ ãá«®¢¨¥ (2) ¨ ãá«®¢¨ï â¥®-à¥¬ë, ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã12 ∫
 u2(x, T ) dx+ ε

∫

Q

n∑

i=1 u2xi
(x, t) dxdt + ∫

Q

n∑

i,j=1 aijuxiuxj dxdt+ a0 ∫
Q

u2(x, t) dxdt 6
δ212 ∫

Q

u2(x, t) dxdt + 12δ21 ∫
Q

~f2(x, t) dxdt+ δ222 ∫
Q

u2(x, t) dxdt + HT2δ22 ∫
 ϕ2(x, u) dx, (27)¢ ª®â®à®¬ δ1 ¨ δ2 | ¯à®¨§¢®«ìë¥ ¯®«®�¨â¥«ìë¥ ç¨á« .
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T∫0 ∫
 Lεu·ut dxdt = T∫0 ∫
 [ ~f(x, t) + h1(x, t)ϕ(x, u)℄ut dxdt. (28)�â¥£à¨àãï ¯® ç áâï¬, ¨á¯®«ì§ãï ¥à ¢¥áâ¢® �£  ¨ ãá«®¢¨ï â¥®à¥-¬ë, ¯®«ãç¨¬ ¥à ¢¥áâ¢®

∫

Q

u2t dxdt + 12 ∫
 n∑

i,j=1 aijuxi(x, T )uxj(x, T ) dx+ a02 ∫
 u2(x, T ) dx+ ε2 ∫
 n∑

i=1 u2xi
(x, T ) dx 6

δ232 ∫
Q

u2t dxdt + 12δ23 ∫
Q

~f2(x, t) dxdt+ δ242 ∫
Q

u2t dxdt+ HT2δ24 ∫
 ϕ2(x, u) dx, (29)¢ ª®â®à®¬ δ3 ¨ δ4 | ¯à®¨§¢®«ìë¥ ¯®«®�¨â¥«ìë¥ ç¨á« .�ã¬¬  (27) ¨ (29) ¤ áâ ¥à ¢¥áâ¢®
a0 + 12 ∫
 u2(x, T ) dx+(a0 − δ21 + δ222 )∫

Q

u2(x, t) dxdt+ 12 ∫
 n∑

i,j=1 aijuxi(x, T )uxj(x, T ) dx+ ∫
Q

n∑

i,j=1 aijuxiuxj dxdt+(1− δ23 + δ242 )∫

Q

u2t dxdt + ε

∫

Q

n∑

i=1 u2xi
dxdt + ε2 ∫
 n∑

i=1 u2xi
(x, T ) dx

6

( 12δ21 + 12δ23)∫
Q

~f2(x, t) dxdt +(HT2δ22 + HT2δ24 )∫
 ϕ2(x, u) dx. (30)� «¥¥,
∫
 ϕ2(x, u) dx 6

∫
 
2γ2(T )u2(x, T ) dx+ 2 T∫0 γ′(t)u(x, t) dt2

 dx

6 2γ2(T ) ∫
 u2(x, T ) dx+ 2γ0 ∫
Q

u2(x, t) dxdt. (31)



178 Ǒà®ª®¯ì¥¢ �. �.Ǒ®«®�¨¬ δ21 = δ22 = a02 ¨ δ23 = δ24 = 12 . �®£¤  ¨§ ¥à ¢¥áâ¢  (30) ¨®æ¥ª¨ (31) ¯®«ãç¨¬
a0 + 1− 4kγ2(T )2 ∫
 u2(x, T ) dx+ a0 − 4kγ02 ∫

Q

u2(x, t) dxdt+ 12 ∫
 n∑

i,j=1 aijuxi(x, T )uxj(x, T ) dx+∫
Q

n∑

i,j=1 aijuxiuxj dxdt+ 12 ∫
Q

u2t dxdt+ ε

∫

Q

n∑

i=1 u2xi
(x, t) dxdt + ε2 ∫
 n∑

i=1 u2xi
(x, T ) dx 6

a0 + 1
a0 ‖ ~f‖2L2(Q). (32)Ǒ®áª®«ìªã   á ¬®¬ ¤¥«¥ äãªæ¨ï u(x, t) ®¯à¥¤¥«ï¥âáï â ª�¥ ¯ -à ¬¥âà®¬ ε, ¤«ï á¥¬¥©áâ¢  {uε(x, t)} ¢ æ¥«®¬ ¨¬¥¥¬ ®æ¥ªã:

∫
 u2ε(x, T ) dx+ ∫
Q

u2ε(x, t) dxdt + 12 ∫
 n∑

i,j=1 aijuεxi(x, T )uεxj(x, T ) dx+ ∫
Q

n∑

i,j=1 aijuεxiuεxj dxdt + ∫
Q

u2εt dxdt+ ε

∫

Q

n∑

i=1 u2εxi
dxdt+ ε

∫
 n∑

i=1 u2εxi
(x, T ) dx 6 N‖ ~f‖2L2(Q). (33)�¬®�¨¢ ¢á¯®¬®£ â¥«ì®¥ ãà ¢¥¨¥   γ(t) ¨ ¯à®¨â¥£à¨à®¢ ¢ ¥£® ¯®®âà¥§ªã [0, T ℄, á ãç¥â®¬ ãá«®¢¨ï uε(x, 0) = 0 ¯®«ãç¨¬

− ε� T∫0 γ(t)uε(x, t) dt−
n∑

i,j=1 ∂

∂xi


aij(x) T∫0 γ(t)uε(x, t) dt

xj


+ a(x) T∫0 γ(t)uε(x, t) dt = 0. (34)�¡®§ ç¨¬ µε(x) = T∫0 γ(t)uε(x, t) dt. �®£¤  (34) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥:

−ε�µε −
n∑

i,j=1 ∂

∂xi
(aij(x)µεxj ) + a(x)µε = 0. (35)



�¨¥© ï ®¡à â ï § ¤ ç  179�â® ãà ¢¥¨¥ ï¢«ï¥âáï í««¨¯â¨ç¥áª¨¬. � á¨«ã â®£®, çâ® a(x) > a0 > 0¨ µε(x) = 0, x ∈ �, ¯®«ãç ¥¬, çâ® µε(x) = 0 ¯à¨ x ∈ 
.� «ì¥©è¨¥ à ááã�¤¥¨ï   «®£¨çë ¢ë¯®«¥ë¬ ¯à¨ ¤®ª § -â¥«ìáâ¢¥ â¥®à¥¬ë 1.�¥®à¥¬  2 ¤®ª §  .� ¬¥ç ¨¥. �áå®¤®¥ ãà ¢¥¨¥ (1) ¬®�¥â ¨¬¥âì ¨ ¡®«¥¥ ®¡é¨©¢¨¤,  ¯à¨¬¥à, â ª®©:
ut −

n∑

i,j=1 ∂

∂xi
(aij(x)uxj ) + n∑

i=1 biuxi(x, t) + a(x, t)u= f(x, t) + m∑

k=1 qk(x)hk(x, t)á ãá«®¢¨¥¬ ¯¥à¥®¯à¥¤¥«¥¨ï (3) ¨«¨
ut −

n∑

i,j=1 ∂

∂xi
(aij(x)uxj ) + n∑

i=1 biuxi(x, t) + a(x, t)u = f(x, t) + q(x)h(x, t)á ãá«®¢¨¥¬ ¯¥à¥®¯à¥¤¥«¥¨ï (3′).����������1. Prilepko A. I., Orlovsky D. C., Vasin I. A. Methods for solving inverse problems inmathematial physis. New York: Dekker, 1999.2. Isakov V. Inverse problems for partial di�erential equations. New York: SpringerSi., 2006. (Appl. Math. Si., V. 127.)3. �®� ®¢ �. �. � ¤ ç  ®¯à¥¤¥«¥¨ï à¥è¥¨ï ¨ ¯à ¢®© ç áâ¨ á¯¥æ¨ «ì®£® ¢¨¤  ¢¯ à ¡®«¨ç¥áª®¬ ãà ¢¥¨¨ // �¡à âë¥ § ¤ ç¨ ¨ ¨ä®à¬ æ¨®ë¥ â¥å®«®£¨¨.�£®àáª¨© ¨áâ¨âãâ ¨ä®à¬ æ¨®ëå â¥å®«®£¨©, 2002. �. 1, ü3. �. 13{41.4. �®� ®¢ �. �. �¥«®ª «ì ï ¯® ¢à¥¬¥¨ ªà ¥¢ ï § ¤ ç  ¤«ï «¨¥©ëå ¯ à ¡®-«¨ç¥áª¨å ãà ¢¥¨© // �¨¡. �ãà. ¨¤ãáâà. ¬ â¥¬ â¨ª¨. 2004. �. 7, ü 1.�. 51{60.5. Kozhanov A. I., Safuillova R. R. Linear inverse problems for paraboli and hyperboliequations // J. Inverse Ill-posed Probl. 2010. V. 18, N 1. P. 1{24.6. Belov Yu. Ya. Inverse problems for paraboli equations // J. Inverse Ill-posed Probl.1993. V. 1, N 4. P. 283{305.7. Belov Yu. Ya. Inverse problems for partial di�erential equations. Utreht: VSP,2002.8. Ivanhov M. Inverse problems for equations of paraboli type. Lviv: VNTL Publ.,2003. (Math. Stud. Monogr. Ser.; Vol. 10.)£. �ªãâáª 20 ¨îï 2011 £.



��� 517.946� ������������ �������� ��������� Ǒ�������������� ����������������� Ǒ������ � ������������������������ Ǒ�� Ǒ����������Ǒ� �������∗)�. �. �¥«¥è¥¢ � ¤ ç , ª®â®à ï ¡ã¤¥â ¨§ãç âìáï ¢  áâ®ïé¥© à ¡®â¥, ®â®á¨âáïª ª« ááã ª®íää¨æ¨¥âëå ®¡à âëå § ¤ ç, â. ¥. § ¤ ç, ¢ ª®â®àëå¢¬¥áâ¥ á à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¥¨§¢¥áâë¬¨ ï¢-«ïîâáï â®â ¨«¨ ¨®© (¨ë¥) ª®íää¨æ¨¥â(ë) ¨ (¨«¨) ¯à ¢ ï ç áâì.�¡à âë¥ § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¢ à §«¨çëå ¯®áâ -®¢ª å ¨áá«¥¤®¢ «¨áì ¢ ¬®£®ç¨á«¥ëå à ¡®â å; ª ª  ¨¡®«¥¥ ¡«¨§ª¨¥ª â¥¬ â¨ª¥ ¤ ®© áâ âì¨ ¬®�® ®â¬¥â¨âì ¬®®£à ä¨¨ [1{5℄ ¨ áâ âì¨[6{12℄.�¤¨ ¨§  ¨¡®«¥¥ ç áâ® ¯à¨¬¥ï¥¬ëå ¢ ¯®á«¥¤¥¥ ¢à¥¬ï ¬¥â®¤®¢¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ ®¡à âëå § ¤ ç | á¢¥¤¥¨¥ ®¡à â®©§ ¤ ç¨ ª ®¢®© ªà ¥¢®© § ¤ ç¥ ¤«ï ý £àã�¥®£®þ ãà ¢¥¨ï [13, 14℄,áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï ª®â®à®£® ¤ ¥â áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï ¨áå®¤-®© ®¡à â®© § ¤ ç¨.Ǒ¥à¥©¤¥¬ ª á®¤¥à� â¥«ì®© ç áâ¨. � à ¡®â¥ à áá¬ âà¨¢ ¥âáï à §-à¥è¨¬®áâì ®¡à â®© § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¢ëá®ª®£®¯®àï¤ª  á ¥¨§¢¥áâë¬ ª®íää¨æ¨¥â®¬, § ¢¨áïé¨¬ ®â ¢à¥¬¥¨.�ãªæ¨¨ f(x, t), u0(x), ϕ0(t), ϕ1(t), ψ0(t), ψ1(t), K(x), c(x, t) ¨§-¢¥áâë ¨ § ¤ ë ¯à¨ x ∈ [0, 1℄, t ∈ [0, T ℄.
∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à�ª¥ £à â  ���-2010.© 2011 �¥«¥è¥¢  �. �.



� à §à¥è¨¬®áâ¨ ®¡à â®© § ¤ ç¨ 181�¡à â ï § ¤ ç  I. � ©â¨ äãªæ¨¨ {u(x, t), p(t)}, á¢ï§ ë¥ ¢¯àï¬®ã£®«ì¨ª¥ Q = {(x, t) : (0, 1)× (0, T )}, T <∞, ãà ¢¥¨¥¬
p(t)ut + uxxxx + c(x, t)u = f(x, t), (1)¯à¨ ¢ë¯®«¥¨¨ ¤«ï äãªæ¨¨ u(x, t)  ç «ì®£® ãá«®¢¨ï

u(x, 0) = u0(x), x ∈ (0, 1), (2)ªà ¥¢ëå ãá«®¢¨© {
u(0, t) = ϕ0(t),
u(1, t) = ψ0(t), (3)

{
ux(0, t) = ϕ1(t),
ux(1, t) = ψ1(t), (4)  â ª�¥ ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï1∫0 K(x)u(x, t) dx = µ(t). (5)� ãá«®¢¨ïå (3){(5) t ¥áâì â®çª  ¨â¥à¢ «  (0, T ).�¡à â ï § ¤ ç  II. � ©â¨ äãªæ¨¨ {u(x, t), p(t)}, á¢ï§ ë¥¢ ¯àï¬®ã£®«ì¨ª¥ Q ãà ¢¥¨¥¬ (1), ¯à¨ ¢ë¯®«¥¨¨ ¤«ï äãªæ¨¨

u(x, t) ãá«®¢¨© (2), (3), (5),   â ª�¥ ãá«®¢¨©{
uxx(0, t) = ϕ1(t),
uxx(1, t) = ψ1(t). (6)�«ï ¯à®áâ®âë ¨§«®�¥¨ï ¤ «ì¥©è¨å ¢ëª« ¤®ª ¢¢¥¤¥¬ ¥ª®â®àë¥®¡®§ ç¥¨ï. �¤¥áì ¨ ¤ «¥¥ áç¨â ¥¬, çâ® äãªæ¨ï c(x, t) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ c(x, t) = c1(x, t) + c2(x, t).Ǒãáâì p0, p1, µ0 | ¯®«®�¨â¥«ìë¥ ç¨á« , à®«ì ª®â®àëå ¡ã¤¥â ®¡ê-ïá¥  ¨�¥. Ǒ®«®�¨¬, çâ®�u(x, t) = [ψ1(t) + ϕ1(t)− 2ψ0(t) + 2ϕ0(t)℄x3+ [3ψ0(t)− 3ϕ0(t)− 2ϕ1(t)− ψ1(t)℄x2 + ϕ1(t)x + ϕ0(t),

w0(x) = u0(x) − �u(x, 0),
a(x, t) = K(4)(x) + c(x, t)K(x),

F (t) = 1
µ′(t) 1∫0 K(x)f(x, t) dx − 1

µ′(t) 1∫0 c(x, t)�u(x, t)K(x) dx,
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ϕ(t, v) = 1∫0 K(x)vxxxx dx+ 1∫0 K(x)c(x, t)v(x, t) dx,

v(x, t) | § ¤  ï äãªæ¨ï,�f(x, t) = f(x, t)− c(x, t)�u(x, t)− F (t)�ut(x, t),
M0 = p1µ0, M1 = max06t6T

1∫0 a2(x, t) dx,
m1 = max�Q |�ut(x, t)|, m = max�Q |c2(x, t)|, m2 = max�Q |c2(x, t)|,

C = max(m
p0 , M1

µ20p0),
K1 = 3

p0 T∫0 1∫0 �f2(x, τ) dxdτ + 1∫0 w′′20 (x) dx + 1∫0 c1(x, 0)w20(x) dx,
K2 = 3m21M1

p0µ20 + 3m22
p0 , R1 = [K1M1 exp(K2T )℄ 12 .�¥®à¥¬  1. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

f(x, t) ∈ L2(Q), c(x, t) ∈ C1(Q),á2(x, t) ∈ C2(Q)µ(t) ∈ C1([0, T ℄), K(x) ∈ C4([0, 1℄),
ϕ0(x) ∈ C1([0, 1℄), ϕ1(x) ∈ C1([0, 1℄),

ψ0(x) ∈ C1([0, 1℄), ψ1(x) ∈ C1([0, 1℄), u0(x) ∈W 42 (Q),
|µ′(t)| > µ0 ¯à¨ t ∈ [0, T ℄,

F (t) > p0 + p1 ¯à¨ t ∈ [0, T ℄,
c1(x, t) > 0, c1t(x, t) 6 0 ¯à¨(x, t) ∈ Q,1∫0 K(x)u0(x) dx = µ(0).�à®¬¥ â®£®, ¯ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

K(0) = K(1) = K ′(0) = K ′(1) = 0, R1 6 M0,



� à §à¥è¨¬®áâ¨ ®¡à â®© § ¤ ç¨ 183  â ª�¥ ãá«®¢¨ï á®£« á®¢ ¨ï
u0(0) = ϕ0(0), u0(1) = ψ0(1), u′0 = ϕ1(0), u′0(1) = ψ1(1).�®£¤  ¤«ï ®¡à â®© § ¤ ç¨ I áãé¥áâ¢ã¥â à¥è¥¨¥ u(x, t), p(t) â ª®¥çâ® u(x, t) ∈ W 4,12 (Q), p(t) ∈ L∞([0, T ℄).�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî ªà ¥¢ãî § ¤ -çã:  ©â¨ äãªæ¨î u(x, t), ã¤®¢«¥â¢®àïîéãî ¢ ¯àï¬®ã£®«ì¨ª¥ Qãà ¢¥¨î


 1
µ′(t) 1∫0 K(x)f(x, t) dx − 1

µ′(t)ϕ(t, u) ut+uxxxx+c(x, t)u = f(x, t) (7)¨ ãá«®¢¨ï¬ (2){(4).�¥è¥¨¥ ¤ ®© § ¤ ç¨ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ u(x, t) = �u(x, t) +
w(x, t). �®£¤  ¤  ï § ¤ ç  á¢¥¤¥âáï ª ®¡à â®© § ¤ ç¥ á ®¤®à®¤-ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨, ¯à¨ íâ®¬  ç «ì®¥ ãá«®¢¨¥ ¯à¥®¡à §ã¥âáïª   «®£¨ç®¬ã ¤«ï u(x, t) ãá«®¢¨î. �®«¥¥ â®ç®, ¨¬¥¥¬ § ¤ çã:  ©â¨äãªæ¨î w(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì¨ª¥ Q à¥è¥¨¥¬ ãà ¢¥-¨ï[
F (t)− 1

µ′(t)ϕ(t, w)]wt +wxxxx+ c(x, t)w = �f(x, t)+ 1
µ′(t)ϕ(t, w)�ut (1′)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï

w(x, 0) = w0(x), x ∈ (0, 1), (2′)
{
w(0, t) = 0, t ∈ (0, T ),
w(1, t) = 0, t ∈ (0, T ), (3′)

{
wx(0, t) = 0, t ∈ (0, T ),
wx(1, t) = 0, t ∈ (0, T ). (4′)�¯à¥¤¥«¨¬ áà¥§ îéãî äãªæ¨î G(ξ):

G(ξ) =  ξ, ¥á«¨ |ξ| 6 M0,
M0, ¥á«¨ ξ > M0,
−M0, ¥á«¨ ξ < −M0.



184 �¥«¥è¥¢  �. �.� áá¬®âà¨¬ ãà ¢¥¨¥[
F (t)− 1

µ′(t)G(ϕ(t, w))]wt+ wxxxx + c(x, t)w = �f(x, t) + 1
µ′(t)ϕ(t, w)�ut (1G)¨ ªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î w(x, t) , ï¢«ïîéãîáï ¢ ¯àï¬®ã£®«ì-¨ª¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï (1G) ¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáïãá«®¢¨ï (2′){(4′).�«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ íâ®© § ¤ ç¨ ¢®á¯®«ì§ã¥¬áï ¬¥-â®¤®¬ «¨¥ à¨§ æ¨¨ ¨ ¬¥â®¤®¬ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã.Ǒãáâì λ ∈ [0, 1℄, v(x, t) | § ¤  ï äãªæ¨ï ¨§ W 4,12 (Q). � áá¬®â-à¨¬ ªà ¥¢ãî § ¤ çã:  ©â¨ äãªæ¨î w(x, t), ï¢«ïîéãîáï ¢ ¯àï¬®-ã£®«ì¨ª¥ Q à¥è¥¨¥¬ ãà ¢¥¨ï[

F (t)− 1
µ′(t)G(ϕ(t, v))]wt+ wxxxx + c(x, t)w = �f(x, t) + λ

µ′(t)ϕ(t, w)�ut (1G,v,λ)¨ â ªãî, çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2′){(4′).Ǒ®áª®«ìªã ¨ ¤«ï ¬¥â®¤  ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã, ¨ ¤«ï ¬¥â®¤ ¥¯®¤¢¨�®© â®çª¨ ¥®¡å®¤¨¬ë ýå®à®è¨¥þ  ¯à¨®àë¥ ®æ¥ª¨, ¯®ª -�¥¬ ¨å  «¨ç¨¥.� ¤ «ì¥©è¥¬ á¨áâ¥¬ â¨ç¥áª¨ ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¥à ¢¥áâ¢®1∫0 w2(x, t) dx 6

1∫0 w2
xx(x, t) dx, (8)á¯à ¢¥¤«¨¢®¥ ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (3′) ¨ (4′).� áá¬®âà¨¬ à ¢¥áâ¢®

t∫0 1∫0 {[F (τ)− 1
µ′(τ)G(ϕ(τ, v))]wτ + wxxxx + c(x, τ)w}wτ dxdτ= t∫0 1∫0 [ �f(x, τ) + λ

µ′(τ)ϕ(τ, w)�uτ

]
wτ dxdτ,



� à §à¥è¨¬®áâ¨ ®¡à â®© § ¤ ç¨ 185ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (1G,v,λ) .�á¯®«ì§ãï ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬, ãá«®¢¨ï â¥®à¥¬ë, ¥à ¢¥-áâ¢® (8), ¥à ¢¥áâ¢® �£  ¨ ��¥«ì¤¥à , ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã
p0 t∫0 1∫0 w2

τ dxdτ + 1∫0 w2
xx(x, t) dx 6 K1 +K2 t∫0 1∫0 w2

xx(x, τ) dxdτ.Ǒà¨¬¥ïï ¤ «¥¥ «¥¬¬ã �à®ã®«« , ¯®«ãç ¥¬ ¯¥à¢ë¥ ®æ¥ª¨:1∫0 w2
xx(x, t) dx 6 K1 exp(K2T ), (9)

t∫0 1∫0 w2
xx(x, τ) dxdτ 6 TK1 exp(K2T ), (10)

t∫0 1∫0 w2
τ (x, τ) dxdτ 6

K2K1T
p0 exp(K2T ) +K1. (11)� áá¬®âà¨¬ â¥¯¥àì à ¢¥áâ¢®

t∫0 1∫0 {[F (τ)− 1
µ′(τ)G(ϕ(τ, v))]wτ + wxxxx + c(x, τ)w}wxxxx dxdτ= t∫0 1∫0 [ �f(x, τ) + λ

µ′(τ)ϕ(τ, w)�uτ

]
wxxxx dxdτ,â ª�¥ ï¢«ïîé¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (1G,v,λ).�â¥£à¨à®¢ ¨¥ ¯® ç áâï¬, ¥à ¢¥áâ¢® �£  ¨ ®æ¥ª¨ (9){(11)¯®§¢®«ïîâ ¨§ íâ®£® à ¢¥áâ¢  ¢ë¢¥áâ¨ ®æ¥ªã

t∫0 1∫0 w2
xxxx(x, τ) dxdτ 6 Má ¯®áâ®ï®©M , ®¯à¥¤¥«ïîé¥©áï äãªæ¨ï¬¨ c(x, t), f(x, t), ϕ0(t), ϕ1(t),

ψ0(t), ψ1(t) ¨ ç¨á«®¬ T .�§ ¯®«ãç¥ëå ®æ¥®ª á«¥¤ã¥â, çâ® ®à¬  äãªæ¨¨ w(x, t) ¢ ¯à®-áâà áâ¢¥W 4,12 (Q) ®£à ¨ç¥  ¯®áâ®ï®©, § ¢¨áïé¥© â®«ìª® ®â ¨áå®¤-



186 �¥«¥è¥¢  �. �.ëå ¤ ëå:
‖w‖W 4,12 (Q) 6 K0. (12)�§ ¤®ª § ®© ®æ¥ª¨ ¨ â¥®à¥¬ë ® ¬¥â®¤¥ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã¢ëâ¥ª ¥â, çâ® § ¤ ç  (1G,v,λ), (2′){(4′) à §à¥è¨¬  ¯à¨ λ = 1 [15℄.� áá¬®âà¨¬ ãà ¢¥¨¥[

F (t)− 1
µ′(t)G(ϕ(t, v))]wt + wxxxx + c(x, t)w = �f(x, t) + 1

µ′(t)ϕ(t, w)�ut.(1G,v)�à ¥¢ ï § ¤ ç  (1G,v), (2′){(4′) ¯®à®�¤ ¥â ®¯¥à â®à �(v), áâ ¢ï-é¨© ¢ á®®â¢¥âáâ¢¨¥ äãªæ¨¨ v(x, t) ¨§ ¯à®áâà áâ¢  W 4,12 (Q) à¥è¥¨¥
w(x, t), ¯à¨ ¤«¥� é¥¥ íâ®¬ã �¥ ¯à®áâà áâ¢ã. Ǒ®ª �¥¬, çâ® ¤ ë©®¯¥à â®à ¨¬¥¥â ¥¯®¤¢¨�ë¥ â®çª¨.Ǒãáâì R0 | ç¨á«® â ª®¥, çâ® R0 > K0, ¨ ¯ãáâì B | ¬®�¥áâ¢®:
B = {v(x, t) : v(x, t) ∈W 4,12 (Q),

v(0, t) = v(1, t) = vx(0, t) = vx(1, t) = 0, ‖v(x, t)‖W 4,12 (Q) 6 R0}.Ǒãáâì v(x, t) ∈ B. �®£¤  ¨§ ¯®«ãç¥ëå  ¯à¨®àëå ®æ¥®ª ¨ ¢ë-¡®à  ç¨á«  R0 á«¥¤ã¥â, çâ® ®¯¥à â®à � ¯¥à¥¢®¤¨â ¬®�¥áâ¢® B ¢ á¥¡ï.Ǒ®ª �¥¬ ¥¯à¥àë¢®áâì ®¯¥à â®à  �   ¬®�¥áâ¢¥ B. Ǒãáâì ¯®-á«¥¤®¢ â¥«ì®áâì äãªæ¨© vn(x, t) áå®¤¨âáï ª äãªæ¨¨ �v(x, t) ¢W 4,12 (Q),äãªæ¨¨ wn(x, t) ¨ w(x, t) | ®¡à §ë äãªæ¨© vn(x, t), �v(x, t) á®®â¢¥â-áâ¢¥® ¯à¨ ¤¥©áâ¢¨¨ ®¯¥à â®à  �, Wn(x, t) ¥áâì äãªæ¨ï wn(x, t) −
w(x, t).�«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ {vn(x, t)} ¨ äãªæ¨¨ w(x, t) ¢ë¯®«ï¥âáï®æ¥ª  (12). �ãªæ¨¨ Wn(x, t) ¯à¥¤áâ ¢«ïîâ á®¡®© à¥è¥¨ï ªà ¥¢®©§ ¤ ç¨[

F (t)− 1
µ(t)G(ϕ(t, �v))]Wnt +Wnxxxx + c(x, t)Wn= [G(ϕ(t, vn))−G(ϕ(t, �v))℄ wnt

µ′(t) + �ut

µ′(t)ϕ(t,Wn),
Wn(x, 0) = 0, Wn(0, t) =Wn(1, t) =Wnx(0, t) =Wnx(1, t) = 0.Ǒ®¢â®àïï ¤®ª § â¥«ìáâ¢® ®æ¥ª¨ (12), ¯®«ãç ¥¬, çâ® ¤«ï äãªæ¨¨
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Wn(x, t) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
‖Wn‖2W 4,12 (Q) 6 N1 T∫0 1∫0 [G(ϕ(t, vn))−G(ϕ(t, �v))℄2 w2

nt

µ′2(t) dxdt
6
N1
µ20 max06t6T

[G(ϕ(t, vn))−G(ϕ(t, �v))℄2 T∫0 1∫0 w2
nt dxdt.� ª ª ª äãªæ¨ï G(ϕ(t, v)) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¨ ¤«ïäãªæ¨¨ wn(x, t) ¢ë¯®«ï¥âáï ®æ¥ª  (12) à ¢®¬¥à® ¯® n, â®

‖Wn‖2W 1,42 (Q) 6 N2 max06t6T
|ϕ(t, vn)− ϕ(t, �v)|2

6 N3 max06t6T

1∫0 [vn(x, t)− �v(x, t)℄2 dx. (13)Ǒ®«ãç¥®¥ ¥à ¢¥áâ¢® ¨ áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ {vn(x, t)}¢ ¯à®áâà áâ¢¥ W 1,42 (Q) ª äãªæ¨¨ �v(x, t) ®§ ç îâ, çâ® ®¯¥à â®à �¥¯à¥àë¢¥.Ǒ®ª �¥¬ â¥¯¥àì, çâ® ®¯¥à â®à � ª®¬¯ ªâ¥   ¬®�¥áâ¢¥ B.Ǒãáâì vn(x, t) | ®£à ¨ç¥®¥ á¥¬¥©áâ¢® äãªæ¨© ¬®�¥áâ¢  B,äãªæ¨¨ wn(x, t) | ®¡à §ëäãªæ¨© vn(x, t) ¯à¨ ¤¥©áâ¢¨¨ ®¯¥à â®à  �.�¥¬¥©áâ¢® äãªæ¨© {vn(x, t)} à ¢®¬¥à® ®£à ¨ç¥® ¢ W 4,12 (Q). �®-£¤  ¨§ íâ®£® á¥¬¥©áâ¢  ¬®�® ¨§¢«¥çì ¯®¤¯®á«¥¤®¢ â¥«ì®áâì vnk
(x, t)â ªãî, çâ® vnk

(x, t) áå®¤¨âáï ¯®çâ¨ ¢áî¤ã, ¯à¨ç¥¬ ¯®çâ¨ ¢áî¤ã à ¢-®¬¥à® ª ¥ª®â®à®© äãªæ¨¨ v(x, t) [16, 17℄. �§ á¢®©áâ¢ à¥ä«¥ªá¨¢-®áâ¨ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  á«¥¤ã¥â, çâ® ¬®�® ¥é¥ à § ¯¥à¥©-â¨ ª ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ â ª®©, çâ® ¯®á«¥¤®¢ â¥«ì®áâ¨ vnkl
x(x, t),

vnkl
xx(x, t), vnkl

xxx(x, t), vnkl
xxxx(x, t), vnkl

t(x, t) áå®¤ïâáï á« ¡® ¢ ¯à®-áâà áâ¢¥ L2(Q) á®®â¢¥âáâ¢¥® ª äãªæ¨ï¬ vx(x, t), vxx(x, t), vxxx(x, t),
vxxxx(x, t), vt(x, t). Ǒà¨ íâ®¬ äãªæ¨ï v(x, t) ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®-¢¨ï¬ v(0, t) = v(1, t) = vx(0, 1) = vx(1, t) = 0 ¨ ¢ª«îç¥¨î v(x, t) ∈
W 4,12 (Q).�¡®§ ç¨¬ ç¥à¥§ w(x, t) ®¡à § äãªæ¨¨ v(x, t) ¯à¨ ¤¥©áâ¢¨¨ ®¯¥à -â®à  �. Ǒ®¢â®àïï ¤®ª § â¥«ìáâ¢® ¥¯à¥àë¢®áâ¨ ®¯¥à â®à  �, ¯®«ã-



188 �¥«¥è¥¢  �. �.ç¨¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ®¡à §®¢ {wnkl
(x, t)} áå®¤¨âáï ª äãªæ¨¨

w(x, t) ¢ ¯à®áâà áâ¢¥ W 4,12 (Q). �â® ¨ ®§ ç ¥â ª®¬¯ ªâ®áâì ®¯¥à â®-à  �.�¥¯à¥àë¢®áâì ¨ ª®¬¯ ªâ®áâì ®¯¥à â®à  �   ¬®�¥áâ¢¥ B,  â ª�¥ â®â ä ªâ, çâ® ®¯¥à â®à � ¯¥à¥¢®¤¨â ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®-�¥áâ¢® B ¢ á¥¡ï, ®§ ç îâ, çâ® ¢ë¯®«ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë � -ã¤¥à . �®£« á® íâ®© â¥®à¥¬¥ ®¯¥à â®à � ¨¬¥¥â ¥¯®¤¢¨�ãî â®çªã
w(x, t), ®ç¥¢¨¤® ï¢«ïîéãîáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (1G), (2′){(4′).� «¥¥ § ¬¥â¨¬, çâ® ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

|ϕ(t, w)| 6 max06t6T




1∫0 a2(x, t) dx 12 


1∫0 w2(x, t) dx 12
.�ç¨âë¢ ï ¥à ¢¥áâ¢® (8) ¨ ®æ¥ªã (12), ¨¬¥¥¬

|ϕ(t, w)| 6 R1.�á«¥¤áâ¢¨¥ ãá«®¢¨ï R1 6 M0 ¯®«ãç ¥¬ G(ϕ(t, w)) = ϕ(t, w). �àã£¨¬¨á«®¢ ¬¨, äãªæ¨ï w(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (1′), (2′){(4′). �¥à¥¬áï ª äãªæ¨¨ u(x, t): u(x, t) = �u(x, t) + w(x, t). �ç¥¢¨¤®,çâ® ¤«ï äãªæ¨¨ u(x, t) ¢ë¯®«ïîâáï  ç «ìë¥ ¨ ªà ¥¢ë¥ ãá«®¢¨ï(2){(4). � «¥¥ ®ç¥¢¨¤®, çâ® äãªæ¨ï u(x, t) ¡ã¤¥â à¥è¥¨¥¬ ãà ¢¥-¨ï (7).Ǒ®«®�¨¬
p(t) = 1

µ′(t) 1∫0 K(x)f(x, t) dx − 1
µ′(t)ϕ(t, u).�ç¥¢¨¤®, çâ® äãªæ¨¨ u(x, t) ¨ p(t) ¢ ¯àï¬®ã£®«ì¨ª¥ Q á¢ï§ -ë ãà ¢¥¨¥¬ (1). �¬®�¨¬ ãà ¢¥¨¥ (1)   äãªæ¨î K(x) ¨ ¯à®-¨â¥£à¨àã¥¬ ¯® ®âà¥§ªã [0, 1℄. Ǒ®á«¥ ¥á«®�ëå ¢ëª« ¤®ª ¯à¨¤¥¬ ªà ¢¥áâ¢ã

p(t)	′(t) = 0, 	(t) = µ(t)− 1∫0 K(x)u(x, t) dx. (14)



� à §à¥è¨¬®áâ¨ ®¡à â®© § ¤ ç¨ 189� ª ª ª äãªæ¨ï p(t) áâà®£® ¯®«®�¨â¥«ì  ¨ 	(t) ®¡à é ¥âáï ¢ ã«ì¯à¨ t = 0, ¨§ à ¢¥áâ¢  (14) á«¥¤ã¥â, çâ® ¤«ï äãªæ¨¨ u(x, t) ¡ã¤¥â¢ë¯®«ïâìáï ãá«®¢¨¥ (5). �â® ¨ ®§ ç ¥â, çâ® ¯®áâà®¥ë¥ äãªæ¨¨
u(x, t) ¨ p(t) ¤ îâ à¥è¥¨¥ ®¡à â®© § ¤ ç¨ I.�¥®à¥¬  ¤®ª §  .�¥®à¥¬  2. Ǒãáâì {u1(x, t), p1(t)}, {u2(x, t), p2(t)} | à¥è¥¨ï ®¡-à â®© § ¤ ç¨ I â ª¨¥, çâ® äãªæ¨¨ u1(x, t), u2(x, t) ¨§ ¯à®áâà áâ¢ 
W 4,12 (Q), äãªæ¨¨ p1(t) ¨ p2(t) ¨§ ¯à®áâà áâ¢  L∞([0, T ℄). Ǒãáâì â ª-�¥ ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

p1(t) > p0 > 0, p2(t) > p0 > 0 ¯à¨ t ∈ [0, T ℄,
K(0) = K(1) = K ′(0) = K ′(1) = 0.�®£¤  íâ¨ à¥è¥¨ï á®¢¯ ¤ îâ.�®ª § â¥«ìáâ¢®. Ǒãáâì {u1(x, t), p1(t)} ¨ {u2(x, t), p2(t)} | à¥-è¥¨ï ®¡à â®© § ¤ ç¨ I â ª¨¥, çâ® p1(t) ∈ L∞([0, T ℄), p2(t) ∈ L∞([0, T ℄),

u1(x, t) ∈ W 4,12 (Q), u2(x, t) ∈ W 4,12 (Q). �®£¤  ¤«ï ¨å ¢ë¯®«ïîâáï à -¢¥áâ¢ 
p1(t)u1t + u1xxxx + c(x, t)u1 = f(x, t),
p2(t)u2t + u2xxxx + c(x, t)u2 = f(x, t).�¡®§ ç¨¬ u(x, t) = u2(x, t)− u1(x, t). Ǒ®«ãç¨¬, çâ® ¯à¨ (x, t) ∈ Q¢ë¯®«ïîâáï ãà ¢¥¨¥

p1(t)ut + uxxxx + c(x, t)u = (p1(t)− p2(t))u2t, (15) ç «ì®¥ ãá«®¢¨¥
u(x, 0) = 0, x ∈ (0, 1)¨ £à ¨çë¥ ãá«®¢¨ï ¯à¨ t ∈ [0, T ℄:{

rlu(0, t) = 0,
u(1, t) = 0; {

ux(0, t) = 0,
ux(1, t) = 0.�ç¨âë¢ ï, çâ® äãªæ¨¨ pi(t) ¨¬¥îâ ¢¨¤

pi(t) = 1
µ′(t) 1∫0 K(x)f(x, t) dx − 1

µ′(t)ϕ(t, ui),



190 �¥«¥è¥¢  �. �.ãà ¢¥¨¥ (15) ¬®�® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:
p1(t)ut + uxxxx + c(x, t)u = 1

µ′(t) 1∫0 a(x, t)u(x, t) dx · u2t(x, t). (16)Ǒ®ª �¥¬, çâ® u(x, t) ≡ 0. � áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 1∫0 (p1(τ)uτ + uxxxx + c(x, τ)u)uτ dxdτ= t∫0 1∫0 1

µ′(t)  1∫0 a(y, τ)u(y, τ) dy u2τ (x, τ)uτ dxdτ.Ǒà¨¬¥ïï ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¨ ¥à ¢¥áâ¢® �-£ , ¯®«ãç¨¬ ¥à ¢¥áâ¢®
p0 t∫0 1∫0 u2τ dxdτ + 1∫0 u2xx(x, t) dx 6

δ212 t∫0 1∫0 u2τ dxdτ+ δ222 t∫0 1∫0 u2τ dxdτ + 12δ21 t∫0 1∫0 c2(y, τ)u2 dxdτ+ 12δ22 t∫0 1∫0 u22τ

µ′2(τ)  1∫0 a(y, τ)u(y, τ) dy2
dxdτ.Ǒ®«®�¨¬ δ1 = δ2 =√p02 . �ç¨âë¢ ï (8), ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã1∫0 u2xx(x, t) dx 6 C

t∫0 1∫0 
(1 + u22τ

)
dx

1∫0 u2xx dx


 dτ.Ǒ®áª®«ìªã äãªæ¨ï 1∫0 [1 + u22t(x, t)] dx áã¬¬¨àã¥¬    [0, T ℄, ¨§ «¥¬¬ë�à®ã®««  á«¥¤ã¥â u(x, t) ≡ 0, â. ¥. u1(x, t) ≡ u2(x, t) ¨ p1(t) ≡ p2(t).�¥®à¥¬  ¤®ª §  .Ǒãáâì V1 ¨ V2 | ¯à®áâà áâ¢ :

V1 = {v(x, t) : v(x, t) ∈ W 4,12 (Q), vxxxxt(x, t) ∈ L2(Q),
v(0, t) = v(1, t) = vx(0, t) = vx(1, t) = 0 ¯à¨ t ∈ [0, T ℄},
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V2 = {v(x, t) : v(x, t) ∈ V1, vxxxx(x, t) ∈ V1};®à¬ë ¢ íâ¨å ¯à®áâà áâ¢ å ®¯à¥¤¥«¨¬ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬:

‖v‖V1 = ‖v‖W 4,12 (Q) + ‖vxxxxt‖L2(Q) , ‖v‖V2 = ‖v‖V1 + ‖vxxxx‖V1 .Ǒ®«®�¨¬
M2 = 1∫0 K2(x) dx,

C1 =  1∫0 u
(4)20 (x) dx + 1

ε

T∫0 1∫0 f2(x, τ) dxdτ exp(m
ε

)
,

C2 = 1
ε

1∫0 u
(4)20 (x) dx + 1

ε2 T∫0 1∫0 f2(x, τ) dxdτ + m

ε2TC1(ε | ¯®«®�¨â¥«ì®¥ ç¨á«®, à®«ì ª®â®à®£® ¡ã¤¥â ¯®ïá¥  ¨�¥),
K3 =  1∫0 u′′20 (x) dx+ 1∫0 c1(x, 0)u20(x) dx + 2

p0 t∫0 1∫0 f2(x, τ) dxdτ exp(2m22
p0 ),

K4 = p0 1∫0 u′′20 (x) dx+ 1
p0 1∫0 c1(x, 0)u20(x) dx + 2

p20 T∫0 1∫0 f2(x, τ) dxdτ + 2m22
p20 TK3,

N0 = [12( 27√5 + 1)( 27√5 + 1 + 1√3)],
N1 = 12 1∫0 [u(6)0 (x)]2 dx+ 12 1∫0 c1(x, 0)[u(4)0 (x)]2 dx+ 5

p0 T∫0 1∫0 f2xxxx dxdτ,
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N2 = N1 + 152p0K3T max

Q

(
c2x(x, t)) + 20

p0 maxQ

(
c2xx(x, t))K3T+ 15

p0 maxQ

(
c2xxx(x, t))TK3 + 5

p0 maxQ
(c2xxxx(x, t))TK3,

N3 = 15
p0 maxQ

(
c2x(x, t))N0 + 1

p0 maxQ

(
c22(x, t)), K5 = 2N2 exp(2N3),

K6 = 2
p0 (N2 +N2N3T exp(2N3)),

R2 =  1∫0 K2(x) dx 12 [√K5 +√mK3℄.�¥®à¥¬  3. Ǒãáâì ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï: f(x, t) ∈
L2(Q), ft(x, t) ∈ L2(Q), fxxxx(x, t) ∈ L2(Q), fxxxxt(x, t) ∈ L2(Q), c(x, t) ∈
C4(Q), µ(t) ∈ C1([0, T ℄), K(x) ∈ C1([0, T ℄), u0(t) ∈W 62 ([0, 1℄),

|µ′(t)| > µ0 ¯à¨ t ∈ [0, T ℄,
F (t) > p0 + p1 ¯à¨ t ∈ [0, T ℄,

ϕ0(t) = ϕ1(t) = ψ0(t) = ψ(t) = 0 ¯à¨ t ∈ [0, T ℄,
R2 6 M0, 1∫0 K(x)u0(x) dx = µ(0);

f(0, t) = f(1, t) = fx(0, t) = fx(1, t) = 0 ¯à¨ t ∈ [0, T ℄.
u0(0) = u0(1) = u′0(0) = u′0(1) = u

(4)0 (0) = u
(4)0 (1) = u

(5)0 (0) = u
(5)0 (1) = 0.

c1(x, t) > 0, c1t(x, t) 6 0 ¯à¨ (x, t) ∈ Q.�®£¤  ¤«ï ®¡à â®© § ¤ ç¨ I áãé¥áâ¢ã¥â à¥è¥¨¥ {u(x, t), p(t)} â ª®¥,çâ® u(x, t) ∈ W 4,12 (Q), p(t) ∈ L∞([0, T ℄).�®ª § â¥«ìáâ¢®. �®¢ì à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî ªà ¥¢ãî§ ¤ çã (7), (2){(4). �¥ à §à¥è¨¬®áâì ãáâ ®¢¨¬ á ¯®¬®éìî ¬¥â®¤®¢áà¥§ª¨, à¥£ã«ïà¨§ æ¨¨ ¨ ¥¯®¤¢¨�®© â®çª¨. � áá¬®âà¨¬ ªà ¥¢ãî § -¤ çã (7G), (2){(4). Ǒãáâì v(x, t) | § ¤  ï äãªæ¨ï ¨§ ¯à®áâà áâ¢ 
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V2, ε | ä¨ªá¨à®¢ ®¥ ç¨á«®. � áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã:  ©â¨äãªæ¨î u(x, t), ã¤®¢«¥â¢®àïîéãî ¢ ¯àï¬®ã£®«ì¨ª¥ Q ãà ¢¥¨î
[
F (t)− 1

µ′(t)G(ϕ(t, v))]ut + uxxxx + c(x, t)u + εuxxxxt = f(x, t) (7G,v,ε)¨ ãá«®¢¨ï¬ (2){(4) (ãâ®ç¨¬, çâ® §¤¥áì �u(x, t) = 0). � §à¥è¨¬®áâì§ ¤ ç¨ (7G,v,ε), (2){(4) ¢ ¯à®áâà áâ¢¥ V2 ¯à¨ ε > 0, f(x, t) ∈ L2(Q)¨§¢¥áâ  [18℄. �®ª �¥¬  «¨ç¨¥ ýå®à®è¨åþ  ¯à¨®àëå ®æ¥®ª ¤«ïà¥è¥¨© íâ®© § ¤ ç¨.� áá¬®âà¨¬ à ¢¥áâ¢®
t∫0 1∫0 ([F (τ)− 1

µ′(t)G(ϕ(τ, v))]uτ+ uxxxx + cu+ εuxxxxτ)uxxxxτ dxdτ = t∫0 1∫0 fuxxxxτ dxdτ.Ǒà¨¬¥¨¬ ª «¥¢®© ç áâ¨ ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬ ¨ ãá«®¢¨ï â¥®à¥¬ë,  ª ¯à ¢®© | ¥à ¢¥áâ¢® �£ . Ǒ®«ãç¨¬ á«¥¤ãîé¥¥ ¥à ¢¥áâ¢®:
p0 t∫0 1∫0 u2xxτ dxdτ + 12 1∫0 u2xxxx(x, t) dx + ε

t∫0 1∫0 u2xxxxτ(x, τ) dxdτ
6
12 1∫0 u

(4)20 (x) dx + δ212 t∫0 1∫0 u2xxxxτ(x, τ) dxdτ ++ 12δ21 T∫0 1∫0 f2(x, τ) dxdτ+ δ222 t∫0 1∫0 u2xxxxτ(x, τ) dxdτ + 12δ22 t∫0 1∫0 c2(x, τ)u2(x, τ) dxdτ.Ǒ®«®�¨¬ δ1 = δ2 = √
ε2 . �ç¨âë¢ ï ®£à ¨ç¥®áâì äãªæ¨¨ c(x, t),¢¢¥¤¥ë¥ ¢ëè¥ ®¡®§ ç¥¨ï ¨ ¥à ¢¥áâ¢® (8), ¯à¨å®¤¨¬ ª ¥à ¢¥-
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1∫0 u
(4)20 (x) dx+ 2

ε

T∫0 1∫0 f2(x, τ) dxdτ + 2m
ε

t∫0 1∫0 u2xxxx(x, τ) dxdτ.�á¯®«ì§ãï «¥¬¬ã �à®ã®«« , ¨¬¥¥¬ ®æ¥ª¨1∫0 u2xxxx(x, t) dx 6 C1,
t∫0 1∫0 u2xxxx(x, τ) dxdτ 6 TC1, t∫0 1∫0 u2xxxxτ(x, τ) dxdτ 6 C2.�§ ¯®«ãç¥ëå ®æ¥®ª á«¥¤ã¥â, çâ® äãªæ¨ï u(x, t) ®£à ¨ç¥  ¯® ®à-¬¥ ¯à®áâà áâ¢  V1, â. ¥. ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

‖u(x, t)‖V1 6 C0 (17)á ¯®áâ®ï®© C0, ®¯à¥¤¥«ïîé¥©áï «¨èì ¨áå®¤ë¬¨ ¤ ë¬¨ ¨ ç¨á-«®¬ ε.Ǒà®¤¨ää¥à¥æ¨àã¥¬ (7G,v,ε) ç¥âëà¥�¤ë ¯® x. Ǒ®«ãç¨¬ à ¢¥áâ¢®[
F (t)− 1

µ′(t)G(ϕ(t, v))]Ut+Uxxxx+ c(x, t)U +εUxxxxt = H(x, t, u), (18)¢ ª®â®à®¬
U(x, t) = uxxxx(x, t),

H(x, t, u) = fxxxx(x, t) − 3cx(x, t)uxxx

− 4cxx(x, t)uxx − 3cxxx(x, t)ux − cxxxx(x, t)u.� ¬¥â¨¬, çâ® ¨¬¥îâ ¬¥áâ  à ¢¥áâ¢ 
uxxxx(0, t) = uxxxx(1, t) = uxxxxx(0, t) = uxxxxx(1, t) = 0 ¯à¨ t ∈ [0, T ℄.Ǒ®¢â®àïï ¢ëª« ¤ª¨, ª®â®àë¥ ¯à¨¢¥«¨ ª ®æ¥ª¥ (17), ¥âàã¤® ¯®ª -§ âì, çâ® ¢á«¥¤áâ¢¨¥ ãá«®¢¨© â¥®à¥¬ë, à ¢¥áâ¢ (19),   â ª�¥ ¢ á¨«ãá ¬®© ®æ¥ª¨ (17) ¤«ï à¥è¥¨ï ãà ¢¥¨ï (18) ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

‖U‖V1 6 C′0
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ε. �§ íâ®© ®æ¥ª¨ á«¥¤ã¥â, çâ® ¤«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (7G,v,ε),(2){(4) ¢ë¯®«ï¥âáï ®æ¥ª 

‖u‖V2 6 C′′0á ¯®áâ®ï®© C′′0 , ®¯à¥¤¥«ïîé¥©áï «¨èì ¤ ë¬¨ § ¤ ç¨ ¨ ç¨á«®¬ ε.Ǒãáâì R0 | ç¨á«® â ª®¥, çâ® R0 > C′′0 , ¬®�¥áâ¢® B | è à ¢ ¯à®-áâà áâ¢¥ V2 à ¤¨ãá  R0. �à ¥¢ ï § ¤ ç  (7G,v,ε), (2){(4) ¯®à®�¤ ¥â®¯¥à â®à �, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ äãªæ¨¨ v(x, t) ¨§ ¯à®áâà áâ¢ 
V2 à¥è¥¨¥ u(x, t), ¯à¨ ¤«¥� é¥¥ íâ®¬ã �¥ ¯à®áâà áâ¢ã. �®¬¯ ªâ-®áâì ¨ ¥¯à¥àë¢®áâì ®¯¥à â®à  � ¤®ª §ë¢ îâáï   «®£¨ç® â®¬ã,ª ª íâ® ¤¥« «®áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1. �®£« á® â¥®à¥¬¥� ã¤¥à  áãé¥áâ¢ã¥â äãªæ¨ï u(x, t) ¨§ ¯à®áâà áâ¢  V1, ï¢«ïîé ïáïà¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (7G,u,ε), (2){(4).Ǒ®ª �¥¬, çâ® ¨¬¥îâ ¬¥áâ® à ¢®¬¥àë¥ ¯® ε ®æ¥ª¨, ¯®§¢®«ïî-é¨¥ ¯¥à¥©â¨ ª ¯à¥¤¥«ã. � áá¬®âà¨¬ á«¥¤ãîé¥¥ à ¢¥áâ¢®:

t∫0 1∫0 ([F (τ)− 1
µ′(τ)G(ϕ(τ, v))]uτ + uxxxx + c(x, τ)u+ εuxxxxτ

)
uτ dxdτ = t∫0 1∫0 f(x, τ)uτ dxdτ.�á¯®«ì§ãï ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬, ¥à ¢¥áâ¢® �£  ¨ ¢¢¥¤¥ë¥¢ëè¥ ®¡®§ ç¥¨ï, ¯®«ãç¨¬ ¥à ¢¥áâ¢®

p02 t∫0 1∫0 u2τ dxdτ + 12 1∫0 u2xx dx+ ε

t∫0 1∫0 u2xxτ dxdτ 6
12 1∫0 u′′20 (x) dx+ 12 1∫0 c1(x, 0)u20(x) dx ++ 1

p0 t∫0 1∫0 f2(x, τ) dxdτ + m22
p0 t∫0 1∫0 u2xx dxdτ.�§ íâ®£® à ¢¥áâ¢  ¢á«¥¤áâ¢¨¥ «¥¬¬ë �à®ã®««  ¨¬¥¥¬1∫0 u2xx(x, t) dx 6 K3, t∫0 1∫0 u2τ (x, t) dxdτ 6 K4,
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t∫0 1∫0 u2x(x, t) dxdτ 6 TK3.�«ï ¯®«ãç¥¨ï á«¥¤ãîé¥© ®æ¥ª¨ à áá¬®âà¨¬ à ¢¥áâ¢®, ï¢«ïî-é¥¥áï á«¥¤áâ¢¨¥¬ ãà ¢¥¨ï (7G,u,ε):

t∫0 1∫0 ([F (τ)− 1
µ′(τ)G(ϕ(τ, u))]Uτ+ Uxxxx + cU + εUxxxxτ

)
Uτ dxdτ = t∫0 1∫0 H(x, τ, u)Uτ dxdτ.Ǒà¨¬¥ïï ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬, ¥à ¢¥áâ¢® �£  ¨ ãç¨âë-¢ ï ¢¨¤ äãªæ¨¨ H(x, t, u) ¨ ãá«®¢¨ï â¥®à¥¬ë, ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

p02 t∫0 1∫0 U2
τ dxdτ + 12 1∫0 U2

xx(x, t) dx+ ε

t∫0 1∫0 U2
xxτ dxdτ

6 N1 + 1
p0 t∫0 1∫0 c22U2 dxdτ + 15 t∫0 1∫0 c2xu2xxx dxdτ + 20 t∫0 1∫0 c2xxu

2
xx dxdτ+ 15 t∫0 1∫0 c2xxxu

2
x dxdτ + 5 t∫0 1∫0 c2xxxxu

2 dxdτ. (19)�«ï ®æ¥ª¨ äãªæ¨¨ uxxx(x, t) ¢®á¯®«ì§ã¥¬áï à ¢¥áâ¢®¬1∫0 u2xxx(x, t) dx = uxx(1, t)uxxx(1, t)− uxx(0, t)uxxx(0, t)− 1∫0 uxxuxxxx dx.
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uxx(1, t) = 1∫0 


x∫0 y2U(y, t) dy dx, uxx(0, t)= 1∫0  x∫0 (1− y)2U(y, t) dy dx,

uxxx(1, t) = 1∫0  x∫0 y2U(y, t) dy dx

−
1∫0  x∫0 (1− y)2U(y, t) dy dx+ 1∫0 yU(y, t) dy,

uxxx(0, t) = 1∫0  x∫0 y2U(y, t) dy dx

−
1∫0 


x∫0 (1− y)2U(y, t) dy dx−
1∫0 (1− y)U(y, t) dy.�§ íâ¨å á®®â®è¥¨© «¥£ª® ¢ë¢®¤ïâáï ®æ¥ª¨ ¤«ï äãªæ¨© uxx(0, t),

uxxx(0, t), uxx(1, t) ¨ uxxx(1, t). �¬¥ï íâ¨ ®æ¥ª¨, ¥âàã¤® ¯®«ãç¨âì¥à ¢¥áâ¢®1∫0 u2xxx(x, t) 6 N0 1∫0 U2(x, t) dx+ 12 1∫0 u2xx(x, t) dx. (20)�®§¢à é ïáì ª ¥à ¢¥áâ¢ã (19) ¨ ¨á¯®«ì§ãï ¯®«ãç¥ë¥ ¢ëè¥®æ¥ª¨ ¤«ï äãªæ¨© u(x, t), ux(x, t), uxx(x, t) ¨ ¥à ¢¥áâ¢® (20), ¨¬¥¥¬
p02 t∫0 1∫0 U2

τ dxdτ + 12 1∫0 U2
xx(x, t) dx+ ε

t∫0 1∫0 U2
xτ dxdτ 6 N2 +N3 t∫0 1∫0 U2

xx dxdτ.
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t∫0 1∫0 u2xxxx dxdτ 6 K5T, t∫0 1∫0 u2xxxxτ dxdτ 6 K6. (21)�§ ¢ë¢¥¤¥ëå ®æ¥®ª á«¥¤ã¥â, çâ® ®à¬  äãªæ¨¨ u(x, t) ¢ ¯à®-áâà áâ¢¥ V1 ®£à ¨ç¥  ¯®áâ®ï®©, ¥ § ¢¨áïé¥© ®â ε:

‖u(x, t)‖V1 6 K0. �¥®à¥¬  ® à¥ä«¥ªá¨¢®áâ¨ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  ®§ ç ¥â áãé¥-áâ¢®¢ ¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ {uk(x, t)} â ª®©, çâ® uk(x, t) → u(x, t),
ukt(x, t) → ut(x, t), ukxxxx(x, t) → uxxxx(x, t), √εukxxxxt → 0 á« ¡® ¢ L2.Ǒ¥à¥å®¤ï, ¥á«¨ ã�®, ¥é¥ à § ª ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨, ¬®�-® áç¨â âì, çâ® ¤«ï {uk(x, t)} ¢ë¯®«ïîâáï áå®¤¨¬®áâ¨ ukxx(x, t) →
uxx(x, t), ukx(x, t) → ux(x, t), uk(x, t) → u(x, t) ¯®çâ¨ ¢áî¤ã ¢ V1 [17℄.�á«¥¤áâ¢¨¥ ¥¯à¥àë¢®áâ¨ G(ϕ(t, u)) ¨ ãª § ëå áå®¤¨¬®áâ¥© ¯®-çâ¨ ¢áî¤ã ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì G(ϕ(t, uk)) → G(ϕ(t, u)). �§ ¢á¥å¤ ëå áå®¤¨¬®áâ¥© á«¥¤ã¥â, çâ® äãªæ¨ï v(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ãà ¢¥¨ï[

F (t)− 1
µ′(t)G(ϕ(t, v))]ut + uxxxx + c(x, t)u = f(x, t)¨ çâ® ¤«ï ¥¥ ¢ë¯®«ïîâáï ãá«®¢¨ï (2){(4).�§ ®æ¥®ª ¤«ï äãªæ¨© u(x, t) ¨ uxxxx(x, t) (¯à¨ ä¨ªá¨à®¢ ®¬

t) ¢ëâ¥ª ¥â, çâ® ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®
|ϕ(t, u)| 6 R2.�ç¨âë¢ ï ãá«®¢¨¥ R2 6 M0, ¯®«ãç ¥¬ G(ϕ(t, u)) = ϕ(t, u). �àã-£¨¬¨ á«®¢ ¬¨, äãªæ¨ï u(x, t) ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (7),(2){(4).Ǒ®«®�¨¬

p(t) = 1
µ′(t) 1∫0 K(x)f(x, t) dx − 1

µ′(t)ϕ(t, u).�ç¥¢¨¤®, çâ® äãªæ¨¨ u(x, t) ¨ p(t) ¢ ¯àï¬®ã£®«ì¨ª¥ Q á¢ï§ -ë ãà ¢¥¨¥¬ (1). �¬®�¨¬ ãà ¢¥¨¥ (1)   äãªæ¨î K(x) ¨ ¯à®-
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p(t)	′(t) = 0.� ª ª ª äãªæ¨ï p(t) áâà®£® ¯®«®�¨â¥«ì  ¨ äãªæ¨ï 	(t) ®¡à é ¥âáï¢ ã«ì ¯à¨ t = 0, ¨§ ¯à¥¤ë¤ãé¥£® à ¢¥áâ¢  á«¥¤ã¥â, çâ® ¤«ï äãªæ¨¨

u(x, t) ¡ã¤¥â ¢ë¯®«ï¥âáï ãá«®¢¨¥ (5). �â® ¨ ®§ ç ¥â, çâ® ¯®áâà®¥ë¥äãªæ¨¨ u(x, t) ¨ p(t) ¤ îâ à¥è¥¨¥ ¯¥à¢®© ®¡à â®© § ¤ ç¨.�¥®à¥¬  ¤®ª §  .�«ï á«¥¤ãîé¥© â¥®à¥¬ë ¯®«®�¨¬�u(x, t) = ϕ0(t) + [ψ0(t)− 16ψ1(t)− 13ϕ1(t)− ϕ0(t)]x+ 12ϕ1(t)x2 + 16[ψ1(t)− ϕ1(t)℄x3,
w0(x) = u0(x) − �u(x, o), M3 = 1∫0 K2

xx(x) dx, M2 = 1∫0 K2(x) dx,
K7 = 1∫0 c1(x, o)w20(x) dx + 1∫0 w′′20 (x) dx + 4

p0 t∫0 1∫0 �f2(x, τ) dxdτ,
K8 = 2m22

p0 + 4m21
p0µ20 [M3 +mM2℄, R3 = 2[M3 +mM2℄K7 exp(K8T ).�¥®à¥¬  4. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

f(x, t) ∈ L2(Q), c(x, t) ∈ C(Q)c1(x, t) ∈ C1(Q),
µ(t) ∈ C1([0, T ℄), K(x) ∈ C2([0, 1℄),
ϕ0(x) ∈ C1([0, 1℄), ϕ1(x) ∈ C1([0, 1℄),

ψ0(x) ∈ C1([0, 1℄), ψ1(x) ∈ C1([0, 1℄), u0(x) ∈W 42 (Q),
|µ′(t)| > µ0 ¯à¨ t ∈ [0, T ℄, F (t) > p0 + p1 ¯à¨ t ∈ [0, T ℄,

c1(x, t) > 0, c1t(x, t) 6 0 ¯à¨ (x, t) ∈ Q,1∫0 K(x)u0(x) dx = µ0.



200 �¥«¥è¥¢  �. �.�à®¬¥ â®£®, ¯ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï
K(0) = K(1) = 0, R3 6 M0.�®£¤  ¤«ï ®¡à â®© § ¤ ç¨ II áãé¥áâ¢ã¥â à¥è¥¨¥ u(x, t), p(t) â -ª®¥, çâ® u(x, t) ∈ W 4,12 (Q), p(t) ∈ L∞([0, T ℄).�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï ¢¯®«¥   «®£¨ç® ¤®ª -§ â¥«ìáâ¢ã â¥®à¥¬ë 1.� «®£¨çë¥ à¥§ã«ìâ âë ¬®�® ¯®«ãç¨âì ¨ ¤«ï ãà ¢¥¨© á«¥¤ã-îé¥£® ¢¨¤ :

p(t)ut + (−1)2m+1 ∂2mu

∂x2m
+ c(x, t)u = f(x, t),£¤¥ m | æ¥«®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®, m > 2.����������1. Prilepko A. I., Orlovsky D. C., Vasin I. A. Methods for solving inverse problems inmathematial physis. New York: Dekker, 1999.2. Ivanhov M. Inverse problems for equations of paraboli type. Lviv: VNTL Publ.,2003. (Math. Stud. Monogr. Ser.; Vol. 10.)3. Belov Yu. Ya. Inverse problems for partial di�erential equations. Utreht: VSP,2002.4. Isakov V. Inverse problems for partial di�erential equations. New York: Springer-Verl., 2006. (Appl. Math. Si., V. 127).5. Kozhanov A. I. Composite type equations and inverse problems. Utreht: VSP,1999.6. �®� ®¢ �. �. Ǒ à ¡®«¨ç¥áª¨¥ ãà ¢¥¨ï á ¥¨§¢¥áâë¬¨ ª®íää¨æ¨¥â ¬¨,§ ¢¨áïé¨¬¨ ®â ¢à¥¬¥¨ // �ãà. ¢ëç¨á«¨â. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨. 2005.�.45, ü 12. �. 2168{2184.7. �®� ®¢ �. �. �¡ ®¤®¬ ¥«¨¥©®¬  £àã�¥®¬ ¯ à ¡®«¨ç¥áª®¬ ãà ¢¥¨¨¨ á¢ï§ ®© á ¨¬ ®¡à â®© § ¤ ç¥ // � â. § ¬¥âª¨. 2004. �. 76, ¢ë¯. 2.�. 840{853.8. �®� ®¢ �. �. Ǒ à ¡®«¨ç¥áª¨¥ ãà ¢¥¨ï á ¥¨§¢¥áâë¬ ª®íää¨æ¨¥â®¬, § -¢¨áïé¨¬ ®â ¢à¥¬¥¨ // �ãà. ¢ëç¨á«¨â. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨. 2005.�. 12. �. 2168{2184.9. �®� ®¢ �. �. �¥«¨¥©ë¥  £àã�¥ë¥ ãà ¢¥¨ï ¨ ®¡à âë¥ § ¤ ç¨ //�ãà. ¢ëç¨á«¨â. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨. 2004. �. 44, ü 4. �. 694{716.10. �¨à¨««®¢  �. �. �¡à â ï § ¤ ç  ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï ¢ëá®ª®£®¯®àï¤ª  á ¥¨§¢¥áâë¬ ª®íää¨æ¨¥â®¬ ¯à¨ à¥è¥¨¨ ¢ á«ãç ¥ ¨â¥£à «ì®£®¯¥à¥®¯à¥¤¥«¥¨ï // � â. § ¬¥âª¨ ���. 2003. �. 10, ¢ë¯. 1. �. 34{35.11. �®� ®¢ �. �., �¨à¨««®¢  �. �. � ¥ª®â®àëå ®¡à âëå § ¤ ç å ¤«ï ¯ à ¡®-«¨ç¥áª®£® ãà ¢¥¨ï ç¥â¢¥àâ®£® ¯®àï¤ª  // � â. § ¬¥âª¨ ���. 2000. �. 7,¢ë¯. 1. �. 35{48.



� à §à¥è¨¬®áâ¨ ®¡à â®© § ¤ ç¨ 20112. Belov Yu. Ya. Inverse problems for paraboli equations // J. Inverse Ill-posed Probl.1993. V. 1, N 4. P. 283{305.13. � åãè¥¢ �. �. �à ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ¡¨®«®£¨¨. �.: �ëáè. èª®« , 1995.14. ��¥ «¨¥¢ �. �. � â¥®à¨¨ «¨¥©ëå ªà ¥¢ëå § ¤ ç ¤«ï  £àã�¥ëå ¤¨ää¥-à¥æ¨ «ìëå ãà ¢¥¨©. �«¬ âë: �-â â¥®à¥â¨ç¥áª®© ¨ ¯à¨ª« ¤®© ¬ â¥¬ -â¨ª¨, 1995.15. �à¥®£¨ �. �. �ãªæ¨® «ìë©   «¨§. �.: �¨§¬ â«¨â, 2002.16. � ¤ë�¥áª ï �. �., �à «ìæ¥¢  �. �. �¨¥©ë¥ ¨ ª¢ §¨«¨¥©ë¥ ãà ¢¥¨ïí««¨¯â¨ç¥áª®£® â¨¯ . �.: � ãª , 1973.17. � ¤ë�¥áª ï �. �. �à ¥¢ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1973.18. �ªã¡®¢ �. �. �¨¥©ë¥ ¤¨ää¥à¥æ¨ «ì®-®¯¥à â®àë¥ ãà ¢¥¨ï ¨ ¨å ¯à¨-«®�¥¨ï. � ªã: �«¬, 1985.£. �« -�¤í 1  ¢£ãáâ  2011 £.



��� 512.6:519.61��������� � �������������������� �������� ���������������������� ��������� (�����)�. �. �¥¤®à®¢� à ¡®â å  ¢â®à  [1{3℄ ¢¢¥¤¥ë ¨ ¨áá«¥¤®¢ ë £ ãáá®¢ë ¨ ¯¥à¨®¤¨-ç¥áª¨¥ �����. � ¨å ¯®   «®£¨¨ á ª®¥çë¬¨ á¨áâ¥¬ ¬¨ á ¢¥àå¥©(¨�¥©) âà¥ã£®«ì®© ¬ âà¨æ¥© ¤ ¥âáï ®¯à¥¤¥«¥¨¥ £ ãáá®¢®© ¡¥áª®-¥ç®© á¨áâ¥¬ë.�¯à¥¤¥«¥¨¥ 1. �á«¨ ¬ âà¨æ  A = (ai,j) ¡¥áª®¥ç®© á¨áâ¥¬ë«¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©
∞∑

i=0 ai,jxj = bi, i = 0, 1, 2, . . . , (1)¨¬¥¥â í«¥¬¥âë ai,j = 0 ¤«ï ¢á¥å i > j (¨«¨ i < j), ¯à¨ç¥¬ í«¥¬¥-âë £« ¢®© ¤¨ £® «¨ ¥ à ¢ë ã«î, â. ¥. aj,j 6= 0, j = 0, 1, 2, . . . ,â® £®¢®à¨¬, çâ® â ª ï ¡¥áª®¥ç ï á¨áâ¥¬  «¨¥©ëå  «£¥¡à ¨ç¥áª¨åãà ¢¥¨© (1) § ¤   ¢ £ ãáá®¢®© ä®à¬¥.� à ¡®â¥ [4℄ �ãª®¬ ¢¢¥¤¥® ¯®ïâ¨¥ ¢¥àå¨å ¨ ¨�¨å ¡¥áª®¥ç-ëå âà¥ã£®«ìëå ¬ âà¨æ ¯®¤®¡® ®¯à¥¤¥«¥¨î 1. �¬¥áâ¥ á â¥¬ ¢ á«ã-ç ¥, ª®£¤  ai,j = 0 ¤«ï ¢á¥å i > j ¨ i ®£à ¨ç¥, ¤  ï ¬ âà¨æ  ¨¬¥-¥â ¡¥áª®¥ç®¥ ç¨á«® áâ®«¡æ®¢, ¯®íâ®¬ã ®  ¨ª ª ¥  áá®æ¨¨àã¥âáï á¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥©. � ªãî ¬ âà¨æã â®«ìª® ãá«®¢® ¬®�-®  §ë¢ âì ¢¥àå¥© âà¥ã£®«ì®©. � âà¨æ , ã ª®â®à®© ai,j = 0 ¤«ï¢á¥å i < j, ¢¯®«¥ á®®â¢¥âáâ¢ã¥â ¯®ïâ¨î ¨�¥© âà¥ã£®«ì®© ¬ âà¨-æë. �¥¬ á ¬ë¬ ¢ íâ®¬ á«ãç ¥ ¨áå®¤ãî ¡¥áª®¥çãî ¬ âà¨æã ¬®�® §ë¢ âì ¯à®áâ® âà¥ã£®«ì®© ¬ âà¨æ¥©.© 2011 �¥¤®à®¢ �. �.



� ¬¥ç ¨ï ® £ ãáá®¢ëå ¡¥áª®¥çëå á¨áâ¥¬ å 203� ª�¥ �ãª®¬ ¢¢¥¤¥® ®¯à¥¤¥«¥¨¥ ®¡à â®© ¬ âà¨æë ¤«ï ¡¥áª®-¥çëå ¬ âà¨æ.�¯à¥¤¥«¥¨¥ 2. �á«¨ AB = I, â® B  §ë¢ ¥âáï ¯à ¢®áâ®à®¥©®¡à â®© ¬ âà¨æ¥© ¤«ï A,   A| «¥¢®áâ®à®¥© ®¡à â®© ¤«ï B, £¤¥
I | ¥¤¨¨ç ï ¡¥áª®¥ç ï ¬ âà¨æ .� íâ®¬ ®¯à¥¤¥«¥¨¨ ®¯¥à æ¨ï ã¬®�¥¨ï ¬ âà¨æ ¢¢®¤¨âáï â ª �¥,ª ª ¨ ¤«ï ª®¥çëå ¬ âà¨æ, ® á ®£®¢®àª®© áå®¤¨¬®áâ¨ á®®â¢¥âáâ¢ãî-é¨å àï¤®¢.� á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ 2 ¯à ¢®áâ®à®ïï ®¡à â ï ¤«ï
A ¬ âà¨æ  ï¢«ï¥âáï à¥è¥¨¥¬ X «¨¥©®£® ¬ âà¨ç®£® ãà ¢¥¨ï
AX = I.�«ï £ ãáá®¢ëå á¨áâ¥¬ (1) á âà¥ã£®«ì®© ¬ âà¨æ¥© �ãª®¬ ¤®ª §  á«¥¤ãîé ï�¥®à¥¬  1 [4℄. � ãáá®¢  á¨áâ¥¬  (1) á âà¥ã£®«ì®© ¬ âà¨æ¥© ¨¬¥¥â¯à ¢®áâ®à®ãî ®¡à âãî ¬ âà¨æã, ª®â®à ï ¡ã¤¥â âà¥ã£®«ì®© ¬ âà¨-æ¥©, ¨ ¢á¥ ¥¥ í«¥¬¥âë, «¥� é¨¥   £« ¢®© ¤¨ £® «¨, á®®â¢¥âáâ¢¥®à ¢ë 1

ai,i
.�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥ 1. �á«¨ ai,i = 0 å®âï ¡ë ¤«ï ®¤®£® § ç¥¨ï i, â®¬ âà¨æ  á¨áâ¥¬ë (1) ¥ ¨¬¥¥â ¯à ¢®áâ®à®¥© ®¡à â®© ¬ âà¨æë.Ǒ®áª®«ìªã á¨áâ¥¬ã (1) ¬®�® § ¯¨á âì ¢ ¬ âà¨ç®© ä®à¬¥ AX =

B, ¨¬¥¥â ¬¥áâ®�«¥¤áâ¢¨¥ 2. � £ ãáá®¢®© á¨áâ¥¬ë (1) á âà¥ã£®«ì®© ¬ âà¨æ¥©áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ª®â®à®¥ ¨¬¥¥â ¢¨¤ X = A−1B, £¤¥
A−1 { ¯à ¢®áâ®à®ïï ®¡à â ï ¬ âà¨æ .� ª¨¬ ®¡à §®¬, ¯®¤ £ ãáá®¢®© á¨áâ¥¬®© ¯à¥¨¬ãé¥áâ¢¥® ¯®¨¬ -¥¬ á¨áâ¥¬ã (1) ª ª ¡ë á ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æ¥©, £¤¥ ¢á¥ í«¥¬¥-âë £« ¢®© ¤¨ £® «¨ ¥ à ¢ë ã«î. �  áâ®ïé¥¥ ¢à¥¬ï à §à ¡®â-ª  â¥®à¨¨ £ ãáá®¢ëå á¨áâ¥¬ ¥é¥ ¥ § ¢¥àè¥ . � à ¡®â¥ [3℄ ç áâ¨ç®¨§ãç¥ë ¥ª®â®àë¥ ª« ááë £ ãáá®¢ëå á¨áâ¥¬: ¯¥à¨®¤¨ç¥áª¨¥ ¨ ¯®çâ¨¯¥à¨®¤¨ç¥áª¨¥.



204 �¥¤®à®¢ �. �.Ǒãáâì § ¤   £ ãáá®¢  ¡¥áª®¥ç ï ®¤®à®¤ ï á¨áâ¥¬ 
∞∑

p=0 aj,j+pxj+p = 0, j = 0, 1, 2, . . . , (2)£¤¥ ª®íää¨æ¨¥âë aj,j+p ¨¬¥îâ á¯¥æ¨ «ìë© ¢¨¤
aj,j+p

aj+p,j+p
= ap, j = 0, 1, 2, . . . . (3)�¯à¥¤¥«¥¨¥ 3. Ǒ¥à¨®¤¨ç¥áª®© ¡¥áª®¥ç®© á¨áâ¥¬®© «¨¥©ëå «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ¡ã¤¥¬  §ë¢ âì £ ãáá®¢ã ¡¥áª®¥çãî á¨-áâ¥¬ã (2) á ª®íää¨æ¨¥â ¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ á®®â®è¥¨î (3).�§ ®¯à¥¤¥«¥¨ï 1 á«¥¤ã¥â, çâ® ¤«ï £ ãáá®¢ëå á¨áâ¥¬ á¯à ¢¥¤«¨¢®¥é¥ ®¤® áãé¥áâ¢¥®¥ ¤®¯ãé¥¨¥: aj,j 6= 0 ¤«ï ¢á¥å j = 0, 1, 2, . . . .Ǒà¥¤¯®«®�¨¬, çâ® ¢ ¬ âà¨æ¥ á¨áâ¥¬ë (2) í«¥¬¥âë ¥ª®â®à®£® ª®-¥ç®£® ¬®�¥áâ¢    £« ¢®© ¤¨ £® «¨ à ¢ë ã«î, â. ¥. ajk,jk

= 0,
k <∞. Ǒãáâì k0 − 1 | ¬ ªá¨¬ «ìë© ®¬¥à í«¥¬¥â  á ã«¥¢ë¬ § -ç¥¨¥¬   £« ¢®© ¤¨ £® «¨. Ǒà¥¤¯®« £ ¥¬ â ª�¥, çâ®,  ç¨ ï á®áâà®ª¨ á ®¬¥à®¬ j > k0, £ ãáá®¢  á¨áâ¥¬  ¨¬¥¥â å®âï ¡ë ®¤® ¥âà¨¢¨- «ì®¥ à¥è¥¨¥. �ç¥¢¨¤®, â ª¨¥ á¨áâ¥¬ë áãé¥áâ¢ãîâ | íâ¨¬ á¢®©-áâ¢®¬ ®¡« ¤ îâ,  ¯à¨¬¥à, ¯¥à¨®¤¨ç¥áª¨¥ ¨«¨ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨¥á¨áâ¥¬ë.� íâ®¬ á«ãç ¥ ¯®   «®£¨¨ á ¯®ïâ¨ï¬¨ ª¢ §¨à¥£ã«ïàëå [5℄ ¨ª¢ §¨¯¥à¨®¤¨ç¥áª¨å [3℄ ¬®�® ¢¢¥áâ¨ ¯®ïâ¨¥ ª¢ §¨£ ãáá®¢ëå á¨áâ¥¬.�ã¤¥¬  §ë¢ âì ª¢ §¨£ ãáá®¢ë¬¨ á¨áâ¥¬ë, ¢ ª®â®àëå ãá«®¢¨¥ £ ãáá®-¢®áâ¨ ¢ë¯®«¥® «¨èì ¢® ¢á¥å áâà®ª å,  ç¨ ï á ¥ª®â®à®© j = k0,â. ¥. ∞∑

p=0 aj,j+pxj+p = 0, j = k0, k0 + 1, . . . , k0 > 0, (4)£¤¥ aj,j 6= 0 ¤«ï ¢á¥å j > k0.�à®¬¥ â®£®, § ¤ ¥âáï ª®¥ç ï ¥®¤®à®¤ ï, ¥ ®¡ï§ â¥«ì® £ ãá-á®¢ , á¨áâ¥¬  ãà ¢¥¨© á ¡¥áª®¥çë¬ ç¨á«®¬ ¥¨§¢¥áâëå:
∞∑

p=0 ci,pxp = bi, 0 6 i 6 k0 − 1, (5)



� ¬¥ç ¨ï ® £ ãáá®¢ëå ¡¥áª®¥çëå á¨áâ¥¬ å 205¯à¨ç¥¬   ª®íää¨æ¨¥âë ci,p ¯à¨ i < k0, p > k0 ¤®«�ë  « £ âìáï®¯à¥¤¥«¥ë¥ ãá«®¢¨ï,   ¯à¨ i < k0, p < k0 ®¨ ¬®£ãâ ¡ëâì ¨ ¯à®¨§-¢®«ìë¬¨ ¢¥é¥áâ¢¥ë¬¨ ç¨á« ¬¨. � ç áâ®áâ¨, ¢ á«ãç ¥, ª®£¤  ¬ â-à¨æ  á¨áâ¥¬ë (5) ¨¬¥¥â ª ª ¡ë ¢¥àå¨© âà¥ã£®«ìë© ¢¨¤, ¥ª®â®àë¥í«¥¬¥âë £« ¢®© ¤¨ £® «¨ ¤®«�ë ¡ëâì à ¢ë ã«î.�¥®à¥¬  2. �¥è¥¨¥ ª¢ §¨£ ãáá®¢®© á¨áâ¥¬ë (4), (5) á¢®¤¨âáï ªà¥è¥¨î ª®¥ç®© á¨áâ¥¬ë, ¥á«¨ ¢ë¯®«¥® ãá«®¢¨¥ (8).�®ª § â¥«ìáâ¢®. � á¯¨è¥¬ ª®¥çãî á¨áâ¥¬ã (5) á«¥¤ãîé¨¬®¡à §®¬:
k0−1∑

p=0 ci,pxp + ∞∑

p=k0 ci,pxp = bi, 0 6 i 6 k0 − 1. (6)Ǒ® ¯à¥¤¯®«®�¥¨î £ ãáá®¢  á¨áâ¥¬  (4) ¨¬¥¥â å®âï ¡ë ®¤® ¥âà¨¢¨- «ì®¥ à¥è¥¨¥ {�xi}∞0 . Ǒ®¤áâ ¢«ïï ¥¥ ¢® ¢â®àãî áã¬¬ã ¢ «¥¢®© ç áâ¨¢ëà �¥¨ï (6), ¯®«ãç¨¬ ¢ ®¡é¥¬ á«ãç ¥ ª®¥çãî á¨áâ¥¬ã k0 ãà ¢¥-¨© á k0 ¥¨§¢¥áâë¬¨:
k0∑

p=0 ci,pxp = bi −
∞∑

p=k0 ci,p�xp, 0 6 i 6 k0 − 1. (7)Ǒà¥¤¯®«®�¨¬, çâ®
∞∑

p=k0 ci,p�xp <∞, 0 6 i 6 k0 − 1, (8)â. ¥. àï¤ ¢ ¯à ¢®© ç áâ¨ á¨áâ¥¬ë (7) áå®¤¨âáï. Ǒà¨ ¢ë¯®«¥¨¨ ãá«®-¢¨ï (8) ¢®¯à®á áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ª¢ §¨£ ãáá®¢®© á¨áâ¥¬ë (4) ¨(5) á¢®¤¨âáï ª ¢®¯à®áã áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ª®¥ç®© á¨áâ¥¬ë (7).�á«¨ íâ  ª®¥ç ï á¨áâ¥¬  ¨¬¥¥â à¥è¥¨¥, â®, ®ç¥¢¨¤®,  ©¤¥âáï à¥-è¥¨¥ ¯¥à¢® ç «ì®© á¨áâ¥¬ë.�á«¨ £ ãáá®¢  á¨áâ¥¬  (4) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥, â®,®ç¥¢¨¤®, ª®¥ç ï á¨áâ¥¬  (5) ¨¬¥¥â â®«ìª® ª®¥ç®¥ ç¨á«® ¥¨§¢¥áâ-ëå.� ¬¥ç ¨¥ 1. �¢ §¨£ ãáá®¢  á¨áâ¥¬  (4), (5) ¨¬¥¥â ¥¤¨áâ¢¥®¥à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  £ ãáá®¢  á¨áâ¥¬  (4) ¨¬¥¥â â®«ì-ª® âà¨¢¨ «ì®¥ à¥è¥¨¥,   ¯®àï¤®ª á¨áâ¥¬ë (5) ¨ à £ ¥¥ ®á®¢®© ¨



206 �¥¤®à®¢ �. �.à áè¨à¥®© ¬ âà¨æ à ¢ë k0. �¢ §¨£ ãáá®¢  á¨áâ¥¬  (4), (5) ¬®�¥â¨¬¥âì ¡¥áª®¥ç® ¬®£® à¥è¥¨© ¨ ¢ á«ãç ¥, ª®£¤  £ ãáá®¢  á¨áâ¥¬  (4)¨¬¥¥â â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥.� ¬¥ç ¨¥ 2. �áâ¥áâ¢¥® ª¢ §¨¯¥à¨®¤¨ç¥áª¨¥ ¨ ¯®çâ¨ ª¢ §¨¯¥-à¨®¤¨ç¥áª¨¥ á¨áâ¥¬ë ï¢«ïîâáï ª¢ §¨£ ãáá®¢ë¬¨ á¨áâ¥¬ ¬¨.�¥à¥¬áï ª ¯®ïâ¨î ¬¥â®¤  à¥¤ãªæ¨¨ ¢ è¨à®ª®¬ á¬ëá«¥ [3℄.�¯à¥¤¥«¥¨¥ 3. �á«¨ ¯à¨ ¯®áâà®¥¨¨ ¬¥â®¤  à¥¤ãªæ¨¨ ¤«ï à¥-è¥¨ï ¡¥áª®¥çëå á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ª®«¨ç¥áâ¢® ¥¨§-¢¥áâëå ¨ ª®«¨ç¥áâ¢® ãà ¢¥¨© ®áâ îâáï ®¤¨ ª®¢ë¬¨ ¢ ãá¥ç¥®©á¨áâ¥¬¥, â® £®¢®à¨¬, çâ® ¬¥â®¤ à¥¤ãªæ¨¨ ¯®¨¬ ¥âáï ¢ ã§ª®¬ á¬ëá-«¥,   ¥á«¨ ª®«¨ç¥áâ¢® ¥¨§¢¥áâëå ®áâ ¥âáï ¡®«ìè¨¬, ç¥¬ ª®«¨ç¥áâ¢®ãà ¢¥¨©, â® £®¢®à¨¬, çâ® ¬¥â®¤ à¥¤ãªæ¨¨ ¯®¨¬ ¥âáï ¢ è¨à®ª®¬á¬ëá«¥.� áá¬®âà¨¬ £ ãáá®¢ã á¨áâ¥¬ã (2) á ®¡é¨¬¨ ª®íää¨æ¨¥â ¬¨. � á®-®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ 3 á¨áâ¥¬ã (2) ãà¥§ ¥¬ ¤® ª®¥ç®© á¨áâ¥¬ë:
n−j∑

p=0 aj,j+p
n
xj+p = 0, j = 0, 1, 2, . . . , n− 1, (9)£¤¥ n

xi | n-¥ ¯à¨¡«¨�¥¨¥ à¥è¥¨ï xi, ¯à¨ íâ®¬ ç¨á«® ãà ¢¥¨© ¢á¥¢à¥¬ï   ®¤® ¬¥ìè¥, ç¥¬ ç¨á«® ¥¨§¢¥áâëå, ¯à¨ ¢®§à áâ ¨¨ n.�¥  àãè ï ®¡é®áâ¨, ¢á¥£¤  ¯®« £ ¥¬, çâ® a0,0 = 1. �«ï à¥è¥¨ïª®¥ç®© á¨áâ¥¬ë (9) ¯®áâã¯ ¥¬ á«¥¤ãîé¨¬ ®¡à §®¬. �§ ¯®á«¥¤¥£®ãà ¢¥¨ï á¨áâ¥¬ë (9) ¯®«ãç ¥¬ (¯à¨ íâ®¬ ¢¥àå¨© ¨¤¥ªá n ã ¥¨§-¢¥áâëå n
xi ®¯ãáª ¥¬):

xn−1 = − an−1,n

an−1,n−1xn = −s1xn; s1 = an−1,n

an−1,n−1 .Ǒà¥¤¯®á«¥¤¥¥ ãà ¢¥¨¥ ¢ (9) ¤ ¥â
an−2,n−2xn−2 + an−2,n−1xn−1 + an−2,nxn= an−2,n−2xn−2 +(an−2,n−1 − an−2,n

s1 )
xn−1 = 0.
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xn−2 = −s2xn−1, £¤¥ s2 = an−2,n−1

an−2,n−2 − an−2,n

an−2,n−2s1 .Ǒà®¤®«� ï â ª¨¬ ®¡à §®¬, ¯® ¨¤ãªæ¨¨ ¯®«ãç¨¬
xn−i = −sixn−i+1, (10)£¤¥

si = an−i,n−i+1
an−i,n−i

+ i∑

p=2 (−1)p+1an−i,n−i+p

an−i,n−i

p−1∏
k=1 si−k

,

s1 = an−1,n

an−1,n−1 , i = 2, n− 1, (11)�¥®à¥¬  3. �¥è¥¨¥¬ ª®¥ç®© £ ãáá®¢®© ®¤®à®¤®© á¨áâ¥¬ë(9) ï¢«ï¥âáï ¢ëà �¥¨¥
xi = (−1)ix0

i∏
k=1 sn−i+k

, i = 1, 2, . . . , n, (12)£¤¥ sn−i+k ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬ (11), x0 | ¯à®¨§¢®«ì®¥ ¢¥é¥-áâ¢¥®¥ ç¨á«®.�®ª § â¥«ìáâ¢®. �¤¥« ¢ § ¬¥ã ¨¤¥ªá  n− i   i ¢ à¥ªãàà¥â-®¬ ãà ¢¥¨¨ (10), â. ¥.
xi = −sn−ixi+1, i = 0, 1, . . . , n− 1, (13)¨ à¥è¨¢ (13) ¢ ®¡à â®¬ ¯®àï¤ª¥, ®ç¥¢¨¤®, ¯®«ãç¨¬ (12).�á«¨ ¢¥àãâìáï ª á¨áâ¥¬¥ (9), ª ª ãà¥§ ®© ®â ¡¥áª®¥ç®© á¨-áâ¥¬ë (2), â®, ®ç¥¢¨¤®, ¢¬¥áâ® ¢ëà �¥¨© (12) ¨ (13) á®®â¢¥âáâ¢¥®¡ã¤¥¬ ¨¬¥âì:

n
xi = (−1)ix0

i∏
k=1 sn−i+k

, i = 1, 2, . . . , n. (14)¨
n
xi = −sn−i

n
xi+1, i = 0, 1, , . . . , n− 1. (15)



208 �¥¤®à®¢ �. �.� ¬¥ç ¨¥ 3. �§ (14) ¬®�¥¬ § ª«îç¨âì, çâ®lim
n→∞

n
xi = (−1)ix0

i∏
k=1 lim

n→∞
sn−i+k

, i = 1, 2, . . . . (16)�âáî¤  ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâì sn¨¬¥¥â ¯à¥¤¥«, â® ¨ ¯®á«¥¤®¢ â¥«ì®áâì à¥è¥¨© ãà¥§ ëå á¨áâ¥¬ n
xi¨¬¥¥â ¯à¥¤¥« ¯à¨ áâà¥¬«¥¨¨ n ª ¡¥áª®¥ç®áâ¨.� ¬¥ç ¨¥ 4. �  á ¬®¬ ¤¥«¥ áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ snãª §ë¢ ¥â â®«ìª®   â®, çâ® ¬¥â®¤ à¥¤ãªæ¨¨ ¢ è¨à®ª®¬ á¬ëá«¥ áå®¤¨â-áï ¨ ¤ ¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ®¤®à®¤®© £ ãáá®¢®© á¨áâ¥¬ë (2) ¢¢¨¤¥ (16).� ¬¥ç ¨¥ 5. � ¤¥©áâ¢¨â¥«ì®áâ¨ ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¢ ¢ëà -�¥¨¨ (11) ¥ ¢á¥£¤  ®áãé¥áâ¢¨¬, ® ®¤®à®¤ ï £ ãáá®¢  ( ¯à¨¬¥à,¯¥à¨®¤¨ç¥áª ï) á¨áâ¥¬  (2) ¡ã¤¥â ¨¬¥âì ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ â¨¯ (16). � á«ãç ¥ ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë ¢á¥ § ¢¨á¨â ®â å à ªâ¥à¨áâ¨ª¨á¨áâ¥¬ë. �á«¨ å à ªâ¥à¨áâ¨ª  ¨¬¥¥â ã«¨, â® ¯¥à¨®¤¨ç¥áª ï á¨áâ¥-¬  ¨¬¥¥â á®®â¢¥âáâ¢ãîé¥¥ íâ¨¬ ã«ï¬ à¥è¥¨¥ â¨¯  (16). �¨ ¡ë«¨ §¢ ë äã¤ ¬¥â «ìë¬¨ à¥è¥¨ï¬¨ ¯¥à¨®¤¨ç¥áª®© á¨áâ¥¬ë [3℄.����������1. �¥¤®à®¢ �. �. � â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥-¨©. I // � â. § ¬¥âª¨ ���. 2007. �. 14, ü 2. �. 78{92.2. �¥¤®à®¢ �. �. � â¥®à¨¨ ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥-¨©. II // � â. § ¬¥âª¨ ���. 2008. �. 15, ü 1. �. 125{140.3. �¥¤®à®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥ ¡¥áª®¥çë¥ á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨åãà ¢¥¨©. �®¢®á¨¡¨àáª: � ãª , 2009.4. �ãª �. �¥áª®¥çë¥ ¬ âà¨æë ¨ ¯à®áâà áâ¢  ¯®á«¥¤®¢ â¥«ì®áâ¥©. �.: �¨§-¬ â£¨§, 1960.5. � â®à®¢¨ç �. �., �àë«®¢ �. �. Ǒà¨¡«¨�¥ë¥ ¬¥â®¤ë ¢ëáè¥£®   «¨§ . �.:�����, 1952.£. �ªãâáª 14 ï¢ àï 2011 £.



��� 512.6:519.61� ������ ��������� ����������������� �������� ����������������������� (�����)�. �. �¥¤®à®¢Ǒãáâì § ¤   á«¥¤ãîé ï ¥®¤®à®¤ ï ����� ¢ £ ãáá®¢®© ä®à¬¥[1℄:
a0,0x0 + a0,1x1 + a0,2x2 + a0,3x3 + a0,4x4 + · · · =b0,

a1,1x1 + a1,2x2 + a1,3x3 + a1,4x4 + · · · =b1,
a2,2x2 + a2,3x3 + a2,4x4 + · · · =b2,

a3,3x3 + a3,4x4 + · · · =b3,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

(1)£¤¥ aj,j 6= 0 ¤«ï «î¡®£® j.� ªà âª®© § ¯¨á¨ ¥®¤®à®¤ ï £ ãáá®¢  á¨áâ¥¬  (1) § ¯¨è¥âáïâ ª:
∞∑

p=0 aj,j+pxj+p = bj , j = 0, 1, 2, . . . . (2)Ǒà¨ à¥è¥¨¨ ¡¥áª®¥çëå á¨áâ¥¬ ¬¥â®¤®¬ à¥¤ãªæ¨¨ ¢ è¨à®ª®¬á¬ëá«¥ [1℄ ¡¥áª®¥ç ï á¨áâ¥¬  (1) (¨«¨ (2)) ãà¥§ ¥âáï ¤® ª®¥ç®© â ª,çâ®¡ë ç¨á«® ¥¨§¢¥áâëå ¡ë«®   ®¤® ¡®«ìè¥, ç¥¬ ç¨á«® ãà ¢¥¨©.Ǒ®íâ®¬ã à áá¬®âà¨¬ ãà¥§ ãî á¨áâ¥¬ã (1) (¨«¨ (2)), â. ¥. ª®¥çãîá¨áâ¥¬ã ¨§ n ¯¥à¢ëå ãà ¢¥¨© á (n + 1) ¥¨§¢¥áâë¬¨ x0, x1, . . . , xn.�«ï â ª¨å ª®¥çëå á¨áâ¥¬ ¢ à ¡®â å [1, 2℄ ¯®«ãç¥ë á«¥¤ãîé¨¥ à¥-§ã«ìâ âë.© 2011 �¥¤®à®¢ �. �.
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n−j∑

p=0 aj,j+pxj+p = bj, aj,j 6= 0, j = 0, n− 1. (3)�®£¤  ¥¨§¢¥áâë¥ xi ¢ëà � îâáï ç¥à¥§ x0 á«¥¤ãîé¨¬ ®¡à §®¬:
xi = Bn−i + (−1)i+1Bn

i∏
p=1Sn−i+p

+ (−1)ix0
i∏

p=1Sn−i+p

, i = 1, n, (4)£¤¥
Bj = bn−j

an−j,n−j
−

j−1∑
p=1 an−j,n−p

an−j,n−j
Bp, B1 = bn−1

an−1,n−1 , j = 2, n, (5)¨
Sj = an−j,n−j+1

an−j,n−j
+ j∑

p=2 (−1)p+1an−j,n−j+p

an−j,n−j

p−1∏
k=1Sj−k

,

S1 = an−1,n

an−1,n−1 , j = 2, n, (6)§¤¥áì x0 | ¯à®¨§¢®«ì®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®.�«¥¤áâ¢¨¥ 1. � á¨áâ¥¬¥ (3) á®á¥¤¨¥ ¥¨§¢¥áâë¥ á¢ï§ ë ¤àã£á ¤àã£®¬ á«¥¤ãîé¨¬ ®¡à §®¬:
xi = Bn−i + Sn−iBn−i−1 − Sn−ixi+1, i = 0, n− 1. (7)� ¬¥â¨¬, çâ® ¢ á«ãç ¥ ¡¥áª®¥çëå á¨áâ¥¬ (1) ¢ ¢ëà �¥¨ïå (4) ¨(7) ¯®¤ xi ¯®¨¬ îâáï ¯à¨¡«¨�¥ë¥ § ç¥¨ï n

xi ¥¨§¢¥áâëå ¢¥«¨ç¨
xi ¨§ á¨áâ¥¬ë (1).�ç¥¢¨¤®, à¥ªãàà¥âë¥ á®®â®è¥¨ï (5) ¨ (6) ¬®�® ¯¥à¥¯¨á âìá®®â¢¥âáâ¢¥® ¢ ¢¨¤¥ (8) ¨ (9):

Bn−j = bj
aj,j

−
n−j−1∑

p=1 aj,n−p

aj,j
Bp, B1 = bn−1

an−1,n−1 , j = 0, n− 2, (8)



� â¥®à¨¨ £ ãáá®¢ëå ¡¥áª®¥çëå á¨áâ¥¬ 211
Sn−j = aj,j+1

aj,j
+ n−j∑

p=2 (−1)p+1aj,j+p

aj,j

p−1∏
k=1Sn−j−k

,

S1 = an−1,n

an−1,n−1 , j = 0, n− 2. (9)�á«¨ ¯à¥¤¯®«®�¨âì, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥« lim
n→∞

Sn−j = S(j) ¨¢®§¬®�¥ ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¢ ¢ëà �¥¨¨ (9), â® ¨¬¥¥â ¬¥áâ® á«¥¤ã-îé¥¥ à ¢¥áâ¢® ¤«ï ª �¤®£® j:
∞∑

p=0 (−1)paj,j+p

aj,j

p−1∏
k=0S(j + k) = 0, j = 0, 1, 2, . . . , (10)£¤¥ ¤«ï ã¨ä¨ª æ¨¨ ®¡®§ ç¥¨© ¯à¨ïâ® −1∏

k=0S(j+k) = 1 ¤«ï «î¡®£® j.� áá¬®âà¨¬ ¯à¨¢¥¤¥ãî á¨áâ¥¬ã (1):
a0,0x0 + a0,1x1 + a0,2x2 + a0,2x3 + a0,2x4 + · · · =0,

a1,1x1 + a1,2x2 + a1,3x3 + a1,4x4 + · · · =0,
a2,2x2 + a2,3x3 + a2,4x4 + · · · =0,

. . . . . . . . . . . . . . . . . . . . . . . . . . .,

(11)ª®â®à ï ¢ ªà âª®© § ¯¨á¨ ¨¬¥¥â ¢¨¤ (2) ¯à¨ bj = 0.�ä®à¬ã«¨àã¥¬ ¨ ¤®ª �¥¬ ®á®¢ãî â¥®à¥¬ã áãé¥áâ¢®¢ ¨ï ¥âà¨-¢¨ «ì®£® à¥è¥¨ï ¯à®¨§¢®«ìëå ®¤®à®¤ëå ¡¥áª®¥çëå £ ãáá®¢ëåá¨áâ¥¬.�¥®à¥¬  2. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ -¨ï ¥âà¨¢¨ «ì®£® à¥è¥¨ï ®¤®à®¤®© £ ãáá®¢®© á¨áâ¥¬ë (11) ï¢-«ï¥âáï ¢ë¯®«¥¨¥ ãá«®¢¨© (10) ¤«ï ª �¤®£® j. Ǒà¨ ã¤®¢«¥â¢®à¥¨¨ãá«®¢¨© (10) à¥è¥¨¥¬ á¨áâ¥¬ë (11) ï¢«ïîâáï ¢ëà �¥¨ï ¢¨¤ 
xi = (−1)ix0

i−1∏
k=0S(k) , i = 1, 2, . . . , (12)



212 �¥¤®à®¢ �. �.£¤¥ x0 | ¯à®¨§¢®«ì®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®, S(k) ã¤®¢«¥â¢®àïîâ ãà ¢-¥¨î (10) ¤«ï ª �¤®£® j.�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. Ǒãáâì yi | «î¡®¥ à¥è¥¨¥£ ãáá®¢®© á¨áâ¥¬ë (11). � ª ª ª yi | à¥è¥¨¥, á¨áâ¥¬  (11) ã¤®¢«¥-â¢®àï¥âáï ¨ ¯¥à¥¯¨è¥¬ ¥¥ ¢ ¢¨¤¥
a0,0y0 + a0,1y1 + a0,2y2 + a0,3y3 + · · ·+ a0,NyN = −

∞∑

p=N+1a0,pyp =bN0 ,
a1,1y1 + a1,2y2 + a1,3y3 + · · ·+ a1,NyN = −

∞∑

p=N+1a1,pyp =bN1 ,
a2,2y2 + a2,3y3 + · · ·+ a2,NyN = −

∞∑

p=N+1a2,pyp =bN2 ,
a3,3y3 + · · ·+ a3,NyN = −

∞∑

p=N+1a3,pyp =bN3 ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

aN−1,N−1yN−1 + aN−1,NyN = −
∞∑

p=N+1apyp =bNN−1,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (13)�â¬¥â¨¬, çâ® ¯®áª®«ìªã yi ã¤®¢«¥â¢®àï¥â ª �¤®¬ã ãà ¢¥¨î á¨-áâ¥¬ë (11), â® lim

N→∞
bNj = 0 ¥§ ¢¨á¨¬® ®â j.� ª ¨ ¯à¨ ¨á¯®«ì§®¢ ¨¨ ¬¥â®¤  à¥¤ãªæ¨¨ á¨áâ¥¬ã (13) ãà¥§ ¥¬,®áâ ¢«ïï N ãà ¢¥¨© á N+1 ¥¨§¢¥áâë¬¨. �¢ï§ë¢ ï á®á¥¤¨¥ ¥¨§-¢¥áâë¥, ¯®«ãç¨¬ á®®â®è¥¨¥ (7), ® á â®© à §¨æ¥©, çâ® ¢ (7) áâ®ïââ®çë¥ § ç¥¨ï ¥¨§¢¥áâëå,   ¥ ¯à¨¡«¨�¥ë¥ à¥è¥¨ï n

xi.�áá«¥¤ã¥¬ ¢ëà �¥¨¥ (5) ¨ ¤«ï íâ®£® ¢¢¥¤¥¬ ®¯à¥¤¥«¨â¥«ì m-£®
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BN

m =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bN
N−m

aN−m,N−m

bN
N−m+1

aN−m+1,N−m+1 bN
N−m+2

aN−m+2,N−m+2 . . .
bN

N−1
aN−1,N−1

aN−m,N−m+1
aN−m,N−m

1 0 . . . 0
aN−m,N−m+2
aN−m,N−m

aN−m+1,N−m+2
aN−m+1,N−m+1 1 . . . 0

. . . . . . .

. . . . . . .

. . . . . . .
aN−m,N−m+j

aN−m,N−m

aN−m+1,N−m+j

aN−m+1,N−m+1 aN−m+2,N−m+j

aN−m+2,N−m+2 . . . 0
. . . . . . .
. . . . . . .
. . . . . . .

aN−m,N−2
aN−m,N−m

aN−m+1,N−2
aN−m+1,N−m+1 aN−m+2,N−2

aN−m+2,N−m+2 . . . 0
aN−m,N−1
aN−m,N−m

aN−m+1,N−1
aN−m+1,N−m+1 aN−m+2,N−1

aN−m+2,N−m+2 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

(14)£¤¥ BN1 = bNN−1/aN−1,N−1.� ©¤¥¬ à §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï (14) ¯®  «£¥¡à ¨ç¥áª¨¬ ¤®¯®«-¥¨ï¬ AN
j,1 ¯¥à¢®£® áâ®«¡æ , â. ¥.
BN

m = bNN−m

aN−m,N−m
AN1,1 + m∑

j=2 aN−m,N−m+j−1
aN−m,N−m

AN
j,1, (15)

£¤¥ AN
j,1 = (−1)j+1MN

j,1, MN
j,1 | ¬¨®à j-© áâà®ª¨ ®¯à¥¤¥«¨â¥«ï (14).�¥®¡å®¤¨¬®  ©â¨ á®®â¢¥âáâ¢ãîé¨¥ ¬¨®àë MN

j,1. �ç¥¢¨¤®, ¯¥à-¢ë¥ ¬¨®àë ¨¬¥îâ ¢¨¤MN1,1 = 1,MN2,1 = BN
m−1. � ©¤¥¬ ¬¨®à âà¥âì¥©
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MN3,1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bN
N−m+1

aN−m+1,N−m+1 bN
N−m+2

aN−m+2,N−m+2 . . .
bN

N−1
aN−1,N−11 0 . . . 0

aN−m+1,N−m+3
aN−m+1,N−m+1 1 . . . 0

. . . . . .

. . . . . .

. . . . . .
aN−m+1,N−m+j

aN−m+1,N−m+1 aN−m+2,N−m+j

aN−m+2,N−m+2 . . . 0
. . . . . .
. . . . . .
. . . . . .

aN−m+1,N−2
aN−m+1,N−m+1 aN−m+2,N−2

aN−m+2,N−m+2 . . . 0
aN−m+1,N−1

aN−m+1,N−m+1 aN−m+2,N−1
aN−m+2,N−m+2 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (16)
� §« £ ï íâ®â ®¯à¥¤¥«¨â¥«ì ¯® ¢â®à®© áâà®ª¥, «¥£ª® ã¡¥�¤ ¥¬áï,çâ® MN3,1 = −BN

m−2. � ©¤¥¬ ¬¨®à ¯®á«¥¤¥© áâà®ª¨:
MN

m,1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bN
N−m+1

aN−m+1,N−m+1 bN
N−m+2

aN−m+2,N−m+2 . . .
bN

N−1
aN−1,N−11 0 . . . 0

aN−m+1,N−m+2
aN−m+1,N−m+1 1 . . . 0

. . . . . .

. . . . . . .

. . . . . . .
aN−m+1,N−m+j

aN−m+1,N−m+1 aN−m+2,N−m+j

aN−m+2,N−m+2 . . . 0
. . . . . .
. . . . . .
. . . . . .

aN−m+1,N−2
aN−m+1,N−m+1 aN−m+2,N−2

aN−m+2,N−m+2 . . . 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (17)
� §« £ ¥¬ íâ®â ®¯à¥¤¥«¨â¥«ì ¯® ¢â®à®© áâà®ª¥, § â¥¬ ¯®«ãç ¥¬®¥ ¯à¨íâ®¬  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ à §« £ ¥¬ ®¯ïâì �¥ ¯® ¢â®à®© áâà®ª¥¨, ¯à®¤®«� ï íâ®â ¯à®æ¥áá, ç¥à¥§ m− 3 è £  à §«®�¥¨ï  ©¤¥¬

MN
m,1 = (−1)m−3 ∣∣∣∣ bNN−2 bNN−11 0 ∣∣∣∣ = (−1)m−2bNN−1 = (−1)mBN1 .



� â¥®à¨¨ £ ãáá®¢ëå ¡¥áª®¥çëå á¨áâ¥¬ 215�áâ «ìë¥ ¬¨®àë ¯à¨ 3 < j < m ¨¬¥îâ ¢¨¤
MN

j,1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bN
N−m+1

aN−m+1,N−m+1 bN
N−m+2

aN−m+2,N−m+2 . . .
bN

N−2
aN−2,N−2 bN

N−1
aN−1,N−11 0 . . . 0 0

aN−m+1,N−m+3
aN−m+1,N−m+1 1 . . . 0 0

. . . . . . .
aN−m+1,N−m+j−2
aN−m+1,N−m+1 aN−m+2,N−m+j−2

aN−m+2,N−m+2 . . . 0 0
aN−m+1,N−m+j

aN−m+1,N−m+1 aN−m+2,N−m+j

aN−m+2,N−m+2 . . . 0 0
aN−m+1,N−m+j+1
aN−m+1,N−m+1 aN−m+2,N−m+j+1

aN−m+2,N−m+2 . . . 0 0
. . . . . . .

aN−m+1,N−2
aN−m+1,N−m+1 aN−m+2,N−2

aN−m+2,N−m+2 . . . 1 0
aN−m+1,N−1

aN−m+1,N−m+1 aN−m+2,N−1
aN−m+2,N−m+2 . . .

aN−2,N−1
aN−2,N−2 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

(18)�«ï ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«ï (18) à §« £ ¥¬ ¥£® ¯® ¢â®à®© áâà®ª¥,§ â¥¬ ¯®«ãç¥®¥  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ (m − 2)-£® ¯®àï¤ª  à §-« £ ¥¬ ®¯ïâì �¥ ¯® ¢â®à®© áâà®ª¥ ¨ ¯à®¤®«� ¥¬ íâ®â ¯à®æ¥áá ¤® j-©áâà®ª¨ ¨ ¯®á«¥¤¥¥ à §«®�¥¨¥ ®áãé¥áâ¢«ï¥¬ ¯® íâ®© áâà®ª¥. �®£¤ ¯®«ãç¨¬ MN
j,1 = (−1)j−2BN

m−j−1.� §«®�¥¨¥ (15) á ãç¥â®¬ ¢ëç¨á«¥ëå § ç¥¨© ¬¨®à®¢ MN
j,1¡ã¤¥â ¨¬¥âì ¢¨¤

BN
m = bNN−m

aN−m,N−m
− aN−m,N−m+1

aN−m,N−m
BN

m−1 − aN−m,N−m+2
aN−m,N−m

BN
m−2

−
m−1∑

j=4 aN−m,N−m+j−1
aN−m,N−m

BN
m−j+1 − aN−m,N−1

aN−m,N−m
BN1= bNN−m

aN−m,N−m
−

m−1∑

p=1 aN−m,N−m+p

aN−m,N−m
BN

m−p, BN1 = bNN−1
aN−1,N−1 . (19)�á«¨ ¢ (19) § ¬¥¨âì ¨¤¥ªá m − p ¨¤¥ªá®¬ p, â® ¯®«ãç¨¬, çâ®à¥ªãàà¥âë¥ á®®â®è¥¨ï (5) ¨ (19) á®¢¯ ¤ îâ, ¯à¨ íâ®¬  ç «ìë¥§ ç¥¨ï B1 ¨ BN1 ®¤¨ ª®¢ë ¢ (5) ¨ (19). � ª¨¬ ®¡à §®¬, BN

j ≡ Bj ,â. ¥. á®®â®è¥¨¥ (5) ¥áâì   á ¬®¬ ¤¥«¥ ®¯à¥¤¥«¨â¥«ì (14). �«¥¤®-¢ â¥«ì®, lim
N→∞

BN
N−i = 0, â ª ª ª ¯à¥¤¥« ®¯à¥¤¥«¨â¥«ï (14) ¡ã¤¥â ¯®¯®áâà®¥¨î ¡¥áª®¥çë¬ ®¯à¥¤¥«¨â¥«¥¬ á ã«¥¢®© ¯¥à¢®© áâà®ª®©, ¯®-áª®«ìªã lim

N→∞
bNi = 0 ¥§ ¢¨á¨¬® ®â i. �ç¨âë¢ ï íâ®â ¯à¥¤¥«, «¥£ª®



216 �¥¤®à®¢ �. �.ã¡¥¤¨âìáï, çâ® ¢¬¥áâ® ¢ëà �¥¨ï (7) ¡ã¤¥¬ ¨¬¥âì
yi = −SN−iyi+1, i = 0, N − 2. (20)Ǒ¥à¥å®¤ï ¢ (20) ª ¯à¥¤¥«ã ¯à¨ N → ∞, ã¡¥�¤ ¥¬áï, çâ® áãé¥-áâ¢ã¥â ¯à¥¤¥« lim

N→∞
SN−i = S(i). �¥è ï à¥ªãàà¥â®¥ ãà ¢¥¨¥ (20) ¢®¡à â®¬ ¯®àï¤ª¥, ¯®«ãç¨¬

yi = (−1)iy0
i−1∏
k=0S(k) , (21)£¤¥ y0 { ¯à®¨§¢®«ì®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®, −1∏

k=0S(k) = 1.Ǒ®¤áâ ¢«ïï (21) ¢ ¨áå®¤ãî á¨áâ¥¬ã (11), ¯à¨¤¥¬ ª ¥®¡å®¤¨¬®¬ããá«®¢¨î (10) ¤«ï ª �¤®£® j, â¥¬ á ¬ë¬ ¤®ª §   ¥®¡å®¤¨¬®áâì.�®áâ â®ç®áâì. Ǒãáâì ç¨á«  S(i) ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥-¨© (10) ¤«ï ª �¤®£® j. �®£¤  á®áâ ¢¨¬ ç¨á«  xi ¢¨¤  (21):
xi = (−1)ix0

i−1∏
k=0S(k) .Ǒ®¤áâ ¢«ïï íâ¨ § ç¥¨ï ¢ á¨áâ¥¬ã (11), ã¡¥�¤ ¥¬áï, çâ® ¢á¥ ãà ¢-¥¨ï á¨áâ¥¬ë (11) ã¤®¢«¥â¢®àïîâáï, ¯®áª®«ìªã ¢ë¯®«¥ë ãá«®¢¨ï(10).�«¥¤áâ¢¨¥ 2. �«ï ¥âà¨¢¨ «ì®© à §à¥è¨¬®áâ¨ £ ãáá®¢®© á¨áâ¥-¬ë (11) ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ ï¢«ï¥âáï áãé¥áâ¢®¢ ¨¥¯à¥¤¥«  ¢ëà �¥¨ï (9), ã¤®¢«¥â¢®àïîé¥£® ãà ¢¥¨ï¬ (10).�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 2 ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ á®®â-¢¥âáâ¢ãîé¨å ¤®ª § â¥«ìáâ¢ ¥®¡å®¤¨¬®áâ¨ ¨ ¤®áâ â®ç®áâ¨ â¥®à¥¬ë 2.�¤¥« ¥¬ ¤¢  ¢¥áì¬  ¢ �ëå § ¬¥ç ¨ï.� ¬¥ç ¨¥ 1. Ǒà¨ à¥è¥¨¨ ¯à®¨§¢®«ì®© £ ãáá®¢®© á¨áâ¥¬ë (11)¬¥â®¤®¬ à¥¤ãªæ¨¨ ¢ è¨à®ª®¬ á¬ëá«¥ ®¤¨ ¨ â®â �¥ à¥ªãàá¨¢ë© ¯à®-æ¥áá (9) ãç áâ¢ã¥â ¯à¨ à¥è¥¨¨ ¤¢ãå á®¢¥àè¥® à §ëå § ¤ ç. �®-¯¥à¢ëå, ® ¯à¨¬¥ï¥âáï ¯à¨ à¥è¥¨¨ ¡¥áª®¥ç®© á¨áâ¥¬ë (11) ¢ ¢¨¤¥



� â¥®à¨¨ £ ãáá®¢ëå ¡¥áª®¥çëå á¨áâ¥¬ 217(12), ¯à¨ íâ®¬ ® ¢á¥£¤  áå®¤¨âáï ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ¨ï ¥âà¨¢¨- «ì®£® à¥è¥¨ï á¨áâ¥¬ë (11); ¢®-¢â®àëå, ® ãç áâ¢ã¥â ¯à¨ à¥è¥¨¨ãà ¢¥¨© (10) ¤«ï ª®ªà¥âëå j, ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢¥ãî à®«ì¨£à ¥â ¯¥à¥¤¥«ìë© ¯¥à¥å®¤ ¢ ¢ëà �¥¨¨ (9), çâ® ¡ã¤¥â ¡®«¥¥ ïá®¯à¨ à áá¬®âà¥¨¨ ª®ªà¥âëå £ ãáá®¢ëå á¨áâ¥¬,  ¯à¨¬¥à, ¯¥à¨®¤¨-ç¥áª¨å.� ¬¥ç ¨¥ 2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¬®�® ¯à®¢¥áâ¨ ¯à®é¥,á¤¥« ¢ á«¥¤ãîéãî § ¬¥ã ¥¨§¢¥áâëå: xi/xi+1 = −S(i). �® ¢ íâ®¬á«ãç ¥ áãé¥áâ¢¥ë¥ ¢ë¢®¤ë § ¬¥ç ¨ï 1 ¢ë¯ ¤ãâ, ¢ ç áâ®áâ¨, ¥ á®-¢á¥¬ ïáë¬ ¡ã¤¥â ¢®¯à®á: ª ª¨¬ ®¡à §®¬ ¬®�® à¥è¨âì ãà ¥¨ï (10)®â®á¨â¥«ì® ¥¨§¢¥áâëå S(i)? � ¤àã£®© áâ®à®ë, ¨¬¥® ¢ëè¥¨§«®-�¥®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2  â «ª¨¢ ¥â   ¬ëá«ì ¯à®¢¥¤¥¨ïâ ª®© § ¬¥ë.� ª¨¬ ®¡à §®¬, ª �¤®¬ã à¥è¥¨î {xi}∞0 £ ãáá®¢®© ®¤®à®¤®©¡¥áª®¥ç®© á¨áâ¥¬ë (11) á®®â¢¥âáâ¢ã¥â ¬®�¥áâ¢® ç¨á¥« {S(i)}, ª®-â®à®¥ ¬®�¥â ¡ëâì ¯ãáâë¬, ª®¥çë¬ ¨«¨ ¡¥áª®¥çë¬. �®�¥áâ¢®ç¨á¥« {S(i)} ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨© (10), ¢ ®¡é¥¬ á«ãç ¥¡¥áª®¥ç®©.�¨áâ¥¬ã ãà ¢¥¨© (10)  §®¢¥¬ å à ªâ¥à¨áâ¨ª®© á®®â¢¥âáâ¢ãî-é¥£® à¥è¥¨ï (12) á¨áâ¥¬ë (11),   ¬®�¥áâ¢® ç¨á¥« {S(i)} { å à ªâ¥-à¨áâ¨ç¥áª¨¬¨ ç¨á« ¬¨ ¤ ®£® à¥è¥¨ï. � ª¨¬ ®¡à §®¬, ¥á«¨ ª ª-â®  ©¤¥ë å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  {S(i)}, â® à¥è¥¨¥ ¡¥áª®¥ç®©£ ãáá®¢®© á¨áâ¥¬ë (11) ¨¬¥¥â ¯à®áâ®© ¢¨¤ (12).����������1. �¥¤®à®¢ �. �. Ǒ¥à¨®¤¨ç¥áª¨¥ ¡¥áª®¥çë¥ á¬áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨åãà ¢¥¨©. �®¢®á¨¡¨àáª: � ãª , 2009.2. �¥¤®à®¢ �. �. �à ¨çë© ¬¥â®¤ à¥è¥¨ï ¯à¨ª« ¤ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨. �®¢®á¨¡¨àáª: � ãª , 2000.3. �£®à®¢ �. �., �¥¤®à®¢ �. �. � ¯®«®© á¨áâ¥¬¥ äã¤ ¬¥â «ìëå à¥è¥¨© ¯¥-à¨®¤¨ç¥áª¨å ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© // � â.§ ¬¥âª¨ ���. 2010. �. 17, ¢ë¯. 1. �. 8{17.£. �ªãâáª 28 ¬ àâ  2011 £.



��� 517.95������� ������ ���������������� ����� ��� ����������������� Ǒ������ � ����������������������∗)�. �. �ã¡¨�à ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢¥¨© ¥ç¥â®£® ¯®àï¤ª  ¢¨¤ D2m+1
y u+Mu = f,£¤¥ M | ¥ª®â®àë© í««¨¯â¨ç¥áª¨© ®¯¥à â®à, à áá¬ âà¨¢ «¨áì ¢ à -¡®â å [1{3℄. �à ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢¥¨© âà¥âì¥£® ¯®àï¤ª  á® á¬¥®© ¯à ¢«¥¨ï í¢®«îæ¨¨, ® á ¥¯à¥àë¢ë¬¨ ª®íää¨æ¨¥â®¬, à áá¬ â-à¨¢ «¨áì ¢ [4℄. � ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï ªà ¥¢ë¥ § ¤ ç¨ ¤«ïãà ¢¥¨ï

h(y)uyyy −Au+ c(x, y)u = f(x, y),£¤¥ h(y) | à §àë¢ ï äãªæ¨ï.Ǒãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ Rn ¨ Y > 0. � áá¬®âà¨¬æ¨«¨¤à Q = 
 × (−Y, Y ) = {(x, y) | x ∈ 
,−Y < y < Y } ¨ ¢ íâ®¬æ¨«¨¤à¥ | ãà ¢¥¨¥
h(y)uyyy −Au+ c(x, y)u = f(x, y), (1)£¤¥

h(y) = { h1, y > 0,
−h2, y < 0,

∗) � ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à�ª¥ ��Ǒ ý� ãçë¥ ¨  ãç®-¯¥¤ £®£¨ç¥áª¨¥ª ¤àë ¨®¢ æ¨®®© �®áá¨¨þ   2009-2013 ££. (£®áã¤ àáâ¢¥ë© ª®âà ªâü 16.740.11.0127).© 2011 �ã¡¨ �. �.
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h1, h2 > 0, Au = ∂

∂xi

(
aij(x) ∂u

∂xj

), aij(x) | ¥ª®â®àë¥ äãªæ¨¨. �¤¥áì ¨¤ «¥¥ ¯® ¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬ ¢¥¤¥âáï áã¬¬¨à®¢ ¨¥.� áá¬®âà¨¬ á«¥¤ãîé¨¥ § ¤ ç¨:�à ¥¢ ï § ¤ ç  I. � ©â¨ äãªæ¨î u(x, y) ®¯à¥¤¥«¥ãî ¢ ®¡« -áâ¨ Q, ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î (1), ªà ¥¢ë¬ ãá«®¢¨ï¬
u(x, y)|x∈∂
 = 0, u(x, Y ) = uy(x, Y ) = 0, u(x,−Y ) = uy(x,−Y ) = 0,(2)¨ ãá«®¢¨ï¬ á®¯àï�¥¨ï:

u(x,+0) = αu(x,−0), βuy(x,+0) = uy(x,−0). (3)�à ¥¢ ï § ¤ ç  II. � ©â¨ äãªæ¨î u(x, y) ®¯à¥¤¥«¥ãî ¢ ®¡-« áâ¨ Q, ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î (1), ªà ¥¢ë¬ ãá«®¢¨ï¬
aij(x)uxi(x, y)νj(x)|x∈∂
 = 0, u(x, Y ) = uy(x, Y ) = 0,

u(x,−Y ) = uy(x,−Y ) = 0 (4)¨ ãá«®¢¨ï¬ á®¯àï�¥¨ï (3).�¤¥áì ν(x) | ¢¥èïï ®à¬ «ì ª £à ¨æ¥ ®¡« áâ¨ 
.�à ¥¢ ï § ¤ ç  III. � ©â¨ äãªæ¨î u(x, y) ®¯à¥¤¥«¥ãî ¢ ®¡-« áâ¨ Q, ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î (1), ªà ¥¢ë¬ ãá«®¢¨ï¬
u(x, y)|x∈∂
 = 0, uy(x, Y ) = uyy(x, Y ) = 0,

uy(x,−Y ) = uyy(x,−Y ) = 0 (5)¨ ãá«®¢¨ï¬ á®¯àï�¥¨ï (3).�à ¥¢ ï § ¤ ç  IV. � ©â¨ äãªæ¨î u(x, y) ®¯à¥¤¥«¥ãî ¢ ®¡-« áâ¨ Q, ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î (1), ªà ¥¢ë¬ ãá«®¢¨ï¬
aij(x)uxi(x, y)νj(x)|x∈∂
 = 0, uy(x, Y ) = uyy(x, Y ) = 0,

uy(x,−Y ) = uyy(x,−Y ) = 0 (6)¨ ãá«®¢¨ï¬ á®¯àï�¥¨ï (3).�¢¥¤¥¬ ®¡®§ ç¥¨ï Q+ = Q ∩ {y > 0}, Q− = Q ∩ {y < 0}. Ǒãáâì
l ∈ N. �¢¥¤¥¬ ¯à®áâà áâ¢® F = {f : Q→ R |

∫
Q
|y|f2(x, y) dxdy <∞} á



220 �ã¡¨ �. �.®à¬®© ‖f‖F = ∫
Q
|y|f2(x, y) dxdy ¨ ¯à®áâà áâ¢® V l. �ã¤¥¬ £®¢®à¨âì,çâ® äãªæ¨ï u : Q → R ¯à¨ ¤«¥�¨â ¯à®áâà áâ¢ã V l, ¥á«¨ u(x, y)¨§¬¥à¨¬ , ¨¬¥¥â ¢á¥ á¬¥è ë¥ ®¡®®¡é¥ë¥ ¯à®¨§¢®¤ë¥ ¤® ¯®àï¤ª 

l ¢ª«îç¨â¥«ì® ¯® ¯¥à¥¬¥ë¬ x ¨ äãªæ¨¨ u|Q+ ¨ u|Q− ¨¬¥îâ ®¡®¡-é¥ë¥ ¯à®¨§¢®¤ë¥ ¯® y ¤® âà¥âì¥£® ¯®àï¤ªª  ¢ª«îç¨â¥«ì®, ¯à¨ç¥¬áãé¥áâ¢ãîâ ¨â¥£à «ë∫

Q

|y|DI
xu(x, y) dxdy ¤«ï ¢á¥å ¬ã«ìâ¨¨¤¥ªá®¢ I > 0 : |I| 6 l,

∫

Q+ |y|Dk
y u(x, y) dxdy, ∫

Q−

|y|Dk
y u(x, y) dxdy ∀k ∈ N : 1 6 k 6 3.�®à¬ã ¢ ¯à®áâà áâ¢¥ V l ¢¢¥¤¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

‖u‖V l = ∑

I>0:|I|6l

∫

Q

|y|DI
xu(x, y) dxdy+ 3∑

k=1(∫
Q+ |y|Dk

y u(x, y) dxdy + ∫
Q−

|y|Dk
y u(x, y) dxdy)�ç¥¢¨¤®, çâ® ¯à®áâà áâ¢  F ¨ V l ¯®«ë¥.�ãªæ¨î u ∈ V 2 ¡ã¤¥¬  §ë¢ âì à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ I (II{IV), ¥á«¨ ®  ¢ á« ¡®¬ á¬ëá«¥ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î, ãá«®¢¨ï¬ á®-¯àï�¥¨ï (3) ¨ ªà ¥¢ë¬ ãá«®¢¨ï¬ (2) ((4){(6) á®®â¢¥âáâ¢¥®).�¥¬¬  1. Ǒãáâì äãªæ¨ï u ∈ V 2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (3) ¨ª ª®¬ã-«¨¡® ¨§ ãá«®¢¨© (2), (4){(6), ¨ ¯ãáâì αβ 6= 0 ¨ aij(x) ∈ C1(
).�®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à ¢¥áâ¢ :

∫

Q+ yuyyy(x, y)u(x, y) dxdy + α

β

∫

Q−

yuyyy(x, y)u(x, y) dxdy= 32(∫
Q+ u2y(x, y) dxdy + α

β

∫

Q−

u2y(x, y) dxdy)
∫
 Au · u dx = ∫
 aij(x)uxiuxj dxdy.



�¥á®¢ë¥ ®æ¥ª¨ à¥è¥¨ï ¥ª®â®àëå § ¤ ç 221�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ä®à¬ã«ë ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬¨ á®®â¢¥âáâ¢ãîé¨å ãá«®¢¨©. �Ǒ®«ãç¥ë¥ à ¢¥áâ¢  ¯®§¢®«ïîâ ãáâ ®¢¨âì ¥ª®â®àë¥, ¢ â®¬ç¨á«¥ ¢¥á®¢ë¥, ®æ¥ª¨ à¥è¥¨© § ¤ ç I{IV.�¥¬¬  2. Ǒãáâì u ∈ V 2 | à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ I (¨«¨ II, III),¨ ¯ãáâì αβ > 0, c(x, y) ∈ L∞(Q), c(x, y) > 0 ¤«ï ¯®çâ¨ ¢á¥å (x, y) ∈ Q,
f(x, y) ∈ F , aij(x) ∈ C1(
), ¯à¨ç¥¬ áãé¥áâ¢ã¥â ç¨á«® µ1 > 0 â ª®¥, çâ®
aij(x)ξiξj > µ1|ξ|2 ¤«ï «î¡®£® ξ ∈ Rn. �®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª :
∫

Q

(
u2y(x, y) + |y|

n∑

i=1 u2xi
(x, y) + |y|u2(x, y)) dxdy 6 C

∫

Q

|y|f2(x, y) dxdy.(7)�®ª § â¥«ìáâ¢®. � ª ª ª u(x, y) ï¢«ï¥âáï à¥è¥¨¥¬, ¢¥à® à -¢¥áâ¢®
∫

Q+ (h1uyyy(x, y)−Au(x, y) + c(x, y)u(x, y))yu(x, y) dxdy−
− αh1
βh2 ∫

Q−

(
− h2uyyy(x, y)−Au(x, y) + c(x, y)u(x, y))yu(x, y) dxdy == ∫

Q+ f(x, y)yu(x, y) dxdy − αh1
βh2 ∫

Q−

f(x, y)yu(x, y) dxdy.� ¬¥â¨¬, çâ® ¥á«¨ u(x, y) | à¥è¥¨¥ § ¤ ç¨ I ¨«¨ II, â® á¯à ¢¥¤-«¨¢® à ¢¥áâ¢®
u(x, y) =  −

a∫
y

uη(x, η) dη, y > 0,
y∫

−a

uη(x, η) dη. y < 0,¨§ ª®â®à®£® áà §ã á«¥¤ã¥â ¥à ¢¥áâ¢®
∫

Q

u2(x, y) dxdy 6 C̃1 ∫
Q

u2y(x, y) dxdy.
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∫

Q

u2(x, y) dxdy 6 C̃2 ∫
Q

n∑

i=1 u2xi
(x, y) dxdy.Ǒ®«ì§ãïáì ®¤¨¬ ¨§ íâ¨å ¥à ¢¥áâ¢, ¥à ¢¥áâ¢®¬ �£  ¢¨¤ 

∫

Q+ f(x, y)yu(x, y) dxdy 6
δ22 ∫

Q+ yu2(x, y) dxdy + 12δ2 ∫
Q+ yf2(x, y) dxdy,  â ª�¥ à ¢¥áâ¢ ¬¨ ¨§ «¥¬¬ë 1 ¨ ãá«®¢¨ï¬¨ ¤ ®© «¥¬¬ë, ¯®«ãç¨¬®æ¥ªã (7). ��«¥¤áâ¢¨¥. �à ¥¢ë¥ § ¤ ç¨ I, II ¨ III ¨¬¥îâ ¥ ¡®«¥¥ ®¤®£® à¥-è¥¨ï.� ¬¥ç ¨¥. �æ¥ª  (7)  ¯¨á   ¢ â ª®¬ ¢¨¤¥ ¤«ï ®¡é®áâ¨. � á ¬®¬ ¤¥«¥ ¤«ï ªà ¥¢ëå § ¤ ç I ¨ II á¯à ¢¥¤«¨¢  ¡®«¥¥ á¨«ì ï ®æ¥ª 

∫

Q

(
u2y(x, y) + |y|

n∑

i=1 u2xi
(x, y) + u2(x, y)) dxdy 6 C

∫

Q

|y|f2(x, y) dxdy.(7′)�¥¬¬  3. Ǒãáâì u(x, y) ∈ V 2 | à¥è¥¨¥ § ¤ ç¨ IV, ¨ ¯ãáâì ¢ë-¯®«¥ë ãá«®¢¨ï «¥¬¬ë 2, ¯à¨ç¥¬ áãé¥áâ¢ã¥â ç¨á«® c0 > 0 â ª®¥, çâ®
c(x, y) > c0 ¤«ï ¯®çâ¨ ¢á¥å (x, y) ∈ Q. �®£¤  § ¤ ç  IV ¨¬¥¥â ¥ ¡®«¥¥®¤®£® à¥è¥¨ï ¨ á¯à ¢¥¤«¨¢  ®æ¥ª 
∫

Q

(
u2y(x, y)+|y|

n∑

i=1 u2xi
(x, y)+u2(x, y)) dxdy 6 C

∫

Q

|y|f2(x, y) dxdy. (7′)�®ª § â¥«ìáâ¢®. �®á«®¢®¥ ¯®¢â®à¥¨¥ à ááã�¤¥¨© ¤®ª § â¥«ì-áâ¢  «¥¬¬ë 2. �Ǒ¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã áãé¥áâ¢®¢ ¨ï à¥è¥¨© ªà ¥¢ëå § ¤ çI{IV.



�¥á®¢ë¥ ®æ¥ª¨ à¥è¥¨ï ¥ª®â®àëå § ¤ ç 223�¥®à¥¬  1. Ǒãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 2. �®£¤  § ¤ ç¨ I, II¨ III ¨¬¥îâ à¥è¥¨¥ u(x, y) ¯à¨ ¤«¥� é¥¥ ¯à®áâà áâ¢ã V 2, ¯à¨ç¥¬á¯à ¢¥¤«¨¢  ®æ¥ª 
‖u(x, y)‖V 2 6 C‖f(x, y)‖F .�®ª § â¥«ìáâ¢®. �®ª �¥¬ à §à¥è¨¬®áâì § ¤ ç¨ I. � áá¬®âà¨¬¯à®áâà áâ¢® Ṽ = {u ∈ V 4 | DI

xu ∈ V 0 ∀I |I| = 4} á ®à¬®© ‖u‖
Ṽ
=

‖u‖V 4 +∑I:|I|=4 ‖DI
xu‖V 0 . �â¬¥â¨¬, çâ® ¢ á¨«ã á¢®©áâ¢ ¯à®áâà áâ¢ 

Ṽ ¨ ¢â®à®£® ®á®¢®£® ¥à ¢¥áâ¢  ¤«ï í««¨¯â¨ç¥áª¨å ®¯¥à â®à®¢ [5℄¤  ï ®à¬  íª¢¨¢ «¥â  á«¥¤ãîé¥©:
‖u‖

Ṽ
= ∫

Q

|y|u2 dxdy + ∫
Q

|y|u2yyy dxdy+ ∫
Q

|y|(Au)2 dxdy + ∫
Q

|y|(A2uyyy)2 dxdy.�¯à¥¤¥«¨¬ ®¯¥à â®à L ε : Ṽ → F , ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ãL εu = εh(y)A2uyyy + h(y)uyyy −Au+ c(x, y)u.� áá¬®âà¨¬ § ¤ çã:  ©â¨ äãªæ¨î u ∈ Ṽ â ªãî, çâ® ®  ã¤®¢«¥â¢®-àï¥â ãà ¢¥¨î L εu = f(x, y), (1ε)ªà ¥¢ë¬ ãá«®¢¨ï¬ (2), ãá«®¢¨î�u(x, y)|x∈∂
 = 0 (2′)¨ ãá«®¢¨ï¬ á®¯àï�¥¨ï (3).�®ª �¥¬ à §à¥è¨¬®áâì íâ®© § ¤ ç¨ ¤«ï ¢á¥å ε > 0. �«ï íâ®£®¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¯à®¤®«�¥¨ï ¯® ¯ à ¬¥âàã. � áá¬®âà¨¬ ®¯¥-à â®à L ε(λ)u = εh(y)A2uyyy + h(y)uyyy − λ(Au− c(x, y)u)¨ § ¤ çã:  ©â¨ äãªæ¨î u ∈ Ṽ , ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨îL ε(λ)u = f(x, y), (1ε,λ)



224 �ã¡¨ �. �.ªà ¥¢ë¬ ãá«®¢¨ï¬ (2), (2′) ¨ ãá«®¢¨ï¬ á®¯àï�¥¨ï (3).Ǒãáâì � | ¬®�¥áâ¢® ç¨á¥« λ ¨§ ®âà¥§ª  [0, 1℄ â ª¨å, çâ® § ¤ ç (1ε,λ), (2), (2′), (3) à §à¥è¨¬ . �®ª �¥¬, çâ® � ¥¯ãáâ®, ®âªàëâ® ¨§ ¬ªãâ®.Ǒãáâì λ = 0. � áá¬®âà¨¬ á ç «  ãà ¢¥¨¥
h(y)uyyy = v(x, y) (8)á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

u(x, Y ) = uy(x, Y ) = 0, u(x,−Y ) = uy(x,−Y ) = 0 (9)¨ ãá«®¢¨ï¬¨ áª«¥©ª¨ (3). �¥è¥¨¥¬ § ¤ ç¨ (8), (9), (3) ï¢«ï¥âáï äãª-æ¨ï
u(x, y) = − 12h1 T∫

y

(y − η)2v(x, η) dη + (T − y)2a(x), y > 0,12h2 y∫
−T

(y − η)2v(x, η) dη + (T + y)2b(x), y < 0, (10)£¤¥
a(x) = 12h1(1 + αβ) T∫0 η

T

(
αβ + η

T

)
v(x, η) dη++ α2h2(1 + αβ) 0∫

−T

η

T

(1 + η

T

)
v(x, η) dη,

b(x) = β2h1(1 + αβ) T∫0 η

T

(1− η

T

)
v(x, η) dη++ 12h2(1 + αβ) 0∫

−T

η

T

(
αβ − η

T

)
v(x, η) dη.�®£« á® à ¢¥áâ¢ã (10) ¥á«¨ v(x, y) â ª®¢ , çâ® ¤«ï «î¡®£® ¬ã«ì-â¨¨¤¥ªá  I > 0 â ª®£®, çâ® |I| 6 4, áãé¥áâ¢ã¥â ®¡®¡é¥ ï ¯à®¨§¢®¤- ï DI

xv(x, y) ∈ F , â® u(x, y) ∈ Ṽ . �§ à ¢¥áâ¢  (10) â ª�¥ á«¥¤ã¥â
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‖u‖F 6 C1‖uyyy‖F , ‖Au‖F 6 C′1‖Auyyy‖F (11)¤«ï ¥ª®â®àëå C1, C′1 > 0, ¥ § ¢¨áïé¨å ®â u.� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã:  ©â¨ à¥è¥¨¥ ãà ¢¥¨ï

A2v + 1
ε
v = f(x, y),ã¤®¢«¥â¢®àïîé¥¥ ªà ¥¢ë¬ ãá«®¢¨ï¬

v|∂
 = Av|∂
 = 0.�á«¨ f ∈ F , â® ¤  ï § ¤ ç  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¯à¨ ¤«¥-� é¥¥ ¯à®áâà áâ¢ã {u | ∀I > 0 : |I| 6 4 DI
xu ∈ F}.� ª¨¬ ®¡à §®¬ ãáâ ®¢«¥  à §à¥è¨¬®áâì § ¤ ç¨ (1ε,0), (2), (2′),(3). Ǒ®«ãç¨¬  ¯à¨®àë¥ ®æ¥ª¨ à¥è¥¨© § ¤ ç¨ (1ε,λ), (2), (2′), (3).�§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ¨§ à ¢¥áâ¢

∫

Q+ |y|L ε(λ)u · u dxdy + αh1
βh2 ∫

Q−

|y|L ε(λ)u · u dxdy= ∫

Q+ |y|f(x, y)u dxdy + αh1
βh2 ∫

Q−

|y|f(x, y)u dxdy,
∫

Q+ |y|L ε(λ)u ·Audxdy + αh1
βh2 ∫

Q−

|y|L ε(λ)u · Audxdy= ∫

Q+ |y|f(x, y)Audxdy + αh1
βh2 ∫

Q−

|y|f(x, y)Audxdy,á«¥¤ãîâ á®®â¢¥âáâ¢¥® ¥à ¢¥áâ¢ 
λ2 ∫

Q

|y|c2(x, y)u2(x, y) dxdy 6 C2 ∫
Q

|y|f2(x, y) dxdy,
λ2 ∫

Q

|y|
n∑

i=1 u2xi
(x, y) dxdy 6 C3 ∫

Q

|y|f2(x, y) dxdy,



226 �ã¡¨ �. �.¤«ï ¥ª®â®àëå ç¨á¥« C2, C3 > 0, ¥ § ¢¨áïé¨å ®â u(x, y) ¨ f(x, y). �§íâ¨å ¥à ¢¥áâ¢ ¢ á¨«ã â®�¤¥áâ¢
∫

Q

yL ε(λ)u · uyyy dxdy = ∫
Q

yf(x, y)uyyy dxdy,

ε

∫

Q

yL ε(λ)u ·A2uyyy dxdy = ε

∫

Q

yf(x, y)A2uyyy dxdy¨ «¥¬¬ë 1 á«¥¤ã¥â ®æ¥ª 
ε‖A2uyyy‖F +√

ε‖Auyyy‖F + ‖uyyy‖F 6 K1‖f‖F , (12)£¤¥ K1 > 0 | ç¨á«®, ®¯à¥¤¥«ï¥¬®¥ ç¨á« ¬¨ α, β, h1, h2 ¨ ®¡« áâìî Q.�§ ®æ¥ª¨ (12) ¢ á¨«ã ¥à ¢¥áâ¢ (11) á«¥¤ã¥â ®æ¥ª 
ε‖A2u‖F +√

ε‖Au‖F + ‖u‖F 6 K2‖f‖F (13)¤«ï ¥ª®â®à®£® K2 > 0, ¥ § ¢¨áïé¥£® ®â ε, u ¨ f .�§ ®æ¥®ª (12), (13) ¢ á¨«ã â¥®à¥¬ë ® ¯à®¤®«�¥¨¨ ¯® ¯ à ¬¥â-àã [6℄ á«¥¤ã¥â, çâ® � = [0, 1℄. � ª¨¬ ®¡à §®¬ ¤®ª §   à §à¥è¨¬®áâì§ ¤ ç¨ (1ε), (2), (2'), (3) ¤«ï «î¡®£® ε > 0.�®ª �¥¬, çâ® ¯à¨ ε → 0 à¥è¥¨¥ íâ®© § ¤ ç¨ áâà¥¬¨âáï ª à¥è¥-¨î § ¤ ç¨ (1){(3). �«ï íâ®£® ¯®«ãç¨¬ ¥é¥ ®¤ã ®æ¥ªã. � áá¬®âà¨¬à ¢¥áâ¢®
∫

Q+ |y|L εu ·Audxdy + αh1
βh2 ∫

Q−

|y|L εu · Audxdy= ∫

Q+ |y|f(x, y)Audxdy + αh1
βh2 ∫

Q−

|y|f(x, y)Audxdy.� á¨«ã «¥¬¬ë 1 ¨ ®æ¥®ª (12), (13) ¯®«ãç¨¬ ®æ¥ªã
‖Au‖F 6 K3‖f‖F , (14)£¤¥ K3 > 0 ¥ § ¢¨á¨â ®â ε, u, f . � á¨«ã ®æ¥®ª (12){(14) ¢¥à® ¥à -¢¥áâ¢®
‖u‖V 2 6 K‖f‖F . (15)



�¥á®¢ë¥ ®æ¥ª¨ à¥è¥¨ï ¥ª®â®àëå § ¤ ç 227� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì εl → 0 ¯à¨ l → ∞. Ǒ®«ãç ¥¬ ¯®-á«¥¤®¢ â¥«ì®áâì {ul}l∈N ⊂ V 2, £¤¥ ul | à¥è¥¨¥ § ¤ ç¨ (1εl
), (2),(2'), (3). � á¨«ã ®æ¥ª¨ (15) íâ  ¯®á«¥¤®¢ â¥«ì®áâì ®£à ¨ç¥  ¢£¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ V 2 (á ¥áâ¥áâ¢¥® ¢¢¥¤¥ë¬ áª «ïàë¬¯à®¨§¢¥¤¥¨¥¬ | ¨â¥£à « ®â ¯à®¨§¢¥¤¥¨ï äãªæ¨© á ¢¥á®¬ |y|, ª®-â®à®¥ ¯®à®�¤ ¥â à áá¬®âà¥ãî ®à¬ã) ¨, á«¥¤®¢ â¥«ì®, ¨§ ¥¥ ¬®�-® ¢ë¡à âì á« ¡® áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì ulk → u ∈ V 2¯à¨ k → ∞. � á¨«ã ®æ¥ª¨ (12) ¯®á«¥¤®¢ â¥«ì®áâì εlkA

2ulk
yyy ®£à -¨ç¥  ¢ F . �ë¡¥à¥¬ á« ¡® áå®¤ïéãîáï ¢ F ¯®¤¯®á«¥¤®¢ â¥«ì®áâì

εlkm
A2ulkm

yyy → w ∈ F ¯à¨ m→ ∞. Ǒ¥à¥®¡®§ ç¨¬ ¤«ï ã¤®¡áâ¢  ¨¤¥ª-áë ¯®á«¥¤®¢ â¥«ì®áâ¥©: εm → 0, um → u á« ¡® ¢ V 2, εmA
2um

yyy → wá« ¡® ¢ F ¯à¨ m→ ∞. �á«¨ ¬ë ¤®ª �¥¬, çâ® w = 0, â® â¥®à¥¬  ¡ã¤¥â¤®ª §  . � áá¬®âà¨¬ ϕ(x, y) ∈ C∞0 (Q) ¨ á«¥¤ãîé¥¥ ¢ëà �¥¨¥
∣∣∣∣
∫

Q

|y|εmA
2um

yyyϕ(x, y) dxdy∣∣∣∣ = ∣∣∣∣∫
Q

|y|εmAuyyyAϕ(x, y) dxdy∣∣∣∣
6 εm

(∫

Q

|y|(Aϕ)2(x, y) dxdy) 12(∫
Q

|y|(Auyyy)2 dxdy) 12
6 M1√εm → 0.Ǒ®á«¥¤¥¥ ¥à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã ®æ¥ª¨ (12). � ¤àã£®© áâ®-à®ë, ∫

Q

|y|εmA
2um

yyyϕdxdy →
∫

Q

|y|wϕdxdy¯à¨m→ ∞ ¤«ï ¢á¥å ϕ ∈ F . � ª¨¬ ®¡à §®¬, ∫
Q
|y|wϕdxdy = 0 ¤«ï ¢á¥å

ϕ ∈ C∞0 . � á¨«ã ¯«®â®áâ¨ C∞0 (Q) ¢ F ¯®«ãç ¥¬, çâ® w = 0. �¥®à¥¬ ¤®ª §  .�� ¬¥ç ¨¥. �®ª �¥¬, çâ® C∞0 (Q) ¢áî¤ã ¯«®â® ¢ F . Ǒãáâì ε >0 ¨ f(x, y) ∈ F . �®£¤  √
yf(x, y) ∈ L2(Q+) ¨ √−yf(x, y) ∈ L2(Q−).� ª ª ª C∞0 (Q±) ¢áî¤ã ¯«®â® ¢ L2(Q±), áãé¥áâ¢ãîâ äãªæ¨¨ ϕ1 ∈

C∞0 (Q+) ¨ ϕ2 ∈ C∞0 (Q−) â ª¨¥, çâ®
‖√yf(x, y)− ϕ1(x, y)‖L2(Q+) 6

ε2 , ‖√−yf(x, y)− ϕ2(x, y)‖L2(Q−) 6
ε2 .



228 �ã¡¨ �. �.� ª ª ª ϕ1, ϕ2 ä¨¨âë, â® ρ(suppϕi, {y = 0}) > 0 ¯à¨ i = 1, 2 ¨, á«¥¤®-¢ â¥«ì®, äãªæ¨¨ ψ1 = ϕ1√
y ¨ ψ2 = ϕ2√−y

¯à¨ ¤«¥� â á®®â¢¥âáâ¢¥®
C∞0 (Q+) ¨ C∞0 (Q−). � áá¬®âà¨¬

ψ(x, y) =  ψ1(x, y), y > 0,0, y = 0,
ψ2(x, y), y < 0.�ç¥¢¨¤®, çâ® ψ(x, y) ∈ C∞0 (Q). �¬¥¥¬

‖f − ψ‖F = ‖√y(f − ψ1)‖L2(Q+) + ‖√−y(f − ψ2)‖L2(Q−)= ‖√yf − ϕ1‖L2(Q+) + ‖√−yf − ϕ2‖L2(Q−) 6 ε.�¥®à¥¬  2. Ǒãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï «¥¬¬ë 3. �®£¤  § ¤ -ç  IV ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¯à¨ ¤«¥� é¥¥ ¯à®áâà áâ¢ã V 2.Ǒà¨ íâ®¬ á¯à ¢¥¤«¨¢  ®æ¥ª 
‖u(x, y)‖V 2 6 C‖f(x, y)‖F .�®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1. �����������1. �ã¡¨áª¨© �. �. �¢ §¨«¨¥©ë¥ í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª¨¥ ãà ¢¥¨ï // � â.á¡. 1968. �. 88. ü 3. �. 470{496.2. �ã¡¨áª¨© �. �. �à ¥¢ë¥ § ¤ ç¨ ¤«ï ¥ª®â®àëå ª« áá®¢ ¤¨ää¥à¥æ¨ «ì®-®¯¥à â®àëå ãà ¢¥¨© ¢ëá®ª®£® ¯®àï¤ª  // �®ª«. �� ����. 1971. �. 196.ü 1. �. 32{34.3. ��ãà ¥¢ �. �., �¯ ª®¢ �. Ǒ. �¡  ¢â®¬®¤¥«ì®¬ à¥è¥¨¨ ®¤®£® ãà ¢¥¨ïâà¥âì¥£® ¯®àï¤ª  á ªà âë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ // �¥áâ. � ¬ àáª. £®á. â¥å.ã-â . �¥à.: �¨§.-¬ â.  ãª¨. 2007. ü 2. �. 18{26.4. �£®à®¢ �. �., �¥¤®à®¢ �. �. �¥ª« áá¨ç¥áª¨¥ ãà ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨¢ëá®ª®£® ¯®àï¤ª  // �®¢®á¨¡¨àáª: �ëç¨á«¨â¥«ìë© æ¥âà �� ���. 1995.5. � ¤ë�¥áª ï �. �. �à ¥¢ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. �.: � ãª , 1973.6. �à¥®£¨ �. �. �ãªæ¨® «ìë©   «¨§. �.: �¨§¬ â«¨â, 2002.£. �®¢®á¨¡¨àáª 14 ®ªâï¡àï 2011 £.



��� 621.791.01:536.2:517.944������������� ��Ǒ������Ǒ������� �������� ������Ǒ������������� ���� � ���������������� �������∗)�. Ǒ. �â à®áâ¨, �. �. �¨¢æ¥¢ �®£« á® ®à¬ â¨¢ë¬ ¤®ªã¬¥â ¬ á¢ àªã ¯®«¨íâ¨«¥®¢ëå âàã¡¤«ï £ §®¯à®¢®¤®¢ ¬®�® ¯à®¢®¤¨âì ¯à¨ â¥¬¯¥à âãà å ®ªàã� îé¥£®¢®§¤ãå  (��) ®â ¬¨ãá 15 ◦� ¤® ¯«îá 45 ◦� [1℄. Ǒà¨ ¡®«¥¥ è¨à®ª®¬ ¨-â¥à¢ «¥ â¥¬¯¥à âãà á¢ à®çë¥ à ¡®âë à¥ª®¬¥¤ã¥âáï ¢ë¯®«ïâì ¢ ¯®-¬¥é¥¨ïå (ãªàëâ¨ïå), ®¡¥á¯¥ç¨¢ îé¨å á®¡«î¤¥¨¥ § ¤ ®£® â¥¬¯¥-à âãà®£® ¨â¥à¢ « . �¤ ª® â ª ï á¢ àª  á¢ï§   á ¡®«ìè¨¬¨ í¥à-£¥â¨ç¥áª¨¬¨, ¥¯à®¨§¢®¤¨â¥«ìë¬¨ § âà â ¬¨ ¨ ¤«¨â¥«ì®© ¯®¤£®â®¢-ª®©, çâ® ¥¤®¯ãáâ¨¬® ¢  ¢ à¨©ëå á¨âã æ¨ïå. �ªâã «ì®© ¯à®¡«¥¬®©ï¢«ï¥âáï à §à ¡®âª  ¬¥â®¤®¢ ¨ áà¥¤áâ¢ ®¯¥à â¨¢®© á¢ àª¨ ¯®«¨íâ¨-«¥®¢ëå âàã¡ ¢ §¨¬¨å ãá«®¢¨ïå ¢ à¥£¨® å á å®«®¤ë¬ ª«¨¬ â®¬, £¤¥â¥¬¯¥à âãàë �� ¤®áâ¨£ îâ § ç¥¨© ¨�¥ ¬¨ãá 15 ◦�.� à ¡®â¥ [2℄ ¯à¥¤«®�¥ á¯®á®¡ áâëª®¢®© á¢ àª¨ ¯®«¨íâ¨«¥®¢ëåâàã¡ ¯à¨ â¥¬¯¥à âãà å ¨�¥ ®à¬ â¨¢ëå. Ǒà¨ ¨§ª¨å â¥¬¯¥à âã-à å �� â¥å®«®£¨ç¥áª¨¥ à¥�¨¬ë, ®¡¥á¯¥ç¨¢ îé¨¥ â ªãî �¥ ¤¨ ¬¨ªãâ¥¬¯¥à âãà®£® ¯®«ï, çâ® ¨ ¯à¨ ¤®¯ãáâ¨¬ëå â¥¬¯¥à âãà å ��, ®¯à¥¤¥-«ïîâáï   ®á®¢¥ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï â¥¯«®¢®£® ¯à®æ¥áá á¢ àª¨ [3, 4℄. Ǒ¥àá¯¥ªâ¨¢ë¬ ï¢«ï¥âáï à §¢¨â¨¥ ¯à¥¤«®�¥®£® ¯®¤-å®¤  à¥£ã«¨à®¢ ¨ï ¤¨ ¬¨ª®© â¥¬¯¥à âãà®£® ¯®«ï á ¨á¯®«ì§®¢ ¨-¥¬ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï â¥¯«®¢ë¬ ¯à®æ¥áá®¬ ¤«ï í«¥ªâà®-
∗) � ¡®â  ¢ë¯®«¥  ¢ à ¬ª å à¥ «¨§ æ¨¨ ��Ǒ ý� ãçë¥ ¨  ãç®-¯¥¤ £®£¨ç¥-áª¨¥ ª ¤àë ¨®¢ æ¨®®© �®áá¨¨þ   2009{2013 ££. ¯® ¬¥à®¯à¨ïâ¨î 1.3.1.© 2011 �â à®áâ¨ �. Ǒ., �¨¢æ¥¢  �. �.



230 �â à®áâ¨ �. Ǒ., �¨¢æ¥¢  �. �.¬ãäâ®¢®© á¢ àª¨. �ää¥ªâ¨¢®áâì â¥å®«®£¨ç¥áª¨å à¥�¨¬®¢,  ©¤¥-ëå   ®á®¢¥ â ª®£® ¯®¤å®¤ , ¢® ¬®£®¬ ®¯à¥¤¥«ï¥âáï  ¤¥ª¢ â®áâìî¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ à¥ «ì®¬ã â¥¯«®¢®¬ã à¥�¨¬ã. �¨ ¬¨ª  â¥¬-¯¥à âãà®£® ¯®«ï ¯à¨ í«¥ªâà®¬ãäâ®¢®© á¢ àª¥ â¥®à¥â¨ç¥áª¨ ¨§ãç¥ ¥¤®áâ â®ç®. � ¡®âë ¯® ¥¥ ¨§ãç¥¨î ®áïâ ¯à¥¨¬ãé¥áâ¢¥® íªá¯¥à¨-¬¥â «ìë© å à ªâ¥à. �¥®à¥â¨ç¥áª¨¥ à¥§ã«ìâ âë à áç¥â®¢ ¤¨ ¬¨ª¨â¥¬¯¥à âãà å®à®è® á®¢¯ ¤ îâ á íªá¯¥à¨¬¥â «ìë¬¨ ¤ ë¬¨ â®«ì-ª®   íâ ¯¥  £à¥¢  [5℄,   íâ ¯¥ ®å« �¤¥¨ï ¤®áâ®¢¥àëå á®¯®áâ ¢-«¥¨© â¥®à¥â¨ç¥áª¨å ¨ íªá¯¥à¨¬¥â «ìëå ¤ ëå ¢ «¨â¥à âãà¥ ¥¯à¨¢®¤¨âáï, çâ® á¢¨¤¥â¥«ìáâ¢ã¥â ® ¥¤®áâ â®ç®© ¨§ãç¥®áâ¨ ¯à®æ¥á-á  ®áâë¢ ¨ï ¯à¨ í«¥ªâà®¬ãäâ®¢®© á¢ àª¥, ¯à¨ ª®â®à®¬ ¯à®¨áå®¤¨âä®à¬¨à®¢ ¨¥ á¢ à®£® á®¥¤¨¥¨ï. �«ï ãç¥â  â¥¯«®âë ä §®¢®£® ¯¥-à¥å®¤  ®¡ëç® ¨á¯®«ì§ãîâ ª« áá¨ç¥áªãî ¯®áâ ®¢ªã § ¤ ç¨ �â¥ä  .� íâ®© ¯®áâ ®¢ª¥ ¯à¥¤¯®« £ ¥âáï, çâ® ä §®¢ë© ¯¥à¥å®¤ ¯à®¨áå®¤¨â  ç¥âª® ¢ëà �¥®© £à ¨æ¥ à §¤¥«  â¢¥à¤®© ¨ �¨¤ª®© ä § [6℄. � ¯®-«¨íâ¨«¥¥ ¥ áãé¥áâ¢ã¥â â ª®© ç¥âª® ¢ëà �¥®© £à ¨æë, ä §®¢ë©¯¥à¥å®¤ ¯à®¨áå®¤¨â ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà. �¥«ìî ¤ ®© à ¡®âëï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ¨¥ â¥¯«®¢®£® ¯à®æ¥áá  ¯à¨ í«¥ª-âà®¬ãäâ®¢®© á¢ àª¥ ¯®«¨íâ¨«¥®¢ëå âàã¡ á ãç¥â®¬ ä §®¢®£® ¯¥à¥å®¤ ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà.
�¨á. 1. � áç¥â ï áå¥¬  âàã¡ë á ¬ãäâ®©: 1 | ¬ãäâ ; 2 | áâ¥ª  âàã¡ë;3 |  £à¥¢ â¥«ìë© í«¥¬¥â.� ç «  à áá¬®âà¨¬ ª« áá¨ç¥áªãî ¯®áâ ®¢ªã § ¤ ç¨ �â¥ä   ¨á®¯®áâ ¢¨¬ ¥¥ à¥è¥¨¥ á íªá¯¥à¨¬¥â «ìë¬¨ ¤ ë¬¨. � áç¥â ïáå¥¬  âàã¡ë á ¬ãäâ®© ¯à¥¤áâ ¢«¥    à¨á. 1. �¥ â¥àïï ®¡é®áâ¨,



�®¤¥«¨à®¢ ¨¥ â¥¯«®¢®£® ¯à®æ¥áá  ¬ãäâ®¢®© á¢ àª¨ 231¡ã¤¥¬ áç¨â âì, çâ® ¬ãäâ  ¨ âàã¡  ¨§£®â®¢«¥ë ¨§ ®¤®£® ¨ â®£® �¥¬ â¥à¨ « . � á¨«ã á¨¬¬¥âà¨¨ à áá¬ âà¨¢ ¥âáï ®¤  ¨§ ¯®«®¢¨ á®-¥¤¨¥¨ï ¬ãäâë á ®âà¥§ª®¬ âàã¡ë. Ǒà¥¤¯®« £ ¥âáï, çâ® à á¯à¥¤¥«¥-¨¥ â¥¬¯¥à âãàë ¯® ®ªàã�®áâ¨ «î¡®£® ¯®¯¥à¥ç®£® á¥ç¥¨ï âàã¡ë ¨¬ãäâë ®¤®à®¤®¥. � â¥¬ â¨ç¥áª ï § ¤ ç  áâ ¢¨âáï á«¥¤ãîé¨¬ ®¡à -§®¬. �¡« áâì 
, § ïâ ï ¬ãäâ®© ¨ ®âà¥§ª®¬ âàã¡ë, ¢ ¬®¬¥â ¢à¥¬¥¨
t > 0 à §¡¨¢ ¥âáï ¥ª®â®à®© £« ¤ª®© ¯®¢¥àå®áâìî �(t), ¯®¤«¥� é¥©®¯à¥¤¥«¥¨î,   ¤¢¥ ¯®¤®¡« áâ¨ 
+(t) ¨ 
−(t), § ïâë¥ á®®â¢¥âáâ¢¥®�¨¤ª®© ¨ â¢¥à¤®© ä § ¬¨ ¬ â¥à¨ «  âàã¡ë ¨ ¬ãäâë. � ª �¤®© ¨§ ®¡-« áâ¥© 
+(t) ¨ 
−(t) â¥¬¯¥à âãà  T (r, z, t) ã¤®¢«¥â¢®àï¥â ¤¢ã¬¥à®¬ããà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨ ¢ æ¨«¨¤à¨ç¥áª¨å ª®®à¤¨ â å:

C(T )ρ(T )∂T
∂t

= 1
r

∂

∂r

(
rλ(T )∂T

∂r

)+ ∂

∂z
λ(T )∂T

∂z
,0 < t < tm, r1 < r < r3, 0 < z < zmuf , r1 < r < r2, zmuf < z < ztrub,£¤¥ ã¤¥«ì ï â¥¯«®¥¬ª®áâì C(T ), ¯«®â®áâì ρ(T ) ¨ ª®íää¨æ¨¥â â¥¯«®-¯à®¢®¤®áâ¨ λ(T ) ¡¥àãâáï à §«¨çë¬¨ ¢ �¨¤ª®© ¨ â¢¥à¤®© ä § å: ¤«ïâ¢¥à¤®© ä §ë á ¨¤¥ªá®¬ 1, ¤«ï �¨¤ª®© | á ¨¤¥ªá®¬ 2. � £à¥¢ â¥«ì-ë© í«¥¬¥â à áá¬ âà¨¢ ¥âáï ª ª á®áà¥¤®â®ç¥ë© ¨áâ®ç¨ª â¥¯« .� ¬¥áâ¥ à á¯®«®�¥¨ï ¨áâ®ç¨ª  â¥¯«  à¥è¥¨¥ § ¤ ç¨ ã¤®¢«¥â¢®àï¥âãá«®¢¨ï¬ á®¯àï�¥¨ï:

λ(T )∂T
∂r

∣∣∣∣
rM−0 − λ(T )∂T

∂r

∣∣∣∣
rM+0 = Q(t), z1 6 z 6 z2,

T |rM−0 = T |rM+0, z1 6 z 6 z2,£¤¥ Q(t) | ¬®é®áâì ¨áâ®ç¨ª  â¥¯« . �  £à ¨æ¥ âàã¡ë ¨ ¬ãäâë§ ¤ ¥âáï ãá«®¢¨¥ ¨¤¥ «ì®£® â¥¯«®¢®£® ª®â ªâ :
λ(T )∂T

∂r

∣∣∣∣
r2−0 = λ(T )∂T

∂r

∣∣∣∣
r2+0, T (r2 − 0, z, t) = T (r2 + 0, z, t).�  «¥¢®© £à ¨æ¥ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ ¢ë¯®«ï¥âáï ãá«®¢¨¥ á¨¬-¬¥âà¨¨:
∂T

∂z

∣∣∣∣
z=0 = 0,



232 �â à®áâ¨ �. Ǒ., �¨¢æ¥¢  �. �.  ¯à ¢®© | ãá«®¢¨¥ ¯¥à¢®£® à®¤ :
T (r, L1, t) = Tokr.�  á¢®¡®¤ëå ¯®¢¥àå®áâïå ¢ë¯®«ïîâáï ãá«®¢¨ï â¥¯«®®¡¬¥  á ®ªàã-� îé¥© áà¥¤®© á â¥¬¯¥à âãà®© Tokr:

λ(T )∂T
∂n

∣∣∣∣
G

= −a(T |G − Tokr).�  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ à á¯à¥¤¥«¥¨¥ â¥¬¯¥à âãàë ®¤®à®¤®¥:
T (r, z, 0) = Tokr.�  £à ¨æ¥ à §¤¥«  ä § ªà®¬¥ à ¢¥áâ¢  â¥¬¯¥à âãàë ¬ â¥à¨ «  â¥¬-¯¥à âãà¥ ä §®¢®£® ¯¥à¥å®¤ 
T |�(t) = Tf§ ¤ ¥âáï ãá«®¢¨¥ �â¥ä  (λ1 gradT − λ2 gradT, grad�)− Lρ

∂�
∂t

= 0,£¤¥ �(r, z, t) ®¯à¥¤¥«ï¥â ¯®«®�¥¨¥ £à ¨æë à §¤¥«  ä § �(t) ¢ ¬®¬¥â¢à¥¬¥¨ t; L, Tf | ã¤¥«ì ï â¥¯«®â  ¨ â¥¬¯¥à âãà  ä §®¢®£® ¯¥à¥å®¤ á®®â¢¥âáâ¢¥®.� ¤ ç  �â¥ä   ¢ ¤¢ã¬¥à®© ¯®áâ ®¢ª¥ à¥è « áì ¬¥â®¤®¬ ª®¥ç-ëå à §®áâ¥© á ¨á¯®«ì§®¢ ¨¥¬ íª®®¬¨ç®© áå¥¬ë áª¢®§®£® áç¥â  [7℄¯à¨ á«¥¤ãîé¨å ¨áå®¤ëå ¤ ëå: z1 = 0, 012; z2 = 0, 03; zmuf = 0, 048;
ztrub = 0, 2; r1 = 0, 025 | ¢ãâà¥¨© à ¤¨ãá âàã¡ë; r2 = 0, 0315;
r3 = 0, 0395| ¢¥è¨© à ¤¨ãá ¬ãäâë; rM = 0, 03175¬; λ1 = 0, 46; λ2 =0, 24�â/(¬·�); ρ1 = 950; ρ2 = 800; á1 = 2000; á2 = 2400��/(ª£·�); â¥¬-¯¥à âãà  ¯« ¢«¥¨ï Tpl = 128◦C; â¥¬¯¥à âãà  ªà¨áâ ««¨§ æ¨¨ Tkrist =111◦�; L = 177ª��/ª£.�®é®áâì ¨áâ®ç¨ª  â¥¯«  ¢ëç¨á«ï« áì ¯® ä®à¬ã«¥:

Q(t) = U2
R · (1 + β(T (rM , z, t)− 20))S ,



�®¤¥«¨à®¢ ¨¥ â¥¯«®¢®£® ¯à®æ¥áá  ¬ãäâ®¢®© á¢ àª¨ 233£¤¥ U | á¢ à®ç®¥  ¯àï�¥¨¥; R | á®¯à®â¨¢«¥¨¥ á¯¨à «¨ ¯à¨ â¥¬-¯¥à âãà¥ 20◦�; β | â¥¬¯¥à âãàë© ª®íää¨æ¨¥â á®¯à®â¨¢«¥¨ï; S |¯«®é ¤ì ¯®¢¥àå®áâ¨ ¨áâ®ç¨ª  â¥¯« ; U = 32, 8�; R = 1, 6�¬; β =0, 00433 1
◦C . Ǒ®«ã¨â¥à¢ « á£« �¨¢ ¨ï ¢ë¡¨à «áï à §«¨çë¬ â ª,çâ®¡ë ®¡« áâì ®¯à¥¤¥«¥¨ï ¤¥«ìâ ®¡à §®© äãªæ¨¨ ®å¢ âë¢ «  2{3 á®á¥¤¨å ã§«  à áç¥â®© á¥âª¨. �«ï á®¯®áâ ¢«¥¨ï â¥®à¥â¨ç¥áª¨å¨ íªá¯¥à¨¬¥â «ìëå â¥¬¯¥à âãàëå § ¢¨á¨¬®áâ¥© ¯à®¢¥¤¥  á¢ àª âàã¡ Ǒ� 100 ��� SDR11 63× 5, 8 ���� � 50838-95 á ¯®¬®éìî ¬ãäâëá § ª« ¤ë¬  £à¥¢ â¥«¥¬ Ǒ� 100 SDR 11 ¯à¨ ª®¬ â®© â¥¬¯¥à âã-à¥. � ç¥¨ï â¥¬¯¥à âãà ¢ ¬ãäâ¥ ¨ âàã¡¥ à¥£¨áâà¨à®¢ «¨áì ¢ 8 â®çª å¬¥¤ì-ª®áâ â ®¢ë¬¨ â¥à¬®¯ à ¬¨ ∅ 0,2 ¬¬ á ¯®¬®éìî ¬®£®ª  «ì-®£® ¯à®£à ¬¬®£® à¥£ã«ïâ®à  â¥¬¯¥à âãàë á £à ä¨ç¥áª¨¬ ¤¨á¯«¥¥¬��������{17�3. �¥§ã«ìâ âë à áç¥â®¢ ¯®ª §ë¢ îâ, çâ® â¥®à¥â¨ç¥-áª¨¥ § ¢¨á¨¬®áâ¨ â¥¬¯¥à âãàë ®â ¢à¥¬¥¨, ¯®«ãç¥ë¥ à¥è¥¨¥¬ § -¤ ç¨ �â¥ä   ¢ ª« áá¨ç¥áª®© ¯®áâ ®¢ª¥, á¨«ì® ®â«¨ç îâáï ®â íªá-¯¥à¨¬¥â «ìëå (à¨á. 2, ªà¨¢ë¥ 1 ¨ 2).�®-¯¥à¢ëå, ¬ ªá¨¬ «ì ï â¥¬¯¥à âãà , ¤®áâ¨£ ¥¬ ï ¢ ª®æ¥ íâ ¯  £à¥¢ , áãé¥áâ¢¥® ¯à¥¢ëè ¥â § ç¥¨¥ â¥¬¯¥à âãàë, ¯®«ãç¥®¥¢ íªá¯¥à¨¬¥â¥, çâ® á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® ¯à¨ ¬ â¥¬ â¨ç¥áª®¬¬®¤¥«¨à®¢ ¨¨ â¥¯«®¢®£® ¯à®æ¥áá  ¥¤®áâ â®ç® ãç¨âë¢ ¥âáï ¯®£«®-é¥¨¥ â¥¯«®âë ¯à¨ ¯« ¢«¥¨¨ á¢ à¨¢ ¥¬ëå ¬ â¥à¨ «®¢. �®-¢â®àëå,  áâ ¤¨¨ ®å« �¤¥¨ï ¢ à áç¥â®© ªà¨¢®© â¥¬¯¥à âãà  ¯®á«¥ ¯« â®¤®áâ â®ç® à¥§ª® ¯ ¤ ¥â, ç¥£® ¥  ¡«î¤ ¥âáï ¢ íªá¯¥à¨¬¥â «ì®©§ ¢¨á¨¬®áâ¨ â¥¬¯¥à âãàë ®â ¢à¥¬¥¨. � ª®¥ ¨§¬¥¥¨¥ â¥¬¯¥à âãàëãª §ë¢ ¥â   â®, çâ® ¯à®æ¥áá ªà¨áâ ««¨§ æ¨¨ à¥§ª® ¥ ®¡àë¢ ¥âáï,  ¯à®¤®«� ¥âáï á ¬¥ìè¥© ¨â¥á¨¢®áâìî. Ǒà¨ç¨  à áå®�¤¥¨ï â¥®-à¥â¨ç¥áª¨å ¨ íªá¯¥à¨¬¥â «ìëå § ¢¨á¨¬®áâ¥© â¥¬¯¥à âãàë § ª«îç -¥âáï ¢ â®¬, çâ® ¯à¨ à¥è¥¨¨ ª« áá¨ç¥áª®© § ¤ ç¨ �â¥ä   áç¨â ¥âáï,çâ®   £à ¨æ¥ ä §®¢®£® ¯¥à¥å®¤  ¯®£«®é ¥âáï ¯à¨ â¥¬¯¥à âãà¥ ¯« ¢-«¥¨ï Tpl ¨ ¢ë¤¥«ï¥âáï ¯à¨ â¥¬¯¥à âãà¥ ªà¨áâ ««¨§ æ¨¨ Tkrist â¥¯«®â á ã¤¥«ìë¬ ª®«¨ç¥áâ¢®¬ L, à ¢ ï ãáà¥¤¥®¬ã § ç¥¨î ã¤¥«ì®©â¥¯«®âë ä §®¢®£® ¯¥à¥å®¤  ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà. � ª ¯®ª §ë¢ îâ¨áá«¥¤®¢ ¨ï ¯« ¢«¥¨ï ¨ ªà¨áâ ««¨§ æ¨¨ ¯®«¨íâ¨«¥  ¬¥â®¤®¬ ¤¨ä-



234 �â à®áâ¨ �. Ǒ., �¨¢æ¥¢  �. �.

�¨á. 2. �ªá¯¥à¨¬¥â «ìë¥ ¨ à áç¥âë¥ § ¢¨á¨¬®áâ¨ â¥¬¯¥à âãà ®â ¢à¥-¬¥¨: 1, 3 | à áç¥âë¥ § ¢¨á¨¬®áâ¨, ¯®«ãç¥ë¥ à¥è¥¨¥¬ § ¤ ç¨ �â¥-ä   âà ¤¨æ¨®ë¬ ¬¥â®¤®¬ ¨ ¯à¥¤« £ ¥¬ë¬ á¯®á®¡®¬ á®®â¢¥âáâ¢¥®,2 | íªá¯¥à¨¬¥â «ìë¥ § ¢¨á¨¬®áâ¨ä¥à¥æ¨ «ì®© áª ¨àãîé¥© ª «®à¨¬¥âà¨¨ (���), ä §®¢ë© ¯¥à¥å®¤¯à®¨áå®¤¨â ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà (TS, TL) è¨à¨®© ¯à¨¬¥à® 50◦C[8℄. �â® ï¢«¥¨¥  §ë¢ îâ ç áâ¨çë¬ ¯« ¢«¥¨¥¬ [9℄, ª®â®à®¥ ®¡ê-ïáï¥âáï à á¯à¥¤¥«¥¨¥¬ ªà¨áâ ««¨â®¢ ¯® à §¬¥à ¬, ®¡ãá«®¢«¥ë¬ª¨¥â¨ç¥áª¨¬¨ ä ªâ®à ¬¨. �¨§¨ç¥áª®© ¯à¨ç¨®© â ª®© § ¢¨á¨¬®áâ¨ï¢«ï¥âáï ¢«¨ï¨¥ à §¬¥à®¢   â¥¬¯¥à âãàã ¯« ¢«¥¨ï ªà¨áâ ««¨â®¢.�¥ìè¨¥ ¯® à §¬¥àã ªà¨áâ ««¨âë ¯« ¢ïâáï ¯à¨ ¡®«¥¥ ¨§ª®© â¥¬¯¥à -âãà¥ ¯® áà ¢¥¨î á ¡®«¥¥ ªàã¯ë¬¨, çâ® ¨ ¯à¨¢®¤¨â ª è¨à®ª®¬ã â¥¬-¯¥à âãà®¬ã ¨â¥à¢ «ã ¯« ¢«¥¨ï ¯®«¨¬¥à . �à¨áâ ««¨§ æ¨ï ¯®«¨-¬¥àëå à á¯« ¢®¢ ¯à¨ ®à¬ «ì®¬ ¤ ¢«¥¨¨ ¯à¨¢®¤¨â ª ®¡à §®¢ ¨î ¡®à  ¥à ¢®¢¥áëå (¬¥â áâ ¡¨«ìëå) ªà¨áâ ««¨â®¢, áà¥¤¨© à §-¬¥à ª®â®àëå § ¢¨á¨â ®â â¥¬¯¥à âãàë ªà¨áâ ««¨§ æ¨¨. Ǒà¨ç¥¬ à §¬¥àªà¨áâ ««¨â®¢ ¢®§à áâ ¥â á ã¢¥«¨ç¥¨¥¬ â¥¬¯¥à âãàë ªà¨áâ ««¨§ æ¨¨.�à®¬¥ â®£®,   è¨à¨ã ¨â¥à¢ «  ä §®¢®£® ¯¥à¥å®¤  ¢«¨ïîâ ¯à®æ¥á-áë à¥ªà¨áâ ««¨§ æ¨¨ ¨ à¥®à£ ¨§ æ¨¨ [9℄. �  â¥¬¯¥à âãàã ¯« ¢«¥¨ï



�®¤¥«¨à®¢ ¨¥ â¥¯«®¢®£® ¯à®æ¥áá  ¬ãäâ®¢®© á¢ àª¨ 235¨ ªà¨áâ ««¨§ æ¨¨ ®¡ëç® ¡¥àãâáï § ç¥¨ï â¥¬¯¥à âãà, ¯à¨ ª®â®àëå¤®áâ¨£ îâáï ¯¨ª¨ â¥¯«®¢®£® ¯®â®ª . � á«ãç ¥ ä §®¢®£® ¯¥à¥å®¤  ¢ ¨-â¥à¢ «¥ â¥¬¯¥à âãà ¢ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¥®¡å®¤¨¬® ãç¨âë¢ âì¯à®¬¥�ãâ®çãî ä §ã ¬¥�¤ã â¢¥à¤ë¬ ¨ �¨¤ª¨¬ ¢¥é¥áâ¢®¬,  §ë¢ ¥-¬ãî ¤¢ãåä §®© §®®©, ¯®áª®«ìªã ¢ íâ®© §®¥ ¢¥é¥áâ¢®  å®¤¨âáï ª ª¢ â¢¥à¤®¬, â ª ¨ ¢ �¨¤ª®¬ á®áâ®ï¨¨ [10℄. �à ¨æë ¤¢ãåä §®© §®ë®¯à¥¤¥«ïîâáï â¥¬¯¥à âãà ¬¨ á®«¨¤ãá  TS ¨ «¨ª¢¨¤ãá  TL. � à ¡®â å[6, 10 ℄ â¥¬¯¥à âãà®¥ ¯®«¥ ¢ íâ®¬ á«ãç ¥ ¯à¥¤« £ ¥âáï ®¯à¥¤¥«ïâì ¨§ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ á íää¥ªâ¨¢ë¬ ª®íää¨æ¨¥â®¬ â¥¯«®-¥¬ª®áâ¨:
C̃(T )ρ(T )∂T

∂t
= 1
r

∂

∂r

(
rλ(T )∂T

∂r

)+ ∂

∂z

(
λ(T )∂T

∂z

)
,0 < t < tm, r1 < r < r3, 0 < z < zmuf , r1 < r < r2, zmuf < z < ztrub,£¤¥

C̃(T ) = C1, T 6 TS,

C1 − L d	
dT , TS < T < TL,

C2, T > TL,	(T ) | ®¡ê¥¬ ï ¤®«ï â¢¥à¤®© ä §ë. Ǒà¨ ¯à¥¤¯®«®�¥¨¨ ¯àï¬®©¯à®¯®àæ¨® «ì®áâ¨ ®¡ê¥¬  à á¯« ¢«¥®£® ¯®«¨íâ¨«¥  ª®«¨ç¥áâ¢ã¢ë¤¥«¨¢è¥©áï â¥¯«®âë, 	(T ) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥	(T ) = 1− T∫
TS

q(u) du
TL∫
TS

q(u) du ,£¤¥ q(T ) | § ¢¨á¨¬®áâì â¥¯«®¢®£® ¯®â®ª  ®â â¥¬¯¥à âãàë, ®â¥á¥ ïª ¥¤¨¨æ¥ ¬ ááë ¢¥é¥áâ¢ , à¥£¨áâà¨àã¥¬ ï ¤¨ää¥à¥æ¨ «ìë¬ áª -¨àãîé¨¬ ª «®à¨¬¥âà®¬.� ª ª ª ã¤¥«ì ï â¥¯«®â  ä §®¢®£® ¯¥à¥å®¤  L ®¯à¥¤¥«ï¥âáï ¯®ä®à¬ã«¥
L = (t1 − t2) TL∫

TS

q(u) du(TL − TS) ,
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L
d	
dT

= −q(T )(t1 − t2)(TL − TS) ,£¤¥ t1, t2 | ¢à¥¬ï  ç «  ¨ ¢à¥¬ï ®ª®ç ¨ï ä §®¢®£® ¯¥à¥å®¤ . �ä-ä¥ªâ¨¢ë© ª®íää¨æ¨¥â â¥¯«®¥¬ª®áâ¨ ¢ëç¨á«¨¬ ¯® ä®à¬ã«¥:
C̃(T ) = C1, T 6 TS ,

C1 − q(T )� , TS < T < TL,

C2, T > TL,£¤¥ � = (TL−TS)(t1−t2) | áª®à®áâì  £à¥¢ , ¢ àì¨àã¥¬ ï ¢ ���.� ¯à ªâ¨ç¥áª¨å à áç¥â å § ¢¨á¨¬®áâì q(t) â¥¯«®¢®£® ¯®â®ª  ®ââ¥¬¯¥à âãàë ¤®áâ â®ç® ¢§ïâì ¤«ï ®¤®© å à ªâ¥à®© ¤«ï ¨áá«¥¤ã¥-¬®£® ¯à®æ¥áá  áª®à®áâ¨  £à¥¢ . � â¥¬ § ç¥¨¥ � ãâ®çï¥âáï á®¯®-áâ ¢«¥¨¥¬ à áç¥âëå ¨ íªá¯¥à¨¬¥â «ìëå â¥¬¯¥à âãàëå ¤ ëå.

�¨á. 3. � ¢¨á¨¬®áâ¨ â¥¯«®¢®£® ¯®â®ª  ¯à¨ ªà¨áâ ««¨§ æ¨¨ ¨ ¯« ¢«¥¨¨¯®«¨íâ¨«¥  ®â â¥¬¯¥à âãàë



�®¤¥«¨à®¢ ¨¥ â¥¯«®¢®£® ¯à®æ¥áá  ¬ãäâ®¢®© á¢ àª¨ 237�  à¨á. 3 ¯à¥¤áâ ¢«¥ë ¨á¯®«ì§®¢ ë¥ ¢ à áç¥â å § ¢¨á¨¬®áâ¨â¥¯«®¢®£® ¯®â®ª  ¯à¨ ªà¨áâ ««¨§ æ¨¨ qkrist(T ) ¨ ¯« ¢«¥¨¨ qpl(T ) ¯®-«¨íâ¨«¥  ®â â¥¬¯¥à âãàë, § à¥£¨áâà¨à®¢ ë¥ NETZSCH DSC 204F1 ¯à¨ áª®à®áâ¨  £à¥¢  20◦�/¬¨. �®íää¨æ¨¥â â¥¯«®¯à®¢®¤®áâ¨ ¢¨â¥à¢ «¥ ä §®¢®£® ¯¥à¥å®¤  ¨§¬¥ï«áï «¨¥©® ®â § ç¥¨ï λ1 ¤® λ2.� §«¨ç¨¥ ¢ § ç¥¨ïå â¥¬¯¥à âãà ¯« ¢«¥¨ï ¨ ªà¨áâ ««¨§ æ¨¨ ¨¯à®â¥ª ¨ï ä §®¢®£® ¯¥à¥å®¤  ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà ¯à¨¢®¤ïâ ª â®-¬ã, çâ® ¢ ¥ª®â®àëå â®çª å á¢ à®£® á®¥¤¨¥¨ï ¬ ªá¨¬ «ì ï â¥¬¯¥-à âãà  ¥ ¤®áâ¨£ ¥â § ç¥¨ï â¥¬¯¥à âãàë ®ª®ç ¨ï ¯« ¢«¥¨ï ¨ á®-®â¢¥âáâ¢¥® ¢ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¨¬¨â¨àã¥âáï ¯®£«®é¥¨¥ ¬¥ì-è¥£® ª®«¨ç¥áâ¢  â¥¯«®âë. � â® �¥ ¢à¥¬ï ¯à¨ ®å« �¤¥¨¨ â¥¬¯¥à -âãà  ¨§¬¥ï¥âáï ¯®çâ¨   ¢á¥¬ ¨â¥à¢ «¥ â¥¬¯¥à âãà ªà¨áâ ««¨§ æ¨¨¨ ¢ë¤¥«ï¥âáï § ç¨â¥«ì® ¡®«ìè¥ â¥¯«®âë. Ǒ®íâ®¬ã ¤«ï á®åà ¥¨ïâ¥¯«®¢®£® ¡ « á  ¢¢®¤¨âáï ª®íää¨æ¨¥â ktb,   ª®â®àë© ã¬®� ¥âáïäãªæ¨ï qkrist(T ). �®íää¨æ¨¥â ktb ¢ëç¨á«ï¥âáï ¯® á«¥¤ãîé¥© ä®à-¬ã«¥:
ktb = T∗∫

Tpl−40 qpl(T ) dT
T∗∫

Tkrist−40 qkrist(T ) dT ,£¤¥ T ∗ | § ç¥¨¥ ¬ ªá¨¬ «ì®© â¥¬¯¥à âãàë. �á«¨ T ∗ < Tpl− 40, â®¯à¨ ®å« �¤¥¨¨ ªà¨áâ ««¨§ æ¨ï ¥ ¯à®¨áå®¤¨â ¨ ktb = 0, ¥á«¨ T ∗ >

Tpl+10, â® â¥¯«®¢®© ¯®â®ª ¯à¨ ¯« ¢«¥¨ï à ¢¥ â¥¯«®¢®¬ã ¯®â®ªã ¯à¨ªà¨áâ ««¨§ æ¨¨ ¨ ktb = 1.� ¤ ç  á ä §®¢ë¬ ¯¥à¥å®¤®¬ ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà à¥è « áì ¬¥-â®¤®¬ ª®¥çëå à §®áâ¥© ¯® â®¬ã �¥  «£®à¨â¬ã, çâ® ¨ ª« áá¨ç¥áª ï§ ¤ ç  �â¥ä  . �  à¨á. 2 â¥®à¥â¨ç¥áª ï § ¢¨á¨¬®áâì â¥¬¯¥à âãàë®â ¢à¥¬¥¨ (ªà¨¢ ï 3), ¯®«ãç¥ ï á ¯®¬®éìî ¨§«®�¥®£® á¯®á®¡ ãç¥â  â¥¯«®âë ä §®¢®£® ¯¥à¥å®¤ , á ã¤®¢«¥â¢®à¨â¥«ì®© ¤«ï ¯à ªâ¨-ç¥áª®£® ¨á¯®«ì§®¢ ¨ï â®ç®áâìî ®¯¨áë¢ ¥â íªá¯¥à¨¬¥â «ìãî ªà¨-¢ãî. � ª¨¥ �¥ à¥§ã«ìâ âë ¯®«ãç¥ë ¨ ¤«ï ¤àã£¨å íªá¯¥à¨¬¥â «ìëå¤ ëå, çâ® á¢¨¤¥â¥«ìáâ¢ã¥â ®¡  ¤¥ª¢ â®áâ¨ ¯à¥¤« £ ¥¬®© ¬ â¥¬ -â¨ç¥áª®© ¬®¤¥«¨ à¥ «ì®¬ã â¥¯«®¢®¬ã ¯à®æ¥ááã ¯à¨ í«¥ªâà®¬ãäâ®¢®©á¢ àª¥ ¯®«¨íâ¨«¥®¢ëå âàã¡.



238 �â à®áâ¨ �. Ǒ., �¨¢æ¥¢  �. �.�ë¢®¤. Ǒà¨ ¬ â¥¬ â¨ç¥áª®¬ ¬®¤¥«¨à®¢ ¨¨ â¥¯«®¢®£® ¯à®æ¥áá á¢ àª¨ ¯®«¨íâ¨«¥®¢ëå âàã¡ ¤«ï £ §®¯à®¢®¤®¢ á ¯®¬®éìî ¬ãäâ á § -ª« ¤ë¬¨  £à¥¢ â¥«ï¬¨ ¥®¡å®¤¨¬® ãç¨âë¢ âì ¯à®â¥ª ¨¥ ä §®¢®£®¯¥à¥å®¤  ¢ ¨â¥à¢ «¥ â¥¬¯¥à âãà.����������1. �Ǒ 42-103-2003. Ǒà®¥ªâ¨à®¢ ¨¥ ¨ áâà®¨â¥«ìáâ¢® £ §®¯à®¢®¤®¢ ¨§ ¯®«¨íâ¨-«¥®¢ëå âàã¡ ¨ à¥ª®áâàãªæ¨ï ¨§®è¥ëå £ §®¯à®¢®¤®¢. �.: Ǒ®«¨¬¥à£ §,���Ǒ �ǑǑ, 2004.2. �â à®áâ¨ �. Ǒ., �¥à á¨¬®¢ �. �., �¬¬®á®¢  �. �. Ǒ â. �� ü 2343331 RUF16L 13/00, 47/00. �¯®á®¡ á¢ àª¨ ¯®«¨¬¥àëå âàã¡. �-â ¯à®¡«¥¬ ¥äâ¨ ¨£ §  �� ���. 2006144681/06; § ï¢«. 14.12.2006; ®¯ã¡«. 10.01.2009, �î«. ü 1.3. �â à®áâ¨ �. Ǒ., �¬¬®á®¢  �. �. �®â ªâ ï á¢ àª  ¯®«¨¬¥àëå âàã¡ ®¯« ¢-«¥¨¥¬ ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å ®ªàã� îé¥© áà¥¤ë. �. 1. � â¥¬ â¨ç¥áª®¥¬®¤¥«¨à®¢ ¨¥ â¥¯«®¢®£® ¯à®æ¥áá  // �¢ à®ç®¥ ¯à®¨§¢®¤áâ¢®. 2007. ü4.�. 17{20.4. �â à®áâ¨ �. Ǒ., �¬¬®á®¢  �. �. �®â ªâ ï á¢ àª  ¯®«¨íâ¨«¥®¢ëå âàã¡®¯« ¢«¥¨¥¬ ¯à¨ ¨§ª¨å â¥¬¯¥à âãà å ®ªàã� îé¥© áà¥¤ë. �. 2. �áá«¥¤®¢ -¨¥ ¯à®æ¥áá  ®å« �¤¥¨ï // �¢ à®ç®¥ ¯à®¨§¢®¤áâ¢®. 2008. ü9. �. 31{34.5. �®à¨á« ¢¥æ �. �., � à  �. �., �¡¢¨æ¥¢ �. �., �¨á¥à �. �.-�. �¨ ¬¨ª ¯« ¢«¥¨ï ¯®«¨íâ¨«¥  ¢ á¢ à®¬ á®¥¤¨¥¨¨, ¯®«ãç ¥¬®¬ ¯à¨ ¯®¬®é¨ ¬ãäâëá § ª« ¤ë¬  £à¥¢ â¥«ìë¬ í«¥¬¥â®¬ // �¢â®¬ â¨ç¥áª ï á¢ àª . 1984. ü10.�. 28{32.6. � ¡¨é¥¢¨ç Ǒ. �. �¨á«¥ë¥ ¬¥â®¤ë à¥è¥¨ï § ¤ ç á® á¢®¡®¤®© £à ¨æ¥©.�.: �§¤-¢® ���, 1987.7. � ¬ àáª¨© �. �., �®¨á¥¥ª® �. �. �ª®®¬¨ç ï áå¥¬  áª¢®§®£® áç¥â  ¤«ï¬®£®¬¥à®© § ¤ ç¨ �â¥ä   //�ãà. ¢ëç¨á«¨â. ¬ â¥¬ â¨ª¨ ¨ ¬ â. ä¨§¨ª¨.1965. �. 5, ü5. �. 816{827.8. �®à¨«®¢áª¨© �. Ǒ., � «ã£¨  �. �., �¢ ®¢ �. �., � â¤¨®¢  �. �. �áá«¥¤®¢ -¨¥ ªà¨áâ ««¨ç®áâ¨ ¨ â¥à¬®áâ ¡¨«ì®áâ¨ ¢ âàã¡ å, ¯®«ãç¥ëå ¨§ à §«¨çëå¢¨¤®¢ ¯®«¨íâ¨«¥  // Ǒ« áâ¨ç¥áª¨¥ ¬ ááë. 2005. ü5. �. 9{12.9. �®¤®¢áª¨© �. �. �¥¯«®ä¨§¨ç¥áª¨¥ ¬¥â®¤ë ¨áá«¥¤®¢ ¨ï ¯®«¨¬¥à®¢. �.: �¨-¬¨ï, 1976.10. �¢¤®¨ �. �. � â¥¬ â¨ç¥áª®¥ ®¯¨á ¨¥ ¯à®æ¥áá®¢ ªà¨áâ ««¨§ æ¨¨. �¨£ :�¨ â¥, 1980.£. �ªãâáª 28 ¨îï 2011 £.



������������ 517.95� ������������ ������� ������� ����������������������� ��������� ����������� ��������� ������� ��������� ���������� ��Ǒ�.�. �. �¡¤à å¬ ®¢. | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.�áá«¥¤®¢   à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ á ¨â¥£à®¤¨ää¥à¥æ¨ «ìë¬ £à -¨çë¬ ãá«®¢¨¥¬ ¤«ï ãà ¢¥¨©
Autt − Bu = f(x, t)á í««¨¯â¨ç¥áª¨¬ ®¯¥à â®à®¬ A ¢â®à®£® ¯®àï¤ª . �®ª § ë â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï¨ ¥¤¨áâ¢¥®áâ¨. �¨¡«¨®£à. 10.�«îç¥¢ë¥ á«®¢ : ãà ¢¥¨¥ á®áâ ¢®£® â¨¯ , ªà ¥¢ ï § ¤ ç  á ¨â¥£à®¤¨ä-ä¥à¥æ¨ «ìë¬ £à ¨çë¬ ãá«®¢¨¥¬, à¥£ã«ïà®¥ à¥è¥¨¥.��� 517.956�������������� ��������� ������ ��� ����������������Ǒ����-Ǒ�������������� ���������. �. �. �«¤ è¥¢. | � â.§ ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.� æ¨«¨¤à¨ç¥áª®© ®¡« áâ¨ ¨§ãç ¥âáï á¬¥è  ï § ¤ ç  ¤«ï ¬®£®¬¥à®£®í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï. Ǒ®ª § ®, çâ® ®¤®à®¤ ï § ¤ ç  ¨¬¥¥â¡¥áª®¥ç®¥ ¬®�¥áâ¢® ¥âà¨¢¨ «ìëå à¥è¥¨©,   ¥®¤®à®¤ ï § ¤ ç  à §à¥è¨-¬  ¥®¤®§ ç®. �¨¡«¨®£à. 7.�«îç¥¢ë¥ á«®¢ : ¥ª®àà¥ªâ®áâì, á¬¥è  ï § ¤ ç .��� 517.956.4���������� ������������������� ������ ��� �Ǒ��������-������������������������� ���������� ��Ǒ�. �. �. �â¨¯¨. | � â. § ¬¥âª¨ ���,2011, â. 18, ¢ë¯. 2.�áá«¥¤®¢ ë ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ®¯¥à â®à®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï¢¨¤ 
But − Lu = f(x, t),£¤¥ B, L | «¨¥©ë¥ ®¯¥à â®àë, ®¯à¥¤¥«¥ë¥ ¢ ¤ ®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà -áâ¢¥ E, ¯à¨ç¥¬ ®¯¥à â®à B á ¬®á®¯àï�¥. �áâ  ¢«¨¢ ¥âáï ¨ ¤®ª §ë¢ ¥âáï â¥®à¥¬ áãé¥áâ¢®¢ ¨ï ®¡®¡é¥®£® à¥è¥¨ï. �¨¡«¨®£à. 13.�«îç¥¢ë¥ á«®¢ : ªà ¥¢ ï § ¤ ç , ®¯¥à â®à®-¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥,®¡®¡é¥®¥ à¥è¥¨¥.



240 �®â æ¨¨��� 517.929.4����Ǒ���������� ������������ ������� ������������������������ ��������� � ��Ǒ�������������������� Ǒ�� ���������� �������������. �. �. �®¤®¯ìï®¢,�. �. �¥¬¨¤¥ª®. | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.�§ãç ¥âáï  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì à¥è¥¨© á¨áâ¥¬ «¨¥©ëå ¤¨ää¥-à¥æ¨ «ìëå ãà ¢¥¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬
d

dt
y(t) = (A+�A)y(t) + (B +�B)y(t − τ), t > τ,£¤¥ A, B | ¯®áâ®ïë¥ ¬ âà¨æë à §¬¥à  n × n, �A, �B | ¬ âà¨æë ¢®§¬ãé¥¨ï,

τ > 0 | ¯ à ¬¥âà § ¯ §¤ë¢ ¨ï. Ǒ®«ãç¥ë ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨-¢®áâ¨ ã«¥¢®£® à¥è¥¨ï, ãáâ ®¢«¥ë à ¢®¬¥àë¥ ®æ¥ª¨ à¥è¥¨©   ¯®«ã®á¨
{t > τ}. �¨¡«¨®£à. 9.�«îç¥¢ë¥ á«®¢ : ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ á § ¯ §¤ë¢ îé¨¬  à£ã¬¥-â®¬, ¢®§¬ãé¥¨¥ ª®íää¨æ¨¥â®¢,  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì, ®æ¥ª¨ à¥è¥¨©.��� 517.95������������ ����� ���������� ��� Ǒ����������������������� � ���������� ��Ǒ��������� �������. �. �. �£®à®¢,�. �. �ä¨¬®¢ . | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.Câ æ¨® àë© ¬¥â®¤ � «�¥àª¨  ¯à¨¬¥ï¥âáï ª à¥è¥¨î ¯¥à¢®© ªà ¥¢®© § ¤ -ç¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï á ¬¥ïîé¨¬áï  ¯à ¢«¥¨¥¬ ¢à¥¬¥¨ ¢ æ¨«¨-¤à¨ç¥áª®© ®¡« áâ¨. Ǒà¨ íâ®¬ ¡ §¨áë¥ äãªæ¨¨ ¢ë¡¨à îâáï ª ª à¥è¥¨ï á¯¥ª-âà «ì®© § ¤ ç¨ ¤«ï ãà ¢¥¨ï � ¯« á . �áá«¥¤ã¥âáï á« ¡ ï ¨ á¨«ì ï áå®¤¨¬®áâì¯à¨¡«¨�¥ëå à¥è¥¨© ª à¥£ã«ïà®¬ã à¥è¥¨î. �¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ¬¥â®¤ � «�¥àª¨ , ¯à¨¡«¨�¥®¥ à¥è¥¨¥, ¯ à ¡®«¨ç¥áª®¥ãà ¢¥¨¥, ®æ¥ª .��� 518.9� ��������� Ǒ������� � ������� ����� ����������� ������. �. �. �£®à®¢, �. Ǒ. � ©£®à®¤®¢. | � â. § ¬¥âª¨ ���, 2011,â. 18, ¢ë¯. 2.� áá¬ âà¨¢ îâáï à §«¨çë¥ ¯®¤å®¤ë ª à¥è¥¨î § ¤ ç á®àâ¨à®¢ª¨ ¨ ¢ë¡®à ,ª®â®àë¥ à §à ¡ âë¢ «¨áì  ¢â®à ¬¨ ¢ ¯à¥¤ë¤ãé¨å ¢ë¯ãáª å �ãà « . �¨¡«¨®£à. 6.�«îç¥¢ë¥ á«®¢ : ãç áâ¨ª, ®¡ê¥ªâ, à á¯à¥¤¥«¥¨¥, �¥à¥¡ì¥¢ª , à §¡¨¥¨¥.��� 519.172.22-�������� 4-���������������� Ǒ������ ������ � ���������� ����� 22. �. �. �¢ ®¢ . | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.Ǒà ¢¨«ì ï ¢¥àè¨ ï à áªà áª  ¯«®áª®£® £à ä   §ë¢ ¥âáï 2-£à ¥¢®©, ¥á-«¨ «î¡ë¥ ¤¢¥ à §«¨çë¥ ¢¥àè¨ë, á®¥¤¨¥ë¥ ¯ãâ¥¬ ¤«¨ë ¤¢  ¢ ®¡å®¤¥ £à ¨æë£à ¨, à áªà è¥ë à §«¨ç®.



�®â æ¨¨ 241�ç¥¢¨¤®, ¤«ï 2-£à ¥¢®© à áªà áª¨ 5-æ¨ª«  C5 âà¥¡ã¥âáï 5 æ¢¥â®¢,   ®¡å¢ â(¤«¨  ¬¨¨¬ «ì®£® æ¨ª« ) C5 à ¢¥ 5, â®£¤  ª ª 3-§¢¥§¤  K1,3 ¨¬¥¥â ¡¥áª®¥çë©®¡å¢ â ¨ âà¥¡ã¥â 4 æ¢¥â  ¤«ï 2-£à ¥¢®© à áªà áª¨. �ë ¤®ª §ë¢ ¥¬ 2-£à ¥¢ãî 4-à áªà è¨¢ ¥¬®áâì ¯«®áª¨å £à ä®¢ á ®¡å¢ â®¬ ¥ ¬¥¥¥ 22. �«. 5, ¡¨¡«¨®£à. 28.�«îç¥¢ë¥ á«®¢ : ¯«®áª¨© £à ä, 2-¤¨áâ æ¨® ï à áªà áª , 2-£à ¥¢ ï à á-ªà áª , ®¡å¢ â.��� 517.946� ������������ ��������� ����������� � ���������� ���� �������� ����� ��� Ǒ������������� ���������.�. �. �®� ®¢. | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.�áá«¥¤®¢   à §à¥è¨¬®áâì ¥«®ª «ìëå ªà ¥¢ëå § ¤ ç á £à ¨çë¬ ãá«®¢¨-¥¬ � ¬ àáª®£®,   â ª�¥ á®®â¢¥âáâ¢ãîé¨å «¨¥©ëå ®¡à âëå § ¤ ç á £à ¨çë¬¨â¥£à «ìë¬ ¯¥à¥®¯à¥¤¥«¥¨¥¬ ¤«ï ¬®£®¬¥àëå ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©. �®-ª § ë â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨. �¨¡«¨®£à. 20.�«îç¥¢ë¥ á«®¢ : ¬®£®¬¥à®¥ ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥, ¥«®ª «ì ï § ¤ -ç , £à ¨ç®¥ ãá«®¢¨¥ � ¬ àáª®£®, ®¡à â ï § ¤ ç  á £à ¨çë¬ ¨â¥£à «ìë¬¯¥à¥®¯à¥¤¥«¥¨¥¬.��� 517.946� ������������ ��������� �������� �������� �������� ������Ǒ������������� ���������. �. �. �®è¥«¥¢ . | � â.§ ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.�áá«¥¤®¢   à §à¥è¨¬®áâì «¨¥©ëå ®¡à âëå § ¤ ç ¤«ï ¥ª®â®àëå ª« áá®¢ã«ìâà ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©. �®ª § ë â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥-®áâ¨. �¨¡«¨®£à. 12.�«îç¥¢ë¥ á«®¢ : ã«ìâà ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥, «¨¥© ï ®¡à â ï § ¤ -ç , à¥£ã«ïà®¥ à¥è¥¨¥.��� 539.311�Ǒ��������� �Ǒ�������� �������� ���������� � ������� ���������� �Ǒ����� Ǒ������� ��������� � ����������Ǒ��������� �� �������. �. Ǒ. � § à¥¢. | � â. § ¬¥âª¨ ���, 2011,â. 18, ¢ë¯. 2.� áá¬ âà¨¢ ¥âáï ¢ à¨ æ¨® ï § ¤ ç  ® à ¢®¢¥á¨¨ ã¯àã£®© ¨§®âà®¯®© ¯« -áâ¨ë ¬®¤¥«¨ �¨¬®è¥ª®, á®¤¥à� é¥© âà¥é¨ã. Ǒà¨ íâ®¬   ªà¨¢®© ®¯¨áë¢ îé¥©âà¥é¨ã § ¤ ® ¥«¨¥©®¥ ãá«®¢¨¥ ¢ ¢¨¤¥ ¥à ¢¥áâ¢ . �®ª § ®, çâ® à¥è¥¨¥ ¢ -à¨ æ¨®®© § ¤ ç¨ ã¤®¢«¥â¢®àï¥â  ¯à¨®àë¬ ®æ¥ª ¬, § ¢¨áïé¨¬ â®«ìª® ®â äãª-æ¨¨ § ¤ ëå ¢¥è¨å  £àã§®ª ¨ ®¡« áâ¨ á®®â¢¥âáâ¢ãîé¥© ¯« áâ¨¥. �« £®¤ àïíâ¨¬ à¥§ã«ìâ â ¬ ¤®ª §   â¥®à¥¬  ® áãé¥áâ¢®¢ ¨¨ à¥è¥¨ï ¢ § ¤ ç¥ ®¡ ®¯â¨-¬ «ì®¬ ã¯à ¢«¥¨¨ ¢¥è¨¬¨  £àã§ª ¬¨ á äãªæ¨® «®¬ ª ç¥áâ¢ , å à ªâ¥à¨-§ãîé¨¬ ¤¥ä®à¬ æ¨¨. �®ª §   à §à¥è¨¬®áâì § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï áäãªæ¨® «®¬ ª ç¥áâ¢ , ®¯¨áë¢ îé¨¬ à áªàëâ¨¥ âà¥é¨ë. �«. 1, ¡¨¡«¨®£à. 22.



242 �®â æ¨¨�«îç¥¢ë¥ á«®¢ : ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥, âà¥é¨ , äãªæ¨® « í¥à£¨¨,¢ à¨ æ¨®®¥ ¥à ¢¥áâ¢®, ¯à®áâà áâ¢  �®¡®«¥¢ .��� 517.946������� ������ � ������������� ���������� ������������ ������Ǒ������������� ���������. �. �. �ãª¨ . | � â.§ ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.�«ï ã«ìâà ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ut +uτ −uxx + c(x, t, τ)u = f(x, t, τ) ¨á-á«¥¤ãîâáï ªà ¥¢ë¥ § ¤ ç¨ á § ¤ ¨¥¬ £à ¨çëå ãá«®¢¨© ¨â¥£à «ì®£® ¢¨¤ . �®-ª §ë¢ îâáï â¥®à¥¬ë à §à¥è¨¬®áâ¨ ¢ ª« áá å à¥£ã«ïàëå à¥è¥¨©. �¨¡«¨®£à. 11.�«îç¥¢ë¥ á«®¢ : ã«ìâà ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥, ¨â¥£à «ìë¥ £à ¨çë¥ãá«®¢¨ï, à¥£ã«ïà®¥ à¥è¥¨¥, áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì.��� 517.946���������� �������� ������ ��� �������������Ǒ������������ ��������� � ������������Ǒ����Ǒ����������. �. �. Ǒ ¢«®¢. | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.�áá«¥¤ã¥âáï ¢®¯à®á ® à¥§à¥è¨¬®áâ¨ § ¤ ç ¤«ï ¬®£®¬¥àëå £¨¯¥à¡®«¨ç¥áª¨åãà ¢¥¨© ¢ á«ãç ¥ ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ á ¨â¥£à «ìë¬¨ ãá«®¢¨ï¬¨ ¯¥à¥-®¯à¥¤¥«¥¨ï. �¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : ®¡à â ï § ¤ ç , ãá«®¢¨ï ¯¥à¥®¯à¥¤¥«¥¨ï, £¨¯¥à¡®«¨ç¥áª®¥ãà ¢¥¨¥, ¢®«®¢®¥ ãà ¢¥¨¥,  ¯à¨®à ï ®æ¥ª .��� 517.946� ������������ Ǒ����� ��������� ��������� Ǒ������������� ��������� �� ������ �������������Ǒ� �������. �. �. Ǒ¥âàãèª®, �. �. � ¯¨æë . | � â. § ¬¥âª¨ ���, 2011,â. 18, ¢ë¯. 2.�§ãç ¥âáï à §à¥è¨¬®áâì ¯¥à¢®© á¯¥è ®© § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢-¥¨© á® á« ¡ë¬ ¢ëà®�¤¥¨¥¬ â¨¯  �à¨ª®¬¨   £à ¨æ¥ ¨  ç «ìë¬¨ ãá«®¢¨ï¬¨¨§ Lp. �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥, á« ¡®¥ ¢ëà®�¤¥¨¥ â¨¯  �à¨ª®-¬¨.��� 517.946�������� �������� ������ ��� ����Ǒ����-Ǒ�����������������������. �. �. Ǒà®ª®¯ì¥¢. | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.� áá¬ âà¨¢ îâáï ¢®¯à®áë à §à¥è¨¬®áâ¨ ¥ª®â®àëå «¨¥©ëå ®¡à âëå § -¤ ç ¤«ï í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï. �¥¨§¢¥áâë¬¨ ï¢«ïîâáï à¥è¥¨¥¨ ¯à ¢ ï ç áâì á¯¥æ¨ «ì®£® ¢¨¤ , ¢ ª®â®à®© ¥¨§¢¥áâë¬¨ ï¢«ïîâáï äãªæ¨¨
qk(x). �««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥ ¤®¯®«ï¥âáï â ª�¥ ãá«®¢¨ï¬¨ ¯¥à¢®©



�®â æ¨¨ 243 ç «ì®-ªà ¥¢®© § ¤ ç¨ ¨ ãá«®¢¨ï¬¨ ¯¥à¥®¯à¥¤¥«¥¨ï. � ©¤¥ë ãá«®¢¨ï à §à¥-è¨¬®áâ¨ § ¤ ç¨, áä®à¬ã«¨à®¢ ë â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ®¡®¡é¥ëå à¥è¥¨©í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï ¯à¨ à §«¨çëå ãá«®¢¨ïå ¯¥à¥®¯à¥¤¥«¥¨ï.�¨¡«¨®£à. 8.�«îç¥¢ë¥ á«®¢ : í««¨¯â¨ª®-¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥, «¨¥© ï ®¡à â ï§ ¤ ç , ®¡®¡é¥ ï à §à¥è¨¬®áâì,  ¯à¨®àë¥ ®æ¥ª¨, ¢¥è¥¥ ¢®§¤¥©áâ¢¨¥.��� 517.946� ������������ �������� ������ ��� Ǒ����������������������� �������� Ǒ������ � ������������������������ Ǒ�� Ǒ���������� Ǒ� �������. �. �. �¥«¥è¥¢ . |� â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.�áá«¥¤®¢   à §à¥è¨¬®áâì ¥«¨¥©®© ®¡à â®© § ¤ ç¨ ¤«ï ¥ª®â®àëå ª« á-á®¢ ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¢ëá®ª®£® ¯®àï¤ª . �®ª § ë â¥®à¥¬ë áãé¥áâ¢®¢ -¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨©. �¨¡«¨®£à. 18.�«îç¥¢ë¥ á«®¢ : ¯ à ¡®«¨ç¥áª®¥ ãà ¢¥¨¥ ¢ëá®ª®£® ¯®àï¤ª , ¥«¨¥© ï£à ¨ç ï § ¤ ç , ¨â¥£à «ì®¥ ãá«®¢¨¥ ¯¥à¥®¯à¥¤¥«¥¨ï.��� 512.6:519.61��������� � ��������� ����������� �������� ���������������������� ��������� (�����). �. �. �¥¤®à®¢. | � â. § ¬¥âª¨���, 2011, â. 18, ¢ë¯. 2.�¤¥« ë ¥ª®â®àë¥ ãâ®ç¥¨ï ¯®ïâ¨ï £ ãáá®¢ëå ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©-ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©. �áá«¥¤®¢ ë ýª¢ §¨£ ãáá®¢ëþ ¡¥áª®¥çë¥ á¨áâ¥-¬ë. �¨¡«¨®£à. 5.�«îç¥¢ë¥ á«®¢ : ¡¥áª®¥çë¥ á¨áâ¥¬ë, £ ãáá®¢ë á¨áâ¥¬ë, «¨¥©ë¥ ãà ¢¥-¨ï, ¬¥â®¤ à¥¤ãªæ¨¨ ¢ è¨à®ª®¬ á¬ëá«¥.��� 512.6:519.61� ������ ��������� ����������� ������ ���������������������� ��������� (�����). �. �. �¥¤®à®¢. | � â. § ¬¥âª¨���, 2011, â. 18, ¢ë¯. 2.� ©¤¥ë ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï à¥è¥¨© £ ãá-á®¢ëå ¡¥áª®¥çëå á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©. Ǒà¨ ¢ë¯®«¥¨¨ãª § ëå ãá«®¢¨© ¯®«ãç¥ë § ¬ªãâë¥ à¥è¥¨ï íâ¨å á¨áâ¥¬. �¨¡«¨®£à. 3.�«îç¥¢ë¥ á«®¢ : £ ãáá®¢ë á¨áâ¥¬ë, ¡¥áª®¥çë¥ á¨áâ¥¬ë, «¨¥©ë¥  «£¥¡à -¨ç¥áª¨¥ ãà ¢¥¨ï, ¬¥â®¤ à¥¤ãªæ¨¨.



244 �®â æ¨¨��� 517.95������� ������ ������� ��������� ����� ��� ����������������� Ǒ������ � ��������� �������������. �. �. �ã¡¨. |� â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.� áá¬ âà¨¢ îâáï ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢¥¨ï h(y)uyyy + Au + c(x, y)u =
f(x, y), £¤¥ h(y) = h1 ¯à¨ y > 0, h(y) = −h2 ¯à¨ y < 0, ¯à¨ç¥¬ h1, h2 > 0 ¨ A |í««¨¯â¨ç¥áª¨© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª . � ¤ ç¨ à áá¬ âà¨¢ îâáï ¢ æ¨«¨¤à¥
Q = 
 × (−T, T ), £¤¥ 
 | ®£à ¨ç¥ ï ®¡« áâì á £« ¤ª®© £à ¨æ¥© ¨ T > 0.�«ï ãà ¢¥¨ï áâ ¢ïâáï ãá«®¢¨ï á®¯àï�¥¨ï   ¬®�¥áâ¢¥ 
×{0}. �®ª §ë¢ îâáïâ¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨© ¯®áâ ¢«¥ëå § ¤ ç ¢ ¢¥á®¢ëå¯à®áâà áâ¢ å á ¢¥á®¬ |y|. �¨¡«¨®£à. 6.�«îç¥¢ë¥ á«®¢ : ãà ¢¥¨¥ á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨, ãà ¢¥¨¥ âà¥âì¥£®¯®àï¤ª , ãà ¢¥¨¥ á®áâ ¢®£® â¨¯ , ãà ¢¥¨¥ á ¯¥à¥¬¥ë¬  ¯à ¢«¥¨¥¬ í¢®-«îæ¨¨, ãà ¢¥¨¥ á à §àë¢ë¬¨ ª®íää¨æ¨¥â ¬¨.��� 621.791.01:536.2:517.944������������� ��Ǒ������ Ǒ������� �������� ������Ǒ������������� ���� � ������ ���������� �������.�. Ǒ. �â à®áâ¨, �. �. �¨¢æ¥¢ . | � â. § ¬¥âª¨ ���, 2011, â. 18, ¢ë¯. 2.� ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ â¥¯«®¢®£® ¯à®æ¥áá  ¬ãäâ®¢®© á¢ àª¨ ¯®«¨íâ¨«¥®-¢ëå âàã¡ ¤«ï £ §®¯à®¢®¤®¢ ¯à¥¤« £ ¥âáï ãç¨âë¢ âì ä §®¢ë© ¯¥à¥å®¤ ¢ ¨â¥à¢ «¥â¥¬¯¥à âãà. �®¯®áâ ¢«¥¨¥¬ â¥®à¥â¨ç¥áª¨å § ¢¨á¨¬®áâ¥© â¥¬¯¥à âãà ®â ¢à¥¬¥¨á íªá¯¥à¨¬¥â «ìë¬¨ ¯®ª §   íää¥ªâ¨¢®áâì â ª®£® ¯®¤å®¤  ®¯à¥¤¥«¥¨ï ¤¨ -¬¨ª¨ â¥¬¯¥à âãà®£® ¯®«ï ¢ á¢ à®¬ á®¥¤¨¥¨¨. �«.3, ¡¨¡«¨®£à. 10.�«îç¥¢ë¥ á«®¢ : ¬ãäâ®¢ ï á¢ àª , ¤¢ãåä § ï ®¡« áâì, § ¤ ç  �â¥ä  .



REFERATSUDC 517.95On the solvability of boundary value problemwith integrodi�erential boundaryondition for some lasses of omposite type equations. A. M. Abdrakhmanov|Math. notes of YSU. 2011. Vol. 18. No. 2.The artile is devoted to study the solvability of the boundary value problem withintegrodi�erential boundary ondition for the equation
Autt − Bu = f(x, t)with an ellipti operator A of seond order. The existene and uniqueness theorems areproved. Bibliogr. 10.Keywords: omposite type equations, boundary value problem with integrodi�e-rential ondition, regular solution.UDC 517.946.4Ill-posedness of the mixed problem for a multi-dimensional ellipti-paraboliequation S. A. Aldashev | Math. notes of YSU. 2011. Vol. 18. No. 2.This paper studies the mixed problem for a multi-dimensional ellipti-paraboli equationin the ylindrial domain. We show that the homogeneous problem has in�nitelymany non-trivial solutions, while the non-homogeneous problem is uniquely solvable.Bibliogr. 7.Keywords: ill-posedness, mixed problem, equation, solutions.UDC 517.956.4Generalized solvability of boundary value problem for operator-di�erentialequations of mixed type. V. I. Antipin|Math. notes of YSU. 2011. Vol. 18. No. 2.In this paper we study the solvability of boundary value problems for operator-di�erentialequations of the
But − Lu = f(x, t).form, where B, L - linear operators de�ned in the Hilbert spae E, and the operator Bis selfadjoint. An existene theorem for generalized solutions is formulated and proved.Bibliogr. 13.Key words: boundary value problems, operator-di�erential equations, generalizedsolution.



246 ReferatsUDC 517.929.4Asymptoti stability of solutions to linear delay di�erential equations underperturbations of oeÆients. E. S. Vodop′yanov, G. V. Demidenko | Math. notesof YSU. 2011. Vol. 18. No. 2.We study asymptoti stability of solutions to the systems of linear delay di�erentialequations
d

dt
y(t) = (A+�A)y(t) + (B +�B)y(t − τ), t > τ,where A, B are n×n onstant matries, �A, �B are matrix perturbations, τ > 0 is timedelay. We obtain onditions of asymptoti stability of the zero solution and establishuniform estimates for solutions on {t > τ}. Bibliogr. 9.Key words: delay di�erential equations, perturbations of oeÆients, asymptotistability, estimates for solutions.UDC 517.956A stationary Galerkin method for paraboli equations with hangeable dire-tion of time. I. E. Egorov, E. S. E�mova|Math. notes of YSU. 2011. Vol. 18. No. 2.Stationary Galerkin method is used to the solution of the �rst boundary value problemfor paraboli equation with hangeable diretion of time. In this ase basi funtionsare hose as a solution of the spetral problem for Laplae equations. Weak and strongonvergene of approximate solutions to the regular solution is investigated. Bibliogr. 8.Key words: Galerkin method, approximate solutions, paraboli equation, estima-tion.UDC 518.9On some approahes to solving problems of sorting and seletion. R. I. Egorov,S. P. Ka��gorodov | Math. notes of YSU. 2011. Vol. 18. No. 2.This paper disusses various approahes to solving problems of sorting and seleting,whih were developed by the authors in previous editions of the magazine. Bibliogr. 6.Key words: partiipant, objet, distribution, sortition, partition.UDC 519.172.22-Faial 4-olorability of planar graphs with girth at least 22 A. O. Ivanova |Math. notes of YSU. 2011. Vol. 18. No. 2.A proper vertex oloring of a planar graph is 2-faial if any two di�erent verties joinedby a faial walk of length two are olored di�erently. Clearly, a 2-faial oloring of the5-yle C5 requires 5 olors, and the girth (the minimum length of a yle) of C5 is 5,while the 3-star K1,3 has the in�nite girth and requires 4 olors for a 2-faial oloring.We prove the 2-faial 4-olorability of the planar graphs with girth at least 22. Il. 5,bibliogr. 28.Keywords: planar graph, 2-distane oloring, 2-faial oloring, girth.
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