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ÇÀÄÀ×È

1. Íà äîñêå íàïèñàíî 35 öåëûõ ÷èñåë. Ðàçðåøàåòñÿ âçÿòü ëþáûå 23 è ïðèáàâèòü ê íèì
ïî åäèíè÷êå. Ñìîæåì ëè ìû ïîâòîðÿÿ ýòîò ïðîöåññ ñäåëàòü âñå ÷èñëà ðàâíûìè?

2. Ñóùåñòâóåò ëè öåëî÷èñëåííàÿ 2 × 2 ìàòðèöà A ñ ïîëîæèòåëüíûì îïðåäåëèòåëåì,
äëÿ êîòîðîé A3 = 2A?

3. Ïóñòü f(x) = 1
2
sin(πx), x ∈ [0, 1].

fn(x) = f(fn−1(x)), n = 1, 2, . . . f0(x) = f(x), x ∈ [0, 1].

Íàéäèòå lim
n→+∞

1∫
0

fn(x)dx.

4. Âû÷èñëèòå èíòåãðàë
1∫

0

ln(1 + tg x)

1 + x2
dx.

5. Ïóñòü n > m, à A è B � âåùåñòâåííûå ìàòðèöû ïîðÿäêîâ ñîîòâåòñòâåííî n×m è
m × n. Ìàòðèöà AB ñèììåòðè÷íà, åe ðàíã ðàâåí m è âñå íåíóëåâûå ñîáñòâåííûå ÷èñëà
îäèíàêîâû. Äîêàæèòå, ÷òî ìàòðèöà BA ñêàëÿðíà.

6. Íàéäèòå íåïðåðûâíóþ ôóíêöèþ f : [0, 1] → R òàêóþ, ÷òî

5

1∫
0

(f(x))2 dx+
1

3
=

1∫
0

(6x− 2)f(x) dx− 4

1∫
0

f(x)f(1− x) dx.

7. Íåïðåðûâíàÿ ôóíêöèè g : [0, 1] → R óäîâëåòâîðÿåò óñëîâèÿì

1∫
0

g(x)dx =

1∫
0

xg(x)dx = 1.

Íàéäèòå ìèíèìàëüíî âîçìîæíîå çíà÷åíèå èíòåãðàëà

1∫
0

(g(x))2dx.

ÐÅØÅÍÈß ÇÀÄÀ×

1. Îòâåò: ìîæíî.
Ê îïðåäåëåííûì â çàäà÷å îïåðàöèÿì äîáàâèì îïåðàöèè ïðèáàâëåíèÿ è âû÷èòàíèÿ ïî

åäèíèöå èç êàæäîãî ÷èñëà, âûïîëíåíèå êîòîðûõ, î÷åâèäíî, íå íàðóøàåò óïîðÿäî÷åíèå
÷èñåë. Ñ ó÷åòîì ýòîãî ìîæíî ñ÷èòàòü äîïóñòèìîé îïåðàöèþ âû÷èòàíèÿ åäèíèöû èç ëþ-
áûõ 12-òè ÷èñåë. Òîãäà ìû ìîæåì âûïîëíèòü îïåðàöèþ âû÷èòàíèÿ åäèíèöû èç ëþáîãî
çàïèñàííîãî ÷èñëà, äëÿ ýòîãî äîñòàòî÷íî â ïðîöåäóðå èç òðåõ òàêèõ âû÷èòàíèé äàííîå
÷èñëî óêàçàòü äâà ðàçà, à îñòàëüíûå ïî îäíîìó, à ïîòîì êî âñåì ÷èñëàì ïðèáàâèòü 1
(÷òî äëÿ ðåøàåìîé çàäà÷è è íå î÷åíü-òî íóæíî). Äàëåå áóäåì ïîñëåäîâàòåëüíî âû÷èòàòü
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åäèíèöû èç ëþáîãî ìàêñèìàëüíîãî ÷èñëà äî òåõ ïîð, ïîêà çàïèñàííûå íà äîñêå ÷èñëà íå
ñòàíóò ðàâíûìè.

2. Îòâåò: íå ñóùåñòâóåò.
Ïóñòü a = tr A, b = detA > 0. Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí 2× 2 ìàòðèöû A èìååò

âèä det(A− λI) = λ2 − aλ+ b è â ñèëó òåîðåìû Ãàìèëüòîíà-Êýëè ñïðàâåäëèâî ðàâåíñòâî
(åãî ìîæíî ïðîâåðèòü è íåïîñðåäñòâåííî)

A2 − aA+ bI = 0.

Ïîýòîìó
A2 = aA− bI, A3 = aA2 − bA = a(aA− bI)− bA.

Ïðåäïîëîæèì, ÷òî A3 = 2A, òîãäà b3 = 4b, b = 2 è ïîëó÷àåì ðàâåíñòâî a(aA− 2I)− 2A =
2A èëè (a2 − 4)A = 2aI. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî a ̸= 0. Âû÷èñëèâ ñëåä ëåâîé
è ïðàâîé ÷àñòåé, ïðèõîäèì ê óðàâíåíèþ (a2 − 4)a = 4a. Ñëåäîâàòåëüíî, a3 = 8, ÷òî
íåâîçìîæíî äëÿ öåëî÷èñëåííûõ ìàòðèö.

3. Îòâåò: 1
2
.

Ïóñòü x0 ∈ (0, 1). Òîãäà x1 = f(x0) ≤ 1/2. Äàëåå, â ñèëó âîãíóòîñòè ôóíêöèè f ,
ïîëó÷àåì

x1 ≤ x2 = f(x1) ≤ 1/2, . . . , xn ≤ xn+1 = f(xn) ≤ 1/2, . . . .

Ïîñëåäîâàòåëüíîñòü {xn} ìîíîòîííà è îãðàíè÷åíà. Ñëåäîâàòåëüíî ñóùåñòâóåò ïðåäåë
x∗ = lim xn ∈ (0, 1/2], x∗ = f(x∗). Óðàâíåíèå x = f(x) èìååò åäèíñòâåííûé ïîëîæèòåëü-
íûé êîðåíü x = 1/2. Ïîýòîìó x∗ = 1/2. Òàêèì îáðàçîì, fn(x0) → 1/2. Ïåðåõîäÿ ê ïðåäåëó

ïîä çíàêîì èíòåãðàëà, ïîëó÷èì lim
n→+∞

1∫
0

fn(x)dx = 1/2.

4. Îòâåò: π
8
ln 2.

Ñäåëàåì çàìåíó x = tg t, ïîëó÷èì

π/4∫
0

ln(1 + tg t) dt =

π/4∫
0

(
1

2
ln 2 + ln sin

(π
4
+ t

)
− ln cos t

)
dt =

π

8
ln 2,

òàê êàê
π/4∫
0

ln sin(π
4
+ t) dt =

π/4∫
0

ln cos t dt.

5. Ïóñòü λ � íåíóëåâîå ñîáñòâåííîå ÷èñëî ìàòðèöû AB è v1, v2, . . . , vm � îðòîãîíàëü-
íûé áàçèñ ñîáñòâåííîãî ïîäïðîñòðàíñòâà. Òîãäà âåêòîðàBv1, Bv2, . . . , Bvm � ñîáñòâåííûé
áàçèñ äëÿ BA ñ åäèíñòâåííûì ñîáñòâåííûì ÷èñëîì λ. Ïîýòîìó BA = λE.

6. Îòâåò: x− 1
2
.

Èñïîëüçóåì ñëåäóþùèå ðàâåíñòâà:

5

1∫
0

(f(x))2dx =

1∫
0

(
4(f(x))2 + (f(1− x))2

)
dx,

1

3
=

1∫
0

x2dx,

1∫
0

(6x− 2)f(x)dx =

1∫
0

(4xf(x)− 2(1− x)f(x)) dx =

1∫
0

(4xf(x) + 2xf(1− x)) dx.
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Òîãäà èç ðàâåíñòâà â óñëîâèè çàäà÷è, ïåðåíîñÿ âñå â ëåâóþ ÷àñòü, âûâîäèì

1∫
0

(
4(f(x))2 + (f(1− x))2 + x2 + 4f(x)f(1− x)− 4xf(x)− 2xf(1− x)

)
dx = 0

èëè
1∫

0

(2f(x) + f(1− x)− x)2 dx = 0.

Ñëåäîâàòåëüíî, 2f(x) + f(1− x) = x, x ∈ [0, 1]. Ïîëàãàÿ x := 1− x, ïîëó÷àåì 2f(1− x) +
f(x) = 1− x. Òîãäà f(x) = x− 1/3.

7. 4. Îòâåò: 4.
Ïîäáåðåì ëèíåéíóþ ôóíêöèþ f(x) = kx+b, óäîâëåòâîðÿþùóþ óñëîâèÿì çàäà÷è. Åñëè

f(x) = 6x− 2, òî
1∫

0

f(x)dx =

1∫
0

xf(x)dx = 1.

Ïîýòîìó äëÿ ëþáîé ôóíêöèè g, óäîâëåòâîðÿþùåé óñëîâèÿì çàäà÷è,

1∫
0

(g(x)− f(x))dx =

1∫
0

x(g(x)− f(x))dx = 0.

Ñëåäîâàòåëüíî,
1∫
0

f(x)(g(x)− f(x))dx = 0. Äàëåå,

1∫
0

(g(x)− f(x))2dx =

1∫
0

g(x)(g(x)− f(x))dx =

=

1∫
0

(g(x))2dx−
1∫

0

g(x)(6x− 2)dx =

1∫
0

(g(x))2dx− 4.

Â ñèëó íåîòðèöàòåëüíîñòè ëåâîé ÷àñòè ðàâåíñòâà
1∫
0

(g(x))2dx ≥ 4. Çíà÷åíèå
1∫
0

(g(x))2dx

ðàâíîå 4 äîñòèãàåòñÿ, åñëè g := f.

Çàìå÷àíèå. Ðàññìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî L2(0, 1) ñî ñêàëÿðíûì ïðîèçâåäå-

íèåì (u, v) =
1∫
0

u(x)v(x)dx è ïîäïðîñòðàíñòâî L = {f ∈ L2(0, 1) : (f, 1) = (f, x) = 0}. Îð-

òîãîíàëüíûì äîïîëíåíèåì ê L ÿâëÿåòñÿ ìíîæåñòâî ëèíåéíûõ ôóíêöèé L⊥ = {kx+b, x ∈
[0, 1]}.Ëþáàÿ ôóíêöèÿ g ∈ L2(0, 1) ðàñêëàäûâàåòñÿ â ñóììó g = g0+g1, ãäå g0 ∈ L, g1 ∈ L⊥

è ïðè ýòîì
1∫

0

(g(x))2dx = ∥g∥2 = ∥g0∥2 + ∥g1∥2 ≥ ∥g1∥2.

Êðîìå òîãî, (g, 1) = (g1, 1) = 1, (g, x) = (g1, x) = 1. Åäèíñòâåííàÿ ëèíåéíàÿ ôóíêöèÿ,
óäîâëåòâîðÿþùàÿ ýòèì óñëîâèÿì åñòü g1(x) = 6x − 2. Ñëåäîâàòåëüíî, ∥g∥2 ≥ ∥g1∥2 =
1∫
0

(6x− 2)2dx = 4.
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